Assignment 1: Some answers, comments and references

Problem 1. One obtains this formula by applying the Euler-MacLaurin
summation formula (Theorem 1.19 in the course notes) with f(z) =
log(x+2), h=2and A =0, B = N. One must note, however, that the
left hand side in Theorem 1.19 is “Y],_, 5 f(n)”, so that the above
choices give “Zgzl log(n + z)”; therefore one has to add “log(z)” to
both sides in order to obtain the formula in the problem formulation.
(Alternatively one may apply the Euler-MacLaurin summation formula
with A < 0 close to 0, and then let A — 07.)

Problem 2. Writing N(z) := #{w, < z}, and letting Tj be a fixed
number in the interval 1 < T < wy, one has

T—0

log H (1-wh) = J log(1 — 27 1) dN(z)

wn<T To

(where the “T"— 0" indicates that the right hand side should be under-
stood to mean limg_,7_ S;O log(1 — 27 1) dN(z)). After integrating by
parts, the contribution which is most difficult(?) to handle is

" [y,

To :L’(I - 1)

. . T CSC+O(J?1/2) . .
This can be written as — To 21 dx, and here the contribution
from the error term is: S;) 2((;{/;) dzxr = O(1); note that this is the best

T O(:El/Q)

possible bound on § dr as T' — oo! However, it is possible to

To z(z—1)
obtain a sharper asymptotic formula for ({Il) by rewriting S;O as S;OO - S;O

E]; namely:

:_JT ¢ dx—rwdmﬁmdx.

Tox_l To ZL’(QE—l)

IThis method was also used on the last slide of lecture #1.
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N(x)—cx
z(x—1)

. Now one can contine:

dx is

The above is justified by the fact that the integral S;OO

absolutely convergent, since |N(z) — cz| « z'/?

— ® N(x) —cx ©O(z?
= —clog(;;_11> —fTO %dw%—ﬁp %daz
“ N(x)—cx

~ —clogT + O(T") + clogl(Ty ~ 1) - | de + O(T)
To ZIZ'(I’ - 1)
Combining this with the other term from the integration by parts, we

conclude:

(2) log 1_[ (1 _ wgl) _ —clogT + 5 + O(T_1/2),
wn<T
where
e} N _
(3) B:=—c+clog(Th —1) — N(z) —cz de.

n, T(@—1)
Hence, exponentiating (using exp(O(T~Y2)) = 1 + O(T~'2) for T
large), we obtain:

Answer: H (1—wHY=e-Te+ O(ch’%) as T — 0.

wn<T

Remark 1: If one works on using the less precise “O(1)” bound
discussed below (), one obtains instead of (2) the less precise estimate
“log] [, -7(1 —w,") = —clogT + O(1)”, which after exponentiating
gives the following less precise final answer:

Tle, cr(l —w; ') =T ¢ as T — x0”.

Remark 2: Of course the right hand side of () is independent of
the choice of the number Ty € (1,w;); this is clear from the proof but
also easy to verify aposteriori, using the fact that N(z) = 0 for z < w;.

Problem 3. This problem is Folland, Exc. 2.28, mildly modified.
Problem 4. This problem is Folland, Exc. 2.36.



3

Problem 5. I took this problem from Folland, Exc. 6.15. It is a Cauchy
version of the Vitali Convergence Theorem.

Problem 6. Part (a) and (b) are borrowed from Folland, Exc. 7.24.

I admit that I had missed that giving (a) and (b) together was per-
haps a bit “boring”, since the sequence p, = J_, (the Dirac measure
at the point —n) works in both (a) and (b)! In hindsight, I would have
preferred to instead give the following version of part (a): “Find an
example of a sequence (u,) in M([0,1]) such that u,, — 0 vaguely, but
|pn] — 0.7 (See the following footnote for an example: [1)

Problem 7. (a) cap = (=) [T/ (6;(8; + 1) - (8 + o5 — 1)).

Problem 8. (a) {; |fu|dz = {; f, dz = 1.

(b) supp(fn) = [0,a1 + as + -+ + ay,)].

(c) One may compute fy explicitly and then verify that f, € C(R).
From this, one may prove f, € C"%(R) by induction, where the key
step is to note (using f,, = fn_1 * ga,) that

Vn>3: Vo eR:  fi(a) = —(fua(s) ~ far(o— an)).

On the other hand, by induction one may also prove that

xnfl

(n =TI a;’
while f,(z) = 0 for x < 0, and from this it is easy to verify that
the (n — 1)st derivative fr(bn_l)(at) does not exist at x = 0; hence f, ¢
C" 1(R).

(d) By (b) we have f,(z) = 0 for 2 < 0 and for x > 3% a;. One
may also verify that f,, is symmetric about the point %sn where s, 1=
D1 gy ie. fu(sn — @) = fu(z); also the function f,(z) is increasing
for z € [0, 2sn] and (hence) decreasing for = € [1s,,s,]. Now for any
fixed point 2’ > 0, for every n so large that 2’ < %sn, we have

- f fula j Ful@)d = (As, — o) fula).

But as n — o we have 1 350 — @' — 400 and hence the above inequality
(together with the fact that f,(2") = 0) implies that f,(z") — 0.

Vn >=2: VYoe[0,min(ay,...,a,)]: fulz) =

20ne may e.g. take f,, = 6y — 01 /n-


https://en.wikipedia.org/wiki/Vitali_convergence_theorem
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Problem 8 — the “even more challenging tasks”: For the case
> a, < ©, cf., e.g., Theorem 1.3.5 in Hormander, “The Analysis of

n=1

Linear Partial Differential Operators I” (1990).

We now turn to the question about uniform convergence to 0. We
will outline a proof that

[oe}
(4) fn tends uniformly to 0 if and only if Z a? = .

n=1

(Note that .~ a2 = o = Y.”  a, = o, but the converse is not

n=1"n
true.)
In the first few paragraphs we consider arbitrary positive numbers
ai, as, . ... Let us start by centering the functions f,,: Write s, = a1 +

-+ +a, and set F,, 1= 7_g s fn; then from the properties of f,, mentioned

in part (d) above, it follows that for each n, F,, is even, and F), is

increasing on (—o0,0] and (thus) decreasing on [0, +0). In particular

F,, attains a global maximum at x = 0, and since F}, is nonnegative it

follows that f,, tends uniformly to 0 if and only if lim,,_, F,,(0) = 0.
Note that

Fn = T,sn/gfn = T*sn/2(ga1 K oee e % gan) = Ga1 K oeoe e % Gan’
where we have defined
Ga = T_a/29a = a”! “X—(a/2,a/2)-

We obviously have G, € L'(R), and its Fourier transform is:

N a/2 ) wia _ ,—mia& 3
Ga(§) = CLIJ R ‘ = sin(rat) = sinc(maf).

—a/2 2mial Ta&

(Recall that the sinc function, sinc(z), is given by sinc(z) = 2 for
all z € C\{0} and sinc(0) = 1. It is an entire function. The above
computation is only valid for & # 0, but one also verifies that CAla(O) =
1 = sinc(0); hence the final formula, éa(g ) = sinc(mwaf), is valid for all
£eR)

It follows that for every n € Z* we have F, € L'(R) and

(5) F(€) = [ [ Gu, (©) = | [ sine(mas6).

7=1

Using [sinc(z)| < min(1,]z[7') (V2 € R) we see that if n > 2 then
|F,(&)] < min(1, 7 %(aa9) €| 72), which implies that F,, € L'(R).
Hence for every n > 2, the Fourier Inversion formula applies to F},, i.e.


https://en.wikipedia.org/wiki/Sinc_function

we have

(6) Fy(z) = JR Fo()e¥™td¢,  VYzeR, n>2.

Next, it is an easy consequence of (F) and —% < sinc(z) <1 (Vz € R)
that the following pointwise limit exists for every & € R:

(7 H(¢) = lim F(©).

Hence by (@) and the Dominated Convergence Theorem (using the
majorant function ¢ — min(1, 77 2(aas)~'€]72)), we have H € L'(R)
and for each fixed x € R:

(8) lim Fy(z) = lim | F,()e*™™d¢ = | lim F,(€)e*™™¢ d¢

n—o0 n—0 R R n—o0

- | m@etas - i),

Hence: f, tends uniformly to zero iff H = 0 a.e. (Indeed, if H = 0
a.e. then lim,_o, F,,(0) = H(0) = 0 which as we noted above implies
that f, tends uniformly to zero; conversely if f, tends uniformly to
zero then H(x) = lim, 4 F,(x) = 0 for all z and hence H = 0 a.e., cf.
Folland’s Cor. 8.27.)

Finally, we now prove in two steps that H = 0 a.e. (in fact H(§) = 0
for all £ € R\{0}) holds iff > | a2 = oo:

n=1"n

Step 1: If a,, — 0 as n — o then H(§) = 0 for all £ € R\{0}.

[Proof: Assume a,, — 0 as n — o0; this means that there exist § > 0
and an infinite sequence 1 < n; < ng < --- such that a,, > 0 for all k.
Now let £ € R\{0} be given. Then 7 := sup, s | sinc(z)| is a number
strictly between 0 and 1, and we have |@ank (€)| = | sinc(ma,,§)| < n for

all k, and also |G, (€)| < 1 for all n. Hence for every k € Z* and every
n = ny, by ([B) we have |F,,(£)| < n*. Hence H(§) = lim,,_o F, (&) = 0.]

Step 2: If a, — 0 as n — o0 then [H () = 0 for all £ € R\{0}] <
[H=0ae] < Y0 a2 =o]

n=1"n
[Proof: Assume that a,, — 0 as n — 0. By Taylor’s formula,

2 2
log(sinc(x)) = log(l - % + O(x4)> = —% +O(z*) as © — 0;

3Indeed, using only |sinc(z)| < 1 it follows that |Fy(€)] = |[Fa(€)| = --- and
hence limy, o [F, (€)] exists; and if this limit is non-zero, then using sinc(z) > —1
one shows that F), (€) has constant sign for n large, so that (7)) exists.
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hence there exists a constant d > 0 such that

2 1.2

sinc(z) >0 and — % < log(sine(z)) < — Vr € [—0,4].

Now let & > 0 be given. Then there exists N € Z* such that |ra,§| <
for all n = N and all £ € [—&p,&]. Tt follows that for all M > N and
all £ € [—&p, &| we have

M

1 M 1 M
(9) ——(m€)? a? < log(n sinc(ﬂanf)) < —=(m€)? Z a’.
5 n=N 7 n=N

n=N
Now if 31 a2 = +oo then for every & € [—&, &]\{0} we have, by

n=1"n

the right inequality in ([@)): limp; 4 log(]_[i/[: N sinc(ﬂang)) = —o0, and
hence H(£) = limy o [ |2, sinc(mang) = 0.
On the other hand, if >, | a2 < +o0, then for every £ € [—&y, &]\{0}

n=1""n

it follows by using the left inequality in () and the fact that log(sinc(mra,§)) <
0 (Vn = N), that the limit lim; H%:N sinc(mwa,€) exists and is
a number strictly between 0 and 1. Hence also the limit H(§) =
lim s ]_[2/[:1 sinc(ma, &) exists for every £ € [—&p, &o], and is zero only
at those finitely many & € [—&g, &y| where HnN;l sinc(ma,&) = 0.

In both cases, since § > 0 was arbitrary, we obtain the statement of
Step 2.]

O

Remark: One can alternatively obtain the result in (@) as a con-
sequence of fairly standard results in probability theory, namely ap-
propriate versions of the Central Limit Theorem (CLT)L Indeed, let
X1, X5, ... be independent real-valued random variables, with X} hav-
ing a uniform distribution between —% and %; then the probability
density function of X} is the function G, discussed above, and the
probability density function of Xy + --- + X, is Fj, = Gy, * -+ G, .
Note that Var(Xy) = % Now if > ," , a? = co then the Lindeberg CLT

implies that the distribution of the normalized sum ( - %)71()( 1+
-+ X,,) tends, as n — o0, to a normal distribution with zero expec-
tation and unit variance. Indeed, this is exactly the case discussed in
Feller, “An Introduction to Probability Theory and Its Applications,
Vol. IT”, Ch. VIIL.4, Ex. (d) (but with aj in place of ax/2). Applying

2
A

this fact instead to (}_, &) _1(X2—i—- --+X,), one fairly easily deduces

4This is perhaps not an “alternative proof”, but rather an “alternative view-
point” — since one way to prove the CLT is by working via the Fourier transform,
just as we did above.


http://file://T:feller/feller1971.djvu:278
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that F,,(0) — 0 as n — OOE meaning that f, tends uniformly to zero.
Alternatively, one may prove F,(0) — 0 by applying an appropriate
CLT for densitieﬂ; cf. e.g. Exc. XV.9.241 in the same book by Feller.

On the other hand, if },,” | a? < o0, then by Ch. VIIL5 in the same
book, the distribution of the unnormalized sum X; + --- + X, tends,
as n — o0, to a probability distribution with zero expectation and
variance 1—12 S, aiﬁ This implies that f,, does not tend uniformly to
zero. (Indeed, assume the opposite, i.e. that f,, — 0 uniformly. Then
also F,, — 0 uniformly, and this implies that {”  F,(z)¢(z) dz — 0 for
any ¢ € Cy(X), meaning that the distribution of Xy + -+ + X, tends
vaguely to the zero measure on R, i.e. we have “escape of mass”, and
the distribution of X; + -+ + X, does not tend to the distribution of
some random variable on R.)

5This argument was pointed out to me by Benjamin Meco. To give some details,
set V,, := % > h_o a}. The probability density function of Xo+---+X,, (for n > 2)
is C:'n =G, * - * Gy, , and we have F), = G4, * én; therefore

l11/2 ~
F,(0) = aflf Gy (z)dz = a7 ' Prob[|Xs + -+ + X, | < a1/2]
—a1/2

=ay ' Prob[ |V, H(Xo + - + X)) < a1/(2V4)]. (%)

But the application of the Lindeberg CLT gives that the distribution of V, (X +
.-+ X,,) tends to a standard normal N (0, 1) distribution, and this implies that the
probability in (*) tends to zero as n — o0, essentially since a1/(2V;,) — 0, and so, if
Z is an N (0, 1)-distributed random variable then lim,,_, Prob[|Z| < a1/(2V},,)] = 0.

6also called a llocal limit theoreml

"To apply this result, one has to group together the terms appropriately, e.g. as
(X1 + X2+ X3) + (X4 + X5 + Xg) + -+, so that the probability densities of the
individual terms satisfy the required bounds.

8 An alternative to Feller’s proof of this fact is to note that

E[(Xn+Xn+1+---+Xm)2]—>O as n,m — o0 (n < m),

meaning that “Cauchy’s criterion for mean square convergence” applies and gives
the result.


https://encyclopediaofmath.org/wiki/Local_limit_theorems

