ON THE LIMIT DISTRIBUTION OF FROBENIUS NUMBERS

ANDREAS STROMBERGSSON

ABSTRACT. The Frobenius number g(a) of an integer vector a with positive coprime coeffi-
cients is defined as the largest integer that does not have a representation as a non-negative
integer linear combination of the coefficients of @. According to a recent result by Marklof, if a
is taken to be random in an expanding d-dimensional domain D, then (a; - --a4)~ "~ Yg(a)
has a limit distribution. In the present paper we prove an asymptotic formula for the (al-
gebraic) tail behavior of this limit distribution. We also prove that the corresponding upper
bound on the probability of the Frobenius number being large holds uniformly with respect
to the expansion factor of the domain D. Finally we prove that for large d, the limit distribu-
tion of (a1 - --aq) "/ Yg(a) has almost all of its mass concentrated between (d — 1)!*/(¢=1)
and 1.757 - (d — 1)!1/(d71). The techniques involved in the proofs come from the geometry
of numbers, and in particular we use results by Schmidt on the distribution of sublattices of
Z™, and bounds by Rogers and Schmidt on lattice coverings of space with convex bodies.

1. INTRODUCTION

We denote by N7 the set of integer vectors in R? with positive coprime coefficients (viz. the
greatest common divisor of all coefficients is one). Given a = (ay,...,aq) € ﬁd, the Frobenius
number g(a) = g(ai,...,aq) is defined as the largest integer which is not representable as a
non-negative integer combination of ay,...,aq. The problem of computing g(a) is known as
the Frobenius problem or the coin exchange problem, and it has been studied extensively. Cf.,
e.g., [23] and [16], Problem C7].

In the majority of problems related to Frobenius numbers, it is more convenient to consider
the function

(1.1) fla)= f(a1,...,aq) = glar,...,aq) + a1+ ...+ aq.

Clearly, f(a) is the largest integer which is not a positive integer combination of ay, ..., aq.
In the case of two variables, d = 2, the Frobenius number is given by Sylvester’s formula
([23, Theorem 2.1.1]),

(1.2) glar,a2) = arag —ay —az  (viz., f(a1,a2) = a1az).
For d > 3 no explicit formula is known. Arnold ([4], [5], [6]) asked about the behavior of
g(ay,...,aq) for a random’ large vector (ay,...,aq) € R?. Davison had previously asked

similar questions for d = 3, in [11l Sec. 5]. Recently Marklof (J19]) obtained a definitive result
for arbitrary d > 3, generalizing previous results by Bourgain and Sinai [9] in the case d = 3
(cf. also Shchur, Sinai, Ustinov [32]):

Theorem 1. (Marklof [19]). Given d > 3, there exists a continuous non-increasing function
Uy : Rsg — Rxg with ¥4(0) = 1, such that for any bounded set D C R%o with nonempty
interior and boundary of Lebesgue measure zero, and any R > 0,

1
T—oo #(N¢NTD)

(1.3) #{a eNNTD : f(a) > R} — Uy(R).

(al e ad)l/(d_l)
For arbitrary d > 3, Li [I8, Thm. 1.3] has recently obtained an effective version of Theo-
rem [T, where (IL3)) is proved to hold with a power convergence rate (w.r.t. T').
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Figure 1 - Experimental graphs of the density functions ta(R) = —4%W4(R) of the limit distribution
in Theorem [ for d = 3,4,5,6. The graphs were obtained by computing (ai - -- ad)_ﬁf(a) for 1.2 - 10°
integer vectors a picked at random in N n [0, T)* with T = 10'®, and collecting the results into bins of
width 0.01 along the R-axis. The computations of f(a) were performed using the Frobby software package
by Roune [27]; cf. also [28]. We repeated the computations using other random seeds and/or changing T'
to 10*, as well as to 10*3,10'2, 10'* in some cases, and the resulting graphs were consistently found to be
practically indistinguishable, except for d = 3 and R very near 2. For d = 3 also the graph of the exact

function in (7)) is drawn (the dotted curve, which is distinguishable from the experimental graph only
for R very near 2).

Marklof also proved an explicit formula for ¥ (R), namely that ¥;(R) equals the probability
that the simplex

(1.4) A={zecRl) :z-e<1}, e:=(11,...,1),

has covering radius larger than R with respect to a random lattice L C R4~! of covolume one.
In other words ([I9, Thm. 2]),

(1.5) Uy(R) = pa—1({L € Xq-1 : p(L) > R}),
where Xy_; is the set of all lattices L C R~! of covolume one, j1q_1 is Siegel’s measure ([33])

on Xy 1, normalized to be a probability measure, and p(L) is the covering radius of A with
respect to L, viz.

(1.6) p(L) =inf{p >0 : L+,0A:]Rd*1}.
In the special case d = 3, Ustinov [37] (cf. also [36]) proved a more precise version of (L3),

where the averaging is performed over only two of the three arguments aq,as,as, and the
limit is obtained with a power rate of convergence. Ustinov in fact gave a completely explicit
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formula for the limit density ¥3(R) = —d;‘ll,%\lfg(R) in terms of elementary functions:

0 (0<R<V3)
(1L7) ys(R) =1 2(F-Vi-RY) (VB<R<?2)
%(R\/garccos (%\/%?) +%VR2—4log(f;§:§)) (R > 2).

See also [22] for a derivation of (L7)) from (L3]).

Our purpose in the present note is to discuss the behavior of W,(R) for d fixed and R large,
as well as for d large. For fixed d > 3, it was proved by Li [I8] that Wy(R) <4 R~ for
all R > 0, and Marklof in an unpublished note [20] pointed out that a corresponding lower
bound also holds: W4(R) >4 R~@ for all R > 1. Our first result, which we will prove in
section 2] is an asymptotic formula refining these bounds:

Theorem 2. Let d > 3. Then

d 1
1. 1\ —— - Rp@= —d—g5 .
(1.8) a(R) QC(d—l)R + O4(R ) as R — oo
Here the error term is sharp; in fact there exists a constant ¢ > 0 which only depends on d,
such that for all sufficiently large R,

d 1
1.9 Uy(R) > =RV 4 cR7 a2,
In particular we may note that (L.7)) implies U3(R) = %R*Q—i— %R74+O(R*6) as R — oo,
which is consistent with Theorem 21

Combining Theorems[Iland 2l we conclude that if R is large, and if a is picked at random from
a set of the type N¢ N T'D with T sufficiently large — where the notion of “sufficiently large”

may depend on R — then the probability that the normalized Frobenius number (aywj;(%
d

is greater than R is approximately mR*(d*I). It is an interesting problem to try to get a
f(a)

more uniform control on the probability of —~—— being large, i.e. to give bounds from
(a1---ag)'/(4=1)
above and below, uniformly with respect to large T and R, on

o 1 Jd ) f(a) }
(1.10) Py(T,R) : #(NmeD)#{a eNINTD s S > ).

Results related to this question have recently been obtained by Aliev and Henk [2] and Aliev,
Henk and Hinrichs [3], by making use of Schmidt’s results on the distribution of similarity
classes of sublattices of Z™, [31]. We will show that the application of [31] can be refined —
using in particular the strong uniform error bounds which Schmidt provides for his asymptotic
formulas — so as to give a uniform bound which significantly improves upon the bounds
obtained in [2], [3], and which can be viewed as a T-uniform version of Li’s upper bound
Ty(R) <q R™E-1),

For technical reasons we will consider the Frobenius number normalized not with the factor
(ay---aq)~ @D but with s(a)~', where

S ap/lal? - a2
(1.11) s(a) =

HaHl—l/(d—l) ?

with ||a|| denoting the standard Euclidean norm of a. Thus, we set:

1 f(a)

5 .: Sd . 1a)
(1.12) Py(T, R) : #(NmeD)#{a eNNTD : > R}.

s(a)

Note that Py(T,R) and Py(T,R) are defined for any T > 0 such that N{ATD # §; in
particular, for any fixed D C R, with non-empty interior, Py(T, R) and P4(T, R) are defined
for all T >p 1. a
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The normalizing factor s(a) was used also in Aliev and Henk, [2]; cf. also Fukshansky

and Robins, [I3]. Note that if we assume that the coefficients of a are ordered so that
1

a1 < ap < ... <agq then s(a) <4 ag_1aj " ; in particular we have

(1.13) (a1 ag) ™1 <q s(a) <q la|™T,  VaeRY,.

Hence there exists a constant ¢; > 0 which only depends on d such that

(1.14) Py(T,c1R) < Py(T, R),

for any R > 0 and any D C Rio and T > 0 such that NN TD # (0. On the other hand, if

D is bounded and satisfies D C RY, then s(a) < (a1 ---ag)/?~Y holds uniformly over all
a € R(D, and thus we have P;(T, R) < ﬁd(T, coR) for all T, R > 0 with NINTD # (), where
¢ > 0 is a constant which only depends on D. Hence for any such region D, any of the two
functions Py (T, R) and ]Bd(T, R) can essentially be bounded in terms of the other, as long as
we allow an implied constant which may depend on D.

Our main result on Py(T, R) is the following bound, which we will prove in Section Bl
Theorem 3. Let d > 3, and let D C R%O be bounded with nonempty interior. Then
(1.15) Py(T,R) <qp R,
uniformly over all T > 0 with NN TD # 0, and all R > 0. Furthermore, for any such T,
(1.16) Py(T,R) =0 whenever R > (T;gg Hx”)l_d_il

Theorem [ strengthens the bound Py(T, R) < R2 which was given in [2, Thm. 1.1]. Note
also that if the set D satisfies D C Rio, then by the previous discussion Theorem Bl implies
Pd(T, R) <4, D R—(d-1),

From many points of view, the normalization factor (aj - --aq)~*/(¢~1) is the most natural
one to use in the Frobenius problem. A clear indication of this is for example the fact that
the limit distribution obtained in Theorem [I] is independent of the choice of D. Hence it is
interesting to ask whether the bound in Theorem Bl is valid also for P;(7T, R), without the
extra assumption D C Rio. We conjecture that this is so. However in the present paper
we will content ourselves with pointing out a weaker bound, which follows fairly directl
from Theorem Bl by an argument along the lines of [3], and which strengthens the boundﬁ

Py(T,R) < R™2517 obtained in [3].

Corollary 1. Let d > 3, and let D C R%O be bounded with nonempty interior. Then
(1.17) Py(T,R) <qp R 2% D(log(R + 2))2(*?)

uniformly over all T > 0 with NInNTD # 0, and all R > 0. Furthermore,

(1.18) PAT,R)=0  whenever R > d(Tilelg ||l

We remark that in the special case d = 3, it follows from Ustinov [37, pp. 1025, 1044] that
the stronger bound P3(T, R) <p R~2 is valid at least so long as we keep T >> R**¢,

It is also interesting to consider the moments of the (normalized) Frobenius number; in
particular the ezpected value has been considered by many authors, cf., e.g., [3], [4], [5], [6],
[11, Sec. 5], [36]. Note that it follows from Theorem I (or just from the upper and lower
bounds by Li [18] and Marklof [20]) that the limit distribution described by ¥4(R) possesses

1We here correct for a mistake in [3) p. 530, lines 5-6] by adding e in the exponent: In the notation of [3], the

n—1»

n+1

o (n=1)? n—
the bound “g e 7. and using also [3} p. 529, Remark 1] brings the bound down to “[372W7+}+5”.

_o(n=1)* on—1
choice of “t = yields the bound “f *%@FD” and not “B72nF1” as claimed; choosing ¢ optimally yields
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kth moment for k = 1,...,d — 2, and for no larger (integer) k. Let us write Mgy, for this
moment:

(1.19) Mgy, = —/ RFdWy(R) = k:/ RFYW4(R)dR, k=1,...,d—2.
0 0

Now the following is an easy consequence of Theorem [I] combined with Theorem [Bland Corol-
lary [I1

Corollary 2. Let d > 3, and let D C R%O be a bounded set with nonempty interior and

boundary of Lebesgue measure zero. Then for any integer k, 1 < k < L%d — 1], we have
convergence of moments:

1 f(a)

k
1.20 lim ———— E =M.
( ) T—oo #(N4NTD) aeNmeD( (ag--- ad)l/(d—1)> d,k

If furthermore D C R, then holds for all 1 <k < d—2.
>0

For d = 3 and k = 1 the limit relation (L20]) in fact holds without the extra assumption
D C R4 ; this follows from Ustinov [36, Thm. 1]. For d > 4 and k = 1, (L.20) was proved in
Finally let us turn to a slightly different question: What can be said about the limit

distribution of Frobenius numbers for d large? Let pg_1 be the absolute inhomogeneous
minimum of A, viz.

(1.21) pa—1 =inf{p(L) : L € Xq_1}.
Using (L) and the fact that Wy is continuous ([19, Lemma 7]), one easily shows that
(1.22) Vy(R)=1 for 0 <R < pg_1; and Vi(R) <1 for R> pg_1,

i.e. the limit distribution described by W,;(R) has support exactly in the interval [pg_1,00).
In fact pg_1 is not only a lower bound for the support of the limit distribution, but a lower
bound on the normalized Frobenius number for any input vector; we have

f(a)

> N¢
(a1 - ag)V/(d=1) = Pd—1; Va € N%,

cf. Aliev and Gruber [I, Thm. 1.1(i)] as well as Rodseth [29]. It was noted in [I, (7)] that

(1.23)

(1.24) pa_1 > (d— DI,

On the other hand the number pg_; is quite near (d — 1)!ﬁ for d large: It follows from a
bound by Rogers on lattice coverings by general convex bodies, [26], refined by Gritzmann
[14] in the case of convex bodies satisfying a mild symmetry condition (cf. also [12 Sec. 9],
and use the fact that A can be mapped to a regular (d — 1)-simplex by a volume preserving
linear map), that

(1.25) pai1 < (d—1)1ﬁ<1+o<k’§d>> as d — .

When computing the Frobenius numbers for modest d and several random large vectors a,

one notes that the normalized values y most often do not exceed the experimental

value for the lower bound pgz_1 by more than a constant factor < 2. This is seen in Figure [
above in the cases d = 3,4, 5,6; the same phenomenon was also noted in [7, Sec. 5 (esp. Fig.
17)] for d = 4 and d = 8. The following result shows that this behavior continues as d — oo;

indeed, for d large, the distribution described by ¥4(R) has almost all of its mass concentrated
1 1
in the interval between (d — 1)!%1 and 1.757 - (d — 1)!a-T.
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Theorem 4. Let ng = 0.756... be the unique real root of elogn +n = 0. Then for any
a > 1419 we have
(1.26) Wg(o(d — 1)!ﬁ) —0 as d — oo,
in fact with an exponential rate.
In particular, combining Theorem [ with Theorem [l and (L.24]), it follows that for large d,

the normalized Frobenius number ((11'"(1};(% is very likely to lie between (d — 1)!ﬁ and
1
1.757 - (d — 1)!a-1. In precise terms, we have for any fixed a > 7:
1 .
lim hmlnf—#{aeNdﬂ[O,T]d : (d—l)!d_il < f(a)
d—o00 T—00 #(Nd N [O T] ) (al - ad)l/(dfl)

(1.27) <a(d- 1)!(111} ~ 1.

Theorem M follows from a modification of a general bound by Rogers on lattice coverings
of space with convex bodies [24], further improved by Schmidt [30]. We carry this out in
Section [ below.

Remark 1. It is an interesting question whether the bound on « in Theorem M can be further
improved. Could it be that the limit distribution of Frobenius numbers in fact concentrates

near (d — 1)!ﬁ as d — 00, in the sense that (26]) holds for all o > 17

It is also an interesting task to try prove a good uniform bound on W,(R) valid for all large
d and R, uniting Theorem @ and the fact that Uy (R) <4 R4~ as R — co. Even more
generally we may ask for a good uniform bound on P;(T, R) valid for all large d, T', R.

Acknowledgements. I am grateful to Jens Marklof for inspiring and helpful discussions.
2. THE ASYMPTOTIC BEHAVIOR OF V;(R) AS R — o0
In this section we will prove Theorem 2.

. Preliminaries. Let us write n = d—1. Recall that A denotes the standard n-dimensional
snnplex defined in (IL4]). Given L € X,, and p > 0, we have L + pA = R" if and only if { — pA
has non-empty intersection with L for each ¢ € R™. Thus, since L = —L:

(2.1) p(L) = sup{p > 0 : there is ¢ € R" such that L N (pA —¢) = 0}.
It follows that the formula for ¥4(R), (LH), may be rewritten as
(2.2) Uy(R) = pn({L € X,, : there is ¢ € R" such that LN (RA —¢) = 0}.

Let us write G = G = SL(n,R) and I' = T'™ = SL(n,Z). For any M € G, Z"M is
an n-dimensional lattice of covolume one, and this gives an identification of the space X,
with the homogeneous space I'\G. Note that p, is the measure on X,, coming from Haar
measure on GG, normalized to be a probability measure; we write u, also for the corresponding
Haar measure on G. Let A = A™ be the subgroup of G consisting of diagonal matrices with
positive entries

a1
(2.3) a(a) = €q, a; >0,

Qn
and let N = N be the subgroup of upper triangular matrices

1 w0 u,

(2.4) n(u) = | ee
Un—1,n

1
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Every element M € G has a unique Iwasawa decomposition
(2.5) M = n(u)a(a)k,
with k € SO(n). We set
(2.6) Fy={u:upe (3,3, 1<j<k<n}

then {n(u) : u € Fy} is a fundamental region for (I' N V)\N. We define the following Siegel
set:

(2.7) S, := {n(u)a(a)k €G:ueFn,0<aj < %aj j=1,....,n=1), ke SO(n)}.

It is known that S, contains a fundamental region for X,, = I'\G, and on the other hand S,
is contained in a finite union of fundamental regions for X, ([8]).

Lemma 1. If R > 0 and M = n(u)a(a)k € S, satisfy Z"M N (RA —¢) = for some ¢ € R",
then a1 >4 R.

Proof. Note that RA contains a ball of radius >, R. Now the lemma follows from [35, Lemma
2.1]. O

Alternatively, Lemma[Ilfollows from Jarnik’s inequalities (cf., e.g., [I5} p. 99]) together with
the fact that a; <4 A, where A, is the last successive mimimum of the lattice Z"M (cf. (3.6])
below).

Let us remark that using the above lemma together with (2.2) and the bound

(2.8) pn({M €S, : a1 >A}) <4 A™, VA>0
(cf. the proof of [35, Lemma 2.4]), we immediately deduce the upper bound
(2.9) Uu(R) <4 R"

which was proved by Li [I8, Thm. 1.2] in a different (but closely related) way.

We next recall the parametrization of G = G(™ by Ry x S?_l xR" 1 x G introduced
in [35, (2.9)—(2.11)]. Let us fix a function f (smooth except possibly at one point, say)
S?~! — SO(n) such that e;f(v) = v for all v € S7! (where e; = (1,0,...,0)). Given
M = n(u)a(a)k € G, the matrices n(u), a(a) and k can be split uniquely as

210) )= (g o) a<a>:<§ alﬁa@); = (p 4) /@

where u € R"™! n(u) € N1 a; >0, a(a) € AV and k € SO(n — 1), v € S7~1. We set

(2.11) M = n(wa(a)k € GO,

In this way we get a bijection between G and R~g X S?il xR" 1 x G=1: we write M =
[a1, v, u, M] for the element in G corresponding to the 4-tuple (a1, v,u, M) € R x ST xR 1
G(™=1) The Haar measure i, takes the following form in the parametrization M = lay, v, u, M]:

d
(2.12) djin (M) = ()~ dtn—1 (M) du do
ay

where du is standard Lebesgue measure on R"~! and dv is the (n — 1)-dimensional volume
measure on S} ([35, (2.12)]). Note that all of the above claims are valid also for n = 2, with
the natural interpretation that S; = SL(1,R) = {1} with p;({1}) = 1.
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2.2. On the intersection of A and a hyperplane orthogonal to v. Given M = [a1,v,u, M],
the points in the lattice Z"M are given by the formula

_ 1
(2.13) (k,m)M = ka1v +a; "' (0, kua(a)k + mM) f(v) (Vk € Z, m € Z"1).
In particular Z"M is contained in the union of the (parallel) hyperplanes kajv + v+:
(2.14) Z"M C U (kaiv + 'ul).
keZ

Note that for each k, the (n — 1)-dimensional affine lattice Z"M N (kayv + v*) has covolume

afl inside kajv + v. Hence if a; is large then this point set typically covers kajv + v+ well

in the sense that the maximal distance from Z"M N (kajv + v*) to any point in kajv + v+
is small.

Given v = (vy,...,v,) € S?il we let P, : R® — R" be orthogonal projection onto the line
Ruw, viz.
(2.15) P,(x) = (z - v)v.

Note that P,(A) is a closed line segment; let us denote by ¢(v) the length of this line segment.
In other words, ¢(v) is the width of A in the direction v. Since A is the convex hull of
{0,e1,e9,...,e,}, where e; is the jth standard basis vector of R", P,(A) is the convex hull
of {Py,(0), Py(ei1),...,Py(ey)}, and here P,(0) = 0 and Py,(e;) = vjv. Hence

(2.16) (v) = L. () — £_ (o),
where
(2.17) 04 (v) == max(0,v1,...,0,); (_(v) := min(0,v1,...,v,).

In particular % < {(v) < V2.

Lemma 2. If R >0, M = [a1,v,u, M] and ay > £(v)R, then there evists ¢ € R™ such that
Z"M N (RA—=¢)=0.

Proof. Because of [214), Z"MN(RA—¢) = 0 certainly holds whenever RA —¢ lies completely
inside the open strip contained between the two parallel hyperplanes v+ and a;v + v+, and
this holds if and only if P,(RA —¢{) C {tv : 0 <t < a;}. There exist vectors ¢ satisfying the
last inclusion if and only if £(v)R < a;. O

We next seek to obtain restrictions on those lattices Z"M with M = [a1,v,u, M] and
a; < £(v)R which still satisfy Z"M N (RA — ¢) = 0 for some ¢ € R". We first prove the
following simple geometric fact.

Lemma 3. For any v € S?_l and x € R, the hyperplane xv + v intersects A if and only if
x € [{_(v),0(v)], and furthermore when this happens, (zv +v+) N A contains an (n — 1)-
dimensional ball of radius (2y/n + n) ™! min(z — (_(v), (1 (v) — z).

Proof. The first statement follows since zv 4 v* intersects A if and only if zv € P,(A), and
Py(A) ={tv : {_(v) <t </l (v)}.

To prove the second statement we will prove the stronger fact that if x € [(_(v), {4 (v)]
then there is some y € xv + v* such that y + B? C A, where

(2.18) ri=(2y/n+n) min(z — (_(v),l+(v) — 2),

and where B]' denotes the closed n-dimensional ball of radius r centered at 0 (thus y + B} is
the ball of radius r centered at y).

For an arbitrary point y = (y1,...,yn) € R™ we note that y + B C A holds if and only if
Yy Yn > 1rand y1 + ... + y, < 1 —y/nr, which is equivalent to saying that (v/n+n)r <1
and y —re € (1 — (y/n+n)r)A. The condition (v/n + n)r < 1 is clearly fulfilled for our r,

since min(z — (_(v), {4 (v) — z) < $4(v) < 273,
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Hence, since A is the convex hull of {0,e,...,e,}, it follows that there exists a point
y € 2v + v+ with y + B? C A if and only if x lies in the (1-dimensional) convex hull of the
n + 1 numbers

(2.19) rv-e and rv-e+ (1—(vVrn+n)r)v, for j=1,2,...,n

Recalling ([Z.I7) we see that this holds if and only if x € [a_, oy ], where

(2.20) ot i=rv-e+ (1—(Vn+n)r)li(v)

However

(2.21) lax —lL(v)| < rlv-e|+ (Vn+n)rlle(v)] < r(Vn+Vn+n).

Hence z € [a_, a4 ] certainly holds whenever

(2.22) 0 (v)+ 2vn+n)r <z </l (v)—(2v/n+n)r

and this condition is clearly fulfilled for our r in ([2.I8]). (]

Lemma 4. If R > 0, M = [ay,v,u, M| € S, and ay </L(V)R, and if Z"M N(RA—-¢) =0
holds for some ¢ € R™, then a1 >4 (¢(v)R — al)af 71 in M =n(u)a(a)k € G,

Proof. Set X = ¢(v)R — a; > 0. Since P,(RA — () is a closed line segment in Rv of length

¢(v)R, there exists some k € Z such that ka;v € P,(RA — ) and furthermore such that ka;v

has distance > X to both the endpoints of P,(RA — ¢). Hence by Lemma[3] (kajv +v1)N

(RA — ¢) contains an (n — 1)-dimensional ball B of radius >4 X. Now Z"M N (RA—¢) =10

implies that the (n — 1)-dimensional affine lattice (kajv +v+)NZ"M must be disjoint from B.
1

In view of ZI3) it follows that the (n — 1)-dimensional lattice a, "~ (0, Z" M) f(v) C vt
is disjoint from a certain translate of B 1n81de vt. Hence Z"~ 1M is disjoint from a ball of

radius >4 a{ 1X in R""! and so a1 >4 a;' 1X by [35, Lemma 2.1]. O

2.3. The main computation. Recall that by Lemma [, if M = n(u)a(a)k € S, satisfies
Z"M N (RA —¢) = ) for some ¢ € R™, then a; > kR, where k > 0 is a constant which only
depends on d. We set

(2.23) A= kR,
and from now on we keep R > k7!, so that A > 1.
We next recall some definitions and facts from [2I, Sec. 3.2]. We fix a subset ST°' C

S?tn{v; > 0} which contains exactly one of the vectors v and —wv for every v € ST 1. Let
us also fix a (set theoretical, measurable) fundamental region F,,_1 C S,,—1 for F("_l)\G("_l).

We set (cf. [21), (3.15), (3.18)])

(2.24) Ga = {[al,v,u,M] €G:a>AveSt L ue(-L i Me }"nq}
and
(2.25) S = {[al,'v,u,]\Nﬂ €S, ve Slﬁl}.

Lemma 5. There exists a (set-theoretical, measurable) fundametal region F,, C S}, for X, =
I'\G and a (measurable) subset C C S|, U G4, such that

(2.26) Ga\C C {MeF, :a>A} C GaUC
and 11, (C) <q A" if n. >3, while C = 0 if n = 2.

Proof. For n > 3 this follows from [21I, Lemma 3.4], together with the computation in [21],
(3.23), (3.24)]. In the remaining case n = 2 we use the well-known fact that a fundamental
region for Xy = F(2)\G(2) is provided by

(2.27) Fo = {n(w)a(a)f(v) € G? : u+a¥iec Fy, veSt},
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where Fy is the usual fundamental region for the action of I'® on the upper half-plane
H={z=x+iyeC : y >0}, viz.

(2.28) fH::{z:x—i—iyeH colca<l a2, (x<0:>\z]>1)}.

In particular for this choice of F» we have Fo C S} and {M € F, : a3 > A} = Ga, since
A>1. O

It follows from Lemma [B and (Z2]) that
(2.29) Uy (R) = / 1(3¢ € B Z'M 1 (RA — €)= 0) dysa (M) + O (1 C)).
Ga

where the error term is <4 A™2" <4 R™2" if n > 3, while if n = 2 then the error term
vanishes. Hence, using (Z24]) and (2ZI2]), we obtain

1 o
YRy = R"™ : Z"ay,v,u, M|N(RA —¢) =10
”)/A /Si‘l/(—;,;wl /fnl (e v, 1] N (RA =€) =)

d
(2.30) xdpin_1 (M) du dv n“jl +04(I(n>3)- R,
ay

Here it follows from Lemma 2] that the integral is

da, R .
(231) An L /v " a?+1 m /Sll E(v) dv.

(Note here that by Lemma 2 and our definition of A we have A < {(v)R for all v € S7~1.) On
the other hand it follows from Lemma [4] that there is a constant «’ > 0 which only depends
on d such that difference between the integral in (2.30]) and the right hand side of (Z31)) is

1

1 t(v da1
2.32 < — n— Me Fo-1 > k' (l(v)R — ) .
e <o o) e ({y e A m R e S

Here A = kR; hence R <4 a1 <4 R throughout the integral, and we get, with a new constant
k" > 0 which only depends on d:

L(v
<4 R~(v+D) ) / Ln—1 ({M € Fno1 ¢ a1 > K'(U(v)R — al)Rﬁ}) day dv
Sn

~

< R<"+1>/S 1 /M)R o ({M € Fact + a1 2> KURTT }) didv.
1 Jo

(2.33) <4 R~(n+1) /ﬂR ,un,1<{]\4 eEFn1 a1 > /{"tRﬁ}) dt.
0

Now if n > 3 then by a computation as in the proof of [35, Lemma 2.4] we get

V2R L\ o1 .
(2.34) <4 R—(nt1) / (1 + tRﬁ) VAt <y RV AT
0

On the other hand if n = 2 then F,,_1 = {1} and hence the last line of ([Z33) equals R~3 -
min(v2R, k" ' R™1), which is < R~*. Hence we conclude:

R -n ,n,I,ﬁ
méll g(’l)) dU+Od(R )

Now to prove the asymptotic formula for ¥,(R) stated in Theorem [2 it only remains to
compute the integral fsi_l l(v)™" dv.

(2.35) Uy(R) =
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2.4. Computing the constant in the main term.

Lemma 6. For every n > 2 we have

(2.36) / ()" dp = "D
S 2
Proof. Set
(2.37) K={rv:vesi ' 0<r<i{(v)'}cRY
then clearly
(2.38) / L(v) " dv = 1 / L(v) " dv = n vol(K).
S'rizfl 2 S;Lfl 2

But for any = rv with r > 0 and v € S?il we have
(2.39) ((v) = ||| (max(0,21,...,2,) —min(0,z1,...,2y)),

so that » < ¢(v)~! holds if and only if max(0,x1,...,2,) — min(0,21,...,2,) < 1. In other
words,

(2.40) K={xe[-1,1]" : |o; — x| <1, Vj, k}.
Hence by easy symmetry considerations we have
vol(K) = vol (K N[0,1]") + vol (K N [—-1,0]")
—i—n(n—l)vol({a: €K : 21 <0<z and z1 < zj <z for j :3,...,71})

0 1+x1
(2.41) =2+n(n— 1)/ / (z9 —x1)" 2 drodr) =n + 1.
-1Jo

The lemma follows from (2.38]) and (2:41)). O

2.5. Bound from below. Finally we will prove the lower bound (L9)) in Theorem 2
The key step is the following lemma, which says that for “good” directions v = (v1,...,v,) €

S’f_l, we may weaken the restriction a; > ¢(v)R in Lemma 2] by a small but uniform amount,
and still be sure to have Z"M N (RA — {) = () for some ¢ € Z™.

Lemma 7. Let ¢ be a fived number in the interval (O,n_%), and set

(2.42) ¢ = (n—1)ln-icnnt,

Then for any R > (20'\/5)1_% and any M = [a1,v,u, M] with a1 > £(v)R — IR and
vj > ¢ (Vj), there exists ¢ € R™ such that Z"M N (RA —¢) = 0.

Proof. Let R and M = [a1,v,u, M] satisfy the given assymptions. If a; > ¢(v)R then the
desired statement is in Lemma [Z} hence from now on we may assume a; < ¢(v)R. We will
choose

(2.43) C=dR v+ w

for some w € v which will be fixed at the end of the proof. Then for every x € RA — ¢ we
have

(2.44) z-v<l ()R- -v=0w)R—R 1
and
(2.45) rz-v>—(v= _¢R T > —(K(U)R - c/Rfﬁ),

where we used the assumption R > (26’\/5)17% in the last step. Using (2.44]), ([2.45]) and
1
a; > {(v)R — ¢ R™»-1 we conclude that

(2.46) (RA —¢)N (kayv +vt) =0,  VEkeZ\{0}.
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Hence, using also (2.14]), it follows that
(2.47) (RA = ¢)NZ"M = (RA — ¢) N Lz,

where Lj, is the (n — 1)-dimensional lattice Ly, = Z"M N vt. Recall that Ly has

1
covolume afl in v'. Using also RA C RZ,and ( =R " Tv+w, w € v!, we obtain

(RA = C)NZ"M C (R — ¢ R 710 — w) M Ly
(2.48) — ((RZ) — ¢R™ " Tv) Nvb) —w) N Lagy.

1
Here (R%,—c R~ "1v)Nwv' is a closed (n—1)-dimensional simplex, and a simple computation
yields for its volume (cf. [I3] (17)], or the simpler computation in [5, Lemma 1]):

RIS

n _ 1 1 \n—-1 _
(2.49) voln,1<(R20_c'R n—lv)m}i> =" (R 7)< R,

Here in the last step we used v; > ¢ (Vj) and (Z42]). However the covolume of Ly, in v is,

since we assumed a; < {(v)R from start,
(2.50) vol,—1(v'/Lyry) = a7t > (((w)R)™' > R

(Indeed ¢(v) = £4(v) < 1 since all v; are positive.) The above shows that the volume of

1
(R%,— R »-Tv) Mo is smaller than the covolume of Ly, and hence there is some w € v+

such that the intersection in (Z48)]) is empty. O

We now return to the computation in Section 3l We will bound the difference between
the integral in (2.30]) and the right hand side of ([2:31) from below. Fix a constant ¢ € (0, n_%)
as in Lemmald, let ¢ > 0 be as in (2.42]), and let Q2 be the nonempty, relatively open subset of
ST consisting of all v = (vq,...,v,) € ST with v; > ¢ (Vj). It now follows from Lemma [7]
that, for any R > (2¢ \/ﬁ)l_%, the difference between the integral in (2.30]) and the right hand
side of (231)) is

l(v)R
(2.51) > i/( ) ) /dvﬂ >q R
C(n) l(v)R—c'R n—1 JQ arlz-i-l

In particular note that this contribution is asymptotically larger than the error term in (2.30]).
Hence we conclude that there exist constants ¢, > 0 which only depend on n such that for
all R > ¢,

R _ n—1—-L
2.52 Y,y (R) > / l(v)"dv+cR"T T T,
(252) ®)> ey fs @)
In view of Lemma [6] we have thus proved ([L9]) in Theorem 2l Since the asymptotic relation
(L) follows from (235]) and Lemma[6l this concludes the proof of Theorem [2 ooo

3. UNIFORM BOUNDS ON Py(T, R) AND Py(T, R)

In this section we will prove Theorem [3] and Corollary [l
Let us first note that the claim (II6) in Theorem (3] i.e.

(3.1) PyT,R)=0 whenever R > kg, —ipl-gly
where
(3.2) Kp := sup ||z|,

xeD
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is a direct consequence of any among several known bounds on the Frobenius number (cf.,
e.g., [23]). For example, the classical bound by Schur (cf. [I0]) asserts that for any a € N¢
satisfying a1 < ao < --- < ag,

(3.3) g(a) <arag — a1 —aqy (thus f(a) < ajag+as+ ...+ aqg_1 < dayag).

Using this together with the fact that s(a) > dajag|al =@~V for any such a, we deduce

(3.4) f(a)
s(a)
Here both the left and the right hand sides are invariant under permutations of the coefficients
of a; hence (B4) in fact holds for all a € N. Finally, (31) follows from (3.4)).
We next turn to the proof of (LIH) in Theorem Bl As in the previous section we write
n=d—1. Given a € N% we set

(3.5) Ao=ZNat={xeZ: a x=0}.

1
<la|'~7=.

This is an n-dimensional sublattice of Z¢ of determinant det(Ag) = ||a||. (By the determinant,
det A, of a lattice A of not necessarily full rank in R, we mean the covolume of A in spang A.)
Given any n-dimensional lattice A C R? we write 0 < A;(A) < --- < A\, (A) for the Minkowski
successive minima of A, i.e.

(3.6) Aj(A) =inf{r >0 : dim spang (BENA) > 5.

(Recall that B¢ is the closed d-dimensional ball of radius r centered at 0.) Then by Aliev and
Henk [2] (14)]@ (cf. also Kannan [I7, Thm. 2.5]) we have

f(a)
(3.7) o) S

Note also that we have # (NN TD) =4p T? uniformly over all T > 0 for which NeNTD # 0,
since D is bounded with nonempty interior. Using these facts together with the fact that
Ag # Ay for all @ # b € N? (since spang A = a # b = spang A), it follows that

_1
snllall ™ An(Aa).

(3.8) Py(T,R) <4.p T*d#{A € Ly : det(A) < kpT, A\y(A) > 2071 det(A)l/"R},
where L£,, is the set of all n-dimensional sublattices of Z<.
Let us set
(39) pJ(A) = AJ+1(A)/)\](A) for j = 1,...,77,— 1.
(Thus pj(A) > 1 for all A.) Also, for any r = (rq,...,7,-1) € Rgzl, we set
(3.10) Lo(r) = {A €Ly pi(A) >1; (Vj)}.

Now as a special case of Schmidt’s [31, Thm. 5], the number of lattices in L, (r) with
determinant at most 7T is given by the following asymptotic formula with a precise error
term. Let us write pj(L) = Ajy1(L)/A;(L) also for an n-dimensional lattice L C R", with
A(L) < -+ < A\ (L) being the successive minima of L.

Theorem 5. ([31, Thm. 5]) For any r € Rgzl and T > 0 we have

Nl

2T (1 + ¢)

(3.11) +Od<<H rjo%xm))Td_%)

[\CIisH

#{A € Lo(r) : det(A) < T} =~ (H g(j))un({L € Xy ¢ pj(L) >1; (V))}) - T?

2Note that “);” in [2] equals ||a||7%)\j (Aa) in our notation.
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Furthermore,
n—1

(3.12) in({L € X = py(L) 2 15 (5)}) =a [ ;7"
j=1

For our argument we will only make use of the upper bound which follows from the above
theorem, viz.

n—1 . . n—1 1 n—i
(3.13) #{A € L,(r) : det(A) < T} < T[] ;7" <1 1w [ ”),

j=1 j=1

We will now form a finite union of sets £,,(r) which contains the set in the right hand side

of (3.8)).

For any n-dimensional lattice A we have

n—1

n n—1
(3.14) ()" = TT A TT 25 (A =a det(n) T p5(8)7,
J=1 J J=1

1

where in the last step we used Minkowski’s Second Theorem (cf., e.g., [34, Lectures 3-4]).
Hence there exists a constant ¢ > 0 which only depends on n (viz., only on d) such that for
any n-dimensional lattice A and any R > 0, we have

n—1
(3.15) An(A) > 207 det(A)"R = ] p;(A) > cR™
j=1

Note that (LIF) is trivial when R < 1 (since Py(T,R) < 1 always); hence from now on we
may keep R > ec™n without loss of generality. Set

(3.16) B := |log(cR") — n| € Z>y,

and
n—1

(3.17) R(n,R) = {r = (eP, /2 /8 bt /) p e 72 N Ty = B}.
j=1

Note that if A is any n-dimensional lattice satisfying H?;ll pj(A)Y > cR™ then if we set
b;j := |jlog p;(A)] we have

n—1 n—1
(3.18) Z bj > Z(g log p;(A) — 1) > log(cR") — (n — 1) > log(cR") —n > B.
j=1 j=1

Hence there is a way to decrease some of the b;’s so as to make Z?:_ll b; = B, while keeping
b= (b1,...,bp—1) € Z’;al. Of course the new vector b = (by,...,b,_1) still satisfies b; <
jlogp;(A) for each j, ie. pi(A) > e’/ We have thus proved that for any n-dimensional
lattice A satisfying H?;ll pi(A) > cR™, there exists some r € R(n, R) such that 7; < p;(A)
for j =1,...,n — 1. This fact together with (8.I5]) imply that the set in the right hand side
of (B.8) is contained in the union of £, (r) over all r € R(n, R). Hence, by (3.8]), we have for

all T > 0 with NeNTD # () and all R > ec™m,

(3.19) PyT,R) <ap T Y #{A € Lo(r) @ det(A) < @T}.
reR(n,R)
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Hence, via (3.13),
n—1
Py(T,R) <4 Z exp{— (n— j)bj}
bez j=1
bi+...+b,—1=B
L n—1
(3.20) w1 S en{= Y- ) e -}

1

<.
Il

bezZ !
bi+...+bp_1=B

If n = 2 then each sum above has exactly one term, and we conclude

(3.21) Py(T,R) <p R2+T 2R

1 ~ 1
If R < k2T2 then this gives P5(T,R) <p R~2. On the other hand if R > k3T2 then
P3(T,R) = 0 by (31). Hence the proof of (ILI5) is complete in the case n = 2.
We now assume n > 3. We set
(3.22) nG) =n-j and 70) =010~ () n-j)=ntn"=(+j7)

Now for any b € Z’;al with by + ...+ by,—1 = B and by + ... + b,_o =: s we have, since 7 (j)
is a decreasing function of j,

n—1 n—2
(3.23) > )b = —2)Y bi+y(n— Dby =25+ (B—s)=B+s.
j=1 j=1
Similarly, since also ¥2(j) is a decreasing function of j for j > 1,
n—1
")) > 12 = s+ 7l — 1)(B — 5)
j=1
1 1
3.24 = (1—7)3 (1——) .
(8:24) n(n —1) * (n—1)(n—2) °

-1

s+"73) vectors b € Z% ;" satisfying

Note also that for any s € {0,1,..., B} there are exactly ( s

biy+...+b,_1=Band b +...+b,_o=s5. Hence

~ B /s +n—3 e +n—-3 1 S
Py(T,R) <4 Z ( n_3 )eBs +T = < s )e(l w0 B (- G=he=y)s
s=0 s=0

1
(3.25) <gpe P+ T we TP <« R(1 4 TR RTT),

_1 ~ _1
If R< /4;) " T1=% then this gives Py(T, R) <4p R™™. On the other hand if R > KID nly
then Py(T, R) = 0 by ([B1]). Hence the proof of (LI is complete. ogdd

Remark 2. Note that our proof makes crucial use of the precise error terms which Schmidt
has worked out for the asymptotic formulas in [31, Sec. 2]. In this vein, note that the proof of
the bound Py(T, R) <4 R~2 in [2, Thm. 1.1] is correct as it stands only when T is sufficiently
large in a way which may depend on R (as well as d); this is because the proof in [2] uses
Schmidt’s [31, Thm. 2] in which the rate of convergence may depend in an unspecified way on
the chosen set “@” of lattice similarity classes.

3.1. Proof of Corollary 1. Let us first note that (I.I8]) is again a direct consequence of the
classical bound by Schur, (33). Indeed, for any a € N? satisfying a; < ag < --- < aq we have

by @B.3):
f(a) al 1— 2L 1

- R
(326) s <d: —ag " <day T <dfal' "o,

(al"'ad)d71 (al...adil)dfl
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and this implies (L.IS)).
The following lemma refines [3, Thm. 2 and Remark 1]. Recall that n =d —1 > 2. Let us
write ||| := max(|z1],...,|z,|) for the maximum norm of a vector € R”™.

Lemma 8. For any T > 0 and a > 0 we have

#{a: =(x1,...,2p) EN" : ||x|loc < T, % > Oé} <p T ™ (log(2 + a))" 2.
LT

Remark 3. For any fixed € > 0 the above bound is in fact sharp in the range 1 < a < T'~ 7 ¢
in the sense that the cardinality in the left hand side is also >, . T"a "(log(2 + a))" 2

uniformly over all T' > Ty(n,e) and all 1 < a < T'=%7¢. However we do not need this fact
and we will not prove it here.

Proof of Lemma [8. Tt suffices to prove

020 #{oeN T <lol ST, Gl > 0] < Tz o)
n

since the lemma then follows by dyadic decomposition in the T-variable. Of course we may
assume T > 1 since otherwise the set in the left hand side is empty. We may also assume
a > 1 since otherwise the right hand side is >, T" and (3.21) is trivial. Now note that if x
belongs to the set in the left hand side of ([B.27)) then for every real vector y in the unit box
x +[0,1]" we have 3T < |lylloo < T +1 < 2T and (since all z; > 1)

n n

n n
(3.28) v <I[@+1<[[@z)=2"]]; <2"(|@lloc)"a™" < 2"T"a™.
j=1 j=1

7j=1 7j=1
Hence the left hand side of (3.27)) is
n
< vol({y eRY, : %T < ylloo < 27T, Hyj < 2”T"a"}>

J=1
n

2T 2T 2T
< n/ / / I(H Yj < 2"T"0<"> dYyn dyn—1 -+ dy
1 1 ir .
2T or  ym—l
(3.29) < 2nT / / (

H y; < 2"l >dyn_1 e dy
log(2T) log(2T)
—zarn [ (
0 0

where in the last step we substituted y; = 2Te™
< T?a72, as desired. From now on we assume n > 3. Set up,_1 = s+ log(a”/4) — 27;12 Uj;
then the conditions 3 7~ "“luj > log(a”/4) and wu,_; > 0 are equivalent with s > 0 and

n—1

Zu1>10g n/4)> Tini Y duy—q - dug,

4. If n = 2 then the last expression is clearly

Z;L:f uj < s+ log(a™/4), respectively. Hence the last expression is

< 2"+2nT"a_"/ (/ / <Z uj < s+ log(a ”/4)) duty_o - - du1> ds

2n+2
(3.30) < WT”()(—” / “S(s+nloga)" 2ds <, T"a "(log(2 + a))" 2,
—9)! 0

where we used o > 1. This completes the proof of the lemma. O



ON THE LIMIT DISTRIBUTION OF FROBENIUS NUMBERS 17

We now give the proof of (LI7)) in Corollary [ We may assume R > 10 since otherwise
(LI7) follows immediately from Py(T, R) < 1. We keep R’ € [1, R], to be fixed later. Now

=~ R
PAT.R) <apT*#lactinrn . 19 o p s(a) > =
AT, F) <ap #{“ sa) o @D T R
(3.31) gTd#{a eN'NTD : f(a) > R’}
s(a)
—d d / s(a) R
: < —
o #{a €N flalloe < wpT: (a1 ---ag)/(d=1) R
where k5 1= supgep [||loo. In the last term, at the price of an extra factor d we may impose
the extra assumption ay = max(ay,...,aq). For such vectors a, we have
s(a) d32agmax(ay,...,a,)  d¥?agmax(ay,...,ay)
(a1---aq)t/@=D lalt=Y"(ay -- - ag)t/m a}i_l/n(m ceag)l/m

(al . an)l/n

Hence for any T > 0 with N¢ N TD # 0,

Py(T,R) <4p Td#{a eNiNTD : fla) > R’}
’ s(a)

1 R
| . e a1 R
(3.33) +T #{a eN lalloo < KT, (a1 an)/m B d3/2 R/

n—2
<ap R"+RR" <10g (2 + g)) ,

where we used Theorem [B and Lemma 8 The bound in (II7) now follows by choosing
R = vVR(log(R +2))= 2. O

4. LATTICE COVERINGS OF SPACE WITH CONVEX BODIES

According to a theorem of Schmidt ([30, Thm. 11*]), sharpening a previous result by Rogers
([24, Thm. 2]), if n is sufficiently large, then for any n-dimensional convex body K of volume

(4.1) vol, (K) > (1 +no)" (with 9 = 0.756 ... as in Theorem H]),

there exists a lattice L € X,, such that the translates of K by L cover R", viz. K + L = R"™.
The lower bound (4.1]) was shortly afterwards improved by Rogers to a sub-exponential bound,
in [26]. However, our purpose in this section is to point out that the argument in [30], [24]
can fairly easily be modified to give that K + L = R"™ holds not just for some lattice L € X,,,
but in fact for a subset of large measure in X,,:

Theorem 6. Let ng = 0.756. .. be the unique real root of elogn+mn = 0. For every dimension
n larger than a certain absolute constant, if a is any real number satisfying

(4.2) myoén <a<l,

and K is any n-dimensional convex body of volume

(4.3) vol, (K) > n(1+ noa_%)n,

then

(4.4) pn({L € Xy : K+ L=R"})>1-a.

In particular, for any given constant a > 1 4 1 there exists ¢ < 1 such that for any
sufficiently large n, and for any convex body K C R" of volume > o™, the probability that K
fails to give a covering with respect to a random lattice L € X, is < ", i.e. exponentially small

in n. We obtain Theorem [ as a special case of this by takingn = d—1 and K = a(d—1)! 1A,
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4.1. Proof of Theorem 6. We start by recalling another result of Rogers ([25]) which is
used in the proof of [30, Thm. 11*]. For any (Lebesgue) measurable set M C R"™ and any
lattice L € X,, we write ¢(M, L) for the density of the set of points in R"™ left uncovered by
the translates of M by the vectors of L. In other words,

(4.5) e(M,L)=1-vol,(M+L)/L).
(Note that (M + L)/L is a well-defined measurable subset of the torus R™/L.)
Theorem 7. ([25] Thm. 1]@ For any measurable set M C R" (n > 2) of volume V,

(4.6) / e(M,L)dpn(L) <1 -V + V2

n

Let us note the following corollary.

Corollary 3. For any C > 0 and any measurable set M C R™ (n > 2) of volume V,

(4.7) pn({L € Xn t e(M,L)>1-V +CV?}) < Yok
Proof. Clearly, for any lattice L € X,, we have vol,,((M + L)/L) <V, and thus
(4.8) e(M,L)>1-1V.

Hence if p denotes the measure in the left hand side of (4.7)) then

(4.9) / (M, L) djn(L) > p(1 =V + CV2) + (1= p)(1 = V) = 1 — V + pCV?,

n

and thus Theorem [ implies pC < % O

Proof of Theorem[@. Let a and K be given as in the statement of the theorem. Let r =
0.278 ... be the root of the equation 1+ r +logr = 0; then 9y = e™". We set K/ = pK, where
p > 0 is chosen so that the volume of K’ is

(4.10) V =vol,(K') = rn.
We also set
(4.11) n= e g = nocf%.

Now by Schmidt [30, Thm. 10*] (applied with ¢ = 1), if n is larger than a certain absolute
constant then

(4.12) / e(K',L)dL < 2(1 + V" in= eV Hmye=V — o1 4 ¢ 1e ™
and thus
(4.13) pn({L € X + e(K',L) >4(1+r e ™a"1}) < La.
Also by Corollary Bl
(4.14) pn({L € Xy, : €(nK',L) >1—n"V +a 'n*"V?}) < La.
Note that e_;:{“/_l = % =r~In7l =0 asn— oo, and also

-1 2nv2
(4.15) 277 - a "V =a2e M rn <rn"! =0 as n — 00,

n"v

where we used ([£2)). Hence for n larger than a certain absolute constant, we have
(4.16) 1—7"V +a '9*" V2 +4(1 4+ r e ™a™ < 1.

3The boundedness assumption in Rogers’ statement of [25] Thm. 1] can be disposed of, cf. [25] p. 211]. Note
also that we do not have to require V' < 1, although if V' > 1 then the bound in (4.6]) is subsumed by the bound
J e(M, L) dp, < 5 which follows by applying Theorem [7] to an arbitrary subset M’ C M of volume 1.
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It follows from (4.13]), (AI4) and (£I6]) that
(4.17) pn({L € X, + e(mK',L) +€e(K',L) <1}) >1—a.

However, for any L € X,, satisfying e(nK’, L)+¢e(K', L) < 1 we have (1+n)K’'+ L = R", since
K’ is convex (cf. [24] Sec. 1.3]), and thus also aK’+ L = R" for any a > 1+ n. In particular,
since K = p~'K', K + L = R" holds for any such L, provided that we have p=t > 1 + 7.
But vol,(K) = p~"V; hence p~! > 1+ 7 is equivalent with vol,,(K) > (1 +7)"V, and this
inequality certainly holds, because of V' < n and our assumption ([43]). Hence (£4) follows

from (4.17). O
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