EXTREME EVENTS AND IMPACT STATISTICS FOR UNIPOTENT ACTIONS

ON THE SPACE OF LATTICES
JENS MARKLOF, ANDREAS STROMBERGSSON, AND SHUCHENG YU

ABSTRACT. This paper extends a recent extreme value law for horocycle flows on the
space of two-dimensional lattices, due to Kirsebom and Mallahi-Karai, to the simplest
examples of rank-%£ unipotent actions on the space of n-dimensional lattices. We analyse
the problem in terms of the hitting time and impact statistics for the unipotent action
with respect to a shrinking surface of section, following the strategy of Pollicott and the
first named author in the case of hyperbolic surfaces. If £ = n —1, the limit law is given by
directional statistics of Euclidean lattices, whilst for 2 < n—1 we observe new distributions
for which we derive precise tail asymptotics.
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Let G =SL(n,R), I' =SL(n,Z), & =I'\G, and let u be the Haar measure on G, normal-
ized so that it represents the unique right G-invariant probability measure on &. It is

explicitly given by

d _ n
(L.1) du(g)th ((@XB) ) " det(X)™ ] X,
ij=1
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where X = (X;;) = t'mg € GL*(n,R) with g € G, ¢t > 0. We will also use the notation
to for the right Gy-invariant probability measure on I')\Gg, with Go = SL(n — 1,R) and
To=SLn-1,2).

We define the following rank-%£ unipotent action 2 on &,

1, 0 O
(1.2) R* x¥ -, (s,x)— hg(x) =xU(s), U= 0 1,, 0],
-s 0 1
) ) ) 1,1 O
with 2+ m+1 =n. In the case m = 0, we interpret this as U(s) = e 1) It would

be interesting to see how the present study can be extended to more general unipotent
actions. For actions that are conjugate to U(s), see Remark [1.2 below.

Let d : G x G — Rxq be a left G-invariant Riemannian metric on G, i.e., d(hg,hg’) =
d(g,g’) for all h,g,g’ € G. This metric on G defines a Riemannian metric dr(-,-) on &
via

(1.3) dr(x,x') = milpd(g,yg') (x=Tg,x' =Tg".
’}’E
This is well-defined since d(-, -) is left G-invariant.
Fix an arbitrary norm || - || on R"™. Define
1
1.4) a(x) =

max —,
vezng\{0} |lv||

with g such that x =I'g. The log of this function gives a natural way of measuring the
distance from the “origin” o =T = Z" to x =T'g = Z"g. In fact, there is ¢ > 1 such that for
x sufficiently far from o,

(1.5) ¢ tdr(x,0) <loga(x) < edr(x, o).

This inequality is the metric variant of Mahler’s compactness criterion.
Fix an arbitrary norm |-| on R*. The dynamical logarithm law in this context asserts
that, for y-almost every x,

1 h k
(1.6) lim sup sup M =—.
T—co |sl<  logT n

This was proved for £ = 1 by Athreya and Margulis [2, 3]; see Remark [I.Tlbelow for 2 > 1
and [14, 15| [32]] for more general unipotent actions.

The following theorem gives the fluctuations around the limit in (1.6). Note that the
limit distribution below will depend on the choice of the norms | - | and || - ||.

Theorem 1. Let A be a Borel probability measure that is absolutely continuous with re-
spect to u. Then, for any Y € R,

k o0
(1.7) lim A{xe%: sup 1oga(hs(x))>Y+—logT} :f n(y)dy,
T—oo Is|<T n Y

where n € LYR) is a probability density with tail bounds

(1.8) f nydy=xe ™ +0e2Y),  asY —oo,
Y

Y™ ifk=1,

Y n(n— 1 if k=2
(1.9) f n(y)dy=e” (k1)|Y|~{ i as Y — —oo.
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The constant x > 0 in (1.8) is given by

_ VOIRk(BIf)

1.10
( ) ((n)

f L YEdyrea---dyn,
pr(B;")

where for any X >0, B])"’( cR* and BY% < R"™ are the closed balls centered at the origin with
radius X with respect to |-| and | - || respectively,

[Brll’+ :={yeB]:y, >0},
and pr:R"* — R™*L s the projection map sending (x1,-++ ,%,) to (Xp11, " ,Xn).

Remark 1.1. We will explain in Section [8.]] that the logarithm law (1.6) follows, for all
k =1, from Theorem [1 by a standard probabilistic argument based on the Borel-Cantelli
Lemma.

Remark 1.2. Theorem [I] extends to conjugates of the above unipotent action U(s). This
is equivalent to changing the defining norm for the a-function; see Section for more
details.

Remark 1.3. The asymptotic bounds (1.8) and follow from an interpretation of the
distribution [3°n(y)dy as the probability of a random rank-n lattice avoiding certain sets
(depending on Y) in R™. For such probability functions there is a quite general upper
bound due to Athreya and Margulis [2, Theorem 2.2]. When m =0 (so that 2 = n—1) their
bound matches with (1.9), but when m >0, is sharper.

Kirsebom and Mallahi-Karai’s strategy [16] for dimension n =2 and A = u generalises
without much difficulty to establish the limit law (1.7) also in this higher rank setting.
The aim of the present paper is to take a slight detour — as in [21] — via the impact statis-
tics of the unipotent action for a shrinking surface of section, which we will introduce in
Section[2l This is of interest in its own right and provides a natural geometric-dynamical
interpretation of the extreme value law.

We will see in Section[3]that for £ = n—1 the hitting time statistics has the same limit as
the fine-scale statistics of Farey fractions [18], or equivalently the directional statistics of
primitive Euclidean lattice points [22]. The Farey statistics are in turn closely related to
the distribution of (logs of) smallest denominators [19] [20], and for n = 2 the distribution
coincides (up to simple scaling) with the the extreme value law of [16] 21]. For 2 <n -1
the hitting time statistics are new.

The surface of section we will use here appeared first in [1, [17, [22] in the special case
k = n —1. Particularly relevant to the ideas presented here is Tseng’s paper [31] on the
distribution of closed horospheres (again with £ = n —1) in shrinking cuspidal neighbour-
hoods. Tseng’s setting corresponds to sequences of measures A supported on expanding
closed horospheres rather than a fixed, absolutely continuous measure. We explain in
Section [4] that Theorem [I] also holds for such singular sequences of measures as long as
they equidistribute sufficiently rapidly under the diagonal action ¢; (for ¢ — —o0).

In Section [5] we consider the joint hitting time and impact distribution, which yields
the entry time statistics for cuspidal neighbourhoods (Section [6) and finally the extreme
value law (Section [8). The tail asymptotics of the hitting time statistics are derived in
Section [7]

Our findings for the unipotent action U(s) (and its conjugates) are in stark contrast
with the setting of hyperbolic dynamical systems, where the hitting time statistics have
Poissonian limits, and the extreme value laws are given by the Gumbel distribution; see
[7, 8 (10| [26] for details and and further references.
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2. SURFACE OF SECTION

Consider the subgroups

t
2.1) H:{gEG:(O,l)g:(O,l)}:{(g f) 1A €@y, bER”_l}
and

t
(2.2) FH:FOH:{(Z; T):yefo,mEZ”_l}.

Here the notation (0, 1) is a shorthand for the vector (0,---,0,1) € R”. Note that H and I'gy
are isomorphic to the affine special linear groups ASL(n —1,R) = Go x R*~! and ASL(n —
1,Z) =Tyx 2", respectively. We normalize the Haar measure pz of H so that it becomes
a probability measure on 'y \H; explicitly:
A %

(2.3) dpp(g)=duo(A)db, g=0 1]
Given a measurable map M : R" \ {0} — G, y — M(y) € G such that (0,1)M(y) = y, the map
(2.4) HxR"\ {0} — G, (h,y)— hM(y),
provides a parametrization of G, with the Haar measure given by
(2.5) du={(n) rdugdy;
see [17] and [22], Section 7] for further details.

For any L > 0, the set

-1/(n-1)
(2.6)  AL)=T\TH{D(y,):y,€(0,L 7"}, D(y”):(yn 0 - ;0 )

is a closed embedded submanifold of & [17, Lemma 2] and is transversal to the full (i.e.,
rank £ =n —1) horospherical action; see proof of Theorem 6 in [17].
Let

w Dk, 0 0
2.7 Q:=XRw)= 0 Wmiilm 0 |1 w=W , wmi1) eR™ xRsg p;
0 w’ Wm+1

this is a closed subgroup of G. The corresponding section 2(#,L) for the R* action with
k <n-1,is defined, for a given bounded Borel subset # < R™ x R.¢ with boundary of zero
Lebesgue measure and non-empty interior, by

(2.8) AW ,L)=T\TH{Rw):we L™'W}.

This section is transversal to the orbits of the unipotent action but, unlike in the full rank
case, A (W ,L) will have self-intersections.

A key feature of the section A (#',L) is its simple scaling under the following diagonal
right action on &,

e(m+1)t 1k 0 0
(2.9) @(x) = xD(2), d(t) = 0 e 1, 0
0 0 e—kt
We have the relations
(2.10) Us)®(t) = (1)U (e"'s),  R(w)D(t)=R(e ™ w),

which in turn imply that
(2.11) @1 W ,L)=76W ,Le*),  @rohg=hgenoqs.
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Let &g be a fixed fundamental domain of the I'7 action on H. We will parameterise
the section #(# ,L) by the set

(2.12) SW,L)=Fg{Rw):weL W} caG,
via the map
(2.13) W, L)%, g—Tg.

We have an r-fold self-intersection at the point x € #(#,L), if the pre-image 7~ ({x}) (for
the projection map 7 : g— I'g) has r distinct points.

Any element in G := {g =(g;;) € G : gny > 0} can be written uniquely in the form g =
AR(w)U(s) with he H, w e R™ x R>¢ and s € R*. In these coordinates, the Haar measure
(restricted to G ) is given by

(2.14) du(g)=dv(a)ds, aEHQ,sEIRZk,
where

_1 % A %
(2.15) dv(a)={(n) "dug(A)dbw,, ., dw, a:(o 1)R(w).

The measure v defines a measure on the section Z(#,L), and we have
(2.16) v(ZW ,L)) :L_”((n)_lf wfn+1dw =L""v(ZEW,1)).
/4

It will be convenient to also use the map
(2.17) aL:ZW,1)- &, & Progrvr(I'g)

to parametrise A(# ,L). As noted above for 7, this map is not always one to one.

3. HITTING TIME STATISTICS

For given initial data x € &, we are now interested in the sequence of hitting times
¢1(x,L),¢o(x,L),..., ie., the times {j(x,L)=s € R* for which hg(x) € #2(# ,L). We order
them with respect to the norm |-| we have fixed before:

In case of equalities in (3.1), the ordering is chosen in an arbitrary fashion. We will use
the convention that we list hitting times with the multiplicity of the self-intersection in
AW ,L). That is, #{j : {(x,L) = s} = #nil({hs(x)}). With this convention, we have for the
number of hitting times in some bounded test set o c R¥,
3.2) #{j:&(x,Lye L =#TgnZW ,L)U(-)),
where g € GG is any fixed representative such that x =I'g. Up to possible reordering in the
case of equalities in (3.1), the commutation relations (2.11) yield
(3.3) &j(x, L) = €™ j(p_y(x),Le ™).
Indeed, keeping our choices for ¢;(x,1) (x € &, j = 1), for any L > 0 we may redefine
¢j(x,L) by

&j(x,L) = L& (g qogLyn (), 1).
One then verifies that &1(x, L), éo(x,L), . .. indeed give all the hitting times s € R* for which
hg(x) € #£(W ,L), counted with the correct multiplicity, and so that both (3.1I) and (3.3)
hold.

Denote by Z” the set of primitive lattice points in Z”, i.e. the integer vectors m with
ged(m1,...,my) = 1. Using the bijection

(3.4) g\l - 27"  Tgy~—(0,1)y,
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we can write (3.2) as

55 #{j: &, L et} =#(2"gn (0, DRILIWU(-))
' =#(2"gn€(,L7W)),

where for any W cR™ x R.o we define

(3.6) C(A W)= {y€R” cY1e s YR €Y, (Yr1,-- 590 € 77/}

Theorem 2. Let A be a Borel probability measure on & that is absolutely continuous with
respect to , let o = ofy x --- x of, where &1,. .., are Borel subsets of R*, and let N € VAN
Then

: . s 7 —nlk _ )
(3.7) lim A({xe 2 #{j: L7 Ly e ot} = Nivif) = W),
where
5.8 YA =p({x e #{j:&jx,1) e o} = N; Yi})
' =u({TgeX :#(2"gn€ (4, W)) =N, Vi}).
Proof For L = e*?, the scaling property (3.3), yields
{xe%:#{j:L‘"/kfj(x,L)E&fi}:NiVi}
(3.9) =lxe X #{j:&(p_y(x),1) et} =N; Vi}
:(pt(g’
with
(3.10) &={xeX :#{j:{i(x,Des}=N;Vi}={Tge X :#(2"gn€(4;,W)) = N; Vi}.

Since A is absolutely continuous we have A = wdu for some non-negative v € LY, 1)
with [, w(x)du(x) = 1. If y € LA, p) then

61D M= [ eop-ovdu— [ yedn | viu=pe) asi—o,
x x x
by (the L? formulation of) the mixing property of ¢;. But (3.1I) in fact extends to v €

LY(«, W), as follows by a standard approximation argument, using the fact that L2, W
is dense in LY(Z, ). O

Theorem [2 has the following corollary for the first hitting time.
Corollary 1. For X >0,

(3.12) lim A ({x e :L"*& (x, L) > X}) :f wo(r)dr,
L—oco X
with the probability density Wy € L (Rs¢) defined by
(3.13) f wo(r)dr = ¥P(BE),
X

where Bé"’( ={seR*:|s|<X}isas before.
Proof. This is immediate from Theorem Rlfor r =1, N1 =0, of = Bé‘}. O

We will in the following drop the superscript and write ‘I’O(B;) = ‘I’f)l)(Bé"().
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Remark 3.1. An inspection of formula in the case £ = n — 1 yields that the limit
distribution coincides with directional statistics of primitive points of an n-dimensional
lattice [22], which in turn are the same as the fine-scale statistics of the k-dimensional
sequence of Farey points [18].

For k <n—1,if # is of the special form # = #"' x(0,1] with #' < R™, then we obtain an
interpretation of the limit distributions in Theorem [2lin terms of directional statistics of
Euclidean model sets as follows. For a Euclidean lattice & = 7" g( define the set

(3.14) PW,L)={n'(y):ye L, (yeW},

where 7' : R” — R¥*1 and 7| : R* — R™ are given by 7'(y) = (y1,..., Yz, yn) and 7, (y) =
(Vk+15--+>Yk+m)- For W = W' x(0,1] with #’ bounded with volg:(0%#') = 0 and non-empty
interior, the model (or cut-and-project) set 2(#, %) is a Delone set in R, ie., it is
uniformly discrete and relatively dense. The limit law for the directional statistics of
PW , <L) was proved in [24, Appendix A]. Comparing this with Theorem [Z, we see that
the limit distributions are almost identical, with the caveat that we need to replace in
(3.14) the lattice & = Z" g by its primitive subset & = Z"g¢. Thus the limit distributions
are not the same, but can be related to each other via a classical inclusion-exclusion
argument. Note that the visible points in model sets studied in [25] is generally not the
same as the cut-and-project set PW, %) defined from the primitive subset of a lattice.
The directional statistics of more general adelic model sets were analysed in [9].

4. MORE GENERAL MEASURES

If we restrict the family of permitted test sets, we can relax the condition that A is
absolutely continuous with respect to p in Theorem

Definition 4.1. We say that a Borel probability measure A on & is admissible if
(4.1) lim A (¢:8) = u(8)
holds for every Borel subset & ¢ & with u(0&) = 0.

Remark 4.1. This notation was also introduced in [21]]. We note that by the Portmanteau
theorem, the following are equivalent:

(1) A is admissible;

(2) limsup,_ A (9:€) < u(6) for every closed subset € c Z;

(3) liminf;_.oo A (%) = u(%) for every open subset % c &

An example of an admissible measure is given by

(4.2) ME) = p(IB e RF*™ D 5 V(B) € &)),

RkX(m+1)

for any fixed Borel probability measure p on which is absolutely continuous with

respect to Lebesgue, any fixed xg € &, and

(4.3) V(B)= (1k B )

0 1m+1

The key point here is that V(B) parametrises the full stable horospherical subgroup for
¢¢. This in turn implies (by Margulis’ thickening argument) that ¢_,{xqoV(B) : B € %'}
becomes uniformly distributed in & with respect to u, as ¢ — oo, for any compact set
H < R¥*m+1) with non-empty interior and boundary of Lebesgue measure zero. We can
in fact choose more singular p, for which the admissibility of A follows from — or extends
— Ratner’s measure classification theorem. For the most recent results see for example
[28] (and references therein) in the case when p is supported on submanifolds, and [4), 6]
12, 13] (and references therein) for fractal measures p.
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The variant of Theorem 2l looks as follows:

Theorem 2’. Let A be an admissible probability measure on &, let of = of1 % --- x <. where
,...,9, are bounded Borel subsets of R* with volp:(04;) =0, and let N € 77 . Then

(4.4) lim A({xe 2 #{j: L7 Lye ot} = Nivif) = W),

with ‘P%)(d) as in (3.9).

Proof. For each i, since both «/; and # have boundary of Lebesgue measure zero, also
€ (<£;,#') has boundary of Lebesgue measure zero. Indeed, one verifies that for each i,

(4.5) 06(ti,W)<{yn =0 Uy eR": (y1,...,¥2) € ¥n 0} [ J{y €R™ : (Yps1,..., ¥n) €W},

and it is immediate (using Fubini) that each of the three sets in the right hand side of
has Lebesgue measure zero.

Let & ¢ & be the set defined in (3.10). We claim that u(6&) = 0. Hence since A is ad-
missible, lim; .o, A ((pté") = u(&), and so the proof of Theorem [2| carries over to the present
case. We now prove the claim by observing that

r
(4.6) Ogc{l“ge%:zngn UOC@(.Q@,W)#Q)}.

i=1
Since volgn (06 (<, #')) = 0, it follows from Siegel’s volume formula [29] that the set in
the above right hand side is of y-measure zero, and thus p(6&) = 0. It thus remains to
prove (4.6). Take I'g € 08, then there exists a sequence of elements g; € G with g; — g
and I'g; € & for all j, and another sequence of elements §; — g with I'g; ¢ & for all ;.
The last fact means that for each j there is some i such that #(z” 8iN€(sti, W) #Nj. By
passing to a subsequence, we may assume that there is a fixed i € {1,...,r} such that

4.7 #(2"8;n€(4;,W))#N;  holds for each ;.
On the other hand we have
(4.8) #(2"gjn6(#;,W)) =N; for each j.

Note that € («#;,#') is bounded, since # and «; are bounded. Since g; — g and &, — g,
there exists a compact subset ¢ < G with {g;}U{g;} ¥, and now Ugcy C(t;,W)g isa
bounded subset of R”, meaning that it intersects Z” in a finite subset F. By construction,
for every v € Z" \ F we have vg; ¢ €(A;,W)and vg; ¢ €(;, #) for all j. Hence it follows
from (4.7) and (4.8) that

(4.9) #(Fg;n€ (s, W) #N; and #(Fgjn€(s;,W))=N;, V.

Hence for each j there is a vector v € F' such that one but not both of vg; and vg; belongs
to € (<f;,#'). By passing to a subsequence we may assume that there is a fixed v € F such
that for each j, one but not both of vg; and vg; belongs to € (<, #'). Using g; — g and
&j— &, this implies that vg € 0€(«;,#'), finishing the proof of (4.6), and thus also the
theorem. O

Remark 4.2. Corollary [Il extends verbatim to arbitrary admissible measures A, since the
ball of = B’% is bounded and has boundary of Lebesgue measure zero.

Remark 4.3. Theorem [2](and all later statements in this paper) remain valid if we allow
the measure A to depend on L, say A = A1, subject to the assumption that

(4.10) tlirgoﬂtekt(wté”) = (&)
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for all Borel sets & with u(0&) = 0. An example of a family of such measures Az, is given
by

with any 7 : R-9 — Rs¢ such that 7(L) — co as L — oo, and A admissible as defined in (4.2).
For k£ = n — 1, this choice of A;, corresponds to the family of measures studied by Tseng
[311.

5. IMPACT STATISTICS

We will now consider the impact parameter at the jth hit, which we define as the
pre-image

(5.1) wj(x,L) € m; (b (e,1)(0)) < Z(#, 1)

of the actual location %¢(x,r)(x) € Z of the hit. Recall that the number of distinct pre-
images corresponds exactly to the multiplicity of ¢ ;(x,L); thus we may choose the points
w;(x,L) so that

(5.2) a7 ((hs))) = {wi(x,L): j€ Z21, &;(x, L) =5},  VseRE.
We also take the points w;(x,L) to be ordered so that
(5.3) w;(x,L) = w j(¢_s(x),Le ™).

To see that this is possible, choose the points w;(x,1) so that (5.2) holds for L = 1; then

for general L > 0 set w;(x,L) := w j(¢_qogLyr(x),1). Using the scaling properties and

(3.3), one now verifies that both (6.2) and hold forall L>0,x€e % and j€ Z>1.
Theorem [2] generalises to the following.

Theorem 3. Let A be an admissible probability measure on X. For of = o] x --- X of,. C
(R*)" bounded with volgpr(0eZ;) =0, and D =Dy x -+ x D, < Z(W,1)" with each 2; having
compact closure in HQ and v(02;)=0, N € 77,

(5.4)  lim A ({rea:#{j: L7 ¢, Dy e i, 0jx, D) e @i} = N, vi}) = W2, 9),

where

YA, D)= p({xe X #{j: {(x, D e, wilx,1) € 2;} = N; Vi})
=u({lgeX :#T'gn;U(-«;))=N;Vi}).

Here 09; is the boundary of 9; considered as a subset of HQ.

Proof This is similar to the proof of Theorem 2t For L = e*?, the scaling properties (3.3)
and (5.3) yield

(5.6) {xe X :#{j:L7"*¢(x,L) € of;, wi(x,L) € D;} = N; Vi} = ;&
with

(5.5)

é’:{xe%:#{j:fj(x,l)Edi, wj(x,l)E@i}:NiVi}

—(Tge X :#TgnD;U(-st;)) = N; Vi}.
We only need to verify u(0&) = 0 so that lim; .., A (¢:&) = 1(&). Recall that
Q ={R(w):weR™ xRy}

(5.7)

is a closed subgroup of G. Moreover, the map

(5.8) (a,s)—alU(s)
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is a smooth diffeomorphism from (HQ) x R* onto the open subset G = {(g;;) € G : gnn > 0}
of G. Thus we have for each i,

(D, U(~4t)) < (02;)U(—=4;) UD;(-0s;),

and so the assumptions volg:(d<%) = 0 and v(02;) = 0 imply that u(6(2;U(-<#))) = 0 for
each i, cf. (2.14) and (Z.I5). Now by similar arguments as in the proof of Theorem [27,
using the boundeness of <f; one verifies that

o0& {Fg €eX:ge U a(%U(—.ﬂi))}.
i=1

This proves u(0&) = 0, and also the theorem. U

We now turn to the generalisation of Corollary [Il For w € 2(#',L), we define
(5.9 R(w,L)={¢1(x,L) :x € X, hey(x,1)(x) = 1(w)}.

This represents the set of all first hits with impact location at 7(w) on the section #2(#',L).
Since almost every x € & will eventually hit #(#,L), we then have, for any Borel mea-
surable function f : & — Ry,

(5.10) f fdu= f ( f fh_s on(w))ds)dv(w).
X W ,L) *J%(w,L)
Setting f =1 yields the formula

(5.11) f volpr(Z(w,L))dv(w) = 1.
WL

The following extends Corollary 1l

Theorem 4. Let A be an admissible probability measure on &, let 98 be a Borel subset of
W satisfying volgm+1(098) =0, and set D = Fg{R(w):w € B} c Z(W,1). Then for any X >0,

(5.12) limA({xe%:L‘”/klfl(x,L)bX, wl(x,L)e@}):f fw(é,w)dv(w)dé,
L—oo0 B%) J2

with the L' probability density
(5.13) (&, w) =1 € Z(w,1)).
Proof. By the scaling property we have for ¢t = log L)/k,
{x € L& y(x, L) > X, wi(x,L) € @} = pi(Ex.2),
where
Ex g ={xeX [{1(x, )| > X, wi1(x,1) € D}.
We thus have
lim 1 ({x e X L & (x, L) > X, wi(x,L) € @}) = (Ex.2),
provided that ((0€x ) = 0. Then from the above expression applying with f = yg,,
we obtain the formula in (5.12), (5.13). Below we prove u(06x,9) = 0. Let
Ex ={xeX :|&1(x,1)|>X}, and Ep ={xeX :wilx,1)€D}.

Since &x,9 = Ex NEy, we have 06x g < 06x U0Ey. It thus suffices to show u(06x) =
W0Eg) = 0. For the first statement note that (3.5) implies

bx ={xe® #{j:¢jx, DeB} =0} = {rgex : 2"gne®, )= 0}.

Hence by the same arguments as in the proof of Theorem 27, we have u(d8x) = 0.
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Next, we show w(d€z) = 0. For any v = (v',v",v,) € R* x R™ x Rsg, we write s, :=
;’—. Moreover, for any Borel ¢ c R™ x R,y we use the notation #y% to denote the set

gréH{R(w) cw € ¥9}. We also introduce the following set:
N = {Fge%:Z”gn(Rk x (OB UIW)) # @}.

Since volgm+1(0B U0#') =0, we have u(A) =0 by Siegel’s volume formula [29]. Now take
x=Tg€edégy. Since {1(x,1) exists for p-a.e. x and u(A) =0, we may assume ¢1(x, 1) exists
and x ¢ 4. In particular, this implies w1(x,1) ¢ Fg(0B LW )N W), which means that
either wi(x,1) € FyAB° or wi(x,1) € Fg(W° N(%B°)°), where B¢ .= (R™ x R>¢) \ 4.

We now show that x is contained in some set of y-measure zero. Since ['g € 085, there
exist {gj},{g’j} c G such that lim;_g; = limj_.oog’j =g,x;:=1gj€ &y and x; = Fg’j ¢
Eg for all j = 1. If wi(x,1) € FyAB°, then there exists w € 7" such that wg € Rk x 98°
and s, g = ¢1(x,1). Since 98° is open, up to removing finitely many elements, we may
assume ng,wg’j € R¥ x 28° for all j = 1. Since x; ¢ g, there exists w; € 7" such that
wjg’j e Rk x (W \ B) and Iswjg}l < Iswg;_I. Note also that swg} — Swg, thus sup; Iswjg}l < oo.

Moreover, since w jg’j ERF x W and ¥ is bounded, we have sup illw jg’jll < 00, which then
implies that sup;llw;ll < oo (since g’j — g). Thus there are only finitely many choices of
such w;’s. Hence up to passing to a subsequence we may assume w; = w' for all j =1
and for some w' € Z". Since w' g;. e R? x (W \ B), taking j — co and using the assumption
that x ¢ A&, we have w’g € R* x (# \ 2°). This, together with the facts that wg € R* x 2°
and # < R™ x Rs¢, implies that w’ # +w. Moreover, since ISwrg}| < Iswg; |, taking j — oo we
get [syrgl < |swgl. Since syg =¢1(x,1) and w'g € R* x #, we must have ISw gl = ISwgl. This
shows that x is contained in the set

M={y=Tg :I(w,w)e 2"g' x "¢ lin. ind. s.t. (v,w) € 2},

with
P = {(v,w) e ®R* x 7)) x (RE x W) : |0 |w,, = Iw'lvn}.

Since volg2.(2?) = 0, by Rogers’ second moment formula on the Siegel transform [27] we
have u(.#)=0.

Next, if w1(x,1) € Fg(#° N (PB°)°), then there exists some w € Z*g such that wg € R* x
(#° N (%A°)°) and s,g = ¢1(x,1). Since #°N(2B°)° is open, up to removing finitely many
elements we have ng,wg’j e R x (W° N (%)) for all j = 1. Since xj € &g, there exists
w;je 7" such that w i8j € R* x & and ISw,g;l < ISwg;l- Then by similar arguments as above
we see that there exists some w' € Z" such that w j =w' for infinitely many j. Taking
j — oo and using the assumption that x ¢ A we get w'g € R* x 2° and |Swgl < |Swgl. This
then (using also that wg € RE x (#° N (%°)°)) shows that w’ # +w. Now since Swg =¢1(x,1)
and w'g € R* x 98° « Rk x W, we have |s,4| = |sygl, showing that x € .4 . This finishes the
proof that (0€5) = 0. Hence we have 1(06x ») = 0 and the theorem follows. O

From relation (5.12) we see that the limit density in Corollary[lis related to w(¢,w) by

(5.14) wo(r) = k volg:(B¥) r#~1 f

k-1
S1

f w(r0,w) dVv(w)dQ(O).
w,1)

Here Q is the uniform probability measure on the unit sphere S]{_l ={se R: :|s| = 1} in
R%, which in the case of a general norm |-| may be defined as the pushward measure of
vole(B’f)‘lvole |Blle \{0} under the map B’f \{0} — S’f‘l sending v to v/|v].
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6. ENTRY TIMES TO A CUSPIDAL NEIGHBOURHOOD

For any Borel subset € < R" set
(6.1) H(EC):={TgeX:I"gnE # ¢}.
In this section we will study the hitting time statistics of A (x) to the family of re-

gions {JK(L_I%)}I)O when € is of positive Lebesgue measure. Note that A (#,L) =
FE(L~1({0} x #)). These regions are of positive y-measure, and the set

{s eR* : hy(x) e %(L‘l%)}

may not be discrete for generic x € . Thus instead of studying the hitting time parame-
ters directly as before, we consider the norm of these parameters: For any subset § c &,
let

(6.2) ri(x,&):=inf{|s| : hs(x) € &},

with the convention that r1(x,&) =oco if hs(x) ¢ & for all s € R”.

Since any lattice is symmetric under reflection in the origin, we have #(€) = A (€ U
(=%6)). Thus without loss generality, we may assume throughout this section that € is
symmetric under reflection in the origin, i.e. € = —%¢. We will also assume € < R” is
compact with non-empty interior and boundary of Lebesgue measure zero. On the other
hand, we have that

6.3)  rilx, ALIE) =r1(x, AL1€T) VL>0,xe AL €n{yeR":y, =0},
where
(6.4) €t :=€n{yeR":y, >0}

In order to verify (6.3), it suffices to show for any x =T'g € /AL 1€ Nn{y e R" : y, = 0})°
and s € R%, hy(x) € AL 1€) if and only if hg(x) € AAL1€™). Clearly hs(x) € ZAL1€)
implies Ag(x) € ZAL1E). If hy(x) € AL 16), then there exists some v € 7" g such that
vU(s) € L™1%€. Now we must have v, # 0, since otherwise v = vU(s) € Z"gnL 1€ n{y, = 0},
contradicting our assumption on x. Hence, using also € = -6 , we have either vU(s) €
L™1¢* or —vU(s)e L7166 and so h(x) € ZAL16€7).

In view of it is natural to also consider the family of sections {A(L~1€*)}, .
Note that these sets can be parameterised as follows:

(6.5) AL € =T\TH{M(y):ye L"'¢"},
where
(6.6) M(y) = 0 Ynlm O

y y' om

with y = (¥',y”,y,). This choice of M(y) satisfies (0,1)M(y) = y, so that the map in (2.4)
gives a parametrization of G, and we have M(0,w) = R(w) and, more generally,
6.7) My, y",y2) =R, y)U (=3, 5.

The main result of this section is the following analogue of Corollary [1l regarding the
hitting times to the family of sections {A(L™16))},_,.

Corollary 2. Let A be an admissible probability measure on % . Let € — R" be a compact
set with non-empty interior and boundary of Lebesgue measure zero, satisfying € = —%6.
Then for any X >0,

(6.8) lim A ({x € % L™k r (x, #0(L71€)) > X}) = f T wordr,
L—oo X
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with the probability density v € LYRs¢) as in Corollary Il and with W = pr(€™), where
pr:R* — R™*1 js as in Theorem Dand €~ is as in (6.4).

The proof of naturally divides into two parts, namely, the upper and lower bounds.
We will first show that we may replace r1(x, Z2(L~1€)) by ri(x, #(L-1€")) in the right
hand side of (6.8). Then the general strategy is to use to relate ri(x, AL 1€")) to
the entry times for the sections A (# ,L) with # = pr(€™) as above. For the upper bound,
we follow the strategy in [21, Cor. 2.1] using results on the impact statistics developed
in last section. For the lower bound, due to some difficulties occurring in the current
higher rank situation, the approach in [21] does not apply. Instead we use a more di-
rect approach applying the conjugation relation in directly to the hitting times for
FOL16)

6.1. Preliminaries on entry times. We first show that if r1(x, Z2(L"1€")) < oo, then
there must exist some s € R* such that hs(x) € Z2L1€") and |s| = r1(x, AL 1E€H)).

Lemma 1. Assume % c R" is compact and let B* = Bn{yeR":y, >0}. Forany x€ &
such that ri(x, #(B")) < oo, there exists some s € R* satisfying hy(x) € F(B*) and |s| =
ri(x, #(%B7)).

Proof Assume x =I'g. By definition, there exist {s;} c R* satisfying hs,(x) € #0(%*) and
Is;I \\r1(x, #(%")). By passing to a subsequence, we may assume there exists some s €
R* such that s; — s; hence |s| = r1(x, #2(B*)). We will show hs(x) € #2(%B"). Since hs,(x)€
JE(B), there exists some vector v; € 2" g such that v;U(s;) € 8*. By compactness of 9,
by passing to a subsequence we may assume there exists some w € Bn{y e R" : y, = 0}
such that v;U(s;) — w. Hence lim;_.,v; =lim; . wU(-s;) = wU(-s). By discreteness of
7"g, wU(-s) = v; for all [ sufficiently large, i.e. v:=wU(—s)€ Z"*g. Hence

w=vU(s)e BN{yeR:y, =0} 2" gU(s).

This shows that A (x) € #(B") unless w,, = 0. But if w,, = 0 then v = wU(-s) = w; this
would imply that v; = w for all sufficiently large [/, and we would then get a contradiction
against the fact that v; , > 0, which holds since v;U(s;) € 8" and v; and v;U(s;) have the
same n-th coordinate. Hence w, = 0 cannot hold, and the lemma is proved. U

We now start to deduce relations between entry times to #(L~1€*) and #(# ,L) with
W =pr(€™). Note that w € # if and only if there exists some u,, € R* such that (u,,w) €
€. This, together with (6.7), implies that for any x € & and L > 0, é1(x,L) exists if and
only if rq(x, #(L"1€%)) < co. Moreover, when they both exist (which holds for almost
every x € &X') we may write

(6.9) hgl(x,L)(x) = FhR(w),

-1

for some h € Fg and we LW, i.e. (uy,w)e L™1€" for some u,, € R%. Set § := —w, Uy

Then by (6.7) we have k¢, 1)+5(x) € FAL"1€"). This implies that
(6.10) ri(x, AALIEY) < |E1(x, L) + 8] < |E1 (e, L)+ w k([

m+1

Using the parameterisation 2.17) for #(# ,L), we may parameterise the impact pa-
rameters as follows:

wj(x,L)=h;Rw’(x,L)) e XW, 1)
where h; € g and wl(x,L) = (w{(x,L),~-~ ,w{ml(x,L)) € R™ x R. satisfies

he ,0)(x) =Th;R(L™"w/(x,L)) € Z#W ,L).
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Keep the notation in (6.9). Let
C=C(€"):=sup{lul:Twe R™*!such that(u,w)e €*}.

Note that 0 < C < 0o since € = —% is compact and has non-empty interior. Then (6.10)
and the relation w;,+1 = L‘lwranrl(x,L) imply that

(6.11) ri(e, AL TEN)) — E1(x, L) Sw ), luwl < CJwh, 1 (x,L).

We will use this relation to prove the upper bound in (6.8).

On the other hand, by Lemma [l there exists some sq € R* satisfying hs,(x) € ZALIET)
and |sg| = 71(x, ZAL~1€")). Write hy,(x) = ThM(y) for some € Fg and y = (y',y",y,) €
L~ 1'¢*. Then similarly, we have by that hg,45(x) € LW ,L) with 6 := y;ly’. How-
ever, unlike the rank one case considered in [21]], this hit does not necessarily correspond
to the first hit of As(x) to #£(# ,L). For this reason, we adapt a more direct approach to
prove the lower bound in (6.8). We apply the conjugation relation in for AA(L1€")
and consider entry times to the sets (p_t%(L_lcg+). Note that similar to (3.3), for any
Borel subset §c X, x € X and t e R, implies

(6.12) ri(x,8) = e™ri(gp_i(x),p_;&).
Moreover, for any x =I'ge & and t € R,
xep_ 1 Hle ") o Fuv=0,v",v.)els 1 (M, V", v,)eET.

That is,

—ktcp+ . Y )
(6.13) p_1 (e " EC") = H(H,), with o :=€ I, |-

1
We also consider entry times to another family of sets (<), where
. - —ntI -
oy =€ (e Y ), with €7 :={(6v',v",v,): (V' ,0",v,)e€T,0=6<1}.

1
Note that x =Tg € F(<4y) if and only if there exists some v = (v',v”,v,) € Z"g such that
(e™v',v",v,) € €. Moreover, note that

pr( ) =pr(E) =W, HW,1)=70xW),
and for any w = (w",w,) € # and u € R*,
(O,w”,wn)U(—w;lu) =w,w” wy).

This shows that if &1(x,1) exists, then ri(x, HE(4t)) and ri(x, Jf(&Z)) are finite for all
t € R. And similarly, if r1(x, #(<)) or ri(x, F(<fy)) is finite for some ¢ € R, then &1(x,1)
also exists. Next, note that #(s#;) ¢ #(e;) and AW ,1) c #(<f;). This implies for any
x € & such that &1(x, 1) exists,

(6.14) ri(x, #0(ty)) < min{r1 (e, #0(h), |E1(x, D)}

Finally, note that Jf(szZ) is decreasing in ¢, thus r;lv(x,%(.@) is increasing in ¢. We prove
the following limiting relation between r1(x, #(<)) and &1(x, 1).

Lemma 2. For any x € & such that é1(x,1) exists,

(6.15) lim 71, H(Ap) = §1(x, D).

Remark 6.1. Using similar arguments we can also show lim; .o, r1(x, #(<f;)) = |E1(x, 1)].
However, we will not need this fact for our later proofs.
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Proof of Lemma 2l Take x =T'g € & such that &1(x,1) exists. Then again by the above
discussion, r1(x, FO(<f)) exist for all t € R. Note that <7, = B, N {y e R": y, > 0} with the
compact set

(6.16) By = {60 ,v",v,) 1 (V0" v,) €6,0<5<1}.

Thus Lemma [T applies to %(ﬂt) showing that there exists some s; € R* satisfying |s;| =
ri(x, %(dt)) and hg,(x) € %(ﬂt) Since |s;| < |&1(x,1)| (cf. (6.14)) and |s;| is increasing in
t, it suffices to show lim; .. |s¢| =|é1(x,1)|. By definition we have that for any ¢ > 0, there
exists some v; = (v}, 0],V ¢) € 7" g such that

(6.17) (ent(vé—Stvn,t),vél,vn,t)€%+-

Since {|s;|} is uniformly bounded from above by |£1(x,1)| and € is bounded, implies
that {v;} c Z"g is uniformly bounded; in particular, it is a finite set. Thus there exists
some 8, > 0 such that v,; >, for all t >0. Write ¢; := v} —s;v, ;. Note that also
implies that (v},v, ) € # (recall pr(€*) =#) and if ¢, # 0 then there exists some 0 <8 <1
such that (67 1e™¢;,v},v, ) € €*. Thus 6 1e™|¢;| < C. This shows that

|0;]<CSe ™ <Ce™

if /; # 0. This estimate clearly also holds if /; =0. We thus get hvr_L}tgth(x) e AW ,1),
and

1E10e, DI < Isel + v, 510 < Is¢l + Co e ™.
This shows that |£1(x,1)| < lim;_ |s;| as desired. U

6.2. Proof of Corollary 2. In this section we collect results from the previous section to
prove Corollary

Proof. Let 6y:=€¢n{yeR":y, =0}. By we have for any L >0,
0<A({x e X : L ri(x, (L €")) > X}) - A{x € Z : L r1(x, Z8L716)) > X}) < AL 16p)).

Now fix R > 0 so large such that the box %, := [-R,R]*"! x {0} contains €¥,. Note that
By < Bydiag(Aq,:--,A,) for any A1,---,A, = 1. In particular, for any L =1, taking t =0
such that e = . we have L™1%, c B,®(t). Thus

lim sup AL ~'%6,)) < limsup ML " %y)) < lim sup M(F(BoD(2)))

L—oo L—oo t—oo
= lim sup A #(ABy)) < p(A(Ayp)) = 0.
t—oo

Here for the last inequality we applied the fact that A#(%By) < & is closed (since % is
compact) and the implication “(1)= (2)" in Remark [4.1] Therefore, it suffices to show

(6.18) lim A({xe 2 : L7 ry (@, L6 ) > X ) = f wo(r)dr.
L—oo X
By we have for any 0<§ <1,
{o: L7y, AL TIEN) > X, wh, (3, 1) > 6
c{a LM, ) > X - CL™ 67! wl, (6, L) > 6.
Hence {x:L"*r (x, #(L"1€*)) > X} is a subset of

{o: L7816, L)1 > X = CL™ 67wl (L) > 6} U w1 (v, L) < 6}
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Therefore, by Theorem [4] we have for any 0 < <1,
limsupA ({xe 2 : L™ ry(x, (L) > X}

L—oo

<[ | weodveas+ [ [ woavods,
@B Jos

R% J(25)¢
where
D5 :=Fu{RW):weW ,wm+1 > 6 <, 1),
and where we used the fact that the integral f(Bé} o Jo, W&, 0)dV(w)d¢ depends continu-

ously on X. Since v is an L' probability density function, we have by the dominated
convergence theorem that

lim f w(é,a))dv(w)dé:f f w(&,w) im ype, g (&, w)dVv(w)dE =0,
6—0* JRE J(@5)° REJEZ(W 1) 6—0* 0

where for the last equality we used that limgs_.o+ Y« x2¢ = XRkxg = 0. Thus we get

limsup A ({x € X L™k ri(x, 4L €")) > X})

L—o0

< limf (¢, w)dv(w)dé + limf (¢, w)dv(w)dé
6—07 (B;e()c Ds 0—0" JRE J(25)c

< Wo(B%),

proving the upper bound in (6.18).
For the lower bound, take ¢ > 0 such that L = e**. Then by (6.12) and the relation (6.13),

{x e X L ri(x, 0L EY)) > X} ={x € X 1r1(p_s(x), H(t)) > X} = py(8y),

where

Er ={xeX :ri(x, A () > X}.
Set also

&= {xe % ri(, ) > X |
and

E:={xeX :|&1(x,1)] > X or é1(x, 1) does not exist}.

Then by (6.14) and (6.15) we have & c &; and &, < & and U; &, = &. We also note that &,
is increasing in ¢. Thus

(6.19) lim W&, = w(é).
Moreover, for any fixed ¢y > 0 we have
liminfA ({x € & L ™er (x, 0L 1€Y)) > X}) = liminfA(@/(8,)) = liminf A(g(8))
> ligcl;gfl((pt(ggo)).
Applying Lemma [1] to tAIie compact set %; given in (6.16), we have for any ¢ >0, x € &/ if
and only if h4(x) € #(o;)€ for all |s| < X. That is, if we set

(6.20) Bix:= |J AU(=s)={(60' +sv,,0",0,): (0, 0", 0,) €€, 0<5<e™™, |s| <X},
[s|=X

then
(6.21) 8 ={TgeX:7"gn B x =@} = (B x)°.
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Let us set
(6.22) ZX = {(6v' +80,,0",0,) (0", 0,) €€,0,20,0<5<e ™, |s| < X}

Note that 98; x is compact and contains %; x. Hence Jf(%; x)° €& is open and is con-
tained in &,. Now by Remark [4.3](“(1) = (3)"), we have

ligglfﬂt((pt(é’;o)) > ligglfl(¢t(ff(@£0’X)C)) > ((H (B, %))
Note that 98, , is decreasing in ¢, thus #(%, )¢ is increasing in ¢. Since o is chosen

arbitrarily, we have

liminfA ({x € 2 : L7 (e, 4L 716) > X} = Jim (A B;, 1)) = u( U %(%QO,X)C)

t—o00 to>0
= u({l“g eX:I"gn ( N %;OX) = QS})
to>0
Here for the last equality we used the uniform boundedness of {@;0 x1to>0 and the fact
that 93;0 x 1s decreasing in 9. Now note that

N 98;0,)( ={(svp,v",v,) : (", 0p) € Pr(E), v, =0, |s| = X}.

to>0
This set differs from
CBL, W)= {(sv,,0",0,): 0", v,) €Pr(€), v, >0, |s| < X}
by a set of Lebesgue measure zero. Thus we get
liminf A ({x € X L (x, L7167 > X}) > u({rg X gnEBL, W)= gzs}) = ¥o(BY).
Combining the upper and lower bounds we get the desired equation in (6.18). O

7. TAIL ESTIMATES

In this section we study the asymptotic estimates for the tails of the limit distribution

(7.1) fX Oowo(r)dr =Po(BY)

of the previous section. Recall

(7.2) WoBY) = pu({Tge 2 : 2°gne®y. 1) =0},
where

(7.3) CB% W)= {y R (31,0, I < 3n X, kst y0) €W}

We prove the following asymptotic estimates for the limit distribution in (Z.1I), for both
large and small values of X. See also [11, 23] [30] for tail asymptotics for lattice void
distributions in various general settings.

Theorem 5. Let k=1, m =0, n=k+m+1and let W be a Borel subset of R™ xR~ of finite
volume, and assume W is bounded if n =2. We have

X
(7.4) f wo(r)dr =xX* +0(X?*), vX >0,
0

with
B vole(B}f)

7.5
(7.5) ((n)

f yedypi1--dyn.
/4
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If we further assume that # is bounded and contains the positive half N N {w,+1 > 0} of

some neighbourhood N of the origin in R™*1, then we have

1 if k=2
(ogX)™ if k=1,

o0
(7.6) f wo(r)dr =, % XD, { as X — oo.
X

Remark 7.1. It will be clear from our method that the boundedness assumption on #
implies the lower bound in (7.6), while the assumption that # contains the positive half
N Nn{wm+1 > 0} ensures the upper bound in (7.6). We note that when £ = n — 1, this upper
bound already follows from the general bound of Athreya and Margulis [2, Theorem 2.2].
Thus in this case holds for all bounded 7.

7.1. Small X. For (7.4), we prove the following slightly more general estimate (cf. [5]
Lemma 5.3] for an alternative proof of (7.7) below).

Proposition 1. Let B c R” be a finite-volume set satisfying BN (—B)c{0}. If n =3 then

we have
volgn(B)  volgn(B)? volpn(B)
. - su(AHAB)s —.
@0 (e SHEEET0
If n =2, further assume that B c D with D:={z € R?: ||z|l3 < 1}, then we have
volgz2(B)
7.8 HA(B) = ——.
(7.8) w(A(B)) (@)

Proof. First assume n = 3. Set
oy ={Tge X :#(7"gnB)=1} and H#,;':={lgeX :#(Z"gnB)>1}

so that #(B) = Jf; W] Jfg L Let iB be the primitive Siegel transform of the indicator
function yp of B. By Siegel’s volume formula [29] we have

lpn (B
W(FHB)) < f% fadp= 22D

{(n)
On the other hand, we have

[ wau= [ paus [ indu=peh+ [ s
9 %é JfB>1 JfB>1

By assumption B N(-B) < {0}, and hence, for any I'g € #; 1 we have that any two points
in Z"g N B form a linearly independent pair. This shows that if z(I'g) = ¢ =2, then
> x(w1xB(v2) = (£ —1)= jp(Tg).

(v1,v9)eZ"gx2"g
v1,v9 lin. ind.

This, together with the second moment formula of the primitive Siegel transform [27]
proves that
volgn(B)?

fjpl XBdNSf > ¥B(w1)yxpve)du = R

B (v1,02)€2"gx1"g
v1,v9 lin. ind.

Hence
volg:(B) _ volgn (B)?
{(n) ((n)? ~’

W) = peh)+ w2 pae) = [ fwdu- [ jpdu
B

thus yielding the desired estimate.
Now we treat the case when n = 2. Since any unimodular lattice of R? cannot have
two linearly independent points in D, by our assumptions on B, for any x = 'g € &,
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#(72gNB) < 1. This shows that 75 = y.%®), from which (7.8) follows directly from Siegel’s
volume formula [29]. U

Proof of (7.4). It suffices to show there exists some X > 0 such that (7.4) holds for all
0< X <X,. Take B = €(B” ,#). Note that B satisfies BN(-B) = @¢. Then if n = 3,
applying (7.7) to B we get

VOl[Rn (B )

+O0(olg-(BYY) =xX* +O(X?%), VX >0,
((n)

X
(7.9) fo wo(r)dr = u(AE(B)) =

with x as in (7.5).

If n =2, since # is bounded, there exists some T > 0 such that # < (0,T'). Let Dy :=
diag(2T,1/(2T)) € G and let X¢ = g13. Then we have BD7 < [0,1/2]> D for any 0 < X <
Xo. We can then apply (7.8) to BD to get
volp2(BD7)  volge(B)

((2) ((2)
with x again as in (7.5). O

X
f wo(r)dr = u(#(B)) = (A BD7)) = kX2,  V0<X<Xo,
0

7.2. Large X. We will here prove (7.6). Thus we further assume that # is bounded and
contains the positive half N n{w,,+1 > 0} of some neighbourhood N of the origin in R+
We start the proof by making some reductions. Since the measure p on & is invariant
under right multiplication by ®(¢) for all ¢, it follows from that for any ¢ > 0 and
X>0,

(7.10) Wo(By) = pu({Tge 2 : 27 n 6B, #)(-n " log(eX)) = }),

and here we compute via (7.3) that
(7.11)

k
€BL, W) D(—nlog(cX)) = {y ER™ (Y1, ooy ¥ < € 19, Vst s V) € (cX)W}.

Now let us set
(7.12)
Grm(R,S):= {y ER™: (¥, 0, ¥E)l2 < ¥n <R, 1(Vps1y-- s Yn-1l2 < S} (R,S>0),

where | - |2 denotes the standard ¢%2-norm on R? for any d = 1. Note that 6} ,,(R,S) is
a product of an m-dimensional ball of radius S and a (& + 1)-dimensional cone of height
and radius R, with apex at the origin. (If m = 0, the definition should be interpreted
as saying 63 o(R,S) ={y € RE+L . l(¥1,...,¥e)ll2 < yr+1 < R}.) We also introduce the short-
hand notation

Crm(R) =6 m(R,R),

and set
(7.13) Frm@R):=p({TgeX :7"gnCm(R)=0}).
It will be important later to note that for any R,S > 0, the matrix
(S/R)»1; 0 0
0 (SR Fln 0
0 0 (S/R)n

k+1

lies in G, and maps the set 6 (R, S) to €} (R = S ); therefore

k+1

(7.14) u({leex :7"gn € mR,8)=0}) =Fpm(R" S*), (R,S>0).
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Let us fix positive constants c1,...,c4 (wWhich only depend on the fixed norm |-| and the
set #') such that
(7.15) Bt cBicgl  and BT x(0,c31cW B,

where 93;1 ={zeR%:|zlls <r} for any d = 1. Note that the existence of c3 and c4 follows
from our extra assumptions on #'. Using (7Z.11) and (Z.15) one verifies that

€ B, #)®(-n"og(ca X)) < %k,m(C4c§X§)
and
Gom(cscl X\ (y = 0  €BL, ) D(-n  og(e1X),
fl)r all X > 0. Using now and the fact that for y-almost all points I'g € Z we have
7"gn{y, =0} = @, we conclude that
(7.16) WoBL) 2 Fypmlcaci X5)  and  Wo(BL) = Fyp(esct X 5).
Now is an immediate consequence of and the following estimate.

Proposition 2. Let k=1, m =0, and n =k +m+ 1. Then for all R >0 we have

_nn-n |1 if k=2
. m =, 1 : .
(7.17) Fiem(B)=n (R+1)"F {(log(R +2)™ if k=1

To start the proof of Proposition [2, let us note that since €} ,,(R) is convex and in
particular star-shaped at the origin, (Z.13) can be rewritten as

(7.18) FomR):=p({Tg € X : 7" NG m(R) = (0}}).

Proposition [2] will now be proved by induction over the dimension m, using estimates
from [301.

First assume m = 0; then recall that 6, o(R)={y € RE+L (v, ..., ye)ll2 < yie1 < R}). In
this case we have

(7.19) Fjo(R)=min(1,R"**)  vR>0.

(In the following, the implied constant in any “«” and “=” is allowed to depend on n, and
thus on £ and m.) Indeed, the lower bound F}, o(R) > min(1,R ~(k+1)y follows from [30,
Prop. 2.9], since there exists a subset M c S’f of positive measure such that c‘gk,o(R)ﬁvL =
{0} for all v € M and all ¢,R > 0; the upper bound F}, o(R) < min(1,R ~(k+1)y follows from
[30, Prop. 2.8], or alternatively from [2, Theorem 2.2]. Note that is equivalent with
the estimate (7.17) in the case m = 0.

From now on we assume m = 1. We will first bound F}, ,(R) from above. If R < 10 then
the fact that F, ,,(R) is bounded above by the right hand side of (7.17) is obvious, since
F}, »(R) < 1 while the right hand side is > 1. Hence from now on we may assume R = 10.

By [30, Prop. 2.8], there is a constant ¢ > 0 which only depends on n such that

(7.20) Fim(R)<R™" fs b Cem(cRT N0 dv,
1

where S'll_1 ={veR":|v|s = 1} and where for any v € S’ll_1 and any (measurable) subset
2 cR" we write

(7.21) p(@nvh):=po(iTog €To\Go : 7" ' g N L (D) c {0}}),
with L, being an arbitrary volume preserving linear space isomorphism from v* onto

R*1. (Recall that Lo denotes the right Go-invariant probability measure on I'g\G(, with
Go=SL(n—-1,R)and I'y) = SL(n — 1, Z). The right hand side of (7.21) is independent of the
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choice of L, since pg is invariant under right Go-multiplication, and also invariant under
the map T'og — I'gy gy for any fixed y € GL(n — 1,2).)
Given any v € S’ll_1 we set

(7.22) w1 :=l(v1,...,vp)l2; wg = [(Vg+1,---,Un-1l2; w3 = |vyl.

In the discussion below, we will always assume that w1, wq, w3 are positive; this is permit-
ted since it merely means removing a null set from the integral in (7.20). To bound the
integrand in (7.20), note that for any R > 0, since 6} ,,(R) is preserved by any orthogonal

Ki: 0 O
map of the form | 0 Ko O | with K; € O(k) and K9 € O(m), we have
0 0 +1

p(GrmB)NvY) =p(GrmB)NGT),  with 5= (w1,0,...,0,w2,0,...,0,ws).

-~

v
k entries m entries

Let pr : R” — R*"! be the projection map sending (y1,...,¥n) t0 (Vs vy Vi, VE+2,- s Yn)-
Note that y € R”? lies in ¢+ if and only if w1y1 + wayr+1 + w3y, = 0. Hence, since we
are assuming ws > 0, the restriction of pr to 7+ is a linear bijection from 7' onto R*!
which scales (n — 1)-dimensional Lebesgue measure by the factor wo. It follows that ﬁ|5 N

composed with dilation by a factor w; "1 is a volume preserving linear space isomorphism
from 7+ onto R*1, and so

(7.28)  p(€rmBIN0Y) = po({Tog € To\Go : 2" g NBF(Gpm (10, TTR) o) = o).
Here for any R’ >0,

(724) B GmB)NTY) = {zeR (1, 20)l2 <201 <R,

2
w w 2 12
(w—;21+w—22n—1) + (415052025 <R }

Ifm =1, “(Zr+1,...,2n-2)|l2” should be interpreted as “0”.)
We will split the domain of integration in (7.20) into the three overlapping domains

91={ve S'll_1 ;w1 = max(2ws, 2ws)}, Dy={ve S'll_1 : 2wg = max(w1,ws)},
23={ve S’ll_1 : 2ws = max(w1,w2)}.
Note that S”~! =21 U, U 2;.
Let us first assume v € 99, i.e. 2wy = max(w1,w3). Then we have, for any R’ >0,
(7.25) (G (RNNT) > Ghm-1(ER).
Indeed, assume z € Cgk,m_l(%R’), thatis, [(z1,...,2p)ll2 <zp-1 < %R’ and [(2z41,-.-,2n-92)|l2 <
IR'. Then

witws
w2

w1 w3 4 p/
w—221 + w—zzn_l‘ = Zn_1<4z,_1< ER

and so
2 2 2
w w 2 4 1 12 12
(21 + 2, 1) +1Gai1,e 2023 =< () +(2) JRZ<R™

Hence z € pt(6; m(R') N 5t) (via (T.24), and (T.25) is proved.
It follows from (7.23) and (7.25) that

1

(7.26) p(CrmB)NV) < Fppo1(Rw, " R)
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1
1

for all R > 0. Using also w, "~
m — 1 in the place of m, we get

> 1 and the induction hypothesis that (7.17) holds with

(n— )(

(7.27) P(GhmB) V) <®+1)F (log(R+2)* (VR >0),

where a =m —1if k£ =1, otherwise a = 0. Hence we conclude that

R | p(GemcRFDN0*)do < (VR = 10).

D2

Since n+k—2=n—1, this shows that the %s-part of the bound in (7.20) is bounded above
by the right hand side of (7.17).

Next we assume v € D3, i.e. 2wz = max(w1,ws). Then we have, for any R’ >0,

(7.28) B (G m(R)N5Y) > G122 R, 3R').

4ws

Indeed, assume z € 6 - 1( 22 R 1R’) that is, [(z1,...,2x)ll2 < 2,1 < %R’ < %R’ and
1
”(zk+1>-~>zn—2)”2 = §R, Then

w1
w2

wi+ws 3ws 3p/
21+ w—QZn_l‘ = w—ZZn_l = _an—l < ZR

and so
2 2 2
(21 + 2, 1) +1Ghi1,e 2023 < ((3) +(3) JRZ<R™
Hence z € pr(6, m(R') N ) and (7.28) is proved.
It follows from (7.23), (7.28) and (7.14) that

(7.29) P(ComB) V) < Fpme 1(( 3. )ﬁj (%)’Z__llw;ﬁR)

4ws

for all R > 0. Noticing also that ws = 1 (since 2wz = max(wi,ws) and w% + w% + w% =1),
and using the induction hypothesis that (Z.17) holds with m — 1 in the place of m, we get

_(n=1)(n-2)

(7.30) p(Crm®B)Nvt) < (wﬁR + 1) L (log(wé%lR + 2))“ (VR > 0),

where a =m —1if £ =1, otherwise a = 0. Using this bound, we get for all R = 10:

R (cgkm(cRﬁ)nv )

2/V5 2/\/‘ L (n=1)(n-2) ko,
< R‘”f f TR 4+ 1) * (log(w;*anT +2))a w? tdwwi t dw,

<R~ f 1Rn I +1) N (log(wg%Rn% +2))a wi 1 dw,

R n/k nn 1 n
<R™ w" ldw + R Z)f /k(log(w%RnT +2))aw_kdw.
0 R

If £ = 2 (so that a = 0), the above expression is seen to be < R~ # . In the remaining
case k =1 (= a =m—1), we substitute w = R """ D to get

log(Rn/(n—l))
<R 4 gonln-D) f (log(e® +2)" ' du
0
log(R"™(n~1))
« R—n(n—l)f w+1)" 1du <« R‘”(”‘D(logR)m
0
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Hence we have proved that (when R = 10) the Z3-part of the bound in (7.20) is bounded
above by the right hand side of (7.17).

It remains to consider points v € 91, i.e. points satisfying w1 = 2max(wg,ws3). In this
case we will use the following modification of (7.23), which is proved by the same argu-
ment:

1
(7.831)  p(GrmBIN0Y) = po({Tog €To\Go: 2" g NB¥(Ghm (w; " 'R) n5%) = (0}}),

where pr: R* — R"! sends (y1,...,y,) to (¥2,...,¥,). We have for any R’ > 0:

2
(7.32) BE(Ghm(RHNOL) = {z eR"L: \/(%zk + 2, )+l zp DI <201 <R,

12k, .., 2022 SR’}.

(Ifk =1, “(z1,...,2%-1)|l2” should be interpreted as “0”.)
We now claim that

(7.33) oF(Gem®B)N L) >Ghm1(AR) DT,

where D = diag[2_k_11Ik,Im I,Zkkﬁ] € Gy, and where U = (iZ;;) € Gy is the unipotent ma-
trix which has @ ,-1 = - =23, 1s along the diagonal (i.e. @ ; = 1 for all j), and entries

i ;=0 for all other pairs i, /. To prove (7.33), let p be an arbitrary point in € »-1(3R’'),
and set v = pD and z=pDU =vU. Then

(7.34) (v1,...,vp)lle < vn 1= 2k+1 R’ < %R’, (Wrs1,...,0n-2)ll2 < %R’,
and
(7.35) Zp_1:=Up_ 1+w 2vk and zj=vj forall j<n-1;

3
and our task is to prove that z € pr(‘gk,m(R’)ﬂﬁl). It follows from (7.34) that ||(zz,... ,Zn_g)”g =
012+ 1@k 415+ Un-2I2 < GRNZ + (RR")2 <R'. Also, since v € 21,

wows  waws/w} 471 1
w?-w?  1- (wsfw 2~ 1-41 3

(7.36)

andsoz,-1<v,_1 +%|ka < %R’+ 5 lR’ < R'. Hence by (7.32), it only remains to prove that

2
\/(g—fzk +z—?zn_1) + ||(21,...,z;{,,_1)||2 < z,-1. Note that (7.34) implies that |v;| < §vn_1,

and so z,,_1 = U,-1— % . %vn_l = 0; hence it suffices to prove that

2
w w 2 2
(7.37) (L2 + %2, 1) +ler,. . 2nDIF <22,
which is equivalent with
wy 9 9 _ wi-wj o
(7.38) w%_z 5V, + (V1,...,vp-D)lI5 < lw? 25 1.

2
Wa

Now since % ) follows from the first inequality

1
in (7.34). This completes the proof of the 1nc1u510n in ( -
Using (7.31) and (7.33) we conclude that, for any R >0,

__1
p((gk,m(R) N UJ_) 5Fk,m—1(%w1 n—lR).

Using this, we may argue exactly as below (7.26) to conclude that the 2;-part of the
bound in (7.20) is bounded above by the right hand side of (7.17). Recall that we have



24 JENS MARKLOF, ANDREAS STROMBERGSSON, AND SHUCHENG YU

already reached the same conclusion for the Z3-part and the 23-part; hence we conclude
that F}, ,,,(R) is bounded from above by the right hand side of (7.17).
It remains to prove the corresponding bound from below. By [30, Prop. 2.9], there is a
constant ¢ > 0 (not same as in (7.20)) which only depends on n such that
(7.39) Fim(R) >, min(l,R_”f 1p(aﬁk,m((;l!e#) N UL) dv).
ST

We will here consider the integral restricted to the set:

25={ve S’lL_1 fwi,Ws € (0,%)}

Note that wg =4/1- w% - w% > \/g > % for all v € @é (in particular @é is a subset of 923).
Assuming from now on that v € 9}, it follows that for every point z € Pr(6, »(R") N 5+)
we have (cf. (7.24)) |z1| < z,,—1 and m—;zl + z—gzn_ﬂ > 2w—u;9’22n—1 (=0), and s0 2,1 < %R’.
Hence, by comparing with (7.12),

(7.40) BE(Ghm(RINT) € G o1 (22R', R
Using (7.23), (7.40) and (7.14), we conclude that,
kRl
(7.41) p(Gem®)N0Y) = Fima((22) 7w, R) (VR >0).

Recalling that % <ws < 1, and using the induction hypothesis that (7.17) is valid for m—1,

we obtain:
_ (=D(n-2)

(742)  p(Grm@B)Nvt)> (wflR +1) : (1og(wf1R + 2))“ (VR > 0),

where a =m —1 if £ = 1, otherwise a = 0. Note that this is exactly the same bound as in
(7.30), although it is now a bound from below, valid on the smaller set ;. By essentially
the same computation as the one carried out below (but now working with bounds
from below),we conclude that for all R sufficiently large,

n n(n— 1 ifk=2
7.43 R—"f G (cRZTY N0t do >R "5 -
(749 @ép( (e nv ) v (logR)™ if k=1.

It is also immediate from (7.42) that the left hand side of is > 1 uniformly over all
R in any fixed bounded interval. Using these facts in we conclude that F, ,,(R) is
bounded from below by the right hand side of (Z.17). This concludes the proof of Proposi-
tion O

8. EXTREME VALUE LAWS

We now show that the extreme value law stated in Theorem [Ilis an immediate conse-
quence of the limit theorems for hitting times, in particular Corollary 2] and the relevant
tail asymptotics. The following theorem establishes the connection between the extreme
value law and the hitting time distribution vy, which holds in greater generality; cf.
[8, 101.

Theorem 6. Let A be an admissible probability measure on &. Then, for any Y € R,

(8.1) lim A{x €% : suploga(hs(x))>Y + é logT :f n(y)dy,
T—oo s|<T n Y

where n € LY(R) is the probability density

(8.2) n(y) = % exp(— %y) Yo (exp(— %y)),
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with v € LY(Rso) the probability density function given in B13) with respect to sections
FEW ,L) with W = pr(B]"™).

Proof. Let € = BY}. Note that for any x € &,

sup log a(hs(x)) <logL
s|<T

if and only if
ri(x, Z(L71€) > T.

Hence, by Corollary @ with T = XL"* X = e #Y and W = pr([B’lL’+) we have

k exp(—%Y)
(8.3) Tlim Axe X :suploga(hys(x) =Y + - logT = fo wo(r)dr.
—00 Is|<T

The claim (8.I) then follows by noting that the above right hand side is continuous in
Y. O

To complete the proof of Theorem Il note that the tail bounds (1.8) and (1.9) follow from
(7.4) and (7.6) respectively by taking # = pr([B'll’Jr).

8.1. Multidimensional logarithm laws. As promised in Remark [1.1, we show in this
section that the logarithm law (1.6) follows from our extreme value laws as stated in
Theorems [Iland

Corollary 3. For u-almost every x € &,

1 h k
(8.4) lim sup sup log a(hs(x)) =—.

T—oo Isl<T  logT n
Proof. The upper bound is standard and follows from the Borel-Cantelli lemma. For com-
pleteness we give a short proof here. First note that it is equivalent to show for p-almost

every x € &,

) loga(hs(x)) k
limsup—— < —.
sl—c0  log|s] n

Moreover,
log a(h(x)) =loga(hs(x)+O(1), VseRF andxe X,
where |s] € Z* denotes the unique integer point in the cube s + (—%, %]k. Using also the

continuity of the measure u on a decreasing sequence of sets, it suffices to show for every
€ >0, the following set

1 h k

Le = ace&’f:limsupM <—+e¢
|S|€Zk log|s| n
S|—00

has full y-measure, or equivalently, u(£fF) =0. For each s € 7k \ {0}, let
B, :={xe % :loga(x) > (£ + £)log|sl|}.

Note that £ < limsup ., h_sBs and B; ¢ A(B; ) with rs = Isl_(%+§). Thus by Siegel’s
|s|—o00
volume formula [29] we have

1(Bs) < volgn(B],) =IsI"**%),  vseZ"\ (0},

implying that } . 7¢\ (o) #(Bs) < co. Then by the Borel-Cantelli lemma and /-invariance

of the Haar measure we have y(limsup ..+ h_sB;) =0, hence also u(Z£;) = 0.
|s|—o00
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For the lower bound, we note that the extreme value law implies that

: loga(hs(x)) k
8.5 1 —_— ==
(8.5) Tl—I»lgo Eg% logT n

in probability, for x distributed according to u. Hence, there exists a subsequence {T';};
such that, for y-almost every x,

1
8.6) lim sup 282 As&) _k
J—>00|S|STJ. logTJ n

which yields an almost sure lower bound for the lim sup in (8.4). O

8.2. Conjugates. The results in this paper extend to unipotent actions conjugate to
{hs}scgr. Indeed, for any go € G let

R8(x) =xgoU(s)gy!  (xe ),

with U(s) as in (I.2). Define the corresponding sections by #8°(# ,L) := Jf(?//,L)gal with
AW ,L) as in (2.8). Define also

W ,L):=2(W,L)g;t and ¢f(x):=xgo®(t)gy"
with Z(#/,L) and ®(t) as in and respectively. Define
8.7
5§°(x,L) .= &(xgo,L) e R, w§°(x,L) = wi(xgo,L)gyt €8°W,1), VxeX,j=1,L>0.
Note that
h8°(x)e A5°W,L) < hi(xgo)e AW, L).
From this equivalence relation one verifies that (éf 0(x,L),oof.’O(ac,L)) ;i indeed give all the

hitting times and impact parameters for which

o=y T D € 0.,
counted with the correct multiplicity.

Now by (8.7) we can extend our previous results on hitting time and impact statistics
for {hs},cpr to similar results for {h5°}, pe. To state these results we also need to intro-
duce the following more general notion of admissibility for measures. Let 1 be a Borel
probability measure on &'. We say A is admissible with respect to (pf 0 if

lim A(@F°8) = u(&)

holds for every Borel subset & ¢ & with u(6&)=0. If (pfo = (4, this notion agrees with
the admissible measures defined in Definition 4.1l In what follows, we always assume
A to be admissible with respect to (pfo. Note that (gg)«A is admissible in the sense of
Definition [4.3], where (g()« A is the pushforward measure of A under the right action of
go on ¥. Indeed, note that u(é&) = 0 if and only if ,u(d(é"gal)) = 0; thus if u(0&) =0, the
admissibility assumption on A implies that

lim (£0): Mg 8) = lim AED(Dg, ) = lim A (Egy") = m(Egy") = w(&).
The following theorem is the analogue of Theorem [2]and Corollary [ for {#5°} SRk

Theorem 7. Let of = of1 x -+ x of, where of1,...,, are bounded Borel subsets of R* with
volp(04;) =0, and let N € 7 ,. Then

lim A ({x €x :#{j LR, L) e di} = N; Vi}) = WD),

L—oo
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with ‘I’X,)(tszf) as in (3.8). In particular, taking r=1, N =0 and <1 = B’; we get

lim A ({x e :L*|E(x, L) > X}) - ono wolr)dr,

L—oo

with the probability density Wy € L (Rs¢) defined by
fX yordr= wBh).
Proof. By (8.1) we have
frea #{j: L e Lye st} = Nyvil = {ye 2 :#{j: L ¢jy, Ly e ot} = Ni Wi} gt

Since (g¢)« A is admissible with respect to ¢;, considering limz,_.,, A(---) for the above sets
and applying Theorem [2] we get the desired result. The in particular part follows from
the same arguments as in the proof of Corollary [1l 0

Similarly, we also have the following counterparts of Theorems [3land @ for {A5°} SRk

Theorem 8. For of = ofy x -+ x of, < (R¥Y bounded with Volgpr(0;) =0, D =D x--xD, C
280w, 1) with each 2;g( having compact closure in HQ and v(0(2;g¢)) =0, and N € 7"

=0’

lim 2 ({x ex: #{j L0, L) e oy, 0% (x,L) € gzi} - N; w}) =W(et, D g0),

with ‘I’E\rf) as in B.5) and 9gy:= D180 % - xDrgo < Z(W,1).

Theorem 9. Let 9 = Fy{R(w):w € %}gal c 289(W ,1) with 8 < W Borel and satisfying
volgm+1(098) = 0. Then for any X >0,

lim A({xe 2 : LI, D) > X, 08°(x, L) € 2} :f W&, 0)dv(w)dE,
L—oo B Jag,

with the L probability density (&, w) as in G.13).

Next, we can also study the hitting times of {h§°} g to a family of cuspidal neighbour-
hoods. Let € c R" be a compact set with non-empty interior. For any x € &, define

r$(x, #(6)) := inf {|s| : K5’ (x) € H(€)},

where (%) is as in (6.1). Using the conjugation relation between A, and A5° one easily
verifies that

ry’(x, (€)= ri(xgo, #(€80)  (x€X),

where r1(xgo, A (€ go)) is as in (6.2). With this relation and similar arguments as in the
proof of Theorem [7] we have the following generalisation of Corollary @ to {1% R

Corollary 4. Let € < R® be a compact set with non-empty interior and boundary of
Lebesgue measure zero, satisfying € = —€. Then for any X >0,

lim A({xe 2 : L8, AL 16) > X} = fX " yordr,

L—o0
with the probability density wo € L1 (Rs¢) as in Corollary Mland with W = pr(€*go).

Now using the same arguments as in the proof of Theorem [6, but with Theorem [4] in
place of Corollary @ we obtain the following extreme value law for {A5°}scp.
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Theorem 10. Forany Y €R,

k (o¢]
lim /l{xe%: sup 10ga(hf°(x))>Y+—logT}:f n(y)dy,
T—oo s|<T n Y

where n € LY(R) is the probability density

n(y) = % exp(— %y) Yo (exp(— %y)),

with v € LY(Rs) the probability density function given in B.13) with respect to sections
FEW L) with W = pr(B]" go).

Finally, since B] g is the unit ball with respect to the norm |[v|4, := llvg 61 | (veR™), up
to changing the bounding constants the probability density function ) here also satisfies
the asymptotic estimates (1.8) and (1.9) with the leading coefficient in (1.8) replaced by

volg: (B¥)
= Lf yEdypi1--dyn.
¢(n)  Jpr®}go)
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