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ON THE DEVIATION OF ERGODIC AVERAGES FOR HOROCYCLE FLOWS

ANDREAS STROMBERGSSON
(Communicated by Jens Marklof)

ABSTRACT. We give effective bounds on the deviation of ergodic averages for
the horocycle flow on the unit tangent bundle of a noncompact hyperbolic
surface of finite area. The bounds depend on the small eigenvalues of the
Laplacian and on the rate of excursion into cusps for the geodesic correspond-
ing to the given initial point. We also prove Q-results which show that in a
certain sense our bounds are essentially the best possible for any given initial
point.

1. INTRODUCTION

Let G denote the group PSL(2,R) and let I be a lattice in G. This means that
I' is a discrete subgroup of G and the measure v on the quotient space I'\G
derived from the Haar measure on G is finite. We assume that v is normalized,

ie, v('\G) =1.
The geodesic and the horocycle flows on I'\G are defined by
et/2 0
8:(I'g) = Fg( 0 e—r/z)
1)

1 ¢
ht(Fg)=Fg(0 1) (g€ G, teR).

It was proved by Dani and Smillie [7, 8] that for each point p =T'g e I'\G that
does not belong to a closed orbit of the horocycle flow, the orbit {h:(p) |0 < ¢ <
T} becomes asymptotically equidistributed on I'\G as T — oo. In other words,
for any such p and any bounded continuous function f: I''G — R, the ergodic
averages satisfy

1 T
@) —f f(ht(l?))df—’(f):f fdv, as T—oo.
T Jo T\G

This result was later vastly generalized by Ratner [28] to the case of an arbitrary
unipotent flow on a general homogeneous space. As was pointed out by Mar-
gulis and others (cf., e.g., [21]), an important (and difficult) open problem is to
prove effective bounds on the rate of convergence in Ratner’s general result.
For G =PSL(2,R) and I" cocompact, such effective bounds were obtained by
Burger in [6]. For I' cocompact there are no closed horocycles on I'\G, and the
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bound proved in [6] for the rate of convergence in (2) is uniform with respect to
pel\G.

In the present paper, we treat the case of noncocompact (but cofinite) I' € G =
PSL(2,R). In this case the dynamics of the horocycle flow is more complicated
than for cocompact I', due to the presence of closed horocycles. Since the closed
horocycles form a dense set in I'\G, it is clear that the rate of convergence in (2)
must be highly sensitive to the choice of p.

Our main result is Theorem 1 below. This theorem gives an effective version
of (2) for a restricted class of functions f; it gives a bound on the deviation of
the ergodic average which depends on the small eigenvalues of the Laplacian
and on the excursion rate of the geodesic g;(p) as t — co. We also prove that in
a certain sense this bound is essentially the best possible, for any given initial
point (see Theorem 2).

To state Theorem 1, we let H be the Poincaré upper half-plane, with G =
PSL(2,R) acting on H in the usual way, and let .# =I'\H, a hyperbolic surface
of finite area. Let m: I'G — .# be the standard projection given by I'g — I'g(i);
then I'\G is naturally identified with the unit tangent bundle of .. Let 1y, ..., 7«
(where x = 1) be the inequivalent cusps of .#, and fix a neighborhood ¢ i cT\G
of each n; in such a way that €7, ..., €y are pairwise disjoint. Fix a point pg € /.
For p € I'G we let dist(p) denote the hyperbolic distance from py to 7n(p) on
M.

If there exist small eigenvalues A € (0, i) in the discrete spectrum of the Lapla-

cian on .Z, then we let 1; be the smallest of these, and define s; € (%, 1) by Ay =
s1(1 —s7); otherwise let s; = % For each j € {1,...,x} we also let /1(1]) € [A1, i) be
the smallest positive eigenvalue for which there exists an eigenfunction which
has nonzero constant term at the cusp n; (i.e., c(()] ) #01in (18) below), and define
sij) € (%, 1) by /1(1]) = si])(l - sij)); if no such /1(1]) exists we let SY) = % Note that
by these definitions we have % < si]) < 51 <1 for each je{l,...,x}, and s; = % if
and only if .4 admits no small eigenvalues.

For f € CX(I'\G) we let || fllw, be the Sobolev L? norm involving all the Lie
derivatives of f up to the k™ order. We also introduce the following weighted
supremum norm, for f € C(I'\G) and a = 0,

) Iflin, = sup |f(p)]-e @ distP),
pel'\G

THEOREM 1. Let 0 < a < 5. We then have, for all p € T\G, T = 10, and all f €
C*(T\G) such that || flw, < oo and || fln, < oco:

L ~1/27.53 Gy .
4) ?\/0 fhe(p)dt= (f)+O(||f||W4){r log®(r+2)+ % ~L4 T }

+0(Iflln,)- "2,

(
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where r = r(p,T) = T-e”4W6we1P) and j = j(p,T) is defined by giogT(p) € €}

(if there is no such j, the term rsiﬂ_l is omitted in the bound above). The implied

constants depend only onT', a and py, 6}, ..., 6x-

We remark that the implied constants are effective in the sense that they can
in principle be determined explicitly from the proof once I' and the finite set
of small eigenvalues 0 < A < i on I'\H are known. Also, it is easy to see that
for each p € T'\G for which the horocycle {h;(p) | t € R} is nonclosed, one has
r=T-e dt8oer(P) _, 55 as T — co (cf. (14) and Lemma 4.4 below). Hence
Theorem 1 is indeed an effective version of (2).

The entity r = T - e~ 45!80s7(P) j5 directly related to the asymptotic excursion
rate of the geodesic {g;(p)}, a concept which is well studied in the literature. For
instance, let us define

dist(g,(p))
t

(5) ap =limsup € [0,1];

t—o00
it then follows from Sullivan’s logarithm law for geodesics [34, §9] that ), =0
for almost every point p € I'\G (with respect to the invariant volume measure).
One even knows that for each ag € [0,1] and each fiber n‘l(q) € I'\G (a one-
dimensional circle), the subset {p € 771(¢) | @, = ao} has Hausdorff dimension
1-ag (cf. [23, Thm. 1]).

From these facts and Theorem 1 we see that for each point p € I'\G outside a
“very small” set, the deviation of the ergodic average always decays like O(T %)
as T — oo, for some 6 > 0. The next theorem shows that for each p, Theorem 1
gives the optimal exponent 6.

Let us define, for je{1,...,x},

(6) @p,j = limsup —dISt(gt(p )).

t—oo

(8:(p)EE))
(We let ap,; =0 if g;(p) ¢ €, for all large ¢.) Note that 0 S ap, j S ap < 1.
THEOREM 2. Let p e T'\G be given, and let
6, =min(1-s, mjin(l —ap)(1- sij))).

Then for any fixed 5 < 6, and any fixed function f € C*('\G) such that | fllw, <
oo, we have

1 T
@ ?fo Flhep)di=(F)+O(T™),  as T—oo.

On the other hand, there exists a function f of the above type such that (7) does
not hold for any 6 > 6.

In particular, by the logarithm law for geodesics, for almost every p € T'\G the
exponent of optimal rate equals 6, = 1 sy. Also, in each fiber xl(q), 6, >0 for
every p € 1~ !(g) outside a set of Hausdorff dimension zero.
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REMARK 1.1. It is immediate from Theorem 1 that (7) holds for all § <6, and
all functions f € C*(I'\G) satisfying || fllw, < oo and | f |y, < oo for some a < %
Theorem 2 tells us that (7) even holds without the assumption || | n, < oco. On
the other hand, by studying special nonclosed horocycles with §,, =0 one can
show that in Theorem 1 some assumption on f beyond || f|lw, < oo is necessary,
cf. Proposition 4.1.

The proof of Theorem 1 is based on an explicit identity for ergodic averages of
the horocycle flow which was developed and used by Burger in [6]. However, we
cannot use invariant norms on L?(I'\G) in the same direct way as was possible
in [6]; instead we use Sobolev imbedding inequalities with explicit dependence
on the point in I'\G. Extra care is required to treat initial points p with §,, = 0;
for such points p we first make a careful splitting of the horocycle into several
parts, and then deal with each part separately, cf. pp. 305-308. (This argument
was inspired by Ratner, [29, p. 20].)

The last statement in Theorem 2 is a consequence of more precise Q-results
which we prove in §4 and §5. The proofs in §5 involve use of the Fourier expan-
sions of the individual eigenfunctions on I'\H.

For I" a congruence subgroup of PSL(2, Z), Theorem 2 allows a more explicit
formulation, as we will now show. Recall that an irrational number r € R is said
to be of (Diophantine) type K if there exists a constant C > 0 such that |r —
m/n|>Cn X for all m,neZ with (m,n) =1, n> 0. The smallest possible value
of Kis K=2.Let g = (‘C’ Z) € G be a representative for a point p € I'\G; then
% € RU {oo} = 0H is the end-point at infinity of the horocycle {h;(g)} (projected
from G to H). If T is any subgroup of finite index in PSL(2, Z) then the horocycle
{h:(p)} is nonclosed if and only if ¢ # 0 and ¢ is irrational. For general T, there is
a well-known correspondence between the excursion rate of the geodesic g;(p)
and the well-approximability of £ by cusps of T, cf. [34, 23, 36]; in particular, if
I' is any subgroup of finite index in PSL(2,Z) and {h;(p)} is nonclosed, then

ap=1-2/K,

where K), € [2,00) U {oo} is the infimum of all numbers K 2 2 such that £ is of
type K. (This formula remains true if we define K, = co when {h;(p)} is closed.)

Recall also that if ' is a congruence subgroup of PSL(2, Z) then there is no resid-
G

ual spectrum on I'\H, i.e., s;

"= for all j. Hence:

COROLLARY 1. If T is a congruence subgroup of PSL(2,Z) then the optimal ex-
ponent 6, in Theorem 2 is

6p=min(1—sl,K;1), forall peT\G.

In this connection, recall that the fundamental eigenvalue conjecture by Sel-
berg is the statement that for each congruence subgroup T', there are no small
eigenvalues 0 < 1 < ;11 on I'\H. Hence, by the corollary, Selberg’s conjecture is
true if and only if, for each congruence subgroup I, there exists at least one
point p € T'\G such that §,, = % (and if so, then §, = L for almost all p € T\G,

-2
and 6, = K,;l for all p e T\G).

JOURNAL OF MODERN DYNAMICS VOLUME 7, No. 2 (2013), 291-328



ON THE DEVIATION OF ERGODIC AVERAGES FOR HOROCYCLE FLOWS 295

1.1. Related work. The present work was completed as a preprint in 2003, but
was not submitted for publication at the time.

In a closely related paper, Flaminio and Forni [10] give a precise classifica-
tion of the invariant distributions for the horocycle flow on I'\ G, and use this
to prove, among other things, a more precise asymptotic version of Burger’s re-
sult for cocompact I', and also, for noncocompact I', an asymptotic formula for
ergodic averages of the push-forward of a given finite horocycle arc under the
action of the geodesic flow. The classification and tools developed in [10] could
also be easily applied to give alternative proofs of some of the main results ob-
tained in the present paper; in particular the upper bound (7) in Theorem 2
as well as some of our lower bounds; I am indebted to Flaminio and Forni for
explaining this alternative approach to me in some detail [11].

We also mention some later work in related settings with G = PSL(2,R). For
the case of I'\G compact, Bufetov and Forni [4] (building on [10]) recently ob-
tained precise results on the limit distribution of the appropriately rescaled er-
godic averages for the horocycle flow. Also for I'G compact, Venkatesh [37, Thm.
3.1] has proved an effective equidistribution result for discrete orbits of the horo-
cycle flow. For the case of the modular group I' = PSL(2, Z), Sarnak and Ubis [31],
independently of the present paper, proved an effective rate of equidistribution
for both continuous and discrete orbits of the horocycle flow on I'\G, and ap-
plied this to the study of orbits of the form {#,(I'g)} with p running through the
prime numbers. Also for I' = PSL(2, Z), Athreya and Cheung in [1] constructed
a Poincaré section for the horocycle flow on I'' G, and made a careful study of
its first-return map. Recently also effective results on the asymptotic equidistri-
bution of closed horocycle orbits for noncofinite (but finitely generated) I have
been obtained, by Kontorovich and Oh [16] and Lee and Oh [18].

Important results on effective equidistribution in other homogeneous spaces
have been obtained by Einsiedler, Margulis and Venkatesh [9], and by Green and
Tao [12].

The main result of the present paper was recently applied in the study of the
orbits for the action of a lattice I' = G on the plane R?, cf. Maucourant and Weiss
[22].

2. DECOMPOSITION OF LZ(I‘\G) AND SOBOLEV NORMS

We start by introducing necessary notation and recalling some basic facts
regarding unitary representations of G, Sobolev norms, and the geometry of
I'G.

We let G = PSL(2,R), g = sl(2,R). For x e R, y > 0, 8 € R/nZ we define the
following elements in G:

T ox B yi2 0 _ [ cosf sinf
s 3 s e )

Then each g € G has a unique factorization g =n(x)a(y)r(@) (Iwasawa decom-
position). Using these coordinates, the bi-invariant Haar-measure dg on G is
given by dg = y~2dxdyd6.
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We define H, X_, X, € g by

10 00 0 1
ielo S el o) 2o o

Then the Casimir element in the universal enveloping algebra U (g) is
®) = - (H* +2X, X_+2X_X,).

If (A2, m) is an irreducible unitary representation of PSL(2,R) then there is an
orthonormal basis {¢,},es in A such that X is a subset of the set 2Z of even
integers, each ¢, is a smooth vector, and 7(r(@))¢, = !¢, forall ne =, f € R.
The Casimir element acts as a scalar, 7([]) = 1-1d, on the set of smooth vectors
in #. One knows that either A >0 and X = 2Z (then (/, 7) is a representation
of the principal series or the complementary series), or A =0 and X = {0} (the
trivial representation), or else A = % (1 - 3!) for some even integer m 2 2, and
S={m,m+2,m+4,.}or 2={-m,—-m—-2,-m-—4,..} (the discrete series).

Now let & be an arbitrary unitary representation of G on a (separable) Hilbert
space . It is known that any such representation is unitarily equivalent to a
direct integral

5] 5]
(o, 70) = ( fz 7 dv(Q), fz A0 dv(()),

where Z is a locally compact Hausdorff space, v is a positive Radon measure on
Z, and for almost every { € Z, m; is an irreducible unitary representation of G in
a separable Hilbert space (). The Hilbert space fzGB FE) dv(() is the L?-space
of all measurable functions f on Z with f({) € #(() and [; I f() ”?;f(() av(() <
oo, and the action of g € G is given by (w(g) /() = (m:(8)(f()). Cf, e.g., [20,
§2.4] or [38, §§14.8, 14.9].

Using the notation introduced above for irreducible representations, we de-
fine, for almost all {, A = A({) so that (L) = A({)-Id in #£((), Z = Z({) € 2Z, and
an orthonormal basis {(¢,,({)} ez ) in A(() consisting of smooth vectors ¢,, =
¢n(Q) satistying 7, (x(0))Ppp = ei”(’(,bn. We define ¢, (¢) =0 for all n e 2Z-Z(().
Then A({) is a measurable function of {, and by [27, Lemma 1.1] the basis ele-
ments ¢, may be chosen in such a way that ¢, (() is a measurable function of
( € Z for each n €27, and also so that a function f on Z with f({) € #7 is mea-
surable if and only if the function Z 3 { — (f({),pn(()) 0 €C s measurable
for each ne€27.

We also define s = s({) as the unique complex number such that A = s(1—)
andRe s 2 1, Im s > 0. We then have s€ 3 +iR>oif A > 1, s€ (3,11if0S A< g,
and seZ*if A 0.

For k € Z>, we denote by C¥(r) is the space of vectors f € # such that the
function G3 g— n(g)v € A is of class Ck. We let #> = C° () be the space of
smooth vectors. This is a dense subspace in A

We next define the Sobolev norms which we will use. Fix any basis X;, X, X3
ingandletA=-3%; Xl.2 € U(g). Then 7(A) (the closure of 7(A)) is a self-adjoint

JOURNAL OF MODERN DYNAMICS VOLUME 7, No. 2 (2013), 291-328



ON THE DEVIATION OF ERGODIC AVERAGES FOR HOROCYCLE FLOWS 297

operator on .7 (cf. [25]). The (L?) Sobolev space Wi.(#€) of order k € R* is de-
fined to be the domain of the operator (I +m)k/2. We define the Sobolev
norm |- lw, on Wi(#) by Ivliw, = I(I+7@)""vl. The space Wi.(#) with
norm || - [lw, is in fact a Hilbert space, containing the space of smooth vectors
S as a dense subspace.

A straightforward computation shows that the norm | - [lw, is equivalent to
the norm || - || W defined by

2
© Wiy = [ Y aentsOBE [ 00,.000) 1| av,

nex(()

and a vector v € # belongs to Wi (/) if and only if the right-hand side above
is finite. (The constants of equivalence between || - |y, and || - | W depend only
on k € R* and the choice of basis X, X», X3 in g.)

If k is an integer, then on the subspace Ckn) Wi (#€) the norm | - lw, is
also equivalent to the norm || - ”le defined by || vl " =Y In(Xy) vl?, where the

sum runs over all monomials X, = X; X;,...X;, € U(g) of degree < k. As usual,
> is given the topology induced by all the norms | - [|w,, k € Z*. This makes
S into a Fréchet space. (Cf., e.g., [38, Lemma 1.6.4].)

From now on we let I' € G = PSL(2,R) be a cofinite Fuchsian group such that
the hyperbolic surface .4 =T'\H has at least one cusp.

Concerning the cusps and the fundamental domain, we will use the same
notation as in [14, p. 268]. Specifically: we let & < H be a canonical (closed)
fundamental domain for I'\.#, and let 71,..., 7 (where x = 1) be the vertices of
& along 0H = RU {oo}. Since & is canonical, 11, ...,k are '-inequivalent.

For each j € {1,..,x} we choose N; € G such that N;(n;) = co and such that
the stabilizer T, is [T;], where T; := N]‘.1 (§ 1) N;. Since & is canonical, by
modifying N; we can also ensure that for all B large enough,

(10) N;(%)()izeH|Im z> B} ={zeH|0<Re z<1,Im z 2 B}.
We recall the definition of the invariant height function, %t (z):
a1 W (2) = sup {Im N;W(2) | jel,..xh We r}.

(Cf. [15, (3.8)].) This definition is in fact independent of the choice of & and
of the maps N j- One knows that the supremum in (11) is always attained for
some j, W; we then write jr(z) = j (this makes jr(z) uniquely determined for
each z with #r(z) large). The function %t(z) is well-known to be continuous
and I'-invariant; hence %1 (-) can be viewed as a function on /.

In the lemmas below, we will also use @t (-) and jr(:) as functions on G or on
I'\G, defined via composition with the standard projection maps G — I'\G — .4
(i.e., g—T'gand I'g—I'g(i)). Thus

1 % %
c? +d? ) c d
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We record the following inequalities for later use:
(12) Pr(ga(y) = max(y,1/y) - (g) Vy>0,
(13) D (gn(n) = (L+1t)*-Fr(g) VieR.

These follows from the inequalities (czy + dZ/y)_1 < max(y, 1/y)(c2 +d?~1! and
(+(ct+d)>) I S A+1t)?(c?+d?) 7!, true for all (¢, d) € R>~{(0,0)}. Furthermore,
recalling the definition of the function dist(p) in the introduction, one easily
checks that there are positive constants C; = C1 ([, pg), Co = Co(T', pg) such that

(14) C1e9UP) <oy (p) < GNP vpe.s.

From now on in this paper, we will always let 7 denote the right regular repre-
sentation of G on # = L?(T'\G). This is a unitary representation. Since I'\G is of
finite volume, the direct integral decomposition # = 5 m; dv({) can in fact be
constructed in such a way that Z is a disjoint union of three measurable subsets,
Z=7,UZ;UZ;g, such that the following hold (cf,, e.g., [17, 3]):

(@) Writing S = S, & H¢ & S5 for the corresponding decomposition of A
as an orthogonal sum of closed subspaces, the space #, coincides with the
space °L?(T'\G) of cuspidal elements in L?(I'\G).

(b) Z,UZ,sis a discrete measure space, and we may thus assume v({{}) = 1 for
all(eZ,u”Z,s.

(c) For each { € Z,, ¢ is nontrivial, and {{ € Z, | |s({)| < S} is finite for each
S>0.

(d) Z,s is finite. There is exactly one { € Z, such that 7; is the trivial represen-
tation, and for all other { € Z,5 we have s({) € (%, 1).

(e) For all { € Z, m; is a principal series representation (and thus s({) € % +
IR>().

We can give more precise statements than (c) and (d) as follows: The set
{AQ) | { € Zy,Re s({) < 1} coincides (with multiplicities) with the set of cuspidal
eigenvalues of the Laplace operator — yz(% + %) on I'\H; the set {A({) |{ € Z,s}

coincides with the set of residual eigenvalues of — yz(aa—;2 + aa—;z) on I'\H; and for
each m € 27" the number of elements { € Z, with s({) = m/2 is equal to twice
the dimension of the space of holomorphic cusp forms of weight m on I'\H.

Note that by (b) above, we have #, = @cz, #() and Fr5 = Drez,, A (),
and in particular for each { € Z,uZ,;, #({) may be viewed as a closed subspace
in . Note also that if f € #*° and if f,, f.s, frs are the projections of f to A,
Fer and Hys, then fo, for, frs € 7%, and 11115, = I follfy, +1 fecllfy +1 frsll3y, for
any k > 0. Furthermore, if f € #*°, then each projection of f to a subspace
H) ((€Z,UZrs) remains in A,

LEMMA 2.1. If f € Wo(F) then f is a continuous function on T'\G, and

(15) Ifl<p Ifllw, -2 ()%, ¥Ypel\G.
Proof. Cf. [10, Lemma 5.3]. (Cf. also [2, p. 349 Prop B.2]; note that the function
“w(x)” in [2] is comparable with #f(x).) O
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LEMMA 2.2. If f € W3(F) and f is cuspidal then we also have the bound
(D) <<p 1 fllws, Vpel\G.

Proof. This is [2, Prop 4.1]. As a preparation for the next lemma, we recall the
proof from [2, pp. 350-351]. In view of Lemma 2.1 and the density of A4 in
W3 (A) we may assume f € #°. In particular, dn(X) f and the pointwise (right)
Lie derivative X f are now the same, for all X € g.

Also because of Lemma 2.1, we need only treat the case when p’s projection
onto I'\H lies in a cuspidal region & n N]‘.l{z €H|Im z = B}, cf. (10). After an

auxiliary conjugation, we may assume N; = ({ 9), so that the cusp is 77 = 0o, and

the stabilizer T'o = [({ 1)]. Then @1 (p) = Im g(i) = B, for some representative
geGof p.

Let g = n(x)a(y)r(0) be the Iwasawa decomposition of g; then y = @#¢(p).
Since f is cuspidal we have fol fm(uw)g)du = 0. Writing ng (¢) = r(@ 'n(n)rO)
and using n(u) a(y) = a(y)n(u/y), we obtain

(16) fol/yf(gng(t)) dt=0.

Now {ng(#) | t € R} is a one-parameter subgroup in G generated by
Xo=r0)"1X, 1) €g.

Clearly || Xg fllw, << Il fllwg, uniformly in 6. Note also that #r(gng (%)) = Zr(p),

since gnyg(t) = n(ty)g and Im n(zy)g(i) = Im g(i) = B. Hence by Lemma 2.1
applied to Xp f, we have for all f e R,

d
a7 = F(gno(0)| =|[Xo](gmo ()| < 1 fllws - @5 (p) "

Clearly, the desired bound follows from y = #t(p) and (16), (17). (In fact, we
even obtain the stronger bound | f(p)| < Il fllw, F(p)~V2) O

In the next lemma, we will prove a similar bound when f € /. Assume
(eZ;,sand s=s() € (%, 1). Recall the definition on p. 296 of the orthonormal
basis {¢,(()} in H(). We write ¢, = ¢,,({). Now ¢p¢ can be viewed as a function ¢
on I'\H (since 7 (r(8))¢do = ¢y for all ), and ¢ is an eigenfunction of the Laplace
operator of eigenvalue A = s(1-s). Hence for each j € {1, ...,x} we have a Fourier
expansion [14, Ch. 6, §4]

(18) P(2) = céf)y}‘%r Y e ViK,_1@rlnly)) e(nx)),
n#0
where x; +iy;:= Nj(z). (Since { € Z,s we know that c(()j) # 0 for at least one j.)

Note that if c(()j) = 0 for some j then fol (,bo(N]_.ln(u)g) du =0 for all g € G, and

then [} [n(X)(/)O](Nj‘.ln(u)g) du =0 for all g€ G and all X € U(g). Since the set

{m(X)o} spans #(() in Hilbert space sense, it follows that for any f € #((),

we have fol f(N]_.ln(u)g) du =0 for almost all g € G. (Cf. [3, proof of Prop. 8.2].)
Recall the definition of jr(:), just below (11).
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LEMMA 2.3. Let{ € Z,5 and s = s({) be as above. We then have for each f €
W3(A) N A(L),

IF( < Iflw,-Z0()'~5,  Vpel\G.

Furthermore, if c(()j) =0 for some j €11,...,x} then for all p € T'\G with jr(p) = j
we also have the stronger bound |f(p)| < I f 1w

Proof. The second statement follows from the proof of Lemma 2.2, in view of
our remarks above. We now prove the first statement. Let ¢, = ¢,({) be as
above.

As before, we may assume f € #£°nA# (), Nj = ({?) and @ (p) =Im go(i) =
B, where gy € G is a representative for p. Assume f =3 ,e27 dnpn. Each ¢,
belongs to C®(G) N Lo(I'\G) and satisfies ¢,(gr(0)) = ¢, (g)e™ and D¢, =
Ay, where A = s(1—5) € (0, i). Now let Fj,(g) = fol ¢dnm(u) g) du. Then UF, =
AF,, and since F,(n(x)a(y)r(0)) = Fy(a(y))e'™ for all x,y,0, and 0= —y (a 22 +

il ) + yaxag in these coordinates, we obtain y dy 2Fn(a(y)) = AF,(a(y)), that

ay?
is, gy y2S 66y y~SFu(a(y)) = 0. Hence F,(a(y)) = A,y* + A}, y'~* for some constants

Ay, Al eC.
Using N; = (§9), (10) and Cauchy’s inequality, we now have

1=fr\ pn(g)2 dg = ff b dx dy

d d
znf f|¢>n(n(x)a(y))| dx—y>nf |Fala))P =3
B Jo B y

This forces A, =0 and A}, <. 1 (uniformly in 7).
Now write go = n(x)a(y)r(@) so that y = %r(p) and F,(go) =
let ny(#) be as in the proof of Lemma 2.2. We then have

1 s m@ , and

1/y 1
[ reomaordr] =| [ fmogdul=| ¥ diFaten)
0 0 ne2z

< Y ldul-y' < fllw, -y °
ne2Z

(19)

by Cauchy’s inequality, since ) ,c07(1+ n?)\|d,|? < ||f||%,vl by (9).
The proof is now completed as the proof of Lemma 2.2, using (17) and (19).
O

3. BOUNDING THE DEVIATION OF ERGODIC AVERAGES

As before, we let I' ©¢ G = PSL(2,R) be a cofinite Fuchsian group such that
4 =T\H has at least one cusp, and we let 7 denote the representation of G
on # = L[*(I'\G) given by right translations. For any f € /# we write (noting
€ < LHT\G))

D= ame e’ ®
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This agrees with the definition in (2). Also recall the definition of s; and si] )
given in the introduction.

PROPOSITION 3.1. For all f € Wy(#), p € T\G and T = 10 we have, if j =
jr(pa(1)),

1 (T T -1/2
— = - - -(log T)?
Tfo fpm(o) dr <f)+O(|If||w4){(%(pam)) (log T)

(20) T s =1
+(—) E— Tsl_l}.
% (pa(D)

The implied constant depends only onT.

Proof. For fixed p and T, note that % fOT f(pn(?)dt depends continuously on
f € Wy () with respect to the norm || - [lw,, by Lemma 2.1. The same is clearly
true for (f), since | - llw, is stronger than | - |. Hence by the density of A4 in
Wy (A€), we may assume from start that f e A"°.

Using A = 6, & Ao+ & S We may assume from start that f € A5, f € At
or feHrs. LetZ, ={(e€Z,]|s({) € (%,1)} and ) = Dez: ) < H,, and
let #, be the orthogonal complement of 7 in /,. Since Z} and Z, are
finite, we may in fact assume that one of the following holds: f € .#({) for some
(€Z} Ul or feFH,, or feFH:;. (Westill have f € #°.)

In the case when f is a constant function (i.e., f € #°({) for the unique { € Z,
with s({) = 1), (20) is trivial, and the error term vanishes. Hence, from now on,
we may assume that f is orthogonal to the space of constant functions.

We will now recall the integral formula in [6] which lies at the heart of the
proof of [6, Theorem 2]'. We first have to recall the definition of some auxiliary
intertwining operators. Fix a number Y = 1 (we will later take Y = T). For each
y 2 1 we define F), and S, to be the intertwining operators .# — . which are
determined, via the integral decomposition of .77, by the following functions
Z — C (we write s = s({)):

s—1_ 1— —S .
u, if Re s< l,s;é%

2s5—1
=1 5%, ifs=1
ys, ifsezt,
s—=1_,,—§
L, ifRes<l,s#3
sy =48, ifs=}
0, ifsezt.

Iwe modify Burger’s formula to «r-l fo ” instead of “(2T) "] fTT”. Also, we correct a minor
mistake in the case “a = %” in [6, pp. 788(*%), 790(2),(3), etc.].
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Also, for each y >0 we define T, to be the intertwining operator . — # deter-
mined by

sy (D), ifRes<1,y>1
21 () =140, ifRes<1,y<1
1-2s _y1-2s
p (RN e

We record the following bounds (write Z, =7, —-Z73):

2+logy logy
sup |fyI= , osup [y —= (Vyz2 1)
22) ((—:ZgLIJ)Zn fy 2\/7 (eZ;SZ” Y \/? Y
2log(y +10)

sup [t,(0) <

(€ZyUZ,, vVy+l1

These bounds are easy to verify from the definitions, using the fact that { €
Z,UZ. implies either s = %+ it(t=20)orsezt, and for s = %+it (t>0) we

have f,(¢) = 282 + SR and 5, @) =y~ [ 2 d,

It follows from the bounds (22), and the fact that Z} and Z, are finite, that
Fy, Sy and T are bounded operators /# — # for each y, and also bounded
operators Wi (A#) — Wi (A) for each k > 0, as well as continuous operators
A — A, One easily verifies that ,({) is continuous in y, uniformly with
respect to ¢, viz., for each fixed yo > 0 we have sup;cz |t ({)— 1y, ()| — 0 as y — yo.
It follows from this that T), is continuous in y with respect to the operator norm
in each space Wi (A) (k> 0): | Ty, — Ty,llw;, — 0 as y — yo.

Since our function f € A is orthogonal to the constants, the integral for-
mula from [6, Lemma 1 and pp. 790-791] now applies as follows:

(Vye(0,YD.

1 T 1 T
—f () fdt= —f nm(a(Y)Fy(f)dt
T Jo T Jo

T

1
(23) -— | mm@®a)Sy(dn(H) f)dt
2T Jo

1 Y
+?/0 [1-7m(D)]|x@y) Ty (dn(X_)f)dy.

The first three integrals are well-defined as integrals of #°°-valued functions,
since the integrands therein are continuous functions from [0, T'] to A#°°. Simi-
larly, the last integrand is a continuous function from (0, Y] to #*°, and hence
if we replace [ by [ for any e > 0, the last integral is well-defined in .
Also, as € — 0, the last integral certainly converges in ./, since the | - [|-norm of
the integrand is uniformly bounded for y € (0, Y].

We first treat the case f € #;. Since s € % + iR for all { € Z;;, we may here

replace fOY by fly in the last line of (23), and all the integrals then converge
in A°. For each fixed point p € I'\G the map v — v(p) is a continuous linear
functional on #°°, by Lemma 2.1. Applying this functional to both sides of (23)
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we obtain
T T
fo f(p“(md’f:fo [Fy fl(pn(na(Y)dt
1 T
—gfo [Sydn(H) f](pn(na(Y)) dt

Y
" fl ([7ydn(X) f](pat) - [Tydr(X ) £ (pn(Traly)) dy.

By Lemma 2.1 we have |v(x)| < [[vlw; @ (x)!? for all v € #* and all x € T\G.

Using (22) we also have ||Fy fllw, < 2+10gY|| fllw;. Similarly, ||Sydn(H) fllw, <

E2 N fllw, and || Tydm (X-) f llw, < 52 togy L fllw, for all y 21 (cf. (21).

Let us now take Y = T. Using the relation n(u)a(y) = a(y)n(u/y) and (12),
(13), we see that for all £€[0,T] and all y€[1,T]:

@ (pn(na(Y)) =2r(pa(Mn(t/T)) £ 4- 2 (pa(T));

AT
@ (pn(Da(y)) =2 (pa(T)n(a(y/T)) < 5 % (pa(T));

T
Y (pa(y) = " A (pa(l)).

Using these inequalities, we obtain

1 T 1 T1+logT
'—f Fpn@yde|< = | =2~ fllw, V@ (pall) dt
T Jo T Jo VT
T
—f ||f||W4 \/;-@r(pa(T))dy
T —
< fllw, - (m) (log T)>.

This completes the proof in the case f € #;.

Now assume f € #({) for some { € Z; UZ,, and that f is orthogonal to the
constant functions. Let s = s({) € (%, 1). In (23), the intertwining operator Fy
is now simply multiplication with f,({), and similarly for Sy and T,. We may
apply the above argument, with the only differences that now by Lemma 2.2
and Lemma 2.3, |v(x)| < || v||W3@r(x)1_s for all ve #(() N A and all xeT'\G,
and furthermore || Fy fllw, < YU fllw,, ISydn(H) fllw, < Yl fllw,, and
I Tydn(X2) fllwg < ¥ i fllw, for all y = 1. We obtain

< N fliw,

1 T
(24) ‘?f flpn(n)dt
0

-1
(@r(pa(T)))s '

1 o)

This implies the desired bound whenever 5 < s < 5, since, by writing r =
T/% (pa(T)), we then have r*~1 < max(r‘”z, rst ~1). Clearly, (24) also implies
the desired bound whenever @t (pa(T)) < 1, since s < s;.
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Next, assume sij '<s<1and % (pa(T)) large. By the definition of sﬁj ) and the
second bound in Lemma 2.3 (or by Lemma 2.2, if { € Z}) we have v(x) < vllwg
for all v e A () N A and all x e T'\G with jr(x) = j = jr(pa(T)).

Let us take B > 1 as in (10) so large that the cuspidal regions N;l([O, 1] x
[B,oo)) c & are pairwise disjoint. Clearly jr(z) = j for all z€ H with Im N j(2) =
B. We may assume Im Njga(T)(i) = 4B for some representative g € G for p,
since #r(pa(T)) is large and jr(pa(T)) = j. By the proof of (13), we then have

Im Njgn(t)a(T)(i) =Im Njga(T)n(t/T)(i) 2B

for all 7 € [0, T], and thus v(pn(t)a(T)) < llvilw, for all £ €[0,T] and all v e
HC) NS,

Furthermore, if Im N;jgn(T)a(y)(i) < B for some y € [1, T] then y < T by what
we have just noted, and we may find yg € (3, T] such that

#r(gn(Ta(yo)) =Im Njgn(T)a(yo) (i) = B,

and thus by (12), @r(gn(T)a(y)) < Byy/y < T/y. Hence we conclude that
v(pn(Ta(y)) < (T/y)l_sllvllw3 for all ye [0, T] and v € A({) N A°. Similarly,
v(ipa(y)) < (T/ y)l_s llvllw,. Using these inequalities and computing as above,
we obtain

-1
<p I fllw, T°7°.

1 T
(25) ’—f f(pn(t)dt
T Jo

This implies the desired bound, since s < s7.

Finally we treat the case f € /#,, by a similar argument as in [6, p. 791]: It
follows from Lemma 2.2 that the supremum norm N(f) = SUP per\G [f(p)lisa
well-defined and continuous function on A, N 7. Write

1 Y
ve= [ (1= a@ON T, (dn X0 f) dy € 7, 0.2
€

then the last line in (23) is the same as vy = lim,_.¢+ Ve (limit in the norm || -||).
The norm N is clearly invariant under n(g), for all g € G, and hence by Lemma
2.2 and (22),

2 Y
N(ve) < ?f N(Tydn(X-)f)dy

VYlog(Y +1)
T

2 Y
<r ?f I Tydn(X2) fllw, dy < Nl
&

Similar estimates also show that {v j*l}?il is a Cauchy sequence with respect to
the norm N(-). Hence there is a function w in C,(I'\G), the space of bounded
continuous functions on I'\G, such that N(v;-1 —w) — 0 as j — oo. But using the
fact that |[v|| < VVoIT\G) - N(v) for all v e Cp(T'\G), we see that we must have
w = vg, and hence N(vg) =limj_.oo N(vj-1) < T7'VY1og(Y + 1) || fllw,-
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The other integrals in (23) are dealt with more easily, since they are conver-
gent in #°°. We obtain

I 1T
‘—/ f(pn(t))dt‘ §N(—f n(n(t))fdt)
T Jo T Jo
(26)
- 1+logY'”f” .\ VYlog(Y +1) A
—\/7 Wit Wy-
Taking Y = T again gives the desired result, and the proof is complete. O

Note that Proposition 3.1 does not imply the fact that each nonclosed horo-
cycle goes asymptotically equidistributed. The problem is that there exist non-
closed horocycles for which (T/?Z/r(pa(T)))_llz(log T)? does not tend to 0. We
will now prove Theorem 1 (cf. p. 292), which rectifies this problem, at the price
of also having to use the weighted supremum norm || - ||y, in the bounds. The
proof is carried out by splitting the long horocycle into several pieces, and ap-
plying Proposition 3.1 to each piece except possibly one. On the exceptional
piece we instead use a supremum bound. We first prove a simple lemma.

LEMMA 3.2. For any given g€ G, je{l,..,x} and W €' we have
W (g) < max(Im N;Wg(i), Im N;Wg(i) ™),
with equality whenever Im N;Wg(i) 2 1.
Proof. Writing z =N ;W g(i) we need to prove
Im N; W'g(i) < max(Im z,(Im 2)7 1),

for any given j' € {1,..,x} and W' e T. Now if U = (} ) = N]-IW’W‘IN]‘.1 we
have either [c| =1 or U = (§ %) (cf, e.g., [33, Lemma 2.3]) and hence either
ImN;Wgi) =Im U(z) = 222, < |c[2(Im2)"! < (Im2z)~! or Im N;;W'g(i) =

lcz+d|? =

ImU(z)=Im z. O

Proof of Theorem 1. Without loss of generality we may take a close to %; in par-
ticular, we may assume that a > 1 - s({) for all { € Z,. Note that by (1), (14), the
variable r in (4) satisfies

T T
27 Cle—————=SrSC—s
%r(pa(l)) Yr(pa(T))
for some constants C; = C1 (T, pg), C2 = C2 (T, pg). By the proof of Proposition 3.1
(cf. (24), (25), (26)), it now follows that (4) holds whenever f € ./, ® /5. Note
also that if fy denotes the projection of f to A, ® #;, then | folln, <p g I fllw,
(and thus || f - folln, <4 I fllw, + 11 flIn,)- This follows from Lemma 2.2, Lemma
2.3 and our assumption a > 1—s({) for all { € Z, ;. Because of these facts we may
from now on assume that f € #,;.
Let peT\G and T = 10 be given. In view of Proposition 3.1, we may assume
T >10' and @ (pa(T)) = T9'0 from start. Now there is a representative g € G
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for p and some j = jr(pa(T)) € {1,...,x} such that #r(pa(T)) = Im N;ga(T) (7).
Then

(28) Y (pa(T)) = where N;g = (* *)

AT+d?IT’ c d

We choose signs so that ¢ > 0. It then follows from @ (pa(T)) = T91° that ¢?T <
7790 @27 < 77910 and thus 0 < ¢ < T71920 < 1079 and |d| < TV/20,

Below, we will make a specific choice of points 0 =719 <7, <...<7, =T, for
some n € Z*. Writing Ty = Tr41 — Tx We then have

n-1

1 T =Y
(29) ?fo f(pn(t))dt—];)?(;kfo f(pn(rk+t))dt).

Assuming T} = 10 for each k we may apply Proposition 3.1 to each term, obtain-
ing

n-1 Y T,
Tk.\/ t(pn(TalTy) Qog TY?.

1 T
(30) Z_Ffo fpn()dt= O(||f||W4) k;) T T,

(Note that (f) = 0, and that the last two terms in (20) may be ignored, since
f €7 Let us define dy = d + cTy, so that Njgn(ty) = (¢ 4, )- Then
Im N;jgn(r)a(Ty) (i) = (P Ty +dy/ T ™,

and ¢ T < ¢?T <1079, We will choose the sequence Ty, ..., T, in such a way that
for all k€{0,1,...,n— 1} except at most one k, we have

(31) Y<dUT <3

Let us call the exceptional index ky, if it exists. Write M = {0, 1,...,n — 1} ~ {ko}
if ko exists, and otherwise M = {0,1,..., n — 1}. It then follows from Lemma 3.2
that @1 (pn(ri)a(Ty)) < 5 for all k € M. Note also that for all k € M we have
Ti < 5d% < 5(ld| + cT)?. Hence we obtain from (29) and (30),

1T log?(|d| +cT +2
= [ ronyae=ofisi)- TR jay

1 Tk
+ [If ko exists: —f flpn(rg, + t))dt].
T Jo 0

The last conditions which we impose on the sequence 0 =19 <7;<..<7,=T

are the following:

(33) VikeM: [di, dy+1]1 N (—=100,100) = @;

(34) If ko exists: [dk, diy+1] < [-200,200].

Before giving the detailed verification that a sequence {7} satisfying our condi-

tions does indeed exist, we will show how to prove (4) using all our assumptions.
Note that (31) implies chi Sdpy—di S 5Cd]% for all k€ M, and here c|d;| <

c(ld|+cT) £2T7919 < 1078, Hence for all k € M, the numbers dj and dj,; have
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the same sign, and |x| < 2|dg| for all x € [dy, d+1]. Hence,

di+ _
f i ldxs FE T S o all ke M

dy 2|dy|
If ¢ > 0, we may now conclude that the first error term in (32) is
log?(ld| + cT +2) dx
<o(Ifllw,)- =2 : &
cT (dy,dy)~(~100,100) ||

But dy =d and d,, = d + c¢T. Note that

f dx « cT/\|d| if |d|>2cT
[d,d+cT]~(~100,100) |X]| log(cT+2) if |d| =2cT.

Hence, using (28), we see that the first error term in (32) is

P (pa(T T
(35) §O(I|fllw4)‘ W'mgs(m+z)'

In the remaining case, ¢ = 0, we have dj. = d for all k, % (pa(T)) = T/d? by (28),
and by adding 2d? < Ty (cf. (31)) over k € M we see that M| < T/2d?. Hence
the first error term in (32) is bounded by (35) also when ¢ = 0.

We now turn to the kp-term in (32). Assuming that ky exists, we have by (34)

—200 < dy, +ct <200 forall £€ [0, Ty,].

Hence Im Njgn(rk0 +00) = (c*+ (dy, + c)®) 1> 1 (for recall 0 <c< 1079), and
by Lemma 3.2, % (pn(t, + 1) < (c®+ (di, + ct)®)~! for all t € |0, T,]. But by (3)
and (14) we have |f(pn(ti, + 0)| < | flin, - @0 (pn(rg, + )% If ¢ >0, then it
follows that the kp-term in (32) is

(+(cH?) %dr <
T J-200/¢

)

1 [T 200/c
< flln -—f O(cz+(dk0+ct)2)‘“dt§ ”fﬂf I fll
"Th cT

where we used a < 3. If |d| < 10*cT then by (28) we obtain

Yr(pa(l))
< fl || =2
and hence (4) holds.

The remaining case, |d| = 10*cT, is easy: In this case dy, € ld,d + cT] and
(34) imply |d + ct| < 201 for all ¢ € [0, T] (in particular |d| < 201). This gives
- (pn(1)) < |d|72, by the same argument as above, and hence

|f(pn) < [ flln, - 1dI** < [ flln, -1dI™",  Veelo,T).

We also have @ (pa(T)) = T/2d? by (28); hence (4) is true by simple inspection
(without using (32)).

We now conclude the proof by showing that it is indeed possible to choose a
sequence satisfying all the assumptions made above.

If c =0 and |d| > 100 then one easily checks that we may take n as the largest
integer < T/2d? (thus n > 10%) and 74 = kT/n for k = 0,1,..,n. If c = 0 and
|d| < 100 we may clearly take simply n =1, 79 =0, 71 = T. Otherwise, if ¢ > 0, it
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suffices to construct a sequence {dy};_, satisfyingd =dp <dy <..<dp=d+cT
and (33), (34) and

(36) VkeM:  2cd: < dys —dy < 5cds.

(For, if 7y := (dy — d)/c and T := Tg41 — Ty, then £ S d2/Ti < 3, Vk € M, by (36),
and also Ty =10, Vk € M, by (33), (36).)

The existence of such a sequence {di}}_, is now quite obvious, once we ob-
serve (in connection with (36)) that 5¢cx? < 5¢(|d| + cT)|x| < 1078|x| for any
xeld,d+cT].

For example, if d < —200 and d + ¢T = 200 we may define dj recursively by
do=d and dj,1 = dj +20d,% for k=0,1,... until we get d;. € [-200,—-199] for some
k; then set ko = k, dj,+1 = 100. We continue by letting (again) dj; = di +20d,2C
for k = ko+1, kg +2,... until we obtain dy < d+c¢T < dj, for some k = n. We may
then redefine d, as d;,, = d+ cT (leaving dy, d1, ..., d,—1 intact); it is easy to verify
that (36) remains true also for k = n—1, and that the sequence {dj};_, has all the
desired properties. On the other hand, if d < —200 and —100 < d + ¢T < 200, we
apply the above construction up until the definition of dj, € [-200,-199], and
then simply let dy, 1 =d +cT and n = ko + 1, again obtaining a valid sequence
{dk}Z:O' Similar constructions can be made in all the remaining cases. O

REMARK 3.3. Note that Proposition 3.1 remains true if the left side in (20) is
replaced by % fET f(pn(#)dt and the right side is left unchanged. To see this
we need merely apply Proposition 3.1 to the point ¢ = pn(—T), and observe
that @1 (ga(T)) = (pa(T)n(-1)) = ¢c- @ (pa(T)) for some i <c<4,by(13).A
similar remark holds for Theorem 1.

REMARK 3.4. Note that Proposition 3.1 and Theorem 1 apply also when {/:(p)}
is a closed horocycle. In particular they can be used to derive stronger versions
of the main theorem in [33], concerning subsegments of long closed horocycles.
To see this, let us assume that N = (§ 9), so that oo is a cusp with T'es = [(§1)],
and let p e I'\G be the point represented by the element n(x)a(y) € G, for some
x €R, 0 <y <0.1. Then {h:(p)} is a closed horocycle of length 1/y. For any
10 < T < 1/y we now have @ (pa(T)) = @ (n(x)a(yT)) < (yT)~!, by Lemma 3.2,
and hence Theorem 1 gives (using (27))

1 T / /
= | rommde=cprofi i) {77y logh 2y 24 722y o1
0
+0(Iflln,)- Ty "2,

and Proposition 3.1 gives

1t 1,-1/2 2 p2si-2 51 1

?fo Fon@)de= () +0(Iflw,){T1y 2 00g T2 + 72572y~ 1 7911
Here 5] = max; sﬁj ). Both these estimates give effective versions of [33, Thm. 1];

for any given 6 > 0, the error terms tend uniformly to 0 as y — 0 if we keep
yEOSTSy N
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4. QQ-RESULTS DUE TO CUSPIDAL EXCURSIONS

In this section we will prove various Q-results for the deviation of ergodic
averages for the horocycle flow, using comparatively elementary observations
on the cuspidal excursions made by the horocycle orbit.

First, we give an example which shows that the norm || - || 5, in the right-hand
side of (4) in Theorem 1 cannot be replaced by a Sobolev norm of any order. For
convenience, let us make a specific choice of the operator A in the definition of
the Sobolev norm || - [lw;, on p. 296:

A=-L(H2+20x)2 +2(X)%) =0-1(x, - X%,

cf. (8). This operator acts as the Laplace operator — yz(aa—;2 + aa—yzz) on any function
G — C which factors through the standard projection G — H.

Now fix a constant § € (%, 1), and let F € C*°(R*) be a smooth nonnegative
function such that F(y) =0 for 0< y <2 and

F(y) = \/?(logy)_‘s for y = 3.
We then define a function f € C(I'\G) by

f(8) =F@r(g).

Given any go € G for which f(go) > 0, we have Im N; W gy (i) = @1(go) > 2 for
some j €{l,...,x} and W € I'. Hence by Lemma 3.2, 21 (g) = Im N; W g(i) for all
g in some neighborhood of gj. It follows from this that f is smooth, and that
A f(g) = Fu@r(9)) for k=1,2,..., where Fi(y) = (—yZ%)kF(y). One checks by
a quick computation that for each k we have |Fi(y)| < /¥ (log y)_5 forall y =2,
and of course Fi(y) =0 for 0 < y < 2. It now follows that

f IN*f(@)Pdg<oo  foreach keZ*,
TG

as one verifies by splitting the fundamental region % into a compact part and «
cuspidal regions (cf. (10)), and using f5° y(logy)?° dy/y? < co. Hence | fllw, <
oo for each k, and it also follows that f € A#°.

Note, however, that | f |l 5, = oo for each a € (0, %).

PROPOSITION 4.1. Let f € C*°(G)NnC(T'\G) be as above. Then there exists a point
p e '\G for which

1 T
(37) limsup— | f(pn()dt=oo.
T—oo I Jo

In particular, (37) implies that {pn(z) | t € R} is not a closed horocycle on
I'\G, and hence by Theorem 1, for any function f; € C(I'G) n C*(G) such that
I fillw, <ooand |l filln, < oo for some a < 1" we have %fOTfl(pn(t))dt — (fv
as T — oo. Proposition 4.1 shows that the corresponding statement for f does
not hold.
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Proof. After an auxiliary conjugation we may assume that N; = (§ ) for some j,
so that I'\G has a cusp at oo, and I'p = [($ 1)]-

It is well-known that the cusps equivalent to co are dense on the real line (cf,,
e.g., [26]). In other words one knows that for any nonempty open interval I c R
there is some g € I such that g!(co) € I. Note that g~ (c0) = -4 if g = (4 1),
and that by Shimizu’s lemma, |c| = 1 (cf. [32, Lemma 4], or [24, Lemma 1.7.3]).
We will use these facts in the construction below.

By definition F(y) =0 and [;° F(y) dy/y'? = co. Hence there exists a decreas-
ing function h: R* — (0, %) such that

072 dy
VB>0:0<€§h(B):>f F(y)W>B.
4 y
Of course, we necessarily have limg_., h(B) = 0.

We now make a recursive definition of a sequence of elements gy = (c*k ;k) el
and open nonempty intervals (1,2) 2 I; 2 I 2 .... We first take g1 = (o, 4,) €T
arbitrary with 1 < g Lo0) < 2, and let

1

Lh=(1,2) (gi(oo), g1 (co) + |c1|‘1h(|d1|)).

Clearly, (1,2) 2 I # @. For k = 2, assuming gi,...8x-1 and (1,2) 21 2..2 1 #
@ have already been defined, we take gi = (¢, 4.) € I' arbitrary with g; ' (co) €
I;_1, and then let

k=TI () (g,;1<oo), g; ' (00) + |ck|—1h(k|dk|)).

Clearly then (1,2) 2 I 2 ... 2 I} 2 I # @, and the definition may be iterated
indefinitely.

We have |ck| = 1 by Shimizu’s lemma, for all k, and hence |dy| > 1, since
_(Z_;I: = g,;l(oo) < (1,2). We choose signs so that ¢, = 1 and dy < —1. Hence |I| =
c; ' h(k|dg|) — 0 as k — co.

It follows that there is a unique point «a € [1,2] which belongs to the closure
of each interval I;. Now let p € I'\G be the point given by g = (‘f aql) € G. We
will prove that (37) holds for this point p.

Since f is I'-invariant we have, for any k and any T >0,

1 (T 1 17T
—f f(pn(t))dt=—f flgrgn(n)dt.
T Jo T Jo

Let us define yy = cxa + dy and 6 = di/a, so that

k k

Yk Yil+0k

grgn(r) =(

Then diy S 6, S di/2< —%. It follows from our construction that the sequence
of lower end-points of the intervals Iy, I», ... is strictly increasing, and hence «a is
larger than each of these. Hence by the definition of I} we must have g;l (00) <
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a < g (00) + ¢ P h(kldy]) for all k, and thus 0 <y < h(k|dk]) < 3. This implies

v dy

Taking T = (=6 + 1/2)/y, > 0 and writing T' = (=6 — 1/2)/yy € (0, T), we find
by using Lemma 3.2 with N; = (§ 9),

1T 1T ..
?fo flpn()di > ?fT, F@((, yuivo, ) dt

2 rl/2yc 1 yYi+1/4 d
—f F(y5+ (e Hde= —f ¢ F(u‘l)—u
T Jo Tyr Jy: u—y?

v

1 fyi+1/4F( _1) du - 1 ﬁzF( )dy
u —_— = —
Ty v Vi = TyrJa Y y3/2
k
S |l _ kldgl > kldgl >2—k—>oo,
Tyk [0kl +1/2 — |dil+1/2 3

as k — oco. We also have T — oo as k — oo. Hence p satisfies (37). O

The next proposition shows that at least if there are no small eigenvalues
present, then the error terms in Theorem 1 (and in Proposition 3.1) are in a
certain sense close to being optimal, at least for one of the limits T — co and
T — —oo (recall Remark 3.3).

PROPOSITION 4.2. Given a continuous function f € C(I'\G) of compact support

and with (f) # 0, there exist positive constants C, = C1([', f) and C, = C,(T, f)

such that the following holds. For any p e '\G and any uy > C, such that
Pr(palup)) = uo

and such that the function u — %r(pa(u)) takes a local maximum at u = uy,
there exists some T € [ug,2ug] such that either

X r T -1/2
" 2 [ stpmndi—p| 2 615
or

X o T -1/2
9 7L fomonde= ]2 6 )

REMARK 4.3. In Proposition 4.2, and in several of the propositions in Section
5, we consider the ergodic average at time T = 1y with uy being such that
% (pa(u)) reaches a local maximum at u = ug. This choice is relevant for the
proof of Theorem 2 (cf. p. 325 below) since, for any fixed a € [0,1), a local
minimum of u%/%t(pa(u)) occurs at u = \/};—gug, provided that %t (pa(ug))
is sufficiently large. Furthermore, in the proof of Proposition 4.2 we use the fact
that such a local maximum for the geodesic flow gives a local maximum for
% (pn(t)) at either ¢ = uy or t = —up, and around this ¢ the horocycle spends a
lot of time in the cusp.
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Before proving Proposition 4.2, we note that for any nonclosed horocycle
there are arbitrarily large numbers u satisfying the conditions in the statement:

LEMMA 4.4. Given p € I'\G such that the horocycle {pn(t)} is nonclosed, we have
lim,,_. u/%r(pa(u)) = oo, and there exist arbitrarily large numbers ugy > 0 such
that the function u— %r(pa(u)) takes a local maximum at u = uy.

Proof. By [29, Prop. 1.1]) there exists a compact subset K < I'\G such that for
any p for which the horocycle {pn(#)} is nonclosed, the geodesic {pa(u)} keeps
returning to K as u — oo. Hence lim,_.., u/%r(pa(u)) = oo (using (12)).

To prove the second statement, we may assume that 2 (p a(u)) stays bounded
for all u > 0 (for otherwise the desired statement follows directly using continu-
ity and the fact that {pa(u)} keeps returning to K). Then

Ki= ) {pa@|uz w}
u; >0
is a compact nonempty subset of I'\G, and hence there is a point g € K; such
that 21 (q) = 21(q") for all g’ € K;. Clearly ga(t) € K for all ¢ > 0. Also, the
function t — @t (ga(r)) is easily seen to be nonconstant on any nonempty open
interval t € I < RY, for if I is of finite length then there exists a finite subset
M c PSL(2,R) (depending on T', g, I) such that

Y (qa(t) =max{(c*t+d*/)~"| (¢h)eM},  Vriel

Hence we may fix some numbers 0 < f; < 1 < fp such that #r(qgal(ty)) < @r(q)
for ¢ = 1,2. By continuity, we now have

(40) (g alty) <% (q) (=12

for all points g’ € I'\G lying sufficiently close to q. Hence by the definition of K;
we see that for each U > 0 there exists some number 1, > U such that (40) holds
for g’ = pa(uy). It then follows that u — % (pa(u)) takes a local maximum for
some ug € [ux ty, ux t7]. O

Proof of Proposition 4.2. Let m. = infgec%r(g) > 0. Since f has compact sup-
port on I'\G, we may fix C3 > 1 such that f(g) = 0 whenever #(g) = Cs. Let
C2 = Cg/mr.

Take p, uy such that the assumptions hold. Now we can find a representative
g€ G for p and some j €{1,...,x} such that

B (pa(u)) =Tm N;ga(uo) (i) = i ) c>0.

- Nig=
02u0+d2/u0 g (C d

By (11) we also have @t(pa(u)) = (c®u+ d?/u)~! for all u > 0. Hence since
% (pa(u)) takes a local maximum at u = 1y, we necessarily have

d| 1
0, d#0, =—, M =—.
c> # o =~ r(palug)) 2eld]
Now m. < @ (palug) < ug and ug > Cp = Cs/mp. imply ¢ < 1/y/2C; and |d| =
1/v/2. Note that Im N gn(8)(i) = (¢* + (ct + d)H) ™' > (2C3) ' + (ct + d)) 7!, and
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hence for each t € R with |£+d/c| < (cv/2C3)~! we have Im N;jgn()(i) > C3, so
that #r(gn(#)) > Cs, and thus f(gn(#)) = 0. Hence, writing
ld|
Ty =upg= . and Tg—u()-i-c 2C3,
we have f(gn(?)) =0 either for all £ € [T, T3] (if d <0), or for all £ € [-T»,—T1] (if
d > 0). Let us assume d < 0; we then conclude fOTl flgn()dt= OTZ flgn(n)dt,
and hence

Ty Tz
- <J;>(:3 = (fo fgn(oydi- T1<f>)—(fO flgn()de-Tx(p).
It follows that
(4 [ rgnumar-,n| 2 2
0 ~ 2¢v2C3

for at least one ¢ € {1,2}. But using C3 > 1 and |d| = 1/v/2 one checks that uy =
Ty < T, < 2uy. Hence by (12), we also have @ (pa(T)) < 2% (pa(Ty)) = (cld)~L.
Hence, for the same ¢ as in (41),

1 [T & H T, -1/2
= | fenar—p|z A, 10l (1 )

T Jo 4|d|v2Cs — 4v2C3 \%r(pa(Ty))
This means that (38) holds with C; = 4‘5/% and T = Ty € [ug, 2up]. In the other
case, d > 0, exactly the same argument leads to (39). O

It seems that these elementary methods do not allow us to prove a similar
lower bound separately for the two cases T — oo and T — —oo; such a lower
bound (only slightly weaker by a logarithm factor) will be obtained in Propo-
sition 5.1 below using more difficult methods. However, as seen in the next
proposition, studying only cuspidal excursions we can obtain a lower bound as
in Proposition 4.2 along some sequence of T-values tending to oo; in particular
this implies that the deviation of the ergodic average is Q(T~/?) as T — oo.

PROPOSITION 4.5. Given a continuous function f € C(I'\G) of compact support
and with (f) # 0, there exists a positive constant C, = C, (T, f) such that for any
p € I'\G for which {pn(1)} is a nonclosed horocycle, there is a sequence 1 < T <
T, < ... with limy_.o, T = oo such that

1 ¢T T -1/2
2) 7], fonode-p|za(go )
foreach T = Ty.

Proof. We first introduce some new notation. Write u(g) := a® + b> + c> +d*> > 2
for g = (¢ Z) €G, and p(g) := inf,ez u(gT;?) (recall T, = [T ], cf. p. 297). Let A
be the linear fractional map A(z) = (z—i)/(z+i) which maps H onto the unit disk.
We define a metric p on 0H = R U {co} by p(z, w) := |A(z) — A(w)]| for z, w € 6H
(here A(z), A(w) lie on the unit circle). Note that p(g(z), g(w)) <4 p(z, w) for all
g €G, z,w € OH. We agree to write z < w to indicate that z, w € 0H, p(z, w) < %
and A(w) is obtained from A(z) by a short rotation in the positive direction
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along the unit circle. Note that if w € R lies sufficiently close to a fixed point
zeR, then z< w < z< w.

By Patterson, [26, p. 545, Thm. 1], there exists a constant Cr > 0 such that for
all @ € 0H and all X = 2 there are some j € {1,...,kx} and y € T such that

Cr
VX

By the same theorem there also exists a constant Cf. > 0 such that for all j, j’ €
{1,..,x} and y,y’ €T one has

(43) pi <X and pyn),a) <

/
r

Y (y)

(In [26, p. 545, Thm. 1] these two facts are stated with u in place of u;, u;, but
this is clearly equivalent to (43), (44), since )/T;? mj)=ymn; for all n.)

Now fix p e I'\G, let go € G be a representative for p, and let @ = gy(co) € 6H.
We assume that {pn(¢) | f € R} is not a closed horocycle. This means that « is not
acusp, i.e., y(n;) #a forall yeT, je{l,..,x}. We wish to prove that there exist
good approximations y(n;) to a with y(;) < a. More precisely, we claim that
there exists a constant C[' > 0 such that for any given X, > 0 there exist some
X 2 Xy, jel,...,x} and y € T such that

(44) Y #ymp) = pty' @), y@m)) >

"
r

VE X

To prove this, let us assume from start that X, > 104(1 + CI%) -max(1, 1/Cf); this
ensures that all points on 6H considered in the argument below lie close to each
other in the p-metric, so that the relation < is well-defined. To start with, we
choose j €{l,..,x} and y €T so that (43) holds with X, in place of X, and so
that u;(y) is minimal with respect to this property. (This is possible since the set
{y eT/[T;11 uj(y) = X} is finite for each j, by a compactness argument.) After
making a proper choice of X = Xy, we now have:

(45) BN <X, ym)<a; and p(y(n)), a) <

(46) LN =X; plynp),a)= (equality!)

Cr
VHiNX

+/ / cqr (v . '(n - Cr
and Vi, Vy €T up(y) <pj(y) = py'(m;),a) >

If y(n;) < @ then we are done; (45) holds with Cf’ = Cr. Now assume a <y(n;).
We then let @’ € 0H be the unique point satisfying p(a’, a) = % and a’ < a. By
(43), there exist j' € {1,...,x} and y’ € T such that u;(y") < X and

Cr

\/,Uj’(Y')X.
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Now y'(n ;) <y(n;), for otherwise a’ < a <y(n;) <y'(n;) and thus p(y(n;),a) <
p(y'(nj),a’), which by (46), (47) leads to uj(y") < pj(y), and in view of the sec-
ond line of (46) and p(y'(n;),a’) > p(y'(n ), @) this contradicts (47).
Further, if @ <y'(n;/) then a <y'(n;) <yn;) so p(y' ), y®n)) < pla, Y1),
and using (44) and (46) we get jr(y’ ) > (Cf/Cr)2 - X, and hence, via (47),
2 2
ﬂ =pla, @) <pla,y' ;) < S ,Cr ,
//Jj’(Y,)X Cr-X

CrX
which is a contradiction. Hence y'(n/) < @. We have

2
Cr+1 1

: .
CF ) /,Uj’ X
Hence (45) holds for j',y’, with C' = (Cr +

To reformulate (45), note that (using [19, p. 105 (Ex. 2)]) we may assume that
the representative gy for the fixed point p € I'\G has been chosen in such a
way that @ € R, || £ 1 and la—n;l> 2x)~ ! for all jefl,..,x}. Then Nj(a) #
oo, and whenever p(y(n;), a) is sufficiently small we have N jly(n;)) # oo and
IN;(yn) = Nj(@)| < p(y(n;),a), where the implied constant depends on T
and Nj, but not on a; furthermore y(n;) < a implies N;(y(n;)) < Nj(a) on R.
Writing (¢5) = N]-yN]‘.1 we have ¢ # 0 since N (y(n;)) # co. Hence N;(y(n;)) =

P ), = ply' ), @) +p@, @) £ (Cr +

C +1
).

NijJTI(oo) = alc, and |c| = 1 by Shimizu’s lemma. Using y(NjgN]’.l) < u(g),
Vg € G (where the implied constant depends on N;), we also have

w0 = inf p(yN7* (5 7)N;) > inf p((23) (57)) = ¢*

In view of these observations, it follows from (45) that there exists a constant
Cs > 0 (which depends on T',Nj,..., N but not on a) such that for any Xy > 0
there exist some X > X, j € {1,..,x} and y € I such that if (¢ Z) = Nij]_.1 then
Cs
(48) 15|c]£X and 0<N(a)——§—
Xlc|
We are now able to conclude the proof fairly quickly. Given j,y as in (48) we

wrlte(c Z) N;go, so that N;(a) = ]go(oo)ztcijff and c; # 0. We also write
-1
a by _ ., _[(ab aj bj
P R

(49) c= —ca]+ac]—cc](g—?)—cc](g—N (a))
j

so that

and, if X is sufficiently large (cf. (48)),

(50) d=c(-bj+2d;)=(1+v)—  (for some |v|<0.1),
c Cj
since —bj+ajdjlcj=1/c;.
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Now take C, > 1 so large that f(g) = 0 whenever #1(g) = C,. If X is large
enough, then ¢ < 1/2C,, so Im Ny~ gon(0) (i) = (¢* + (ct + D))~ > C; for all
t € R satisfying |t+d/c| < (v/2Cy¢)"!. Hence, for these t we have @ (gon(t)) > Cy
and f(gon(?)) =0. Note that d/c <0, by (48), (49), (50)! We now let

T1:’g| and T2=E’+\/%lcl.

One has 0 < T; < T, < 2T, provided that X is sufficiently large. (To see this
one uses (50), (48), and the fact that for each j € {1,...,x} and each X > 0 there

exist only a finite number of double cosets [T;]y[T;] =T for which |c| < Xin
(fcl 3) = Nij]_.l, cf,, e.g., [15, Prop. 2.8].) As in the proof of Proposition 4.2 we

now obtain

S KA1 o KAE 1
~2v2C, lclT, — 4/2C, |d|

for at least one ¢ € {1,2}. Note also that

(51)

1 (T
= | rgondr—¢p)|
Te Jo
T

= >(2.2C3) 7Y,
lcTyi+d|*  2l|cd] ’

Im N]-)/_lgoa(Tl)(i) =

where the last inequality follows from (48), (49) and (50). Hence, using also (12),
we have % (pa(Ty)) < Casled|™! for both ¢ € {1,2}, where C; > 0 is a constant
which depends only on T, Ny, ..., Ny, Cs. Therefore

1 -1 T[ -1/2
(52) —2C, | —

laj = (@r(pa(Tz)))
for both ¢ € {1,2}. The desired conclusion follows from (51) and (52), by repeat-
ing the above argument for a sequence of X-values tending to co. O

5. QQ-RESULTS FROM FOURIER EXPANSIONS

In this section we obtain further Q-results, using more difficult methods
than those in §4. Our proofs here exploit the fact that the horocycle segment
{pn(r) |0 < ¢t < T} for given T can be shown to lie close to a subsegment of a
closed horocycle, and then use explicit computations together with known facts
about the Fourier coefficients of the individual eigenfunctions on I''H in a way
reminiscent of what was done in [33]. We conclude the section by giving the
proof of Theorem 2, using our results from this section and the preceding one.

PROPOSITION 5.1. There exists a function f € /°° with (f) = 0 and positive
constants Cy, Co, C3 which only depend on T, such that the following holds. For
any p € T\G and any uy > C such that Cy (log ug)®'? < ¥ (pa(ug)) < uy/Cy and
such that the function u— %r(pa(u)) takes a local maximum at u = uy, we have
for T =uy/Cy:

|lfo( n(t)dt >__ G where r—L
7)o 1P = Vr-log(r+2)’ - Wr(pa(l)’
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We let Ek(z,% + iR) denote the Eisenstein series on I'\H associated to the
cusp 7 (cf., e.g., [14, p. 280]). Recall that for each j € {1, ...,x} we have a Fourier
expansion

. 3+iR L
(53) Eix(z,3+iR) =0ky:  +@jG+iRy: + Y cu/yiKin@ulnly)) e(nx)),
n#0

where x; +iy; := N;(z), the coefficients ¢, depend on R, j, k, and ¢y ;(s) is an

.....

The following lemma gives information on the size of the contribution from
the constant terms in (53) to the horocycle integral.

LEMMA 5.2. Given T, there exists a bounded piecewise continuous function h(R)
on [1,10], complex constants 1, ..., Bx, and a constant 0 < C4 < 1 such that for
each je{l,...,x}, T > 0, and for each positive function y(t) satisfying 0 < y(0) < Cy
and |y(t) — y(0)| < C4- y(0) for all t € [0, T1, we have

1 rT rlo . K .
(54) )—ff h(R)(ﬁjy(t)1/2+’R+Zﬁk(pkj(%+iR)y(t)1/2_lR)det’
T'Jo Jr k=1
V0
! Togy©O1

Proof. Let hy(R) be a fixed C*°-function on [0,1] satisfying 0 < ho(R) < 1 and
ho(0) =1, ho(1) =0. Take constants Ry € [2,4] and a € C, and define

I’l()(R—R()) if Re[Ry,Ry+1]
h(R) =< a-hg(R—2Ry) if Re€[2Ry,2Ry+1]
0 otherwise.

By repeated integration by parts one then finds that, as y — 0,

10 124iR | v 1, :pyl/2-iR Ly
(55) f h(R)(,Bjy LY Brprj(G+iR Yy )dR: ——(Aj(y) +o(D),
1 =1 logy

where
. K . . K .
Aj) =By =Y Brprjb+iRo)y Tora( =Y Proij(h+2iRe)y 2R,
k=1 k=1

Note that A;(y) is periodic in the sense that A; (yez”/RO) = Aj(y) for all y > 0;
note also that |A;. ()] < y~! as y — 0. Hence we see that to prove the lemma it
suffices to show that there is a choice of Ry, f1, ..., Bx, & such that

(56) inf|A;(y)| >0,  forall je{l,..x}
y>0

Let us write &; := | 8] - | Xk Brgkj(5 + iRo)| and let M be the set of those j for
which there exists some k # j such that ¢ ;(s) #0. We have ¢ ;(s) # 0 for each
J» since @;;(s) has a simple pole at s =1 (cf,, e.g., [15, §6.4] or [14, pp. 286-287]).
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Hence, for any generic choice of Ry, f1, ..., Bx with Ry € [2,4], B € C, 0<|Bx| =1,
we have §; # 0 for all j € M. Then, for each j € M and all y >0 we have

§|6j|>0.

18,y =Y Bopi; (3 + iRpyy ™o
k

This implies (56) for each j € M, provided |a| < (x + N1 infjem 16l (Recall that
|k (3 +2iRg)| £ 1, since ®(s) = (@k;(s)) is unitary for Re s = 3.)

Finally, if j ¢ M, then |<pjj(% + iR)| =1 for all R € R since CD(% + iR) is unitary,
and hence 6 = 0. Take a1, a3 € C such that ai = —(pjj(% +ilRy), £ =1,2. Then

Aj(y)=2pj(m Re(y'®/ay) + aay -Re(y2iR°/a2)),

so (56) follows if aaz/a; ¢ R and af # —a3, viz., (3 + iRo)* # ¢ (3 + 2iRo).
Note that since ¢;;(s) has a simple pole at s = 1 but is analytic for Re s > 1 we
certainly have ¢;;(2s - %)(pjj(s)‘z # 1. Hence, by choosing Ry, f31, ..., Bx generic
as above, and then taking a € C generic subject to |a| < (x + Nt infjem 161, we
obtain (56) for all j and are done. O

Proof of Proposition 5.1. We take h, 31, ..., Bx,C4 as in Lemma 5.2. We may as-
sume |h(R)| <1 and |B¢| £ 1 for all R, k. Now define

10 K
(57) f2)= 1 h(R) Y Pi-Ex(z % +iR)dR.
k=1

As usual, f is viewed as a function on I'\G via the projection I''\G > g— g(i) €
I'\H.

We will choose C; and C, at the end of the proof, but we will assume C; =
C, = 1000 from start. Arguing as in the proof of Proposition 4.2, we find that
whenever p € T'\G and uy = C; satisfy all our assumptions, there exist a repre-
sentative g € G for p and some j €{1,...,x} such that

(58) |\|jg:(‘cZ Z), 0<c<Crl, ldIZ Va2,
u =@ % (palup)) =Im N; a(u)(i)zL
0= “ripatih jgattho 2cld|’

In particular, uy > |d| > 10, and thus the condition C;(logu)®'? < @ (pa(ug))
implies

1
59 d|(log|d))*"* < —.
(59) cld|(logld|) =T

Given j, g as above, we define x(¢), y(f) € R by
(60) x(O)+iy(t):=N;gn@®)(@).

JOURNAL OF MODERN DYNAMICS VOLUME 7, No. 2 (2013), 291-328



ON THE DEVIATION OF ERGODIC AVERAGES FOR HOROCYCLE FLOWS 319

Then for fy(2) = Ex(z, % + i R) with Fourier expansion (53) and T > 0, we have

I 1 (T . .
?fo fO(gn(t)(i))dt:?fo (5ij/(t)1/2+lR+(ij(%+iR)y(t)1/2_lR)dt
(61) e
+2 C"TIO VYO Kir@rlnly (1) e(nx(t)) dt.

n#0
By a direct computation one finds that

b 1
_ 2, 2v-1 _b L. 2 )
62) y@) =ct+d) +c9) 7, x(t) = d+ d(ct +dt+o)y(1);
y'(6) = =2c(ct+d)y()?, X' () = (d?*+2ctd + 1% - ) y(1)?;

x"(t) = =2¢(d + ct)(d? + 2ctd + > t* -3¢ y(1)°.

We now let T = uy/Co = |d|/Csc. Then ct < ¢T =|d|/C» for all t € [0, T]. Note
also that T = 1, i.e., ¢ < |d|/Cs. Recall C> = 1000. It now follows that for ¢ € [0, T,

ly ™ - a?| = |t +2ctd + *| < Cidz,
2

and likewise,

4 20
63 n-1/d*| < ; "(1)-1/d*| < )
(63) ly(® |—C2d2 E46) |—C2d2
Similarly, using C, = 1000 and (62), we find that for all ¢ € [0, T,
(64) X <d? |y O|<cnd?, |X0]<cndP,

where the implied constants are absolute. (These inequalities express in a pre-
cise way the fact that the horocycle segment {x(¢) +iy(t) | t € [0, T]} is “almost
horizontal”.)

We now consider the last integral in (61). Since x'(¢) > 0 for all ¢ € [0, T] (by
(63)) we may integrate by parts as follows:

1 T
(65) ?f() VYO KirQ@rlnly(t)) e(nx(1) dt

e(nx(t)) ] T

1
= = | Vy@ Kin@rinly@) <7 .

1 (T d t
-7 | S (VI ety <0 25 ar

2min

2win
We have the following convenient bounds, uniformly for 1 £ R <10 and v >0
(cf. [39, pp. 77(2), 78(6), 202(1)]),

v

|Kir(w)| < e7?, |K )| < v

e—v/Z.

Note also 2z|n|y(t) > 2|n|/d? for all t € [0, T] by (63). Using these facts and (64),
we obtain

|\/WKiR(27T|n|J/(t))x’(t)‘1’ < |dle e
d o e
|E(\/mKiR(2ﬂln|y(t))x(t) 1)’<<ce Inl/d?
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These bounds hold for all ¢ € [0, T], and the implied constants are absolute.
Hence, by (65) (and using ¢ < |d|/T),

|d| e —|n|/d?
(66) |—/ V() K,R(annly(t))e(nx(t))dt| < — i

The coefficients ¢, in (53) satisfy 3.1 <, <x el < X/log(1+ X) for all X >0,
uniformly for j, k€ {1,...,x} and R € [1,10], cf. [33, Prop. 4.1]. Using this fact, (66),
|d| > 10 (cf. (58)), and summation by parts, we obtain

Y len= f V(@ K,R(annly(t))e(nx(t))dt’ < 1 gld))*?.
n#0

Combining this with (57), (61), and |h(R)| £ 1, |Bk| = 1, we get

10

. K i T
h(R)(ﬁjy(t)l/2+lR+Z ﬁk(pkj(%+iR)y(t)l/2_lR) de[—f f(pn(l‘))dt’
k=1 0

< Csld|(logld))*"?,

where Cs is a positive constant which only depends on I

On the other hand, it is clear from (58) and (63) that if both C; and C, are
sufficiently large (depending on Cy4), then 0 < y(0) < C4 and |y(#)—y(0)| < C4-y(0)
for all £ € [0, T], and hence (54) holds. By (58) and (63), the right side in (54) is
> (C4/10)|d|‘1(log|d|)_1. Furthermore, if C;, C, have also been chosen so that
C1 > 10C,C5/Cy, then it follows using (59) and T = |d|/C»c that

C B _
Csu( g|d|)3’2<2—3|d| Y(1oglal)™"

Hence we obtain
1 T Cy -1 -1
(67) |?f0 f(pn(t))dt| > %Idl (logldl)

Regarding the right side in this inequality, note that 2 (pa(T)) < Co/(2cld|) (by
T = uy/C, and (12), (58)), and thus r = T/#(pa(T)) = 2d*/C3. Hence (67) im-
plies the desired inequality. O

The next two propositions give relevant Q-results in the presence of small
eigenvalues on I'\H.

PROPOSITION 5.3. Assume that ¢ (#0) is a Maass waveform on I'\H of eigenva-
lue A € (0, i). Write A=s(1-35), s€ (%, 1). Then there exists a positive constant C
such that for any p € T'\G for which {pn(t)} is a nonclosed horocycle, there is a
sequence 1 < Ty < Tp < ... with limy_.o, Ty = co such that for each T = Ty,

T
(68) (%fo Gpn()dt|=>C-T57L

As usual, ¢ is viewed as a function on I'\G via the standard projection ' G —
\H.
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Proof. Let my. = infgec @1 (g) > 0. Consider 1y = 1000 such that @r(pa(ug)) = uo
and u— ?r(pa(u)) takes a local maximum at u = ug.

Then by arguing as before, there is a representative g € G for p and some
je{l,...,x} such that

(69) Njg= (ff Z) ¢>0, |dI=27" u= %,
#r(pa(ug)) =Im Njga(uo) (i) = ﬁ, cld| < 2mp)™"

For each j € {1,...,x} we have a Fourier expansion

(70) $2)=ciy; ™+ Z ¢ 7K1 @mlnly)) e(nx))

(cf. (18); if ¢ is a cusp form then Co =0), where x;j+iy;:= N;(z). As in the proof
of Proposition 5.1 we now have, for any T >0,

(7D
T
fo (P(gn(t)(i))dt:f (v + ¥ el Vy@ K, @rinly@) e(nx()) dt,

n#0
where x(1), y(t) are as in (60), (62). We introduce the following notation

X)) =Vy(MK,_1@rnXy(T))- (7t xh

BX)=VyO0) K;_12nXy(0)- O xh

d Iep—1 -1
Fy(X, 0= — (VYD K,y @n Xy 0)-x7,

AX) = Y cPemnx)-sgn(n).

1S|n=X

Now assume 0 < T < 1073uy. Then (63), (64) hold with “C, = 1000”, and in par-
ticular x'(¢) > 0 for all 7 € [0, T]. Integrating by parts first as in (65) and then with
respect to X, we obtain for each M € Z*:

(72) e f VYW K,y @rinly(m) e(nx(n) di
|n|>M

1 o0 o0
- L f FiX)dAp(X) - f F(X) d Ay(X)
M+0 M+0

T 00
—f (f F3(X, 1) dAt(X)) dt]
0 M+0

=5 —Fl(M)AT(M)—fM Fi(X)Ar(X)dX

+ Fo(M)Ap(M) +f Fy(X) Ap(X)dX
M

+f0T(F3(M, t)At(M)+f]:(%F3(X, t))At(X) dX)dt].
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The above manipulations are easily justified using the absolute bounds below.

Since 3 < s < 1, we have for all v>0:

3) [K 1) <v2™e2, K )| < v e K, ) < v e
2 2

(Cf. [39, pp. 77(2), 78(6), 202(1)]. The implied constants depend on s.) Using

these bounds and (63), (64) (with “C, =1000”), we find by a direct computation:

ROO| <X, F{ 0] < 1dIP X375
1
(74) |[F200] < 1diP X7, 00| <12 X737

|E3(X, 0)] < cld> X2, (X, )] < eld 7 x5,

ix

Furthermore, we have |At(X)| «< X325 for all X >0 and all ¢ (cf. [33, Prop. 5.1];
if ¢ is a cusp form the exponent 3/2—s can be replaced by 1/2+¢, cf. [13]). Using
this bound together with (74) and (72) we obtain

(75)

”)f VYW Ky @alnly(®) e(nx(n) dt‘ < KldPP M2,
Inl>M
where K depends only on I" and ¢.

On the other hand, we have the following lemma:

LEMMA 5.4. There exist positive constants C1 = C1(I',¢) and My = My([T, ¢) such
that for each integer M = My there is some Cy > 1 such that for any j € {1,...,x}
and any numbers b,c,d € R with ¢ >0, |d| = C, and c|d| < (ZmF)‘l, there is some
positive number T < 10_3mroi,'2 such that

T
(76) ‘fo C(])y(t)l v Y PVym S_,(2n|n|y(t))e(nx(t)))dt‘>c1|d|25

1<|In|IEM
(Here x(1), y(t) are defined as in (62) for the given b, c,d.)

We first complete the proof of Proposition 5.3 using Lemma 5.4. Let K be as
in (75) and C;, My as in Lemma 5.4. We fix some integer M = M, so large that
KM= < %Cl, and then let C, be as in Lemma 5.4.

By assumption {pn(?) | t € R} is not a closed horocycle. Hence, for any given
number C3 >0 we can find some 1y = 1000 such that @t (pa(up)) < Csug and
such that u — % (pa(u)) takes a local maximum at u = yy (cf. Lemma 4.4).
Assume C3 < %CZ_Z. Defining j, g, ¢,d as in (69) we then obtain |d| = (26‘3)_”2 >
C,. Hence by Lemma 5.4 there is some T € (0,107m_.d?] such that (76) holds.
Note that T < 10’3mrd2 < 1073 uy, because of (69); hence (75) holds, and in
view of (71) and KM'~2% < 1C; we now obtain
C1 (103

77) f¢(gn(t)(z))dt(> aps= =2 5

) TS,

In other words, (68) holds, with C = %C1(103/ mp)®. We may now repeat the
above construction for a sequence of values of C3 satisfying C3 — 0. We will
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then have |d| > (2C3)~'/? — 0o, and hence because of the first inequality in (77),
we must have T — oo for the corresponding sequence of T-values. This com-
pletes the proof. O

It remains to prove Lemma 5.4. We first prove an auxiliary result.

LEMMA 5.5. LetT, ¢, s be as above, fix j €{1,...,x} and some r € C, and define

fo=rx+}, calnl"2 Ssgn(me(nx),  (cn=cd).
n#0

Then f(x) is nonconstant on every nonempty open interval in R.

Proof. Note that the sum defining f(x) is uniformly absolutely convergent, be-
cause of % < s <1 and the Rankin-Selberg bound }_;<, < ~lcnl? < N. Hence
f(x) is continuous. Note also that f(x) — rx is periodic with period 1.

Now assume that there are numbers @ < f < a + 1 such that f(x) = C for all

x € (a, B). We let Ky (x) be Fejer’s kernel function, Ky (x) =X, <m M;/Ilnl e(nx) =

A—I/I(S‘S‘;r’l’%x)z We then have, for all xo € R, M€ Z",

M —|n| _
-calnl 2 Se(nxo).

1
(78) f (f(x)—rx)K?w(xo—x) dx=2mi- )
0 1<nIEM
Fix some 1 < (B—a)/2, and keep xy € [a +n, B—n]. By periodicity, we may rewrite
the integral as f f + f g 1 By our assumption, f(x)— rx is differentiable in x €
(a, B) with constant derivative —r. We integrate by parts once in [ f and use
0 = Ky(x) < M1, |K§W(x)| <y 1 for all x with [|x|| = n (where || x|| denotes

distance to the nearest integer), and ff Kuxo—x)dx < fol Kux)dx =1. We
then find that the expression in (78) is uniformly bounded for all M € Z* and

X € [a+n,B-n].
Now define, for X >0,

Sx()(X) = Z Cn|n|1/2_se(nXO);
1<|n|SX

X
(79) Axo(X)=f Sy, (V)dY =Y (X-Inhcplnl* Se(nx).
0 1<|nI<X

Then by what we have proved, |Ay,(M)| < M for all M € Z* and all x € [a +
n, B—nl. Furthermore, Ay, (X) =0 for0< X <1, and if M < X < M + 1 for some
MeZ" then

A0 = A D] = 1X=MI:| T culnl"*enx)| < M2
1SInlsM

by [33, Prop. 5.1] (or [13], if ¢b is a cusp form) and integration by parts. Hence
(80) | Ay, (X)] < X,
uniformly for all X >0 and xp € [a+n,8-7].
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After an auxiliary conjugation, we may assume that N; = ({ ). We now have
(cf. (70) and (79)),

O(xo+1iy) =coy'™ S+\/_f 2nyX) X5 ideo(X)

=coy'” S+\/—f | (27yX)- XS“)AXO(X)dX

172 dX2 Koes
But |dX2( (ZnyX) -X5‘2)| < yl275X72e7¥X (cf. (73)). Using this and (80),
we obtain |(/>(x0 +iy)| < y'~Slog(1/y) for y small, so ¢(xg+iy) = 0as y — 0
uniformly for xp € [@ + 7, B —n]. This contradicts ¢ # 0 and the fact that the

horocycle segment [a + 1, —1n] + iy becomes asymptotically equidistributed in
I'\Has y — 0 (cf, e.g., [33], and recall our assumption N; = ($ 9)). O

Proof of Lemma 5.4. To start with, let j € {1,...,x}, M € Z* and b,c,d € R be ar-
bitrary numbers such that ¢ > 0, |d| = {/103/m_. and c|d| < (2m_)~". We write

To =107°m_.d?, and let x(1), y(¢) be defined by (62). Note that 1 < Ty < 1073|d|/c,
and hence (63) and (64) hold for all ¢ € [0, Ty] with “C, = 1000".

Let us denote the integral i 1n (76) by Jp(T). Introduce the new variable u(t) :=
x(£) —x(0) in Jp(T). By (63), Led?u'(r)y<2forall te [0, Tol, and hence u = u(t)
gives a bijective C!- correspondence between ¢ € [0, Ty] and u € [0, Up], where
Up = u(Ty) € (3-1073m,2-107°m_.). Using this together with y(¢) < 2/d? (cf.
(63)) and

@81) Ks_%(va):ks-v%_s+03(vs_%) as v— 0,

(cf. [39, pp. 77(2), 78(6)]; ks € R and kg # 0), we obtain, for all T € [0, Ty]:
(82) (D) = Iy (D) | £ COM) - a2,

where

e i 1-s
0

1<InIEM "0

and C(M) is a positive constant which only depends on T', ¢, s, M.
Let us now define, for u, U € [0, Up],

y(t)l—s UI]/\/[(u)
h(u) .= ——— d Iy (U) = d
(u) 0 an 'Mm(U) . Thw
It then follows directly from our definitions that
k
(83) ) = 3= | F (x0) + U) - F ()],
where
. ()
27ic
(84) f(M)(x):—O-x+ Z (])Inl “*sgn(n)e(nx).
ks 1<imEM
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But ™ (x) - f(x) as M — oo uniformly in x € R, where f(x) is as in Lemma 5.5
with r = 27i c(()] y ks. By Lemma 5.5 there are constants C3 > 0 and M, > 0, which
only depend on T, ¢, s, such that for all integers M = M, we have

i (M) — £ <yu<l.ip73 >
(85) xgﬂlyfzsup{\f (x+U) - FO (x| | 0SU<1107m )2,

On the other hand, integrating by parts in the definition of .#y,(U), we get

(@) In© [V KW
W) h©) o nz M4

and using (63), (64) one checks that |h(u)|_1 < |d|™% and |h’(u)| < cld|**! for
all u € [0, Up], and we also have cUj K C<LL |d|~L. This implies

(86) FIuU) =

87) |- 2m(U)| < Cald| ™ sup |Im(w)|,  YU€[0,Uy),
uel0,U]

where C, is a constant that only depends on I'. But (83), (85) and (87) imply that
for any integer M = My, there is a u € (0, Uy] such that | Ins(w)| = C3lksl|d|* /2nCy.

Now recall (82). Given M = M, we take C, > max(1, ,/103/mr) so large that
|d| = C, implies C(M)-|d|>~2% < C3|ksl||d|*$ 147 Cy. It then follows that for any j €
{1,...,x} and any numbers b, ¢, d € R satisfying ¢ > 0, |d| = C, and c|d| =< (ZmF)‘l,
there exists some T € (0, 10_3mrd2] such that |Jy(T)| = Cslksl|d|*/4nCy. O

PROPOSITION 5.6. Assume ¢ (£0) is a residual eigenfunction on I'\H of eigenva-
lue A € (0, %). Write A =s(1-5), s€ (%, 1). Let j € {1,...,x} be such that c(()]) #0 (cf.
(70)). Then there exist positive constants Cy, Cy such that the following holds. For
any p € T\G and any ug = Cy such that jr(pa(up)) = j, C1 < @r(palug)) < ug
and such that the function u— %r(pa(u)) takes a local maximum at u = uy, we
have for T = uy/1000:

T )S—l
Zr(pa(l)
Proof. This is similar to the proof of Proposition 5.3, but easier. Introducing
g,j,a,b,c,d as usual, we repeat the argument from (72) to (75) to prove

)%fOT(p(pn(t))dt| >C2~(

, T
(88) Y cﬁ{%fo y(t)K_%(ZnInIy(t))e(nx(t))dt‘ < T Na)®.

n#0

We now have c(()j) # 0 in (70), and the term Ic(()j)lyjl.‘s > |C(()j)| -1d|?>$~2 will domi-

nate over (88), provided that we have taken C; sufficiently large. O

Proof of Theorem 2. The first assertion in Theorem 2 follows from Proposition
3.1, using (1), (6), (14). If {pn(1)} is a closed horocycle then 6, = 0, and the
second assertion in Theorem 2 is obvious.

From now on we assume that {pn(¢#)} is not closed. Note that we always
have 06, < %, and if 6, = % then the second assertion in Theorem 2 follows
from Proposition 4.5. If §,, = 1 -1 < % then the same assertion follows from
Proposition 5.3.
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It now remains to treat the case where 6, = (1-a,,;)(1- sgj)) <l-s= % for
some j. Note that we then necessarily have 0 < ), ; < 1.

First assume si’ ) = % Then take C;,C,,Cs and f as in Proposition 5.1. Let
some § > 6, be given; we may then find a number 0 < a’ < aj, j such that §, <
%(1 —a') < 6. It now follows from (6) and (14) that there exist arbitrarily large
numbers u; for which jr(pa(u;)) = j and @t (pa(u)) = uf” > 1000. As usual,
given such a number u; there is a representative g € G for p such that

N, _(* *
uy+d?lu’ i8¢ a

(c =0 is impossible since {pn(t)} is nonclosed). Letting uy = |d|/c we have (by
Lemma 3.2) @ (pa(up)) = 2cld)™ = - (pa(wr)), and, if ug < up,

@r(pa(ul)) =Im Njga(ul)(i) = ), c>0

Up 2 2 2 2 2wy 1-a 1-a
——=2d §2(cu+d):—§2u <2u ,
A (palup)) = ! A (pa(uy) =+ =70

whereas if ug < u;, exactly the same conclusion is reached as follows:
2u? / /
< 2yl <ol

Uo :2_143 2 2<%—”1
Yr(palug) T W Wlpaw) T ud

It also follows from %@ (pa(ug)) = Y (pa(uy)) = uf" that uy — oo as u; — oo.
Hence uy /% (pa(ug)) — oo as u; — oo (cf. Lemma 4.4), and it is now clear that
for each sufficiently large number u; as above, the corresponding u satisfies
all the assumptions in Proposition 5.1, and hence we have for T = 1/ Cs:

Cs T

1 T
2z 0)dt| > ————, h = nalmn’

But by the above inequalities and (12),
r < uo/ ¥ (palug)) < 2uy =209 117,

and hence
1 [T T ’
— ndt _—
'Tfo Flpn(®) > logT

The argument shows that there exist arbitrarily large values of T for which this
holds. )

The proof in the remaining case, i.e., 1. sij ) < 1, is entirely similar except
that we use Proposition 5.6 instead of Proposition 5.1. O
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