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1. Let T : D(T) — H be a (possibly unbounded) densely defined
linear operator in a complex Hilbert space H. Recall the definition of
the Hilbert-adjoint operator 7% : D(T™*) — H (Definition 10.1-2). Give
a careful proof that D(T™) is a vector subspace of H and that 7™ is a
linear operator. (6p)

2. Let T : D(T) — Y be a closed linear operator, where D(T) C X
and X and Y are normed spaces. Let C' C D(T') be a compact set.
Prove that the image T'(C) = {T'(z) | = € C'} is a closed subset of Y.

(7p)

3. Let T : /> — (2 be the self-adjoint bounded linear operator

T<(€1> 2,83, - - )) = (€1, 56,3, 164, &5, 566,670+ ).

What is the spectral family (F)) associated with 77
(You get several points for giving the correct formula for E, for each
A € R, even if found by an intuitive (non-rigorous) argument. However,
for full score, please give a careful verification of the fact T = [ _OOOO AdE)
for your family (E)).)

(7p)

GOOD LUCK!
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Solutions
1. By Definition 10.1-2 we have
D(T*) = {y € H |3y € H:Vre D(T): (Ta,y) = (x,y*)},

and for each y € D(T*) we define T*y := y* where y* € H is the vector
as above, i.e. the vector which has the property Vo € D(T) : (Tz,y) =
(x,y*) (this vector y* is unique since D(T) is dense in H).

Now let 41, y2 be arbitrary vectors in D(T™*) and let a, 3 be arbitrary
complex numbers. Then by the definition of D(T™*) there exist vectors
Y1, ys such that

Vo € D(T): (Tx,y1) = (x,y1) and (T'x, y2) = (z,13).
Now note that for all x € D(T') we have

(Tx, oy + Bya) = a(Tx,y1) + B(Tx,y2) = alz, yi) + Bz, y3) = (@, s + Bys).

This proves that ay; + By, € D(T™), and also that T*(ay; + Bya) =
ayy + By = oT*(y1) + BT*(y2). Since these two properties hold for
all y1,yo € D(T*) and all «, 5 € C it follows that D(T™*) is a vector
subspace of H and that T™ is a linear operator.

2. Let y1,92,9s,... be a sequence of points in T(C) such that y =
lim;_, y; exists in Y. We must prove that y € T'(C).

For each j 2 1 there exists some z; € C with y; = T'(x;), since
y; € T(C). We now assume that such a vector z; has been chosen
for each 7 =2 1. Since C' is compact and w1, x9,x3,... € C there ex-
ists a subsequence x; ,xj,, Tjs,... (Where 1 < j1 < jo < j3 < ...)
which converges to an element z € C, i.e. lim, . z;, =2 € C. Now
limy, oo T'(2;,) = lim, 0o y;, = v (since lim; . y; = y). Hence by
Theorem 4.13-3, since T is a closed linear operator, we have Tz = y.
But z € C, hence y € T(C).

Hence we have proved that for every sequence y1, Y2, ys, ... in T(C)
which converges to some y € Y, we actually have y € T(C'). Hence
T(C) is closed in Y, by Theorem 1.4-6.

3. Recall the intuitive formula Ey =[projection on all part of ¢? which
have “eigenvalues” < A|. Note that the given operator 7" has the prop-
erty that all of ¢ is (Hilbert-)spanned by eigenvectors; for note that
all the vectors® ey, ey, €3, €4, . . . are eigenvectors of T', and these vectors
span ¢? in the Hilbert sense, i.e. 2 = Span{ey,es,€3,...}. Hence it

1We use the standard notation e; = (0,0,...,0,1,0,0,...), where the “1” is in
position j.
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seems reasonable to expect that the above intuitive formula is in fact
rigorously true in our case.

This leads to the following guess: For A £ 0: E, =0. For 0 < \ < 1:
Let k be the smallest positive integer such that A = ﬁ:

EA<(£1, €5, .)) = (0,0,...,0,Ep, 0, Eopro, 0, Eapra, 0, . .)

(where the first non-zero entry is in position 2k). Finally for A =2 1 we
should have FE := 1.

We now prove that (E)) as specified above satisfies all the desired
properties.

One easily checks that (E)) is a spectral family on [0,1]. Indeed,
properties (7) and (8%) on p. 495 are directly clear from our definition
of (Fy). It thus remains to check (9) on p. 495. Note that by our
definition of (E)) we have that for each A # 0 € R there exists some
e > 0 such that £, = E, for all p € [A\, X\ + ¢, and this property
immediately implies lim, .y;o E,x = Eyx for all x € H. Hence it
only remains to verify that (9) on p. 495 holds when A = 0, i.e. that
lim, o40 B,z = E)x holds for all x € H. By our definition of (£)) this
is the same as proving:

k;h—{{.lo(()’ 07 ceey 07€2k7 O>€2k’+27 Oa .- ) = 07 Vo = (517 §2a 537 .- ) € 62'

This is clear from the fact that for all x = (£;,&,&3,...) € 2 we have
2 [ee]
H(O7 07 SR 0752]67 0762143-‘1-27 Oa .- )H = Z ‘§2j‘2 - 07 as k — OQ.
j=k

Hence we have proved completely that (E)) is a spectral family on
[0, 1].
We now prove T' = fol_otdEt. Givenn e Z , let P, : 0=ty < t; <

ty < ... < t, =1 be any partition of [0, 1] which has ¢; = % and for
which all the points %, ﬁ, ﬁ, cee i,% occur among the ¢;’s, and

with more ¢;-points inserted in a way such that n(P,) < 5. Then the

Riemann-Stieltjes sum for the integral fol_otdEt corresponding to P,
is:

m

s(Pn) = th ’ (Etj - Efj—l)

J=1

(Since we have lower limit of integration “0 —0” we should in fact add
a term to - Fy, to this sum, but note that this term is anyway 0.) The
contribution from j = 1 in the above sum is t1 - (Fy, — Ey,)) = %(E% —0).
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Note that this operator acts as follows on ¢2:
%(Eﬁ - )((517 527 537 . )) - (07 07 ) 07 %52”7 07 %5211—‘,—27 07 %521%&—47 07 - )

Furthermore, if j in the above sum is such that ¢; = i for some
k =1,2,...,n — 1 then by construction we have z'5 < t; 1 < 3,
and thus E;, — Ey,_, is projection onto the 2k:th coordinate, and the

contribution from j to our sum is 5-(Ey, — E;,_, ), which acts as follows:

i(Etj - Etjfl) <(§1a SQ? §3a - )) = (07 07 ] 07 ﬁgﬂm Oa 07 07 - )
(where the non-zero entry is in position 2k). Next, for j = m we have
tm=1land t,,_1 = %, hence the contribution from this j is 1 (F; —E%).
Note that this operator acts as follows:

(B = B3) (66,6 -)) = (61,0,65,0,65,0,..).

Finally, for every other j in the sum we see from our construction that

E;, = Ey,_,, hence the contribution for this j is 0. Hence:
s(P)((€60.65,- )

= (61,582, 63, 160:655 -+ 3€ons E2nt1s 3760n 12 Eant3, 3 €ontas Santsy - - -
Hence we easily see |[s(P,) = T|| £ 3= — 5.55 — 0 as n — oo. Hence
T=[ ,tdE,.

We have now proved that (F)) is a spectral family on [0, 1] and that
T = fol—o t dE;. Hence by the uniqueness part of Theorem 9.9-1 (which
I told about in class) we have that (E)) is the spectral family associated
with T'.

Answer: For A < 0: E, =0. For 0 < A < 1: Let k be the smallest
positive integer such that A = -

EA<(£1, €5, . .. .)) = (0,0,...,0, &0, 0, Eopra 0, Eapsa, 0, . .)

(where the first non-zero entry is in position 2k). For A 2 1: E, := 1.



