ON THE LOCATION OF THE ZERO-FREE HALF-PLANE OF A
RANDOM EPSTEIN ZETA FUNCTION

ANDREAS STROMBERGSSON AND ANDERS SODERGREN

ABSTRACT. In this note we study, for a random lattice L of large dimension n,
the supremum of the real parts of the zeros of the Epstein zeta function E, (L, s)
and prove that this random variable scaled by n~! has a limit distribution, which
we give explicitly. This limit distribution is studied in some detail; in particular
we give an explicit formula for its distribution function. Furthermore, we obtain a
limit distribution for the frequency of zeros of E, (L, s) in vertical strips contained
in the half-plane Rts > 7.

1. INTRODUCTION

Let X, denote the space of all n-dimensional lattices L C R™ of covolume one.
For L € X, and Rs > 5, the Epstein zeta function is defined by

(1.1) Eu(Lys) =3 o],

veL
where / denotes that the zero vector should be omitted. E,(L,s) has an analytic
continuation to C except for a simple pole at s = § with residue W%F(%)_l. Fur-
thermore, E, (L, s) satisfies the functional equation
(1.2) F,(L,s) = F(L*, 5 — s),

where F,,(L, s) := n°T'(s)E, (L, s) and L* is the dual lattice of L.
The Epstein zeta function is in many ways analogous to the Riemann zeta function.
In particular we have the relation

Eq(Z,s) = 2((2s).

Because of this analogy and for other related reasons, many studies have been made
regarding the location of the zeros of E,,(L, s). From (L2)) it is clear that E,, (L, s) has
a “trivial” zero at each point s = —1,—2,—3,..., just like ((2s), and the remaining
nontrivial zeros of E, (L, s) are in bijective correspondence with the nontrivial zeros
of E,(L*,s) under the map s — & —s. However, the Riemann hypothesis for E,, (L, s)
generally fails: E, (L, s) typically has many nontrivial zeros which do not lie on the
critical line s = 7. Cf. [§], [1], [25], [31], [32], [33], [26].

We denote by Np(T') the number of nontrivial zeros (counting multiplicity) of
E,(L,s) with |Ss| <T. Then Np(T) satisfies the following Riemann-von Mangoldt
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type asymptotics ([26]):

2T
(1.3) Np(T) = — log mem(Lym(L)
where m(L) is the length of the shortest non-zero vector in L.

From the point of view of number theory, the most interesting choices of L are
those for which the Gram matrix for some (and thus any) Z-basis of L is proportional
to an integer matrix. We call these lattices rational. In particular when n = 2 many
results have been obtained regarding the zeros of Fy(L, s) for rational L correspond-
ing to integral quadratic forms with a fundamental discriminant. It was conjectured
by H. L. Montgomery that in this case asymptotically 100% of the nontrivial zeros
of E5(L, s) lie along the critical line Rs = 3. This was proved conditionally, assum-
ing the Generalized Riemann Hypothesis and a weak form of well-spacing for the
zeros of L-functions attached to ideal class characters, by Bombieri and Hejhal in
[6]. Furthermore, Selberg has proved unconditionally, in still unpublished work (cf.
[12], p. 553] and [5], pp. 225-227]) that a positive proportion of the zeros do lie on the

critical line. For related results, see also [15] and [19].

+ Or(logT) as T — oo,

Our main object of study in the present paper is the supremum of the real parts
of the zeros of E, (L, s), i.e.

or :=sup{Rp : E,(L,p)=0}.

In other words, o gives the precise location of the zero-free right half-plane of
E,(L,s). One easily shows that oj exists and is finite for any given L € Xp;
furthermore o7, > % always holds (cf., e.g., [26, p. 693 and Thm. 1}). Of course,
op = or+ = 7 is equivalent with the Riemann hypothesis for E,(L,s). Note that
oy, is lower semicontinuous (and hence Borel measurable), since any zero s = sg of
E,(Lg, s) gives rise to a nearby zero for all E,(L,s) with L in a sufficiently small
neighborhood of Ly (as follows from a standard application of Rouche’s theorem
using the formula [23, (23)] for 7=°I'(s)E,(L,s)). We also remark that oy, takes
arbitrarily large values for any given n > 2 (cf. Remark 2in Section [2)).

For any Dirichlet series f(s) = > 72, e~ N® with exponents A\ < A < ... whose
pairwise differences do not satisfy any non-trivial linear relation over Q, the supre-
mum of the real parts of the zeros of f(s) equals the unique number o for which
e Mo = Z;iz e 2% ¢f. Lemma [I below. This independence condition never holds

for E, (L, s) (e.g. since L contains both 2v and 4v for any v € L). However, we have

(1.4) En(L,s) =20(25) > |v[™  (Rs> %),

vel

where L denotes a set containing one representative from each pair {v, —v} of prim-
itive vectors in L; and it turns out that the Dirichlet series > 7 |v|~2% satisfies
the independence condition for u,-almost every lattice L € X,,, where p,, is Siegel’s
measure ([24]) on X,,; see Lemma 2l From this we conclude (cf. Section [2I):

Proposition 1. Let n > 2. For almost every L € X,,, o1, equals the unique number
o > 2 which satisfies 2m(L)™%° = 1((20)'E,(L,0). It follows that for almost
every L € Xy, E,(L,s) has infinitely many zeros with Rs > 5.

In particular, for small n the formula in Proposition [l makes it possible to compute
or, numerically for a given generic L € X,,. We stress, however, that for a lattice L
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such that »_ - |v|~2% does not satisfy the linear independence condition (e.g. any
rational L, cf. Remark [3] in Section [2]), the computation of oy, is in general not an
easy task. We mention that Bombieri and Mueller in [7] have shown how to calculate
o, explicitly for certain examples of rational lattices L € Xy (with o7 > 1), where
they also obtained bounds on the asymptotic rate of approach of the zeros of Fy(L, s)
to the line Rs = or,. See also [0] for a related investigation of the supremum of the
real parts of the zeros of certain other Dirichlet series.

Our main result concerns the distribution of o, for a random lattice L in large
dimension n. The random element L € X, will always be chosen according to Siegel’s
measure (i, normalized to be a probability measure. The present study is motivated
by recent investigations [29] of the value distribution of E,(L,s) for Rs > & and a
n-random lattice L of large dimension n, where the following result is established:
Let V,, denote the volume of the n-dimensional unit ball. Let P be a Poisson process
on the positive real line with intensity % and let T1,7T5,73, ... denote the points of
P ordered so that 0 < T} < Ty < T3 < ---. Then, for any fixed s € C with }s > %,

[e.e]
(1.5) V. 2B, (-,ns) N QZT]._ZS as n — 0o,
j=1

i.e. the random variable V-2, (-, ns) converges in distribution to 2 Zjil Tj_QS.

The proof of (L3) is built on a result [28] which provides the connection between
the lengths of lattice vectors appearing in the formula (LI]) and the points of the
Poisson process P. Since this result is an important ingredient also in the present
investigation we recall it here. Given a lattice L € X,,, we order its non-zero vectors
by increasing lengths as +v1, +vg, £vs, ..., set {; = |v;| (thus 0 < {1 <l < ..0),
and define

(1.6) V(L) == Vpl5,
so that V;(L) is the volume of an n-dimensional ball of radius ¢;. The main result in
28] states that, as n — oo, the volumes {V;(L)}32; determined by a random lattice
L € X,, converges in distribution to the points {7} };’;1 of the Poisson process P on
the positive real line with constant intensity %

In view of the last two paragraphs, together with Proposition [l and the fact that

((20) — 1 as o — 00, it seems reasonable to expect that as n — oo, n~'o should
tend in distribution to

o
(1.7) oy = [the unique o > % satisfying Tf% = ZT{QU].
=2
We will show in Section [B] that o1 is a well-defined random variable.) Our first
{75}

theorem states that this is indeed the case.

Theorem 1. If L is taken at random in X, according to iy, then
n_laL i> (T} as nm — oo.

By similar techniques we also obtain a limit distribution statement concerning the
frequency of zeros of E,,(L, s) in arbitrary vertical strips to the right of Rs = 5. For
any o1 < o9 and 71 < 7o, let Np(o1,09;71,72) be the number of zeros of E, (L, s)
in the rectangle s € (01,02) X (11, 72), counting multiplicity. It follows from Jessen
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[13, Satz A] that for each L € X, and for any fixed numbers 01,05 € (§,00) \ &,
01 < 09, where &, is a certain finite or countable set of exceptions, the limit

N .
(1.8) Hi(o1,02):= lim 101,02 71, 72)

T2—T1—>00 ™ —T1

exists. For L satisfying the independence condition discussed above (recall that this
holds for pp-almost every L € X,,), & is empty, i.e. the limit (L8] exists for all
% < 01 < 09, and we furthermore have

02

(1.9) HL(Ul,UQ) =/ VL(O')dO',

o1

where vz(0) is a continuous function on (%,00). These statements follow from

Jessen’s work [14] (cf. Section @ below). We remark that in recent work by Lee
[18] and Gonek-Lee [I1], similar asymptotics for the number of zeros of Es(L, s) are
obtained in the more difficult case of a rational L € X5 corresponding to an integral
quadratic form with a fundamental discriminant.

Similarly, for almost any realization of the Poisson process P, there is a continuous

function vi{T;} on (%, o0) such that, if N(o1,09;71,72) denotes the number of zeros
of the Dirichlet series fir)(s) == 3272, Tst in the rectangle s € (01,02) X (11, 72),
then for any % < o1 < 09,

N . g2
(1.10) lim  (7L.02i71,72) :/ vir,y(0) do.

T2—T1—>00 T2 —T1 1

Let C(4,00) be the set of all real-valued continuous functions on (3, 00), provided
with the topology of uniform convergence on compacta.

Theorem 2. If L is taken at random in X, according to iy, then
_ d
(n21/L(n-),n IUL) — (Y1}, oq1;y) as m — 0o,
in the sense of convergence in distribution for random elements in C(%, 00) X Ry q/o.

Note that Theorem [Z] generalizes Theorem [Il and also implies that the random
function o — n?vy(no) in C(3, 0o) converges in distribution to vir;}- A consequence
of the latter fact is that for any fixed % < 01 < 09, the real-valued random variable

nHy(no1,nos) converges in distribution to f;f vir;y(0)do.

Returning to our main objects of study, i.e. oy, and its limit o(r;}, We next give
an explicit formula for the distribution function of o7} Recall that the lower
incomplete gamma function (s, z) is defined by

(1.11) (s, z) ::/ ¥ re ™% du
0

for s,z € C with s > 0. In order to make (s, z) single-valued, we will always keep
z € C\ Ry (in fact, we will only need to use z with Rz > 0), and choose a path of
integration in (IL.IT]) which stays inside this cut plane. We agree that | argu| < 7 for
all u € C\R<p. Now the function (s, z) is extended to all s € C\ Z<p, z € C\ R
through the recursion formula

Y(s+1,z)+ 2% *

(1.12) v(s,2) = .
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FIGURE 1. A graph of the density function of or,}. It was computed
using the method described in Appendix [Al (see also [27, numden-
sity.mpl)).

Theorem 3. For any c > %, we have

1 2 [ elac—y) .
Prob(oipy <c¢) ==+ — R [ — y_1_2_C dy.
( { J} ) (,Y( 2167 Zy))

2 ™ Jo
The integral in the right-hand side is absolutely convergent.

Corollary 1. The random variable oy} has a continuous density function f(c)
given explicitly in (61) below. It satisfies

(1.13) fle)=2-Ki(c—3)*+0((c— %)% as ¢ — %
and
(1.14) fle) =Ky +0(c?) as ¢ — 0o,

where K1 = 39.47841... and Ko = 0.822467... are positive real numbers given

explicitly below in (620) and (6I4), respectively (cf. also ([63), (613), (61) and
©.17) ).

In Appendix[Al we also give formulas for the distribution and density functions of
oyr;} obtained through the residue theorem, and discuss numerical evaluation. See
Figure 1 for a graph of the probability density function of o7} generated using the
formulas in Appendix [A] (cf. [27, numdensity.mpl]).

We conclude by remarking that, as is rather clear from the previous discussion,
the random variable o7,y can also be interpreted as the supremum of the real parts

of the zeros of the random Dirichlet series fir,y(s) = 372, Tj_QS. Indeed, by the

strong law of large numbers the series f{Tj}(s) has, with probability one, abscissa

1 . . -1, .
of absolute convergence op = 5 and satisfies lim_, 1y f{Tj}(O') > 217 75 also with

probability one the numbers 2(log T; —log T1), j = 2,3, ..., are linearly independent
over QQ; this means that Lemma [Tl below applies almost surely and the claim follows.
Hence Theorem Bl and Corollary [l describe explicitly the distribution of the location
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of the zero-free right half-plane of f{Tj}(s). It would be interesting to also seek a
more explicit understanding of the random function v¢r,y (cf. (LI0) and Theorem[2),
which describes the density of zeros of f{Tj}(s) in any vertical strip to the right of
Rs = %

There exists a vast literature on random Dirichlet series; however, we are not
aware of many results pertaining to their zeros. Cf., however, Edelman and Kostlan
[9, §83.2.5, 8.2], regarding the zeros of the random Dirichlet series > 7, a,n™%,
where a,, are independent standard normal random variables.

1.1. Acknowledgments. We are grateful to Daniel Fiorilli and Svante Janson for
inspiring discussions and helpful remarks. We are also grateful to the referee for
asking about the density of zeros; this inspired us to add Theorem [2] to the paper.
The second author thanks the Institute for Advanced Study for providing excellent
working conditions.

2. PrRoOF oF ProprosITION [I]

Lemma 1. Consider any Dirichlet series f(s) = Z;’;l e~ Ni* with real exponents
A < Az < ... and abscissa of absolute convergence og < 0o. Assume limgﬁog flo) >

2e729 . Then the equation f(o) = 2e~*7 has exactly one real root o = of > o09. If
furthermore all the differences \j — Ay for j = 2,3,... are linearly independent over
Q, then o ¢ equals the supremum of the real parts of the zeros of f(s), and the function
f(s) has infinitely many zeros in any strip o1 < Rs < o9 with o9 < 01 < 092 < 05.

Remark 1. The linear independence condition of the lemma is equivalent to the state-
ment that if ¢1, co, ... are any integers all but finitely many vanishing and satisfying
Yo en=0and Y 2 cpA, =0, then ¢; = ¢co = ... = 0. This is also equivalent
to the statement that the pairwise differences among A, Ao, ... do not satisfy any
non-trivial linear relation over Q, i.e. if ¢j;, for 1 < j < k are integers all but finitely
many vanishing and satisfying >, ;. ¢jrx(Aj — Ax) = 0, then 3.2 . ¢jp, = Zi;ll Chj
for all j > 1.

Proof. The fact that the equation f(o) = 2e~*17 has exactly one real root o = op >
g follows since the function o + e*1? f(o) for o > 0y is strictly decreasing, tends to
1 as 0 — oo, and by assumption tends to a limit which is greater than 2 as 0 — O'aL .
For any s with s > oy we have |} 2%, e N8| < > s e AR < em MR — e has|
and thus f(s) # 0. Hence it now only remains to prove that f(s) has infinitely many
zeros in any strip o1 < s < o9 with 09 < 01 < 02 < oy. Assume the contrary; then
there even exist some 01,02 with o9 < 01 < 09 < oy such that f(s) has no zero in

the strip o1 < Rs < o3. By basic facts in complex analysis, this implies that
2.1 inf it)| >0
(2.1) inf | f(o +it)]

for any fixed o € (01,09) (cf. [4, §4 (Hilfssatz 3)] and [13], §3 (Hilfssatz 3)]).

On the other hand, for any o € (01,02) we have Z;’;Q e*1=%)7 > 1 and hence
there exist (2,(s,... € C satisfying |(2| = |(3] = ... =1 and 2]00;2 e()‘l_AJ)UCj =-1.
It follows from Kronecker’s density theorem (cf., e.g., [I7, Prop. 1.5.1]), using our
linear independence assumption, that for any given J € Z>o and € > 0 there exists
t € R such that [e(*1=23)# —(j| <eforall j € {2,...,J}. Applying this with J — oo
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and € — 0, we conclude that

inf )| = e~ MO f‘l (A=Xj)(o+it) | —
e rinl=eT i+ ) e 0

This contradicts (2.1]), and hence the lemma is proved. O

Recall the definition of the set L from just below equation (T4). We now prove:

Lemma 2. For each n > 2 and almost all L € X, the following holds: The vector
lengths |v| for v € L are all distinct, and the pairwise differences of their logarithms
do not satisfy any non-trivial linear relation over Q.

Proof. We realize X,, as the homogeneous space SL(n,Z)\SL(n,R), where SL(n,Z)g
corresponds to the lattice Z™g C R™. Note that pu, is the unique probability measure
on X,, induced from a Haar measure on SL(n,R). We will let u, denote also the
corresponding Haar measure on SL(n,R). Now the statement of the lemma is equiv-
alent to the following: For almost every matrix M € SL(n,R), any finite sequence
of primitive vectors wi,...,uy € Z" (N > 2) with u; # fuy, for j # k, and any
bi,...,bny € Z\ {0} with Zjvzl b; = 0, we have

N
(2.2) > bjlog |u; M| # 0.
j=1
Since there are only countably many possible 2N-tuples (w1, ..., un,b1,...,bN)
it suffices to prove that for each fized choice of (uy,...,un,b1,...,bn) the set of

M € SL(n,R) satisfying (2.2)) has full measure in SL(n,R). We note that (2.2]) is
equivalent to Hj\;l ‘ujM{%j £1, ie.

N N
(2.3) IT ™ = T JusM ™™ 0.
(5,20 (5)<0)

Hence, by the explicit formula for the measure p,, on SL(n,R) in terms of the matrix
entries (cf., e.g., [34]) and the fact that the left-hand side of (2.3]) is homogeneous in
M (since Zjvzl b; = 0), we find that it is enough to prove that for any fixed choice
of (uy,...,un,b1,...,by) as above, the relation (2.3]) holds for Lebesgue almost all
matrices M € Mat,, ,,(R) = R,

Note that each factor |u; M|? in ([2.3) is a real polynomial in the n? matrix entries
of M. Our conditions on u1,...,uy imply in particular that w; is not proportional
to any of us,...,uy, and thus the set S of vectors in R™ which are orthogonal to
w1 but not orthogonal to any of wo,...,uy is non-empty. Now, if we take any
M € Mat,, ,,(R) all of whose column vectors lie in S, we note that the left-hand
side of (2.3]) is non-zero. This proves that the left-hand side of (2.3)) is a real, non-
zero polynomial in the n? matrix entries of M. Hence the condition (23] is indeed
fulfilled for Lebesgue almost all M € Mat,, ,,(R), and the lemma is proved. O

Proof of Proposition [1. Take any L € X,, such that the vector lengths |v| for v € L
are all distinct, and the pairwise differences of their logarithms do not satisfy any
non-trivial linear relation over Q. By Lemma[2]this holds for almost every L. Having

fixed any such L, we consider the Dirichlet series f(s) =3 7 |v|=25. The abscissa
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of (absolute) convergence for f(s) is 09 = %5, and we have limU%%+ flo) = oo; cf.
(L4). Hence, by Lemma [I the supremum of the real parts of the zeros of f(s)
equals the unique real root oy > % of the equation f(o) = 2|vi|~2?, where v; is the
shortest vector in E; in fact f(s) has infinitely many zeros in any strip o1 < Rs < o9
with § < o1 < 02 < oy. Using |vi| = m(L) and (L4), we see that the equation
for oy may equivalently be expressed as 2m(L)~%% = 1((20)7'E,(L,0). Finally,
using (L4)) and the fact that ((s) does not have any zeros when Rs > 1, we see
that E, (L, s) has exactly the same zeros (also counting multiplicity) as f(s) in the
half-plane Rs > 7. This completes the proof of Proposition [ O

Remark 2. Consider the function
L &1, = |o > % such that 2m(L)"*" = 1((20) ' E,(L,0)|.

(Thus Proposition [ says that o, = &7, almost everywhere.) Let X/, be the (closed)
subset of X, consisting of those lattices for which #{v € L : |v| =m(L)} > 2; by
[30, Lemma 5.1], X] has measure zero. We claim that &y, is a smooth function from
X, \ X/, to R+ /2. This follows by studying the following function on R, 5 X X:

a(o, L) = 2m(L) "% = 5¢(20) ' En(L,0) = 2m(L) > = ) |v| 7.
vel

This function is smooth on all R, 5 x (X;;,\ X},) and one easily checks that a%oz(a, L)>
0 at all points 0 =61, L € X,, \ X,,. Hence our smoothness claim follows from the
implicit function theorem:.

On the other hand note that 67, — oo whenever L — Lg for some Ly € X. In
particular this shows, via Proposition [, that sup;cx o1 = co. (But of course, as

we remarked in the introduction, oy, is finite for any fixed L € X,,, in particular for
any L € X!)

Remark 3. Note that for any rational L € Xy, there occur arbitrarily large multi-
plicities among the lengths |v| for v € L; in particular, the independence condition
in Lemma [2 fails for every rational L € X,,. Indeed, for n > 3 this claim follows
easily from the fact that the number of v € L with |lv| < R grows like R™ as R — oo,
while the number of possible values of |v| grows at most like R? (since L rational
implies that there is some ¢ > 0 such that |v|? € ¢Z for all v € L). The claim also
holds for n = 2, since in this case the number of possible values of |v| with |v| < R

is in fact < R?(log R)fé as R — oo; cf. [2] or [20].
3. PrROOF OF THEOREM [I]
The sequence {Tj }?‘;1 of points of the Poisson process P belongs to the space
Q= {a::{xj}}?’;l €ERs)™® :0<a <22 <3< },

which we equip with the subspace topology induced from the product topology on
(R>0)*>°. We denote the distribution of P on Q by P; this is a Borel probability
measure on €.

Recall the definition ([(L7) of o(7,y; let us prove that this is a well-defined random
variable on (2, P). We set

QO = {:I::{l'j};’ileg D #{r; < X}~ 32X as X—)oo}.
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This is a Borel subset of © and, by the strong law of large numbers, we have PQ)' = 1.
For ani z € , we have > 7%, xj_za < oo for all ¢ > 1 and P $]~_20 — 00 as
1

o — 5, and thus, by the same argument as in the proof of Lemma[I} there exists
a unique o > % satisfying xl_Q" = Z;’;Q xj_%. In other words, o, is well-defined for

every x € €. Furthermore, for any ¢ > £, we have {zx € ' : 0, <c} ={xz € ¥ :

T > s xj_zc > 0}, which is a Borel set. This proves that the function & — oy

is P-measurable on €2, i.e. that oy is indeed a well-defined random variable.
For given n > 2 and ¢ > %, we let F,,(L,c) be the random variable given by

(3.1) Fo(L,¢) == —Vy(L)™2 + f: V(L) 2,
j=2

where as usual L is taken at random in X, according to p,. We also let F'(¢) be the
random variable

o
(3.2) F(e) =Ty + ) 1,7
=2

Lemma 3. Let ¢ > 5 be fited. Then F,(L,c) converges in distribution to F(c) as
n— 0.

Proof. The proof is a straightforward adaptation of the proof of 29 Thm. 1] with
m = 1. ]

Lemma 4. For any given c > % and T € R, we have P{F(c) = T} =0.

Proof. The lemma follows immediately from the calculations in the first paragraph
of the proof of Theorem [3 (cf. p. 15 below). O

Proof of Theorem [1 It suffices to prove that for any fixed ¢ > %, Prob,, (n"lop > c)
tends to P(o(7;; > ¢) as n — co. By Proposition [l and the monotonicity argument
at the beginning of the proof of Lemma [Il we have

Prob,, (n"‘op > ¢) = Probun{L € Xy —2V1(L) % 4+ ((2en) Y V(L) > 0}
7=1

= Probun{L € X, : Fy(Lye) > (1—¢(2en)™) ivj(L)_Qc}.
j=1

Now let & > 0 be given. By Lemma @ we have P{F(c) = 0} = 0, and hence (using
[21, Thm. 1.19(e)]) there exists 7 > 0 such that

(3.3) P{F(c) € [0,7]} <e.
Furthermore, it follows from [29] that there exists K > 0 and N € Z* such that

(o]
Prob“n{L € X,y Y V(L) F < K} >1-¢  VYn>N.
j=1

After possibly increasing N, we may also assume that (1 — ¢((2en) 1)K < 7 for all
n > N. It follows that, for all n > NV,

Proby, (Fy(L,c) > 7) —e < Prob,, (n" ‘o, > ¢) < Prob,, (F,(L,c) > 0).
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However, by Lemma [3] and Lemma [, we have (cf. [3, Thm. 2.1(v)])
lim Proby, (Fn(L,c) > 0) = P(F(c) > 0) = P(o(g;} > ¢)
and

lim Prob,, (F,(L,c) > 1) =P(F(c) > ).

n—oo

Furthermore, by ([B3) we have P(F(c) >7) > P(F(c) >0) —e = P(O‘{Tj} >c) —e.
Hence we obtain

lim sup Prob,, (n_laL > c) < P(O‘{Tj} > c)

n—oo
and
.. -1
hnrr_1>1£f Prob,,, (n or > c) > P(O’{Tj} > c) — 2¢.
But ¢ is arbitrary and hence the proof of Theorem [l is complete. O

4. PROOF OF THEOREM

Lemma 5. Let f(s) = 3772, e~ be a Dirichlet series with real exponents Ay <

Ay < .-+ and abscissa of absolute convergence og < 0o, and set, for o > oy,
(4.1)
L_ v 1(astb Oatne [T —Ajo
I/({)\j},a) = G Zlbzl(_l) (a7 )>‘a)‘b€ ( 2 0 HJ[j;a,b](e i%7) | rdr,
a= = 1=

where 1(-) is the indicator function; [j;a,b] := 1 if j € {a,b} and a # b, otherwise
[7;a,b] := 0; and J,(z) is the Bessel function of order a € {0,1}. Let N(o1,092;71,72)
be the number of zeros of f(s) in the rectangle s € (o1,02) X (T1,72), counting
multiplicity. If A1, Aa, ... are linearly independent over Q, then, for any fived o1 < o9
in R>ooy

(4.2) lim N((’l"’?m’”):/ v({\;}:0) do.

T2—T1—00 T2 — T1 1

Proof. This follows from Jessen [14]; cf. in particular [14] Sec. 28] and the explicit
formula for G(o,z) in [14, Sec. 24] (applied with z = 0; we evaluate the Fourier
integral in [I4] p. 310 (line -10)] using the explicit formula for ¥ found in the same
section). The expression in (A1) is nicely convergent for any o > og and defines a
continuous function of o (cf. [I4, Sec. 24] or [35]; more details on convergence also
appear in the proof of Lemma [§ below). O

Lemma 6. Let v({\;};0) be as in Lemma[d. Then v({\; + a};0) =v({A;};0) for
any constant o € R.

Proof. If A1, Ag,... are linearly independent over @, and the same holds for A; +
a, A2 + a, ..., then the claim follows from (4.2]), since f(s) and e~ **f(s) have the
same zeros. The general case follows by continuity (cf. [I4] end of Sec. 24]). O

Remark 4. Lemma [ can also be proved directly from (4.1]) by using the identity

(4.3)  cq /000 <]1;[1 Jo(cjr)> rdr = #Za cp /000 J1(cqr)J1(cpr) (j¢gb} Jo(cﬂ“)) rdr,
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which holds for any cy, cg, ... > 0 with Zj ¢j < 00, and any a € Z*. One proves ([£.3)
by integration by parts, using c,rJo(cor) = d%(rJl (cqr)) and %Jg(cbr) = —cpJ1(cpr).

Now let L € X, be any lattice which is generic in the sense of Lemma 2} order the
vectors of L by increasing lengths as 9y, ¥, . . ., and set Aj = 2log |vj], so that f(s) =
Y wel |v|72% in Lemma The condition of Lemma [2] implies that for Lebesgue
almost every a € R, the numbers \; + a, Ao + ¢, . .. are linearly independent over Q.
Hence, by (L4) and Lemmas [0l and [6] relations (L8] and (L.9) hold for all o1 < o9
in (§,00), with vp (o) = v({\;};0).

Remark 5. For such a lattice L € X,,, it follows from (L8] and (L9) that vz(o) =0
for all ¢ > 0. Furthermore, by Lemma [I] and Jessen [13], Satz B|, v1(¢) does not
vanish identically on any subinterval of (§,07,). Hence the limit in (L8]) is positive
whenever 0y < o7. This also implies that the support of vy, in (§,00) is exactly
equal to (§,0p].

Next we set

Then, again by Lemma [6] we have

(1.4) v({ny}i0) = n?vi (no).

Lemma 7. Fiz any K € Z*, and take L at random in X,, according to j,. Then
the random variable (eM/2,... e"/2) converges in distribution to (Ti,...,Tk) as
n — oo.

Proof. This is a simple variant of [28, Thm. 1]. Indeed, with notation as in (L.6]),

[28, Thm. 1] implies that Vi (L) < 2"V;(L) holds with probability tending to 1 as

n — oo. Hence, for any such L the lattice vectors £wvq,...,+tvg are all primitive,

so that €"/2 = V(L) for j =1,..., K. O
For any K > 5, we set

K

K K
1 % e
Do) =523 3 (F1)HT A e et /0 (HJU;a,bMe g r))rdr.

a=1 b=1 =1

Given any interval I C R, we let C'(I) be the space of real-valued continuous functions
on I, provided with the supremum norm || - [|¢(y

Lemma 8. Let n; = n;(L) = 2(logV}, + nlog|v;|) as above. Let I be a compact
subinterval of (%,oo), and let € > 0. Then there exist integers ng > 2 and Ko > 5
such that, for all K > Ky and n > ng,

pn({L € X = (ks ) = (ks HC(I) <e})=zl-e

Proof. Fix some ¢ with % < c<infl. By Lemma [l and [29] Thm. 1], if we take ng
and A sufficiently large, then for all n > ng we have

(4.5) Mu({L €X,: —A<m(L)<ns(L) <A and ie—cm < A}) >1-1Le.
j=1
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Note that |n| < €@~ uniformly over all n > —A and ¢ € I. We set J(z) :=
max(|Jo(x)|, |J1(z)|); then J(z) < 27/2 as  — oo. Using these facts, we conclude
that there is some B > 0 such that, for any n > ng and any L in the set in (£5),

oo ool B B
(4.6) Z ‘nj’e*njo < B and / H J(e*njor)
j=1 0 i
For any L satisfying (&8]), and o € I, we have, since J(z) < 1 for all z > 0,

2
lv({n;};0) = v ({n;};0)] < B? > Injle ™
i>K

BZ ) o
+§/0 ‘1— HJo(e 3%y

J>K

rdr < B, Vo € 1.

5 o
<]Hl J(e r))rdr.

Hence it now suffices to prove that for any given ¢’ > 0 and R > 0, if we take K and
ng sufficiently large, then for all n > ny we have both

(4.7) Mn({L € X,, : sup Z Injle” "7 < 5'}) >1-1ie

OEIj>K
< e’}) >1- e

Here (47) is a consequence of (e.g.) [29, Thm. 5] (applied with k = 2, ¢ as above,
and § sufficiently large). To prove (X)), note that 1 > Jy(z) = 1 + O(2?) as z — 0;
hence there is a constant o > 0 such that e™ < Jy(z) < 1 for all z € [0,a]. It
follows that L belongs to the set in the left-hand side of (4.8]) whenever

and

(4.8) un<{L € X, : sup sup
o€l rel0,R)

1-— H Jo(e”r)

G>K

sup Z e M7 < R~ min(a, |log(1 — £'))).

oel >K
Using this observation, (48] follows by another application of [29, Thm. 5]. This
completes the proof of the lemma. O

Proof of Theorem[2. Consider the random function v(7;y (cf. (L10)). By Lemma [l
vir;y(0) = v({2log Tj};0) (almost surely), and one easily verifies that

(4.9) viT;) = Klim B ({210g T;}; -) in C(3,00) (almost surely);
—00

cf. [14, Sec. 24] or [35], or the proof of Lemma[8 This shows in particular that v{r
is a measurable map from (€, P) to C(%,00), viz., a random element in C(3,00).
Now, for any fixed K > 5, v5)({)\;}, -) is a continuous function of (A1, ..., \x) €
(R>0)X with values in C(3,00); and by Lemma[Z, (m1,...,nx) converges in distri-
bution to (2logTy,...,2log Txk) as n — oco. Therefore v(5)({n;}, -) converges in
distribution to ) ({21log T}}; - ). Using this fact, (@J) and Lemmal] it follows that
for any fixed compact interval I C (3,00), the restriction of n?vy(n-) = v({n;}, -)
to I converges in distribution to the restriction of v,y to I, as random elements
in C(I); cf. [16, Thm. 4.28]. Hence, by [16, Prop. 16.6], convergence also holds in

C(%,00), i.e. we have proved that n’vp(n-) N vir,y a8 n — oo, in the sense of

convergence in distribution for random elements in C (%, 00).
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To complete the proof of Theorem [2, it remains to upgrade the result to joint con-
vergence of n?vr(n-) and n~'op. Given the previous arguments, this is a standard
but somewhat technical exercise: Recalling (8.1) and (3.2), we set

K K
FT(LK) (L,c) := =V (L)% + Z Vj(L)fQC and F) (c) := —Tl_2c + Z Tj_QC_
Jj=2 j=2

The key fact, now, is that for any fixed ¢ > % and K > 5, the following convergence
in distribution of random elements in C(%, 00) holds, as n — oc:

1(EEN(L,¢) > 0) v ({n;}, ) -5 1(FE)(e) > 0) v B ({21og Ty }; -).

Indeed, by the proof of Lemma [7 away from a set of L € X,, of measure tend-
ing to zero as n — oo, F,(LK)(L,C) is a continuous function of (n1,...,nK), just as
v ({n;}, -); also P(FU)(c) = 0) = 0; hence the claim follows from Lemma [1 and
the mapping theorem [3, Thm. 2.7]. Furthermore, from the proofs of Theorem [II
and [29 Thm. 1], one extracts the fact that for given ¢ and € > 0, if K and n are
taken sufficiently large and L is picked at random in (X, i), then with probability
greater than 1 — ¢, the two inequalities n~ oy > ¢ and F,(LK)(L, ¢) > 0 are both true
or both false. Using these facts and previous arguments (in particular Lemma [§]),
we may again apply [16, Thm. 4.28] to conclude that, for any fixed compact interval
IC (3,00) and ¢ > 3,

_ d
1(n Lop > ¢) n2uL(n-)|1 — ]l(a{Tj} > ¢) ViT;} |1 as n — oo

(convergence in distribution of random elements in C'(I)). Finally, Theorem 2l follows
by general measure-theoretic arguments (akin to [3, Thms. 2.3, 2.4]). O

Remark 6. Although oy = sup(supp(vy)) for generic L € X,, (cf. Remark [l), and
o¢r,y = sup(supp(vir,})) almost surely, it does not seem that the joint convergence

of Theorem [ follows in any automatic way from just knowing n?vy(n-) N viT;}-

Note in particular that the map v~ sup(supp(v)) from C(3,00) to Rs1/0 U {+oo}
is far from continuous.

5. PROOF OF THEOREM [3

In this section we prove Theorem [Bl which gives an explicit formula for the distri-
bution function of o¢7;}. Recall that oy} > ¢ holds if and only if Z;’;2 Tj_26 >T7 2e,
Hence our task is to determine the probability

(5.1) P(ory) > o) =P(D_ 1% > 17%).
=2

Let us note that for any fixed p > 0, the sequence pTh, uTs, ... give the points
of a Poisson process on the positive real line with intensity (2u)~!, and we have

ol Tj_26 > T % if and only if Z?‘;Q(MTJ)_QC > (uTy)~%¢. Hence we may, in order
to make our computations slightly cleaner, alter our notation so that from now on,
0 < Ty <75 < ...denote the points of a Poisson process on the positive real line with
constant intensity one; the probability in (5.I]) remains unchanged by this alteration.

Also to make the computations slightly cleaner, we will write

a:=2ceRs.
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As a first step, we consider the conditional distribution of the sum Z;‘;Q Tj_a
given the value of 77. We will see that this distribution is infinitely divisible. For
basic facts about infinitely divisible distributions, cf., e.g., [10, Chs. VI.3, IX, XVII].
We formulate the result for a Poisson process having constant intensity 1; it is of

course easy to carry this over to the case of an arbitrary constant intensity.

Proposition 2. Let 0 < T7 < Ty < --- be the points of a Poisson process on the
positive real line with constant intensity 1. Then, for any a > 1 and § > 0, the
conditional distribution of Z;’;Q Tj_“, given that T = 0§, is an infinitely divisible
distribution, the characteristic function of which is given by

(52)  @as(t) = E(d‘@?ia T = 5) - exp{— /;0(1 — it dm}.

(Cf. 22, Thm. 1.4.2], where the corresponding fact is proved in the special case
6 = 0 but with more general weights in the sum; the resulting distribution is then a
stable distribution.)

Proof. Let n be a positive integer and let 1 be any real number larger than J.
The conditional distribution of (T5,...,T,+1), given that 77 = § and T),42 = 7, is
that of the order statistic of n i.i.d. random variables uniformly distributed in the
interval (d,7), and hence the conditional distribution of Z?i; Tj*a, given 77 = ¢ and
Tn+2 = 1, is the same as the distribution of 7, (6 + (7 — §)U;) ™%, where from now
on Uy, Us,... denotes a sequence of i.i.d. random variables uniformly distributed in
(0,1). It follows that the conditional distribution of Z;Lizl T, given only Ty =4,
is the same as the distribution of
n
X =D (6 + SnaUy) 7,
j=1

where 5,11 denotes the sum of n + 1 i.i.d. exponential random variables with mean
one, independent from the sequence {U;} (so that S, has the same distribution
as Tpyo — 0 given 17 = 0).

By the law of large numbers n~1.S,, | | tends in distribution to 1, i.e. given any £ > 0
there is N € Zx¢ such that for each n > N, we have (1 —e)n < Sp41 < (1 +¢e)n
with probability > 1 — e. It follows that if we let

n

Y, =) (6 +nU;)""%

J=1

then, for each n > N, we have (1 +¢)7?%,, < X,, < (1 — ¢)7%Y,, with probability
> 1 — e. In particular, it now suffices to prove that Y, tends in distribution to a
(non-defective) random variable whose characteristic function is given by the right-
hand side of (5.2]), since then also X, must converge in distribution to this random
variable, and also it follows from the definition of Y;, that the limit distribution must
be infinitely divisible, cf., e.g., [10, Ch IX.5 (see also Ch. XVII.2)].

But Y,, is a sum of n independent random variables, and thus its characteristic
function equals

o+ o+
EeitYn _ Eeit(6+nU1)7G n _ l n eitxia da n _(i_ l n(l B eit$7a) g n.
nJs nJs
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Note that |1 — e®* | <« [t|z~¢ uniformly for all z > § and all ¢+ € R. In particular,
for each fixed ¢ € R the integral |, 500(1 — eimﬂ) dx is absolutely convergent, and
Ee¥» tends to the expression in the right-hand side of (5.2]) as n — co. The bound

|1 — €| < |t|z™® also implies that the function ¢, s(¢) is continuous. Hence Y,
converges in distribution to a (non-defective) random variable whose characteristic
function is given by the right-hand side of (5.2]), and the proposition is proved. O

Remark 7. Let us note that the integral in (5.2)) may be expressed in terms of the

incomplete gamma function. Indeed, substituting x = (zu)fé and then integrating
by parts, we get

0 —is—a
/5 (1— ") do = _/0 (=) (- (i) ) ) du
=" —1) + t/0i5_“ e*t“(iu)*% du
(5.3) = §(e™" — 1) + (—z't)%7<1 -1 —ms*a),
where for ¢ # 0 we agree that arg(—it) = —(sgnt)5. Hence
Gas(t) = exp{ =0(e™ " = 1) = (=it)iy(1 - L, —its™) }.

Furthermore, using the recursion formula (I.I2]) together with the formula (s, z) =
I'(s) — I'(s, z), where

(o]
(5.4) I'(s, z) ::/ u¥ e % du
z
is the upper incomplete gamma function, we get the alternative formula
(5:5)  pas(t) =exp{d— (=it)sT(1 = 1) = L(=it)eT (=L, ~its™)}.

Proof of Theorem[3. Note that, for all z € C\ {0} with Rz > 0,
IT(=1,2)| < |2 7a te ™2
Hence, if we denote the exponent in (&.5]) by 1, 5(t), we have for ¢t > 0,
Yas(t) = 0 = (=it) (1 = 1) + Ous (7).

Using also %(—it)% >, t%, we conclude that —Ri, 5(t) 4.5 te as t — co. Hence,
in view of the symmetry ¢,5(—t) = @q5(t), the function ¢, is integrable, and

therefore the distribution in Proposition 2] has a density function, which we call
fas(x). Thus

1 > . 1 [ :
fas(x) = 2—/ goa#;(t)e*m dt = —/ %(@aﬁ(t)e*lm) dt.
m o) 0

™

It follows that the conditional probability of > 22, T;“>1Ty ", given that T1 =4, is

P(Z Tf“ >T7° { T = 5) = ;j fa5(z)dx.
j=2
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However, T7, being the first point of a Poisson process on the positive real line with
intensity one, has an exponential distribution of mean one. Hence we conclude:

P(O-{Tj} > C) = P<Z Tjia > Tfa) — A - fa,é(x) dr 6—5 ds
j=2

_ / - / " fus(@) e doda
(5.6) = / /1/ (Pa,s(t)e”70) dt dé dx.

Note that the last expression in (5.6) should be viewed as an iterated integral; it
is easy to see that fooo f::f% fooo‘%(gpmg(t)e_im_‘s) { dt dé dx = 0o, so that we are not
permitted to change order of integration arbitrarily. However, we will prove that the
inner double integral is absolutely convergent.

By Proposition [2] we have e_‘sgoaﬁ(t) = exp( (5 + f5 (1— et )dx)), and here

we have, by substituting z = (u/ t)_% and then integrating by parts,
9] t6— @
U d -1
5+/5 (1 ¢t )dx_é—ta/o (1-e )(%(u a)) du
; a 1 o . 1 1
= 6e™" —jta / euTa du=tady(td?),
0
where we have defined
. y
(5.7) D,(y) = y_%ely —z'/ ey a du for a > 1,y >0.
0
Thus
1 0o [foo 00 ' 1 W
(5.8) P(O‘{Tj} >c) = ;/0 /x_% /0 %exp{—ztx —tad,(td )} dt dé dz.
Using e = 1 + O(u) for u € [0,1], we find that ®,(y) = y_%(l + O(y)) for

0 <y < 1. (Here, and in any “big-O” or ”<” bound below, we allow the implied
constant to depend on a.) In particular there exists a positive number k1, which

may depend on a, such that £®,(y) > %y‘i for all y € (0,k1]. We also note that
1

(5.9) Yyly) =~y ae.

a
In particular R®/ (y) = —éyilfé cosy, and this is negative for all y € (0, 3), so
that RP,(y) > §R<I> a(3) holds for all y € (0,%). Furthermore, for all y > 5 we
have RO, (y) = R, (3)— 2 fy (cosu) du > RNPy(F). Also note from (5.7)) that

NP, (F) = fog u e (sm u) du > 0. Hence we conclude:
R, (y) > Ko = RP,(F) > 0, Yy > 0.

Using the bounds obtained, we conclude:

0 1 K10% 1 oo 1
(5.10) / exp{—tEq)a(t&*“)H dt < / e~ 20 dt + / et < om0
0 0 K109
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for all § > 0, where k3 is some positive number which may depend on a. From this
estimate we see that the inner double integral in (5.8]) is indeed absolutely convergent,

in fact even [ fooo‘exp(—t%q)a(té_“ | dt dd < oco. Hence we have

P(or,) > c) =L lim ?R/ / / | exp —m_t%@a(t(s*a)}dadtdm

T X—o0

L —itx 1 —a
—;Xlgnoog‘%/o /0 2 /{r% exp{—ta@a(ﬁ )}d&dxdt
1 0 X ) tx 1
=— lim R t%/ e_m/ e_ta%(y)y_l_% dy dz dt.
Ta X—oo 0

Here, for any t > 0, we have, by integration by parts:

X i tx 1
/ e_m/ et Paly)y~1- _dydx
0 0

je—itX  ptX 1o . X . 1o 11
= / e te “(y) Ta dy / je T et Pa(te) (tx)" "adx
0 0

t
) tX . . 1
_ %/ (efltX _ efzy)eftaéa(y) 7177 a dy.

Hence
. 1
P(U{Tf}”):%;}li%o“/ ta” / ¢ — X)Wy T dy .

For given X > 1, we split the integral over ¢ into two parts, corresponding to
t < X~ and ¢t > X~ !. Regarding the first part, we note that t < X' and y < tX

implies y < 1. Thus ®,(y) = y_%(l + O(y)), and since also t < X! < 1, we

1 1
have e te®aly) = o~(Wy)e (1 4 O(t%yl_%)). Recall that in this case we also have
e " =1+ O(y). Hence

Xt tx ‘ .
(5.11) / tal/ (e _efti)eftaq)a( y), —1-1 b dy dt
0 0
X-1 X A ) ) L 1
:/ (1 - B_ZtX + O(y+tay1_5>>6_(t/y)atg_ly—l—a dydt
0

X1 [e’s) )
= a/o ) (1 — e UX 4 O(tu_a + tul_“))e_“t_l dudt

X~a
1 1— efit o0 o)
= a/ — dt/ Le tdu+ o(x1 / L+ ut e " du
0 X a X a
1 o—it L
= a/ dt+0(X @)
0
The remaining part is
9] 1 tX i i 1 1
(512) / tg—l/ (e—zy _ e—ZtX)e—ta <I>a(y)y—1—5 dy dt,
Xx-1 0

1 1 1
and here we have absolute convergence; f;o,l ta=t ng et RCa(W)y =13 dy dt < oo,
as is seen by a similar computation as in (.I0). (The corresponding fact does not
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hold in (B.I7]).) We also note that we may replace the range of the inner integral in
(B12) by all of R<q, to the cost of an error which is

oo

i [ ta —1 At L
< / ta~ / el Tk < X et <« X~ log(2X).
xX-1 tX X-1 t

Collecting the above results, and using the fact that both X ~v and X3 log(2X)
tend to zero as X — oo, we conclude that

(5.13)
P(U >c = / ydt—}—— lim /OO Qg (t)dt_/oo S(efith (t))dt
{175} 7a X\ 1 - 0 ’
where
1 © . 1
gz(t)ztal/ =17 %ay) ~1- 1 gy
0
for £=0,1.

Next, we split g¢(t) as g¢(t) = ge,1(t) + ge,2(t), where
1

and

1 oo 1 L1

9&2(t) = tE_l / e—lfy—ta@‘a(y)y— -3 dy
1
Bounding £®,(y) from below as in (5.I0), we see that for all ¢ > 0 we have
1 1 1

(514) ‘g@,l(t)‘ < t%_l / ‘e—taqz-a(y) ‘y_l_% dy < t—le—m;ta’

0
where r4 is (just like k1, K2, k3) a positive number which may depend on a, and

1
a

(5.15) lgea(t)] <t /Oo{e_t;%(y){ oG dy < talemet
1

1 11
Note also that for all ¢,y € (0,1], we have e~ —t"®aly) = g=iy—tey «(1+0@y)) —
11
etV (14 O(tay' = +y)), and thus

1 ! 1 1 _1
til/ \%eﬂy’t“q’“(y)\y*bi dy<<ti1/ (tiy*%er’i)e*t“y “ dy
0 0

o0
(5.16) < /tl (v' + v eV dv < pa—l

a

for all 0 < ¢ < 1. Combining this bound with (5.I4]) and (5.I5]), we see that
o0 o0 1
(5.17) / ta—! / ‘Seﬂy*ta%(y) ‘ yil*é dy dt < 0.
0 0

Hence the contribution from g, (¢) in (5.I3]) can be treated as follows:
(5.18)

L lim g1(t)dt = tEi / e W t“q’a() adydt

_ L w%(eiy /OO tafle*t“’a(y) dt> ady = 1 /003( ¢’ >y1i dy.
ma Jo 0 T Jo . (y)
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Finally, we treat the contribution from go(¢) in (5.I3]). Note that, by (5.14]) and
(5.15), the restriction of go(t) to [1,00) is an L-function. Hence, by the Riemann-
Lebesgue lemma, floo e~ Xtgo(t) dt tends to 0 as X — co. Moreover, the restriction
of go2(t) to (0,1] is in L' and hence also f)l(,l e~ Xtgoo(t) dt tends to 0 as X — oo.

Hence
o

I i 1 b
(5.19) —Exh_{noo Xﬂ%(e Ztho(t)) dt:—EXlgnooi‘s/Xle g1 (t) dt.

Furthermore, for 0 < t < 1, we have
L I 11
e e T ) T
0 0

_ %/ vt Ot = S 1 oY),
,

where we bounded the contribution from the big-O-term in the integral by a similar

computation as in (5I6). Thus go1(¢) — % is an L'-function on ¢ € (0,1], so that

f)l(_l e "*(go,1(t) — %) dt tends to 0 as X — co. Hence (519) equals

1 1 —1 Xt 1 X t 1 o0 t
—2 lim S«/ € dt:—lim/ %dt:—/ Sl%dt.
1 1

T X—00 Jx-1 ¢ T X—00 T
Collecting our results into (5.13]), we obtain, since fooo Sltit dt =7,
1 1 [ [eW !
5.20 P(oipy >c :—+—/ %( >ylzdy.
( ) ( {3 ) 2 7Jo Pa(y)

Let us note that ®,(y) can be expressed in terms of the incomplete gamma function,
by substituting v = v in (5.7)) and using formulas (LIT]) and (LI2]):
: ", 1 w1
(21)  @uly) =y e e miy (1o iy = =S (2 ).
a a a
Substituting this into (5.20), we obtain the formula stated in Theorem Bl Using

1Da(y)| > RPa(y) > Ky > 0 for all y > 0 and Pu(y) =y« (1 + O(y)) for 0 < y < 1,
one immediately sees that the integral in (5.20]) is absolutely convergent (this is also
clear from the proof, cf. in particular (5I7)) and (5.I8])). This concludes the proof
of Theorem [3 O

Remark 8. Tt is worth stressing that if we remove the imaginary part in (5.20]), then
convergence fails: We have Uylo %yilfé dy‘ — 00 as Yo — 07, since ®4(y) =
y~a(1+0(y)) for 0 <y < 1.

6. PROOF OF COROLLARY [I]

In this section we prove Corollary [l To begin, note that by formal differentiation
under the integral sign in (5.20), we have P?“Ob(O'{Tj} <¢) = flc/z f(e1)dey, where
J:Ro1 — Ry is given by

2

o eii 2z a (o) 11
60 s0-7 %<<1>G<Z> (ﬁ(zﬁ)y) ‘lagzy))y e

Here a := 2¢c € R-; (see Section [l). This manipulation is justified by the fact
that the integrand in (6.I)) is majorized, uniformly for a in compact subsets of R~ 1,
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by an integrable function; this follows from an argument similar to the one that
shows that the integral in (5.20]) is absolutely convergent, using also that %‘ba(y) =

a~2(log y)y_% (14+0(y)) for 0 <y < 1 and %Q)a(y) =O(1) for § <y < occ.

Remark 9. Note in particular that the imaginary part in (G.I]) may be taken outside

e (%‘I’a(y) logy

@4 (y) a

_1_1
S~ )|y e dy < oo

the integral; in fact even fooo‘

Let us now consider formula (6.I)) in the limit as a — co. In (1), we expand
e in a power series, change order between summation and integration and then use
(n—a )™t =n"13%2 (na)~" for each n € Z*. This gives

(6:2) Paly) = % (1= Y Fly)a™),
k=1
where
(6:3) Ry = Y2 W
n=1

Obviously |Fi(y)| < el —1 holds for all y > 0 and all k, and hence we see that given
any yo > 0 there exists some ag = ag(yp) > 1 such that !Zzozl Fk(y)a*k‘ < % holds
for all @ > ag, y € (0,40). We also have |> 32 Fp(y)a=*| < [yla™! for these a,y,
and therefore ®,(y)~! = yé(l + Fi(y)a—! + O(Jyla=?)). The power series in (6.2])
may also be differentiated termwise with respect to a. Using these observations, we
obtain by a short calculation:

y e (2%a(y) logy\  FAy) | 2R+ R) 1+ |logy|
(6-4) @a(y)< D, (y) a? >_ ya? * ya’d +O( at >’

uniformly over all a > ap(yo), y € (0, yo] (where we recall that yo > 0 is arbitrary).
In order to obtain a similar relation also for large y, we start by setting
| e AT (-1
(6.5) &(a) := lim @,(y) = ————2=

Y—00 a

(cf. (B21)). In view of (BI), we have ®,(y) = &(a) + a? fyoo ula et du, and
integrating by parts twice, we get (for any a > 1, y > 0)

06 @uly) =€)+ 10 i) - L) + g [ i
Yy

where

(6.7) T(y) := / b P(O’T_“‘) du.

We have |T'(0, —iy)| < y~* for all y > 0, and thus also |[II(y)| < y~! for y > 1. Using
this fact together with the trivial observation —1 — é < —1, we bound the integral

in (6.6) and get

Q=

(6.8) o (y) = &(a) + 2

I -3,,—1
- " (y) +O(a™"y ),



ON THE ZERO-FREE HALF-PLANE OF A RANDOM EPSTEIN ZETA FUNCTION 21

uniformly over all @ > 1, y > 1. Since also {(a) = 1 + (y — Fi)a~ L'+ 0(a™?) a
a — 0o, we see that ®,(y)/&(a) is near 1 whenever a and y are large; hence there
exist absolute constants a; > 1 and yp > 1 such that for all a > a; and y > ypo,

_1
a

<I>al(y) - 5(1a) - z§/(a)2 0,=i5) + 0™y ™)
(6.9) = % = yaa T(0, —iy) + O(a~2y ™).

In order to obtain an asymptotic formula also for %Cba(y), we note that the right-
hand side of (6.6]) defines an analytic function of the complem variable w = a~! in
the region |w| < 1 (including w = 0). Restricting to |w| < 1, we may bound the
absolute value of the integral in (6.8]) using [II(u)| < v~! and 9?( 1-w) < —3. We
may then use the Cauchy differentiation formula to obtain an asymptotic formula

for the derivative of our analytic function, valid uniformly for |w| < i. In particular,

(6.10)

Q=

9 () = €(a) — L0, —ig) +

a3

(2T1(y) + T(0, —iy) log y) + O(a~*y~2),

uniformly over all @ > 4 and all y > 1. Using (6.9]) and (6.I0), we obtain, via a
straightforward computation,

(6.11)
y e <%‘1>a(y) B logy> _a) g1 (logy)y "7  y ' 74r(0, —iy)
W)\ Baly) @ ) Ea?’ a*¢(a) a?

_1-2
Yy e . _1 . . 4 -3
+ 3 {(47 —2mi + 2logy + 2y~ = I'(0, —iy)) (0, iy) + 2H(y)} +O(a 4y 2),

uniformly over a > max(ay,4) and y > yp.
We now multiply the relation (6.11]) with e™*, and integrate the result over y €
[yo, 00). The contribution from the first term is

{'(a) [ 11
6.12 ae” W dy.
(6.12) /yo Yy e dy

ex a/4 o0
p(a'/?) f

exp

We split this integral into two parts as f (al/4) (keeping a so large that
exp(a 1/ 4) > yp); then, because of the oscillating character of the integrand, the

second integral is O(exp( a'/*)). In the first integral, we use yié =1- lo% +
xp(at/ . .

1(l82)2 4 O((1EL)3) and fe p(a®) (logyy)g dy < a; then, by a quick computation, we

find that (6.12]) equals £ (a) (fyo = dy— 1o v bgy dy+0(a™?)). The remaining

£(a)? y Yo
terms in (6.11]) can be treated similarly, and using the relations

(6.13) Fi(y) = %i—’y—logy—T(O —iy);
Fa(y) = (y) + (337 — 37° + g7iv) + (3mi — 7 — 5 logy) logy,
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the result may be collected as

/oo e—iy~1-% <%<I>a(y) B 10gy> dy

w o Pay) \ Puly)  a?

— a—Z/ 1(y) e~ W dy + a—3/ ( 1(y) + Q(y))e—zy dy + O((Z—4),
Yo Y Y0 Y

for all @ > max(aq,4). Using also ([@I) and (6.4]), we thus obtain an asymp-
totic formula for f(c) as ¢ = $a — oo. Note, however, that S[° Fl;y) Wy =

1(\ foo iy
y
gral theorem, moving the contour towards infinity in the lower half-plane. Hence

the coefficient in front of a=2 = (2¢)72 in the asymptotic formula vanishes, and we

arrive at (LI4]), with
1 o I 2 F ]

(6.14) Ky = 2—%/ Aly) + B) - dy = 0.822467.....
T Y

(The numerical evaluation of this integral, which is not entirely straightforward, is
carried out in [27, constants.mpl].)

Y) e =iy dy = 0, where the second equality follows using the Cauchy inte-

We next turn to the study of (6.I) in the limit as @ — 1. Our presentation here
will be rather brief; we refer to [27, asymptotics.mpl| for further details. The formula
(57) may be expressed as

1—1
, a 1 y
(6.15) D, (y) = yiéely Zyly T — / ewuk% du.
—a —a )

Now fix N € Z*, and let us keep (a — 1)V <y < (a — 1)V, and a € (1,2]. We
N+1
split the integral in (G.15)) as foa D

—1\k k
while for u € [(a — 1)V*1 y], we use the fact that ulma = Zévjol %

+ [ (?271) ~n+1 and bound the first part trivially,

+0((a—1)V*2|log u|N+2), where the error is an increasing function of v when u > 1.
This leads to the formula

N+1 1
(616)  Duly) = 7 {1+2Gk )1 —a~ )+0<( )N+1(1+§>>},

— a1

where G1(y), G2(y), ... are given by
k-1

_ ie(logy) eW(logy)* i Y. ki
Gr(y) = T X _H/o (loguw)"e™ du.

Let us now further restrict to the case where (a — 1)% <y < (a—1)"N. Using
|Gr(y)| < |logy|* 'y~ + |logy|* + 1, we see that there is some ag = ag(N) € (1,2]
such that for all a € (1,a0] and all y € [(a — 1)%, (a — 1)~V the expression within
the brackets in (6.16)) lies in {z : [z — 1| < 1}, and so we get

N ¢
sy =01 - S -]
—i—O((yi1 + |log y\)N—H(a — 1)N+1) }
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Working similarly, starting from a differentiated version of (6.I5]), we also get an
asymptotic formula for %@a(y), and with further computation, we finally obtain

ey 1T (S%u(y) logy) _ e l .
®a(y) ( O(y)  a? >— 2 {1+2Hz(y)(a 1)

for all a € (1,a¢] and y € [(a — 1)%,(61 —1)~N. Here Hi(y),Hs(y), ... are certain
continuous functions of y satisfying |H,(y)| < (y~!+|logy|)’; in particular we have

(6.17)
Hi(y) = 2{i/(]y(logu)ei” du —

ety

+ (1 —e%)logy — 1};
Y

i (v ‘ y , i ey 4 2
Hy(y) = 3{5/ (log u)%e™ du — </0 (logu)e™ du+i — 3 logy — m + 1e" log y>

0

et | 4
_XT08Y  logy + (3 - %ezy)(logy)2}.

Writing flg(y) = —ie"Wy=2H,(y), it follows that, for y < 1,

SHi(y) =2y + 5 — 150+ 0" SHa(y) =3y '+ 3y > - ¥+ 0@
Furthermore, one computes (again for y < 1)
Hy(y) = =4y~ = Fy7> + O(1);
Hs(y) = 6y~° + O(y 9.

Hy(y) = -5y~ ¢ — Ly~ + O(y™?);
He(y) =Ty * + O(y %).

R R
R R

Using these relations (taking N = 6), we obtain
. 1
S/C"’ e Wy <%¢a(y) B 10gy> dy — /°° L-cosy
@1t Paly) D4 (y) a? 0 y?
oo - S ~
+(a—1) / <SH1(y) - 2y—2> dy + (a —1)? / <3‘H2(y) — 3yt - %y_2> dy
0 0

6.18)  +{-(a-1)F+3-1} - Ba- DI - ZRa-1)F +0(a-1)).

(This formula is first derived with each upper integration limit being (a —1)~* (say)
in place of oo; the remaining integrals over y € [(a — 1)~%, 00) are easily seen to be
subsumed in the error term.)

To treat the integral over y < (a — 1)%, we start with the formula

) - e ) {1—Zk. e oy minta - 1))

which holds uniformly over all @ > 1 and 0 < y < 1, for any fixed N € Zx>o; this is
proved using (5.7) and the power series expansion of e'. Note that the sum over k
is O(ymin(a — 1,y)); hence there is an absolute constant yy € (0, 1] such that for all
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a>1and 0 <y < yp, we have

@al(y):gi—(i:Z{ > ( < k! ka—1a;—1)1—z’y)yk>g+0<mein(a_1’y))}'

1<0<N/2

Using this formula with N = 5, together with a similar asymptotic formula for
%@a(hy) deduced from a differentiated version of (5.7]), we find after some computa-
tion that

ey 17T (£ 0u(y)  logy) _ Py(a—1,y)+Pi(a—1,y)logy
D, (y) a?(2a —1)%(3a — 1)°(4a — 1)*(5a — 1)*(a — 1 — iy)b

Do (y) a?
+O<(a — 1)y (1+ (a— 1)|log y!)>7

where Py and P; are explicit polynomials. This formula can now be integrated over
y in terms of elementary functions, and we obtain

N (a-1)% _iyy,l,% 5:®aly)  logy — Ll 5r(q—1)2
\9/0 P4 (y) ( Do(y) > dy = 37 —gm(a—1)
(619)  +{(@-1)75 - 3(a-1)

Finally, we add (6.I8]) and (6.19]), and note that since Hi(y) = —2(Fi(y) + % +1),

we have
oo " 00 X(je"WE
(SHi(y) —2y %) dy = Mdyﬂﬁ&
0 —00 y2

where the second equality follows by again moving the contour towards infinity in
the lower half-plane, noticing the pole at y = 0. Hence we arrive at (LI3]), with

8 [/, _ _ ~
(6.20) Ky =20+ ;/O (3y T3y %Hg(y)) dy = 39.47841 . ..

(cf. [27, constants.mpl]). This completes the proof of Corollary [l O

Remark 10. It appears that by the same method one could obtain asymptotic ex-
pansions of f(c), in the limits as ¢ — oo and ¢ — %, with the error term having any
desired power rate of decay.

APPENDIX A. RESIDUE CALCULUS AND NUMERICAL COMPUTATION
OF THE DENSITY

In this appendix we discuss the evaluation of the integrals in (5.20) and (6.1)) using
the residue theorem, resulting in alternative formulas for P(O’{Tj} > c) and the cor-
responding density. These formulas turn out to be useful for numerical computation,
something which we discuss briefly towards the end of the appendix (see also [27,
numdensity.mpl]).

We now write z in place of y. By (B.7)) we have ®,(z) = 2 (€% —iz fol et dt),
and here the expression in the parenthesis is clearly an entire function of z. Hence

i, 11 iy —
e~ %y 1 ” e~ 1%y 1

Dy (2) B e — iz fol Tt dt

(A.1) U,(z) =
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is a meromorphic function in all of C. In (5.20) we are integrating IV, (z) along the

positive real line; using the symmetry ¥,(—z) = —VU,(Z), we may rewrite this as
1 1 -r o
(A2) P(U{Tj} > C) = 5 + 7»11%1+ 2—7” <1w \I/a(y) dy + 1 \I/a(y) dy) .

Let C/ be the semicircle {z : |z| = r, 3z < 0}, oriented in the direction from —r
to r, and let C} be the contour going from —oo to —r along R, then from —r to
r along C! and finally from r to 400 along R. Since ¥,(z) has a simple pole at
z = 0 with residue 1, we have fC; U, (2)dz =i+ O(r) as r — 0. Thus (A2)) equals

lim, g+ 5 fCr V,(z)dz. However, by Cauchy’s integral theorem, fCr U, (z)dz is
independent of r for all sufficiently small r. Hence

1
(A.3) P(O’{Tj} >c) = 2—7”/0 U, (2) dz,

for any r > 0 so small that ¥, (z) has no pole in the punctured disk {z : 0 < |z| < r}.

We wish to replace C, in (A.3]) by a contour over z’s with large negative imaginary
part. In order to do so, we first need to understand the poles of ¥,(z) in the lower
half plane. Numerics indicate that there is exactly one simple pole in the infinite
vertical strip {z : (2n—1)m < Rz < (2n+1)7, Sz < 0} for each integer n; cf. Figure
below. However, for technical reasons it seems easier to prove a corresponding
statement instead for certain “curved vertical strips”, as follows. For each n € Z*,
we let I';, be the curve in the complex plane given by

(Ad) z— cp(z) =2 —iztan((n — )7 — 32), (2n—-3)r <z < (2n—3)m

One notes that Jc,(z) — —oc as x — (2n— 3)7T, that Sc,((2n— 3)7) = 0 and that
0 <argd,(z) <3 forall (2n— 2)m <2 < (2n — 5)m. Hence I', and T, 41, together
with the real interval [(2n — 1)mr, (2n+ 2)n], bound a curved vertical strip, which we
call S, (we take S, to be closed). We also let S_,, = {—Z : z € S,,} be the reflection
of S, in the imaginary axis, and we let Sy be the curved vertical strip bounded by
the curves I't, {—% : z € I'1} and [~ 3, $7]. Now the union of all S,, (n € Z) equals
the negative half plane, {z : 3z < 0}, and the S,,’s have pairwise disjoint interiors.

Proposition 3. Let a > 1 be given. For each n € 7, the function z2V,(z) has a
unique pole in the strip S,. This pole is simple, and lies in the interior of S,.

For the proof we need the following lemma. We will use the definition (5.4]) of
I'(s, z) for general z € C\ R<g, the integral being over the infinite ray u € z + Rso.
Lemma 9. For any s € [1,2] and any z = —x +1iy € C, satisfying either %7‘(‘ <yl <

1
2

(A.5) IT(—s,2)| < sz 7% .

z, 37 < |y| <z or [z >0 and |y| > 7], we have

Proof. Take s and z = —x + iy satisfying the assumptions. By symmetry, we may
assume y > 0. We may deform the contour of integration in (5.4 to be the ray
{z+t(1+ki) : t > 0}, where k is any fixed non-negative number. This ray intersects
the imaginary axis at (y + kx)i, and thus |u| > (y + kz)(1 + k2)~'/2 holds for every
point » on the ray, and

(1+ k%)% (1+E)H5 |

A6 P(es )| < EHEF) T ™ oty gytgp - UERD) 72 o
w0 P < g [ e et = g
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Applying this with & = 1, we see that (A.5]) holds whenever s(ﬁj) < x_42—y But

—\QZ‘ > 1 for all non-zero z and thus the inequality holds for all s € [1, 2] if and only
if it holds for s = 2, i.e. if and only if % < % However, it is easily verified that
(x :;’)3 is a decreasing function of x > 0 for any fixed y > 0. Hence, if z > y > 477

1

T +y 1 1 1. +y
then CEE < Iy < o < g; similarly, if z > 2y >, then = @ry)® < 27 L <3

and if y > 7 and = > Zy, then (:v:yy)a < 314%% < 314%% < 8 To treat the remaining

case, when y > 7 and 0 < = < 2y, we apply (A6) with k = 0; from this we see
that (AF) holds whenever s(|z|/y)® < y. However, if y > 7 and 0 < z < 3y, then
s(|zl/y)* < 2(|2|/y)* < £ < 7 < y, and we are done. O

We also record the following bound, which follows from (AL6) with k£ = 1:

Lemma 10. The bound |I'(—s,z)| < |2|7*"te™™* holds uniformly for all s € [1,2]
and all z € C with Rz <0, Iz # 0.

Proof of Proposition [3. Let n,(z) = z%q)a(z) = e — iz fol ¢”*'t~« dt and note that
Ne is an entire function. By (A.T]), our task is to prove that for each n, n,(z) has a
unique zero in Sy, which is simple and lies in the interior of S,,. Using (5.2I]) and
applying the recursion formula I'(s,z) = e 2~ + (s — 1)I'(s — 1, 2) twice, we find
that for z with Rz > 0, we have

wy = (—iz)al(1 —a™ )
(A7) ne(2) =w1 +we +ws with  wy =a (—iz) e
w3 = —%(—iz)éf(—l —a !, —iz),

wherein (—zz)% = exp(L log(—iz)) with the principal branch of the logarithm; —7 <
Slog(—iz) < 0.

Let n € ZT and 2 = 2 — iy € I';,. We wish to apply Lemma [ with s = 1 + a~
and with —iz in place of z. In order to justify this application, we have to check
that either ¢ > w, y > = > %71 or y > 2x > m; this is clear if n > 2, since
then > 7, and if n = 1, then the claim follows using (A4, tan(i7) = 1 and
tan(2m) > 2. The conclusion from Lemma [ is that |ws| < |ws| holds in (ATT). We
also note that arg(wl/wg) (14 a b)(—37 +arg(2)) — = + 2nZ, and by (A), we
have z € ((2n — 2)m, (2n — 3)7] and arg(z) = —(n — 3)m + 1z € (—3m,0]; together
these imply that arg(—zze Zwy) lies in [—3a7 7, (3 —a™")7) C (—3m, 3m), i.e. that
R(wy/we) > 0. Moreover, |wz| < |ws| forces §R((w2 +ws)/ws) > 0; hence we conclude
that R((w1 + w2 + w3)/wz) > 0, i.e. that

(A.8) R(—ize #n,(2)) >0 forall z €T,,.

This shows that 7,(z) has no zeros along I';,, and also gives a precise control on the
variation of argn,(z) along I',.

Next, from (A.7) and Lemma [T, we see that for z = x — iy with y large and = > 0
bounded, we have 1,(z) = wy + wa + w3 = wa(1 + O(y~1)), and thus argn,(z) €
7+ +O(y~!)+27Z. Also note that Rn,(z) > 0 for all z > 0, since RP,(z) > 0 for
all z > 0 (as noted previously) and 7,(0) = 1. Using these facts together with (A.S))
(applied both for n and n + 1), we conclude that for any n € Z* and any sufficiently
large Y > 0 (depending on both a and n), argn,(z) increases by 2w as z travels
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around the boundary of S,, N {Sz > —Y'} in the positive direction. Hence, by the
argument principle, 7,(z) has a unique simple zero in the interior of S,,. Using the

symmetry 1,(—z) = 1,(z), one proves the same fact also for Sy and any S,, n < 0.
This completes the proof of the proposition. O

From now on, we write (,, = (,(a) for the unique pole of zW¥,(z) in S, (n € Z).
By symmetry we have (_,, = —(, for all n, and in particular (y lies on the negative
imaginary axis. Figure 2] below shows the curves traced by (y,...,{4 as a varies.

The next lemma gives an asymptotic formula for ¢, (n > 0) with an error which
is small whenever at least one of n, a and (a — 1)~! is large.

Lemma 11. We have, uniformly over all a > 1 and alln € Z7,

(A9) (r=C2n—a Hr+(1+a) arctan(ii—j) — Y, + O(ﬂ n 10g|11“(—a_1)| )’

where Y, equals the unique root y > 0 of the equation
(A.10) y—2(1+a ") log((2mn)® +y?) = log|I'(—a™1)|.

(Regarding the error term in (A.9), we remark that [['(—a~!)| > 3, and thus that
log [T(—a™1)| > 1, for all a > 1.)

Proof. Using (A.7) and Lemma [0} together with the fact that 1,(¢,) = 0, we get

(A.11) T(—a ') = (=i¢) "5 (14 0G| ™), Va>1,nezt

Writing (, = x5, — 1yn (Tn,yn > 0) and taking absolute values in (A.11]), we get
—_ —1-1 _

(A.12) IT(=a™ D] = ¢l ™ 2 e? (1 + 016l ™).

Now, using the facts that [(,| > 2, > (2n—3)7 > n and [['(—a~!)| - coasa — 1T
or a — 0o, we conclude that y, must be large whenever at least one of n, a and
(a — 1)~ ! is large; and due to the form of the error term in (A9), we may without
loss of generality restrict to the case when this holds. Note that also |(,| must be
large, since |(y| > yn.

In more precise terms, we have, considering the logarithm of equation (A.12]),

(A.13) yn = 5(1+a ) log(ay, +yp) +log|T(—a™")| + O(|Gu| ™).

In particular, using (2n— 2)m < 2,, < (2n+ 2)m and also log(z2 +y2) < 1y, +2logn
(which holds since y, is large), we conclude that

(A14) y, <logn—+log|T'(—a™')|; and thus |(| < zn + yp < n+log|T(—a™)|.

(Note: “<” means “both < and >>".) Now 22 +y2 = ((2mn)? +42)(1 + O(|¢.|™Y)),
and thus, in (AI3]), we may replace “log(z2 +y2)” by “log((27n)? 4 32)”; the error
from this operation is subsumed in the error term O(|¢,|~!). We also note that the
expression in the left-hand side of (A.I0) is an increasing function of y > 0, which
is negative for small y and the derivative of which lies in the interval (1 — (27)~1, 1],
for all y > 0. It follows that Y,, (in the statement of the lemma) is well-defined, and
also that

Next, taking the argument of both sides of (A1), we get
(A16) z, = (1—a HZ+ (1+a Y)arg(() + 2km + O(|¢u|™!)  for some k € Z,



28 ANDREAS STROMBERGSSON AND ANDERS SODERGREN

where —2 < arg(¢,) < 0. Clearly (2k—1)7—O(|¢o| ™) < 2 < (2k+3)7+0(|Ca| 1),
and in fact, since — arg((,) > yn|Co| ™! and y, is large, we even have z, < (2k+ 1)m.
But also =, > (2n — %)7‘(‘; hence k£ > n. On the other hand, since ¢, lies to the left of
the curve I', 41, we have z,, < 2arg((,) + (2n+ 3)m, and using this fact in (AI6), we
get (1—a Yarg((y) > (2(k —n) —1—2a™1)m — O(|¢,|~1). This forces k < n, since
arg(¢,) < 0 and |(,| is large. Hence we have proved that k: = n. Finally, using (AT5])
and (2n—3)m <z, < (2n+3)7, we get |arg( () +arctan (g )| < YalGal ™2 < [¢al 7

Now (A.9) follows from (I,A_._Lil) (A.16)) and (A.14). D

We may also remark that Y,,, as defined in Lemma [TT], satisfies

1+2a1 (1 (glﬂz)ii);)log((m) +G2)+O< i G)

with G = log |T'(—a~!)|. This is proved by direct substitution in (A1), using the
properties of the left-hand side in (A.I0]) noted in the proof of Lemma [I1]

We will now change the contour in (A3). Let a > 1 be given, and fix r > 0
sufficiently small so that (A3) holds. For n € Z* and Y > 0, we let z,y be the

unique point where Iy, intersects {3z = —Y'}, and let C,, y be the contour going

from —oo to —(2n — 3)m along R, then along I'_,, := {-Z : z € T',} to —Z,v,

then along {3z = =Y} to z,y, further along I';, to (2n )7, and finally along R
to +o00. By the residue theorem and Proposition B}, for every n € Z* there is some
Yy = Yo(a,n) > 0 such that for Y > Yj, we have

(A17) Y,=G+

1 1
Al — | U (2)dr = — U, (2)dz — e W, (2).

Now let wq,ws, w3 be as in (A7). By Lemma [I0 there is an N = N(a) € Z" such
that [ws| < 3|ws| for all z € Ty, n > N. Using also R(w1/wz) > 0 for all z € I,
we get [n.(2)| = |wi + we + w3| > §|w1| and thus |¥,(2)] < n~1"ae3* for all
n > N and z € T',,. Also, for any fixed a and n, we have |n,(z)| > Y ~te¥ for all
ze CpyN{Sz=-Y} (cf Lemma [I0] and (IH)) thus |, (2)| < e~ for these 2.

The above bounds imply limy, e (limy —o0 an 1 Wa(?)] |dz|) =0, and so

(A.19)
P(U{Tj} >c) = 2%72/0 V,(z)dz :—nll)rrgo Z Res,—¢,, Ul Z qe—2in

Here the last equality follows from an easy calculation using (5.9) and (A.]]), noticing
that the sum is absolutely convergent, since, by Lemma [[1] and (A.17]), we have

(A.20) ‘ae*%@ﬂ < ae” 2 (|n| + G)72(1+%), Va > 1, neZ\{0}.

One also checks that the formula (A.19) may be differentiated termwise with respect
to a, yielding

(A.21) Fle)=2 f: ¢ 2itn (2@(%@) - 1)

n=—oo

for the density function (cf. (6.1])).
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FIGURE 2. The curves traced by the poles (1,2, (3,4 (and (y) as a varies.

For ¢ not too large, the formula (A2T]) can be used to compute f(c) numerically
to a decent precision. We have implemented this in [27, numdensity.mpl]. Our
experiments indicate that for any given a > 1 (a = 2¢) and n € Z*, the asymptotic
formula in Lemma[ITlis sufficiently accurate so that it can be used as the initial value
in the Newton iteration algorithm solving for ®,(z) = 0, with rapid convergence.
Also, d%gn is computed using

d a4l 0
TGn =Gy e ( aacba(z)) -

_ —G_Qdﬁ%e_i(gn—'—%) <F/(_a—1) - /

—iCn

which most often can be evaluated very quickly via repeated integration by parts;
in the remaining cases we use numerical integration.

The data for the graph in Figure [Il can be found in [27, density.dat]; it was

assembled by computing f(c) (c = %a) fora=1+ ﬁk, k=1,2,...,400. For each

a-value we truncated the sum in (A.2]]) at |n| < 400 (using also the obvious n +» —n

[e.9]

ety a (logu) du> ,

symmetry). It turns out that the terms in (A2I]) decay roughly as n=2043) as
n — oo (cf. (A220). In particular we have slower convergence for larger a and this is
seen in the computations: Our numerics indicate that we obtain the first few f(c)-
values to within an absolute error < 107!, whereas for a near 5 (where f(c) ~ 0.05)
the error is < 107%. Of course the precision can be improved by including more
terms in (A.21), again cf. [27, numdensity.mpl].
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