SOLUTION SUGGESTIONS FOR THREE PROBLEMS

ANDREAS STROMBERGSSON

22 It follows from the formula ¢(n) = an‘n<1 - %) that ¢(n) is a multiplicative

function. Hence also the function f(n) = ¢(n)n~* is multiplicative for any fixed s. Next
note that if o > 2 then the series >~ | f(n) is absolutely convergent, since

(1) DoIfm=) dmn <Yy 0" <o

Hence Proposition 2.7 applies when ¢ > 2 and we get

Y o =T+ owp + ("™ +...)

p
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[B.4] (final part of a solution).

I discussed this problem in class, but only gave a first part of a solution. I noted that we
may assume that N(r) < oo for all r > 0 (since otherwise 7 = A = oo and the problem is
solved). I proved that under this assumption, the following equivalence relation holds for
every a > (:

N “a . N(r) * _ N()
(2) ;(1+|p]—|) <o & llfnri)s()ilp(1+r)a<ooand/0 Wdr<oo.

Now the solution can be completed as follows:

(a). For every a > A we can argue as follows: Choose a number A; in the interval
A < A; < «a. Then by the definition of A (and the definition of “limsup”), we have
log N
O'Tyi(r) < A for all sufficiently large r. Equivalently: N(r) < r4t for all sufficiently large

ogr
r. In precise terms, this means that there exists some Ry > 0 such that

Vr>Ry: N(r)< rAr,

N A1
It follows that for all r > Ry we have (r) < ! < rh

(I+r)  (14nr)«
.. ) ) N(r) ) ) .
this implies that lim = 0, and in particular lim sup
reo (1 + T>a r—00 (1 + T)O‘
that

> N(r) /RO Ry /°° i
—— _dr< [ ——drt [ ———d
/0 Atret ™ = ™" e Qe ™

Ro oo
< / Rgh dr +/ rhimel gy < 00,
0 Ro

% and since A —a <0

< 00. It also follows

where we used the fact that A} —a —1 < —1. Hence, using the equivalence in (2) (in the

“«<” direction), we conclude that Z(l + |pj|)™* < co. By the definition of 7, this implies
j=1
7 < .
To sum up, we have prove that [Va > A: 7 < a]. This implies that 7 < A. O

- _ . (r)
b). F > (0 such that 14+ [p;])™* < oo, we have b 1 —_—
(b). For every « such tha jEZl( lpil) 0o, we have by (2)) i sup Atr)e
and this implies that there exist constants C' > 0 and Ry > 0 such that for all » > R, we

N
ﬁ < C,ie., N(r) < C(1+r)* This implies that for all > Ry we have

< 00,

have

log N(r) < log(C'(1+7)%)
logr — logr '
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Hence

log N 1 1 @ 1 log(1
A:thupM Shmsup Og(C( +T) ) :limsup Og0+a Og( +T) —a

r—00 10g r r—00 lOg r r—00 10g T

To sum up, we have proved that for every o > 0 satisfying Z(l + [pj) ™ < oo, we have
j=1
A < «a. In view of the definition of 7, this implies that A < 7. O
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Set A(z) = 32 <<y @n; then the assumption says that A(z) ~ 2® as  — oo, and
hence for any given € > 0 there is some X > 1 such that

(3) |A(z) — 2?| < ea?, Vo > X.
Now for each N € Z* we have

Zan(N—n)szo (N—a;)2dA(x)=o+2/0 (N — 2)A(z) d

If A(z) = 2? then the last expression equals

N N 4 1 jgs=N 1
2/0 (N—x)x2dx:2[§x3—ix4h:0 = 6N4.

Hence for our general A(z) =3, ., a, we have, for each integer N > X

‘ian(N—n)z— é]\]4 — ’Q/IN(N—z)A(x)dx_Q/ON(N_z)xzdI

< 2/0 (N —2)|A(z) — 2°| d

X N
§2/ N‘A(:)s)—x2‘dx+2/ (N — 2)ex? dx
0 X

b N
§2N/ ‘A(:)s)—atz‘d:zjt%/ N?dx
0 b

b
§2N/ |A(z) — 2°| dz + 2eN*.
0

Here the number fOX‘A(x) — 932‘ dz is independent of N; hence for all sufficiently large N
the above is < 3e N*, i.e. we have proved that for all sufficiently large N we have

al 1
‘Z an(N —n)? = =N*| < 3eN",
n=1
or equivalently
N 2
N — 1
N*4 6

Since ¢ was arbitrarily small, this implies that
SN a,(N—n)?2 1

: n=1
v N4 T 6
or equivalently:
al 1
Zan(N—n)2~6N4 as N — oo.
n=1



