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ABSTRACT. The Lorentz gas describes an ensemble of noninteracting point particles in an
infinite array of spherical scatterers. In the present paper we consider the case when the
scatterer configuration P is a fixed union of (translated) lattices in R?, and prove that in the
limit of low scatterer density, the particle dynamics converges to a random flight process. In
the special case when the lattices in P are pairwise incommensurable, this settles a conjecture
from [20]. The proof is carried out by applying a framework developed in recent work by
Marklof and Strombergsson [21], and central parts of our proof are the construction of an
admissible marking of the point set P, and the verification of the uniform spherical equidis-
tribution condition required in [2I]. Regarding the random flight process obtained in the low
density limit of the Lorentz gas, we prove that it can be reconstructed from the corresponding
limiting flight processes arising from the individual commensurability classes of lattices in P.
We furthermore prove that the free path lengths of the limit flight process have a distribution
with a power law tail, whose exponent depends on the number of commensurability classes

in P.

CONTENTS

L. Introduction
[L.1. _The limiting flight process

[1.2 Expressing = via the commensurability classed
[1.3.  Asvmptotic estimates for the free path length distribution
[2. The hypotheses from [21] on the scatterer confieuration 2

[2.1.OQutline of the rest of the papei

[3

Further setup and notation

[3.1

Representing the point set 72!

|3_.2,_Li§_grouns and homogeneous spaces

[4.1.  The limit measure 1(9)

@ @)

L3 A Sied o formul for © !

@)

Both Palmer and Strombergsson were supported by the Knut and Alice Wallenberg Foundation.

1



2 MATTHEW PALMER AND ANDREAS STROMBERGSSON

7.4, Verification of [P3]. and the macroscopic limit 44
8. Application of the classification of invariant measures of unipotent flows 46
9. Proof of [P2] (uniform spherical equidistribution) 57
9.1, Equidistribution without. uniformity 57

9.2. A first uniform result 60

03 Proof of formity in (P2 ] 63
[10. The transition kerneld 67

[10.1.  Definitions: collision kernels and transition kerneld 67
[10.2.  The product formula 70
[10.3.  Asymptotic estimates for the free path length distribution 75

[Index of notation 79
[Referenced 81

1. INTRODUCTION

The Lorentz gas [14] describes the dynamics of a cloud of non-interacting point particles in
an array of fixed spherical scatterers of radius p > 0, centered at the elements of a given locally
finite point set P C R%. Each particle travels with constant velocity along straight lines, and
each time it hits a scatterer it is deflected by elastic reflection or by a more general (fixed)
scattering process. We denote the position and velocity of a point particle at time ¢ by g(t) and
v(t). Since the particle speed outside the scatterers is a constant of motion we may without
loss of generality consider only point particles having unit speed, viz., ||v(¢)|| = 1. This means
that the particle dynamics takes place in the unit tangent bundle Tl(le) =K, x Scllf1 of the
domain

Ky =R\ (P + BY),
where Bg denotes the open ball of radius p, centered at the origin. The Liouville measure
on TY(K,) is vol xo, where vol denotes the Lebesgue measure on R? and o := volga—1 is the
1

Lebesgue measure on Scllfl.

Since the gas particles are assumed to be non-interacting, to study the evolution of a particle
cloud, we may just as well consider the orbit t — (g(t),v(t)) of a single point particle starting
from a random point (g, vp), chosen according to a given probability measure on the phase
space T'(K,). Then t ~— (q(t),v(t)) becomes a random flight process, which we call the
Lorentz process. A central challenge is to determine whether, in the limit of small scatterer
density (that is as p — 0), the Lorentz process converges to a limiting stochastic process. In
order to give a precise formulation of this question, we assume from now on that P has an
asymptotic density, meaning that there exists a constant np > 0 such that for any bounded
set D C R? with boundary of Lebesgue measure zero, we have
(1.1) lim 2P0 ED)

R—o0 Rd
Then a simple heuristic argument shows that the mean free path length, i.e. the mean time
between consecutive collisions, should be expected to scale as p'~% as p — 0. It is therefore
natural to consider the so-called Boltzmann-Grad scaling, in which length and time units are
rescaled by a factor of p'~?. That is, we consider the macroscopic coordinates

(Q®), V(1) = (0" 'alp™ " Vt),w(p~ V).
The challenge now is to prove that the rescaled random flight process t — (Q(t), V(t)) con-
verges to a limiting random flight process as p — 0.

= np vol(D).

There are two instances where this problem has been fully understood for some years. The
first is the case when P is a fixed realisation of a Poisson point process. Here Boldrighini,
Bunimovich and Sinai [2] proved that the Lorentz process converges to a limit that is consistent
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with the linear Boltzmann equation (cf. also [9] and [29]). In fact the paper [2] is restricted
to dimension d = 2 and hard sphere scatterers, but it was proved in [2I] that the results
generalise to general dimensions and soft scattering potentials.

The second instance is when the scatterer configuration P equals a Euclidean lattice £ of
full rank in RY. For this case, Marklof and Strémbergsson [16, (17, [15], 18] proved convergence
of the Lorentz process to a limiting random flight process which in fact only depends on the
asymptotic density of £. The limit process is Markovian only on an extended phase space
which, in addition to position and momentum, also includes the impact parameter and distance
to the next collision. The corresponding transport equation is in particular not consistent with
the linear Boltzmann equation. This new transport equation was obtained independently in
dimension d = 2 for P = Z? by Caglioti and Golse [4, 5], subject to a heuristic assumption
that was proved (in any dimension) in [I7]. In the lattice setting, the limit transport process
in fact satisfies a superdiffusive central limit theorem [22], with a mean-square displacement
proportional to tlogt (where ¢ is time measured in units of the mean collision time), rather
than the standard linear scaling which appears in the case of random scatterer configurations.

In a recent paper by Marklof and Strombergsson [21], a general framework was developed
which, under a certain set of hypotheses on the scatterer configuration P, allows the proof
of convergence of the rescaled Lorentz process t — (Q(t), V (t)) to a limiting random flight
process. This framework was proved to apply when P belongs to a certain class of quasicrystals
(this includes in particular the case when P is a general periodic point set), and also in the
case when P is a fixed realisation of a Poisson point process of constant intensity.

Our main goal in the present paper is to prove that the framework from [21] also applies in
the case when the scatterer configuration P is an arbitrary finite union of grids. (By definition,
a ‘grid’ is a translate of a full rank lattice in R%.) That is, we will assume that

N
(1.2) P=JL,
i=1

where each £; is a grid. As we will see, this case serves as a nice testing ground for the
framework developed in [2I], and exhibits new features compared with the previous cases
where that framework has been proved to apply.

In the special case when the £; are pairwise incommensumbleﬁ, the scatterer configurations
in (L2) have previously been considered in the paper [20], where among other things a con-
jectural description of the Boltzmann-Grad limit of the Lorentz process was given. The main
result of the present paper settles that conjecture as a special case. However, the general case
of P as in (2], without the incommensurability assumption, is considerably more difficult
and involves interesting new phenomena (see Section [6.3)).

Remark 1.1. In the case when some scatterers in the family {p + Bg . p € P} overlap,
certain technical annoyances appear in the definition of the Lorentz process ¢t — (q(t),v(t)).
Let us note that overlapping scatterers in general do exist in the situation studied in the
present paper. Indeed, if P is any finite union of grids which is not periodic, then for every
p > 0 there exist points p # p’ in P with ||[p — p’|| < 2p. In the classical case when the
particles interact with the scatterers through specular reflection, this issue is handled in a
standard manner |21, Ch. 1.2]: in this case the Lorentz flow equals the standard billiard
flow in the region K,, and this flow is technically defined only on a subset of TI(ICP) of
full measure with respect to the Liouville measure vol xXo; the exceptional points include all
points (gq,v) € 0K, x Sil*l for which v points into a scatterer, and also, in the case of scatterer
overlaps, any initial condition for which the particle at some time point either in the past or
in the future collides with an intersection point of two or more scatterer boundaries. In the
case of scatterer interaction through a more general scattering map, for example a scattering

ITwo grids £ and £’ in R? are said to be commensurable if there exist § > 0 and v € R? such that
LN (5L +v) is a grid.
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process generated by a spherically symmetric potential, a simple way to avoid intricacies in the
definition of the Lorentz flow is to remove, in an ad hoc manner, scatterer centers in P causing
overlap |21, Ch. 1.3]. Since the probability of the particle hitting a scatterer which overlaps
with another scatterer tends to zero in the Boltzmann-Grad limit, the limiting random flight
process becomes the same independently of the precise choice of convention.

1.1. The limiting flight process. We will assume throughout the paper that the fixed
scattering process of the Lorentz gas satisfies the conditions in [2I], Sec. 3.4]. Special cases
include the case of hard sphere scatterers as well as a general class of soft scattering potentials.

The main result of the present paper is Theorem 2] in Section 2] which states that all the
assumptions required in the framework in [21] are satisfied in the case when P is an arbitrary
finite union of grids. By the results of [21], this implies the existence of the Boltzmann-Grad
limit of the particle dynamics in the Lorentz gas. To make a precise statement, let us write
F; , for the rescaled Lorentz flow;

(Q1). V(1) = Fu,(Q(0), V(0)).

For notational reasons we extend the dynamics to the inside of each scatterer trivially, that
is, set Iy, = id whenever @Q is inside the scatterer. Thus F}, is now a flow defined on all
of TH(R?), the unit tangent bundle of R?. Let P,.(T!(R?)) be the set of Borel probability
measures on T!(R?) which are absolutely continuous with respect to the Liouville measure
vol xao.

The following theorem is a consequence of Theorem [Z1] below, in combination with the
main results of [2I] and in particular [2I], Sec. 4.5].

Theorem 1.1. Let the scatterer configuration P be a finite union of grids. Then, for any
A € Poo(THRY)), there exists a random flight process £ = {=(t) : t > 0} such that the
random process

=) . ¢ s =0 (t) = Ft,p(Qoa Vo)

obtained by taking the initial data (Qqy, Vo) random with respect to A, converges to = in
distribution, as p — 0.

The next result, Theorem [[.2] gives a description of the limiting process = in Theorem [L.11
The key point is that, after introducing a certain marking of the points in P, the process =
can be described as the flow with unit speed along a random piecewise linear curve, whose
path segments, when considered in combination with the marks of the scatterers involved in
the collisions, are generated by a Markov process with memory two. This is a special case of
a corresponding result in [21]; in the setting of the present paper with P being a finite union
of grids, the set of marks can be taken to be a certain concrete finite set, which we now turn
to describe.

From now on, we will express P as

(1.3) P=J Ly,
pew

where W is a finite set of indices, and each L is a grid in R?. In the statement of Theorem 2]
we must require that the above presentation of P is admissible. This is a somewhat technical
notion which we will define in Section [5.2} we prove in Section [£.3] that every finite union of
grids possesses an admissible presentation. We give a couple of simple examples: If the grids
Ly are pairwise incommensurable, then the presentation in (L3]) is always admissible. On
the other hand, for any ¢ € Z>y and v € RY\ Z%, the presentation P = Z% U (¢Z¢ + v) is
admissible if and only if v ¢ Q%; in the remaining case v € Q%\ Z?, an admissible presentation
of P = Z?U (qZ% + v) can be given as the union of the grids ¢Z% 4+ o with a running through

(1,....q}%U {v).
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Assuming that (L3]) is an admissible presentation of P, let us now fix a choice of a function
(1.4) P =T, subject to p € L) (Vp € P).

We will call this function a crude markz'ngﬁ of P. Note that the condition in (L) forces the
choice of 1(p) for every p € P which does not lie in more than one of the sets £,. That is,
the flexibility involved in the choice of the crude marking ¢ : P — ¥ concerns only the points
in the union Jyyeq(Ly N Ly). It will turn out that the exact choice of the mark ¢ (p) at
these points has no influence on the description of the limiting flight process.

For each ¢ € ¥, let My, be the asymptotic density of L,. It follows that the asymptotic
density of P is given by np := Zwetlf M. We equip ¥ with the probability measure m defined
by

n
(15) mw) == (YW
np
(We are abusing notation for increased readability; naturally, “m(¢))” denotes m({¢'}).)
The following result follows from [2I, Theorem 4.6], in view of Theorem 2.1] below.

Theorem 1.2. Let P = Uwe\I/ Ly be an admissible presentation of P, and let ¢ : P — VU be a

corresponding crude marking. Let A € Poo(TYHRY)). For (Qy, Vo) random with respect to A,
let the corresponding random trajectory t — F; ,(Qq, Vo) be described by the random variables

fj(»p) € Ryg, 1/1]@ eV and V§p) € S‘li_l, where {ﬁp) is the length of the jth path segment, ¢§p)

is the mark of the scatterer involved in the jth collision and Vgp) € Scf_l is the velocity after
the jth collision. Then as p — 0, the random process

(<£J('p)’ T'Z)J('p)’ Vg'p)>)j:1,2,...

converges in distribution to the second-order Markov process

(1.6) (&% Vi) iz1a..

where for any Borel set A C Rsg x ¥ x 8971

a0 P Vi e 4]@n Vo) = [ 0(Viie V) dedm(w) do(V),
and for j > 2,

(18) P((& 45, Vi) € A| (@0 Vo), (&9, V)T))

- /A P (Vo V1€, V) de dm(w) do (V).

The functions p¥) and p¥'=%) depend on P but are independent of A, and for any fized
V', V", both p(V': €, V) and p&' =) (V" V'€, V) are probability densities on Rsg x
U x SI71 with respect to the measure d& x dm(y)) x do(V').

We call the functions p(¥) and p(W—“ﬂ) collision kernels. Explicit formulas for these will
be given in Section [0 as pushforwards of invariant measures on certain homogeneous
spaces associated to the given point set P. Both p*) and p(W—“ﬂ) are rotationally invari-
ant in the sense that p()(V/K;¢, VK) = p¥)(V':¢,V) and p¥' 7Y (V'K, V'K;¢(, VK) =
pW (V" V€, V) for any K € SO(d). We also mention that by definition we have
PP (V' 6, V) = 0 unless V € Vyr, and p¥' (V" V':€, V) = 0 unless V' € Vy» and
V € Vy. Here, for any V € Scll_l, Vv is the set of possible exit velocities in a scatterer
collision with entry velocity V' [21| Secs. 3.4-5].

The limiting random flight process = discussed above is closely related to the dynamics of
a particle cloud in the Boltzmann-Grad limit of the Lorentz gas. Indeed, the time evolution

2See Section 2l regarding why we call it “crude”.
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of an initial particle density fo € L(T!(R%)) in the Lorentz gas with fixed scatterer radius p
is given by f; = Ltp fo where LZ is the Liouville operator defined by

[L,fol(Q, V) = fo(F_1,(Q,V)).

The existence of the limiting stochastic process Z(¢) implies that for every ¢ > 0 there exists a
linear operator L; : LY(TY(R9)) — LY(T(R?)) such that for every fo € L*(T}(R?)) and every
set A C TY(RY) with boundary of Liouville measure zero,

i [ (L 7)(QV)dQdo(V) = [ Lify(Q.V)dQdo(V)
A A

p—0

[21L, Cor. 1.4]. Under suitable continuity assumptions we can in fact express L;fo as

[Lefol(@, V) = / L VQ,V € V) dedm(v) do(Vy),
RsoxWxST™

where the functions f®) (t,Q,V, & Vy) form the unique solution of the system of differential

equations

(at +V. VQ — ag)f(w”')(t, Qa V7§7 V+)
(1.9) = / O Q,V0,0,V) pl¥ =) (V, V€, Vi) dm(sh) do(Vo),
Txsdt

subject to the initial condition f¥+)(0,Q,V,&,Vy) = fo(Q, V) p+)(V: €, V). See |21, Sec-
tions 1.4 and 4.6].

Equation (L9) may be viewed as a generalization of the linear Boltzmann equation; it is the
forward Kolmogorov equation (or Fokker-Planck-Kolmogorov equation) of a natural extension
of Z to a Markov flight process on the space TH(R?) x Rug x ¥ x S¢71 [21) (1.24)].

In the special case when the grids £; in (IL2) are pairwise incommensurable, the limiting
random flight process described in Theorem [[.2] as well as the generalized linear Boltzmann
equation in (9], agree with the corresponding limits conjectured in [20]; see Remark
below.

1.2. Expressing = via the commensurability classes. An important result of the present
paper is that the collision kernels can be expressed as products over collision kernels associated
to the commensurability classes of the grids appearing in P. In the special case when the grids
in P are pairwise incommensurable, such product formulas were given in [20, Sec. 5].

Recall that two grids £ and £’ in R? are said to be commensurable if there exist § > 0
and v € R? such that £ N (0L + v) is a grid. This is an equivalence relation on the family
of grids in R?. Let us say that two marks 1,¢’ € ¥ are equivalent (and write ¢ ~ ') when
Ly and Ly are commensurable. For any 1) € ¥ we denote by [¢] := {¢/ € ¥ : ¢/ ~ ¢} the
corresponding equivalence class.

Let C'y be the family of equivalence classes in ¥, and set, for any ¢ € Cy,

(1.10) Pe:= | Ly

PecC
Note that P. is a subset of P, and P, is itself a finite union of grids, so that all the results
discussed so far also hold for the Lorentz gas with P, as scatterer configuration. The asymptotic
density of P, is

(1.11) Mo = Y Ty,

PEcC
and it will be immediate from our definition of admissibility that for any ¢ € Cy, the presen-
tation P. = Uyec Py is admissible; hence Theorem applies to the scatterer configuration
P. with this presentation. For any two 4,1’ € ¢, let us denote by °p(¥) and Op(w/ﬁw) the
collision kernels for the corresponding limiting flight process. Thus °p(*) is defined for any
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Y e ¥, and p¥' %) is defined for any ¢/,¢ € U satisfying ¢/ ~ 1. Also, for any ¢ € Cy,
letting m. be the probability measure on ¢ defined by

(1.12) me(y) = 2L

we have that for any fixed V/, V" and ¢/ € ¢, both %p¥)(V';£, V) and p¥'=)(V" V' £, V)
are probability densities on Ry X ¢ X S‘li_1 with respect to the measure d§ x dm.(¢) x do (V).

The product formula for collision kernels is stated in Theorem [0.3] below (see also Re-
mark [[0.4]). Here we give an equivalent formulation saying that the Markov process which
generates = can be obtained by merging in a certain way mutually independent versions of the
Markov processes which arise in the Boltzmann-Grad limit for Lorentz gases which scatterer
configurations P,. To prepare for the statement, let V', V" be arbitrary, fixed vectors in Scll_1
subject to V' € Yy, that is, V' is a possible exit velocity in a scatterer collision with entry
velocity V. For every ¢ € Cy, let (£, 1., V) be a random variable in Rsg x ¢ x S9!, with
distribution

(1.13) (V'€ V) dé dm(¢) do (V).

Also for every ¢’ € ¥, let <5[WL¢” {EW]W, ‘N/[W]’W) be a random variable in Rsq x [¢)] x Sil*l,
with distribution

(1.14) PV (VT V€, V) dE dmpy (¥) do(V).

We take all these random triples to be mutually independent. Furthermore, for any v’ € ¥
and ¢ € Cy with ¢/ ¢ ¢, we set (EC,W,{/?W, ‘70,¢/> := (£, 1be, V). Thus the random variable
@0@/,1’/;0@/, ‘7€,¢/> is now defined for all ¢/ € ¥ and all ¢ € Cy. Note that (LI3]) and (LI4)
are exactly the distributions which appear in (I.7)) and (L.8]) when Theorem is applied to
P.. Next let the random variable ¢ be equal to that ¢ € Cy which minimizes gc, and let the

random variable ¢y be equal to that ¢ which minimizes Ec,w,. (These ¢ and ¢y are almost
surely uniquely defined.)

Theorem 1.3. For given V" ¢ Sili1 and V' € Vyr» and 2’ € VU, introduce the random
variables (€,,e, Vo) and (gcﬂp/,zzc,w,f/c’w/) (for all c € Cy) and ¢ and ¢y as above. Then
the conditional distributions appearing in (LX) and (L8) of Theorem are given by the
following formulas: For any Borel set A C Rsg x ¥ % Scll_l,

(1.15) P((Slﬂbl, Vi)eA ‘ (Qo, Vo), Vo = V’) = P(@a be, V) € A>7
and for j > 2,

P((§j7¢j7vj> €A ‘ (Qo, Vo), <(§i,¢i,V¢)>f;11, Vie=V" V1=V ¢ 4= w’)
(116) = P(<§Ew/,¢’a1zgw/,1/)’a ‘751/)/,1/1'> € A) .

Note that Theorem [[3]is a tautology when #Cy = 1, i.e. when all the grids £y (¢ € ¥)
are commensurable; but when #Cy¢ > 1, Theorem [[.3]in effect expresses the collision kernel
of the limiting flight process for the scatterer configuration P in terms of the collision kernels
for the subconfigurations P., ¢ € Cy (again, see Remark [[0.4] below).

We next point out a consequence of Theorem [[3] concerning the limiting free path length
distribution in the Boltzmann-Grad limit. Set, for any V' € Sffl,

(1.17) Br©) = [ pVEEV) dm() do(V)

The right hand side in (II7) is independent of V’ in view of the rotational invariance of p(¥),
and ®p () is a probability density on R<g with respect to Lebesgue measure. In fact ®p(§) is
the density function for the free path length in the limiting flight process = when starting from
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a generic point inside the billiard domain. We will show in Section [I] that the function ®p(§)
is continuous, decreasing, and 0 < ®p (&) < npvy_1 for all £ € Ry, where vg_1 := Vol(Bf_l).
Note that for any ¢ € Cy, the formula (I.I7) applied to P. reads

(1.13) br ()= [ OVEEV)dm(w) da(V).

We now have:

Corollary 1.4.

Proof. Given £ > 0, we apply (LI5]) in Theorem [[3] to the set A := (£, 00) x ¥ X Scllfl. Then
by (L) and (LI7), the left hand side of (LIH) equals f;o Pp(¢)d¢’. On the other hand, by

the definition of the (mutualy independent) random variables (Ec, Ve, ‘76>, and the definition
of ¢, the right hand side of (LIH) equals [[.cq, P(& > §), which by [L7) (for P.) and (LIS)
equals [[.cq, fgoo Op, (&) dE'. Hence:

Tep)ae = I [ o).
J J

ceCy

and the corollary follows by differentiation, using the fact that the functions ®p and ®p, are
nonnegative and continuous. ]

In the special case when the grids in P are pairwise incommensurable, the formula in
Corollary [[L4] was given in [20, (2.8)].

1.3. Asymptotic estimates for the free path length distribution. We will prove the
following upper and lower bounds showing that the free path length distribution in the
Boltzmann-Grad limit has a power-law tail.

Theorem 1.5. Let P be a finite union of grids, and let N = #Cyq be the number of com-
mensurability classes of grids appearing in P. Then there exist constants 0 < ¢; < ¢y such
that

(1.19) &NV« Bp(6) < e~ WD ve> 1.

In particular it follows that the expected value of the free path length from starting at a
generic point, fooo EDp (&) dg, is finite if and only if N > 2.

In the special case when the grids in P are pairwise incommensurable, a more precise
asymptotic formula for ®p(£) as & — oo was given in [20, Theorem 2]; the proof uses the
product formula and the asymptotics for ®p(£) in the special case when P is a lattice, which
was obtained in [18, Theorem 1.13]. It would be interesting to try to generalize this asymptotic
formula, and also the precise asymptotic estimates for the collision kernels obtained in [18],
to the case when P is a general union of grids as considered in the present paper.

We remark that in the proof of Theorem [I.5] the critical case to handle is N = 1, as the
case of general N > 2 then follows immediately via the product formula in Corollary [[4l

Next we point out a consequence of Theorem concerning the density function ®p (&) of
the free path length between consecutive collisions in the random flight process = describing
the Boltzmann-Grad limit of the Lorentz gas. We give an explicit formula for ®p(¢) in (I0.14])
in Section [I0 here we merely point out the relations

(1.20) Pp(§) =np vg—1 /:O Pp(¢) dE’
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and
w —_
(1.21) | e ds -
0

Note that the value in (L2I]) is the expected value of the free path length between consecutive
collisions. The following result is an easy consequence of Theorem and the relation (L20]).

1

np V4—1

Corollary 1.6. The second moment of the free path length between consecutive collisions,
IS € 0p() d¢, is finite if and only if N > 2.

It is interesting to ask about the long-time asymptotics of the limiting random flight process
t — Z(t); we expect that this process converges to Brownian motion under an appropriate
rescaling. In the special case when P is a lattice, such a convergence result has been proved
in [22]; the correct scaling factor in this case is tlog ¢t (superdiffusion). In view of Theorem
and Corollary [LLG, it is natural to guess that a similar superdiffusive central limit result holds
whenever P is a finite union of commensurable grids (N = 1); however if the grids in P are
not all commensurable (N > 2), we expect that a standard diffusive central limit result holds,
i.e. with the rescaling factor being linear in t.

Acknowledgement. We are grateful to Jens Marklof for valuable comments and suggestions.

2. THE HYPOTHESES FROM [21] ON THE SCATTERER CONFIGURATION P

We now recall the precise formulation of the hypotheses on the scatterer configuration P
which in the paper [2I] were proved to imply the convergence of the Lorentz gas particle
dynamics in the Boltzmann-Grad limit. We first need to introduce some technical notation.

For any topological space S, we write P(S) for the set of Borel probability measures on
S, equipped with the weak topology. We will only consider P(S) when S is separable and
metrizable; recall that then also P(S) is metrizable [I, pp. 72-73]. Also, given any locally
compact second countable Hausdorff space X', we let N(X) be the family of locally finite
counting measures on X, equipped with the vague topology (then N(X') is a Polish space),
and let Ng(X) be the subset of simple counting measures; this is a Borel subset of N(X'). The
elements of Ng(X) may be identified with the family of locally finite subsets of X through
v — supp(v). The inverse map is {x;} — >, 6,,. We will use this identification between point
sets and simple counting measures throughout this work, often using the same notation for
point set and counting measure. A point process in X is, by definition, a random element &
in N(X). It is called simple if £ € Ng(X) almost surely. We identify P(N4(X)) with the set
of probability measures v € P(N (X)) with v(Ns(X)) = 1. Then a point process ¢ is simple if
and only if its law is in P(Ng(X)).

In the present paper we will always have

(2.1) X :=R¢xx

for some compact metric space . We will view vectors in R? as row vectors; thus GL4(R)
acts on R? from the right. We extend the natural actions on R? of R? (by translation), of R*
(by dilation) and of GL4(R) (by multiplication from the right) by the trivial action on 3; thus
for any (w,s) € X and any = € R%, T € RX and A € GL4(R) we set (w,s) +x := (w + x,5),
T(w,s) := (Tw,s) and (w,s)A := (wA,s). These actions also give rise to natural, continuous,
actions on Ng(X). For example, for any A € GLy(R) and Q € Ny(X) (viewed as a locally
finite subset of X), QA :={zA : z € Q}.
For p > 0 we denote by D, the diagonal matrix

(22) DP = diag(pd_17p_17 e 7p_1) € SLd(R)

We also fix, once and for all, a map R : S‘li_1 — SO(d) with the property vR(v) = e; for all
vE Scllfl, where e; := (1,0,...,0). We assume that R is continuous when restricted to Scllf1
minus one point; the choice of R is otherwise arbitrary.
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Now let P be an arbitrary fixed locally finite subset of R% with constant asymptotic density
np. We also assume given a compact metric space X, a map ¢ : P — X, a Borel probability
measure m on Y, and a continuous map s  u. from ¥ to P(N (X)) = P(N(R? x ¥)). Set

(2.3) P={(p,s(p)) : pEP}C X,

We refer to ¢ as a marking of P, and ¥ as the corresponding space of marksB
For any g € R%, v € Scllf1 and p > 0, we set

5 [P\{(a.<(a)} (a€P)
o fa= {75 (q¢P)

and
(2.5) Q,(q.v) = (Pq — q) R(v) D,
Given any g € R? and A € P(S971), if we take v random in (S¢7!, \) then Q,(g,v) becomes
a point process; we write ,U,SI):[)) € P(N4(&X)) for its distribution. Finally set py = vol xm.

The assumption on the scatterer configuration P, under which the convergence of the
rescaled Lorentz process to a limiting flight process was proved in [21], is that P can be

equipped with data ¢,3, m and ¢ — pu¢ as above, in such a way that the following six condi-
tions [P1]-[P3] and [Q1]-[Q3] are fulfilled (see [21], Sec. 2.3]):

[P1] Uniform density: For any bounded B C X with ux(0B) = 0, we have

(2.6 tim FPOTE) 5 (5).

[P2] Spherical equidistribution: Let Poe(S971) be the set of A € P(S¢71) which are absolutely
continuous with respect to o. There exists a subset £ C P of density zerd] such that for
any fixed T > 1 and A € Pa.(S{71), we have

w

(2.7) ,ug):g — lig(q) as p — 0, uniformly for g € Pr(p) :=P N B%pl,d \ €. H

[P3] No escape of mass: For every bounded Borel set B C R?,
lim limsup [vol xo]({(g,v) € B x si-1 . Q,(p g, v) N (3¢ x B) = 0}) =0,

§200  p0
with the open cylinder 3¢ = (0,€) x By ¢ R?,
[Q1] SO(d — 1)-invariance: — For every ¢ € 3,
p is invariant under the action of SO(d — 1) := {k € SO(d) : eik = ey }.
[Q2] Coincidence-free first coordinates: For every ¢ € X,
pc({v € N(X) : 321 e R st v({z} x R x ) > 1}) = 0.

[Q3] Small probability of large voids: For every € > 0 there exists R > 0 such that for all
¢ €Y and x € R? we have

(2.8) ne({v € N(X) : v(Bj(z) x Z) =0}) <e.
Here B&(z) := x + B4, the open ball of radius R centered at .

3For the point sets P which we consider in the present paper, the marking ¢ : P — X will be constructed to
be a certain refinement of the crude marking v : P — ¥ which we introduced in Section 11

We say that a subset £ of R? has density zero if it has asymptotic density zero in the sense of (LI)); note
that this holds if and only if it holds for D = BY, viz., if and only if limg_ e R™¢#(E N BEL) = 0.

5The statement in (Z7) means by definition: [Ve > 0: 3po > 0: Vp € (0, po): Vg € Pr(p): d(uflf‘g, Le(a)) < €]
where d is some metric on P(N (X)) realizing the weak topology. This definition is independent of the choice
of d; indeed see |21, Lemma 2.1] and note that {uc : ¢ € X} is a compact subset of P(N(X)), since it is the
continuous image of the compact set X.
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From a technical point of view, the following is the main result of the present paper:

Theorem 2.1. Let P be a union of grids in R%. Then there exists a compact metric space ¥,
a marking s : P — X, a continuous map s — pc from X to P(N(X)), and a Borel probability
measure m on X, such that all the assumptions [P1]-[P3] and [Q1]-[Q3] hold.

The explicit description of the data [E,g,g = e, m] which we use in the proof of Theo-
rem 2.1] is given in Section [Gl

Remark 2.1. In the special case when P is periodic, i.e. when P may be represented as in (L.2])
with all the £;s being translates of one and the same fixed lattice, Theorem 2.1] was proved in
[21, Prop. 5.6]. See Remark below for a more detailed comparison.

We end this section by pointing out an immediate consequence of [P2], which partly moti-
vates the construction of ¥ in the present paper (see the discussion in Section [6.3]).

Lemma 2.2. Assume given a locally finite subset P C RY, a map < from P to a compact
metric space ¥, and a continuous map s — uc from ¥ to P(N(RY x X)), such that the
condition [P2] holds. Let p be the natural projection from N(RY x %) to N(R?). Then the map
S+ i := pu(pe) from ¥ to P(N(RY)) is continuous, and for each fized q € P\ & (with £ as

in [P2]) and each X\ € Pae(S™1), we have p*(,ug):;) = He(q) as p — 0.

Note here that p*(ug),‘,))) is the distribution of the random point set (P \ {q}) — q)R(v)D,
in R?, for v random in (S¢71, \).

Proof. As a map of counting measures, we have p = (p1). where p; is the projection map
R? x ¥ — R? and one immediately verifies that p is continuous (using the fact that ¥ is
compact). Now the lemma follows by the continuous mapping theorem. O

2.1. Outline of the rest of the paper. Sections[BHI are devoted to the proof of Theorem [2.1]
from which also Theorems [I.T] and follow. Section [I0l contains the proofs of Theorems [I.3]
and [[.3] and their corollaries.

In Section [B] we introduce some further basic set-up and notation. In particular we fix the
index set ¥ in the presentation P = Uwelf Ly to be

\II:{¢:(‘7’Z) tJE€ {L""N}’ 1€ {1a---’rj}},

for some positive integers N and rq,...,ry, with the indices chosen in such a way that the
grids L;; and L ;) are commensurable if and only if j = j'. We also introduce a certain
product of homogeneous spaces X = X; X - -+ X X which naturally parametrizes the families
of unions of grids which appear when studying the spherical equidistribution condition [P2].
Here each space X; is a torus fiber bundle over the space SLg4(Z)\ SLy(R) of d-dimensional
lattices of covolume one in R%: the fiber space is an rjd-dimensional torus which we will denote
by ']I'?; it is equipped with a natural action by SLy(Z) from the right.

In Section M we state an equidistribution result in the space X, Theorem A2 which can
be viewed as a precise description of the limit considered in the spherical equidistribution
condition [P2]. In fact Theorem applies for an arbitrary translation vector g in R%:
however the theorem includes no statement about uniformity with respect to q, as is required
in [P2]. The corresponding limit probability measure on X is called @ In the remainder
of Section Hl we give an alternative way to represent these measures ©(? via certain measures
wgq) (2) (@)

,-..,wy , where for each j, w;

will denote by P(T;l)' the set of all SL4(Z)-invariant probability measures on T;l; this is a
compact subset of P(’]I‘?).

is an SLg(Z)-invariant probability measure on ']I‘gl. We

In Section [l we study the behaviour of each measure w](.q) as g tends to infinity within a

given subgrid Ly, of P, and we explicitly identify the limit measure(s) obtained. In order for
this limit to be unique in a certain sense, we need to introduce the admissibility property
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of the presentation P = Uwe\p L, mentioned in Section [LT1 The notion of admissibility is
defined in Section 5.2, and we prove in Section [5.3] that an admissible presentation of P always
exists.

In Section [6 building on the results from the previous sections, we are finally able to give
the precise definition of the space of marks ¥, the marking ¢ : P — X, and the map ¢ — pu.,
which we will use in the proof of Theorem 2.1l The construction of the space of marks ¥ is one
of the key steps in the present paper; this construction is more complicated and non-intuitive
than for any of the previous types of scatterer configurations for which the framework from
[21] is known to apply (see |21, Ch. 5]). The crude marking ¢ : P — ¥ which we introduced
in Section [Tl will appear as a factor of ¢ : P — 3J; in fact we will define X to be a subset of
the Cartesian product of ¥ and the compact set {2 := H;V: 1 P(T;l)’ . In Section we give a
discussion motivating our construction of X.

In Section [ we prove that the conditions [Q1]-[Q3] and [P1] and [P3] hold, and we reduce
the remaining condition, [P2], to a certain uniform equidistribution result taking place in the
homogeneous space X, Theorem [T.7. In Section [§ we prove a key result, Theorem Il on
equidistribution of certain expanding unipotent orbits in a slightly generalized version of the
homogeneous space X = I'\G; the proof builds on Ratner’s classification of ergodic measures
invariant under unipotent flows [25]. Theorem BJ]is then used in Section@lin order to complete
the proof of Theorem [Z.7] and thus also of Theorem 211

Finally, in Section [0 we start by recalling the formulas for the collision kernels p*) and
p¥' =) (see Theorem [[2)) in the general setting of the paper [21], and we then give the proofs
of Theorem [[0.3] (which we discussed above in Section [[.2]), Theorem [[.3] Theorem and
Corollary

3. FURTHER SETUP AND NOTATION

3.1. Representing the point set P. As mentioned in the introduction, we will always view
vectors in R? as row vectors

Recall that we are assuming that the scatterer configuration P is of the form P = Uzj‘il L;,
where each £; is a grid (viz., a translate of a lattice) in R?. Recall also that two grids £ and
L' in R? are said to be commensurable if there exist ¢ > 0 and v € R? such that £N (c£' + v)
is a grid. This is an equivalence relation on the family of grids in R%. By collecting the given
grids Lq,..., L) into commensurability classes, and then applying Lemma [3.T] below to each
class, one sees that the set P can be represented as follows:

N 74
(3.1) P = U U cii(Lj +vj4),

j=1i=1
where L1, ..., Ly are pairwise incommensurable lattices in R of covolume one, r1,...,rN are
positive integers, c¢;; are positive real numbers and v;; are vectors in R?, and furthermore:

(3.2)
Vj € {1, R ,N} : Vi #£ i e {1, R ,7“]‘} : CjJ‘/Cj,i/ eQ= [Cjﬂ‘(ﬁj + ’Ujﬂ') N Cj,i/(ﬁj + 'Uj,i/) = @]

Our reason for requiring (B3.2) is that if ¢;;/c;» € Q and the two grids ¢;;(£; + v;;) and
cji(Lj+wvj) were not disjoint, then their intersection would be a grid and in particular would
have positive aymptotic density; this is a situation that we wish to avoid (see Lemma and
Remark B.2] below).

In order to arrive at the statement above, we made use of the following lemma.

Lemma 3.1. Let L1, ..., L., be commensurable grids in R®. Then there exists a lattice £ in R?
of covolume one, a positive integer r, positive real numbers c1,...,c. and vectors vy,...,v, €

6But note that for other spaces R" appearing below, it will be natural to instead consider the vectors to
be column vectors. The first instance of this is on p. [I6] for the space R’ in the definition of the torus
T, =R"/Z"5.
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R? such that L1 U - U L, = Ui_; ci(L£ + v;). In this representation, we may furthermore
assume that for any i # 14" in {1,...,r}, if ¢;/cy € Q then ¢;(L + v;) Ney (L +vy) = 0.

Proof. Choose w; € R? such that £’ := £1 4+ w; is a lattice. Now for each j € {2,...,m}, the
fact that £; and £; are commensurable implies that we can choose J; > 0 and w; € R? such
that £/ N (6;£; +w;) is a lattice. (In particular then 0 € §;L£; + w;, meaning that 0;£; + w;,
is a lattice.) It follows that also N2,(0;L; + w;) intersects £’ in a lattice, and we can express
this intersection as 6L, where L is a lattice of covolume one and ¢ is a positive real number.
The fact that 6L is a finite index subgroup of £’ implies that £’ is a union of a finite number
of translates of d£; hence so is £;. Similarly for each j € {2,...,m}, since §L is a finite index
subgroup of §,;L; +wj, the grid £; is a union of a finite number of translates of (6/6;)L. The
first statement of the lemma follows by collecting all these unions into a single union.

To prove the second statement, we may for example proceed as follows. We start from a
union J;_; ¢;(£ 4 v;) with arbitrary numbers ci,...,¢, € Ry and vectors vy,...,v, € R4,

Partition the index set {1,...,r} by the equivalence relation i ~ ¢’ &t ci/cir € Q, and for
each equivalence class J C {1,...,r}, let c; be the least common multiple of the numbers
{¢; + i € J} (this exists since ¢;/cy € Q for all i,i' € J). Then for each i € J we have
n; = cy/c; € LT, and now U ; ¢i(L4v:i) = Uiy Unenr, cs(L+w+n; tv;), where R; € n 'L
is any fixed set of representatives for the quotient n;lﬁ /L. Removing any duplicate translate of
csL from the last union, we arrive at an expression of the form (J; ; ¢;(£4v;) = U2 cs(L+v])

for some vectors v}, ... ,’U;,J € R¢ which are pairwise incongruent modulo £. Applying this
rewriting procedure to each equivalence class J C {1,...,r}, we arrive at a representation of
L1U---UL,, which has the required property. O

Remark 3.1. Note that for a given P, the representation (3.I)) is far from unique, even when

we require (3.2]).

Let us rewrite (B slightly: Choose M, ..., My € SL4(R) so that £; = Z2M; (this is
possible since £; has covolume one). Set

(3.3) U={(j,1) : je{l,..., N}, ie{l,...,r}}.

Also for each ¢ = (j,i) € U, we set ¢y = ¢j4, Wy = Wj; = 'Uj,iMjfl € R%, and
(34) Ly = cji(Lj +v54) = cp(Z + wy) M.

With this notation, the asymptotic density of Ly is Ty = c;d, and we have:

(3.5) P=J Ly
Ppevw

as in (L3]).
Given ¢ € ¥, we denote by jy and iy the indices such that 1) = (jy,%y). The condition
[B2) now takes the following form:

(3.6) Y # ¢I ev: []¢ = j¢/ and Cw/CW € Q] = £¢ ﬂﬁw = 0.
Also, the fact that Lq,..., Ly are pairwise incommensurable implies that
(3.7) Mij71 ¢S, Vj#j5 €{l,...,N},

where § is the commensurator of SLg(Z) in SLg(R), i.e.

(3.8) S ={(detT)~YT : T € GL(d,Q), det T > 0}.

The presentation of P in (B.5]) is the one which we will work with throughout the paper, and
the conditions (B.6]) and (8.7) will always be assumed to hold.

Lemma 3.2. In the above representation of P, for any two ¢ # ' € W, the intersection
Ly N Ly is contained in an affine hyperplane of R,
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Proof. Assume that £, N Ly is not contained in an affine hyperplane. Then there exist points
qo;---,94 € Ly N Ly such that the vectors q; — qq for j =1,...,d form a linear basis of R,
Then q+7Z(q; — qq) +- - - +7Z(q, — qy) is a grid contained in £, N Ly, and so Ly, and Ly are
commensurable, i.e. j, = jy. Hence by ([34), both cy(Z¢ + wy) and cy (Z? + wyy) contain
the points qiMj:pl (i =0,1,...,d). Therefore (cy/cy)(Z% 4+ wy — (cyr/ey)wy) intersects Z<
in more than one point, and hence c;/cyy € Q. When combined with (B.6]), this leads to a
contradiction. O

Given P as in (B.5) we now also fix a choice of a crude marking ¢ : P — W, as in (L.4)).

Remark 3.2. As we discussed below ([4]), ¢ (p) is uniquely defined for every point p € P
outside the union (J_ycy (LN Ly). By Lemmal3.2] this union is contained in a finite union
of affine hyperplanes. In particular ¢ (p) is uniquely defined for every p € P away from a
subset of density zero.

3.2. Lie groups and homogeneous spaces. We now introduce appropriate homogeneous
spaces to keep track of the unions of grids which will appear in our discussion. (This is very
standard; cf. [2I], Sections 5.2 & 5.3.3], [6, Sec. 7] as well as many other references.)

For any positive integer r, we let M, 4(R) be the space of real r x d matrices, and let S, (R)
be the semidirect product

(3.9) Sr(R) := SLa(R) x M;4(R)
with multiplication law

(3.10) (M, U)(M",U") = (MM, UM +U").
We also set

ST(Z) = SLd(Z) X erd(Z).

In the special case r = 1, we have S;(R) = ASL4(R), the affine special linear group. This
group acts on R? from the right through

w(M,u) :=wM +u  (weRY (M,u) e ASLyg(R)).

It is natural to identify S,(R) with a subgroup of SLg.,(R) through (M,U) < <J\U/‘[ ?),

since the group law (B.I0) then corresponds to multiplication of matrices; however we will not
make use of this identification in the present paper.

We will always consider SL4(R) to be embedded in S,(R) through M — (M,0); in other
words any M € SL4(R) is understood to also denote the element (M,0) in S,(R). In the
opposite direction, we denote by ¢ the projection homomorphism

t:Sp(R) — SLy(R); L(M,U) :== M.
For any U € M, 4(R) we let Iy be the element

(3.11) Iy .= (L,U).
in S,;(R). Note that the map U — Iy is a homomorphism from M, 4(R) to S,(R). Further-
more, for each i € {1,...,r}, we let r; : M,»4(R) — R be the projection map which takes

any matrix to its ith row, and we also define the following Lie group homomorphism:
a; - ST(R) — ASLd(R), ai(M, U) = (M, I’Z(U))
From now on we assume a point set P with presentation as in (B3)-B.3) to be fized. In

particular this means that the numbers N,rq,...,ry are now fixed; and so are the numbers
¢y, and vectors wy, (¢ € V). We then set:

G =5, (R)x--- xS, ,(R); I'=S,,(Z) x--- xS, (Z);
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and
X =T\G.

We also write G; = S, (R), I'; = S;,(Z) and X; = I';\Gj, so that G = G1 x --- x Gy and
X=X x--- x Xpy; and we denote by 7 the standard projection maps G; — X; and G — X.
We also write p; and p; for the projection maps onto the jth factor:

(312) Dj G—)STJ(R) and ﬁj :X—)Xj (] S {1,...,N}),
and for each 1 = (j,7) € ¥, we introduce the Lie group homomorphism p,, through
(3.13) Py = ajopj: G — ASLy(R).

We will use the space X to parametrize the set of all point sets that can be obtained from P =
UyewLy by applying arbitrary translations to each individual grid Ly, and arbitrary linear
maps of determinant one to each individual commensurability class, U:’: 1£(;,4)- Specifically,
we take I'g in X to parametrize the point set Jy(I'g), where

(3.14) Jo: X = NJRY;  Jo(Tg) = | cp(Zpyl9))  (9€G).
e

To see that this map is well-defined, note that for each ¢ we have p,(I') = ASL4(Z); hence
if Tg = T'g’ then py(g') = vpy(g) for some v € ASLy(Z), implying that Zp,(g') = Z%y(g).
However it should be noted that the map Jy is discontinuous at any point I'g € X for which
the grids ¢y (Z9py(g)) (¥ € ¥) are not pairwise disjoint.

We next introduce notation for expressing the parametrization in X of an arbitrary translate
of the fixed point set P. For any ¢ € R? and j € {1,...,N} we define the matrix U](q) by
specifying its row vectors:

(3.15) UP eM,xaR);  n(UY)=wj; —clgM;t (i=1,...,r)).

We also write

N
(316) U(q) = (Ul(q)a T U](\?)) € H Mrj Xd(R)a
j=1
and we introduce the notation (cf. (B.11))
N
(3.17) Iy = (Iyy,....Tyy) €G  forany V= (Vi,..., V) € [[ My, xa(R).
j=1
Furthermore, we set
(3.18) M := (M,...,My) € G,
and define:
(3.19) 0V =T, MeG (qeRY)

The point of these definitions is that we now have, for any ¢ = (j,7) € U:
(320) Cy (dew(géq))) = Cy (Zd ai(IU;q) M])) = Cy (Zd + Wy — Clzlqu_l) Mj = ﬁw —q
(cf. (34)), and hence
(3.21) JTg)=P—q (VgeR?),
Finally we introduce some further notation relating to the structure of the homogeneous
spaces X; and X. Recall that for each j € {1,..., N} we have a projection map ¢ : S, (R) —

SLg4(R); this map takes I'; to SLg(Z), and hence induces a projection map from X, to
SL4(Z)\ SL4(R), which we will denote by

(3.22) T:X) - SLo(Z)\SLa(R),  (Tjg) = SLa(Z)tlg) (9 € G).
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We also set

T;:==R%/Z"%  and T¢:=T;jx - xT;.
N —

d copies

[}

Note that T? is an 7;jd-dimensional torus. We will use “7” to denote both the corresponding
projection maps;

(3.23) m:RY = T; and 7 (R)? — ']I‘;l.

We will identify M, xqa(R) with (R™)?, by identifying any matrix in M, xa(R) with the se-
quence of its d column vectors (in order). This also induces an identification

T = M,, xa(R/Z).

We write T; : T? — (R/Z)? for the projection induced by the map r;. For each j we also
introduce the embedding

(3.24) z: T =X a(@(U)=T;1y, YU €M, xq(R).
4. SPHERICAL EQUIDISTRIBUTION (WITHOUT UNIFORMITY)

4.1. The limit measure (9. In this section we state a result in homogeneous dynamics,
Theorem below, which gives a precise description of the limit considered in the spherical
equidistribution condition [P2] in Section 2l Theorem expresses the answer in terms of
the parametrizing space X, and in fact applies for an arbitrary point g in R% however the
theorem includes no statement about uniformity with respect to the translation vector q, as
is required in [P2].

This Theorem is a special case of more general equidistribution results which we will
prove in Sections [§ and [ (see in particular Theorem [0.1]), and the main reason for stating
this special case already here is to help motivating the introduction of the measure (9 (see
(#£2) below), which will be a crucial object of study in the remainder of Section [ as well as in
Section Bl Note that we will not make use of the statement of Theorem before Section [l

For a given ¢ € R? and each j € {1,...,N}, we let U;?,...,U;gl) € R" be the column
vectors of U ](q), and then define Lg-q) to be the identity component of the smallest closed
subgroup of R containing both Z'7 and U ;‘?,...,U;?. This Lg-q) is a rational (linear)

)77 is a lattice in qu). Next, given any linear subspace L of R"7,
we let Sz.(R) be the closed connected subgroup of S, (R) given by
(4.1) SL(R) :=SLq(R) x L* = {(M,U) € S,,(R) : U € L}.
Here “L?” should be understood via our identification M, xa(R) = (R™)?, viz., L is the set
of matrices in M, »4(R) all of whose column vectors lie in L.

subspace of R/, i.e., qu

Lemma 4.1. For any q € RY, the SL;q) (R)-orbit of the point I'; IU](q) inX; =T;\Gj is a closed

embedded submanifold of X; which carries a unique SL(q) (R)-invariant probability measure.
j

Proof. Set U := U ](q) and L := qu). It follows from the construction of L that there exists
a matrix X € M;, xq(Q) such that U — X € L% (indeed, see Lemma B3 below). This implies
Iy I' € S1.(R), and hence the Sy, (R)-orbit in the statement of the lemma can be expressed as
FAL Iy S(R) = '\ Ix Sp(R). Hence by [24, Theorem 1.13], it suffices to verify that I';
intersects Ix Sr(R) I}l in a lattice. To show this, let n be a denominator of X, i.e. a positive
integer such that X € n~! Mrjxd(Z), and then set

A={(M,V): MeT(n),VeXM-X+(LNZ7)%},

where I'(n) is the principal congruence subgroup of SL4(Z) of level n. One verifies that A is a
subgroup of I'; NIy S;(R) I}, and a lattice in Ty S;,(R)Iy'. Hence the lemma is proved. [
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In view of Lemma (A1 it makes sense to define ,u§q> € P(X;) to be the unique S, @ (R)-
J

invariant probability measure on the orbit I';\I'; L @S, @ (R) in X;. Finally we set
J J

(4.2) p9 =1 g o u e P(X).

Let ¢ : SLg(R) — G be the diagonal embedding. For any topological space S, we denote
by Cy(S) the space of bounded continuous real-valued functions on S.

Theorem 4.2. Given any q € R?, f € Cp(X) and X € Pao(ST1), we have
(43 [ FEa e Rw)D,) drw) [
1

as p— 0.

We will prove Theorem at the end of Section [@.1] as a corollary of more general and
difficult results which we prove in Section[8l We remark that it is possible to give a considerably
simpler deduction of Theorem by combining the ideas in the proof of [20, Theorem 10]
and the proof of |21, Lemma 5.22]. In any case, the crucial ingredient in either of these two
proofs is the deep measure classification theorem of Ratner [25], and strong use is also made

of the work of Shah [27].
4.2. Re-expressing the limit measures ,ug»q) as w](.q). The task of finding the appropriate

space of marks ¥ and marking ¢ : P — X to satisfy the conditions in Section [2 is closely

related to the task of understanding the limit measures (9 = ,ugq) R ® ,ug\?) appearing in

Theorem 4.2, and in particular how these vary as q varies within the set P. As a first step
towards this goal, in this section we will introduce an alternative way to define the measures

,u§.q). Recall that each space X; is a torus bundle over the space SLy(Z)\ SLq(R) (cf. (3.22))),
(q)
j
the normalized Haar measure on SL4(Z)\ SL4(R) and some fixed measure on the fiber T;l. We
make this precise in Lemma [4.4] and Proposition 4.7 below.

We keep j € {1,..., N} throughout this section. Our first step will be to introduce the
relevant measures which can appear on the fiber ’]1‘?.

Recall that m denotes (among other things) the projection map R" — T"7 := R" /Z"3. For
any subset S of R" (resp. T"7), we write (S) for the subgroup of R"7 (resp. T"7) generated

and the point here is that each each measure p;"’ can be expressed as a product measure, of

by S, and (S) for its closure. For any topological group H we write H° for the connected
component of the identity. Now for any non-empty subset S of T"7, we introduce the notation:

(4.4) £(8) == {x1(9))

This is a rational subspace of R/, i.e. a linear subspace of R™ which is spanned by its vectors in
Z7i. 1f S is a non-empty subset of R"7 then we also write £(5) := £((S)) = (S + Z7) *, and
if Vi,...,V,, is any finite sequence of points in T"7 or R"7, then we also write £(V1,...,V,,) :=

LV, ..., V).

Lemma 4.3. For any non-empty subset S C R, £(S) is the unique smallest rational subspace
L C R" with the property that there is some n € Z% such that (S) C n='Z" + L.

Proof. Set G = (w(S5)); this is a closed subgroup of T"7; hence its group of components, G/G°,
is finite, i.e. there exists a positive integer n such that ny € G° for all y € G. We also have
G° = 7(£(9)). It follows that n - 7(S) C 7(£(S5)), i.e. n- S C Z" + £(S). This is equivalent
with § C n=1Z" + £(S), and also with (S) C n=1Z" + £(9).

Next assume that L is any rational subspace of R"/ satisfying (S) C n~1Z" + L for some
n € Z*. Now n~1Z"i + L is a closed subgroup of R which contains S+Z"#; hence (S + Z"i) C
n~YZ" + L, and so £(S) := (S + Z") ~ C (n"'Z" + L)° = L. O



18 MATTHEW PALMER AND ANDREAS STROMBERGSSON

Next, for any V = (V4,...,Vy) € ']I'?, we introduce the notation

(4.5) sV =T, Va)
and
(4.6) LY = gWi,...,Va) = (r1(s{))°.

Thus S§V) is a closed subgroup of T; and Lgv) is a rational subspace of R"7.

Recall that we have identified M, 4(R) with (R" )?; this means that for any linear subspace
L Cc R, L% =L x---x L is a linear subspace of Mrjxd(R)- Similarly for any subgroup
S c Ty, S?% is a subgroup of ']I‘;l = M;, xa(R)/M;,xa(Z). Note that SL4(R) acts from the
right on M, 4(R) by matrix multiplication, and this action preserves the subspace L? for any
L C R". Furthermore, the subgroup SL4(Z) preserves M, xq(Z), and hence we obtain an
induced right action of SLy4(Z) on T;l = M, xa(R/Z). This action preserves the subgroup S%,
for any subgroup S C T;.

Now for any V € T;l, we define:

(4.7) o= |J (vy+)).
~ESLy(Z)

Here it should be noted that V € (S§V))d; hence O§V) is a union of some of the connected
components of the Lie group (Sg»v))d. In particular O](V) is open and closed in (S§V))d. Note
also that since (S§V))d is compact, its total number of components is finite.

We also define w](v) € P(']I‘;l) to be the restriction to O§V) of the Haar measure on (Sg»v))d.
normalized so that W§V)(O§V)) =1

V)

Note that for each V € ']I‘gl, the measure w; ° is SL4(Z)-invariant by construction. We

denote by P(T?)' the subset of all SL4(Z)-invariant measures w € P(T?). This is a closed, and
hence compact, subset of P(T;l).

Next, recall that for any g € R? we have defined a matrix U ](q) € My, xa(R), cf. (315); and
via our identification T? = M, xa(R)/ M, xq(Z) we have 7(U. ](q)) € T?. Note that the rational

a(UD
subspace Lg-q) C R" defined in Section 4] equals L; @) in our present notation. From
T U((I) T U((I) T U(q)
now on we will also write Sg.q), (’)](.q) and w](-q) to denote S; @ )), (’)](- @) and w§ @ )),

)

respectively. Thus in particular, (’)](-q is a union of some of the components of the closed

subgroup (qu))d C T;l, and w§q) is a measure in P(T?)' supported on O§q). We will see that
w](-q) is the measure on the fiber T? which gives back the measure ,ug»q)

construction which we will presently describe.

on X; via the product

We now introduce a map
(4.8) P(TY = P(X;), w—,

as follows. For any w € P(T?), let W be corresponding M, x4(Z)-invariant Borel measure on
M, xa(R), and define the Borel measure @ on G through

(4.9 dw(g) =do(U)dv(A)  when g=Ip A€ G; (U € M,;;x(R), A€ SLy(R)),

where v denotes the Haar measure on SL4(R), normalized by v(SL4(Z)\ SLg(R)) = 1. By the
following lemma, if w € P (T?)’ then the measure @ is left I'j-invariant, and we finally define
@ to be the corresponding Borel measure on X;.
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Lemma 4.4. For any w € P(T?)’, the measure @ is left I'j-invariant, and the corresponding
measure w on X; satisfies, for any Borel set £ C X,

(4.10) /F /Td U)A € E) dw(U) dv(A),

where Fy is any fized Borel set in SLg(R) which is a fundamental domain for SLq(Z)\ SL4(R),
and where 1(-) is the indicator function.

Note that ([@I0) in particular shows that @ is a probability measure, i.e. W € P(X;), and so
we indeed have a map as in (3]

Proof. Let w € P(T?)’ . In order to verify that @ is left I'j-invariant, it suffices to verify that
for any Borel set E C G; we have w(Iy E) = @(E) for all M € M, xa(Z) and O(yE) =w(E)
for all v € SL4(Z). The first of these two relations is immediate from (49]) and the fact that
w is Mrjxd(Z)—invariant. The second relation follows by noticing that, for any U € M, «4(R)
and A € SLy(R), Iy A € vE holds if and only if v~ Iy A € E, viz., Iy v~ 1A € E, and then
using the invariance of the Haar measure v, and the fact that @ is SLy(Z)-invariant, since
w e P(T}).

Next, in order to verify (A.I0), note that if Cy is the set of matrices in M, »4(R) all of whose
entries lie in [0, 1), then the set

Fé::{IUA:UGCd,AGFd} CG]'

is a fundamental domain for I';\G;. Hence for any Borel set £ C X we have
G(E)=w(r Y(E)NF) = / / I(Iy A e 1 (E)) dw(U) dv(A),
FJoy

which is the same as (4.10). O

For later use we record a few simple properties of the map w +— @ just defined.
Lemma 4.5. For any w € P(T;l)', the measure @ is SLy(R) invariant, and T, = v.

(Here, by abuse of notation, we write v also for the measure on SL4(Z)\ SL4(R) induced by
the Haar measure v.)

Proof. Tt is obvious from [@3) that & is right SLy(R) invariant; hence also @ is SLq(R) invari-
ant. The fact that v, w = v is immediate from (4.10). O

Lemma 4.6. The map in ([AS]) is continuous. (Here P(T?)' is equipped with the subspace
topology from P(T?).)

Proof. Recall that P(S) is metrizable for any separable and metrizable topological space S [I,
pp. 72-73]; in particular P(Td) and P(X;) are metrizable. Hence it suffices to prove that if
(wg) is any sequence in P(Td) converging to w € P(Td) we have @), — @ in P(X;). To prove

this, we have to prove that wk(go) — w( ) for any ¢ € Cb( ;); but it is a well-known fact that
it Sufﬁces to prove this for ¢ € C.(X;). Thus for a fixed ¢ € C.(X;), our task is to prove that

/T d /F d av(A) d (V)

converges to the corresponding integral with w, as k — oo. The fact that ¢ has compact
support in X; implies that a(U) := de o(x(U)A)dv(A) is a continuous function on ']I‘;l.
Now the task is to prove that de adw, — de adw, and this holds by definition since
J J

wp — w in P(’]I‘;-l). O
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Finally, for any V € ']I‘d we will now identify the measure w) e P(X;) as an invariant mea-
sure on a certain homogeneous submanifold of X;. Given V € T], it follows from Lemma 4.3
that there exists some X € M, .4(Q) such that V — n(X) € (Sg»v))Od, and this means that
we can choose some V € X + (Lgv))d C M, xq(R) with 7(V)=V. Let L = Lg-v) and recall

the definition of Sz, (R) in (@I)). It follows that the Sz (R)-orbit of the point z(V') in X; can
be expressed as:

(4.11) z(V) - Sp(R) =Tj\I'; I;; SL(R) = Tj\I'; Lx S (R).

By the proof of Lemma (]l (applied to V in place of U](q)), the orbit in ([@I1]) is a closed
embedded submanifold of X; which carries a unique S, (R)-invariant probability measure.

Proposition 4.7. For any V € Td, the unique S (v) (R)-invariant probability measure on the

orbit x(V) - S, (R) equals w( ) In particular, for any q € R we have ,u( 7 _ w§q).

J

Proof. Note that the second part of the proposition is an immediate consequence of the first
part, since, by the definition in Section [A.1] u§q) is the S L(’q) (R)-invariant probability measure

- (Q)
(( ))andw](.q)—

on the orbit x(ﬂ'(Uj(q))) : SLSq) (R) in X, and furthermore we have L( D -
(r(U?))
J ) B
To prove the first part of the proposition, set w := wj(-v), and let X, L and V be as in
(#I11). Since w = w]('\/) b}fv definition is the probability measure on X; whioh corresponds to
the I'j-invariant measure @ on G given by (£3), it suffices to verify that @ is supported on
['j 15 SL(R) and that @ is right Sp(R) invariant. However, it follows from (4.9)) that

(4.12) supp(@) = {Iy A : U € 7 1(0;(V)), A € SLa(R)},
and here we have
(4.13) T HO;(V) = {(V+ W)y : v €SLy(Z), W € L'+ M, a(Z)}

(cf. [@)). Note here that both L? and M, xa(Z) are SL4(Z)-invariant subsets of M, xq(R).

Using (£12), (£13) and Ly, A= 1 I,y 7A it follows that supp(@) =T I SL(R), as
desired.

Finally we verify that @ is right Sz (R)-invariant. We have noted that @ is right SLg(R)
invariant (cf. Lemma [L3]); hence it suffices to verify that @ is right Iyy-invariant for every
W € L% However this also follows from (&3), by noticing that Iy Aly = Iy a4-1 A for all
U € M,,xq(R) and A € SLy(R), and using WA™! € L% and the fact that & is invariant under
V)

L%-translations (since w = w; ’ is invariant under (S;(V)°)?-translations). O

4.3. A Siegel integration formula for the measure w. The classical Siegel integration
formula [28] states that for any measurable function f : R? — Rsq (or for any f € C.(R%)),

defining the Siegel transform fon SLd( )\ SLy4(R) by

f(SLa(Z)g) = Y f(mg) (g € SLa(R)),
meZd
then
/ fdv= f(x)dx + f(0).
SLq4(Z)\ SLq4(R) R4

The following proposition gives an analogous formula involving the measure w, for any given
w e P(’]T;l)’ . This formula will be used later in our proof of [P2] (uniform spherical equidistri-
bution); see the proof of Lemma [T.§ below.
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Proposition 4.8. Let ¢ = (j,i) € V. For any Borel measurable function f € RY — Rsq, we

~

define its “ap-Siegel transform” fy : X;j = R>o U {+o0} by

(4.14) FoTig) = " flew-(mai(g)) (g€ Gy).
meZd

Then for any w € P(']I‘;l)’ we have

(1.15) | Fedw=n, [ r@)de -+ (01 0)

as an equality of extended real numbers in R>o U {+o00}.

Remark 4.1. The reason for the formula (4.I4]) is that this corresponds to the “i)-part” of the

union in (3I4]). Note that ﬁ is well-defined, in the sense that the right hand side of (414
remains the same if g is replaced by g for any v € I';.

Proof. Let w € P(T?)’ be given. Define the Borel measure 1 on R? by u(B) := ij @ dw

for any Borel set B C R%. Let us prove that y is finite on compact sets, so that p is a Radon
measure. For this, it suffices to prove that u(B) < oo for any ball B = B%. In this case we
have, for all g € G;:

(116) (o (Ty0) = #(B N ey(Zai(9) < #(BNeyZilg).
by [10} Proposition 5] (the implied constant in the last bound depends only on d). Furthermore,
/ #(Bn c¢ZdL(g)) dw(g) = / #(Bn c¢ng) dv(g) =1+ VOl(C;blB) < 00,
X; SLa(Z)\ SLa(R)

where we applied Siegel’s original integration formula [28§].
Next, one verifies that for any Borel set B C R? and any T € SLy(R) and g € Gj, we

have (X/BE¢(Fjg) = @(Fng_l). Using this identity, and the fact that @ is SLy4(R)
invariant (cf. Lemma [A.5]), it follows that u(BT) = pu(B). Hence p is SLy(R) invariant. By
the well-known characterization of SLy(R) invariant Radon measures on R?, it follows that

(4.17) 1= c100 + ca vol

for some constants c1,ca € R>q, where vol is the Lebesgue measure on R?. Here

o= ul{0) = [ [ (o (a()4) du(V) dn(4) = o (0).
a7t
where the second equality holds by ([@I0), and the last equality holds since (®¢ (x(U )A) =
I(rij(U) =0) for all U € ']I'? and all A € SL4(R). Furthermore, it follows from (4.I7) that

o —

pBR) / gy
R—oo vol(B%)  R—oo X, vol(B4)

Cy =

and here for each fixed point in I'jg € X, the value of the integrand tends to c;d = Ty as

R — oo, by ([&I4)) and since ¢y - (Z%;(g)) is an affine lattice of covolume ci in R%. Hence by
Lebesgue’s dominated convergence theorem, the application of which is justified by the bound

(xga )w(T'9) - #(B% N ey Z%(g)) - #(B 0 eyZhu(g))
vol(B%) vol(B%) vol(B%)
(where we first used (£10) and then [10, Proposition 4]) and Siegel’s integration formula, [2§],
we conclude that cp = 7y,

We have thus proved that (£I5]) holds whenever f is the characteristic function of a Borel
set B C R% By taking finite linear combinations, it follows that (@IH) holds whenever f
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is a simple function, and finally by a standard approximation argument using the monotone
convergence theorem one proves (£I5]) in the general case. (]

5. LIMIT BEHAVIOUR OF wj(.q)

(a)

As we have mentioned, it will be important for us to understand how w:"’ varies as q varies

J
in P; in particular we are interested in the behaviour of wj(-q) as q tends to infinity within P.

The main result of the present section states that, under a certain admissibility assumption
on the presentation of the given point set P as a union of grids, it holds for each ¢ € ¥ that
(9)

the measure w;"’ tends to a unique limit measure w;»p € P(T?)’ as q tends to infinity within a
full density subset of L.

5.1. The limit spaces L}ﬂ and L;. As a first step, we will study the behaviour of the linear
)

spaces qu as g varies through a fixed grid £,. For each 1 and j, we will define a certain

rational space L}p C R, and will prove that this space is, in a certain sense, the limit of the
spaces L&q)
Let ¢ € W and j € {1,...,N}. We start by introducing some auxiliary notation for keeping

as g tends to infinity within a full density subset of L.

track of the matrix U j(q) as g varies within R? and Ly, respectively. Recall from ([B.4) that we
have introduced M; € SLy(R), ¢y € Rxg and wy, € R? so that Ly = cy(Z? + wy)M;,. Now
set, for any j € {1,...,N} and ¢ € U,

-1

i1
(5.1) cj = 51 eR" and c}p =cy ¢ € R,
3T
and also
wj 1
(5.2) Wi=| 1 | €Myxa®) and W/ i=W;—clwyT’ €M, «(R),
Wi,
where

o -1
TV = M;, M; ' € SLy(R).
The point of this notation is that we now have (cf. (B.13))

(5.3) UY =W, —gqM; !,  VgeR%
It follows that for any point q in £y = cw(Zd + wy ) Mj,, , we have:
(5.4) U =W —c!'mTP  when q = cy(m+wy)M;, (vm e Zo).

Now let L}b be the rational subspace of R™ given by

(5.5) LY — {E({C?}U{W]?{Jg NS {1,...7d}}) if j =gy
. g Q(RC?U{W;&:66{1,...,d}}) it §# jy,

where W;pl, ey Wf 4 € R"7 are the column vectors of Wf.

Lemma 5.1. Let ¢ € ¥ and j € {1,...,N}. Let L' be any subgrid of L. Then
LY =e({U9 - qger, te{l,....d}}),

where U9 "’U](,Zl) € R are the column vectors of U;q).

1l
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Proof. Set Sy = {sz :lef{l,...,d}} and S = {c;p} U Sy if j = jy; otherwise S = Rc}p U Sp.
Also set S := {Uﬂ) :qe L', 0 e{l,...,d}}. Then the task is to prove that £(S) = £(5").

Let T;ﬂ, .. ,T;’pd € R" be the column vectors of T;p. Then by (5.4]) we have

(5.6) Uﬂ) = W;& - c}ﬂmng when q = cy(m +wy)M;, (Vm € 74 0e{l,....d}).

Using (5.6) and the fact that Tf = I if j = jy, it follows that S" C (S), and so £(S") C £(95).
It remains to prove that £(S) C £(95").
Let £" be the inverse image of £’ under the bijection m + ¢y (m + wy)M;, from 7% onto

Ly. Then L£” is a coset of a full rank sublattice of Z%: hence there is some n € ZT and some
mg € Z4 such that L£” contains mg + nZ?, and so, by (5.6):

(5.7) WY, —c'mTY, €S,  VYmemo+nZ? (e{l,.. . d}.

By Lemma L3 there is some m € Z* such that S’ C m~1Z" + £(S"). Hence, since every point
in Z? can be written as an affine linear combination of points in mg + nZ¢, with all weights
in n=1Z, it follows that

(5.8) Wh, —cimTf, e A, VmeZ! (e{l,. .. d},

where A := (nm)~1Z" + £(S5") (this is a closed subgroup of R"7). We will prove that S C A;
by Lemma 3] this implies £(5) C £(5”), and so the proof of Lemma 5.1 will be complete. By
taking m = 0 in (5.8]) it follows that Sy C A; hence it suffices to prove that c}ﬂ e Aif j = jy,
and Rc}p C Aif j# jy.

We denote by e the kth standard unit vector in R%. If j = Jy then T;’b is the identity
matrix, and applying (5.8) with ¢ = 1 and m € {e;,0} it follows that A contains both
Wﬂ — c}b and Wﬂ; hence also c}b e A

Next assume j # jy. Then Tf ¢ S (cf. 37)), and so there exist two (non-zero) entries of

the matrix T;’b which have an irrational ratio; say entries k, ¢ and k', ', respectively. Writing

T;’b = (trs) we thus have tj ¢/t) o ¢ Q, which implies that the set {aty ¢+ bty ¢ : a,b € Z}
is dense in R. By considering the difference of two arbitrary vectors as in (5.8) we have
C}me;,ﬂz € A for all m € Z?. Taking here m = e, gives tuc;b € A. Similarly we also have
tkwc}p € A, and hence (aty ¢+ btkw)c}ﬂ € A for all a,b € Z. Hence since A is closed, we have

Re) C A O
Lemma 5.2. Lety € V and j € {1,...,N}. For every q € Ly, we have qu) - L}b.

Proof. By definition, qu) = S({Uﬁ) : £ €{1,...,d}}); hence the statement follows from
Lemma [5.1] and the fact that £(5) is increasing in S. O

Our goal is now to prove Lemma [5.4] below, which says that, in an appropriate sense, the
space Léq)
Remark B3] below.) We will need the following auxiliary lemma. We denote by “-” the
standard scalar product in the space R"7.

approaches L;p as g tends to infinity within a full density subset of £,. (Cf. also

Lemma 5.3. Let ¢p € ¥ and j € {1,...,N}. For any non-empty subset S C R™ and any
vector a € Q"7, we have a 1 £(S) if and only if {a-v : v € S} Cn~'Z for somen € Z*.

Proof. The case a = 0 is trivial; hence from now on we assume a # 0. The statement of the
lemma is invariant under rescaling of a by a non-zero rational number; hence we may assume
that @ € Z" and ged(ay,...,a,;) = 1. It follows that {a-m : m € Z"} = 7Z, and hence
{a-m : m € n71Z7} = n~'Z for any n € Z*. Therefore, if {a-v : v € S} C n7'Z
then S € n~!'Z" + a*, and so by Lemma &3] £(S) C a*, i.e. a L £(S). Conversely, assume
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a | £(S). By Lemma3 there is some n € ZT such that S € n='Z" + £(S) C n~'Z" +a™,
and this implies {a-v : v € S} C n~'Z. O

Remark 5.1. If S is a finite subset of R"7, then Lemma [5.3] implies that a vector a € Q" is
orthogonal to £(S) if and only if {a-v : v € S} C Q. Furthermore, if S = Re U S’ for some
vector ¢ € R” and a finite subset S’ C R", then Lemma 5.3 implies that a vector a € Q" is
orthogonal to £(S) if and only if a L cand {a-v : ve€ S’} C Q.

Lemma 5.4. Let ¢ € ¥ and j € {1,...,N}. For every a € Z'7 with a [ L , we have
(5.9) #lqe LyNBE - al qu)} < R as R — oo.

Proof. As before, let us parametrize the points in £, = c¢(Zd + ww)Mjw as q = g(m) =

cp(m + wy) M; »» With m running through 7. We will prove the following bound, which
clearly implies (£.9):
(5.10) #{mecZ'N[-R,R?:al L ™Y < (2R + 1)%- (VR > 0).

Using L(q ({U(q te{l,...,d}}) together with (5.6]) and Lemma [5.3] the bound (5.10)

can equ1valently be stated as:

(511) #{meZ'n[-RR": a- (W),—c/mTI},) €eQVLe{l,...,d}} < (2R+1)

. . "
We are assuming that a is not orthogonal to L;. By (5.5) and Lemmal5.3] (cf. also Remark[B.]),
this implies that

Ifj=jy: a- cwgé(@ or a- W , & Q for some £ € {1,...,d},
If j # jy - ac#OoraWzgéQforsomefe{l ., d}.

Let us first assume j # jy. If a- cj = 0 then a- W;’bg ¢ Q for some ¢, and it follows that the
set in (B.I7)) is empty, for all R. Hence we may assume that a - c}p # 0. Now j # jy implies
that T;p ¢ S, which means that there exist two (non-zero) entries of the matrix T;p which have

an irrational ratio. Hence there exist k,¢ € {1,...,d} such that (a - c?)(ekag) ¢ Q. This

implies that, for any R, the set in (5.11]) contains at most one point m along any line parallel
with ex. Hence the bound in (5.I7]) holds.

Next assume j = j,. Then Tf =1L Ifa- c}ﬂ € Q then a - sz ¢ Q for some ¢ € {1,...,d},
and it follows that the set in (5.11]) is empty, for all R. Hence we may assume that a - c}p ¢ Q.
Then for each ¢ € {1,...,d} there is at most one integer m such that a - (ng — mc;b) € Q,
and so the set in (5.I7]) contains at most one point, and the bound in (511 holds. O

(9)

We end this section by introducing a certain rational space L; C R"/ which equals L i for

q generic within R? (cf. Lemma below). These spaces are closely related to the spaces L}p
introduced above, and they appear in the explicit description of the macroscopic limit measure
18 which we discuss in Section [7.4] below. For each j € {1,..., N}, we set

(5.12) Lj:=L(Re; U{W;, : Le{1,...,d}}),
where Wj1,..., W, 4 € R" are the column vectors of W; (see (B.2)).

Lemma 5.5. Let j € {1,...,N}. For every q € R? we have qu) C Lj, and for all except
countably many q € R we even have Lg.q) = L;.

Proof. Let So = {W;, : L € {1 ,d} and S = Re¢; U Sy, so that L; = E(S) Recall that for

every q € R? we have L( ({UJ%) ¢e{l,...,d}}); and by (&3], v z =W —¢jqM;,,
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where M} , € R is the (th column vector of M;l. Here ¢;qM} , € R¢;, and thus U](’%) € (5)

for every ¢. Therefore Lg-q) C L.

Next, since both Lg-q) and L; are rational subspaces of R"7, if Lg-q) C L; then there exists
some a € Z"i satisfying a L qu) but @ £ L;. By Lemma 53] (cf. also Remark [5.1]) this means
that

(5.13) a- (Wj,—¢jqM;,) € Q, Ve {l,...,d},
but either a f ¢; or a-Wj, ¢ Q for some . Clearly this is not possible if @ L ¢;; hence we must

have a [ ¢;. Noticing also that the condition (5.I3)) is equivalent tcl a'(W; —¢jqM ;1) O
we conclude that:

(5.14) fger?: LY cry= |J |J{aer?: "W, —qM; ) =b).
acZ'i beQd
(ate))

But for every a € Z'7 with a [ ¢;j and every b € Q¢4, the set {q e R : aT(Wj—quMj_l) = b}
consists of exactly one point, namely q = (a'¢;)~!(a'W; — b)M,. Hence the set in (5.14)) is
countable, and the lemma is proved. O
Lemma 5.6. For any ¢ € ¥ and j € {1,...,N} we have L}p C Lj, and if j # jy then even
P _
LY =1
Proof. Recall that c}b = ¢, Cj; hence Rc}p = Rc;. Furthermore, by comparing the definitions
(B2) and (52)) we note that W;& =W — c}-ﬂwipTﬁg € Wi+ Rc}p = W, + Re;. Hence the
two sets Rc}b U {W;,pz :Led{l,...,d}} and Re; U{W,, : £ € {l,...,d}} generate the same
subgroups of R™. In view of this fact, the lemma now follows by inspecting the definitions of

L}b and L;, (5.5) and (E.12]). O
Lemma 5.7. For every ) = (j,i) € U, LY = L;Nef and L; = LY + RE;.

Proof. Since ¢ = (j,1), the ith coordinate of c}p is 1 by (5.1 and ri(W;’b) = 0 by (5.2)); hence
it follows from (5.5 that L? 1 e;, and so by Lemma [5.6] we have L}p C LjNej. On the other
hand, Re; € Ly by (5.12) and ¢; - e; = C;l > 0; in particular L; [ e;. Now to complete the
proof of the lemma it suffices to prove that

(5.15) LycL, with L:=LY+Rg;.

But it follows from (5.5]) and Lemma [4.3] that c}b € Q" + L;.p; hence since L equals the linear
span of L}p and the vector c?, L is a rational subspace of R"i. It also follows from (5.5]) and
Lemma (4.3 that each column vector of W;p lies in Q™7 + L;b; thus W;p € M, xa(Q) + (L}p)d,
and hence we have
W; = WY + c¥wy € My ,a(Q) + (L) + ¢¥wy € M, 1q(Q) + L
J j 5 Py riXd j 5 W riXd .
This implies that Wf € Qi+ L for each £ € {1,...,d}, and since also R¢; C L, the inclusion
in (B.I5) now follows from (5.12]) and Lemma [L3] O

5.2. The limit measures w}ﬂ and w]g.. The following condition will be of crucial importance

for us. It involves the vectors c}ﬂ € R and the subspaces L}p which were defined in (5.1]) and
(53) in the previous section.
Definition 5.1. We say that a presentation of P as in (3.5, and satisfying (3.6 and (B71), is

admissible if ¢! € LY +Z"i for all v = (j,i) € V.

"Note: We view a as a column vector, or equivalently as an r; x 1 matrix; hence a isalx r; matrix.
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It should be carefully noted that the condition in Definition [B.1] only involves vectors c}ﬂ

and spaces L}p for pairs of ¥ and j with j = jy.

As we will see below, the admissibility of the presentation of P is a necessary (as well as

(a)

sufficient) condition to ensure that all the measures w;"’ have a unique generic limit as q tends
to infinity within any of the grids £y. Luckily, it turns out that any point set P which is a
finite union of grids possesses an admissible presentation; we will prove this in Section [5.3]
below.

From now on we assume that the given presentation B.5) of P is admissible.

We will start by defining, for any ¢ € ¥ and j € {1,..., N}, a measure w}b € P(']I‘;l)’. We

will then prove that w;»p is in fact the generic limit of the measures w§q) as q tends to infinity

within the grid £,. As we will see, the assumption about admissibility is needed already for
the definition of w;.b to make sense. (Cf. the proof of Lemma [5.8 below.)

Given ¢ € ¥ and j € {1,..., N} we set S}p = W(L;»b). This is a closed subtorus of T}, since

L}ﬂ is a rational subspace of R"7. Furthermore, we pick an arbitrary point q € Ly, and define:

(5.16) fS’;p = S§~q) + S}b C Ty; and O}b = U (W(U;q))w + (S}p)d) C ']I'?.
~vESL4(Z)

Lemma 5.8. Both ’g;b and O;»p are well-defined, i.e. the expressions in (5.10) are independent

of the choice of q. We have (9§q> C (9;? forallq € Ly. Furthermore, fSV;p 1s a closed subgroup of

T; whose connected component subgroup equals S}p, and (’)f is a union of some of the connected

components of (S’;b)d

(It should be noted that since (fg’;p)d is compact, its total number of connected components
is finite.)

In view of Lemma [5.8] we may now define wf € P(T;l) to be the restriction to (’)f of the

Haar measure on (S’;ﬂ)d, normalized so that w;b(O;p) = 1. Note that w;b is SL4(Z)-invariant by

construction, i.e. we actually have w;-b € P(T?)’.
Proof of Lemma[5.8. Let us first prove that

(5.17) U9 U9 e LV +7,  Vq,q €Ly V(L. d}.

Indeed, pick m,m’ € Z? so that ¢ = cy(m + wy)M;, and ¢’ = cy(m' + wy)M;,; then

by (B8) we have U9 — U\?) = !(m/ — m)TY,. If j # j, then Re) C LY by (53) and

hence Uﬂ) — Uﬂ/) € L}p for each /. On the other hand if j = j, then T;p = I and so
Uﬁ) — Uﬁ/) Y/ c}p, and using the assumption that P is admissible (cf. Def. [5.]), this implies

that (5.17) holds.

In order to prove that fSV;p is well-defined it suffices to verify that for any two q,q" € Ly
we have S§~q,) C qu) + S}p. However this follows from the definition of S§q,) and the fact

that, by (GEI7), W(Uﬁ,)) € W(Uﬂ)) + S}p C qu) + S}ﬂ. Note also that (0.I7) implies that

(U ](q)) —7(U ](q/)) € (S}p)d; and this implies that (’);p is well-defined.
Now consider an arbitrary point g € Ly. Recall that qu) C L}ﬂ, by Lemma [.2} hence

(UD
(Sg»q))o C S}ﬂ, and by inspection in (£7) and (5.I6]) (and recalling (’)J(.q) = (’)](- @ ))), this

implies that (’)](.q) - (’);p. Recall also that S§q) is a finite union of (Sg»q))o—cosets in T;; therefore

fS’;p = S§q) + S}ﬂ is a finite union of S}ﬂ—cosets. Hence gf is indeed a closed subgroup of T;
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whose connected component subgroup equals S}p. Finally, from the definition of (’);p and the
fact that w(U. ](q)) € (S§q))d, it follows that (’);ﬂ C (gf)d; and (’);ﬂ is by definition a union of
(S?)d—cosets, i.e. a union of some of the connected components of (gzﬂ)d O

This is a convenient point to interject the definition of a measure w8 € P(’]I‘?)’ , which

J
is closely analogous to w}p, and which we will need later for the explicit description of the

macroscopic limit measure p® which we discuss in Section [7.4] below.

Given j € {1,...,N} we set S; := m(L;). This is a closed subtorus of T;. Picking an
arbitrary q € R%, we define:
(5.18) Sj=s@+s; and  0;:= |J @UP)y+sh) T

~vESL4(Z)

Lemma 5.9. Both gj and O; are well-defined, i.e. the expressions in (BI8) are independent
of the choice of q. We have (’)](.q) C O; forall q € R?. Furthermore, §j is a closed subgroup of
T; whose connected component subgroup equals S;, and O; is a union of some of the connected
components of S;l.

In view of Lemma [5.9] we may now define wf € P(']I'?)’ to be the restriction to O; of Haar

measure on g?, normalized so that wjg-((’)j) =1.

Proof. Tt follows from (5.3)) that for all q,q’ € R? we have U ﬁ) -U ﬂ/) € Rej C Lj, and thus

7(UD) - n(U9)) €S}, for every £ € {1,...,d}. Recall that S = (x(U\?), ..., x(UD)). It
follows that qu) C qu) +S; for any q,¢’ € R?. Hence we get that S; is well-defined. It also

follows that W(Uj(q)) - ﬂ(Uj(q/)) € S? for any q,q’ € R% hence O; is well-defined. The proof of
the remaining assertions is essentially the same as in Lemma (.8 O

Lemma 5.10. For all except at most countably many q € R* we have (qu’))o =Sy, qu) = gj,
(’)](.q) = 0j, and w§q) = w]g-.
Proof. We will prove that the stated equalities hold whenever Lg.q) = L;; by Lemma this
gives the statement of the present lemma. Thus assume that qu) = L;j. Then (S§q))o =
W(qu)) = n(L;) = S;. In particular S; C S§q), and so and S§q) = S§q) +S; = gj. By
comparing (0.I8]) with (£7) (applied with V = = (U ](q))), we have (’)](.q) = ;. Finally now also
(@ _ &
w; = ws
Lemma 5.11. For anyy € V and j € {1,...,N}, if j # jy then S}b =S;, g;p = gj, O}D = 0,

v g
cmdwj = wj.

is immediate from the definitions. O

Proof. If j # jy. then L}p = L; by Lemma 5.6l and the stated equalities are immediate from
this fact, by inspection in the relevant definitions. O

We now return to the discussion on the measures w}p. In Proposition 5.13] and Remark

below, we will prove that w;-p is the generic limit of the measures wj(-q) as g tends to infinity

within the grid £y. We will make use of the following auxiliary lemma.

Lemma 5.12. Let ¢ € ¥, j € {1,...,N} and q € Ly. Let m = m(q) be the number
of (Sg.q))Od—cosets contained in Oj(q), and let n be the number of (S}b)d—cosets contained in
(’);-p. Then n divides m, and every (S?)d—coset contained in (’);-p contains exactly m/n distinct

(S;q))o d—cosets.
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Proof. Let U := 7T(U( )) (S(q)) and let A be the stabilizer of the coset U + (Sg.q))Od, for the
action of SL4(Z) on the finite group (Sg.q))d/ (qu))od‘ It then follows from the definition in
([#£2]) that (9§q> equals the disjoint union of the cosets U~ + (qu))Od, when v runs through any
set of representatives for A\ SL4(Z). In particular we have m = #(A\ SL4(Z)). Similarly let A’/
be the stabilizer of the coset U + (S}b)d in (ggb)d/(S;p)d, then by (£.16]), O;»p equals the disjoint
union of the cosets U~y + (S}b)d, when v runs through any set of representatives for A"\ SLy4(Z);
and in particular we have n = #(A’\ SL4(Z)). Note that A C A’, since (qu))o C S}ﬂ. Therefore

n divides m, and the last statement of the lemma follows from the fact that each right A’-coset
in SL4(Z) contains exactly m/n right A-cosets. O

Proposition 5.13. Let ) € ¥ and j € {1,...,N}, and let U be any open neighbourhood of
w;ﬂ in P(']I'?). Then the set {q € Ly : w§q) ¢ U} has density zero.

Proof. To each matrix A € M.« 4(Z) corresponds a character x 4 on ’]I‘;l = M, xa(R)/ M, «q(Z)

given by x4(X) = 627”'%(AXT), and every character on ']I‘;-l can be so expressed. Using the fact
that the set of finite linear combinations of characters on T;l is dense in C' (T;l), it follows that

there exists a finite subset S C Mrjxd(Z) and some ¢ > 0 such that U contains the set

{1 e P(TY) : |pu(xa) —w!(xa)l <e VA€ S}

Hence, using also the fact that a finite union of density zero sets again has density zero, it
suffices to prove that for any fixed A € M, x4(Z), the set

(5.19) {ge Ly : [0 0a) —w’(xa)l = e}

has density zero.
For each q € Ly, let V](-q) € P(']I‘;-l) be the normalized Haar measure on (Sg-q))Od, and let

R(q) be a set of representatives containing one point in each (S§q))0d—coset contained in (’)J(-q)

(recall that (’)](-q) is a finite union of (S;q))Od—cosets). Then by the definition of wj(-q) around

([#£2)), we have

wj(- ( E 1/ OTX s
X€ER(q

where Tx : ']I'? — ']I'? denotes translation by X. Also let l/j epP (']I'?) be the normalized Haar

measure on (S}b)d. Comparing (£2) with (5.16]) and the definition of w;.b on p. [26] and using
Lemmas 5.8 and B.12], we then have:

(5.20) w Z vy
XeR

It follows that
(5.21)
‘ (Q)(

xa) = (e < #Rl(q) XER;( )(Vg(-q) (xaomx) = v (xaorx)| = [1¥(xa) — v} (xa)],

where the last equality holds since x4 o 7x = x4(X) - x4 for any X € ']I‘C»l.

Recall that (S(q))Od ((qu)) ); hence u(q)(XA) = 1if A is orthogonal to (L(q)) , oth-
(Q)(

erwise v

V](- )(

4) = 0. Hence, letting aj,...,aq € Z" be the column vectors of A, we have

(9) (q)(

xa) = 1 if each ay is orthogonal to L;”, otherwise v, (xa) = 0. Similarly v Y(xa) =1if

each ay is orthogonal to L}ﬂ, otherwise VJ(-q)(X 4) = 0. Recall also that Lg-q) - L}ﬂ for allq € Ly
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(cf. Lemma [B.2]). These facts, together with (5.21]), imply that the set in (5.19]) is contained
in the following finite union:

U {q €Ly ap L Lg»q)}.
£eq{1,...,d}
(arlLY)
This set has density zero by Lemma 5.1 O

Remark 5.2. We have stated Proposition [0.13] in a way which will be convenient for later
applications. However let us note that it can be reformulated as follows: We have w](.q) —

w;-b n P(T?) as q tends to infinity within a full density subset of Ly. Indeed, applying

Proposition B.I3] to a sequence of shrinking open sets U containing no other element than

w;.b in their intersection, and using Lemma [5.14] below, we conclude that there exists a subset
Z C Ly of density zero such that limj_,« w](.qk) = w}ﬂ for any sequence of points g, qs, ... in

Ly \ Z with [|qy|| — oo.

Lemma 5.14. Let £ be a grid in RY, and let 2,2, ... be subsets of L which each have
density zero. Then there exists a subset Z of L of density zero which has the property that for
every k there exists some R > 0 such that Zj, \ le% C Z.

Proof. Set z;(R) = R™94(Z; N B%). Using the fact that z;j(R) — 0 for each j, we can pick
0 < Ry < Ry < --- such that for each k € Z* and each R > Ry we have Z?:l zj(R) < k=L
Now set

[e.9]
z=J(z\85).
j=1
This set Z has density zero, since for each k € Z* and each R € [Ry, Ry, 1) we have R™4#(ZN
B%) = R™# Ule (Z2; N BE\ BR?) < 22?21 zj(R) < k71, Tt is also clear that Z has the last
property stated in the lemma. O

Remark 5.3. By analogy with Remark we also note that Lemma 54 implies that there
exists a subset Z C L, of density zero such that for every a € Z'7 with a [ L}ﬂ there is

some R > 0 such that a [ Lg.q) holds for all ¢ € Ly \ Z with |q|| > R. As in the proof of
Proposition [5.13], this implies that the normalized Haar measure on (qu))o = W(qu)) C T

tends to the normalized Haar measure V;b on S}b = W(L;-/J) as q tends to infinity within £y \ Z.

(9)

In this sense, we may say that “L j approaches L}b” as q tends to infinity within a full density

subset of Ly.

5.3. Admissible presentations of P. In this section we will prove that an admissible pre-
sentation of P can always be obtained:

Proposition 5.15. Let P be a finite union of grids. Then P possesses an admissible presen-
tation, i.e. there exist N € Zt, r1,...,ry € ZT, My, ..., My € SLq(R), and numbers ¢, € R
and vectors w,, € R for ¢ € U (with ¥ as in [33)), such that P is given by B.5), B.4), and
this presentation of P satisfies the admissibility condition in Definition [21.

We will prove Proposition 5.15] by showing that there exists a presentation of P as in (3.5,

B4), such that [B3.6) and ([B.7) hold and also
(5.22) clee({cVy) +2, W= (ji)e .

This implies that the presentation is admissible, since we always have S({c;p}) C L}ﬂ for all
P = (j,i) € ¥, because of (5.5) and the fact that £(5) is increasing in S.
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For any r > 1 and any vector w = (uy,...,u,)' € RLg, let us write @ := (u;',...,u; ") €
RL,. We call the vector u € RL, admissible if wyu € £(u;u) + Z" for every i € {1,...,r}.
In view of (5.1), we then have that (5.22]) is equivalent with the condition that the vector
(¢t Cir, )T is admissible, for every j € {1,...,N}.

To prove Proposition B.15] we will start from an arbitrary presentation of P as obtained in
Section B1] i.e. we assume that P is expressed as in (3.3]), (8:4]), and that the conditions (B.6)
and (3.7) hold. If this presentation is not already admissible, then we will modify it by making
use of the simple fact that for any positive integer ¢, we can express Z% as the (disjoint) union
of the grids ¢Z% 4+ o, with a running through the set {1,...,¢}% hence for any w € R? and
M € SLg(R), the grid (Z¢ + w)M equals the union of the grids (¢Z? + o + w)M. Tt follows
that for any choice of positive integers g, (1 € ¥), we have

d d -1
(5.23) P = U Ew = U Cw(Z +'w¢)Mjw = U U q¢C¢(Z + qy, (a +w¢))Mjw.
Yevw Yevw eV ae{l,...,qyu}¢
In other words, we have obtained a new presentation of P, analogous to the original one:
(5.24) P = &z + wh) My,
OS]

where

©={(j,9) :je{l,....,N} ie{l,....7}}
with

Tj
d .
T_;:qu,l (]Zl,’N)’
i=1
and where

wy = gy (00 +wyw);  Ch = Gp)Cpm)

with ¢(19) € ¥ and ay € Z? chosen in such a way that Jp) = Jo for all ¥ € ©, and the
map ¥ — (Y(9), ) is a bijection from © onto {(Y,a) : ¢ € U, a € {1,...,qy}¢}. It
is obvious that the new presentation again satisfies the condition (B.7]), since the matrices
My, ..., My are unchanged. It is also immediate that the condition (3.0]) remains true for the
new presentation. Hence it remains to prove that we can choose the positive integers gy, in such
a way that the analogue of (£.22)) holds for the new presentation, i.e. so that (C;',l’ . ’C;',r; )T

is admissible, for every j € {1,..., N}.
The proof of this fact is essentially completed by lemmas [5.17] and (I8 below.

Lemma 5.16. Let 1 <r <71’ and let T € M,«,(Q). Then for any non-empty subset S C R"
we have £(T'S) =T £(5).

(Here for any subset A C R” we write TA := {Tv : v € A}. Recall also that we view
vectors in R” as column matrices; hence Twv € R for every v € R".)

Proof. Both £(T'S) and T £(S) are rational subspaces of R”; hence it suffices to prove that
the equivalence [a L £(TS) < a L T £(S)] holds for all @ € Q"'. However, a L T £(S) holds
if and only if a - Tv = 0 for all v € £(S), or equivalently (T7a)-v = 0 for all v € £(S). By
Lemma [5.3], this holds if and only if there is some n € Z* such that 77a - v € n~'Z for all
v € S. On the other hand, Lemma [5.3] also gives that a L £(7'S) holds if and only if there
is some n € ZT such that a-Tv € n~'Z for all v € S, or equivalently T"a - v € n~'Z for all

v € §. Hence the equivalence is established. O
Lemma 5.17. If the vectors u = (uy, ..., u,)] € Ry and v’ = (u,...,u.,)T € RL, have the
same set of coordinates, i.e. {uy,...,u,} = {u},...,ul}, then u is admissible if and only if

u' is admaissible.
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Proof. Assume that {uy,...,u,} = {u],...,u/,}. This means that there exist uniquely deter-
mined matrices T € MMI(Z) and T' € M, . (Z) with exactly one entry of 1 in each row and 0Os
elsewhere, such that u' = Tu and w = T'v/; thus also u/ = T and @ = T'w’. Assume that u
is admissible. Then for every i € {1,...,r} we have u;u € S(uZ )+Z. Multiplying this rela-
tion by 1" from the left, and using Lemma 6land TZ" C 7", we obtain u;u’ € S(uZ N+Z".

This holds for all ¢ € {1, ...,r}, and for each i’ € {1,...,r'} there exists some i € {1,...,7}
such that «}, = u;. Hence u' is admissible. The opposite implication is proved analogously,
using 71". O

Lemma 5.18. For any u = (uy, .. ) € RL, there exist positive integers qi,...,q, such
that the vector (quuy,. .., qu,)" is admzsszble.

Proof. Given q¢ = (q1,...,q.)" € 7L, we write Dg = dlag(ql,...,qr) then the task is to
prove that we there exists some q € Z% such that qzuzD u € L£(quiDy 1) + 7" for all
i€{l,...,r}. By Lemma B8 applied for the matrix ¢; D ! € M,.(Q), this is equivalent to:

(5.25) giviu € L(u;u) + Dg Z" for all i e {1,...,r}.

For each i, Ru+ £(u;u) is a rational subspace of R", and w;u € Q" + £(u;u) by Lemma[43]
and Ru = Ru;u. But £(Ru) is the unique smallest ratlonal subspace of R" containing Ru;
hence

(5.26) S(RE) C R+ £(us).

We will now describe a choice of qi,...,q, which makes (5.25]) hold. Let p; : R" — R
denote projection onto the ith coordinate. Note that p;(Z" N £(Rw)) is a subgroup of Z. By
considering the expansion of u with respect to a basis of £(Ru) consisting of vectors in Z", it
follows that p;(Z" N £(Ru)) # {0} for each ¢, and hence there exist unique positive integers g;
such that

(5.27) pi(Z"NLRu)) =¢Z  forall ie{l,... r}.
Choose vectors h') € Z" N £(Ra) with p;(h")) = ¢;. We now claim that
(5.28) gt € S(ww) + b forall ie{1,...,r}

This implies that (5.25) holds, since A € Z" N £(R&) C D,Z", where the last inclusion
follows from (5.27]).

In order to prove (5.28]), let ¢ be given, and set w := gt —h . We have w € £(Ru), since
@ and h® lic in £(Ra&); hence by (5.26) there exists some t € R such that w — t& € £(u;).
However, both w and £(u;u) lie in the orthogonal complement of e;, the ith standard unit
vector in R"; for w this holds since e; - u = u; and e; - h) = pz(h( )) = q;, and for £(u;u) it
holds by Lemma [5.3] since e; - u;u = 1. On the other hand, w is not orthogonal to e;. Hence

we must have ¢t =0, i.e. w € £(u;u), and so (5.28)) holds. O

Now to finally prove Proposition [5.15] we proceed as follows, for each fixed j € {1,...,N}:
Choose 0 < uy < --- < up so that {cj1,...,¢j ) = {ur,...,ur}, and let 7 : {1,...,r;} —
{1,...,7} be the map so that c;; = u,(; for all i € {1,...,7;}; then by Lemma [E.I§ there
exist positive integers qi,...,q, such that the vector (qiuy,... ,qrur)T is admissible. Setting
now qj,; = qr(;), Lemma[5.17 implies that the vector (qj7lcj71, e QG Cirs )T is admissible; and
since ¢ ; = qy(ji)Cy(ji) for all @ = 1,...,r}, another application of Lemma [5.I7 gives that

also the vector (c; Lree- 703, o )T is admissible, which was exactly the desired condition. This
) Ty

completes the proof of Proposition [5.13] O
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6. PRECISE STATEMENT OF THE MAIN RESULT

In this section the statement of the main technical result of the paper, Theorem 21, will be
made more explicit, by presenting the precise choice of the data ¢,3>, m and ¢ — pu¢ for which
we will later prove that the six conditions [P1]-[P3] and [Q1]-[Q3] in Section 2 hold.

Let P be a finite union of grids in R, and fix an admissible presentation of P as in (3.5),
(B4). This is possible by Proposition

6.1. The subspace X¥ C X. We first need to make a preparation of a technical nature. For
any ¥ € ¥ we let X¥ be the closed set consisting of those I'¢g € X for which dew(g) is a
lattice, i.e.

(6.1) XV :={TgeX:ge€qG 0eZpyg)}

(Recall that the grid Z% p,(g) is independent of the choice of representative g, i.e. if g =T'¢/
then Z%py(g) = Z9py(g').) Clearly, for v = (j, 1),

(6.2) XV =p1(xl),  with X = {Iyg : g€ Gy, 0€Z%;(g)}.

Lemma 6.1. For any ¢ € ¥ and q € Ly, Fg(()q) € XY,

Proof. This is immediate from (3.20). (]
We will write dp for the Dirac measure on (R/Z)? at the point 0 € (R/Z)%. Recall that

T T;l — (R/7Z)? is the projection induced by the ith row map r; : M, xa(R) — RY.

Lemma 6.2. Assume that ¢ = (j,i) € ¥, w € P(T;l)’ and t;,w = d6g. Then w(ng)) =1.

Proof. In view of the definition of @ in (Y], it suffices to verify that I'; Iy A € Xg.z) for all
Uecr{(z% c M;, xa(R) and all A € SLy(R). The verification of this fact is immediate. [

Lemma 6.3. Let ¢ = (J, ') €W and V € TL If7(V) = 0 in (R/Z)* then¥;, w") = b9, while
if ri(V)) # 0 then (r,*w )({0}) =0.
Proof. Write V- = (V1,...,Vy). If r;(V)) = 0, then the ith coordinate of each V; vanishes; hence
all points in S(V) have vanishing ith coordinate, and so ri((S(V ) ) = {0} in (R/Z)?, which
forcesw (~ 1({0})) =1, ie. rz* ( ) = 5.

Next assume 1;(V') # 0. If L 7,1/_ e;, then rz((S§v))Od) = (R/Z)% and so by ([&T) and the

definition of wj(-v), we have w (~ 1o})) = O In the remaining case, when Lgv) 1 e; and
therefore ?i((Sg-V))Od) = {O} we again have w (~ 1({0})) = 0, since 7;(Vy) =T(V)y # 0
for all v € SL4(Z). O

Lemma 6.4. Let ¢ = (j,i) € ¥ and q € R%. If g € Ly then Ti, 'V = 8o, while if q & Ly
then (rl*w )({O})—O

Proof. Note that q € £, holds if and only if ri(Uj(q)) € 7% (cf. (34) and ([BI3)), that is, if and
only if ?i(ﬂ'(U](q))) =0 in (R/Z)?%. Hence the lemma follows from Lemma .31 O

Lemma 6.5. Let j € {1,...,N} and i # € {1,...,r;}. Then Lg-j’il) L e; holds if and only

if ng’i) 1 ey, and in this case also Lg.j’i/) = Lg.j’i) and cj; = cj i and wj; — w; i ¢ Ze.

Proof. Assume L§j’il) 1 e;. Then by Lemma[5.7] Lg»j’i,) Cc L Neit = ng’i), and both ng,i’) and

ng %) are subspaces of L; of codimension one; hence L§j W) L§j ’i), and since Lg-j ) ey by

Lemma 5.7 we conclude that ng A e;r. Of course, the converse implication, ng A ey =
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Lg»j S €;, holds by symmetry. When both these orthogonality relations hold, admissibility

(see Definition [5.1]) implies that both the ith coordinate of c§j ) and the i'th coordinate of
cg»j’i) are integers, i.e. both ¢;/c;; and c;;/c;  are integers; thus ¢; # = ¢;;. Finally, by (3.6,

Wi — Wy, ¢ Zd. U
Lemma 6.6. For every ¢ € U we have ?i*wf = 0o when (j,i) = v, while (?Z*wf)({O}) =0
for every (j,7) € U\ {¢}.

(4

Proof. The first statement follows from Lemma [6.4] since w; can be obtained as a limit of
(@)

measures w; for a sequence of points g in Ly (cf. Remark (.2)), and since the map 7;, :
P(’]I‘;-l) — P((R/Z)%) is continuous. Alternatively it is easy to give a direct verification: In
(510 and (5.2) one notes that the ith coordinate of c}b equals 1; thus ri(W;p) = 0, and so by
(53 L}ﬂ 1 e;, meaning that every point in S}ﬂ has a vanishing ith coordinate. We know from

the proof of Lemma [6.4] that the same fact holds for every point in qu), for any q € Ly; hence
by (B.16]) it also holds for every point in S}p, and so E-((S}p)d) = {0} and T;. w}ﬂ = Jp.

We turn to the proof of the second statement (this is similar to the proof of the second half
of Lemma[63). Thus let (j,i) € ¥, (j,i) # ¢. If LY L e; then %;((SY)%) = (R/Z)? and hence
w}b (?;1({0})) =0 (cf. (516)). Now assume L}b 1 e;. Then j = jy, by (&.5). Pick an arbitrary
point g € Ly, so that (5.I6]) holds. Now by Lemma [6.5] ¢y, = ¢j; and wy — w;j; ¢ 7%, and
so via (52)) and (5.4, ri(U](q)) ¢ 74, and hence ?i(w(Uj(q))fy) # 0 for all v € SL4(Z). Also
E(S}p) = {0}, since L}b 1 e;. Hence again w}p (7, 1({0})) = 0 (see (BIT)). O
6.2. The space of marks ¥ and the associated maps. We are now finally in a position

to introduce our precise choice of space of marks ¥ and the associated maps and measure.
To prepare for these definitions, set

(6.3) =[Py
j=1

For any g € R¢ we define
(6.4) w(@ = (wgq),...,wgg)) € Q,
and for any ¢ € ¥ we define
(6.5) w¥ = (off, e ,w}’f]) €.

Now we define our space of marks 3 through:
(6.6) E::{((j,i),w) €T xQ :?Z-*wj:%},

where w; € P(']I‘;l)’ is the jth entry of w, and where g is the Dirac measure at the point

0 € (R/Z)%. Tt is to be understood that in (66), ¥ is equipped with the discrete topology,
and ¥ x 2 with the product topology; this makes ¥ a closed and hence compact subset of
U x Q.

Remark 6.1. The reason why we cannot simply choose ¥ to be ¥ x Q is that then the map
¢ — e which we define below would in general not be continuous.

Next we define our marking ¢ through

(6.7) c:P =%, <(q) = (¥(g),w?),

where 1 : P — W is as in (L4]), i.e. a fixed function such that q € Ly for all ¢ € P. It
follows from Lemma that ¢ is indeed a map into X.
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For each ¢ € ¥ we set
(6.8) ¥ = (y,w?) e B.

It follows from Lemma that ¢¥ indeed lies in . Next we define the Borel probability
measure m on ¥ to be the atomic measure on ¥ supported on the points ¥, with

mn
6.9 ¥) = 2 ).
(69 ne*) =2 @ew)
Note that m is supported on the finite subset
(6.10) U:={o¥ : pe W}
of 3.

As in Section [2 we set
X=RIx% and px = vol xm.

Finally we will make our choice of the map ¢ +— p¢ from 3 to P(N(X)). To prepare for
this, note that we have a natural map w — @, from €2 to P(X), defined by

(6.11) Wi=w®- - Qwy € P(X) (w e ).

This makes sense since w; € P(X;) for each j. Next we introduce the following map:

(6.12) J:X = Ny(X),  JTg) = ep(Zps(9) x {o¥}  (9€@).
Ypew

This map extends the map Jy defined in ([B.I4]) in an obvious sense.
Lemma 6.7. J s continuous.

Proof. Recall that Ng4(X) is equipped with the vague topology; hence the task is to prove
that if x1,x9,... is a sequence in X converging to z € X, then for any f € C.(X) we have

> pedn) | (P) = Xope () f(p). This is immediate using the formula

>t =3 > f(Cw(mpw(g))mﬂ, Vg € G.
)

peJ(Tg YeW mezd

Next, for every 1) € ¥ we introduce the following modification of the map J:
(6.13) Jy: XY = No(X);  Jy(Tg) = J(Tg) \ {(0,0")}.
This map Jy, is also continuous; this is proved in the same way as Lemma [6.7, using also the

fact that (0,0%) € J(x) for all € X¥ (see (6.1) and (G.12)). At last, we now define the map
¢+ pe from ¥ to P(Ng(X)) by setting

(6.14) pe = Jyp« W € P(Ng(X)) for ¢ = (¢,w) € X.
To see that u. is indeed a probability measure, note that
(6.15) T(X¥) =1, for all ¢ = (¢Y,w) € X;

cf. (62), Lemma[6.2] (6.6) and (G.11)).

Lemma 6.8. The map ¢ — pc is continuous.

Proof. Let ¢1,¢2,... be an arbitrary sequence in ¥ converging to a point ¢ € X. Write ¢, =
(W®), wk)) with w®) = (wgk), e ,w](\lf)) € Q; also write ¢ = (¢,w). Throwing away finitely
many initial points from the sequence we may assume that ¥*) = ¢ for all k. By (G.15)

we then have @W(X¥) = 1 and w®)(X¥) = 1 for all k. Hence we may just as well regard

@ and all w*) as elements in P(X¥). For each fixed j € {1,...,N} we have w](.k) — wj in

P(T4)" as k — o0; hence by (6.I1)), Lemma and [I, Thm. 2.8(i))], ® — @ in P(X).
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Hence also w*) — @ in P(Xw) [13, Lemma 4.26], and by the continuous mapping theorem,

Jpr ) = Jp, @, in P(Ns(X)), viz., pie, — pe- O

6.3. Some comments on the construction of . The facts mentioned in the present
section will not be used later in the text, and we will omit some proofs.

The construction of the space of marks ¥ in the present paper is more complicated and non-
intuitive than for any of the previous types of scatterer configurations for which the framework
from [21] is known to apply; see [21I, Ch. 5]. In the special cases when P is periodic or when
the lattices in P are pairwise incommensurable, we could have chosen the space of marks to
be simply equal to the indexing set W; however this simple choice of ¥ is not possible in the
general case; see Remarks [6.2] and below.

For a general locally finite subset P C R?, when trying to verify the hypotheses from [21}
Sec. 2.3] (which we recalled in Section [2) without an apriori guess of what the space of marks
32 should be, a natural first task is to ignore the marking, thus thinking of each measure MSI’,\,),
as lying in NS(Rd)E and then verify that for any fixed A € Poc(S¢1) and ¢ € P (possibly
excluding a subset £ C P of density zero), the weak limit of MSI/,\;Z as p — 0 exists and is
independent of \; call this limit measure p1q0 € P(N(R%)). Then by Lemma 2] the space of
marks ¥ must admit a continuous map ¢ — fic from ¥ to P(N(R?)) such that He(q) = Hq,0
for all P\ &.

This to a large extent motivates our choice of 3 in Section We have constructed the
space ) = vazl P(T]d)’ to encode all the spherical equidistribution limits 40 in P(N(R?)).

Indeed, it follows from Theorem 2 thatl] 11,0 = (Jo.(q))+ (@ @) for any q € P\Uyryrew(LyN
Ly), where for any ¢ € ¥, Jy , is the following modified version of the map defined in (3.14)):

(6.16) Jow : X = NRY;  Jou(Tg) =) > 6z (g€q).
VIEY weey (27 py(9))
(if ¥/ =y: 2£0)

(That is, Jo 4 is as in ([3.14]) except that we (1) count multiplicity, and (2) if possible remove
the origin from ¢y (Z%py(g)).) This suggests that we could make the choice “¥ = Q. It is
technically convenient to also include the factor ¥ in the definition of 3J; and we then restrict
by the condition T;, w; = do (see (6.6)) to ensure that the map ¢ — ¢ be continuous.
However, even though this space ¥ by construction classifies all the relevant spherical
equidistribution limits in P(N(R?)), it might still be too crude to classify the correspond-
ing limits in the refined space P(N(X'))! This is exactly the reason why we require that the
presentation of P should be admissible (Definition [.1]); only under this assumption have we
managed to find a proof of the condition [P2]. The crucial property that we need (see the
proof of Lemma [ZI1] below) is that for each fixed ¥ € ¥, w(@ tends to a unique limit w¥ as

g — oo within Ly, \ &; see Section where the admissibility is needed already to define w}p.

We remark that it would in fact be possible to take the space 3 to be a significantly smaller
set than we have done[d Indeed, assuming that the conditions [P1]-[P3] and [Q1]-[Q3] hold
for the data [E, S, S > le, m], and choosing £ C P as in condition [P2], set

(6.17) ¥:={c(q) : qeP\E}

This is a compact subset of 3, and as explained in [2I, Remark 2.6], after modifying the
marking of the points in £ in an arbitrary fashion to ensure that ¢(q) € ¥’ for all g € P, the
conditions [P1]-[P3] and [Q1]-[Q3] remain valid with X' in place of ¥. It is also important to

8In the notation of Lemma [Z2] this means: consider p. (ul({},),) in place of ul({},),

9The proof of iq,0 = (Jo,u(a))* (W) from Theorem 2] is somewhat technical, and we omit it. (The details
are similar to some of the arguments in Sec. [[3])

10This is an aposteriori fact; as far as we can see, such a choice would not lead to a simplification of the
presentation of the proof of our main Theorem 211
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note that if [P2] holds for a certain set £ C P, then [P2] also holds for any larger subset £ C P
of density zero. In our setting, with ¥ chosen as in Section [6.2] it follows from Remark
that U C Y/, but also that, by taking £ appropriately large, we can ensure that the set
{s(q) : q € P} has no limit point outside U. This means that

(6.18) Y ={s(q) : g€ P\EYUY,

and that X" has quite a simple structure as a (metrlzable compact) topological space: ¥/ is a
finite or countable set containing the finite set \I/ and its set of limit points is contained in 0.

Remark 6.2. The description of ¥ in the last sentence is essentially as simple as it can be:
For the scatterer configurations studied in the present paper, it is in general impossible to
satisfy the conditions in Section ] using a finite space of marks. For example, consider the
configuration

_ 72 2 2 . 2 . . 1 \/5
(6.19) P=27%U (2*+ (0,v2)) U Z°M, inR?  with M2_<1 \/5+1>ESL2(R).

In this case, one obtains infinitely many distinct spherical equidistribution limits jq0 in
P(N(R?)) as q varies through the lattice Z2My C P. Indeed, for two arbitrary points
q,q € Z2Msy, writing ¢ = mM, with m = (m1,mp) € Z? and similarly ¢’ = m/My, it
turns out that

(6.20) Lqo = Hgo < [mi+ma=m]+my or mi+mg=1—(m}+mj).

We give an outline of the proof below. It follows from ([6.20]) that for any set £ C P of density
zero, the set of spherical equidistribution limits {uq0 : q € P\ &} is infinite. (Indeed, if
it were finite, then by (6.20) the point set Z2M, \ £ would be contained in a finite number
of lines and thus be of density zero, whereas in fact it has density one.) Hence as in the
discussion in the beginning of this subsection, it follows from Lemma [2.2] that for any marking
of P used to satisfy the conditions [P1]-[P3] and [Q1]-[Q3] in Section 2] the set of marks
{s(q) : g € L(21)\ £} must be infinite, and in particular the space of marks must be infinite.
Of course, this also implies that the space of marks must have some limit point, since the
space of marks is required to be compact.

Outline of proof of (6.20). We express P in ([6.19) as in B3)-BA) with N =2, r; = 2,
ro =1, M} = (0 (1)) and Ms as above; also ¢11 = ¢12 =21 =1 and w1 = wg; = (0,0) and

wy 2 = (0,4/2). For any point ¢ = mMj in Ly = 72 My, wgq) is the Dirac measure at the
origin of the 2-dimensional torus T3. Furthermore, by (BI5]) and (@),

(@ _ 7 @(Ui®) 0 —(m1 +m2)V2 mi + me )
1 1 <<0 "\ (1 —my —ma)V2 mi+my—1) S

(9)
and so by (@.7), qu) = Ogﬂ(Ulq D = W(qu))z, which is a 2-dimensional subtorus of T?,
(@)

and w,"’ is the normalized Haar measure of this subtorus. Now poq = (J07(271))*(w(‘1)) =

(Jo,2,1)) (wy WD ® w(q)). The left implication in (620) follows quite easily. Indeed, it is clear
from the above that po,q only depends on m; + mg, and to prove that pqo0 = pgr 0 also holds
in the case m; + mg = 1 — (m) + m}), one makes use of a symmetry originating from the

diffeomorphism (1) — (%2) from W(qu))2 onto W(qu,))Q. The proof of the converse is more
involved; one approach goes via a study of the support of pgo in N (R?). For example, by

a careful explicit analysis one verifies that for any ¢ = mMs; in Ly 1), the set {k‘ € L>3 :

ZweZQ\{O} O + D pere (5;1c + 5w+k—1e1) € supp(,qu)} contains exactly those k € Z>3 which
divide mq 4+ mg or my + mgy — 1; this gives the right implication in (6.20]). O
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Remark 6.3. On the other hand, if P is periodic, then {s(q) : q € P} = U, i.e. the space of
marks Y in (6.I7)) is simply equal to W, even if we take £ empty! Indeed, any periodic P may
be represented as in (B3)-(B.5) with N =1 and all ¢;; (i = 1,...,7r1) equal to a common
value ¢ > 0. (This representation is admissible; note also that all the grids L1y L)
are pairwise disjoint, by (B.6).) Then for any i € {1,...,r1}, all points g € L) give the
same w(@ . Indeed, for any two q,q' € L4 we have Ul(q) — Ul(q/) € M144(Z) by (BI5); thus
W(Ul(q)) = W(Ul(q,)) in T¢, and so wgq) = wgql). It then follows from Proposition B.I3] or by
direct inspection of the definitions, that in fact wgq) = wgl’l) for all g € L1 ;). Hence by (6.7))
and 68), <(q) = 0@ € U for all g € P.

As we have mentioned, in the special case of periodic P, Theorem 2] was proved in [21]
Prop. 5.6], and it is easy to give the translation between the two formulations: Our marking
data [X',¢,¢ — puc,m] with ¥/ = ¥ agrees exactly with the marking data in |21, Sec. 5.2,
Prop. 5.6], with the only difference that the mark o(19) is called simply “/” in [21], Sec. 5.2],
for ¢ = 1,...,7m (also our 7 is called “m”, and our c is “61/d”). In particular, thus, for

cach ¢ € {1,...,r} the measure p . € P(Ny(R? x %)) defined by (@I4) above, equald]
the measure “u,” in |21} (5.35)], although it requires some work to verify this fact from the
definitions.

As noted in [2I, Prop. 5.6], for P periodic, the condition [P2] holds with & = ). Indeed,
because of the periodicity, we have the even much stronger statement that the convergence
pg‘,)) BN Ho(q) Tequired in ([2.7) holds uniformly over all q € P.

Remark 6.4. Also in the case when P is a finite union of pairwise incommensurable grids, one
can use ¥’ = V¥ as the space of marks. Indeed, in this case we have r; = --- = ry = 1, and
for any j # j’(in ){1,...,N} we have L§.] ) L; = R! by Lemma [5.6 and (5.12)); this also
i’
J

for any j # j' the set {q € L1y : Lg-q) = {0}} has density zero. Hence we may assume that
& contains the union of these sets for all pairs of j # j/. Then, for any g € P\ &, taking j

so that g € L1y it follows that for each j # j° we have qu) # {0}, viz., qu) = R'; and

therefore O§q) = ']I'? and w§q) = w](.j ") (this also implies that q ¢ L(; 1), and so 1(q) must

equal (j/,1)). On the other hand, immediately from the definitions we have that both w'?

.]/
and wj(f 1) equals the Dirac measure at the origin of ']I‘;l,. Hence w@ = 0" = ,¥(@) and

¢(q) = 0¥@ € U. Since this holds for all g € P\ &, we get ¥/ = ¥ in ([617).

implies that w equals Haar measure on T;l. Now by Lemma [5.4] applied with @ = 1 € Z?,

7. VERIFICATION OF [Q1],[Q2],[Q3],[P1],[P3], AND INITIAL DISCUSSION REGARDING [P2]

In order to prove the main result of the paper, Theorem 2.1], we now wish to prove that all
the conditions [P1]-[P3] and [Q1]-[Q3] are satisfied for the maps ¢ : P — ¥ and ¢ — ¢ and
measure m which we have defined in the previous section. In the present section we will prove
all of these conditions except [P2]; we will also reduce the verification of [P2] to a certain
statement about uniform equidistribution in the homogeneous space X, Theorem [Z.7] below.

7.1. Verification of [Q1], [Q2], [Q3]. We start with the conditions [Q1]-[Q3].
The following lemma shows that [Q1] holds, in a much stronger form.

Lemma 7.1. For every s € 3, u¢ is SLg(R)-invariant.

Proof. It is immediate from the definition in (£9) that for any w; € P(T?)’, the measure w;
on X is right SLq(R) invariant (this was also used in the proof of Proposition A.7)); hence
for any w € , the measure @ on X is right SLg(R)"-invariant, and in particular it is right

1 After noticing that e is in fact supported on Ng(R? x \T/), and then identifying ¥ with {1,...,m} in
the way we have just explained.
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©(SLg4(R))-invariant, where ¢ : SLy(R) — G is the diagonal embedding. Next we note that,
for any ¢ € U,

Jy(Tgp(h)) = Jy(Tg)h  for all Tg € XY, h € SLy(R).

It follows that the measure Jy,w on Ng(X) is SLg(R)-invariant, for any w € . This implies
the lemma, via the definition (6.14]). O

Next, because of the following general fact, also [Q2] is an immediate consequence of

Lemma [Tt

Lemma 7.2. If p € P(Ns(X)) is invariant under the action of SO(d) then

(7.1) p({v e N(X) : 3z e R s.t. v({z} x R x 2) > 1) = 0.
Proof. For any v € Scf_l, set

(7.2) Ay ={v e N(X) : 3z; € Rst. v((z1v +0T) x ) > 1}.

Then our task is to prove p(Ae,) = 0. The fact that p is SO(d)-invariant implies that
1(Ay) = p(Ae,) for all v € S¢71. Hence we have, with A; being the uniform probability
measure on Sil*l

pde) = [ ptaainw = [ [ e A i) =

Here the second equality holds by Fubini’s Theorem and since u(N(X)\ Ns(X)) = 0 (because
of u € P(Ns(X))), and the last equality holds since for any v € Ng(X) we have fsff_l I(v e

Ay) dXi(v) = 0, since the set {v € SI! : v € A,} is a countable union of subspheres of $9~
of codimension one. O

Next we turn to the condition [Q3].
Lemma 7.3. [Q3] holds.

Proof. (Cf. the proof of [21I, Lemma 5.3.13].) Set A = SL4(Z) and Y = A\ SL4(R). Let us also
fix a choice of ¢ = (j,7) € ¥. For R > 0 we set

Y(R) = {Ah €Y : cy(Z7h) + B}, = R}
Note that the set Y(R) is increasing with respect to R. Also, for every Ah € Y, the set ¢y, (Z%h)

is a lattice in R? and hence there exists some R = R(h) > 0 such that c¢(Zdh) + BR/2 = R%.

Hence Ur~oY(R) =Y, and it follows that for any given € > 0 we can choose R > 0 so that
n(Y(R)) > 1 — &, where 7 is the SL4(R)-invariant probability measure on Y.

With this choice of R, we now claim that for any ¢ = (¢/,w) € ¥ and & € R, (23J) holds.
By (6.14]), this is equivalent to the following:

(7.3) T({Tg e XY : Ju(Tg) N (Bk(z) x B) = 0}) < e.

Choose y € R? so that B}ép( ) C B&(x) and 0 ¢ BR/2( y). For any g € G, letting h =
1(p;j(g)) € SLa(R) we have that the grid cy(Z%y(g)) is a translate of the lattice ¢, (Z%h); and
in particular if Ah € Y(R) then cy(Z%y(g)) must contain a point in B% /2(y). This implies
that for every I'g € X satisfying 7(p;(I'g)) € Y(R), the point set J(I'g) (cf. (GI12])) must contain
a point in BR/2( y) x X. Using also 0 ¢ BR/Q( y) and BR/Z( y) C B&(z), it follows that the
measure in the left hand side of (3] is bounded above by

(7.4) w({Tge XY : U(p;(Tg)) ¢ Y(R)}).

However, writing w = (w1, ...,w;) we have pj, (@) = @;, which is an SLg4(R)-invariant proba-
bility measure on X; (this is immediate from the definition (L8], as we have noted previously).
Hence the pushforward of @ by 7op; equals 1, and so the measure in (Z4) equals n(Y\ Y(R)),
which by our choice of R is less than . Hence (T.3]), and thereby the lemma, is proved. [
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We end this section by giving a closely related fact, namely a formula for the intensity
measure of a point process with distribution p., for any ¢ € ¥. This formula will not be used
until Section IOl

Lemma 7.4. Let ¢ = (¢/,w) € X. Then for any Borel set B C X we have

15) [ BV =meu(B) ¢ > w7 (0D) 1(0.0%) € B)
o(%) ver\{y'}
In particular, for every 1) € U, a point process with distribution iy has intensity measure

npux.

Proof. By (6.14), (IB:E{I) and ([6I2)), the left hand side of (ZH) equals
—1I((o, o¥') e B) /w' Z Z ( cy - (mpy(g)), o ) € B) dw(Tg).

VeV meZd

By (GI5)), the integration may just as well be taken over all X. Moving out the sum over v

and then using (6.11]) and BI3), we get
—I((0,06")eB) + ) / Z - (maj,(g)),0")) € B> dw;, (T;,9),

bev ' Xiy mezd

and by Proposition [£.8] this equals

~1((0,6%") € B) an/ (@,0) € B)dz + Y w;, (7' ({0})) - 1((0,0Y) € B).
pev e
Using wj, (?Z_J({O})) = 1, which holds since (¢/,w) € X, together with py = vol xm and
(629]), we obtain the right hand side of (Z.5l).
To obtain the last statement of the lemma, we apply (ZH) for ¢ = ¥ = (¢/,w?’); in this
case the sum over W\ {¢'} in (5] vanishes, by Lemma [6.6} hence the right hand side of (T.5])
equals p px(B). O

7.2. Verification of [P1] (uniform density).
Proposition 7.5. [P1] holds, i.e. for any bounded subset B C X with px(0B) =0, we have

(7.6) Jim w = nppx(B).

Proof. Note that X decomposes as the disjoint union UycgXy, where Xy = R? x ¥y with
Yy = ({9} x Q) N3; note also that each set Xy is both open and closed is X'. It follows that
it suffices to prove (Z6]) under the extra assumption that B C X, for some fixed ¢. Using
also the fact that the set {g € Ly : 9(q) # 1} has density zero (cf. Remark B.2), it follows
that our task is to prove the following, for any bounded set B C Xy with pux(0B) = 0:

: (@
(7.7) Tim. #{geLy (q,T(;b,w 9))) € TB}

Let us first verify that (7)) holds for any set B of the form

(7.8) B= (ﬁ[ai, /3,)) « U

i=1

= ippx(Xy).

for any real numbers o;; < 3; (i = 1,...,d) and any open neighbourhood U of ¢ in ¥y Indeed,
given such a U, there exist open neighbourhoods U; of w}ﬂ in P(’]I‘;l) for j =1,..., N such that
YypN({v} x H;VZI U;) C U. Applying now Proposition[5.I3]to the set Uj, foreach j =1,..., N,
it follows that there exists a subset Z’ C Ly of density zero such that (¢,w@) € U for all
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q € Ly \ Z'. Furthermore, for B as in (Z8), we have pux(B) = Ty, Hle(ﬁl — ), and so
([Z2) follows from the fact that the grid £, has asymptotic density 7z, in R

Next, if B is any bounded open subset of &y, then there exists a sequence By C By C ---
of subsets of B such that each By is a finite disjoint union of sets of the form (7.8]), and
BN (R?x {o¥}) C UL, By. Using px(B) = px(B N (RY x {a¥})), it follows that ux(By) —
ux(B) as k — oo, and hence since (7)) holds for each of our sets By, it follows that

€Ly : @) eTB
(7.9) liming 19 € Ly ¢ (4, (;b,w ) }
T—o0 T
Next if B is any bounded closed subset of Ay, then by taking R > 0 so that BcC B = le% X Dy,
and noticing that (Z7) holds for B’ (since the grid £, has asymptotic density 7, in R%), and
also (T.9) holds for the bounded open set B’ \ B, it follows that

#{ae Ly : (q,(,0)) e TBY} Y

> npux(B).

7.10 lim sup
( ) T—o00 T

Finally consider an arbitrary bounded subset B C X, with ux(8B) = 0. Let B° and B be
the interior and the closure of B, respectively. Then (Z9) holds for B° and (Z.I0) holds for
B, and furthermore pux(B°) = px(B), since px(0B) = 0. Hence (7.7) holds. O

7.3. Initial discussion regarding [P2] (uniform spherical equidistribution). We have
the following result:

Theorem 7.6. [P2] holds, i.e. there exists a subset €& C P of density zero such that for
any fited T > 1 and X € PaC(S‘lifl), we have ut({,\,)) - He(q) as p — 0, uniformly for q €
Pmngl_d \ €.

In this section we will prove that Theorem [.6]follows from the following theorem on uniform
equidistribution in the homogeneous space X, the proof of which is the main goal of the later
sections in this paper.

Recall that ¢ : SLg(R) — G is the diagonal embedding.

Theorem 7.7. Given any ¢ € U and any decreasing function T : (0,1) — R™, there erists a
subset & C Ly, of density zero such that for any fizved f € Cp(X¥) and X € PaC(S‘li_l), we have

(7.11) [, 1edPer@Dy) dxw) - [ dd@ o
s Xv

as p — 0, uniformly over all q € Ly N Bg-(p) \ €.

To see that the statement of Theorem [7] makes sense, note that for every q € L, we
have Fg((]q) € X¥ by Lemma 6.1, and so Fg((]q)go(R(v)Dp) € XY for all v € S¢7! and p >

0; furthermore, w(@ (X¥) = 1 by Lemmas and 6.2 meaning that w(@ € P(X) gives a
probability measure on the subset X¥. It is also worth noticing that without the uniformity

over q, the statement of Theorem [Z.7 would be an immediate consequence of Theorem

We will now give the proof of Theorem [.6] assuming Theorem [[.7] As the very first step,
let us apply Theorem [Z77 with 7 (p) = p~¢ and for each 1) € W; this gives the existence of
subsets £y C Ly, of density zero such that for any fixed f € Cp(X¥) and X € Pyoe(S§71),

(7.12) /  @gVe(Rw)D,)) dAw) ~ [ fdu@ 0
51 X
as p — 0, uniformly over all g € L N Bg_d \ &y. Let us now set

pevr AP eV
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By Lemma [3:2] this set £ is a subset of P of density zero. We will keep this set £ fized in the
rest of the section, and we will prove that the statement of Theorem holds with this set
E. For any T > 1 and p > 0 we write, as in (27,

Pr(p) =P NB] 1 a\E.

Note that for any given T we have Tp'~¢ < p~¢ for all sufficiently small p. Recall also that
P = UypewLy. Hence the statement around (Z.IZ) now implies that the following holds:

for any fixed T > 1, f € Cp(X) and X € Po(S¢7Y),

(7.14) [ O e Rw)D,) drw) = [ 1@ 0

as p — 0, uniformly over all g € Pr(p).

Lemma 7.8. Let k € Z~q and let B be a bounded subset of R? with vol(OB) = 0. Then for

any V > vol(B), T > 1 and A € Pa.(ST1), there exists po € (0,1) such that

(7.15) A({v €SI (P — q)R(v)D, N B\ {0}) = k}) < pV/k

for all p € (0,p9) and q € Pr(p).

Proof. The assumptions imply that B is Jordan measurable, and hence there is a function

f € Ce(RY) such that f =1 on B, 0 < f <1 everywhere, and Vi = f]Rd fdvol < V. For each

= (j,i) € VU, let ﬁp € C(X;) be the “yth Siegel transform” of f, as defined in (£I4]). The

function fy is typically unbounded; therefore we set fy, = min(k+1, fy); this is a nonnegative

function in Cy(X;), and hence ﬁp op; € Cp(X). Hence by (14), and since pj(g(()q)) =1 @ Mj,
i

/Sd_l Fo(Ti 1@ M;R(v)D,) dA(v) — /X}; o p;jdw@ — 0
1 J

as p — 0, uniformly over all g € Pr(p). Here pj,(w(@)) = wj(-q) (cf. (6:I1))); hence by Proposi-
tion 4.8 and Lemma [6.4]

/Xfwopjdmé/Xﬁpopjdm=ﬁwvf+5qe£w'f(O)-

Adding the above over all ¥ and using np := Zwe\lf Ty, it follows that there exists some
po € (0,1) such that

(7.16) s (R0 Ty MyR)D,) = by, - £(0)) ahw) < 7pV
1 Pew

for all p € (0,pp) and q € Pr(p). Here, by ([@I4]) and ([B.20)), we have for every v and :

fw(PjIU@)MjR(U)Dp)_5q6£¢'f(0):min<k+17 3 f(p)>—5qezw-f(0)
J pE(Ly—q)R(v)D,

> min (k > f (p)>-
PE(Ly—q)R(v)D,\{0}
Recalling also that Uyecw Ly = P, it follows that

/Sf_l min (k > f(p)> d\(v) < TpV

pE(P—q)R(v)D,\{0}

for all p € (0, po) and g € Pr(p). Here, for every v such that #((P —q)R(v)D,NB\{0}) > k,
the integrand equals k. Hence we obtain the statement of the lemma. O
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Lemma 7.9. Let Z be any subset of P of density zero, and let T > 1, A € PaC(S‘li_l) and
S > 0. Then

(7.17) Movestt: zn(qg+ BgD;lR(v)_l) \{q}#0}) =0
as p — 0, uniformly over all q € Pr(p).

Proof. (This is similar to the proof of 21, Lemma 2.17].) Let A; be the normalized Lebesgue
measure on Scllfl. By a standard approximation argument, using the fact that C’C(Scllfl) is
dense in L'(S9™1), it suffices to prove (TIT) for those X which have a continuous density with
respect to A1; and thus in fact it suffices to prove (717 for the single case A = A;.

Let T > 1,5 >0 and ¢ > 0 be given. Take 0 < r < S so small that 7p vol(B%) < e. Set
k=2S/r >2and T' = k% 'T. By Lemma [Z.8, there exists py € (0,1) such that

(7.18) M({vesi™t : (P—q)R(w)D,N B\ {0} #0}) <e

for all p € (0,p0) and q € Py/(p). Set B := BiD;'. Replacing p by kp in (ZI8), it follows
that for all p € (0, po/k) and q € Pr/(kp) = Pr(p) we have

(7.19) M({vesit: (P—q)Rw)D,NB\{0} #0}) <e.
One verifies that |z1| > ky := (r/2)?S'~¢ for all € B¢\ B, and hence
(7.20) (BE\ B)D, ' C A(p) = BEp a\ B pu,  Vp>0.
Now for any p € (0, po/k) and g € Pr(p) we have, using (ZI9) and (Z20):
(721)  M({ves{™ : (2-q)R(v)D,NBE\ {0} #0})

<e+ Z M({ve S~ (p—q)R(v)D, € Bgv}).
PEZN(g+A(p))
But if (p — q)R(v)D, € B, or equivalently p € g+ BgD;lR(’v)_l, then p has a distance less
than Sp to the line g + Rov; and if also p € ¢ + A(p) then the angle (v, p — q) between the
vectors v and p — q satisfies sin (v, p — q) < (S/k1)p?. The measure of the set of such points
v E Sili1 with respect to A; is bounded above by Cp®4=1 where C; depends on d, S, but
not on p or p. Hence (T.2]]) is

<e+#(2Zn(g+ ngl_d)) . Clpd(d—l) <e+#(Zn B?TJrS)pl_d) . Clpd(dfl),

and since Z has density zero, the last term is less than e for p sufficiently small. (]

Recall that MSI),‘,)) is the distribution of Q,(g, v) for v random in (S¢~*, \). We now introduce
a certain approximation Q;)(q, v) to Q,(q,v), which will be easier to handle. We set

(7.22) P =J{p.o") : peLy}.
Pevw

Note that, unlike the projection P - P, the projection P’ — P is not necessarily injective!
(However, by Remark B.2] it becomes injective after removing a set of density zero from P’.)
For any q € P, we set

= P\ {(q.0? D)} (qgeP)
(7.23) P, = {75, (a¢P)
and
(7.24) Q)(q,v) = (Py — @)R(v)D,.

Lemma 7.10. For every q € P we have Q),(q,v) = Jy(q) (Fg((]q)gp(R(v)Dp)).
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Proof. By parsing the definitions (7.23)), (.24]) and (6.13]), we see that it suffices to prove

(7.25) P —q=JTg?).
However, comparing ([6.12]) and (22]), we see that (725 is an immediate consequence of
B20) (just as is (B21))). O

The following lemma shows that Q),(q,v) approximates Q,(q,v) in a sense that is appro-
priate for us.

Lemma 7.11. Let f € Co(X), T > 1, A € Poc(S41) and € > 0. Then

(7.26) A({vescf_l LY fl - Y f@) >a}> -0

xEQp(Q7’U) erlp(qu)
Proof. Choose S > 0 so that supp(f) C B% x X. Note that for every g € P\ € and every
v E Scf_l we have, using the fact that g ¢ Ly for all ¥’ # 1)(q) (which follows from g ¢ £ and

as p — 0, uniformly over all g € Pr(p).

(C13)):
Yoot Y. f@)
T€Q,(q,v) r€Q)(q,v)
(7.27) - > (f((p—q)R(v)Dp&(p))— > f((p—q)R(v)Dpaaw))
peP\{a} =

Set
A(q,v,p) =P N (qg+BED, ' R(v)™")\ {q}.

Note that for every p € P\ A(g, v, p) we have (p—q)R(v)D, ¢ B%, so that the corresponding

term in (Z.27) vanishes. Also for every p ¢ £ we have p ¢ Ly for all ¥ # ¢ (p) (cf. (ZI3))),
which implies that the corresponding term in (Z.27]) is bounded in absolute value by d(s(p)),

where the function d : ¥ — R>( is defined by
(7.28) d(v,w) = sup{|f(z, (,w)) — f(x,0¥)| : & € RY} (Y,w) € X.
Hence for every g € P\ € and v € S¢! such that £ N A(q, v, p) = 0, we have

(7:29) Y. f@- > @) < Y dip).
z€Q,(q,v) €, (q,v) PEA(q,v,p)
Now let ¢/ > 0 be given. Take K € Z* and py € (0,1) such that
(7.30) M{vestt . #(P-q)R(w)D,NBL) > K}) <&

for all p € (0, pp) and all g € Pr(p). This is possible by Lemma [T.8 Next set
Z:={peP : d(p) >e/K}.
We claim that the set Z has density zero. To prove this, set
Up ={we: (¢Y,w) e and d(v,w) <e/K},

so that Z C Uyew{q € Ly : w@ ¢ Uy}, Note that {1/} x Uy is an open neighbourhood of
o¥ in ¥, since the function d is continuous. Hence as in the proof of Proposition (making
crucial use of Proposition [.13), the set {g € £y, : w@ ¢ Uy} has density zero. Hence also Z
has density zero, as claimed.

It follows that also £ U Z has density zero, and so by Lemma [79] after possibly shrinking
po, we have

(7.31) M{vest!t: (Euz)nAlgv,p) #0}) <€
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for all p € (0,po) and all ¢ € Pr(p). Now note that for any ¢ € P\ £ and for any v € S9~1
which belongs to neither of the two sets in (Z.30]) and (Z31]), the set A(g, v, p) has cardinality
at most K and is disjoint from & U Z; therefore the inequality in (7.29) holds, and the right
hand side in that inequality is < e. It follows that for all p € (0,p9) and g € Pr(p), the
measure in (7.26]) is less than 2¢’. O

Proof of Theorem[7.6, Let T > 1 and A € Po.(S¢!) be given. Let p1,pa... be an arbitrary
sequence in (0,1) with p, — 0, and let q,, € Pr(p,) for n = 1,2,... be such that the limit
¢ = (¢Y,w) :=limy 00 6(q,,) € ¥ exists. By |21, Lemma 2.1.2], it suffices to prove that in this
situation we have

W

(7.32) ugﬁpn — ¢ as n — oo.
Since ¢(q,,) — (¢,w) implies that ¢(q,,) = ¢ for all large n, we may without loss of generality
assume that 1(q,,) = ¢ for all n. This means that g,, € £ for all n.

Forany g € P, p > 0and A € P(S¢71), let yt(]?‘p) € P(X) be the distribution of Fg(()q)cp(R(v)Dp)
for v random in (S{7!, \). As a first step, let us note that (ZI4) implies that

(7.33) I/,(li:),pn Y w as n — oo.

Indeed, let f € Cy(X) be given. Then by (ZI14]) we have V(S;\L%pn(f) — M(f) — 0 as n — 0.
Also <(g,,) — (¢,w) implies that w](-q") — wj in P(’]I‘?)’ for each j € {1,...,N}; hence by
Lemma and [I, Thm. 2.8(ii)], we have w@) 25 % in P(X), and thus w(@)(f) — w(f).
Hence V(S;\L%pn(f) — w(f), and (C33)) is proved.

Next, for each n we have Fg((]q") € X% by Lemma [6.1] and hence 1/((12)7,)” (X¥) = 1; also
W(X¥) = 1 since (¢,w) € ¥; cf. (GI5). Hence all I/,(li:),pn as well as W may be regarded as

elements in P(X¥), and (733) implies that y,(li:)’pn 5 @ also in P(X?) [13, Lemma 4.26].
Hence by the continuous mapping theorem,

(7.34) o« l/éi),pn 5 Ty as n — oo.
Here Jy @ = p, by (@.14). Now let f € C.(X) be given, and let m be the continuous map
from N,(&) to R given by 7¢(Q) = >_,cq f(2). Then (Z.34) implies that

(7.35) s Jopx 1/,(1?:)7,)” 5 T pe e as m — oo.

But note that for each ¢ € P, by Lemma [Z.I0] Jip(q)*yg‘g is the distribution of Q;(q,'v)
in N,(X) for v random in (S¢7%,\). Hence s J¢*Véi),pn is the distribution of the real-
valued random variable F’'(v) = ZJBElen(qn,’U) f(x), for v random in (S¢71,\). Similarly,

T fx ufﬁ),pn is the distribution of the real-valued random variable F(v) = > ,co (g v f(2)-

By Lemma [.T1], |F(v) — F'(v)| converges in probability to 0. Hence by [1I, Thm. 3.1], (Z35)
implies that

(7.36) T fa uffr‘b{pn = T e fhe as n — oo.

We have proved that this holds for any given f € C.(X). By [13, Thm. 16.16(ii)=(i)], this
implies that (7.32]) holds. O

7.4. Verification of [P3], and the macroscopic limit.
Proposition 7.12. [P3] holds, i.e. for every bounded Borel set B C R we have
(7.37) lim limsup [vol xo]({(g,v) € B x ST Q,(pt g, v) N (3 x ) = 0}) =o0.

§—00  p—0
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Proof. Using the fact that P contains at least one grid, the proposition follows from the
existence of a limit distribution on R~ (with zero mass at +00) for the macroscopic free path
length in the Boltzmann-Grad limit of the Lorentz gas on a lattice scatterer configuration,
[16, Theorem 1.2]. Indeed, fix an arbitrary 1) € ¥. For any p > 0 and g € R%, v € S‘li_l, set

Q,(q,v) = (Ly —@)R(w)D,  (CRY).

Comparing with the definition of Q,(q,v) in (Z3)), 24), and using L, C P and 0 ¢ 3¢, one
verifies that for any £ > 0, Q,(q,v) N (3¢ x ¥) = () forces Q},(q,v) N 3¢ = (). Hence to prove
the proposition it suffices to prove that
(7.38) lim limsup [vol xo]({(q,v) € B x Si=t QL (p g, v) N 3 = 0}) =o.

§—00  p—0 p
By a simple translation and rescaling argument we may reduce to the case when L, has
covolume one and is a lattice, and then (Z.38)) is a simple consequence of [16, Theorem 1.2]. [

In [21], Sec. 2.5], the condition [P3] is used to prove, for an arbitrary fixed point set P C R?
satisfying the hypotheses in Section [2] the existence of a canonical measure & € P(Ng(X))
giving the limit distribution of Q,(g,v) in the case of a macroscopic initial condition. That
is, p8 equals the limit distribution of Qp(plqu,v) for (q,v) random in (T*(R?),A), for any
fixed probability measure A € P(T*(R?)) absolutely continuous with respect to the Liouville
measure vol xo [21, Theorem 2.19]. This measure p& also appears in the definition of the
transition kernel for generic initial data, k€; see Section [I0.1] below.

In our case of P being a finite union of grids as in ([3.5]), the macroscopic limit measure p®
can be explicitly defined as follows: Set

(7.39) w8 = (wf, ... w) €9,
and then let
(7.40) p& = J.(we),

with J : X — N4(X) being the map in (€.12]).
We next state without proof a limit result which significantly strengthens the above men-
tioned [2I, Theorem 2.19] for our special class of P. For any A € P(T}(R%)), s > 0 and

p€(0,1), let ,uE)A’S) be the distribution of Q,(sq,v) for (g,v) random in (T*(R%), A).

Theorem 7.13. For any A € P(TY(RY)) which is absolutely continuous with respect to Liou-

ville measure, and any sg > 0, we have ,uE)A’S) 5 18 as p — 0, uniformly over all s > s.

Note that [21, Theorem 2.19] corresponds to the particular choice s = p'~% in Theorem [Z.I3l
The formulation of Theorem [.T3]is inspired by [19, Theorem 1.1].

As mentioned, we will not give the proof of Theorem [7.13]in the present paper. However we
remark that Theorem [[.13] can be deduced, by similar arguments as in Section [7.3] from the
following equidistribution result in the homogeneous space X, which is a kind of macroscopic
analogue of Theorem

Theorem 7.14. For any A € P(TY(R?)) which is absolutely continuous with respect to Liou-
ville measure, and any f € Cy(X) and sop > 0, we have

(7.41) /T - F(TgP(R(w)D,)) dA(g, v) — /X f

as p — 0, uniformly over all s > sq.

We will not give the proof of Theorem [[.14] either; however we note that it is to a large
extent similar to the proof of Theorem [.7] which we give in Section [ below.

121 [21] this measure is called “”.
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We end this section by pointing out a couple of invariance properties of p8. By the same
argument as in the proof of Lemma[T.T], the measure w€ on X is ¢(SLgy(R))-invariant, and thus
(8 is invariant under the action of SL4(R) on Ng(X'). We also have:

Lemma 7.15. The measure p8 is invariant under the action of R? on N,(X) by translations.

Proof. This is part of [21, Prop. 2.24]; however let us note that it also follows directly from
the explicit definition in (Z40). Indeed, it follows from (5.12]) that R¢; C Lj; hence ¢jv € L?

for all v € R? (where ¢;v is the matrix product of ¢; € M;,x1(R) and v € M;4q(R)), and

SO wg

; is invariant under the translation X — X +¢;v on ’]1‘;1, for every v € R%. This implies

that the measure w_]g. on Gj (see ([@Y9)) is invariant under g — glg , for every v € R?, and

hence w? is invariant under the translation z — z Iz, on X;. Now the lemma follows from

the definition of p® in (7.40) by using the formula
J(azl Ig0,--- ,xNIENU) =J(x1,...,zN) + v V(x1,...,zn) €X, v € Rd),
which is immediate from (5.1 and (G.12]). O

8. APPLICATION OF THE CLASSIFICATION OF INVARIANT MEASURES OF UNIPOTENT FLOWS

In this section we will state and prove a result, Theorem Bl on the equidistribution of
certain expanding unipotent orbits in a slightly generalized version of the homogeneous space
X introduced in Section This theorem is tailor-made to serve as the main ingredient in
the proof of Theorem [T.7] which we give in Section @ below; in particular, it will be crucial for
us to have a certain uniformity with respect to the position of the initial point in the torus
fiber (that is, uniformity with respect to the variable “V” in Theorem Bl below). The proof
of Theorem [R] builds on Ratner’s classification of ergodic measures invariant under unipotent
flows [25] and further characterization results by Mozes and Shah [23]. We also remark that
if it were not for the uniformity requirement, Theorem Bl could be deduced as a consequence
of Shah [27, Theorem 1.4].

We start by introducing some notation. We stress that in this Section Bl some of our
notation (for example, “X”, “G”, “I'”, “I';” and “Ar ”) will be used in a slightly different and
more general way than in all the other sections of the paper. The reason is that the results
of the present section will be applied, in Section [@ to certain homogeneous submanifolds of
our original space “X” (see the proofs of Theorems and [0.2)). To start with, similarly as
before, we set

G=G; x - xGny=5,(R)x--x8,,(R);

however now we allow r1,...,ry to be arbitrary (fixed) non-negative integers. That is, unlike
all the other sections, we allow one or several of the 7;s to be zero, with the natural convention
that So(R) := SLg(R). Next, we fix I'},..., Iy to be arbitrary, fixed, finite index subgroups
of SL4(Z), and set

(8.1) L =T x My, xa(Z) = {(M,U) € S,,(Z) : M €I} (j=1,...,N)
(if r; = 0, this should be understood as I'; = F}), and
I'=T7yx---xIy.
Then, as before, we set X; :=I';\G; and
X:=T\G=X; x -+ xXp,

and write p; : G — S, (R) and p; : X — X; (j = 1,..., N) for the projection maps.

Recall that we consider SLq(R) to be an embedded subgroup of each group Gj, through
M + (M,0). Now we also set G’ := SLg(R)"; this is an embedded subgroup of G. We also
set

IM:=T)x---xI'ycd
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and

X' =T"\G".
Recall that we have a projection morphism ¢ : G; — SL4(R) for each j, and ¢ induces a
projection map

(8.2) U X; = T\ SLa(R),  UTy9) =T5ug) (g€ G)),

generalizing ([8.22]). In the present section we will also write ¢ for the product morphism from
G to G', and write 7 for the induced projection map from X to X'.
As before we set

T;:=R7/Z" and T$:=T;x- xTj
~—_——
d copies
if r; = 0 this should be understood as T; = T? = {0}, the trivial group. The definition in
B24) of the embedding x : ']I‘? — X carries over unchanged to our present setting, although

our “X,” is now more general. (If 7; = 0 then we set z({0}) :=T'; € X;.) We now also set
(8.3) T:=T¢xT¢x- - x T,

and let p; : T — ']I‘gl (j =1,...,N) be the projection maps; and we will write “z” also for the
map T — X which is the product of the maps x : ']I‘gl — X;. The fact that both “z” and “p;”
now denote more than one map should not cause any confusion; in particular note that with
this abuse of notation we have z op; =p;ox: T — X for each j.

We now come to the statement of the main result of the present section, Theorem BRIl It
concerns the equidistribution of pieces of expanding unipotent orbits in X of the form

(8.4) {(V)M ¢(n_(u)D,) : we R},

where V' € ']f; M is an arbitrary element in G’ not belonging to the subset

(8.5) Ds = J{(My,...,My) € G : MiM; "' € S},
1<j
with S as in ([B.8)); ¢ is the diagonal embedding of SL4(R) in G; and finally
1 u
(8.6) n_(u) = <O Id_1> € SL4(R)

(block diagonal notation). The equidistribution is with respect to the G-invariant probability
measure on X, which we call p.

In order for orbits of the form (84]) to equidistribute in (X, u) as p — 0, we have to

assume that V' avoids a certain ’singular’ subset Ag’) of 'ﬁ‘, which we now introduce. For each
j€{l,...,N} with r; # 0, let us write 7; for the projection from (R"7)? to T? (it was called

“r” in (3:23)). Then for any ¢ € Z* and m € Z"i \ {0}, we set

where m™' is the orthogonal complement of m in R". Also, for any k € Z*1, we set

k
(8'8) A]7k = U U Ajqum'
q=1 meZ"i
0<|lm||<k
Note that Aj ,m»m and Ajy are only defined when r; # 0, in which case they are both closed
)

regular submanifolds of T? of codimension d. Next, for any n > 0 we define Agnk to be the open
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n-neighbourhood of A;; in ']I‘gl, with respect to the metric induced by the standard Euclidean
metric on M, q(R) = (R"7)%. Finally, we set

N

(8.9) AP = pi (Al T
j=1
(r;7#0)

Let Po.(R%1) be the set of Borel probability measures on R~ which are absolutely con-
tinuous with respect to Lebesgue measure.

Theorem 8.1. Let f € Cyp(X) and € > 0 be given. Then there exists some k € Z" such that
for every A € Pac(R47Y), >0 and M € G'\ D, there exists some pg € (0,1) such that

[ 1T @) axe - [ gau] <<

for all p € (0, p9) and all V € T\ A,g").

(8.10)

The rest of this section is devoted to the proof of Theorem Rl

Definition 8.1. For each k € Z*, we let Py be the set of all measures v € P(X) which can be
obtained as a weak limit of a sequence of probability measures vy, v, ... given by

(8.11) ZEN e F(@(Vi)Mo(n_(u)D,,,)) dA(u)  (f € Cy(X)),
for some A € P, (R4~1), Medq \ Dg, real numbers p; > pg > --- — 0, and points V1, Vs, ...
in T such that [3n > 0: Ym € Z*: V,, ¢ A,(C")].

Note that P, D P, D -- -, since Al(j) - AI(JZ) whenever k < k.
Throughout the rest of this section, we will let W denote the following subgroup of G:
W= {p(n_(w)) : we Rdil}.
Lemma 8.2. Every v € P is W-invariant.

Proof. This is a (very) standard consequence of the fact that for p < 1, the action (from the
right) of ¢(D,) on X expands any W-orbit. The details are as follows. Let v € P} be given.
Then the task is to prove that for any given w € R%~! and f € Cy(X) we have v(foRy) = v(f),
where Ry, : X — X denotes right multiplication by ¢(n_(w)). Choose A\, M, (pm), (Vin) as
in Definition B1] so that v is the weak limit of the measures v, given by (8II]). Using the
relation D, n_(w) = n_(p%w) D,, and writing A’ € L' (R?~1!) for the density of A with respect
to Lebesgue measure, we now have:

v (f 0 Rup) = /d T (#(Vi) Mepln(w)D,,,) ) X (s = plw) dus

Ri—

Hence vy, (f © Ru) = v (f)] < [[fllLe - (172 A" — N[ (Ra-1y, and so by [8, Prop. 8.5] we have
limy, 00 Vi (f © Ry) = limy, 00 v (f), that is, v(f o Ry) = v(f). O

Recall that we write 7 for the natural projection map from X to X’; in particular & := 7, i
is the unique G’-invariant probability measure on X'.

Lemma 8.3. Every v € Py, satisfies 1, v = [i.

Proof. Let v € Py be given, and let (v,,) be a sequence as in Definition [R1], tending weakly
to v. For any f € Cp(X') we have

Um(fol) = /]Rd—l f(f(x(Vm)Mcp(n_(u)me))) dA\(u) = /R f(F’M(p(n_(u)me)) dA\(u).

d—1
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This integral tends to p(f) as m — oo, by [20, Thm. 5] applied to the function g — f(F’Mg)
(which is left vazl( ; 1F’ Mj)—-invariant). On the other hand, by the definition of v we have

vm(f o) = v(fot) = (i )(f) Hence (¢, v)(f) = n(f)- U

Recall that a subgroup U of G is said to be unipotent, if the linear automorphism Ad(u) of
the Lie algebra of G is unipotent for all w € U. For any h € G let us write Ry : X — X for
the map I'g — T'gh. For any o € P(X), let us define H,, to be the identity component of the
subgroup of G consisting of all g which preserve «;

(8.12) H, ={9€G : Ryuao = a}°.

This is a closed connected Lie subgroup of G. We let Q(X) be the set of all & € P(X) such
that the group generated by all unipotent one-parameter subgroups of G contained in H,, acts
ergodically on X with respect to a.. (Note that this definition of Q(X) is equivalent to the one
in [23] p. 150], although our H, equals “A(«)°” in the notation of [23].)

A key ingredient in our proof of Theorem [R1] will be Ratner’s classification of invariant
measures of unipotent flows, [25, Thm. 1]. Applied in our setting, this result says that for
every a € Q(X), there is some g, € G such that a(I'\I'g, H,) = 1. Note that in this situation,
I'NgaHag, ! is alattice in go Hag,, !, and the support of a equals I'\I"g, H,, which is a smooth
embedded submanifold of X.

Lemma 8.4. For any a € Q(X) such that T, a« = i, we have ((Hy) = G'.

Proof. (This generalizes [6l Lemma 6], and the proof is the same.) Using the fact that the
map ¢ : X — X’ has compact fibers, we have i(suppa) = suppiya = suppu = X'. But
suppa = I'\I'gy H,. Hence I"u(go)t(Hy) = G, and thus «(H,) = G'. O

Next, using basic Lie group and Lie algebra theory, we will derive a completely explicit
description of any Lie subgroup H, as in Lemma R4} cf. Lemma below.

For any r € Z>g, let s,.(R) be the Lie algebra of S,(R), which we represent as the set of
pairs (A, X) € sl3(R) x M, «4(R), with the Lie bracket given by

(8.13) [(A1, X1), (A2, X2)] = ([A1, A2, X142 — X9 A4).

(For 7 = 0 we have s9(R) = sl3(R), and in (8I3]) we should view Myy4(R) as a singleton set
containing only the “empty matrix”.) Just as for the Lie groups, we always consider sl;(R)
to be embedded in s,(R) through A — (A,0). We also set g = s,,(R) & --- & s, (R) and
g = s5l4(R)Y; these are the Lie algebras of G and of G’, respectively. Next, as in ([@I]), given
any linear subspace L of R", we let Sy (R) be the closed connected subgroup of S, (R) given by

(8.14) SL(R) := SLy(R) x L? = {(M,U) € S;(R) : U € L%}

Recall here that via our identification M,y 4(R) = (R")?, L? is the set of matrices in M, 4(R)
all of whose column vectors lie in L. For any matrix X € M,«4(R), we also write:

(8.15) S¥(R) :=Ix SL(R) Iy'.

(For 7 = 0 we have R” = {0}, the only linear subspace L C R" is L = R%, and the only matrix
in Mgyq(R) is X = the empty matrix, and for these L, X we have S;.(R) = S¥(R) = SLg(R).)
We write 57,(R) and 53 (R) for the Lie subalgebras of 5,.(R) corresponding to Sz, (R) and Sy (R),
respectively. Thus in particular,

(8.16) sp(R) = {(4,Y) €5.(R) : Y € L.

Recall that we write ¢ for the natural projection S,(R) — SLg(R); hence dv is the natural
projection §,(R) — slg(R).

Lemma 8.5. If b is a Lie subalgebra of s,(R) satisfying di(h) = slg(R), then there exist a
linear subspace L C R" and a matriz X € M,y4(R) such that h = 53 (R).
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Proof. This is a Lie algebra version of [6, Lemma 7], and essentially the same proof works.
Therefore we here give a rather terse presentation, referring to the proof in [6] for further
details. Of course if r = 0 then du(h) = sly(R) implies h = sly(R) and the lemma is trivial;
hence in the following we may assume r > 0.

Set L' = {X € M,;»4(R) : (0,X) € b}; this is a linear subspace of M, y4(R). Using
du(h) = slg(R) it follows that XA € L’ for all X € L’ and all A € sly(R); and this in turn
implies that L' must be of the form L' = L? for some linear subspace L C R". Let L be
the orthogonal complement of L in R”; then M,4(R) = L4 @ (L)%, and for each A € sly(R)
there exists a unique Y € (L+)? such that (A,Y) € . This implies that the Lie subalgebra
s;1(R) N b is a Levi subalgebra of s; 1 (R), and so by Malcev’s Theorem [11 Ch. II1.9], there
exists some X € (L1)? such that s (R) Nh = (AdLy)(slq(R)). But b is the vector space
direct sum of 5,1 (R)Nh and {(0,U) : U € L}; hence in fact h = 53X (R). O

Lemma 8.6. Assume that H is a connected Lie subgroup of G satisfying «(H) = G'. Then
there exist linear subspaces L; C R" and matrices X; € Mrjxd(R) such that

(8.17) H=81(R)x - xS}NR).

Proof. Let b be the Lie subalgebra of g = s,, (R) x - - - X 5, (R) corresponding to H. It follows
from «(H) = G’ that du(h) = g Recall that p; : G — G; = S;,(R) denotes the projection onto
the jth factor. It follows from di(h) = g’ that, for each j, the Lie subalgebra dp;(h) of s, (R)
satisfies du(dp;j(h)) = sl4(R), and so by Lemma [8.5] there exist a linear subspace L; C R" and
a matrix X; € M, »q(R) such that

(8.18) dpj(h) =, (R)  (Vj€{l,...,N}).
This implies:
(8.19) b Cspl(R)x - x 57V (R).

We claim that the two sides of (8I9]) are in fact equal. In order to prove this equality, it
suffices to prove that ¢; (52? (R)) C b for each j, where

pj 5 (R) — g
is the Lie group homomorphism mapping X to (0,---,X,---,0) (0s in all positions except
the jth). Let j be fixed, and set
X.
[={Z ¢ EL;(R) : pi(Z) € b}

Using (8I8]) it follows that [ is an ideal of 55-2 (R). Hence also di(l) is an ideal of sl;(R). But
given any two elements Y, Y’ € sly(R), it follows from du(h) = g’ that there exist Z, 7’ € b
such that du(dp;(Z)) =Y, du(dp;j(Z')) =Y’, and du(dp;(Z)) = du(dp;(Z')) = 0 for all i # j.
Then also [Z, Z'] € b, and one computes that [Z, Z'] = ¢;(([Y,Y’],C)) for some C € M, «a(R)
(and then in fact ([Y,Y’],C) € sfj, because of (819])). Hence we conclude that [Y,Y’] € du(l),
for all YY" € sly(R). Since sl4(R) is a simple Lie algebra, it follows that di(l) = slyg(R).
Next fix some Y € sly(R) which is invertible as a d x d matrix. Because of di(l) = sly(R)
there is some C € L;l such that ¢;((Y,C)) € h. Using also (818) it follows that for any
C' e L;l there exists some Z € b satisfying p;(Z) = (Y,C’). Then b also contains the Lie
product [(P]'((Y7 C))? Z] = @j([(yv C)? (Y7 Cl)]) = (Pj((()? (C - CI)Y)) Hence (07 (C - C/)Y) el
Since C’ is an arbitrary element in L;l and Y is invertible, it follows that (0,C) € [ for all

C e L?. Combining this fact with di(l) = slz(R), we finally conclude that [ = 52? (R). Hence
30(52(]7 (R)) € h. We have proved that this holds for all j; hence we finally conclude:

(8.20) h=s71(R)x - x a7 Y(R),

and so (8I7) holds. O
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Lemma 8.7. Let H be as in (8I7), and assume that ' N H is a lattice in H. Then for each
J,» Lj is a rational subspace of R"7, and there exist Y; € Mrjxd(@) such that

(8.21) H =87 (R) x - x ST (R).

Proof. The assumption implies that I'; N Sfj (R) is a lattice in Sfj (R), for each j. As in [21]
(5.58), (5.59)], this implies that L; N Z" is a lattice in L;, i.e. L; is a rational subspace of
R", and furthermore X; € M, xa(Q) + L;l. Choosing now any Y; € M, «q(Q) such that

X;eY;+ L?, we have Sfj (R) = S}L/i (R). Carrying this out for each j, we obtain (82I). O
The following very basic observation will also be useful for us:

Lemma 8.8. Let L and L' be linear subspaces of R”, and X, X" € Myyxq(R). Then S§/ (R) C
SX(R) holds if and only if L' C L and X' — X € L.

Proof. Let Y := X' — X. Then S3% (R) C S¥ (R) holds if and only if Ty (M, U) I,* € Sp(R) for
all (M,U) € Sp/(R), that is, U+Y (M —1I) € L% for all M € SL4(R) and all U € L'*. Assume
that this holds. Then, considering first only M = I it follows that L' C L, thus L’ dc L%, and
using this fact it follows that we must have Y/(M — I) € L9 for all M € SL4(R). Considering

only the first column of M — I we conclude that Ya € L for all column vectors a € R\ {—e; },
and this in turn implies Y € L9, i.e. X’ — X € L. The converse direction is immediate. [

In the next lemma we derive an important consequence of the condition “[3n > 0: Vm € Z*:
Vin ¢ Ag])]” in Definition Bl Given any j € {1,..., N} with ; # 0 and m € Z"7 \ {0}, we
set:

(8.22)  Kjm = {IB Aly : B € |m| > M;,xa(Z), A € SLy(R), Y € m* x (Rrj)dfl} :

Note that Kjm, is left T'j-invariant F, set in S, (R); hence pj_l(K jm) is a left I-invariant F,
set in G, and ﬂ(pj_l(Kj,m)) is an F, set in X.

Lemma 8.9. For any k € ZT, v € P, j € {1,...,N} with rj # 0 and m € Z"7 \ {0}, if
[ml[* <k then v(x(p; ' (Kjm))) = 0.

Proof. (This is similar to [7, pp. 114-115] and [6, Lemma 9].) Let k,v,j,m be given as in
the statement of the lemma. Set q := ||m|? (thus 0 < ¢ < k). Let us fix a vector b € Z"
satisfying b - m = ged(my,...,m,;). Then we have

(8.23) 7' = (mtNZ9) @ Zb.

Let pp : R — R be the linear map such that v — pp(v)b € m* for all v € R". For any
matrix Z € M, x.(R), we write Z1,...,Z. € R" for its column vectors (in order), and we
define pp(Z) = (po(Z1),...,p6(Z)), i.e. pp(Z) is the vector in R® obtained by applying py
individually to each column of Z. Furthermore, for any matrix Z € Mrjxd(R) we will write
Z'=(Zy,...,7Z4) for the matrix in M, x(a-1)(R) formed by removing the first column vector
from Z. For any T' > 0 and J > 0 we now introduce the following subsets of M,y 4(R):

Qr :={Z € M;;xa(R) : pp(Z1) =0, [lpp(Z")|| < T};
Qrs:={Z € My;xa(R) : |pp(Z1)] <6, [Ip(Z")|| < T}
We also introduce the following subsets of S, (R):
Kr={IpAly : B€q 'M,,x4(Z),A € SL4(R),Y € Qr}
and
Krs={IgAly : B€q "M, xa(Z),A € SL4(R),Y € Qrs}.

Note that both K7 and Kt are left I'j-invariant; also K7 is open; hence pj_l(KTﬁ) is an
open subset of G, and ﬂ(pj_l(KT,(;)) is an open subset of X.
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Now our goal is to prove that for any given 1 > 0, A € Po(R?1), M = (My,...,My) €
G’ \ Dg, real numbers p; > ps > --- — 0, and points V1, V5, ... in T \ Algn), if v, € P(X) is
defined as in (8I1]), then we have:

(8.24) VT,e>0: 30,mp>0: ¥Ym >mg: Vm(ﬂ'(p;l(KTﬁ))) <e.

This will complete the proof of Lemma B9l Indeed, if v is any weak limit of v, 1o, ..., then
[B24) together with the Portmanteau Theorem implies that for any T,e > 0 there exists
d > 0 such that V(?T(pj_l(KT,g))) < e. This forces I/(T('(pj_l(KT))) = 0 for all T > 0, and so
y(w(pj_l(Kj,m))) = 0, i.e. the lemma is proved.

Let us note that it suffices to prove (824) for special choices of X. Indeed, since C.(R%1)
is dense in L'(R?1), it suffices to prove ([824) for measures A € P,.(R%"!) of the form
d\(x) = N(x)dx with N € C.(R?1). Next, using the fact that any such function )’ is
bounded, it follows that it actually suffices to prove (8.24]) when A = vol ‘ i1 i.e. Lebesgue

measure restricted to a ball le{l with R > 1 arbitrary and fixed. Hence from now on we
assume that A is of this form.
Let us write Vi, = (Vin,1,. .., Vin,n) with Vi, 5 € T?. Then for any T, 6, m,

(8.25) Vi (m(p;  (K15))) = v01<{u € BE 1 2V, )Myn_(u)D,,, € W(KT,(;)}).

Take Upj € My xq(R) with 7(Upj) = Viuj. Since Krs is I'j-invariant, the condition
r(Vinj)Mjn_(u)D,, € 7(Kr;) is equivalent with Iy, . Mjn_(u)D,,, € Krs, which in turn
is equivalent with

(8.26) (Umj — ¢ " My, wa(Z)) Mjn_(u)D,,, (] Qs # 0.

But for any Z € M, x4(R) the condition Zn_(u)D,,, € Qr s holds if and only if the vector z :=
pu(Z) satisfies |21| < 6pl; 9 and ||z1u+(22, . . ., za)|| < Tpm. We also have pp(AM,) = pp(A)M;
for all A € M, «4(R); furthermore pyp(Z'7) = Z, by [B23)), and thus pp(M,;xq(Z)) = Z4:
therefore

(8.27) {po(2) : Z € (Upj —q My, xa(Z))M;} = (po(Unm,j) + a ' Z4)M; =: Ly,

Note that this set Ly, is a grid in R%. It now follows that the measure in (825) equals

Vol<{u e By [3z € Ly, : |21] < Spt-® and || z1u + (2o, .., 20)|| < Tpm) })

(8.28) < Z V01<{u € B}j%_l szt (22,0, 240)]] < Tpm}>.

zZELm
(|z1]<dph )

Recall that we are assuming V,,, ¢ Ag]) for all m; this implies that for all ¢ € {1,...,k}
and all n € Z" with 0 < ||n|| <k, the point V,, ; in T? has distance > 7 from the set A;  p,

and therefore Uy, ; has distance > 7 from the set (¢'Z" +nt)? in in M, xa(R) = (R™7)%

In particular, U,, ; has distance > n from (177 + mL)d, and this is seen to be equivalent
[l ]

to the statement that ||pp(Un, ;) — ¢ ta| > aed(m) ! for all @ € Z™. Combining this with the
definition of L,, in (82T, it follows that there exists a constant 1’ > 0, independent of m,

such that
(8.29) YmeZ: Yz€ Ly |z >17.

Now let T' > 0 be given, and keep m € Z* so large that Tp,, < n’/6. Consider any vector
z € Ly, which gives a non-zero contribution in the sum in (8.28]). This means that there
exists some u € B% ! such that ||z1u + (22,...,24)|| < Tpm < 1'/6, and thus ||(za,. .., 24)|| <
7' /6+ R|z1|. If R|z1| < n'/3 then it would follow that ||z|| < n’, which is impossible by (8:29).

13This measure should really be normalized by a factor vol(BdR_l)fl, to make A and v, probability measures;
however such a normalizing factor clearly does not affect the validity of (824]), and so we will ignore it.
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Hence we have proved that every z € L,, which gives a non-zero contribution in the sum in

(B23)) satisfies
/

(8.30) |z1|>3n—R and  ||(2a, ..., 2q)|| < 2R|z1).

Let Ly, o be the set of all z € L,, satisfying (830) and |z1| < 2, and for each ¢ € Z* let Ly, ¢
be the set of all z € L,, satisfying (830) and 2° < |z| < 2!, Then the sum in (828) is

< Y vol(Bf_l)-<T‘Zr>d_l.

0<t<logy(Spy, *) ZELm.¢

But for every £ > 0 and every z € L, we have
120 < 1]+ [Gare o2l < (14 2R) 24| < 2R

Recall also that each grid L,, is a translate of the fixed lattice ¢~ 1Z¢M ;. It follows that there
exists a constant C' > 0 which is independent of m and ¢ (but which depends on R, ¢ and Mj)
such that #L,, , < C2% for all ¢ > 0. It follows that our sum is

!\ 1-d
<ot () S 2) <ot
1<e<log, (5pi )
where C’ is a constant which is independent of m or § (but which depends on R, T, 7).

To sum up, we have proved that for any 7,6 > 0, and all m € Z* so large that Tp,, < 1'/6,
we have Vm(ﬂ(pjl(KT75))) < O'(pd=1 4 6), with a constant ¢’ which may depend on T', but
is independent of m and 0. This bound implies that (824]) holds, and hence Lemma [0 is
proved. O

Lemma 8.10. Let j € {1,...,N}, let L be a rational subspace of R™, L # R" (thus r; #0),
and let X € M, xq(Q). Then for any m € Z'i N L\ {0} satisfying X" m € Z%, and any
Y € My, xa(R) satisfying n_(R4™1) C ST Y (R), we have T; SF(R) Iy C K m.

Proof. Set X = |m|2m (X" m)" € ||m]|2 M, xa(Z), and note that X"m = X"m. Let
Y € M, xa(R) be such that n_(R?~1) c S~ (R). This implies that (Y —X)(n_(w)—1I) C L%
for all w € R%1, which forces the first column of Y — X lies in L.

Now consider an arbitrary element in I'; S¥(R)Iy. This element can be expressed as follows,
for some (v, B) € I'j and (A4,U) € SL(R):

(831) ('773) IX(Aa U)I—X IY = (7"47 (B + X)A +U+Y - X) = I(B—l—)?)'y*l fYA IW7

where W := (X — X)A+U +Y — X. Here (B+ X)y ™! € ||m]2 M, xa(Z). Furthermore,
X"m = X"m implies X — X € (m>)? and so (X —X)A4 € (m1)%. AlsoU € L% ¢ (m*)?, and
finally the first column of ¥ — X lies in L, hence in m». It follows that the first column of W
lies in m*. Hence the element in (831) lies in Ky, and we have proved that T'; S§ (R) Iy C
Kjm. 0

Lemma 8.11. Given any f € Cy(X) and e > 0, there exists k € Z such that |v(f)—p(f)| < e
holds for all v € Py.

Proof. Assume the opposite; this means (since P, D P, D - - ) that there exist some f € Cy(X),
e > 0, and measures v € P for k = 1,2, ..., such that |vg(f) — u(f)| > € for all k.

For each k, since vy, is W-invariant by Lemma B2l we can apply ergodic decomposition to
vt Let € be the set of ergodic W-invariant probability measures on X, provided with its usual
Borel o-algebra; then there exists a unique Borel probability measure wy on £ such that

(8.32) Vg :/gadwk(a).
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Cf., e.g., [31, Theorem 4.4]. Note that (832]) together with Lemma [B3] implies 11 = vy =
fg Ly dwg(a), and for each a € &, T,a is an ergodic W-invariant measure on X'. Hence
in fact 1, = p for wi-almost all a € £, by uniqueness of the ergodic decomposition of .
Furthermore, for every j € {1,...,N} with 7; # 0 and every m € Z"7 with 0 < |[m| <
k, we have [, a(w(pjfl(Kj,m)))dwk(a) = yk(ﬂ(pj_l(Kj,m))) = 0, by Lemma B3], and hence
a(w(p}l(Kj,m))) = 0 for wg-almost all o. Note also that

[lo) = (] denta) > ' [ athar.@ - uh)| = i) - ur)| > =
£ £

and hence the set {o € £ : |a(f) — u(f)| > €} must have positive measure with respect to wy.
It follows from the above discussion that for each k € Z*, there must exist some oy, € &
satisfying T.aq = 1 and |ag(f) — u(f)| > €, and

(833) Vje{l,....,N}: rj #0= YmeZi\{0}: |[m|*?’<k= ak(w(pjfl(KJ-’m))) = 0.

We will assume that such measures «q,as,... have now been fixed, and we will derive a
contradiction.

Clearly & C Q(X), and hence for each k, we can apply Ratner’s theorem, [25, Thm. 1],
to ag. As discussed below (8I2]), this implies that there exists some element gy € G such
that, writing Hy, := H,,, I'N ngkglgl is a lattice in ngkglgl and the support of oy, equals
\I'grHy. The validity of the previous statements remain intact when replacing gx by any
other element from the double coset I'gyHy. Hence, since ((Hy) = G’ by Lemma B4, after
right multiplying gr by an appropriate element in Hy we may assume that g is of the form
gk = (Iy, 1, -+, Iy, ) for some matrices Yy ; € M, xq(R). Next, by left multiplying g by an
appropriate element in T' (in fact in I' N1 ({I})), we may furthermore assume that every
entry of every matrix Y}, ; lies in the interval [0,1).

Note that the sequence a1, ag,... in P(X) is tight, since .oy = i for all k£ and the map ¢ :
X — X' is proper. Hence by Prohorov’s Theorem, there exists a subsequence, say ag,, Qky, - - -
where 1 < k; < kg < ---, which converges to some limit measure v € P(X). In view of
our assumption on the entries of the matrices Y} ;, we may also assume that g, converges
to some element § in G as £ — oco. We have ,v = pi, by the continuous mapping theorem.
Furthermore, by [23, Cor. 1.1] we have v € Q(X), and hence by Ratner’s [25, Thm. 1], there
exists some g, € G such that I'N g, H,g, ! is a lattice in g,H,g, ! and supp(v) = I'\I'g, H,.
Note also that «(H,) = G’, by Lemma B4l Next we will apply [23, Thm. 1.1(2)]. As a
preparation, note that by [23 Lemma 2.3|, for each ¢ we can find a one-parameter subgroup
{ue(t)}ser of W which acts ergodically with respect to ay,, and we can then find an element
s¢ € G such that the trajectory {T'g,spue(t) : ¢t > 0} is uniformly distributed with respect
to ay,. Note that this last property remains valid if s, is replaced by seu,(t) for any t > 0,
and in this way we may modify the elements s1,ss3,... so that sy — e in G as { — o0
(this is possible since o, — v in P(X) and since the point I'g, lies in the support of v).
Hence by [23, Thm. 1.1(2)], for all sufficiently large ¢ we have supp(ay,) C supp(v) - s¢, or
equivalently, T\Lgy, Hy, C T\Lg, H,s¢, viz., (g, Hy,9;, kes; ‘95" C T(g,Hug,t). But we
know that I'(g, H,g, ') is a closed regular submanifold of G, and for each v € T, (g, H,g; ')
is a connected component of this submanifold (cf. [24, Theorem 1.13]). Hence for each large
¢ there exists some 7, € I' such that

(8.34) (9r, Hio95, ks 00" C ve(g0Hugy ).

Recall that we also have gy, — g as £ — oo; hence gkeszlg,jl — gg,;', and since g/wszlgljl €
ve(g,Hyg,t) for all large £ it follows that there is some ¥ € T' such that (g, H,g,!) =
Y(gyHyg, ') for all sufficiently large £. For these ¢, (8.34) implies

(835) gkzsz_lg,jl%_l = igl/Hng_1§_1 and ngszgk—ll C ingygV_l:)’v_l.
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We have proved that (835]) holds for all sufficiently large ¢; however by removing the initial
elements from the sequence k; < k2 < ---, we may from now on assume that (8.35]) holds for
all L € 7T,

Next let us apply Lemmas and B7 to the group ¥g, H,g, '3~! and the groups 9k, Hy, g,;ll
for all £. This gives that there exist rational subspaces L; and L, ; of R/ and matrices X
and Xy ; in M, xq(Q) (for all j € {1,...,N} and £ € Z*), such that

(8.36) YovHyg, "5 = SFHR) x -+ x SPN(R).
and
— X X
(8.37) Gk Hi gy, = Sp0 (R) x - x SpPN(R) - (Ve ZY).

It now follows from (8:33]) that Sfj; (R) C Sfj (R), and hence by Lemma [8.8]

(8.38) Ly; CL; and X,;—X; €L}, WeZ' je{l,....N}
Let us also note that (837) and gx = (Iy, ,," - ,ly; ) imply that

Xp1-Y5 Xon—Y]
(8.39) Hy, = SLZ: ke,l(R) X oo X SL::]IVV ke»N(R).

Now we obtain a contradiction as follows: We have v # p, since v(f) = limy_, o, (f) and
lag (f)—p(f)| > e for all k. Hence H, # G, and so by (836]) there is some j € {1,..., N} such
that L; # R"7 (this implies in particular r; > 0). Hence we can choose some m € Z' ﬂle\{O}
with X]Tm € 7% Now by (B38) we also have m L Ly ; and Xij = X]T»m e 7% for all

¢. Let us apply this for some fixed choice of ¢ so large that k, > ||m]/?>. It is immediate
Xe,j_Ykl,j (R)

from the definition of Hy, = Ho,, (cf. 812)) that W C Hy,; thus n_(R¥1) ¢ St,
(cf. 839)), and so by Lemma BI0, the set I'; Iy, Sfjj—Yu,j (R) is contained in Kj,,. By
(839)), this implies that I'\I'gy, Hy,, i.e. the support of ay,, is contained in ﬂ(p}l(Kj,m)), and
SO ay, (W(p;l(Kj,m))) = 1. This is a contradiction against (833)), since ||m]|? < k.

Hence the lemma is proved. (]
Proof of Theorem [81]. Given f € Cy(X) and € > 0, we choose k € Z* as in Lemma BIIl Now
also let arbitrary A € Po.(RT1), n > 0, M € G’ \ Ds be given. Assume that there does not
exist any pg € (0,1) such that (8I0) holds for all p € (0,p9) and V € T\ A,(cn). This means
that there exist sequences p; > p2 > --- = 0and V7, V5,... in T \ Ag’) satisfying

/Rd1 f(w(Vm)Mcp(n_(u)me)) d\(u) — /deﬂ

Define vy, € P(X) through v, (9) = [ga1 g(x(Vm)Mcp(n_(u)me)) dA(u) for all g € Cy(X)
(just as in (81I1)). By [20, Thm. 5] (applied in the same way as in the proof of Lemma[83]) we
have 7, v, — p in P(X’). Hence the sequence 11, 1o, ... in P(X) is tight, and so by Prohorov’s
Theorem, after passing to a subsequence we may assume that vq,19,... converges to some
v € P(X). Then v € Py (cf. Def. B]), and thus by our choice of k we have |v(f) — u(f)| <e.
But v, converges weakly to v; in particular v, (f) — v(f) as m — oo, and hence we conclude
that |1/m( f)—u(f )| < ¢ for all sufficiently large m. This is a contradiction against (8.40]), and
thus Theorem R is proved. O

(8.40) > e, vm e Z".

Next we establish a variant of Theorem B where the unipotent element n_(u) is replaced
by a rotation:

Theorem 8.12. Let f € Cy(X) and € > 0 be given. Then there exists some k € Zt such that
for every A € Py (S1), >0 and M € G'\ Ds, there exists some py € (0,1) such that

(8.41) /S . f<x(V)]T/fgp(R(v)Dp)> dA(v) — /X fdu| <«
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for all p € (0, p0) and all V € T\ A,

Proof. This follows from Theorem 8] via a fairly standard approximation argument; cf., e.g.,
[16, Thm. 5.3 and Cor. 5.4]. Some care is needed to ensure that we can obtain a uniform
statement as in the theorem.

To start with, we restrict to functions f of compact support. Thus let f € C.(X) and
e > 0 be given. Fix a corresponding positive integer k& as in Theorem BRIl Now also let
A€ Poe(SEY), n>0and M € G'\ Ds be given.

For § > 0 we set Us = {T € SLyg(R) : ||T — I|| < ¢}, where || - || denotes the entrywise
maximum norm on d x d matrices. Thus Uy is an open neighborhood of the identity in SLy(R).
Since f has compact support, we can fix 0 < § < 1 so small that

(8.42) |f(xp(T)) — f(x)] < e, Ve e X, T € Us.

Recall that R is continuous when restricted to S‘li_1 minus one point; it follows that there
exists a compact subset S C Sil*l such that the restriction of R to S is continuous, and

(8.43) 1Flloe - AT\ S) < e

For each vy € S we set Qy, = {v € § : R(vg) 'R(v) € Usso}; this is a relatively open

neighborhood of vy in S. Since S is compact, we can fix a finite subset Qg C Sil*l such

that the sets €, for vo € Qo cover S. Let us fix an arbitrary total order < on g, and

set U, = Qyy \ (UvéeQOQ%). Then the sets €, for vo € Qo form a partition of S. Set
v6<vo

) = {v0 € Qo : A(,) > 0}, and for each vy € Y let Ay = A(,) ! A

Note that we now have

(8.44) As = > M)y

vo€Q

€ P (8971,

/
Q’UO

Let us fix vy € Qf, temporarily, and consider the functions E : Scllf1 — My(R), a: Scllf1 — R,
bc:S89 1 S R DS 5 My (R) defined by

Bw) = (4oh py) = Rlo MA@ (@esi

Note that (a(v), ¢(v)) = e; E(v)T = vR(vg) for all v € S¢1; in particular a(v) = v - vy, and,
since § < 1, it follows that Qy, is contained in the open disc Hqy = {v € S¢™1 : v vy > 1.

We introduce the function @ : H,, — R z(v) = —a(v)'e(v); this is a diffeomorphism of
Hy, onto the open ball B‘\i/—l We set Ay = Z+(Aoy) € Pac(RT1).

Note that M ¢ D implies that Mo(R(vg)) ¢ Ds for every vy € Qf,. Hence by Theorem [R]
and our choice of k, there exists py € (0,1) such that for all vg € 9, p € (0,pp) and

VeT \ A,(:), we have:

[, (= 0Tor@n) - )~ [ ] <

Here in the integral over R%~1, we substitute & = x(v) and then use ([842]) combined with the
a(w)™t 0
0 ple(v) D(v
the fact that E(v) € Us/, once we note that |a — 1\ < §/2 implies |a=! — 1| < 2|1 —a| < 9).
This gives:

(8.45)

fact that for every v € Q) and p € (0, py) we have ( ) ) € Us (this is immediate from

[ He (R0 (@)D,) dhuy(@)

s16) = [ (e (RN, (S0 phy) ) ) Pe®

vo

<e.
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Here the last integral can be simplified using R(Uo)n_(:c(v))Dp(Zéz();)lT D?v)) = R(v)D,.

Hence, by (845) and (846)), we have for any v € Q), p € (0,p0) and V e T \ Algn):

(8.47)

[ TAR@D,) dy (o) - | fd/t‘ <2
vo
Multiplying this inequality by A(€2,,) and then adding over all vy € Qf and using (844) and

(843), we conclude that (84T) holds with 4¢ in place of £, for all p € (0, pg) and V € T'\ A,(Cn).

Thus the theorem is proved under the extra assumption that f € C.(X). Finally, the
extension to the case of arbitrary functions f € Cy(X) is achieved by a completely standard
approximation argument. O

The following is an immediate corollary of Theorem [R.12]

Corollary 8.13. Let V be an arbitrary, fived point in T \U ﬁjfl(A]’,q,m), where the union is
taken over all triples (j,q,m) with j € {1,...,N}, r; #0, ¢ € Z and m € Z"7 \ {0}. Then
for any M € G', f € Cy(X) and X € Py (ST, we have

(8.48) /Sd1 f<x(V)M<p(R(v)Dp)> dA\(v) — /de,u as p — 0.

Proof. The assumption on V implies that for any k¥ € Z* there is some 1 > 0 such that
V¢ A,(gn). Using this fact, the corollary is an immediate consequence of Theorem [8.12] O

9. PROOF OF [P2] (UNIFORM SPHERICAL EQUIDISTRIBUTION)

We now return to using the same notation as in Sections BHZL in particular P is a finite
union of grids in RY, and we assume that an admissible presentation of P has been fixed (cf.
B3), (34)), and corresponding to this presentation we let the homogeneous space X = I'\G
be as defined in Section In particular we have rq,...,ry > 0 and

[ =8,,(Z) % - x Sy (Z),

which is a stricter requirement than what was imposed in Section [§

Our goal in this section is to complete the proof of [P2]. Recall that by our initial discussion
in Section [7.3] the task which remains is to prove Theorem [Z.71 A key tool in our proof will
be Theorem B.I2} note that this theorem will in general be applied to a certain homogeneous
submanifold of our present homogeneous space X.

9.1. Equidistribution without uniformity. We will start by proving the following non-
uniform result, which as we will see fairly easily implies Theorem 2] and which will also play
an important role in our proof of Theorem [T.71

As in Section [§] we let the subset D5 C G’ be given by (85). Recall that Q = vazl P(’]I‘?)’;

of. @3). As in (B3) we set T = T x T4 x --- x T%, and we let z : T — X be the natural
embedding. Finally, for any V = (Vl, e ,VN) € T we define:

(9.1) w") = (wg/l), . ,wg\‘,/N)) € 0.

Theorem 9.1. For any V €T, M € G'\ Ds, f € Cy(X) and X € Pae(S¢7Y) we have

(9:2) F@(V)M(R(v)D,)) dA(v) — /X Fd®)

d—1
Sl

as p — 0.



58 MATTHEW PALMER AND ANDREAS STROMBERGSSON

Proof. Let V = (Vl,...,VN) €T be given. For each j € {1,..., N} we write L; := Lg.vj), fix
some X; € M, 4(Q) such that V; —m(X;) € (S;Vj))Od, and fix some 173 €X; —i—L;l C M, xa(R)

with w(V}) = V; (cf. the discussion above ([AI1])). Using the notation in (8I5]), we then set:
H =87 (R) x -+ x SPN(R) = S} (R) x -+ x S}V (R).

As in ([I1)) and the proof of Lemma (Il we have for each j that I'; intersects SE (R) in

a lattice, and the orbit z(V;) - Sp;(R) = I';\TI'; SE (R) I is a closed embedded submanifold
J
of X; which carries a unique S, (R)-invariant probability measure; and by Proposition 4.1

this measure equals wj(»vj). Taking the product over all j, and writing Vo= (‘71, e ,‘N/N) €

H;.Vzl M, xa(R), it follows that I'\I'H I is a closed embedded submanifold of X and, using
also @) and (G.I1), that w(V) is the unique vazl S, (R)-invariant probability measure on
MN\IH I,

Let I'y :=T'N H, and let i be the unique H-invariant probability measure on the homo-
geneous submanifold I'\I'H = I'y\H of X. In order to prove the theorem, we will prove that
for any M € G'\ Ds, F € Cp(Ty\H) and X € P,(S971), we have

(9.3) / F (FH Io: Mo(R(v)D,) 1:1) d\(v) — Fdy
gd-1 v Ty \H
as p — 0. (To see that the integral to the left in ([0.3) is well-defined, note that Iy gI‘Z/1 eH

for all g € G'.)
To see that the convergence in (@.3]) implies the statement of the theorem, let 7: X — X be

right multiplication by Iy; then w(V) = 7,(u), and the left side in ([@.2) can be expressed as
T —1
/s;i—l(f o) (r Iy M (R(v) D) T2 ) dA(v).

Hence ([@.2) follows from (@.3)) if we let F' be the restriction of f o7 to T\I'H.

We now turn to the proof of ([@.3]). We will start by fixing an isomorphism from H onto the
Lie group

G : =85 (R) x --- x Sg (R),

where s; := dim L;. Given any linear bijection ¢ : L 5 R®, where L is a linear subspace of R”
(for some r € ZT) of dimension s > 0, we write S, for the following Lie group isomorphism:

(9-4) Sp 1 SL(R) = Ss(R),  Sy((M, 1)) = (M, ¢ (U)),

where ¢? is the linear bijection from L% onto M,y 4(R) given by applying ¢ to each column
of the matrix. (If s = 0 so that L = {0} and Ss(R) = SL4(R), the definition in ([©@.4]) should
of course be interpreted to say Sg;((M, O)) = M.) One verifies immediately that S, is indeed
a Lie group isomorphism. Also for any X € M,4(R), we introduce the following Lie group
isomorphism:

(9.5) SX : ST (R) = Ss(R), S¥(9) = Sp(Ix" g Ix).

Next, for each j, we fix, once and for all, a linear bijection ¢; : L; = R% with the property
that o;(L; NZ"7) = Z*; this is possible since L; is a rational subspace of R"7. Finally we let
® be the Lie group isomorphism

<D, ¢ XN . ~
<I>.—S@11><---><SWJVV. H = QG.



THE BOLTZMANN-GRAD LIMIT OF THE LORENTZ GAS IN A UNION OF LATTICES 59

For each j, fix a positive integer ¢; such that X; € qj_1 Mrjxd(Z), and let I‘; be the principal
congruence subgroup of SLg(Z) of level g;:

(9.6) I :={M € SLq(Z) : M =1 mod g;}.

Then set

(9.7) T =T, xMgxa(Z) (j=1,...,N) and T:=T;x-xIy.
We now claim that

(9.8) I c®ly).

To verify this, it suffices to verify that fj C Si,(jj (Sr,(Z)N Sfj (R)) for each j. To do so, note
that given any (M,U) € fj, we have (S;(jj)*l(M, U) e Sfj (R) and
Xji\—1 —
(Se7) ™ (M U) = (M, (&) (U) + X;(M — I)).
Here (gpgl)_l(U) € M,;x4(Z) since U € My, xq(Z) and gp}l(ZSJ') = L;NZ"; also X;(M —
I) € My,xd(Z) since X; € q; ' M,,xa(Z) and M € I'; hence (S3/) " (M,U) € S,,(Z). This

completes the proof of (O.8]). Note that it follows from (O.8]) that we have a well-defined
covering map

(9.9) J:I\G —Ty\H, J(Tg)=Tgd ).

Next, the result of Corollary BI3] applied to the homogeneous space f\é, can be stated
as follows: Let [ be the invariant probability measure on T\G. Let W = (Wy,...,Wy) be
an arbitrary element in vazl Ms, xa(R) such that for every j € {1,..., N} and every rational
subspace L' C R% | we have

(9.10) W; ¢ My, xa(Q) + (L)%,

Then for any M € G'\ Ds, F| € Co(T\G) and A € Poe(S971), we have

(9.11) / i) (f Ty M¢(R(v)pp)) d\v)— | _Fidi  as p—0.
sd-1 NG

(Note that Iy € G since W € vazl M, xa(R); cf. (8IT).) Starting from (@.IT)) and applying
the continuous mapping theorem with the covering map J (cf. (@9)), we conclude: For any
element W = (Wy,...,Wy) in vazl L? such that for every j € {1,..., N} and every rational
subspace L' C R%

(9.12) PF(W)) ¢ M, xa(Q) + (L)%,

and for any Med \ Ds, Fr € C,(Tyg\H) and X € Pac(Siiil)a

(9.13) / Fy (rH iy Ix Mo(R(v)D,) I;g) d\(v) — Fody  as p—0,
ga-1 I'u\H

where X := (X1,...,XnN) € H;VZI M., xa(Q). In the above deduction we used the fact that
Ji(1t) = p, the unique H-invariant probability measure on I'y\ H.

We wish to apply the last convergence relation with W := VX , e, Wi = 17j - X;
for each j. This W lies in H;VZI L;l, and we proceed to verify that also the condition (Q9.12)
holds for every j € {1,..., N} and every rational subspace L' C R%. Assume the opposite,

i.e. assume that there exists j € {1,..., N} and a rational subspace L' C R% such that
@?(Wj) € M, xa(Q) + (L)%. Using the fact that cpj_l((@sf) C Q" (since <pj_1(ZSJ') =L;NZ"),

we conclude W; € M, »q(Q) —};(L”)d, where L” := goj’l(L’). Since W; := V; — X; and
X; € My, xa(Q), it follows that V; € M, «a(Q) + (L")?, or equivalently

(9.14) Vit,-. s Via € Qi 4+ L,
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where 173»,1, . .,17]»,(1 € R" are the column vectors of ‘7] But we have L” C L; and L” is a
rational subspace of R"/; also L; = Lg.vj) =3{Vi1,---, Via}) (cf. @), and tllus by Lemma
4.3l L; is the smallest rational subspace of R"7 with the property that Vj1,...,V;q€ Q" 4 L;.
This is a contradiction against (@.I4]). This completes the proof that the condition ([O.12]) is
fulfilled for our choice of W.

Note also that Iy € H since W € HN Ld, and Iy Ix = Iy;. Hence for any given F €

Cyp(Ty\H), also the function F, defined by Fy(Tyh) = F(Tphly') lies in Cyp(Ty\H); and
applying (@.I3)) to this function F» we conclude that ([@.3]) holds for the given function F. [

Remark 9.1. If the point V = (Vl, cen VN) € T satisfies ¥i,,(Vj,) = 0 for some ¢ € ¥, then

the statement of Theorem also holds with “X¥” in place of “X”, i.e. for any MeG \ Ds,
f€Cy(X¥) and X € PaC(Silfl) we have

(9.15) F@(V)Mp(R(w)D,)) dA\(v) = [ fdwV)

d—1
s¢ X¥
as p — 0.

Proof. By [13, Lemma 4.26], this follows from Theorem [.1lif we can only verify that wV )(Xw)

1 and x(V)M ¢(R(v)D,) € XY for all p and v. The first of these statements is immediate from
(62), Lemma and Lemma For the second statement, note that X¥ is preserved by
right multiplication of any G’-element; hence it suffices to verify that b z(V) € X?. But writing
¥ = (j,1), and taking ‘N/ € M, xa(R) so that V; = 7T(V]) we have rl(V) € 74 since ;(V;) = 0.
Now z(V;) = T';I; and Z%a(1 J) 721, rZ(V )) = Z%, which is a lattice containing 0. Hence,

by [6.2), (V) € Xw and the proof is complete. O

Let us note that Theorem is an immediate consequence of Theorem

Proof of Theorem [{.2 By (3.19), g(()q) = Iy M, where M = (M, ..., My) with the M;s
coming from the fixed presentation of P in (3.4), (B5). This M lies outside Ds, by B.1).

Hence the left hand side of (2.2)) equals the left hand side of @3) if we choose V := 7(U(®)),
ie. V=(W,...,Vn) with V; = 7T(U( )) With this choice, wj(q) = w(v) holds by definition,
and hence by Proposition 4.7 and (£2]), (€.11)), (O.1]), we have w) = (@ meaning that also

the right hand sides of ([@.2]) and (£.3]) agree. O

9.2. A first uniform result. We will now prove a uniform equidistribution result, Theo-
rem below, which, in combination with the non-uniform result of Theorem [@.1] will play a
key role in our proof of Theorem [T.7]

For any ¢ € ¥ and j € {1,..., N} we pick an arbitrary point q € L, and define

(9.16) YY = n(U?) + (SV)? c TS

This is a connected component of the group (gf)d, cf. Lemmalb.8 Note that Y;p is independent
of the choice of q, since W(U](q)) — W(U}q,)) € (S}p)d for any two q,q’ € Ly, as was noted in
the proof of Lemma 5.8l Let us also fix a matrix X;?b € M;, xa(Q) with the property that

(9.17) VY =a(XY+ (LY.

(Proof of existence: Choose any q € Ly; then by Lemma A3 we can choose X;?b € M;;xa(Q)
so that U;q) — X;p € (Lg.q))d; using (@.16]) and Lemma [5.2]it then follows that (9.17)) holds.)
Furthermore, we fix a linear bijection <p;ﬂ : L}p 5 R® (with s = s(¢,j) = dim L;ﬂ) with the
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property that cp}p(L}p NZ") = Z°. These matrices X;»p and bijections cp}p will be kept fixed
throughout the present section. We also introduce the following map:

(918) @)+ V) = Moa(R/Z); ] (x(X] + W) = 7' ((¢])'(W) (W e (L])?),
where 7’ is the projection map Mgy q(R) — Mgxq(R/Z). Tt follows from the defining property

0

of go;p that the map ¢; is well-defined, and that go;p is a diffeomorphism from Y}p onto the

torus My q(R/Z).
Next, for any ¢ € ¥, j € {1,...,N}, k € Z* and n > 0, we set

-1 .

9.19 a0 = (@) (AF) it LY £ {0},
(9.19) K

v 0 if LY = {0},
where if L}ﬂ # {0}, the set Ag?,g C M;xa(R/Z) is defined as on p. {7, but using s = dim L}p
(> 0) in the place of rj, so that “T;l” on p. AT becomes Mgy 4(R/7Z).

Next, for each ¥ € ¥, we define
Y =YY% xY{CT

and for any k € Z™ and n > 0:
(9.20) Al(l)k ={V=MW,...,Wn) € YY i V€ Az(l),k for some j}.

J
Theorem 9.2. Let 1) € U, f € Cy(X¥) and € > 0 be given. Then there exists some k € 7+

such that for every A € Poc(S¢™1), 1> 0 and M € G'\ Dsg, there exists some py € (0,1) such
that

(9.21)

fdﬂ' <e
X%

[, 1a)iTe(R@)D,) dw) - [
Sl

for all p € (0, po) and all V € Y¥\ A

To see that the statement of Theorem makes sense, note that for every V € Y¥ we have
z(V) € X¥ by the following Lemma [13} thus also z(V)g € X¥ for all g € G’; and we also have
w¥(X¥) = 1, by Lemma 6.2 and Lemma

Lemma 9.3. For any 1 € ¥ and V € Y¥, we have ;,(V;,) = 0 and z(V) € X¥.

Proof. Assume V = (Vi,...,Vy) € Y¥. Write ¢ = (j,1), and choose a point q € Ly. Take
W € M, xa(R) so that V; = m(W). It follows from V; € Y¥ that W € U\ 4 (LY)?+M,, xa(Z).
It follows from (B.4) and BIH) that r;(U ;q)) € 7%, and we noted in the proof of Lemma
that L}p 1 e;. Hence r;(W) € Z4. This shows that ¥;(V;) = 0, and it also implies that the grid
Z%a;(Iw) = Z4+W contains 0, i.e. the point z(V;) = I'; Iy lies in Xg»i). Hence z(V) e X¥. O

Proof of Theorem[9.2. Let 1) € ¥ be given. Let us set X := (be, . ,X;\p,) and

P P
(9.22) H:=8"T(R) x - x $NR) = IX(S o(R) X - X S,y (R)) I3
LY LY LY LY X

Recall that w? = w}ﬂ X ® w}f,. We claim that w? equals the unique I;{1 H Ix-invariant

probability measure on I'\I'H Ix. To prove this, it suffices to prove that for each fixed j, w;»p
equals the unique S 4 (R)-invariant probability measure on I';\I';j 1,4 S »(R). To this end,
J J J

fix an arbitrary matrix W € X;»p + (L}ﬂ)d which is generic in the sense that it lies outside
M, xa(Q) + L for every rational subspace L C L}ﬂ, and set V =m(W) € ’]I‘;l. Then L§V) = L}p

by Lemma 3] and hence by Proposition 7], w§v) is the unique S I (R)-invariant probability
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measure on I';\I'; Iy S, 4 (R) = Tj\I'; I,v S, v (R). Furthermore, we have (S§V))o = W(Lg»v)) =
J J J

7T(L}b) and thus V + (Sg.v))od = W(X;/} - (L}b)d) = Y}p = W(U](q)) - (S;.p)d for any g € L. This
implies O§V) = O;.b (cf. (5186) and (7)), and hence w§v) = w}b. This completes the proof of
the claim.

Set 'y :=T'N H, and let x be the H-invariant probability measure on I'gy\ H.

Next for each j let us write s; := dim L¢ and recall that we have fixed a linear bijection
Lw R* with the property that ¢; (L¢ NZ") =1Z%. Set

G =S5 (R) X -+ x Sy (R),
and let ® be the Lie group isomorphism

x¥ x? ~
¢:=5) x---xS)V: H—=CG
Y1 PN

(using the notation from (3.5])). For each j, choose ¢; € Z*1 so that Xw € qJIZ and let F/ be
the principal congruence subgroup of SL4(Z) of order ¢; (cf. (@.8])); then define F and T as in
(@7). By an argument entirely similar to the discussion in the proof of Theorem 0.1 (leading
up to ([@I3])), one verifies that Theorem [BI2] applied to the homogeneous space f\é yields
the following result: For any f € Cy(T g \H) and € > 0, there exists some k € Z1 such that
for every A € Pao(S¢71), n > 0 and M € G'\ Ds, there exists some pg € (0,1) such that

/R o (To Tw L Mip(R(v)D,) T3 ) dA(v) — /

Ty \H

for all p € (0,p0) and all W = (Wy,...,Wy) € HJ 1(Lw) satisfying 7’ ((gp}ﬂ) (Wy)) ¢ A(n)

for every j € {1,..., N} with s; > 0. In the last condition, the set Agzz is defined exactly as on
p. B but using the dimension s; in place of r; (so that “']I'?” on p. [d7 becomes My, «4(R/Z)),
and 71'; is the projection My, y4(R) — Mg, xa(R/Z).

Finally, let us write V =W + X in the previous result; thus 173 =W;+ X;»p € X;p + (Lf)d
for each j, and also Iy Iy = I in (Q.23)). Then in view of the definitions (2.19) and (@.20),
the condition on W is equivalent to 77(‘7) ¢ Ag])k Hence, by an argument completely similar

to the proof that (@.3) suffices to give Theorem @1 the result stated around ([@.23]) implies
the statement of Theorem O

(9.23)

fd,u‘ <e

Next let us note that by combining Theorem 0.2 with Theorem 0.1} we immediately obtain
a variant of Theorem [0.2] where the limit measure w? in ([@.21)) is replaced by w(V):

Theorem 9.4. For any ¢ € ¥, f € Cb(Xw) and € > 0, there exists some k € Z' such that
for every A € Poc(S471), > 0 and every M e G'\Dg, there exists some pg € (0,1) such that

/Sd_1 F(2(V)Mo(R(®)D,)) dA(v) — [  fdat™)

Xv

(9.24) <e

for all p € (0, po) and all V € Y\ A

Proof. Given 1, f,e, take k as in Theorem Now also let A € Pz,w(S‘lj_l)7 n > 0 and
M € G'\ Ds be given. Take py € (0,1) as in Theorem [0.2] i.e. so that ([@.2]]) holds for all
p € (0,p0) and all V € Y¥\ An). Now for any fixed V € Y¥ we have i, (Vj,) = 0 by

Lemma[0.3] and so by Theorem [9.] - [Jand Remark [0.1] the convergence in (@.15]) holds as p — 0.
Combining this fact with ([@.21]) gives

(9.25)

5 F V) — 5 fdw_¢‘ <e W ev’\Al)
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Combining (@.21I) and (@.25), we conclude that ([@.24]), with 2¢ in place of ¢, holds for all
p € (0,po) and all V € YV \ AY). O

9.3. Proof of the uniformity in [P2]; later steps. Note that for any ) € ¥ and q € Ly, we
have W(U](q)) € Y}ﬂ for all j € {1,..., N}, by (@I6]), and hence W(U(q)) € YY. The following
proposition shows that by taking 1 small, we can ensure that the density of points q € L, for

which 7T(U (‘I)) falls inside the “singular” set Afﬁg, is small.

Proposition 9.5. For every ¢ € ¥ and k € Z we have

#{ge LynB « 7(U@D) e AT} .

(9.26) 71]1_% hjr“n—?olip T

Proof. 1t follows from the definitions in (@.19), (O.20) and on p. A7 that AI(:L is a union of sets

of the form
(9.27) AE@LL ={V=(W,...,Vn) € YY oV — W(X;p) is p-near (A + Ld)}7

the union being taken over a finite set of triples (j, A, L) with j € {1,...,N}, L}p £ 0,
A€ (L}p)d N M, x4(Q) and L being a rational subspace of L}ﬂ, L # L}p. Note that in (©@27]),
“n-near” refers to the Riemannian metric on Y}p induced from the standard Euclidean metric
on Mgy q(R/Z) (with s = dim L;p) via the diffeomorphism in (Q.I8]).

It follows that it suffices to prove that for any fixed such triple (j, A, L),

0.

€ L,NBE: : 7(UD) e Al
(9.28) lim lim sup #{q ¥ r ( J ) j,A,L} _
=0 Tooo Td
But it follows from the formula for U ](q) in (5.4) and Weyl equidistribution that if we let Z

be the closed subgroup of T? which is the closure of the set {W(U ](q) — W;p) 1 q € £¢}, and
if v is the Haar measure on Z normalized so that v(Z) = 1, then for any fixed closed subset
CcCcz,

eLynBL : 7(UD -—W¥)ecC
(9.29) lim sup #a €Ly KA ( v ;) s <v(C).
T—oo Ty vol(BY,)

Note that it follows from (@.16) and (@17 that W(U](q) —W;p) € W(X;»p —Wf)—i—(S}p)d for all g €
L.y; hence also Z C W(Xf - W;p) + (S}ﬂ)d, and since 0 € Z it follows that W(Xf - W;p) € (S;p)d
and Z C (S}b)d. Using (9.29)) and (©.27)), it follows that in order to prove ([Q.28)), it suffices to
prove that v(Cy) — 0 as n — 0, where C,, is the closed n-neighborhood of W(Xf —Wf +A+LY).
But we have N72,C/p, = W(Xf — Wf + A+ L%); hence in fact it suffices to prove that

(9.30) v(n(X) - W/ + A+ L%) =0,

Fix ¢ € ZT so that X;p +Aeqg! Mrjxd(Z). Let Z° be the identity component of Z; then
Z is a union of a finite number of Z°-cosets. Now if Z’ is any of these cosets, we may argue
as follows. Set

L'={qe Ly : W(U](q) — Wf) € 7'},

this is a subgrid of £,. Hence by Lemma [5.1] L}p = 2({Uﬁ) cqe Ll ted{l,...,d}}), and so
by Lemma [43] since L is a rational subspace of L}p and L # L}p, there exist some q € £’ and
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¢e{1,...,d} for which U §§ q 'Z" + L. This implies that U(q ¢q ! M, xa(Z) + L% and
in particular W(U;q)) ¢ (X;’b + A+ L%. But W(U](q) — W;’b) € Z'. Hence we conclude that
(9.31) Z' ¢ w(X) W+ A+ LY.

Now both Z’ and W(Xf - W;p + A+ LY are translates of closed connected subtori of (S}p)d;
hence (@3] implies that Z' N W(X;?b - W;p + A 4 L9) is either empty or a submanifold of
codimension > 1 of Z’. Therefore

(9.32) v(Z' Nm(X) - W)+ A+ L) =0.
We have proved that (@.32]) holds for every Z°-coset Z’ in Z; hence ([@.30) holds, and the
lemma is proved. O

Next we prove an auxiliary lemma concerning the type of uniform convergence which we
require. We define the upper density of a subset Z C R? to be the number']

(9.33) limsup T~ (2 N BY).

T—o00

Lemma 9.6. Let Q be a locally finite subset of R, let J be a countable set, and let a function
F:JxQx(0,1) = R be given. Assume that
(i) For any fized j € J and q € Q, F(j,q,p) = 0 as p — 0,
and
(ii) for any j € J and ,&' > 0, there exist pg € (0,1) and a subset Z C Q of upper
density < &', such that |F(j,q,p)| <e for all p € (0,p0) and all g € Q\ Z.

Then for any decreasing function T : (0,1) — R™T, there exists a subset £ C Q of density
zero, such that for each fixed j € J, we have F(j,q,p) — 0 as p — 0, uniformly over all

g€ QNBy ,\E.

Proof. We assume, without loss of generality, that J = Z*. For any j, k,m € Z*, by (ii) there
exist pj € (0,1) and a subset 2’ C Q of upper density < 27™~! such that |F(j,q, p)| < 27 for
all p € (0,pf) and all g € @\ Z’. We may then choose Ty > 0 so that T-#(Z' N BE) < 27™
for all T > Ty, and set Z = Z(j,k,m) := Z'\ B},. Now Z'\ Z is finite, and for each g € Z'\ Z

there exists some p(q) € (0,1) such that |F(4,q, p)| < 27* for all p € (0, p(q)) by (i). Set

po = po(j. k,m) := min({pp} U {p\? : q € Z'\ Z}).

Now for any j,k,m € ZT, we have constructed a number po(j,k,m) € (0,1) and a subset
Z(j,k,m) C Q, and it is clear from our construction that

(9.34) #(ZG, k,m)NBE) <27mT? VT >0
and that
(9.35) \F(j,q.p)| <27%,  V¥pe(0,p0(j, k,m)), g€ Q\ Z(j,k,m).

Let us now also set, for any m € ZT,

= U U Z(j,k,j +k+m).

JEZT keZ+
Then
(9.36) #(Zm)NBF) < > o ikmmpd —gmmyd -y s,
5,kEZT

1475 conform with the definition of asymptotic density in (1), it would be more natural to divide with
vol(B%) instead of T in ([@:33)); however using (0.33) makes some computations in the following slightly cleaner.
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Now let a decreasing function 7 : (0,1) — R™ be given, as in the statement of the lemma.
For any m € Z* we set

(9.37) po(m) :=min{po(j, k,j +k+m) : jke{l,...,m}}.
Next choose numbers 1 < Ry < Ry < -+ so that R, > T (po(m + 1)) and R;,+1 > 2R,, for
all m. Finally set
&= U (g(m) ﬂB%m).
m=1

Let us prove that this set £ has density zero. Given any T' > R;, choosing n so that R, <
T < Rp4+1 we have

#(ENBL) < Z# m) N BE ) Z #(Z(m)NBE) < ZQdeJr Z 9-mpd,
m=n-+1 m=n-+1
by ([@38). Here for all m < n we have R, < 2™ "R,, and hence R% < 22(m=n)d gince d > 2.
Plugging in these bounds we get #(€ N B&l«) < 3.27"T% Hence since n — 0o as T — o0, we
conclude that £ has density zero.
It remains to prove the uniform convergence stated in the lemma. Thus let j € ZT and
e > 0 be given. By (i), we can take p; € (0, 1) so small that |F(j,q,p)| < ¢ for all q € QOB%J_

and all p € (0,p1). Choose k € Z* so that 27 < ¢, and set
(9.38) po = min({p1} U{po(j, k,j +k+m) : me{1,....k}}).

Now for any p € (0,p0) and ¢ € QN Bi(p) \ € we can argue as follows: If ||g|| < R; then
|F(4,q,p)| < € since p < pg < p1. Next assume instead that ||q|| > R;, and let m > j be
the minimal positive integer such that ||g| < R,,. Then T (p) > |lq|| > Rm-1 > T (po(m)),
and so p < po(m). If m > k then po(m) < po(j,k,j + k + m) by ([@37); on the other hand if
m < k then po < po(j,k,7 + k+m) by ([@38]). Hence we always have p < po(j,k,j + k +m).
Furthermore, g ¢ £ and ||q|| < R, implies g ¢ Z~(m), and in particular q ¢ Z(j,k,j +k+m).
Hence by @35), |F(j,q, p)| < 27% < . Summing up, we have proved:

(9.39) IF(,q,p)| <&, Vpe(0,p), g€ QN BT, \E.
This completes the proof of the uniform convergence stated in the lemma. O
We are now ready to prove Theorem [T.7)

Proof of Theorem [7.7. Let ¢ and T be given as in the statement of Theorem [.7
Let J; be a fixed countable dense subset of C.(X¥) with respect to the uniform norm. We

equip Pae(S¢71) the metric d defined by d(A;, Ag) : fsd 1[N} = Xg| dv, where X’ is the density
of \; with respect to o, that is, X} € LI(S‘li 1) and Aj = N;do (j = 1,2). Now let J> be a
fixed countable dense subset of PaC(SCf*l) with respect to the metric d; such a set exists since
C(S%1) is dense in L'(S¢71) [26, Thm. 3.14].

We will apply Lemma, with Q = Ly, J := J; x Jo, and with the function F': J x Ly x
(0,1) — R defined by

(9.40) F(fNa) = [, 1T o(B@)D) drw) = [ .

1
Recall that W(X¢) = 1 for every q € Ly, by Lemmas and [6.2F hence the integral over
&in ©40) may just as well be taken over all X. Recall also that for any ¢ € R we have
w@ = (@ by Proposition @7 and @2), 64), (E1I). Hence by Theorem we have
F((f,\),q,p) — 0 for any fixed (f,\) € J and q € Ly, i.e. the assumption (i) in Lemma [3.6]
holds.
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We next verify that also the assumption (ii) in Lemma holds. Thus let (f,\) € J and
g, > 0 be given. Choose k € Z* as in Theorem [3.4] (for our given 1, f, ). By Proposition [0.5]

we can now fix some 7 > 0 such that the set Z := {q € Ly : W(U(q)) € AEZL} has upper
density < &’. We keep Med@ \ Ds fixed as in ([BI8), for our given, fixed union of grids P.
Because of our choice of k, we may now fix pg € (0, 1) in such a way that (©.24]) holds for all
p € (0,p0) and all V € Yw\Awk, for our chosen M. 0, fi A e,m. Now for any q € Ly \ Z,

we may apply (0.24]) with V := W(U(Q)) € ﬁf; indeed, for this V we have V € Y%\ AS;’L

since g ¢ Z; also Fg(q) (V)M (by (319)) and w") = w@. Hence we conclude that for
all g € Ly \ Z and all p € (0,p9) we have ‘F((f, )\>,q,p)‘ < e. Hence assumption (ii) in
Lemma is indeed fulfilled.

It now follows from Lemma that there exists a subset & C Ly of density zero such
that for any f € J; and A € Jo we have F((f, A),q,p) — 0 as p — 0, uniformly over all
geLyn B%l—(p) \ &, viz., the uniform convergence in (Z.I1]) in Theorem [7.7] holds. To complete
the proof of Theorem [T.7], we will give a (standard) approximation argument to show that the
uniform convergence in (Z.I) in fact holds for arbitrary f € Cy(X¥) and A € Pyc(S471).

Note that equation ([@40) defines F ({f, \), q, p) for arbitrary f € C;(X¥) and X € Pae(SI7Y);
and for any fi, fo € Cp(X¥), M, A2 € Pae(S{), g € £, and p € (0,1) we have, with || - [|,,
denoting the uniform norm on Cy(X¥):

‘F(<f1,>\1>aqap) - F((fsz%‘LP)‘
<2ii - 2+ [, T AR@D)| N (0) = X0 do(o)
<2||f1 = follu + [ f1llu - (A1, A2).

Using this bound, and the fact that .J; and .J, are dense in C.(X¥) and P,.(S{™1), respectively,
it is immediate to extend the uniform convergence in (ZII]) (with the subset £ C Ly fixed
once and for all) from f € J; and A € Jy to arbitrary f € Co(X¥) and A € Py (S¢71).

It remains to extend to arbitrary functions f € Cy(X¥). Thus let f € Cy(X¥), A € Poe(S471)
and £ > 0 be given. Set B := || f||; we may assume B > 0 since otherwise f is identically zero.

Let v be the SL4(R) invariant probability measure on SL4(Z)\ SLg(R); fix a compact subset
K' of SL4(Z)\ SLq(R) with v(K") > (1 —¢/(4B))"", and then set K := X¥ N [[), 7 (K"),
where 7; is the projection from X; to SL4(Z)\ SL4(R) [, Then K is a compact subset of X¥,

and for every q € Ly, we have

L /N N ____ .
(9.41) w@(K) = w(@) (Hz;%m) =[]\ @G (K) = v(E)N > 1~ L
j=1 j=1

where we first used the fact that w(@ )(Xw) = 1 (by Lemmas [6.4] and [6.2]), and then used
Lemma 5l Next fix a function h € C.(Xy) with 0 < h < 1 and h|g = 1. By the uniform
convergence which we have already proved, there exists pg € (0, 1) such that for all p € (0, pg)

and g € Ly N Bi( ) \ & we have |F((h,\),q,p)| < &/(4B); but also [y, hdw@ > w@(K) >
1—¢/(4B), and hence fsd 1 h(Fg(q) (R(v)D,)) dA(v) > 1 —¢/(2B). It follows that

3

A{v eS¢t : Tgl@(R(v)D,) € supp(h)}) > 1 — 35

for all p € (0,p9) and q € Ly N BdT(p) \ &

15This is the map which we called “7” in (.22); we now call it 7; for clarity.
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Next fix a function hy; € Co(X¥) with 0 < h; < 1 and hy
C.(X?%). Then note that for all z € X¥ we have
#@) — 1@ < [£@)] - |1 - ha(@)| < BJt - ha(@)| < B I(w ¢ supp(h).
Hence for all p € (0,p9) and q € Ly N Bg-(p) \ € we have

|Supp(h) =1, and set f1 = hlf c

‘ /Sd_1 F(Pg§” o (R(v)Dy)) dA(v) - /S (g e(R(v)D,)) dA(v)

<B. )\({'U € Sffl : Fg((]q)gp(R(v)Dp) ¢ supp(h)}) < g,

and also

/ fdﬁ—/ frdw@| < B-w@ (XY \ supp(h)) < B-w@(X¥\ K) <i.
X% X%

Hence for these p and q we have |F((f, A).gq,p) — F(<f1,)\>,q,,0)| < 3e/4. Furthermore,
by again applying the uniform convergence result which we have already proved it follows
that after possibly shrinking pg, we have ‘F(<f1,)\>,q,p)| < ¢/4 for all p € (0,pp) and all
qgeLyn Bflr(p) \ £. Combining the last two inequalities, we conclude that ‘F (( fiA),q, p) ‘ <e
for all p € (0,p9) and all g € Ly N Bg-(p) \ €. This completes the proof of the uniform
convergence in (.1]), viz., the proof of Theorem [T.7] O

Note that in view of the results in Section [7, we have now also completed the proof of the
main result of the paper, Theorem 2.1

10. THE TRANSITION KERNELS

10.1. Definitions; collision kernels and transition kernels. We will now give the explicit
formulas for the collision kernels p(¥) and p¥' %) appearing in Theorem It should be
noted that Theorem is a reformulation of [2I], Theorem 4.6], in our special case of P being
a finite union of grids. Crucially, our main result, Theorem 21l is required to ensure that
the assumptions in [21I, Theorem 4.6] are fulfilled. We also use the fact that any integral
over the space ¥ with respect to the measure m can be reduced to an integral over \Tl, since
m(X\ ¥) = 0; and in the statement of Theorem we view m as a probability measure on
U, via the bijection 1 <+ 0¥ between ¥ and v,
The defining formulas for the collision kernels are [21} (3.41) and (3.44)]9

(10.1) p(Vie V) = M KE(, w, )
d—1

and

(10.2) pTI(VIVEE V) = M k(w4 € w, ),
d—1

where k and k& are the transition kernels, whose definition we will recall below; o(V', V) is
the differential cross section of the fixed scattering process (see [2I, Sec. 3.4] and the start
of Section [L.1] above); and finally w € Bffl is the impact parameter which is a function of
V' and V, and w’ € BY ! is the exit parameter which is a function of V" and V’. We refer
to [2I), Sections 3.4 and 3.5] for a more detailed description; in particular it should be noted
that the formula (I0.I) only makes sense for V',V which can form entry and exit velocities
in a scatterer collision; for any other V',V ¢ Scllf1 we have p¥) (V/;g, V) = 0 by definition;
a similar statement holds for (10.2)).

Next we recall in detail the definition of the transition kernels k& and k&, from [21, Section
3.1], with some parts of the notation mildly modified.

165ee also (I0IT) below.
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Recall that for any & > 0 we denote 3¢ = (0,&) x Bf_l, an open cylinder in R%. In the
following we will also use this notation with £ = oo, i.e., 35 = (0,00) X Bf_l. Furthermore,
we define the “ej-coordinate” of any point (x,¢) € X to be the number - e;. Next we define
a map

(10.3) z: Ng(X) = A= (300 x X) U {undef},

in the following way{'] Given Y € Ny(X), let z = z(Y) be that point in ¥ N (30c X ) which
has minimal ej-coordinate; if there does not exist a unique such point then let z(Y") = undef.
Here “undef” is a dummy element not in 34, X X, and we provide A with the disjoint union
topology. We also introduce the reflection map

(10.4) X = X, ((w,w),6) = ((wr, —w),s)  (w; €R, weRTL cex).

Next, given w € R and ) € ¥, we let Kw,p € P(A) be the pushforward of the measure
tow by the map YV — 1(z(Y — (0,w))) from Ns(X) to A. Equivalently,

(10.5)  Kap,y is the pushforward of w? by the map = — «(z(J(z) — (0,w))) from X to A.

Indeed, this holds since p,v = Jys w?¥ by definition, and furthermore z(Jy(z)) = z(J(z)) for
all z € X%, and w?(X \ X¥) = 0 by (6I5). By [2I, Lemma 3.1], Ky ({undef}) = 0, i.e.
Kap,p Testricts to a probability measure on 3o, x ¥. Furthermore, since J(z) C R? x U for
all z € XY, by (612), Kw,p in fact restricts to a probability measure on 3., x 0. By Lemma
[L4 we have Ky (B) < Top px(B) for every Borel set B C 35 x X C & in particular Ky is
absolutely continuous with respect to px.

Now the transition kernel k is defined as follows: For any given w’ € R%! and ¢/ € W,
we define k(w’, ¢, -) to be the probability density of the measure K, Wwith respect to the
measure v;}l Hx, but restricted to the set 350 X {Ivf, parametrized by (£, w, ) € Ry X% Bffl x W,
That is, we define the function

(10.6) kiR XU x Rog x B x U — [0,7p vg_1]

so that for each w’ € R%~! and ¢/ € ¥, k(w',¢/,-,-,-) is uniquely defined as an element in
LY (Rwg x BI™! x W, dé¢ dw dm), and

(10.7) b 0 (B) = v} / k(W' €, w, ) dE dw dm())
(&w,oc%)EB

for all Borel sets B C 3o, X X. Note that in (I0.7) we view m as a probability measure on ¥
through m() := m(c¥), just as we did in the statement of Theorem

Similarly, we let k& be the pushforward of the measure & by the map Y — «(2(Y)) from
Ny(X) to A. Then by (7.40) and Lemma we have, for any fixed v € R%:

(10.8) k8 is the pushforward of w& by the map = — «(z(J(x) + v)) from X to A.

By [21, Lemma 3.5, and since J(z) C R? x W for all # € X by (610) and B.12), x8& in fact
restricts to a probability measure on 3, x . By [21, Prop. 2.27] applied with A = N(X),
we have k&(B) < p ux(B) for every Borel set B C 3o X ¥ C X (in our situation this may
also be derived from (.40 and Proposition [4.8] by an argument similar to that in the proof of
Lemma [74]). In particular k& is absolutely continuous with respect to py. We now define the
transition kernel k8 to be the corresponding probability density with respect to the measure
v;}l lbx, but restricted to the set 34, X \If, which we parametrize by (£, w, 1) € Ryg X Bffl x W,
That is, we define the function

(10.9) k& : Rug x BIL x W — [0,77p vg_1]
17This map z is the same map as in [2I} (3.3)]; in particular, note that in [ZI], “Q” denotes BI~' x %, and

hence “Rso x Q7 can in an obvious way be identified with the set 3.0 X X. Recall that in the present paper,
“Q” has a completely different meaning; see (G.3)).
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so that
(10.10) RE(B) = v7 L, / KE (€, w, ) d€ dw dm ()
(&w,0¥)eB

for all Borel sets B C 34, x ¥. The function k€ is uniquely defined as an element in L!(Rsg x
B x W, de dw dm).

To facilitate comparison, let us note that in the notation of [2I] we have:
(10.11)  k(w', ¢/, & w,¥) = “k((w',0¥),€, (w,0%))";  KE(&w, ) = “kE(E, (w, o))",
Let us also recall from [21] the following formula expressing k8 in terms of k.

Lemma 10.1. There is a continuous version of k&, which for all (§,w,1) € Ry X Bffl x U
satisfies

(10.12) K& (€, w, 1)) :ﬁp/5 /Bd1[pk(—w,w,é,w',w/)dm(w/)dw'dﬁ'-

Proof. This follows as in the proof of [21, Cor. 3.24]. (Indeed, for d = 2 we are forced to take
R = —I; € O(1) in that proof, which directly gives the lemma; for d > 3 we apply the proof
with a fixed R € O(d — 1) with det R = —1, and then also use [2I, Lemma 3.18].) O

In the rest of Section [0 we will always assume that the continuous version of k€ is used.

Let us now note that the formula for the free path length density ®p, (II7), can be rewritten
as follows using ([I0.1]):
1

(10.13) Pp(E) = —— K8(€,w, ) dw dm (1),
Vd—1 B‘li_ Ixw
We also introduce the density function for the free path length between consecutive collisions,

(018 Bp@ = [ k0w, 0) dw dm(w) du’ dm().

2
Vi1

It is immediate from the definitions of k8 and k that fooo Op(8)dE = fooo Dp(£)dé = 1 and
that 0 < ®p(¢), ®p(€) < Apwvg_;. Furthermore ®p(¢) is continuous since k& is continuous.
The formula (L20) expressing ®p(£) in terms of ®p(¢) follows from Lemma [0.1], and (20
implies that ®p(€) is a decreasing function. Also, (IL2I)) follows from fooo Op(£)dE =1 and
(L20). It should be noted that the formula (I.2I]) holds more generally for any scattering
configuration P which fits within the framework of [21]; see [21] Cor. 3.23].

Remark 10.1. In the special case when P is a single grid (presented with #W¥ = 1), the
transition kernels k& and k8 have previously been studied in detail in the papers [15] [16] 17, 18].
In this case we have:

k(z,90,&,w,¢) =Tip vg_1Po(Mpé, w, 2) and k& (&, w, ) = pvg_1P(Mpg, w),
where “®g” and “®” is the notation used in [15] [I8]. Also the free path length densities are
given by

Pp(¢) =mpPo(Mpf)  and  Pp(§) = Ap®(MpE),
where, again, “®¢” and “®” is the notation used in [15] [18].
Remark 10.2. The more general special case when all the grids appearing in P are incommen-

surable was previously studied in [20]. In that paper the normalizing condition p = 1 was
imposed. Given such a point set P, presented with ¥ = {(j,1) : j=1,..., N}, we have:

(10.15)
(Jyp—dy)

Mt 62 0) = 250 8" 6 zw) and B w,0) = S 00 g w)
P P
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where “@é] k)7 and “@()” is the notation used in [20]. The first translation formula in (I0.15])
can be obtained e.g. by comparing the statements of [20, Theorem 4 and (5.4)] and [2I, Thm.
3.6], and the second formula by comparing [20, Theorem 4 and (5.11)] and [21, Thm. 3.14].
See also Remark below.

Remark 10.3. For P a general finite union of grids as in the present paper, it seems that it
should be possible to give explicit formulas for the transition kernels k£ and k8 in terms of Haar
measures on appropriate homogeneous submanifolds of X, similar in spirit to the formulas in
[16] Sec. 7-8] for the case when P is a single grid. Obtaining such formulas would be a first
step towards the problem of generalizing the precise asymptotic estimates for the transition
kernels which were obtained in [I8] in the single grid case.

10.2. The product formula. In view of our explicit set-up from Section B.Il, any two 1,1 €
U are equivalent (“¢p ~ 1"”) in the sense defined in Section if and only if j, = jy. Hence
we have an obvious bijection between C'y and {1,...,N}. For any j € {1,..., N}, let us
denote the corresponding equivalence class by ¥; := {(j,7) : i € {1,...,r;}} € Cy. Let us
also introduce the short-hand notation P; := Py;; that is

(10.16) Pi= U 2o
Ypev;

The asymptotic density of this point set is n; :=np, = Zweqjj Ty
Lemma 10.2. For each j € {1,...,N}, the presentation of P; in (I0I6) is admissible.

Proof. This lemma is essentially clear by inspection; we still write out some details in order
to explain certain notation which we will use later. Let j € {1,..., N} be fixed. The setup in
Section 3.1l applies to P; if we set

[\I} for ’Pj] = {(17i) 1€ {1, . ,V“j}}
(thus [N for P;] =1 and [rq for P;] = r;), and then, for each i € {1,...,r;}, set
[eri for Pj] = cji, [w for Pj] i=wj;,  and [M; for Pj] := M;

so that [L(1 ;) for Pj] = L;;) (see (34)). Indeed, with these definitions the analogue of the
formula in ([B.5) holds for P;. Of course, this formula is exactly the same as (I0.I6]), once we
identify [W for P;] with ¥, through (1,7) <> (j,%).

Now the condition (B.6]) trivially holds for P; since it holds for P, and the condition (B.1)
for P; is void, since [N for P;]= 1. Next, we have [c(l’l) for P;] = cg.]’z) by (&1)), and [Wl(l’z)
for P;] = Wj(j ) by (52); therefore [Lgl’i) for P;] = ng’i) by (EE) Hence by Definition B.1]
our presentation of P; is admissible if and only if cgj’l) € L§]’Z) + 7" for all i € {1,...,7};
and these conditions are certainly fulfilled, since we are assuming that the fixed presentation

of P in (85 is admissible. O

Recall from Section [ 2 that for any j € {1,..., N} and ¢, ¢ € U, the collision kernels °p(¥)
and °p(*=¥") are defined as [p(w) and p®¥—=¥") for P; w]. Similarly let us define the transition
kernels “k(w', ¢, &, w,v) and °k8({,w, ) as [k(---) and k8(---) for P; ]. Now the product

formulas announced in Section are as follows.
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Theorem 10.3. Given any (w',v’) € B x U and ¢ € U, the following formula holds for
Lebesgue almost all (§,w) € Rsg x Bf_l:

(10.17) B N
22wl o' Gww) T[ [ on€)ag i G = o
o i#Gu
k(w/,d/,f,wﬂb) = np o o / /
fokg 5’ ,TIZ) k& 5’_ ,TIZ) ‘1)]5 df
5, 05,/ Vd—1 (&, 9) HE(E, —w )#jl,}jw,/ 7 (&)
if Jyr # Jyp-
Furthermore, for all (£, w,¥) € Ry X Bf‘l x W:
(10.18) e ) = 22 wsew. ) T[ [ on€)ae'

v i#dw
FEach product over j in (I0IT) and (I0I8]) should be understood to run over all j € {1,...,N}
except those numbers which are explicitly excluded.

Remark 10.4. Tt is not difficult to translate Theorem [I0.3] into a product formula involving
the collision kernels instead, using (I0.I]) and (I0.2]). For example, when jy = jy, the formula

in (I0.I7) is equivalent to

(10.19) POV Ve V) = SR vie v TT [ e () de
v G5
But when jy # j, (and assuming V' € Vy»), (I0I7) translates into the following somewhat

more complicated formula:
W= (V7 Ve V) = i WV, VIpWI (Ve w /Ooq)' &
PV = e Ve VR Ve w) T [ e € e

iE iy
with W = U (V', -8, (V’)), where the maps “¥;” and “B"” are as in [21], Sec. 3.4] (these

are defined in terms of the fixed scattering process of the Lorentz gas). If the scattering process
preserves angular momentum, then we have in fact W = V'’ by [21 (3.33)].

Proof of Theorem [I0.3. We first need to introduce some further notation. For each j €
{1,...,N} let us set ¥ := {(Y,w) € & : jy = j} and X; = R? x 3;. Note that each ¥;
is a clopen subset of X, and each &) is a clopen subset of X, and X and X decompose as
disjoint unions ¥ = l_ljyzlEj and X = I_Jé.vlej. Also for each j € {1,..., N} we define the map
JU) : X; — Ng(X;) through

rj
(10.20) JITi9) = | ¢ji(2%i(g)) x {eU} (g€ G)).

=1
Using these maps JU), the formula for J : X — N, (&) in (612)) can be written

N
(10.21) J(@) = I9@(x)  (xeX)
Jj=1

Throughout the following, we will identify [¥ for P;] with ¥; through (1,%) <> (j,¢) whenever
convenient, as explained in the proof of Lemma[I0.2labove. It is now straightforward to express
the concepts defined in Section when applied to P; with its presentation in (ILIG). For
example, [Q for P;| now equals P(']I'?)’ , [X for Pj] equals 3;, and

np

(10.22) m; := [m for P;] = — m|
J

5, S P(E])
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As we did for m in Section [T}, we also use m; to denote the probability measure on ¥, given
by m;(¥) := m;(c¥) (¢ € ¥;); this gives back the measure defined in (ILI2)) (but now writing

U, in place of ¢). Furthermore, we have [X for P;] = X} and [ux for P;] = vol xm; = E—PMX -
n;g J
Also, the map [J for P;] is given by JU) defined in (I0.20).
Next, for any w’ € R¥1 and ¢/ € ¥}, let us write
R’ = (K TOr Py, and also oﬁ;‘. = [k® for Pj|.

Now it is easy to write out the definitions and facts from Section [[0.1] when applied for P; in
the place of P. For example, °k, which we defined above to be the transition kernel [k for P;],
is a function

(1023) %k : R x \I/j X Ry X Bf_l X \I/j — [O,ﬁj Udfl].
such that for each w’ € R and ¢/ € VU, and for any Borel set B C 3, x X, we have

kot (B) = v /(5 )eB *k(w', ', & w, ) d€ dw dm; (1)).
W,

We now start with the actual proof of Theorem D03l Let w’ € Bffl and ¢’ € WU; these
will be kept fixed throughout the proof. Let jo € {1,..., N}, and let B be a Borel subset of

300 X Xj,. Then by (I0.H),
(10.24) fw' g (B) = w¥ (A),  with A:={zeX : ((2(J(z) - (0,w"))) € B}.

tl:%hecall that X = X; x --- x Xy and w¥ = wiﬂ, Q- ® w%l. Let us write X(0) = Hj?éjo X, so
at

X =X, x XU = {(z,2)) : z€X;

70

xl c X(]O)}7

in an obvious identification. Corresponding to this product decomposition we have w? =

w}ﬂl ® v with v := ®j7gj0w;ﬂ,, and hence, by Fubini’s Theorem,

(10.25) K g (B) = w¥'(A) = / v(Ar) dl) (@),
Xy,
where for each = € X,
Ay = {2’ e XU0) . y(2(J(x,2') — (0,w"))) € B}.
For each j € {1,..., N} we set §~§j ={reX;: Z(J(j)(x) — (0,w")) # undef}. Then
(10.26) Wi (X5\ X)) =0.
Indeed, if j = jy then (I0.26) follows from ©°kyy 4 ({undef}) = 0 (which holds by [21], Lemma

3.1]), and if j # jy then w;»p/ = w]g. by Lemma BE.IT] and so (I0.26]) follows from the fact that
O/{?({umdef}) = 0 (which holds by [21I, Lemma 3.5]) anii the formEla m With v = —(9, w’),
appli(ifor Pj~in the place of P. H(ince, writing also X = vazl X, and XUo) = Hj#() X, we
have w*' (X \ X) = 0 and v(X00) \ XU0)) = 0, and using these facts together with ([0.26)), it
follows that:

(10.27) K (B) = 0¥ (ANX) = /X v(A, N X0)) dw? (w),
J0
For any = € on, let us define £(z) € R, w(z) € BS ! and o(z) € ¥, through the relation
(1029 ((€)w@). b)) = (=@ - 0.0)  in 3w x Ty,

Let us also set

B={zeXj, : ((£),w(@)),¢(z)) € B}.
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We will write any element 2’ in X(0) = [ 250 X5 as @’ = (2) ), with 2 € X;. Also, for
any Y € Ng(X) such that z(Y) # undef, let us denote by z1(Y') the ej-coordinate of the
point z(Y); in particular we then have z;(JU9)(z) — (0,w")) = &(x) for every x € §~§j0. Using
the definition of the map z and our assumption that B C 3. x Xj,, it follows that for every
(x,2') € on x XU0) the condition ¢(z(J(x,2") — (0,w’))) € B holds if and only if # € B and
zl(J(j)(xg) — (0,w")) > &(x) for all j # jo. Hence (I0.27)) can be rewritten as

(1020) (B / [1e) ({2} €% 0 209 — (0,0) > &(@)}) do? (),
J#jo

Here for each j # jy» we have
WV ({a € X; + 21(JD() — (0,0) > €(0)}) = °kE((E(x), 00) x BI x iff-)
it [ i) o = [ (€
where the first equality follows from w;»p = wf» and the formula (I0.8) with v = —(0,w’),

applied for P; in place of P, and the last equality holds by (I0.13]) applied for P;. On the
other hand, for j = j,» we have

WV (e €%y 0 (T — (0,0) > E(x)}) = Rar g (€(), 00) x BI x ;)
P el } w de — 1 2 (1), —aw'
= o7, /g@ /B / W, € w, ) dim; (1) duw d€ = ——— RS (€ (), w1,

nj Vg—1

where in the last equality we used Lemma [I0.1] for P;.
Let us first assume jg = jyr. Then the above formulas imply that

(10.30) K (B / <H / » B, (¢ )d@(:ﬂ),

J#jo
We here change to new integration Varlables (&, w, ) through (I0.28); then by the definition
of °k(w’,7)’,---) we have dw% (x) = vd 1 %k(w', Y &, w, ) d€ dw dmj; (). Hence, using also
([I022) to express mj, in terms of m, we get

n
(1031) i r(B) = —2— [ k(o g w.0) (H / D, (€') de ) 0€ duw dm ().
Njo Va1 JB
J#Jo
The fact that ({0.3I]) holds for all Borel sets B C 35 x ¥j, implies that the first formula in
(I0-I7) holds for almost all (€,w, 1) € Rug x B! x W

Next assume jg # jyr. Then in a similar way, we get

[e.e]

RN):) pp——— /kg <s<x>,—w',w'>( 11 / <1>pj<£’>d£’) a? (x)

Njyr Vd—1J B v JF# T30 &()
(10.32)
np 0 o -
S — / KE (6w, ) °KE (€, w0 ( 11 / D, (€)) ds') dé dw dm ().
Moty V-1 B #7140

Here, to obtain the last equality, we again changed to new integration variables (&, w,1))
through (I0.28]) and used w = w and the formula (I0.8)) with v = —(0, w’) (applied for P;
in place of P), to see that dwjo( ) = v ' k¢ (& —w' ) dE dwdm;y (). Finally, the fact

] /
that (I0.32]) holds for all Borel sets B C 35 X E]Q implies that the second formula in (I0.17])

holds for almost all (¢, w,4) € Rug x B x 0.
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Since jy was arbitrary, we have now proved all of (I0.I7). The formula (I0.I8) follows by a
very similar computation, starting from the relation x8(B) = w&(A) instead of (I0.24]), leading
to

n o &
WE(5) = —2— [ a(ew,v) (H JRG dg') € duw dm (3.
Nj,Vd—1 JB 2o e
J#Jo
The fact that (I0.I8]) holds for all (and not just almost all) &, w, ) follows by continuity, see
Lemma 011
This completes the proof of Theorem [I0.3] and thus also the proof of Theorem [I0.41 O

Remark 10.5. In the special case when all the grids appearing in P are incommensurable
and mp = 1, the product formulas in Theorem [I0.3] agree with the formulas [20} (5.5), (5.6),
(5.12)]. This is immediately verified using the formulas in Remark [[0.1]and Remark [10.2] and
the fact that °k&(¢, —w’,¢') = °k8(&, w’, ), since P;j,, is a single grid. (The last mentioned
symmetry relation follows from Remark [[0.1] and [16, Remark 4.5]. In fact, in dimension
d > 3 we have for our general P that k&(£, w,) only depends on &, ||w||,, by |21, Lemma
3.18).)

We next give the proof of Theorem [[.3l We will here stay close to the notation used in the
statement of that theorem, thus, e.g., we return to parametrizing the equivalence classes in ¥
by ¢ € Cy instead of j € {1,...,N}.

Proof of Theorem[1.3. Since the set A may be decomposed as the disjoint union of the subsets
AN (Rso x {¥} x Sil*l) with v running through W, it suffices to prove the statements of the

corollary when A is a subset of R<g x {t)g} X Sil*l for some fixed 1y € W. In this case, for any
given ¢’ € U, it follows from the definition of ¢y that the right hand side of (LI6]) equals

(10.33) ]P’(gWOLw/ < gcﬂ/,/ Ve 7é [Ibo] and <g[¢0]7¢" {/;WOLW’ ‘7[¢0]7¢'> S A) .

Using the definition of the random triples (gc,¢/,zzc,¢/, ‘707w/>, the above probability can be
expressed as follows, if ¢’ o4 1)g:

/ °p<¢°><V/;s,V>< / I A AR SR A3 dmwwl)da(m)
A (§,00) X [¢]xST™

dl
c#[Yol,[¢]

1
:/ op(w°)(V’;£,V)< /
A Vd—1 J(&,00) x [ xBf !
<
o

where w’ € B{~! is the exit parameter determined by the fixed vectors V”, V', To get the

/(E s op(wl)(V/;fhV1)d£1dmc(zl)1)da(vl)> d¢ dmpy) () do (V)

K, o, €1, 01, ) dy dmiy) (1) dwl)

m/ <1>pc<fs’>ds’> d€ dmgyyy (4) do (V).
ol [v] 7 ¢

last equality, in the integral over (£,00) x [¢'] X Sffl we introduced the new variable wy :=
the impact parameter determined by V', Vi, and used (I0.2)) and the defining property of the
differential cross section (cf. [2I, Sec. 3.4 and Lemma 3.26]); also, inside the product over ¢
we applied (LIS]).

Next we apply Lemma [I0.1] to identify the integral over (£, 00) x [¢/] x B!, and in the
integral over A we substitute wy := the impact parameter determined by V',V and use
(I0J). It follows that the above expression equals

1 o
- Ok ok e/ / (b / d ’ d d d
ﬁ[@m vc2lfl /AV/ (57 wao, ¢0) (57 w 7¢ )<C¢[H[w,} l Pe (5 ) § > 5 M [40] (1/}) wo,

18Note that the function “®(&, w)” in [15 8] is the same as “@q (&, w, z) with o ¢ Q% in [16].



THE BOLTZMANN-GRAD LIMIT OF THE LORENTZ GAS IN A UNION OF LATTICES 75

where Ay is the set of triples (£, 1, wy) which arise as images of the (£,v, V) € A. Finally,
using mpy, = (Mp/Mpy,)) m‘[wo] and the product formula (I0.I7)) in Theorem [[0.3] and our
assumption that A C Rog x {1o} X Scll_1 (= Ay CRsg x {9} ¥ Bg_l), the above expression
becomes

Ul / k(w', 4, &, wa, ) d§ dm(y) dwy = / pTIWV VT V) dE dm(3)) do(V).
d—1 JAy, A

By (L) in Theorem [[L2] this equals the left hand side of (LI6])!
In the case 1)’ ~ 1), the probability in (I0.33)) instead equals

/op<w/wo>(vu,vgg, (H / D, (€ dg>d5dm[¢0]<w>da<v>
A c#[tho]

and by the same type of computation as above (but easier, and using the first equality in
(I0I7) instead of the second), this is again seen to be equal to the left hand side of (LI6I).
This completes the proof of (II6I).

The proof of (I.T5]) is completely similar, but easier: Again assuming A C R~ X {1} X S‘lifl,
the right hand side of (ILI5]) equals

P (€jye) < & Ve # [to] and €y, Do, Vigo)) € A)

:/Aop(wo)(vf;g, (H/ Pp, (& dg)dgdm[wo (¢)do(V),

c# o]

and by the same type of computation as above, using now (I0.I]]), this is seen to be equal to
the left hand side of (IL15)). O

10.3. Asymptotic estimates for the free path length distribution. We will now prove
Theorem This theorem will be a quite easy consequence of the following result.

Proposition 10.4. There exist constants 0 < c; < co, which only depend on P, such that
oo
(10.34) aé N < / Op (&) de < cpt ™V, VE > 1.
3

Proof. By Corollary [.4] f;o Op (L) de = vazl f;o ®p, (¢) d¢’; thus, if we can prove the
proposition when N = 1, it follows for general N. Hence from now on we assume N = 1.
By (I0.I3) and the definition of k&, we have

& 1

| errag = | (€ 0,) e’ duw dm()
¢ Vd—1 J[£,00)x B x @

(10.35) = kE([€,00) x B ' x D) =wE({z € X : J(2) N (3¢ x X) = 0}),

where in the last equality we used (I0.8]), x&({undef}) = 0, and the definition of the map

z. Now since N = 1 we have X = X; and w8 = wf, and w8 is SLy(R)-invariant by
Lemma |EI; in particular wg€ is invariant under (right) multiplication by D := Derja =

dlag(f1 d, " d ..,575), and so we may replace J(z) by J(zD) in the last expression in
(I0:35). Using also J(xD) = J(x)D, we see that this is equivalent with replacing, in the same
expression, 3¢ by

3¢ = 3¢D7" = (0,6V) x Bl
Using also Lemma 4] for w& = w§, and the definition of J in ([G12), we conclude:

(10.36)
/OO Op(¢)de = / w&({U € T¢ : cl,i(Zd +E(U))Am3§ =Qfori=1,...,r1})dv(A)
3 Fy
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Here 7;(U) € (R/Z)?, and in the above expression we use the convention that for any u €
(R/Z)?, Z% 4 u denotes the inverse image of w in R? (that is, Z¢ + u := Z¢ + v, where v is
any lift of u to R?).

To get an upper bound, we fix an arbitrary ¢ € {1,...,71}, and note that the previous
integral is bounded above by

/F i (@E)] ({u € (R/Z) : ¢1,4(Z% + w)AN 3¢ = 0}) du(A).

Here note that the measure 7;,(w8) is invariant under translations, since, as we saw in the proof
of Lemma [[.T5, w8 = w? is invariant under X ~ X + v for all v € R?, and r;(¢1v) = ¢j jv
with ¢1; > 0. Hence T;.(w8) is in fact the Lebesgue probability measure on (R/Z)4, and it

follows that in the last integral equals

/ 1(i(w) N ¢3¢ = 0) dir)
ASLy(Z)\ ASLy(R)
where v is the ASLy(R) invariant probability measure on ASLg(Z)\ ASLy(R) and j is the
standard identification between ASL4(7Z)\ ASL4(R) and the space of grids of density one in R,
that is, j(ASLg4(Z)g) := Z% for any g € ASL4(R). This integral is known to be asymptotically
equal to ¢! as € — oo with an explicit constant ¢ [I8, Theorem 3.5 and (3.21), (3.22)]. Hence
the upper bound in (I034) (for N = 1) holds for an appropriate constant c;.

It remains to prove the lower bound. We will need the following lemma.

Lemma 10.5. There exists a constant ¢ = ¢(d) > 0 such that for any B > 1, there exists a
subset Mp C Fyq with v(Mpg) > ¢B~ such that for every A € Mp there exists a vector £ € R4
satisfying ||€)| > B and Z*A C 7 + €+.

(Here £+ denotes the hyperplane orthogonal to L)

Proof. Consider the Siegel set
Sy = {u diag(ai,...,aq)k : u€ Fy, 0 < ajy < %aj (j=1,...,d=1), ke SO(d)}7

where Fy; is the set of all unipotent upper triangular matrices in SLg(R) all of whose elements
above the diagonal belong to [—%, %] It is known that Sy contains a fundamental region for
SL4(Z)\ SL4(R), and on the other hand, the number of points in Sz which project to any given
point in SL4(Z)\ SL4(R) is bounded above by a constant K = K(d) (see [3]). Note that for
any A = u diag(ay,...,aq) k € Sq we have eju C ej + ef and e;ju C ei forall j € {2,...,d};

hence the vector £ := ae k satisfies Z*A C Z€ + £+. Therefore, given B > 1, if we set
My = {u diag(ay,...,aq) k € Sy : a1 > B},

then for every A € M}, there exists £ € R? satisfying ||£|| > B and Z%A C Z€ + £+. Note
also that this property only depends on the lattice Z?A, that is, it depends only on the coset
SL4(Z) A. Hence if we set Mp := FyN (SLq(Z) M}), then for every A € Mp there again exists

£ € R? satisfying ||€|| > B and Z?A C 7Z£ + £*. Furthermore,
oo
v(Mp) > K~ 'w(M) > / a7 day > B,
B

where the lower bound on v(M};) follows from a standard integration using the expression for
v in terms of the Iwasawa decomposition of SLy(R) (see, e.g., [30, (2.11) and (2.12)], and use
also the fact that for B sufficiently large, the set of A’ € Sy_1 with a; < %Bd/ (@-1) has Haar

measure bounded away from zero independently of B). O
Now let Mp C F,; be the set provided by Lemma [I0.5] applied with
T1
(10.37) B = 4<Z ciil)Cg where C¢ := supﬂ'v . 'w‘ wE Scllfl, w E 35}.
i=1
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We claim that for every A € Mp,

(10.38) wE({U € T¢ . CLZ'(Zd +1:(U))A 035 =0fori=1,...,rm}) >3
To prove this, we first use that the left hand side of (10.38]) is

71
(10.39) >1-> wB({U €T] : e (27 +Ti(U))AN 3¢ # 0}).

i=1

Now A € Mp implies that there is a vector £ € R? satisfying ||£|| > B and Z%A C Z€ + £+, It
follows that for every U € T¢ we have (Z? +7;(U))A C (Z+ x)€+ £+, where 2 := ||£||~2£- (vA)
for some vector v € Z% +F;(U). Note that for every m € Z? we have mA € Z€ + £+ and
so ||€]|72£ - (mA) € 7Z; this implies that the map v — |€||72£ - (vA) from R? to R induces
a well-defined map 6 : (R/Z)% — R/Z. Using this map, the inclusion just mentioned can be
written:

(Z +T(U)NA C (Z+6FU))+ £+, YU e TS

(Here for any y € R/Z, we write Z + y for the inverse image of y in R.) Hence we conclude
that the expression in (I0.39) is

T1

(10.40) >1-) [(60F)u(wB)]({y ER/Z : (Z+y)t+L-Ncpf3e #0}).

i=1
But we have noted that ¥;,(w8) is Lebesgue measure on (R/Z)?; hence (§o¥;).(w8) is Lebesgue
measure on R/Z. Note also that for any = € R, the set 01_72135 intersects z£ + £ if and only
there is some w € c;ﬁg satisfying ||£||72£ - w = z. Furthermore, because of our choice of C¢
in (I0.37), we have |||€H_2£-'w| < Ce/(c4]12]]) for every w € cf}gg. Therefore, the expression

in (I0:40) is

1 S
. Ce  Ce e 1
21—;Leb<{yeR/Z (Z+y)n [—M’m} 7”}) BRI

=1
where the last bound holds since ||£|| > B and because of our choice of B in (I0.37) (and the
preceding equality holds since C¢/ (CLZ'HEH) < i < % for every i). This completes the proof of
(I38).
Using (10.38)) and (I0.36)), we conclude

/OO Op(¢)de > tv(Mp) > B> ¢!,
3

where we first used the bound from Lemma [I0.5, and then the fact that B < C¢ < gl/d,
Hence the lower bound in (I0.34]) (for N = 1) holds for an appropriate constant ¢;, and
Proposition [[0.4] is proved. O

Proof of Theorem[L3. This is immediate from Proposition [0.4] and the fact that ®p(&)
is a nonnegative, decreasing function. Indeed, the upper bound for ¢ > 2 follows using
(&/2)Pp(€) < ff/? Op (&) de; for 1 < € < 2 one may e.g. use Pp(§) < Iipvy_1. For the lower
bound, let ¢1,c2 be as in Proposition [[0.4] and fix a > 1 so that ¢; — coa™™ > 0. Then for
any £ > 1,

o0

a& [e9)
(a — 1)EPp(§) 2/{: Op(z) da::/é Op () dm—/6 Op(x)dr > 16 — ex(al)™V,

which implies that the lower bound in (LI9) holds with c5*" = (@ — 1)~ !(c; — c2a™ ). O
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Proof of Corollary 4. By (L.20), — (ﬁp Ud—l) _1<I>7> (€) is a primitive function of ®p(£); hence
by integration by parts,
A

[ €0 = (e +2 [ eonie) i),

np vg—1
for any A > 0. Now the corollary follows by letting A — oo and using Theorem O
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INDEX OF NOTATION

For the convenience of the reader, we include an index of some of the most important
notation. Note that in Section [, some of the notation listed below (for example, “I'”, “I';”

and “M ") is used in a slightly different and more general way; this is explained in the beginning
of that section.

B open ball in R? with center 0 and radius r
B (a) open ball in R? with center 2 and radius Ia
Cu(S) the space of bounded continuous functions on S i
Cy family of equivalence classes in ¥ 6]
c;j the vector (cj_l1 e cj_’ij )T in R™
c}p the vector ¢y ¢; in R
Cy fixed positive real numbers such that (34)—(3E) hold 3
D, diagonal matrix diag(p®=*,p7, -+ ,p7%)
Ds the set Ui<j{(M17l..,MN)€G' : MiMj_IGS} 2yl
& subset of P of density zero (“exceptional points”) [0 40l
e the kth standard unit vector in R? (or in R” or R"4) @ 231 B1
G Sri(R) x -+ x Spy (R) o4
G Sy, (R)
el SL4(R)Y (a subgroup of G) 6]
g(()Q) Iy@ M
Iy for U € Myxa(R), Ty := (I, U) € Sy(R); for U € [[)_; My, xa(R), Iy := (Iyy, ..., Tuy)  [E
I(") indicator function: I(P) =1 if statement P is true, otherwise I(P) =0 @
i the second coordinate of ¥ (for any ¢ € ¥) @3
Jo a map from X to Ns(R?)
J a map from X to Ns(X) B4
Jy a map from X¥ to Ns(X) B4
J the first coordinate of ¢ (for any ¢ € ¥) 131
k transition kernel, defined in (I0.6])- (0.7
k& transition kernel, defined in (I0:9])-(I0.10)
£() for 0 # S C T7, £(S) := (m=1(S)) ° (a rational subspace of R"7) 17
Ly a grid in R%. After (34) we have Ly = ¢y (Z% + wy ) Mj, @ I3
1@ (r(Uf™)

J J 16, 08
L L(Vi,...,Va), for V.= (Vi,...,Va) € T? s
L;Z’ the rational subspace of R™ given by (&.5)
L; the rational subspace of R™/ defined in (B.12]) 27]
m probability measure on ¥ or on X B 10 B34
me probability measure on an equivalence class ¢ C ¥ 7
M; M, ..., My are fixed elements in SL4(R) such that (34)—(@33) hold 13
M (M, ..., Mn) (an element in G, thus in G)
N(X) the set of locally finite counting measures on X i8]
N (X) the set of simple measures in N(X)
np the asymptotic density of the point set P; np = Zwe\p T 2
Ty the asymptotic density of L. (After (B4): @y = c;d.)
ol J(_w(Uj-‘”)) T
O](-V) the subset of (S;-V))d given by ([@71) K|
O;-/’ the subset of T} given in (5.16)
O; the subset of T¢ given in (5I8)
P the scatterer configuration; a fixed union of grids in R? B3
P {(p,s(p)) : p € P} (asubset of X) 1al
Py P\ {(g,5(q))} if ¢ € P, otherwise P 1)
Pr(p) the set PN BY 14\ E I
P(S) the set of Borel probability measures on S (for any topological space S)
Pac(S{71)  the set of A € P(S{™") which are absolutely continuous with respect to o I
P(T4) the subset of SL4(Z)-invariant measures in P(T5) 18l
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collision kernel

collision kernel

collision kernel for the scatterer configuration Py

collision kernel for the scatterer configuration Py (here [¢] = [4])
the projection map G — S, (R) N

either of the projection maps X — X; or T — ’]I“j

for ¥ = (4,j) € ¥, py is the map a; o p; from G to ASL4(R)

(Pq — q) R(v) D,

a fixed map S¢7! — SO(d) such that vR(v) = e1, Vv € S¢*

the projection map M,y q4(R) — R? which takes any matrix to its ith row
for 1 <i <r;,T; is the projection map T§ — (R/Z)? induced by r;
the commenturator of SLq(Z) in SL4(RR)

SLd(R) X erd(R)

for L a linear subspace of R”, St (R) := SL4(R) x L%, a subgroup of S,(R)

=

(Vi,...,Va), a closed subgroup of T;
(=(U{?))
S; 7
m(Ly)
(L)
(R/Z)"
Tj X oo X Tj = Mrjxd(R/Z)
T x T§ x --- x T%
the r; x d matrix with row vectors w;; — cjfilqu*1 (i=1,...,r5)
(Ul(q)7 T 7U](\?))
vol(B4—1)
fixed vectors in R? such that (34)-(@H) hold
The r; X d matrix with row vectors w;; (i =1,...,7;)
R x %
NG
Li\G;
{TgeX : ge G, 0eZpy(g)}
the embedding T¢ — X; defined in (324)), or the embedding T —X
The open cylinder (0,¢) x B¢~!
map from N, (X) to A
STl (Z) X X S"‘N (Z)
Sy (Z)
the set (3o X X) U {undef}
the projection S,(R) — SLg4(R), or the reflection map X — X
the projection X; — SL4(Z)\ SLq(R)
distribution of Q,(g,v) for v random in (S{~', \)
we have fixed a continuous map ¢ — ¢ from ¥ to P(N(X))
vol xm

B

=

B

measure in P(X;)

the measure p{? @ - @ u{? in P(X)

the measure J,(w€) on N,(X)

Haar measure on SLq(R), normalized by v(SLq4(Z)\ SLg(R)) =1

random flight process

either of the projection maps G; — X;, G — X, R — T; or (R"7)% — T¢
fixed compact metric space (the space of marks)

VOlsgfl, Lebesgue measure on S§~*

(¢, w") (an element in %)

function P — ¥ fixed in (671

free path length density

the diagonal embedding SLq(R) — G

a set of indices. After B3): ¥ = {(j,¢) : j€{l,...,N}, i€ {1,...,r;}}

the set {o¥ : ¢ € ¥} (subset of X)

function P — ¥ fixed in (I4]). But 1 is also used to denote a variable element in W.

[T, P(T5)

==
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=]
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wj(_Q) w](_W(Uj(tI))) IR
wj(.v) normalized restriction to @;(V) of the Haar measure on S;(V)? s
w;/’ normalized restriction to (9;[’ of the Haar measure on (gg’)d 26l
wf- normalized restriction to O; of the Haar measure on (gj)d
w@ (cugtﬂ7 e ,wg\?)) (an element in Q) B3l
wv) (wgvl)7 - ,wg\,VN)) (an element in Q) B7
w¥ (wfﬂ e ,w;f,) (an element in Q) B3
wt (w8, ...,w%) (an element in Q) 45
w for w € P(TY)’, & is the probability measure on X; defined below (&X); IS

for w € Q, @ is the probability measure on X defined in (6.11)) B4
REFERENCES
[1] P. Billingsley, Convergence of probability measures, Wiley Series in Probability and Statistics, John Wiley
& Sons Inc., New York, 1999.
[2] C. Boldrighini, L. A. Bunimovich, and Ya. G. Sinai, On the Boltzmann equation for the Lorentz gas, J.
Statist. Phys. 32 (1983), no. 3, 477-501.
[3] A. Borel, Introduction auz groupes arithmetiques (Hermann, Paris, 1969).
[4] E. Caglioti and F. Golse, The Boltzmann-Grad limit of the periodic Lorentz gas in two space dimensions,
C. R. Acad. Sci. Paris 346 (2008), 477-482.
[5] E. Caglioti and F. Golse, On the Boltzmann-Grad limit for the two dimensional periodic Lorentz gas,
Journal of Statistical Physics 141 (2010), no. 2, 264-317.
[6] C. P. Dettmann, J. Marklof, and A. Strombergsson, Universal hitting time statistics for integrable flows,
J. Stat. Phys. 166 (2017), no. 3-4, 714-749.
[7] N. D. Elkies and C. T. McMullen, Gaps in v/n mod 1 and ergodic theory, Duke Math. J. 123 (2004), no. 1,
95-139.
[8] G. B. Folland, Real analysis, second ed., Pure and Applied Mathematics (New York), John Wiley & Sons
Inc., New York, 1999,
[9] G. Gallavotti, Divergences and the approach to equilibrium in the Lorentz and the wind-tree models, Phys.
Rev. 185 (1969), no. 1, 308-322.
[10] H. Gillet and C. Soulé, On the number of lattice points in convex symmetric bodies and their duals, Israel
J. Math. 74 (1991), 347-357.
[11] N. Jacobson, Lie algebras, Interscience Tracts in Pure and Applied Mathematics, No. 10, Interscience
Publishers (a division of John Wiley & Sons), New York-London, 1962.
[12] O. Kallenberg, Random measures, fourth ed., Akademie-Verlag, Berlin, 1986.
[13] O. Kallenberg, Foundations of modern probability, second ed., Probability and its Applications (New York),
Springer-Verlag, New York, 2002.
[14] H. Lorentz, Le mouvement des électrons dans les métaux, Arch. Néerl. 10 (1905), no. 336, 336-371,
reprinted in Collected papers. Vol. 3 The Hague: Martinus Nijhoff, 1936. pp. 180-214.
[15] J. Marklof and A. Strombergsson, Kinetic transport in the two-dimensional periodic Lorentz gas, Nonlin-
earity 21 (2008), 1413-1422.
[16] J. Marklof and A. Strombergsson, The distribution of free path lengths in the periodic Lorentz gas and
related lattice point problems, Ann. of Math. 172 (2010), 1949-2033.
[17] J. Marklof and A. Strémbergsson, The Boltzmann-Grad limit of the periodic Lorentz gas, Ann. of Math.
174 (2011), 225-298.
[18] J. Marklof and A. Strombergsson, The periodic Lorentz gas in the Boltzmann-Grad limit: Asymptotic
estimates, Geom. Funct. Anal. 21 (2011), no. 3, 560-646.
[19] J. Marklof and A. Strombergsson, Free path lengths in quasicrystals, Communications in Mathematical
Physics 330 (2014), 723-755; correction, ibid. 374 (2020), 367.
[20] J. Marklof and A. Strombergsson, Power-law distributions for the free path length in Lorentz gases, Journal
of Statistical Physics 155 (2014), 1072-1086.
[21] J. Marklof and A. Strombergsson, Kinetic theory for the low-density Lorentz gas, Memoirs of the AMS,
to appear.
[22] J. Marklof and B. Téth, Superdiffusion in the periodic Lorentz gas, Comm. Math. Phys. 347 (2016),
933-981. MR 3550398
[23] S. Mozes and N. Shah, On the space of ergodic invariant measures of unipotent flows, Ergodic Theory

Dynam. Systems 15 (1995), 149-159.



82 MATTHEW PALMER AND ANDREAS STROMBERGSSON

[24] M. S. Raghunathan, Discrete subgroups of lie groups, Springer-Verlag, New York, 1972, Ergebnisse der
Mathematik und ihrer Grenzgebiete, Band 68.

[25] M. Ratner, On Raghunathan’s measure conjecture, Ann. of Math. 134 (1991), 545-607.

[26] W. Rudin, Real and complezx analysis, McGraw-Hill, 1987.

[27] N. Shah, Limit distributions of expanding translates of certain orbits on homogeneous spaces, Proc. Indian
Acad. Sci. Math. Sci. 106 (1996), 105-125.

[28] C. L. Siegel, A mean value theorem in geometry of numbers, Ann. of Math. 46 (1945), 340-347.

[29] H. Spohn, The Lorentz process converges to a random flight process, Comm. Math. Phys. 60 (1978),
277-290.

[30] A. Strombergsson, On the probability of a random lattice avoiding a large convex set, Proc. London Math.
Soc. 103 (2011), 950-1006.

[31] V. S. Varadarajan, Groups of automorphisms of Borel spaces, Trans. Amer. Math. Soc. 109 (1963), 191
220.



	1. Introduction
	1.1. The limiting flight process
	1.2. Expressing  via the commensurability classes
	1.3. Asymptotic estimates for the free path length distribution
	Acknowledgement

	2. The hypotheses from [21] on the scatterer configuration P
	2.1. Outline of the rest of the paper

	3. Further setup and notation
	3.1. Representing the point set P
	3.2. Lie groups and homogeneous spaces

	4. Spherical equidistribution (without uniformity)
	4.1. The limit measure (q)
	4.2. Re-expressing the limit measures j(q) as j(q)
	4.3. A Siegel integration formula for the measure 

	5. Limit behaviour of j(q)
	5.1. The limit spaces Lj and Lj
	5.2. The limit measures j and jg
	5.3. Admissible presentations of P

	6. Precise statement of the main result
	6.1. The subspace XX
	6.2. The space of marks  and the associated maps
	6.3. Some comments on the construction of 

	7. Verification of [Q1],[Q2],[Q3],[P1],[P3], and initial discussion regarding [P2]
	7.1. Verification of [Q1], [Q2], [Q3]
	7.2. Verification of [P1] (uniform density)
	7.3. Initial discussion regarding [P2] (uniform spherical equidistribution)
	7.4. Verification of [P3], and the macroscopic limit

	8. Application of the classification of invariant measures of unipotent flows
	9. Proof of [P2] (uniform spherical equidistribution)
	9.1. Equidistribution without uniformity
	9.2. A first uniform result
	9.3. Proof of the uniformity in [P2]; later steps

	10. The transition kernels
	10.1. Definitions; collision kernels and transition kernels
	10.2. The product formula
	10.3. Asymptotic estimates for the free path length distribution

	Index of notation
	References

