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Asymptotic formula for J,(x) as x — 0?
First order asymptotic:

Ju(x) = %(cos — % — %) —|—O(X_1)> as x > o (v fixed).
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More precise (“second order”) asymptotic formula:

J(x)—«/i cos(x il E) sm(x il E)
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as x —» o (v fixed).

Asymptotic expansion: For any fixed N € Z* and v € C,
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x| Js(x) Js(x) = V(%) | Js(x) — P (x)
1 |2.497577e-04 |-1.70e-01 -9.82e+00
10 |-2.340615e-01 |-2.87e-01 1.87e-02
102 |-7.419574e-02 | 3.02¢-03 5.39¢-04
10| 5.025407e-03 | 3.06e-04 -3.38¢-07
10%|3.638933e-03 |-8.78e-06 2.57e-09
10°|1.846551e-03 |-2.13e-07 ~1.30e-11
Jio(x) (red)
o5
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x| Jio(x) Jio(x) = F3 (%) | Jo(x) — Fi3)(x)
1 |2.630615e-10 |7.80e-01 ~7.69e+00
10 |2.074861e-01 |-3.93e-02 -3.02¢-01
102 |-5.473218e-02 | -3.46e-02 3.86e-03
103|-2.452062¢-02 | 2.65¢-04 3.01e-05
10%(7.114312¢-03 | 1.81e-05 -8.66e-08
10%]1.720124e-03 | 9.21e-07 2.10e-10
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x| Jroo(x) 100(X) — F1o0(X) | J100(x) — Fig(X)
1 8.431829e-189 | -7.80e-01 8.49e+02
10 16.597316e-89 |2.47e-01 2.66e+01
10219.636667e-02 | 7.63e-02 -3.78e+00
1031.167614e-02 |-1.31e-02 1.05e-02
10% -7.976516e-03 |-8.80e-04 9.44e-04
10°-1.809353e-03 [-9.01e-05 2.19e-06
109 3.346687e-04 |3.63e-06 -4.15e-09
107 |-8.695579e-05 | -1.18e-07 1.09e-11




Uniform asymptotics for J,(x), for v large
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— with an absolute implied constant.

Here:
¢ = 3¢ and &7 = max(¢,0);

¢ =C(t) = Bu(t)**sgn(L - t);

arctanh (V1—t2) —v/1—t2 if0<t<1

u(t) = {\/ t2 — 1 —arctan (V12 — 1)

The Airy function:

if t>1.

(Olver, 1954)

(v=1,t>0).
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Uniform asymptotics in simplified form:

Fix an arbitrary C > 0. Then for all ¥ = 1 and x > 0 we have

. 1
if x<v—Cuvs

oY) if |x—v| < Cus
Ju(x) = <
NG, v T v
ﬁﬁ{cos(m — uarccos(;) — Z) + O(ﬁ + %)}

if x>u+C1/%.

The implied constants depend only on C.




