Prop 18.1. For any function f : Z* — C and any real numbers N, U,V > 2
with N > UV, we have (with an absolute implied constant)

S| < Sl |A) + toguv) Y| 3 f(ro)

n<nN n<U t<UV r<N/t
1
log N | fdh| NZ(log N)3 ACF. M. N, V).
+ (log )glgwiﬁ/d Ehgw ()] + N2(log N)* | max  A( )

where A(f, M, N, V') denotes any non-negative real number satisfying

1

Z b Z Ckf(mk)‘SA(f,M,N,\/)< Z |bm’2)2(z |Ck’2)%

M<m<2M V<k<N/m M<m<2M k<N/M

for all complex numbers b,,,, cx.




Outline of proof: Set F(s) = Z AN(mym—, G(s) = Z wu(d)d>. Note
m<U d<Vv

¢'(s) / ¢'(s)
52 = F(5) = COF()6(9) ~ C(5)6(5) + (g = F(9)) - (1= ((5)6(5)).
—> A(n) = a1(n) + a>(n) + az(n) + as(n) VneZ",
where

() — {/\(n) if n< U

0 if n> U,
n(n) == > ANm)u(d)
mdr=n
d<v
as(n) = ) u(d)logh
i
a(n) = = > Am) (D w(d)).
mey

k>1



Hence
> F(mA(n) = S1+So+ S5+ Sa,

n<N
where
Si=)Y f(main).
n<N
Here
Sy =) f(nmA(n);
n<U
thus

1S <) [F(m]An).

n<U



Next

= ) F(MAm)u(d)

n<N mdr=n
m<U

d<Vv

-y (Y Nmw(d)) 3 fre).

t<uUVv r<N/t
m<U
d<Vv

Gives

55| < (oguv) Y- | 3 o)

t<UV r<N/t




Next

S3 = Z f(n) Zp,(d) log h

n<N hd=n
d<Vv

Integration by parts
— |3 < (logN) " max | 3" F(an)|
d<V

1<w<N/d
1<h<w



Finally,

Si=—Y_f(n) > Am) (D wd)

n<N mkzdv d|k
m>
kST d<V

e — Z A(m) Z (Zu(d)>f(mk).

U<m<N/V V<k<N/m d|k
d<V

DYADIC DECOMPOSITION in the m-variable;

- > O am X (Swa)ime]

Me{20U,2tU,220,...} ~ M<m<min(N/V,2M) V<k<N/m dlk
M<N/V d<V
—
1 1
2 2\ 2
sl< Y {A(f,/\/I,N,V)< > am) (X (Sju(d)))}
Me{200,21u22u,.. ) M<m<2M k<N/M d|k
M<N/V d<V

MISPRINT in eq. (579), p. 249; M — 2M




Finally,

=) Y A (DD w(d))

n<N mk=n d|k

jie<y d<V
SoAm Y (Zu(d)>f(mk).
U<m<N/V V<k<N/m d|k

d<v
DYADIC DECOMPOSITION in the m-variable;

- Y T A Y (Su@)fmw)

Me{200,2tU,220,...} ~ M<m<min(N/V,2M) V<k<N/m dlk

M<N/V d<v
—
1 1
S < Y {A(f, M N /\(m)2)2( » (Sju(d))Q)Q}
Me{200,21u22u,.. ) M<m<2M k<N/M  d|k
M<N/V d<v

<<M|Og M . ~ _/
<d(k)?




Finally,

DNODIGIOIC)

n<N mk=n d|k

jie<y d<V
SoAm Y (Zu(d)>f(mk).
U<m<N/V V<k<N/m d|k

d<v
DYADIC DECOMPOSITION in the m-variable;

- > O am X (Swa)ime]

Me{200,2tU,220,...} ~ M<m<min(N/V,2M) V<k<N/m dlk

M<N/V d<V
—
1 1
2 2\ 2
sl > {armun( X o) (2 (> u@)) '}
Me{20U21U22U.,...} M<m<2M k<N/M  d|k
M<N/V <M oa M \dgvv )
. <d(k)?
<(N/M)log® (N/M)

< Ni(logN)® max A(f, M, N,V).

USMSN/V



Example: S(a) = Z A(n)e(na)

n<N

Prop 18.3. Ifa € R and
|a_§|§% (qeZt, acZ, (aq) =1), (*)
then
S(a)| < (NG™2 + N5 + N2g?)(log N)*,

where the implied constant Is absolute.

Remark 18.5:

Prop 18.3 Gives a power saving versus the trivial bound |S(a)| < N if we can
find a rational approximation g to a satisfying (x) and N¢ < g < N17¢.

(Here € > 0 is some fixed, small constant.)



Example: S(a) = Z A(n)e(na)

n<N

To better appreciate Prop 18.3, we recall

Lemma 18.4 = Dirichlet’s Theorem on Diophantine approximation.

For every a € R and every real Q@ > 1, there is a rational number 2

q
such that
< —; 1<qg<Q; (a.q) = 1.
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Example: S(a) = Z A(n)e(na)

n<N

Lemma 18.4 = Dirichlet’s Theorem on Diophantine approximation.

For every o € R and every real Q > 1, there Is a rational number g
such that

1<qg<Q (a,q) =1.

Also, Remark 18.6 * (External reading).

An irrational number o € R is said to be of diophantine type k (k > 2) if there
Is C > 0 such that

a C
‘a—a|>$, forall a€Z, g Z*.

For such a, one can prove ‘S(a)‘ < N™ as N — oo, where T is any fixed
number with

- (4 2K — 1)
T > max| —, .
5 2K

11



Outline of proof of Prop 18.3:
Assume N > 10.

By Prop 18.2, for any U,V > 2 with UV < N:
‘S(a)‘ = |Z/\(n)e(na)| < U+ (log N) Z mvzvax| Z e(rta)|

n<N t<UV w<r<N/t

+N%(IogN)3 max max ( Z | Z e(m(j — k)a)

U<M<N/V V<i<N/M
SMNJVVSISNIME, K<N/M M<m<2M

m<N/k
m<N/j

12

)
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Qutline of proof of Prop 18.3:
Assume N > 10.

By Prop 18.2, for any U,V > 2 with UV < N:
‘S(a)‘ = |Z/\(n)e(na)| < U+ (log N) Z mvzvax| Z e(rta)|

n<N t<UV w<r<N/t

+N%(IogN)3 max max ( Z | Z e(m(j — k)a)

U<M<N/V V<i<N/M
SMNJVVSISNIME, K<N/M M<m<2M

m<N/k
m<N/j

Note general bound (for any 8 € R and any integers Ny < Nb»):

|Z e(nﬁ)‘ |e((Nz +1)6) — e(N16)| < min<N2 N L)

e(B) — 1 181

n=Ny

13
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Qutline of proof of Prop 18.3:
Assume N > 10.

By Prop 18.2, for any U,V > 2 with UV < N:
‘S(a)‘ = |Z/\(n)e(na)| < U+ (log N) Z mvzvax| Z e(rta)|

n<N t<uUVv w<r<N/t
1
+ N2(log N)®> max  max ( | e(m(j — Ko
( ) USMEN/VVISNIM ;V/M M<%;2M o .
m<N/k
m<N/j

Note general bound (for any B € R and any integers N; < Nb):

|Z e(nﬁ)‘ |e((N2 +e(1g,?)_—1e(Nlﬁ)| < mm(Nz Ny, ||é||>

n=Ny

(log V) 3 ij\ > e(rta)| < (log N) ¥~ min (g H%)

t<uVv w<r<N/t ESUV
NEED TO BOUND!

7

14
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Lemma 18.5. Ifa € R and
a 1
b3 <
q q
then for any N, T > 1 we have

1

(geZ", a€Z, (aq)=1),

) < (g + T+ q) log(2qT).

15




Proof of Lemma 18.5:

Substitute t = hg + r:

Z”’“”< Hm||)< 2 Ym'”(th+r H(hqir)aH)

t<T 0<h<T/q r=1

16



Proof of Lemma 18.5: Set B =o — ¢ thus |B] < q—°!

Substitute t = hg + r:

/N 1 N !
> min(y ||toc||> 2 ym'”(hq+r||<hq+r>oz||>

t<T 0<h<T/q r=1

= |lra/q + hgB + rB||

17



Proof of Lemma 18.5: Set 8 = a — Z; thus |B] < g~*!

Substitute t = hg + r:

Z”’“”( ||toz||>< 2 Ym'”(th+r ||(hq41rr)oc||>

t<T 0<h<T/q r=1

= |lra/q+ hqB + rB|

Contribution for terms with h =0, 1 < r < Z¢: = [rB| < &
q— 1
. > D DRI L SR
1<r<q/2 2q me(Z/qZ) HE‘ 2q 1<m<gq/?2 C7 2q n=1

m#Z0 (mod q)

18



Proof of Lemma 18.5: Set 8 = a — Z; thus |B] < g~*!

Substitute t = hg + r:

N 1 J N 1
min(—,—) < min( , )
Z t' ||t Sj Sj hg +r ||Chg + r)al|

t<T 0<h<T/q r=1

= |lra/q+ haB + 10|

Remaining part:

. N 1
< 2 xm'”(<h+1)q' ||ra/q+hq[3+rﬁ||>'

0<h<T/q r=1
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Proof of Lemma 18.5: Set 8 = a — Z; thus |B] < g~*!

Remaining part:

i N 1
< 2 yf“'“<<h+1>q' ||ra/q+hc75+r5||>'

0<h<T/q r=1

For fixed h: ra/q+ hqgB + r3 “well spread” modlasr=1,2,...,

Hence

N [q/2] q N T
< ¥ ((H oo 3 7) < - log(2T) + (E +1)qlog(2q)

0<h<T/q J=1
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Theorem 19.2.
For any fixed A > 0 we have

r(N) = %G(N)NQ + O(N?(log N)™), (1)

for all integers N > 2, where the implied constant only depends on A, and

where
ow- ([0~ )0 o) ©

pIN

21




“Easy consequence’ :

Theorem 19.3.
There exist some positive constants X and ¢ such that every odd integer

N > X can be expressed as a sum of three odd primes in > cN?(log N)~3
ways.

Proof: Let P=the set of prime numbers. Then:

Y (logpy)(logpo)(log ps) = r(n) — > Alk))A(k2)A(ks) .

p1.P2.P3 k1,kp. k3
p1+po+p3=n /(1+/(2+/(3=f7

{ki ko, kst P
(*) NEED TO BOUND!

7
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Z (log p1)(log p2)(log ps) = r(n) — Z A(k1)N(k2)A(k3) -

p1.P2.P3 k1.kp k3
p1+p2+p3=n ki+ko+ka=n

1k ko kay P
(*) NEED TO BOUND!

7

Here
(%) < 3 Z Ak )A(ka)A(ks) = {Subst. ki = pr}.
ki ko, k3
ki+ko+k3z=n

ki¢P
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E ~ (log p1)(log p2)(log p3) = r(n) — E - Nki)N(k2)N(k3) -
P1:P2.P3 /(1,/(2,/(3
p1+p2+p3=n ki+ko+ka=n

1k ko kay P
(*) NEED TO BOUND!

Here
(*)<3 > AKDAKIAk) =3 > > (logp) > Alk)A(ks).
kl,kg,kg) 2§I’§|092n p<n1/r /(2,/(3
ki+ko+kz=n o

ko+kz=n—p"
ki¢P
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E ~ (log p1)(log p2)(log p3) = r(n) — E - Nki)N(k2)N(k3) -
P1:P2.P3 /(1,/(2,/(3
p1+p2+p3=n ki+ko+ka=n

1k ko kay P
(*) NEED TO BOUND!

7

Here
(*)<3 > AKDAKIAk) =3 > > (logp) > Alk)A(ks).
kl,kg,kg) 2§I’§|092n p<n1/r /(2,/(3
ki+ko+k3=n N ko+kz=n—p"
ki¢P

<3n(logn)® > (logp)

2<r<logon p<pl/r
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E ~ (log p1)(log p2)(log p3) = r(n) — E - Nki)N(k2)N(k3) -
P1:P2.P3 /(1,/(2,/(3
p1+p2+p3=n ki+ko+ka=n

1k ko kay P
(*) NEED TO BOUND!

7

Here
(*)<3 > AKDAKIAk) =3 > > (logp) > Alk)A(ks).
kl,kg,/(:g 2§I’§|092n p<n1/r /(2,/(3
ki+ko+k3=n N ko+kz=n—p"
ki¢P

<3n(logn)® > (logp)

2<r<logon p<pl/r

< 3n(log n)? Z 9(n*/")

2<r<logo n
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Z (log p1)(log p2)(log ps) = r(n) — Z A(k1)N(k2)A(k3) -

p1.P2.P3 k1.kp k3
p1+p2+p3=n ki+ko+ka=n

1k ko kay P
(*) NEED TO BOUND!

7

Here
(*)<3 > AKDAKIAk) =3 > > (logp) > Alk)A(ks).
kl,kg,/(:g 2§I’§|092n p<n1/r /(2,/(3
ki+ko+k3=n N ko+kz=n—p"
ki¢P

<3n(logn)® > (logp)

2<r<logon p<pl/r

< 3n(log n)? Z 9(n*/")

2<r<logo n

< n(log n)? Z nt/"

2<r<logo n
< n(log n)2(n% + (log, n)n%)
4 2
< n2(log n)~.

27



— Z (log p1)(log p2)(log p3) > n? for n sufficiently large & odd.

P1.P2.P3
p1-+p2+p3=n

28



— Z (log p1)(log p2)(log p3) > n? for n sufficiently large & odd.

P1.P2.P3
p1+po+p3=n

— Z (log n)(log n)(log n) > n°.

P1.P2.P3
p1+po+p3=n

29



— log p1)(log po)(log p3) > n? for n sufficiently large & odd.
> (log py)(

P1.P2.P3
p1+p2+p3=n

— Z (log n)(log n)(log n) > n°.

P1.P2.P3
p1+p2+p3=n

— Z 1> n*(logn)>.

P1.P2.P3
p1+p2+p3=n

QED! (The number of cases with some of py, p», p3 even are < 3.)

Theorem 19.3.
There exist some positive constants X and ¢ such that every odd integer

N > X can be expressed as a sum of three odd primes in > cN?(log N)~3
ways.

30



Theorem 19.3.
There exist some positive constants X and ¢ such that every odd integer

N > X can be expressed as a sum of three odd primes in > cN?(log N)™3
ways.

In fact, Problem 19.2 IMISPRINT in problem: “n" — “N".

If t(N\) is the number of ways to write NV as a sum of three odd primes, i.e.

t(N) = #{(p1. p2. p3) : pr+po+ps= N},

then
S(N)N?
FN) ~ (N)
2(log N)3
(Both sides = 0 when N even.)

as N — 0.

31



Proof of Theorem 19.2.

Recall

r(N) = /0 1 S(a)’e(—=Na) da; S(a) =) A(k)e(ka).

k<N

Split the range of integration, [0, 1], into subintervals!

32



Proof of Theorem 19.2.

Recall

r(N) = /01 S(a)’e(—Na) da;

P = (log N)B, Q = N(log N)~&, (B > 0)

S(a) = A(k)e(ka).

k<N

Split the range of integration, [0, 1], into subintervals!

Keep N largel!

For 1<g<P 1<a<gq, (a,q)=1:

— The major arcs.

Disjoint, since

a a

_#_:>
g’ q

Complement: The minor arcs.

| a
q

/

a 1 1 2
a > > .

= 9q =

33




Proof of Theorem 19.2. P=(logN)?, Q =N(logN)™5, (B>0),1<qg<P

For o € M(q, a): S(a) =777

Write e = £ +8; 18] < Q7"

S(a) = Z/\(k)e(

ka
k<N q

)e(kﬁ).

K +— e(%) is periodic modulo q! Express as lin comb of x's! (x € X)

34



Proof of Theorem 19.2. P=(logN)?, Q =N(logN)™5, (B>0),1<qg<P

For o € M(q, a): S(a) =777
Write e = £ +8; 18] < Q7"

ka
S(@) =Y /\(k)e(—) e(kB).
k<N q
K +— e(%) is periodic modulo g! Express as lin comb of x's! (x € Xg)

Only works for (k, g) = 1; get

e(ka/q) if (k,q)=1| may J1 if m=k (mod q)
{O if(k,q)>1}_ Z e(Q>{O if m#%k (modq)}

me(Z/qZ)*
1 ma S 1 ma\ ——
= —— — (m)x(k) = = — Jx(m) ) x(k)
¢(q) mq;;m e( q >X€ZXC’X X ¢(q) Xezxq<me(z%z)x e< q >X " >X
- @ S r(@)x(@)x(k)

XEXg
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Proof of Theorem 19.2. P=(logN)?, Q =N(logN)™5, (B>0),1<qg<P

For o € M(q, a): S(a) =777

Write o = 2 +8; B8] < Q" HENCE:

S(a)=Y" /\(k)e(%) e(kB)

k<N

= 3 70X L NOX0elk8) + o > AKe (2 )e(k) )
(k,q)>1

:ﬁ Y 7(30)x(a) /1 e(B) dw(x. ) +0(D° Y A)

XE€Xg plg r<log, N

= ﬁ > 7(®)x(@) (e(NBYW(N, x) — 2mip / T e(xB)Y(x. ) dx) + O (log? V).

XEXq
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P = (logN)?, Q= N(ogN)™8, (B>0),1<g<P
Fora € M(q, a): S(a) =777 Write aa = 2+3; |B] < Q

S(a) = > r(x)x(a) (e(Nﬁ)w(N, X) — 2miB /1N e(xB)Y(x, x) dX) + O('O@J2 /\/)-

XEXg

1
¢(q)

By Theorem 16.5:

L

P(x, x) = O(Xe_qm), VX € Xq\ {xo}, x > exp(q?) .

&(log x)2B>¢q

c; > 0 abs const (effective).
Impl const depends only on B but is noneffective!
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P = (logN)?, Q= N(ogN)™8, (B>0),1<g<P
Fora € M(q, a): S(a) =777 Write aa = 2+3; |B] < Q

S(a) = > r(x)x(a) (e(Nﬁ)w(N, X) — 2miB /1N e(xB)Y(x, x) dX) + O('O@J2 /\/)-

XEXg

1
¢(q)

By Theorem 16.5:

L

P(x, x) = O(Xe_qm), VX € Xq\ {xo}, x > exp(q?) .

&(log x)2B>¢q

c; > 0 abs const (effective).
Impl const depends only on B but is noneffective!

Combined with easy bounds:

— Y(x,x) = O(Ne_qm), Vx € Xq\ {Xxo}, x €[1,N].
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P = (logN)?, Q= N(ogN)™8, (B>0),1<g<P
Fora € M(q, a): S(a) =777 Write aa = 2+3; |B] < Q

(@) = 5707 2 700(a) (NN, ) —2mip [ o dx) +0/log’ N)

XEXq

()
By Theorem 16.5:
W(x,x) = O(xe_c1V 'ng), Vx € X\ {Xo}, x = exp(q%) :

i | 2B>
c1 > 0 abs const (effective). (109 x)28>q

Impl const depends only on B but is noneffective!

Combined with easy bounds:
:>¢(X,x):O(Ne_C1V'OgN>, Vx € Xq\ {Xxo}, x €[1,N].

Hence:
(*) = O(( +[BIN)Ne V) x e X\ {xo}-

39



P = (logN)?, Q= N(ogN)™8, (B>0),1<g<P
Fora € M(q, a): S(a) =777 Write aa = 2+3; |B] < Q

1 N
5(2) = g2 3 T(0x(a) (NN, x) —2miB | e(xB)U(x, x) dx) +O 1o V).

XEXq N

7

For x = xo € Xq principal, write:

V(X x0) = [x] + R(x).
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P = (logN)?, Q= N(ogN)™8, (B>0),1<g<P
Fora € M(q, a): S(a) =777 Write aa = 2+3; |B] < Q

1 N
5(2) = g2 3 T(0x(a) (NN, x) —2miB | e(xB)U(x, x) dx) +O 1o V).

XEXq N

7

For x = xo € Xq principal, write:

PY(x x0) = Lx) + R(x).
For all x € [1, N]:
Y x0) = Y0) = D D Ap) = w(x) — O(log® N).

plg r<log,x
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P = (logN)?, Q= N(ogN)™8, (B>0),1<g<P
Fora € M(q, a): S(a) =777 Write aa = 2+3; |B] < Q

1 N
5(2) = g2 3 T(0x(a) (NN, x) —2miB | e(xB)U(x, x) dx) +O 1o V).

XEXC] N J/

For x = xo € Xq principal, write:

Y(x, x0) = | x| + R(x). R(x):O(Ne_@m), Vx € [1, N]

For all x € [1, N]:
YO x0) = W) =D D AP =w(x) = O(log® V).

plg r<log,x

Hence by Theorem 13.8, for all x € [1, N]:
R(x) = (w(x) ~|x J) — O(log? N) = o(xe—@W) +0(log? N) = o(/\/e—cw'og N).
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P = (logN)?, Q= N(ogN)™8, (B>0),1<g<P
Fora € M(q, a): S(a) =777 Write aa = 2+3; |B] < Q

1 N
5(2) = g2 3 T(0x(a) (NN, x) —2miB | e(xB)U(x, x) dx) +O 1o V).

XEXq N

7

(*)

For x = xo € Xq principal, write:

W(x,x0) = | x| + R(x). R(x)zo(/ve—czm), vx € [1, N]

Hence:

(%) = (eup) V) ~2mi5 [ o)1) 0x)
N
+ (e(Nﬁ)R(N) —omif /1 e(xB)R(x) dx)

= /N e(xB)d|x] +O((1+ |BIN)Nee2Vea ).
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P = (logN)?, Q= N(ogN)™8, (B>0),1<g<P
Fora € M(q, a): S(a) =777 Write aa = 2+3; |B] < Q

1 N
5(2) = g2 3 T(0x(a) (BN, x) —2miB | e(xB)U(x, x) dx) +O 1o V).

XEXg \

7

(*)
For x = xo € Xq principal:

(*) = /i\l e(xB)d| x| +0O ((1 + |[3|N)Ne_c2\/m)_

G 4

Call =: T(B)

N N
TO) = [ etB)dlx) = 3 e(kB).
k=1
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P = (logN)?, Q= N(ogN)™8, (B>0),1<g<P
Fora € M(q, a): S(a) =777 Write aa = 2+3; |B] < Q

5(2) = 57q7 2 TOX() (eNBW(N, ) — 2mi [ etomin dx) +0(log’ )

XEXg

()
For x = xo € Xq principal:

(*) = /N e(xB)d|x] +0O ((1 + yﬁ|/\/)/\/e—@m>_

7

Call =: T(B)

N N
T(O) = [ etB)dlx] =Y elk),
N k=1

Also 7(xo) = u(q) and ]'r(x)] < .,/q for any x € X, (cf. Problem 9.2).

u(q)
¢(q)

— S(a) = T(5)+O(q2(1+ BIN)Ne CNW)
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P = (logN)?, Q= N(ogN)™8, (B>0),1<g<P
Fora € M(q, a): S(a) =777 Write aa = 2+3; |B] < Q

7

5(2) = 2o 3 7G0X(@) ((NBYY(N. x) ~ 2mip [ " e(xB)w(x, x) dx) +0(1og? ).

XE€Xg \

(*)
For x = xo € Xq principal:

(*) = /N e(xB)d|x] +0O ((1 + yﬁ|/\/)/\/e—@m)_

N\ 4

Call =: T(B)

N N
TO) = [ etB)dlx) = 3 e(kB).
k=1

Also T(xo) = u(q) and ]'r(x)‘ < ,/q for any x € X, (cf. Problem 9.2).

— S(a) = MT(ﬁ) + o(q%u + !6|N)Ne_c3\/m) .

¢(q) g s
6 = O(Ne_c“\/m)




Proof of Theorem 19.2. P=(logN)?, Q =N(logN)™B, (B>0),1<qg<P

Forall o = £+ 6 € M(q, a):

S(a) = géq; T(B) +O( e~V T);

T(B)

N
=) e(kp).
k=1

Inturtively nicel!

n<N n<N

(would give same main term).
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Proof of Theorem 19.2. P=(logN)?, Q =N(logN)™5, (B>0),1<qg<P

Forall o = £+ 6 € M(q, a):

N

50 =507 (5) + o(We ) T(5) = e(kB)
k=1

Using also [54T(8)] < [T(B)] < N:

u(q) T(,B)3 I O(N3e—C4\/W>_

3
)=

Hence

1
Contribution from o € 9M(q, a) in r(N) = / S(a)’e(—Na) da]
0

5((5))3 (—%) /_ 11//2 T(B)’e(~NB) dB + O N2e~eVRa).
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Proof of Theorem 19.2. P=(logN)?, Q =N(logN)™5, (B>0),1<qg<P

1
Contribution from o € M(q, a) in r(N) = / S(a)’e(—Na) da]
0

- MO 2Ny | // T el-Np) 45+ O(We )

Now add over all M(q, a)!

[ stare(-nayaa=3"ED ) [ rigye(-ng) dp -+ 0 (WemeT),

q<P 1/Q

where

an
cq(N) = Z e(—)
a=1 q
(a.9)=1
(Ramanujan’s sum, which we introduced in Problem 9.3).
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

3.0 M(Q) HQ 3 N2e—CsVIog N
| Stere(-na)da > et / o @) dp+0(N )
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

3.0 M(Q) HQ 3 2 a—Cov/Iog N
/m S(a)e(—Na) da = > ¢(q)3 co(N) / » T(8)%e(—NB) dﬁj+O(N )
Recall

T(B) = Z e(kpB) — only depends on 8 mod 1.

rig) = O 0) iy 1)
Hence

1/2

1-1/Q
/ T(B))°dB = o( B3 dﬁ) = 0(Q?) = O(N?(log N) 25,

1/Q 1/Q
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

3 /J'(Q) HQ 3 2 _—csy/Tog
/m S(a)’e(—Na) da = 5 (q)3cq(/v) / B T(B)%e(—NB) dB +o(/\/ Vieg N )
Recall
N
T(B) = Z e(kB) — only depends on 8 mod 1.
e((N +1)6) —elB) _ .
R O(min(N. 181 ).
Hence
1-1/Q 1/2
[ m@rds=o([ 6 ap)=0(a?) =0(N(og ) ).
1/Q 1/Q
so that

()= [ T()e(~NB) dB -+ O(N*(loq N) %)
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

1/Q

/ S(a)e(—Na) da = “(Q) c.(N) /
m

¢(q)3 “q T(,B)3e( NG) d,5+O(N2 CWW)
g<P

7

1/Q

()= [ T()e(~NB) dB -+ O(N*(loq N) %)

53



Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

1/Q

/ S(a)e(—Na) da = “(Q) c.(N) /
m

¢(q)3 “q T(,B)3e( NG) d,5+O(N2 CWW)
g<P

7

1/Q

(") = [ T(6)e(~NB) dB-+O(N*(og ) 7%).

NS

(*%)

(**) = /01( > ellla+k+ k3)5)> e(—NB) dp

1<k, ko, k3<N
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

3.0 M(Q) HQ 3 N2e—CsVIog N
| Stere(-na)da > et / I/QT(ﬁ) o(~N3) a5 0 (W )

(") = [ T(6)e(~NB) dB-+O(N*(og ) 7%).

NS

(*%)

(= [ (X eltat kot k)p)e(-NB) o8

1<k, ko, k3<N

— Z 1,

1<k, ko, k3<N
ki+ko+ks=N

= LN = 1)(N —2) = IN2 4+ O(N).
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

Hence
/ S(a)’e(—Na) da
m

=) 5((5))3 cq(N) (%N2 + O(N?(log N)‘2B)) + O(/\/Qe—%m)
q<P
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

Hence
/ S(a)’e(—Na) da

Z 5(((57))3 C/(N)< N? + O(/\/z(log N)_2B)) 4+ O(Nze—cm/m)
qsP

7

~"

(*)

Using |cq(N)| < ¢(q) and ¢(q) > q/log q for all g > 2 (cf. Problem 15.1).

(M) _ 1
2 $(a)® ~ 2 a(ar ~ O

q<P

Thus:
*) = %/\/22 5((67))3 co(N) + o(/\/2(|og /\/)—25).

qg<P
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Proof of Theorem 19.2. P = (log N)B, Q = N(log N)~&, (B > 0)

Hence

3 1o u(q) 2 —2B
/msm) e(~Na) da = =N ;WCQ(NHo(N (log N) )
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

Hence

3 1o u(q) 2 —2B
/msm) e(~Na) da = =N ;WCQ(N)—FO(N (log N) )

Again using |c,(N)| < ¢(q) and ¢(q) > q/log q:
1
IR UEDSFEED s

q>P q>P q>P
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

Hence

3 1o u(q) 2 —2B
/msm) e(—Na) da = SN q;d)( E q(/\/)+o(/\/ (log N)~ )

Again using |cq(N)| < ¢(g) and qb(q) > q/log q:
u(q) —2+4-2¢ 22 gy
‘Z ¢(q)3 q(/\/)| Z q§( )2 e Zq = / d

q>P q>P P—1
< (P L 1) 1+2¢ < P~ 142 __ (Iog /\/) B—i—2sB’
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

Hence

3 1o #(9) : :
/msm) e(~Na) da = =N qu zca(V) +o(/\/ (log N)~ B).

g<P

7

(*)
Again using |c,(N)| < ¢(qg) and cb(q) > q/logq:
‘Z u(q) (N)| Z < Z g2t < / 5228y
CE 05( 2 P—1

q>FP q>P
<, (P . 1) 1+2¢ < P~ 1+2e _ (Iog /\/) B+2€B,

1
2B

> B8] < og ) o

and thus if we choose € = we have

q>P
Hence

(*) =Y %CQ(N) +O((log N)~B+1).
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Proof of Theorem 19.2.

Hence

P = (log N)®, Q = N(log N)~%, (B > 0)

/ S(a)’e(—Na) do = —sz N(Q) ce(N) + O(NQ(Iog N)_BH).

Can factor!
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

Hence
1 = ulg ~
/ S(a)’e(—Na) da = §N22 ¢(( ))3Cq(/\/) +O(N2(Iog N) BH).
m g1 q )
(*)
Can factor!
Recall from Problem 9.3:
¢(q) q e
c,(N) = b — multiplicative w.r.t. qg.
oM = 534G m)

Hence, by Prop. 2.7, since u(p®) =0, Va > 2:
o u(p) _ cp(N)
0= 1;[0 ' ¢<p)3c”(N)) - 1;[(1 (p- 1)3)
1 1
TG T ) -

ptN
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Proof of Theorem 19.2. P = (log N)B, Q = N(log N)~&, (B > 0)

Hence

/ S(a)’e(—Na) do = %G(N)NQ + O(N2(|og /\/)—B+1>.
om
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Proof of Theorem 19.2. P = (log N)B, Q = N(log N)~&, (B > 0)

Hence

/ S(a)’e(—Na) do = %G(N)NQ + O(N2(|og /\/)—B+1>.
om

Finally: Bound the contribution from the minor arcs, m= [0, 1] \ 9.
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

Finally: Bound the contribution from the minor arcs, m= [0, 1] \ 91.

Note

‘/mS(aﬁe(—Na) da‘ < /m‘S(oc)’3 da < (igg‘s(a)’) /m‘s(a)‘zda
< (swlst@)) [ [st@) oo

and here the last integral Is

/01\5(04)\2 do = /01 > ANk k)e((k — ko)) dox

ki<N ko<N

— Z /\(kl) Z /\(kg)/o e((/q — kQ)Ol) do

ki<N ko<N

=) Ak)* < (log N) Y " A(k) < Nlog N.

k<N k<N
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Proof of Theorem 19.2. P = (log N)B, Q = N(log N)~&, (B > 0)

Finally: Bound the contribution from the minor arcs, m= [0, 1] \ 91.

Hence

‘ / S(a)Pe(—Na) da| < N(log /\/)(supyS(a)y).

acm
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

Finally: Bound the contribution from the minor arcs, m= [0, 1] \ 91.

Hence

‘ / S(a)Pe(—Na) da| < N(log /\/)(supyS(a)y).

acm

For every a € m, by Dirichlet’s theorem (Lemma 18.4):

a‘ 1
T qQ

dg,a € Z: 1<g<Q, (aq)=1, ‘a—a<

a¢Maqg) = P<qg<Q.

Hence by Proposition 18.3 (for all @ € m):

S(a)| < (Ng~2 + N& + N2g2)(log N)* < (NP2 + N5 + N2Q?) (log N)*
< N(log N)~(B/2)+4,
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Proof of Theorem 19.2. P = (log N)B, Q = N(log N)~&, (B > 0)

Finally: Bound the contribution from the minor arcs, m= [0, 1] \ 91.

Hence

‘/ S(a)de(—Na) da| < N?(log N)~(B/2)+5,
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Proof of Theorem 19.2. P = (logN)&, Q@ = N(log N)"8, (B > 0)

Finally: Bound the contribution from the minor arcs, m= [0, 1] \ 91.

Hence
‘/ S(a)’e(—Na) da| < N?(log N)~(B/2)+5

Take B =2A + 10.

Also use
/ S(a)’e(—Na) da = %GS(N)N2 + O(Nz(log N)_B“).
o

Hence

r(N) = /01 S(a)’e(—Na) da = %G(N)N2 + O(Nz(log N)‘A).

HENEN
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