THE BOLTZMANN-GRAD LIMIT OF THE PERIODIC LORENTZ GAS

JENS MARKLOF AND ANDREAS STROMBERGSSON

ABSTRACT. We study the dynamics of a point particle in a periodic array of spherical scat-
terers, and construct a stochastic process that governs the time evolution for random initial
data in the limit of low scatterer density (Boltzmann-Grad limit). A generic path of the
limiting process is a piecewise linear curve whose consecutive segments are generated by a
Markov process with memory two.
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1. INTRODUCTION

The Lorentz gas describes an ensemble of non-interacting point particles in an infinite array
of spherical scatterers. It was originally developed by Lorentz [18] in 1905 to model, in the limit
of low scatterer density (Boltzmann-Grad limit), the stochastic properties of the motion of
electrons in a metal. In the present paper we consider the case of a periodic array of scatterers,
and construct a stochastic process that indeed governs the macroscopic dynamics of a particle
cloud in the Boltzmann-Grad limit. The corresponding result has been known for some time
in the case of a Poisson-distributed (rather than periodic) configuration of scatterers. Here the
limiting process corresponds to a solution of the linear Boltzmann equation, see Gallavotti [13],
Spohn [26], and Boldrighini, Bunimovich and Sinai [4]. It already follows from the estimates
in [5, 16] that the linear Boltzmann equation does not hold in the periodic set-up; this was
pointed out recently by Golse [14, 15].

Our results complement classical studies in ergodic theory that characterize the stochastic
properties of the periodic Lorentz gas in the limit of long times, see [6, 2, 9, 21, 22, 1, 25, 12]
for details.

To state our main results, consider an ensemble of non-interacting point particles moving in
an array of spherical scatterers which are placed at the vertices of a euclidean lattice £ C R?
of covolume one (Figure 1). The dynamics of each particle is governed by the billiard flow

(1.1) e THI) = THK,),  (40,v0) = (q(t),v(t))

where K, C R? is the complement of the set Bg + L (the “billiard domain”), and T!(K,) =
K, x Scll_1 is its unit tangent bundle (the “phase space”). Bg denotes the open ball of radius
p, centered at the origin. A point in T*(K,) is parametrized by (g,v), with q € K, denoting
the position and v € Scll*1 the velocity of the particle. The Liouville measure on TI(ICP) is

(1.2) dv(q,v) = dvolga(q) dvolslliq(v)

where volga and volga—1 refer to the Lebesgue measures on R? and S‘li_l7 respectively. For the
1

purpose of this introduction we will restrict our attention to Lorentz’ classical set-up, where
the scatterers are assumed to be hard spheres. Our results in fact also hold for scattering
processes described by smooth potentials, see Sec. 2.2 for details.

If the initial condition (g, vp) is random, the billiard flow gives rise to the stochastic process

(1.3) {(q(t),v(?)) : t € Ruo}

which we will refer to as the Lorentz process. The central result of this paper is the existence
of a limiting stochastic process {E(t) : t € R~} of the Lorentz process in the Boltzmann-Grad
limit p — 0. We begin with a study of the distribution of path segments of the billiard flow
between collisions.

1.1. The joint distribution of path segments. The billiard flow (; induces a billiard map
on the boundary 0 T(K,),

(1'4) (anhvn*l) = (anvn)7

where gq,,, v, denote position and velocity at the nth collision in the outgoing configuration,
ie.,

(1'5) (QW ’Un) = elir(%r 907'1(Qn—17’vn—1§:0)+6(qn*1’ vnfl)’
Here 71 denotes the free path length, defined by
(1.6) T1(q,v;p) =inf{t >0 : g+tv ¢ C,}.

We will later also use the parametrization 0 T!(K,) = (Sg_1 +L£) x 8971 so that g, = m, +

pwy,, where w,, € S‘li_1 and m,, € L are the position on the ball and ball label at the nth
collision.
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FIGURE 1. Left: The periodic Lorentz gas in “microscopic” coordinates—the
lattice £ remains fixed as the radius p of the scatterer tends to zero. Right: The
periodic Lorentz gas in “macroscopic” coordinates —both the lattice constant
and the radius of each scatter tend to zero, in such a way that the mean free
path length remains finite. The vectors s1,s2,... (resp. S1,S2,...) represent
the segments of the billiard path between collisions.

The time elapsed between the (n — 1)th and nth hit is defined as the nth collision time

(1.7) (0,005 £) = T1(Gn—1, Vn—1 p)-

We express the nth path segment by the vector

(1.8) $n(qo, v0; p) := Tu(qo, v0; P)Vn-1(qo; v0; P)-

The central result of [19] is the proof of a limiting distribution for the first collision time
71, and further refined versions that also take into account the particle’s direction after the
reflection. We will here extend these results to find a joint limiting distribution for the first n
segments of the billiard path with initial coordinates (g, vo), where the position g is fixed
and the velocity vy random. The precise statement is the following.

Here and in the remainder of this paper we will use the standard representation £ = Z%Mj,
where My € SL(d,R). We will also use the notation S := ||S|~1S. We set

(1.9) B, :={(81,...,8,) € RN\ {o)": Sj:1#8;(G=1,...,n—1)}.

Theorem 1.1. Fiz a lattice L = ZMy and a point gy € R\ L, and write o = —qOMo_l.

Then for each n € Zwq there exists a function Pc(xn) : B, — Rsq such that, for any Borel

probability measure X on S‘li_1 which is absolutely continuous with respect to volga-1, and for
1

any set A C R™ with boundary of Lebesque measure zero,

(110)  lim A({vo € ST7"+ (s1(d0, 03 p). - 5n(90, v0; p)) € p~ 71 AY)
A

where X' € Ll(Scll_l) is the Radon-Nikodym derivative of X\ with respect to volga-1. Further-
1
more, there is a function V : B3 — R>q such that

(1.11) PYY(S1,...,80) = P& (51, 82) [] ¥(Sj-2.8;-1.5;)
7=3

for alln >3 and all (S4,...,S,) € B,.



4 JENS MARKLOF AND ANDREAS STROMBERGSSON

The above condition g, € R?\ £ ensures that 71 is defined for p sufficiently small. In Sec. 4.4
we also consider variants of Theorem 1.1 where the initial position is near L, e.g., g, € 0K,.
We define the probability measure corresponding to (1.10) by

(1.12) A\ (A) = / P(Sy,...,8,) N(81) dvolga(S1) - - - dvolga(S,,).
A

Note in particular that u nH (A x RY) = ,uf:))\(/l)

Remark 1.1. In probabilistic terms, Theorem 1.1 states that the discrete-time stochastic pro-
cess {p? 18, (g, vo; p) : n € Zsg} converges in the limit p — 0 to

(1.13) {Sn:n € Z=o},

a Markov process with memory two. As we shall see, U(S1, S92, S3) is in fact independent of
1S 1]]-

Remark 1.2. If d > 3 then P,g ") is continuous on all of B, If d= 2 then P( ") is continuous
except possibly at points (Si,...,S,) € B, with Sg = —S1 or SJ+2 = S Rs,,, for some
1 <j<n-—2, where Rg € O(2) denotes reflection in the line RS. Cf. Remark 4.7 below.

Remark 1.3. Note that VU is independent of £ and g, and P&n) depends only on the choice of

a. This means in particular that ¥ and P are rotation-invariant, i.e., for any K € O(d) we
have

(1.14) U(S,K,SK,S3K) =V(S1,S2,S3)

and

(1.15) PU(SIK, ..., 8,K) =P (Sy,...,8,).

For a € R%\ Q7 also P&n) =: P(" is in fact independent of a, cf. Remark 4.6 below. Explicit
formulas and asymptotic properties of the limiting distributions will be presented in [20].

Remark 1.4. The case n = 1 of course leads to the distribution of the free path length discussed
n [19]; cf. also [10, 5, 16, 7, 3] for earlier results.

1.2. A limiting stochastic process for the billiard flow. In Theorem 1.1 we have iden-
tified a Markov process with memory two that describes the limiting distribution of billiard
paths with random initial data (g, vo). Let us denote by

(1.16) (E(t) : t € Rug),

the continuous-time stochastic process that is obtained by moving with unit speed along the
random paths of the Markov process (1.13). The process is fully specified by the probability

(1.17) Pa(E(t1) € Dy, ..., E(tm) € D)

that Z(t) visits the sets Dy,..., Dy € TYHR?) at times t = t1,...,ty, with M arbitrarily
large. To give a precise definition of (1.17) set Tp := 0, T;, := > " ||S;||, and define the
probability that Z(¢) is in the set D; at time t; after exactly nq hits, in the set Dy at time t
after exactly ns hits, etc., by

(1.18) P

[N

(E(t1) € Dr,....E(tm) €Dy and Ty, <ty < Tyt Togy < tar < Tyt
1 —_ .
= /,ngj\r )({(Sl, .. 7Sn+1) : ‘:nj(tj) S Dj, Tnj < tj < Tanrl (j =1,... ,M)})

with n := (ny,...,ny), n:= max(ny,...,ny), and

(1.19) =ult)i= (X854 (¢~ TS B ).
j=1
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Note that the choice T,, < t < T,41 of semi-open intervals is determined by the use of the

outgoing configuration, recall (1.5). The formal definition of (1.17) is thus

(1.20) P (E(t1) € D1,...,E(tym) € Dur)

= Y PM(S(t) € Di,..., E(tar) € Dag and Ty <ty < Tyt s Ty < tar < Do)
neZgo

The following theorem shows that the Lorentz process (1.3), suitably rescaled, converges
to the stochastic process (1.16) as p — 0. Given any set D C T'(R?) we say that ¢ > 0 is
D-admissible if

Q d-1 . Q. Q _
(1.21) VOlslli71 ({Sl S Sl : (tSl,Sl) S 827}) =0.
We write adm(D) for the set of all D-admissible numbers ¢ > 0.
Theorem 1.2. Fiz a lattice L = Z*My and a point q, € R\ L, set a = —qOMgl, and let A
be a Borel probability measure on Scll_1 which is absolutely continuous with respect to volga—1.

1

Then, for any subsets D1, ..., Dy C Tl(Rd) with boundary of Lebesque measure zero, and any
numbers t; € adm(D;) (j=1,...,M),
(1.22) fl)ii%)\({vo €S (o 1g(p @Vt w(p @ V) €Dy, j=1,...,M)})

=Pax(E(t1) € D1,...,E(ty) € D).
The convergence is uniform for (t1,...,tpr) in compact subsets of adm(Dy) X - -+ x adm(Dyy).

Remark 1.5. The condition ¢; € adm(D;) cannot be disposed with. For example, (1.22) is in

general false in the case M =1, Dy = Bfl X S‘li_l. We prove this in Section 5.3. Note however
that no admissibility condition is required in the macroscopic analogue of Theorem 1.2, see
Theorem 1.4 below.

1.3. Macroscopic initial conditions. In view of the rescaling applied in the previous section
it is natural to consider the “macroscopic” billiard flow

(1.23) Fy T K,) — TH(p1KC,)
(Qo: Vo) = (Q(t), V(1)) = (" 'a(p™ " t),w(p~ V1)),

and take random initial conditions (Q,, Vo) with respect to some fixed probability measure
A. We will establish the analogous limit laws as in the previous sections. Although the
macroscopic versions are less general (they are obtained by averaging over qg), they appear
more natural from a physical viewpoint, where one is interested in the time evolution of a
macroscopic particle cloud; cf. the discussion at end of this section.

The nth path segment in these macroscopic coordinates is

(1.24) $.(Qo; Vo p) i= p¥ s, (p~4VQy, Vio; p).

Theorem 1.3. Fizr a lattice £ and let A be a Borel probability measure on T'(R?) which is
absolutely continuous with respect to Lebesque measure. Then, for each n € Z~g, and for any
set A C R? x R™ with boundary of Lebesque measure zero,

(1.25)  Tim A({(Q, Vo) € T (6"~'/C,) : (Qo, $1(Q0, Voi ), - Sn(Q: Vi p) € A})
= /APW(&, 8, N (Qyg, S1) dvolpa(Qy) dvolga(Sy) - - - dvolga(Sh),

with P™ as in Remark 1.3, and where A is the Radon-Nikodym derivative of A with respect
to VOle X VO].Sd—l .
1
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The probability measure corresponding to the above limiting distribution is defined by
1.26) (A = / P™(Sy,...,8,) N (Qg, 81) dvolga(Qy) dvolga(Sy) - - - dvolga(Sy).
A

We redefine the stochastic process (1.16) by specifying the probability
(1.27) Px(E(t1) € D1,...,E(tm) € Dur)
via the measure ,ugn) by the same construction as in Section 1.2. The only essential difference
is that we need to replace (1.19) by

n
7j=1

Note that formally Py = Pq if A(Q,V) =6(Q)N(V), and a € R?\ Q2.

Theorem 1.4. Fiz a lattice £ and let A be a Borel probability measure on T'(R?) which is
absolutely continuous with respect to Lebesque measure. Then, for any ti,...,tp € R>q, and
any subsets D1, ..., Dy C THR?) with boundary of Lebesque measure zero,

(1.29) }}351\({(@07 Vo) € T (p"IC,) + (Q(1), V(1)) € Dy, (Q(twmr), V(¢ar)) € Dir})
=P (E(t1) € D1,-..,E(tm) € D).

The convergence is uniform for ty,...,tar in compact subsets of R>.

The time evolution of an initial particle cloud f € L*(T!(p?"1K,)) in the periodic Lorentz
gas is described by the operator L; , defined by

(1.30) [Le,/IQ. V) = F(F7H(Q, V).

To allow a p-independent choice of the initial density f, it is convenient to extend the action
of Fy from T(p¢"1K,) to TH(R?) by setting F; = id on TH(R?) \ T (p¢"1K,). We fix the
Liouville measure on T!(R%) to be the standard Lebesgue measure

(1.31) dv(Q, V) = dvolza(Q) dvolge (V).

Theorem 1.4 now implies the existence of a limiting operator L; that describes the evolution of
the particle cloud in the Boltzmann-Grad limit. More precisely, for every set D with boundary
of Lebesgue measure zero, we have

(1.32) tin [ (L, 1@ V) Q. V) = [ [Lif)@ V) av(@. V).
r=0Jp D

uniformly for ¢ on compacta in R>g, and L; is defined by the relation

(1.33) LIL1Q V) ar(Q.V) = Pa(=(0) € D),

for any absolutely continuous A, any Borel subset D C T!(R?), and f = A’. We note that L,
commutes with the translation operators {Tg : R € R},

(1.34) [TrfI(Q, V) :=f(Q-R,V),
and, in view of Remark 1.3, with the rotation operators {Rx : K € O(d)},
(1.35) [Bx f](Q,V) = f(QK,VK).

It was already pointed out by Golse [15], that the weak-* limit of any converging subsequence
Ly, f (pi — 0) does not satisfy the linear Boltzmann equation. His arguments use the a priori
estimates in [5, 16], and do not require knowledge of the existence of the limit (1.32). The
fundamental reason behind the failure of the linear Boltzmann equation is that, perhaps
surprisingly, {L; : t > 0} is not a semigroup. We will show in Section 6 how to overcome this
problem by considering an extended stochastic process that keeps track not only of position
Q and current velocity V', but also the free path length 7 until the next collision, and
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the velocity V1 thereafter. We will establish that the extended process is Markovian, and
derive the corresponding Fokker-Planck-Kolmogorov equation describing the evolution of the
particle density in the extended phase space. A similar approach has recently been explored
by Caglioti and Golse in the two-dimensional case [8]. Their result is however conditional on
an independence hypothesis, which is equivalent to the Markov property established by our
Theorem 1.3 above.

1.4. Outline of the paper. The key ingredient in the present work is Theorem 4.8 of [19]
(restated as Theorem 2.2 below for general scattering maps), which yields the joint limiting
distribution for the free path length and velocity after the next collision, given that the initial
position and velocity are taken at random with respect to a fixed probability measure. The
proofs of Theorems 1.1 and 1.3 are based on a uniform version of Theorem 2.2, where the fixed
probability measures are replaced by certain equismooth families, see Section 2 for details.
Section 3 provides technical information on the nth iterate of the scattering maps, which in
conjunction with the uniform version of Theorem 2.2 yields the proof of Theorems 1.1 and 1.3
(Section 4). In Section 5 we prove that the dynamics in the periodic Lorentz gas converges
in the Boltzmann-Grad limit to a stochastic process Z(¢), and thus establish Theorems 1.2
and 1.4. We finally derive the substitute for the linear Boltzmann equation in Section 6, by
extending =(t) to a Markov process and calculating its Fokker-Planck-Kolmogorov equation.

2. FIRST COLLISION

We begin by reviewing the central result of [19].

2.1. Location of the first collision. We fix a lattice £ = Z%M, with M, € SL(d,R), once
and for all. Recall that K, C R? is the complement of the set Bg + £ and that the free path
length for the initial condition (q,v) € T'(K,) is defined as

(2.1) T1(q,v;p) =inf{t >0 : g+tv ¢ KC,}.
Note that 7(q,v;p) = oo can only happen for a set of v’s of measure zero with respect to

volga-1. In fact we have 71 (g, v; p) < oo whenever the d coordinates of v M, 1 ¢ R? are linearly
1

independent over Q (note that this condition is independent of q), since then each orbit of the
linear flow & +— x + tv is dense on R?/L.
The position of the particle when hitting the first scatterer is

(2.2) q:(q,v;p) := q + 11(q,v; p)v.

As in Sec. 1.1 we write gq;(q,v; p) = m; + pw; with m; € £ and w; = wi(q,v;p) € Sffl.
Let us fix a map K : S{! — SO(d) such that vK(v) = e; for all v € S¢1; we assume

that K is smooth when restricted to S‘ffl minus one point. For example, we may choose K
as K(ej) =1, K(—ej) = —I and

- 2arcsin(|lv — e1]|/2)
(2.3) K(v) = E(— o] 'vl)
for v € S¢71\{ey, —e1}, where
(2.4) v = (v,...,v9) € R, E(w) = exp (_Qw 1:;) € S0(d).

Then K is smooth when restricted to S \{—e;}.
It is evident that —w K (v) € $}%"", with the hemisphere

(2.5) S&d_l ={v=(v1,...,v9) €SI : vy >0}

Let 8 be a continuous function S{~! — R?. If ¢ € £ we assume that (8(v) +Rsov)NBE = 0
for all v € 8471, We will consider initial conditions of the form (g »,8(V),v) € TY(K,), where
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q,3(v) = g + pB(v) and where v is picked at random in S9=1. Note that for fixed q and 3

we indeed have g, g(v) € K, for all v € S971 50 long as p is sufficiently small.

For the statement of the theorem below, we recall the definition of the manifolds X,(y)
and X (y) from [19, Sec. 7]: If ¢ € Z~o and a € ¢ 1Z%, then we set X, = I'(¢)\ SL(d,R), and
define, for each y € R?\ {0},

(2.6) Xy(y) ={M e X, : ye (Z'+a)M}.

We also set X = ASL(d,Z)\ ASL(d,R) where ASL(d,R) = SL(d,R) x R? is the semidirect
product group with multiplication law (M, &)(M', &) = (MM', €M’ + ¢'); we let ASL(d,R)
act on R? through y — y(M, &) := yM + &. Now for each y € R? we define

(2.7) X(y)={geX : yelig}.
The spaces X,(y) and X (y) carry natural probability measures v, whose properties are dis-
cussed in [19, Sec. 7.
We will also use the notation
(2.8) x| =x— (x-e)el, for x € R%.
The following is a restatement of [19, Theorem 4.4].

Theorem 2.1. Fiz a lattice L = Z%My. Let ¢ € R? and o = —qul. There exists a
function @4, : Rsg x ({0} x BI™H) x ({0} x R — Rsq such that for any Borel probability
measure A on S‘li_1 absolutely continuous with respect to Vols¢li—l, any subset L C Sﬁd_l with
VO].S(ll—l(aLl) =0, and 0 < & < &, we have

(29) HmA(foeST : p"ni(g,pv),v:p) € [61,6), —wi(g,p(v), vip)K (v) € U})

/é/u/s a(&w, (B(v)K(v)) 1) dA(v)dw dE,

where dw denotes the (d — 1)-dimensional Lebesgue volume measure on {0} x R4~ The
function @4 is explicitly given by

(2.10)
(€ w,z) = Vy({M € X,(y) : (Z% + a)M N (3(0,6,1) + 2) = @}) if a€q 'z
’ vy({9€ X(y) : 299N (3(0,£,1) + 2) = 0}) if a¢ QY

where y = e} + w + z, and
(2.11) 3(c1,c0,0) = {(21,...,240) ERY 1) < w1 < 2, ||(w2,...,2a)|| < T}

Remark 2.1. For a € Q¢ the function ®4 (£, w,2) is Borel measurable, and in fact only
depends on a and the four real numbers &, ||[w|, || z||, z - w. Also for a € Q?, if we restrict to
|z|| <1Jand if d = 2: z+w # 0], then (&, w, z) is jointly continuous in the three variables
Ew, z. If a ¢ Q7 then ®,(&,w, 2) is everywhere continuous in the three variables, and it is
independent of both « and z; in fact it only depends on ¢ and ||w||. We have, for all a € R?
and all z € {0} x R,

[ee]
(2.12) / / O (&, w, z)dwd = 1.
0 J{oyxBit
The convergence in this integral is uniform, i.e.
(2.13) / / Oq(é,w,z)dwdé — 0
T J{o}xBd?

uniformly with respect to v and z as T' — oo. Cf. [19, Remark 4.5, (8.37) and Lemma 8.15].
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Remark 2.2. We may extend the function ®4 (&, w, 2) to the larger set R>q x ({0} x B{™!) x
({0} x R4=1) by letting @, (0, w, z) := 1 for all w, z. This definition is natural, since it makes
® (&, w, z) continuous (jointly in the three variables) at each point with £ = 0. The proof of
this is an immediate extension of the discussion in [19, Sec. 8.1, 8.2].

2.2. Scattering maps. As indicated above, the results of this paper extend to the case of
a Lorentz gas, where the scattering process at a hard sphere is replaced by a smooth radial
potential. To obtain the correct scaling in the Boltzmann-Grad limit, we assume the scattering
potential is of the form V(g/p), where V(q) has compact support in the unit ball BY. We will
refer to the rescaled ball Bg = pB¢ as the interaction region.

It is most convenient to phrase the required assumptions in terms of a scattering map that
describes the dynamics at each scatterer. Let

(2.14) S ={(v,w) €S xS v-w<0}

be the set of incoming data (w_,v_), i.e., the relative position and velocity with which the
particle enters the interaction region. The corresponding outgoing data is parametrized by the
set

(2.15) Sy = {(v,w) €SI xS v-w >0}

We define the scattering map by

(2.16) 0:5. — &y, (v, w_) — (vy,wq).

In the case of the original Lorentz gas the scattering map is given by specular reflection,
(2.17) O(v,w) = (v—2(v- - w)w,w);

scattering maps corresponding to smooth potentials can be readily obtained from classical
results, see e.g. [23, Chapter 5].

In the following we will treat the scattering process as instantaneous. In the case of po-
tentials the particle will of course spend a non-zero amount of time in the interaction region,
but—under standard assumptions on the potential—this time will tend to zero when p — 0.

Let ©1(v,w) € S{! and ©y(v,w) € S¢~! be the projection of O(v,w) € S¥! onto the
first and second component, respectively. We assume throughout this paper that

(i) the scattering map O is spherically symmetric, ie., if (vy,wy) = O(v,w) then
(viK,wiK)=0(wK,wK) for all K € O(d);
(ii) v4+ and w4 are contained in the subspace spanned by v and w;

(iii) if w = —v then v = —v;

(iv) © : S_ — S, is C! and for each fixed v € S¢~! the map w — O;(v,w) is a C!

diffeomorphism from {w € S9! : v -w < 0} onto some open subset of S¢1.

The above conditions are for example satisfied for the scattering map of a “muffin-tin”
Coulomb potential, V(q) = amax(||q||~* — 1,0) with o ¢ {—2F,0}, where E denotes the
total energy. Conditions (iii) and (iv) help to simplify the presentation of the proofs, but are
not essential. It is for instance not necessary that in (iv) the map w — ©;(v,w) is invertible
as long as it has finitely many pre-images, which allows a larger class of scattering potentials;
condition (iii) can be dropped entirely.

We will write ¢(v,u) € [0,7] for the angle between any two vectors v,u € R%\ {0}. Using
the spherical symmetry and ©1(v, —v) = —v one sees that there exists a constant 0 < Bg < 7
such that for each v € S‘li_l, the image of the diffeomorphism w — 01 (v, w) is

(2.18) Vo :={uecSI! . p(v,u) > Be}.

Let us write 8 : Vo — {w € ¢! : v-w < 0} for the inverse map. Then @, is spherically
symmetric in the sense that B, (uK) = B, (u)K for all v € S41 u € Vy, K € O(d), and in
particular B (u) is jointly C! in v, u.
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We also define
(2.19) Bi(u)=05(v,8, () (vesit uc),).

The map B is also spherically symmetric and jointly C' in v,u. In terms of the original
scattering situation, the point of our notation is the following: Given any v_,v € S‘li_l, there
exists w_,w,; € S9! such that O(v_,w_) = (vy,w.,) if and only if p(v_,v,) > Be, and
in this case w_ and w_. are uniquely determined, as w+ = 8% (v,).
For example, in the case of specular reflection (2.17) we have Bg = 0 and
vy —v_
(2.20) wi=w_ = ——
fos — o]
Remark 2.3. In the case of specular reflection, the flow F; preserves the Liouville measure v,
but this does not hold in the case of a general scattering map satisfying (i)—(iv). Indeed, a
necessary and sufficient condition for F; to preserve v is that the scattering map © is a diffeo-
morphism from S_ onto Sy which carries the volume measure |v - w| dvolga-1(v) dvolga-1(w)
1 1
on S_ to (v - w)dvolgi—1(v)dvolga—1(w) on S;. Maps with this property can be classified
1 1
explicitly: Define the functions 91,7 : (=3, §) — R through

(2.21) ©;(e1, —(cos p)er + (sinp)es) = —(cosV;(¢))er + (sinV;(¢))es.

In view of (iii) we may then assume ¥;(0) = 0, and take ¥, ¥2 to be continuous. (Then 91,

are both odd and C', and ¥y is a C! diffeomorphism from (—%, %) onto (Bg — 7,7 — Beg).)

In this notation, one checks by a computation that © carries |v - w|dvolga-1(v) dvolga-1(w)
1 1

to (v - w) dvolstliq (v) dvolstliq (w) if and only if, for all p € (=3, ) \ {0},

sin(da(g) — V1(¢)) ‘d—z ' ‘cos(ﬁz(so) —V1(p))
sin g cos

(2:22) |- [95(0) = W5 (0)| = 1.

This is seen to hold if and only if ¥2(p) = V1 (p) — ¢ for all p € (=3, §) or Ja2(p) = J1(p) +¢

for all p € (=%, 5). (In physical terms, this reflects the preservation of the angular momentum

w A v, or its reversal, respectively.) Translating this condition in terms of 8%, we conclude
that F; preserves the Liouville measure if and only if

(2.23) B4 (v2) = B, (—v1) or B (v2) = By, (v1) Ryt
where Ry,,,31 € O(d) denotes orthogonal reflection in the hyperplane {va}+ C R4
2.3. Velocity after the first impact.

Theorem 2.2. Let A\ be a Borel probability measure on Scllf1 absolutely continuous with respect
to volga—1. For any bounded continuous function f : Sffl xXR<g X Silil — R,
1

(2.24) })ii% S(ll_lf(v07pd_17—1(qp,ﬁ(v0)7v0;p)avl(qp,ﬁ(v0)7v0;p))d)\(v0)

= / / / f(U(),g,Ul)pa7ﬁ(U0,f,’U1)d)\(’U()) df dVOlSdfl(Ulh
s{™t JRso JS{! !
where the probability density pa,g is defined by

Do (& w, (B(vo)K (v0))1) dw  if v1 € Vy,

(2.25) pa,,@(’UO,&UI) dVOlS‘lifl(Ul) = {0 if vg ¢ V’vo;

with
(2.26) w = -0, ('le('vo))L e {0} x B¢ L.
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Remark 2.4. The density pa,g(vo,&, v1) is independent of the choice of the function K (vy),
since (&, w, z) only depends on the four real numbers ¢, ||w]|, ||z||, w- 2, cf. Remark 2.1. It
also follows from Remark 2.1 and Remark 2.2 that if o ¢ Q% then po, g(vo, &, v1) =: p(vo, &, v1)
is independent of «, 3, and is continuous at each point (vg, &, v1) € Scll_1 xR>q x S‘li_1 with
v1 € Vy,. The same continuity statement also holds for pa, g(vo, &, v1) if @ € Q¢ and sup || 8] <
1, except possibly when d = 2, £ > 0 and 8, (le(vo))J_ = (B(vo)K (vo)) L.

Remark 2.5. The relationship between pq g(vo,&,v1) and @4 (§,w,z) when v; € V,, can be
expressed more explicitly as

(227)  pap(v0,€v1) = J(vo,v1) Pa (€ ~B2, (V1K (v0)) , (Bwo) K (v0)).1),

where the factor J(vg,v1) > 0 is a function of ¢ = p(v1, —v2) given by

J(wo,v1) = {‘#\ ()| cosw(e) if >0

2.28
22 Jw' ()1 if =0,

with w = 97" : (Bg — m,m — Bg) — (—%,%) being the inverse of the map v; defined in
Remark 2.3. In particular in the case of specular reflection (2.17) we have 97'(¢) = ¢/2, and
we recover the formula [19, (4.24)].

Proof of Theorem 2.2. The proof follows exactly the same steps as the proof of Theorem 4.8
in [19, Sec. 9.3]: The left hand side of (2.24) equals

; d—1 . .
(2:29) lim SLll_lg(vo’p 71(q,,8(v0), v0; p), w1(q, g(vo), vo; p)) dA(vg),
where g(vg, &, w1) = f(vo, &, O1(vp, wy)). Using [19, Cor. 4.7] (which in fact is a corollary of
Theorem 2.1 in the present paper) we obtain

= Lo [ [ o c 0w
(2.30) X Do (&, w s (B(v0) K (v9)) 1) w1 dA(vo) dE dvolga-: (w).

Now change the order of integration by moving the integral over w € S’ldfl to the in-
nermost position, and then apply the variable substitution v; = ©i(e1, —w)K(vg)~! =

O1(vg, —wK (vg)~!) in the innermost integral; note that this gives a diffeomorphism w +— v
from S’ldfl onto Vy,, with the inverse map given by w = —8;, (v1K(vo)) = —B, (v1)K (vo).
Recalling (2.26) we then see that (2.30) equals the right hand side of (2.24), and we are

done. O

2.4. A uniform version of Theorem 2.2. In order to prove Theorem 4.1 we need a version
of Theorem 2.2 which is uniform over certain families of 3’s, f’s and A’s.

Given any subset W C Sﬁl_l we let 0. W C S‘li_1 denote the e-neighborhood of its boundary,
ie.

(2.31) oW :={ve S Jw e W p(v,w) < e}

Definition 2.1. A family F' of Borel subsets of S‘li_1 is called equismooth if for every § > 0
there is some € > 0 such that Volsf—l(aEW) < forall WeF.

Definition 2.2. A family I’ of measures on S‘li_1 is called equismooth if there exist an equicon-
tinuous and uniformly bounded family F’ of functions from Sffl to R>o and an equismooth
family F” of Borel subsets of S¢~!, such that each y € F can be expressed as y = (g-volslliq)‘w
for some g € F', W € F".
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Theorem 2.3. Fiz a lattice £ = Z%My and a point ¢ € R%, and write o = —qM(;l. Let
Fy be an equismooth family of probability measures on S‘li_l, let Fy be a uniformly bounded
and equicontinuous family of functions f : Sffl XR<g X Sffl — R, and let F3 be a uniformly
bounded and equicontinuous family of functions 3 : Scllf1 — R? such that if ¢ € L then
(B() + Ragv) N B =0 for all B € F3, v € S‘li_l. Then the limit relation

(2.32) })ii% i1 f(v(]ypdilTl(Qp,B('vO)yvO;p)avl(Qp,B(UO)yvo;p))dA(UO)

:/d 1/ /d (00,6, 01)Pas(v0,€, v1) dA(w0) dEdvolga 1 (1)
St JRso JSY 1

holds uniformly with respect to all X € Fy, f € Fy, B € F3.

This uniform version of Theorem 2.2 will actually be derived as a corollary of Theorem 2.2.
We first need a lemma. Let i, denote a small neighborhood of the boundary in S/ld_l:

(2.33) U, ={we Sﬁdil D p(w,er) > % —n} 0<n<1).

Lemma 2.4. Given B > 0 there exists some number po(B,L,q) > 0 such that for every
0<p<po(B,L,q),veE Scllfl, K €80(d), 8,8 e¢R? and 0 < n < 1—10 such that
(2.34) vK=e, |[BI<B, [IB-Fl<n Bwvz2  pv=2
one of the following holds:
(1) Tl(q + pﬁ7’v7p) = Tl(q + pﬂ/’ 'U,p) = 00,
(ii) —wi(g+pB,v, (L +n)p)K € U3 7,
(iit) |71(q + pB',v5p) — Ti(q + pB,wv; p)| < 3py/7
and ||[wi(q + pB',v; p) — wi(q + pB,v; p)|| < /2.

Remark 2.6. The conditions 3 -v > 2, 3’ - v > 2 are only needed in the case g € L, so as to
guarantee that the rays q + pB3 + R-ov and q + pB3’ + Rsov lie outside the ball q + Bg, and

: d
also outside the ball q + B(H—n)p'

Proof of Lemma 2.4. We choose pg = po(B,L,q) > 0 so small that all the balls m + ngo

Now fix any

(m € £\ {q}) have disjoint closures, and are each disjoint from ¢ + BEZB o
p,v,K,3,8',n as in the statement of the lemma.

After an auxiliary rotation we may assume v = e; and K = 14. Write 7 = 71(q + p3, e1; p)
and w = wi(q + pB,e1;p), let 7/ and w’ be the corresponding data for @', and write p =
(14+n)p, T =11(q + pB,e1,p) and w = wi(q + pB,e1,p). By our assumption on py we see
that 7,7/, 7 are well-defined numbers in Rso U {o0}.

For any ray v C R? and any point m € R? we write 6(y,m) = infpe, |[p — m|| for the
distance between v and m. If 7 = oo then §(q + pB + Rspe1, m) > p for all m € L, and thus
also 6(q + pB' + Rsper,m) > p— p||B — B'|| > p for all m € L, so that 7 = 7/ = co. Hence
from now on we may assume 7 < 0.

By the definition of 7, w, there is a unique m € L\ {g} such that

(2.35) q-+pB+Te =m+ pw,

and the ray g + pB3 + R-pe; does not intersect any previous ball, i.e.

(2.36) Ym e L: m-e; <m-e; = 6(q+ pB+Rope;,m) > p.
Now assume —w ¢ 3 5. We will prove that (iii) holds. From (2.35) we get

(2.37) 5(q+ pB+ Roger, ) = pllib .|| < (1+ 1) cos(3y/mp < (1 —n)p

and thus also

(2.38) 6(q + pB' +Ruper,m) < p.
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Hence both the rays q + p3 + Rupe; and q + pB + Rsge; intersect the ball m + Bg. Note
also that §(q + pB + Rxpe1,m) > p and thus 6(q + pB' + Rsper,m) > p for all m € £ with
m-e; < m-ejp, by (2.36). Hence neither 7 nor 7/ can arise from any previous intersection,
i.e. we must have g + p3 + 7e; = m + pw and q + pB + 7'e; = m + pw’. This implies

(2.39) [(w" —w)L|[ =118 =B)Ll <n

and thus, using —w’, —w € ${**, we conclude |w' — w| < v27. Finally from (1 — 7')e; =
p(w —w') — p(B — @) we conclude

(2.40) T — 7| < p(\/2n+1n) < 3p/7.
Hence (iii) holds. O

Proof of Theorem 2.3. Step 1: Proof in the case that Fy and Fy are singleton sets, Fy = {\}
and Fy = {f}, and furthermore f is uniformly continuous. Let € > 0 be given. Let R =
14 sups, xr_,xs, || Set B =3+ supgep, SUPgd-1 I8 and

(2.41) F3={v— B(v)+Bv : B € Fs}.

Then B;(v) - v > 3 and ||B;(v)| < 2B hold for all 8, € F} and v € S{".
Because of Remark 2.1 and 0 < ®,(&, w, z) < 1, the following limit holds uniformly with
respect to all z € {0} x R4~1:

6 00
2.42 lim / +/ / (&, w, z)dwds = 0.
(2.42) B+ ) oy s Bern2) dwre

Furthermore, by [19, Lemma 8.8], for any given ¢ > 0 there is some 0 < 7 < % so small that

(243) AO})@S‘{FJ(DQ(g,w?Zl) - (Da(é.vwwz?)‘ dw < 6_];

holds for all £ € [T, T] and all 21, zo € {0} x B! with ||z; — za|| < 7. As a consequence
of (2.42) and (2.43), we can now fix n > 0 so small that, for any two (measurable) functions
21,221 ST — {0} x BIS! satisfying ||z1(v) — z2(v)|| <7 (Vo € S{1), we have

2y [
(249 0 J{oyxBit Js{!

Again using (2.42) (and lim, .o volga-1 ((Ll3 i) 1) = 0), we see that by possibly further
shrinking 7, we may also assume that

@a(g,w,zl(v)) - @a(g,w,zQ(U))‘d)\('v) dw d¢ < 2—;

& 2e
(2.45) / /(MWL / a6 (BK W)) dN) o de <

holds for all (measurable) functions 8 : S9! — R%.

Since f is uniformly continuous there is some ¢ > 0 such that |f(vo, &, v1)— f(vo, &, Uﬁ)‘ <e
holds whenever | —¢'| < 6 and ||v; —v)|| < 0. Furthermore, our assumptions on the scattering
function © imply that ©;(ej,w) is uniformly continuous in w € —S’ldfl; hence by possibly
further shrinking 7 we may assume that

(2.46) vw,w' € =S\" w —w!|| < /27 = ||©1(e1, w) — O1(ey, w)|| < 6.

Since the family Fj is uniformly bounded and equicontinuous, there is a finite set Fj of
continuous functions By : S{! — B¢y, such that for each B, € F} there is some B, € FY/ with
supgd-1 [|B1 = Ba| <.
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Given B, € F¥, let us write B, for the function By(v) := (1 + 1) "*B,(v). Now since FY is
finite, by Theorem 2.2 and Theorem 2.1 combined with (2.45) there is some pg > 0 such that
the following two inequalities hold for all p € (0,2pp) and all 3, € Fy:

(2.47)

/dl f(vomd*lﬁ(qp,@(”o), v0; ), v1(q,, g, (v0), v0; p)) dA(v)

1

Lo ] £ 0 00)pa, (o0, € on) dA(wo) dedvolggr (01)] < =
St Ry JSY .

_ 3e
(2.48) A({woeS{t : ~wi(q, 5 (v0), vo; P)K (v0) € Uz 7}) < =

By possibly further shrinking pp we may assume that (3,/7+ B)pd < 6, and pg < po(2B, L, q)
(the constant from Lemma 2.4), and that every ball m + Bgo with m € £\ {q} lies outside

q-+ B2 Bpo-
We now claim that for all p € (0, pg) and all 3 € F3 we have

(2.49) ‘/ (vo, p* ' 71(q,,5(v0), vo; p), v1(q,, 5(v0), vo; ) dA(vo)

Lo ] 70 vn)paavn € o) dA(wn) dédvolygr (o) < 10
St Ry JSY !

This will complete the proof of Step 1, since € > 0 was arbitrary.
To prove (2.49), let p € (0, po) and B € F3 be given. Set 3;(v) := B(v) + Bv; then 8, € Fj,
and hence there is some 8y € F3' such that supga-1 [|3; — B2 < n. Now for each vy € sd-1
1
Lemma 2.4 applies to p, vg, K(vg), B2(vo), B1(vo), 1, and hence either
(1) Tl(qp7ﬁ2 ('UO), o, p) = Tl(qp,ﬁl ('00)7 Vo, P) = 00, or
(if) —w1(g; 5, (v0),v0,p) K (vo) € U 5 with p = p(1 +1n), or
(iii) |71(q, g, (v0),v0; p) — T1(q, 8, (v0), v0; )| < 3py/1n
and ||wi(q, g, (v0),v0; p) — wi(q, g, (v0),v0; p)|| < V21

But

(2.50) 71(4,,8, (v0), vo; p) = T1(q, g(v0), vo; p) — Bp
and

(2.51) wi(q, g, (v0), vo; p) = wi(g, g(vo), vo; p),

since every ball m + Bd (m € L\ {q}) lies outside q + B2Bp and (B(vg) + Rsovo) N BY = 0 if
g € L. Hence if (iii) holds then we have (using our assumptions on py)

(2.52) |0 71(q,,8, (v0), v0; p) — P T1(g, 5(v0), v0; p)| < By + B)p® <&
and also, via (2.46),
(2.53) |v1(g, s, (®0), vo; p) — vi(g, g(vo), vo; p)| <
Therefore, by our choice of 9,
(2540) |7 (000" 71,8, (v0), v0: ), v1(a, , (v0), 003 )
— f(vo,p" ' 11(q, g(v0), v0; P)Wl(qp,g(vo)yvom))‘ <e.

Regarding the other possibilities (i) and (ii), the set {vo € S¢! : 71(4, 8, (v0), Vo, p) = o0}
has measure zero with respect to volga—1 (see Sec. 2.1), and hence also with respect to A.
1
Furthermore we have
_ - 3e
(2.55) A{vg € 8§71 —wl(qﬁf_}Q(vo),vo,p)K(vo) € Uz m}) <

R
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using (2.48) and p < 2pg. Hence, since the difference in (2.54) is always < 2R, we conclude

(256) | / (v0, /" 71(a5,5(00), v0: ), 01 (a,,5(v0), 03 ) A (00)

- /Sdl f(vomd*lﬁ(qp,ﬁ?(”o),Uo;P)Wl(qp,ﬁQ(’Uo),Uo;ﬂ))d)\(’vo)‘ < Te.
1
Using (2.44) and the definition of po g in Theorem 2.2 we also get

(2.57) /S / ) /S

Combining (2.47), (2.56) and (2.57), we conclude that (2.49) holds, thus completing the proof
of Step 1.

2e

Pa,B, (’U0> ga Ul) - pa,ﬁ(v()v 57 'Ul) dA(UO) d& dVOlS‘li*1 (Ul) < E

Step 2: Proof of Theorem 2.3 in the case that Fy is a singleton set, F1 = {\}, and F» has
the property that Uscp, supp(f) is compact. In this case, since the family F5 is also uniformly
bounded and equicontinuous, for any given € > 0 there exists a finite subfamily Fj C F5 such
that for every f € Fy there is some fo € Fy with supg, «g_ xs, |f — fo| < &. Hence the desired
result follows from Step 1 by a standard approximation argument.

Step 3: Proof of Theorem 2.3 in the case that Fy is a singleton set, 1 = {\}. We first
prove that the following limit holds uniformly with respect to all 3 € Fj:

(2.58) lim  A({vo € sd—1 . pd_lﬁ(qpﬁ(vo),'vo;p) ¢ [0, (5_1]}) =0.

(p,6)—(0,0) ’
To prove this, for each 0 < § < % we fix ¢5 : Rsg — [0, 1] to be some continuous function with
X([26,(26)-1] < €5 < X[s5,6-1], and view ¢; as a function on Sﬁlil xRsg X S‘ffl via projection onto
the second component. Applying Step 1 for the families Fy, Fj = {cs}, F3, one proves that
for any €,§ > 0 there exists some pg > 0 such that

(259)  A({vo e ST : p*ri(q, 5(v0),vosp) € [6,67"]})

cer ([ o /}B/S 6w, (B0 (0)1) dA(w) duw dg

for all p € (0,pp) and all B € F3. Thus (2.58) follows using (2.42) and monotonicity in J.

Now note that for each fixed §, the family FY := {¢s - f : f € F3} is uniformly bounded
and equicontinuous, and all functions in FJ have support contained in the compact set
S971 x[6,61] x S{~1. Hence Step 2 applies to the families Fy, Fy, F3. Now the desired claim
follows upon letting § — 0 and using (2.42) and (2.58) to control the error caused by replacing
f by ¢s - f in both sides of (2.32).

Step 4: Proof of Theorem 2.3 in the general case. Since F) is equismooth there exist
an equicontinuous and uniformly bounded family F” of functions from Scll_1 to R>p and an
equismooth family F” of Borel subsets of S‘li_1 such that each A € F} can be expressed
as A = (g - Volstli71)|w with g € F', W € F". Set R = 1+ supyep, SUps, xr-,xs, |f| and
S =1+supyep SUpgd-1 g.

Let € > 0 be given. Fix n > 0 so small that

2.60 Vg e F': Yo, vl € S91: o(vg,v)) <n=|lg(vy) — g(v] <
260) Vo e P You,oh €517 (o, vh) <0 = lo(wn) — o] < 7
and

(2.61) YW e F": volga- 1(OW) < f:S
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Choose a partition Sﬁlil = |_|?:1 Dj of S‘ffl into Borel subsets Dy, ..., D, which are pathwise

connected, of positive volume and each has diameter < 7 (with respect the metric ¢ on Sffl).

Let A; be the probability measure \; = VOlSd—l(Dj)_l(VOISd—l)‘D_ for j=1,...,n. By Step 3
1 1 J

applied n times, there exists some pg > 0 such that for all p € (0,p0), 7 € {1,...,n}, f € F

and 3 € F3, we have

(2.62) ‘ / (v0, 0171 (@, 5(v0) 03 ). 01 (500 V03 ) A (o)

3

< — .
Svol(S{1)

_/S‘lil /}1{>0 /S(Iilf(v()agavl)pa,,@(vo’gavl)dAj(UO) ddeOIS‘lifl(Ul)

We now claim that for all p € (0,p9), A € F1, f € F; and 3 € F3, we have

(2.63) ‘/ ’vo, Tl(qp,ﬁ(UO)qu;p)7vl(qp,ﬁ(v0)7v0;p))d)\(v(])

< be.

Lo [ ] 0 v)paae € o) dA(w) de dvolggs (v1)
st SRy Jsd-

This will complete the proof of Theorem 2.3, since € > 0 was arbitrary.
To prove (2.63), let p € (0,p0), A € F1, f € F5 and B € Fj be given. Take g € F’ and
W € F" such that A = (g - volga—1)y. Set
1

(2.64) M:={j:D;cW}, M :={j:D;¢Wand D; &SI \W}.

Since Dj is pathwise connected, for each j € M’ there is some point p € D; N OW. There-
fore, and because D; has diameter < n, we have D; C J,WW. Hence }_ ./ volge-1(D;) <
1

Volsffl(anW) < %
For each j € {1,...,n} we fix a point p; € D; and set g; := g(p;); then note that
lg(vo) — g5] < W for all vy € Dj, by our choice of 1 in (2.60). Hence

/sd—l f(wo, 0" ' 71(q, 5(v0), vo; p), v1(a, g(v0), v0; p)) dA(v0)

— 3" gvolg 1 (D) /S £ (w0, P 71(a, p(v0), w03 ), 01 (, (Vo). 03 ) A, (v0)

JEM

(2.65) < Z/ Tvl Sd 1) dVOlSd 1 ’UO Z / RS dVOlSd 1(’00) < 2e.

JEM jeEM’

Combining this with (2.62), applied for each j € M, we get

/S  F (0.0 71(@,,5(00). 003 ), 01 (4,500, 0 ) dA(v0)

-> g volga-1(Dj) / / / f(v0,&v1)pa,p(vo, & v1) dAj(vo) dE dvolga— (vy)
]EM Sd 1 ]R>O S?—l 1

g
(2.66) <24 Y Svola-1(Dj)————— < 3e.
%:4 ST S vol (8¢
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On the other hand, using fscli—l Jro Pa(v0, & v1) dE dvolstliq('vl) =1 (true for all vy € S¢,
cf. (2.25) and (2.12)) and the same bounds as in (2.65), we get

/Sdl / / 7 (00 £.01)pax (w0, €. 01) dA(w5) d dvolge-1 (1)

— Z g;j VolS(lz_l(Dj) /Sd_l /R>0 /Sd_l f(vo,f,vl)pa,ﬁ(vo,&vl) d)\j(’vo) df dVOlS(li—l('Ul)

JjEM
(2.67) < Z/ Rvol Sd 1) dVOlSd 1 ’Uo Z// RSdVOlSd 1(’00) < 2e.
JjeM JEM
Combining (2.66) and (2.67) we obtain (2.63), and we are done. O

3. ITERATED SCATTERING MAPS

To prepare for the proof of the main result of this paper, Theorem 4.1, this section provides a
detailed study of the map obtained by iterated scattering in a given sequence of balls m; —I—Bg,
when p is small. The central result of this section is Proposition 3.3 below.

3.1. Two lemmas. Given v € S‘f_l, the tangent space Tv(S‘li_l) is naturally identified with
{v}+ € R% For h € Ty (S9™!) we write Dy, for the corresponding derivative. We use the
standard Riemannian metric for S¢~!, and denote by T(S¢™1) the set of unit vectors in
To(S¢71). For any open subset V C S¢7! we write TH(V) = ey TL(S¢71) for the unit
tangent bundle of V.

For w € R\ {0} and n > 0 we define Vy, := Vg (cf. (2.18)) and

(3.1) Vil = {u €841 . p(u,w) > Be + 77} C Va;
thus in particular V9, = V,,. Set

(3.2) Cp:=1+ max( sup HDth
heT(V]

. swp | Dngy ).
heT (V)

Then (), is independent of v, depends contmuously on n € (0,7 — Bg), and may approach
infinity as n — 0.

For any s € R?\ {0} we let \; be the probability measure on Sffl which gives the direction
of a ray after it has been scattered in the ball Bf, given that the incoming ray has direction
s and is part of the line  + Rs with « picked at random in the (d — 1)-dimensional unit ball
{s}+ N B¢, with respect to the (d— 1)-dimensional Lebesgue measure. In particular for s = e;
we have

(3.3) Aey = vol(BE )™ (Vo) (volga-1),
where Vj : B‘li_l — Scll_1 is the map
(34) Vo(z) = ©1(e1, (=1 - [|z[2 ).

Thus Vp is a diffeomorphism from B¢ onto Ve,. For general s # 0 we have \s = K,(\e,)
where K € SO(d) is any rotation such that § = e K. The following lemma shows that
for any subset M C V4, the renormalized S‘f_l—volume measure on M and the renormalized
As-measure on M are comparable with a controllable distortion factor.

Lemma 3.1. Given 1n,e > 0, there exist constants K, > 1 and ¢, > 0 such that for every
Borel subset M C V{ with volga—1(M) > 0, we have
1

(3.5) As(M)  Agr =g+ (Volsiz_l(M))_l volga-1)y,

for some continuous function g : M — R~g with g(u) € [anl, K] for allu € M.
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If furthermore M has diameter < ¢, ., i.e. if p(ur,u2) < ¢ for all uy,up € M, then
g(u) € [1 —e,14¢] forallu e M.

Proof. Without loss of generality we may assume s = e;. Set v = (VOIS?A(M))* . Volstliq M
and A = e, (M)~ A¢, - By (3.3) we have X = C'- f;-v, where f : Ve, — Ry is the Jacobian
determinant of the inverse map VO_1 from Ve, to B‘li_l, and C' > 0 is a constant determined by
C/J y Jdv =1 (in particular if the ratio of sup,, f and infys f is close to 1 then the function
C - fiar is uniformly close to 1). Now the lemma follows from the fact that both f and ft
are bounded and uniformly continuous on V¢, , since V¢, has compact closure in Ve, . O

We define A7 to be the probability measure which is obtained by restricting A\ to Vd, and
normalizing appropriately.
Given r,s € R?\ {0}, a number p > 0 and a continuous function 3 : V;l — RY, we set

(3.6) 0= {'v €VI 1 (pB(v) + Rugv) N (s + BY) # @}.
For v € Q we set
(3.7 T(v) =7, s8(v) :=inf{t >0 : pB(v) +tv € s+ Bf)l},

let W (v) = W, 5 g(v) be the impact location on S, i.e., the point for which pB(v)+7(v)v =
s + pW(v), and let

(3.8) V(v) =V,sp(v):=01(v,W(v)) € S
the outgoing direction after the ray pB(v) + Rsgv is scattered in the sphere s + Szfl.

Lemma 3.2. Given any 0 < n < “IOBE)@, C > 10 and € > 0, there exists a constant py =

po(n,C,e) > 0 such that all the following statements hold for any p € (0,po), any r,s €
RY\ {0} with ||s|| > C~' and o(r,s) > Be + 21, and for any C'-function B : Vy — R® with
supyy [|B]| < C and suppepiyn) [[DrB| < C:
i) Let V=1V, 43 be the restriction of V=V, 45 to V- (VI); then V is a 1ffeomor-
i) Let V=V,sp be th fV =V,spto VI(VI); then V is a C' diff

phism onto V4.
(i) If M C Vd is any Borel subset with A\g(M) > 0 and if p denotes the measure

volga—1 restricted to Vﬁl(M) and rescaled to be a probability measure, then V. =
1

g- )\S(M)_lx\s‘M for some continuous function g : M — [1 —e,1+¢].
(iii) Define the C' maps BT = Bpi,sﬁ VI — ST through B (u) = ﬂ;_l(u) (u). Then
HBi(u) - ,Bét(u)H < e for allw € VJ and |DpB*| < C,, for all h € T'(VJ).
Proof. Since 2, W, ¢ g and V), 5 g are invariant under (p, s) — (cp, cs) for any c¢ > 0, it suffices

to treat the case ||s|| = 1. After an auxiliary rotation we may then assume s = e;. From now

on we will always keep p < 5. Then pB(v) certainly lies outside the ball e; + Bg for all
v € V). Let us write @ = a(v) = p~le; — B(v) and note that ||la|| > 2%) > 10? for all v. Now
for each v € Q the ray R5ov hits a+ B¢, and thus ¢(v, a) < arcsin(||a]|7!) < ﬁ < mp. Also
¢(a,er) < arcsin(p||B(v)||) < ZCp. Hence by the triangle inequality for ¢, using p < 5= we
obtain

(3.9) p(v,e1) < (m+3C)p <2Cp < %, Yo € Q.
We now compute
(3.10) 0= {v €S 1 |la|? + (a-v)? > o},

which is automatically a subset of V), because of the assumption ¢(r,e;) > Bg + 27, and
furthermore, for all v € Q, h € T,,(S‘lifl),

(3.11) Ww)=—-a+ ((a-v)—1-|al?+ (a-v)?)v
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and

(3.12) DhW:Dhﬁ—i-(a-h—v-DhIB—a'Dh'B—i_(a'v)(a'h_v'Dhﬁ))U

VI [alP + (a-v)?
+(a v V1= Tal?+ (@ v)?)h,

using the standard embedding h € T,(S¢™1) c R%.
Since Q@ C S¢7! is contained in a small neighborhood of e; (see (3.9)), the map v
B(e1). + p~tv, gives a diffeomorphism from €2 onto

(3.13) Qr:=B(e1)L +p Q. c {0} x RT L,

which transforms the S‘li_1 volume measure into the standard R¢~! Lebesgue volume measure
scaled by p?~! times a distortion factor which is uniformly close to 1 when p is small. The
inverse map is (using the identification {0} x R4~! = R-1)

(3.14) I1:Qr—Q, z— Q(p(x — Ble1)1)),
where @ is the map
(3.15) Q:Bi ' =Ty (V1Y% y).

Now, for (i) and (ii), it suffices to prove that (i) and (ii) hold with the map V replaced
throughout by V; :=V ol :Q; — S‘li_l, V01S¢li—1 replaced by volga-1, and ¢ replaced by /2.

Recall the definition (3.4) of the diffeomorphism Vj from B¢~! onto Ve, . Using the spherical
invariance of ©; it follows that 1/(;1(1}2{2) = B4~! for some r = r(0,7n) < 1.

From (3.9) we get Q C {0} x Bgal. Now for all € Bgal we compute, with v = Q(p(x —
B(e1)1)) and a = p~le; — B(v) as before,

(3.16) a-v=p"=pGiv)+5(IB8e)Ll® ~llz|*)p+ O(p*);
(3.17) lall® = p™ = 261 (v)p~" + [|B(e)[I* + O(p),

where 31 (v) := B(v) - 1. Here and in the rest of the proof, the implied constant in any big O
depends only on ©,C,n,¢e. It follows that

(3.18) L—la]? + (a-v)* = 1 — |[z[|* + O(p),
and hence by (3.10), if p is sufficiently small,
(3.19) VitV =BTt c .

Let Wy := Wol:Q — S By a computation using (3.11) and (3.16)—(3.18) we find
that for each & € BI™1,
(3.20) Wilw) = W(v) = W(x) + O(p),  with Wy(z) = (—v/T— [2]?, ).
By a similar computation using (3.12) we also obtain, for p sufficiently small,
(3.21) (DaW) 1 =p~'h+O(||h])

for all v € I(B4™1) and h € T,(S{™!). Therefore, for all x € B& ! and u € Tx(Qr) =
{0} x R,

(3.22) (DuWri) | = p " Dul + O(||[Du|]) = u + O(p||ul]),
since Dy I = pu + O(p?||ul|). We also have, trivially, (D, W), = u. But we know
(3.23) DuWr € Ty (ST1) = {Wr(x)}- cRY, DuWy € {(Wo(z)} c R

For p sufficiently small, (3.20) implies that W;(z) and Wy(z) are close on S¢~! and both have
er-component < —3v/1 — r2. Hence (3.22), (D, Wy) | = u and (3.23) imply

(3.24) DyWi = DyWo + O(p|lul)).
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It follows from (3.20) and (3.24) that the function (Wj)‘ng converges to (W0)|B,‘?*1 in Clonorm
as p — 0.

To continue, note that Vy(x) = O1(I(x), Wi(x)). The function I : Q; — Q tends to the
constant function  — e; in Cl-norm, as p — 0. Using that ©; : S_ — S‘ffl is C! and
that I(B4~1) x W;(B%1) is a subset with compact closure in S_ for p sufficiently small, we
conclude that the map (V7) : B — 8971 tends to (VO)|B,@*1 in Cl-norm as p — 0.

Br=t o o
Since the latter map is a C* diffeomorphism from B%~! onto VZI/ % which is a restriction of a
diffeomorphism from all of Bffl, it follows by a standard argument in differential geometry
(cf., e.g., [17, Sec. 2.1]) that, for p small enough, (V])‘Bd—l must be a diffeomorphism as well,
mapping B4~ onto some open subset of S9! which contains V¢, and that (i) holds with V
replaced by (V1)| gi—1 (and volga—1 replaced by volga-1, and € replaced by £/2).
T 1 _

Hence to conclude the proof of (i) and (ii), it only remains to prove that the map V is
injective, or equivalently that V7(z) ¢ Vg, for all z € Q;\ B¥ 1. A computation shows that if
pis small and z € Q7 \ B¢, then Wi (x) - e; > —v/1—12 — O(p), and thus

(3.25) p(I(x), Wi(x)) < p(e1, Wi(x)) + O(p) < 5 + arccos(r) + O(p).

It follows from our assumptions on ©; that ¢(I(z),Vi(x)) is an increasing C' function of
oI(x), Wi(x)) € (5,7, and p(I(x),Vi(x)) = Be + 2 when ¢(I(x), Wi(x)) = § + arccos(r).
Hence

(3.26) pler, Vi(x)) < p(I(x), V(@) + O(p) < Bo + 3 +O(p), Ve eQ\BI,

and in particular if p is sufficiently small then V7(x) ¢ Vg, for all € Q; \ B4~!, as desired.
Finally we turn to (iii). Set V; = (Vi)jy-1yn y- Then, since (V[)|Bd4 tends to (V())|Bd4
v 7 £
in Cl-norm, we have DU(V;I) = O(|lu]|) for all x € V¢, and u € T,(Ve,), so long as p is
sufficiently small. But

(3.27) VieIoV; vl —sit

and I tends to the constant function & — e; in Cl'-norm. Hence also 771 tends to the

constant function £ — e; in Cl-norm as p — 0. Therefore, by continuity and the definition
of €y, (3.2), claim (iii) is established. O

3.2. The main proposition. Let us consider a particle trajectory that follows the ray emerg-
ing at mo+ pB(vo) in direction vy, is scattered at the ball m; +Bg, exits with velocity v and

moves with constant speed until scattered at mo + Bg, and so on; after the final scattering at
mn—i—Bg the particle exists with velocity v,,. We call m = (mg, mq,..., m,) the scattering se-
quence associated with this trajectory. We denote by 3 (v,,) and BJF('vn) € 8971 the position
of impact and exit on the last scatterer; thus 3 (vy,) = B8, (vy) and E+(vn) =B (vn).
We call vy and v,, the initial and final velocity, respectively. Set furthermore

(3.28) Sk = MM — Mg_1.
Note that sy differs from the path segment 7,v;_1 defined in (1.8) by < p.
Given positive constants 1, C, we say a sequence m = (mg, my,...,my,) of scatterer posi-
tions is (1, C')-admissible, if
(329) HSkH > 0_17 (k: 17"'777')
and
(3.30) @ (Sk+1, %) > Be + 21, (k=1,...,n—1).

Proposition 3.3. Given any N € Z~p, 0 < n < ”IOBB@, C > 10 and € > 0, there exists a

constant py = po(N,n,C,e) > 0 such that for any p € (0,po), any (n,C)-admissible sequence
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m = (mg,mq,...,m,) withn < N, and any C* function B : S¢~ — R? with supga-1 [|B]| <
1
C and SUDp, 1 (gi-1) IDrB|| < C, the following holds:
1

(i) There exists a C' diffeomorphism ® = ®, 3 from an open subset A = A, 55 C
S‘li_1 onto V. such that, for every v € S‘li_l, u € V4, the following statements are
equivalent:

(a) There is a particle trajectory with scattering sequence M, initial velocity vy = v
and final velocity v, = w.
(b) v € A and ®(v) =

(ii) The position of impact and exit on the last sciatterer, 8 = B;m”@ and BJF = B:;m,ﬁ’

are Ct maps from v;?n to Sdil, satisfying HB (u) — ,Bgtn(u)H < ¢ for allw € V4, and

SUPheT! (V1) HDh/@ | < Cy.
(iii) If p is the Sd L volume measure restricted to A and rescaled to be a probability measure,
then ®.u = g- \a,, for some continuous function g : Vd — [1 —¢e,1+¢].

Proof. We assume that C > C,. Fix g1 € (0,¢) so small that (1 +¢1)* ! < 1+ ¢ and
(1 —¢1)?V"1 > 1 —¢, and then fix

(3.31) po = po(N, 1, C, ) := min(o(n, C, 1), 32k, 556 )

where pg(n,C,e1) is as in Lemma 3.2, and ¢, ¢, is as in Lemma 3.1.
Now take arbitrary p € (0,p9) and my,...,m, and 3 satisfying the assumptions of the

proposition. Using the notation introduced in the context of Lemma 3.2 (setting r = —s,
say, and considering the restriction of 3 to Vy!), we set
(3.32) o =v-! v,
(3.33) VO =V, 5: 00 - 8dl
+ d-1

(3.34) B =BF 5:VI -
and recursively for k =1,2,...,n—1 (s = sgy1 = My — my and r = s, = My — My_1, in
the the context of Lemma 3.2),

E+1 k -
(3.36) VD =Y m o V(k) QD gd-1

k-+1) + -1
(3.37) Bl =B a0 Ve S

Then Q™ c Q=D ¢ ... c QM) by definition.

Lemma 3.2 implies, by induction over k, that V*) is a C! diffeomorphism from Q*) onto
VI, and that 8% is a C' map from VI, to S¢! satisfying SUPperrt (17 )HDh,B(k)H <C,<C,
foreach k=1,...,n. *

Now set A = Q™ and ® = V(™ Then ® is a C' diffeomorphism from A onto VI .

Proof of (i). The implication “(b)=-(a)” in Proposition 3.3 follows directly by construction.
Indeed, suppose v € A and u = ®(v). Then since v = vy € QW) the ray mg + pB(v) + Rsgv
hits the ball mq + Bg at the point m; + pW, 5, g(v), and after scattering we obtain the ray

my + pBY VW (v)) + RogV® (v). Similarly it follows from our definitions that for each

k€ {1,...,n— 1}, the ray my, + pB*) (V¥ (v)) + RooV ¥ (v) hits the ball my41 + B and
after scattering gives the ray myyq + p@F+D (V(kﬂ)(v)) + RooV#EHD (v). Using this for
k=1,...,n—1 we see that (a) holds for the given vectors v = vg, u = v,,.

Conversely, we now prove “(a)=-(b)”. Suppose that v = vy € Scllf1 and u = v, € V4,
satisfy the assumptions in (a), i.e. the ray mgo+ pB3(vo) +Rsovg hits m; +Bg; after scattering
in this ball we get a ray which hits mo + Bg, and so on for mg + Bg, e, My + Bg, and after
the final scattering in m,, + Bg we get a ray with direction v, = u. Let vg € S‘li_1 be the
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direction of the ray leaving the ball my + Bg in this scenario. For each k € {1,...,n—1}, by
assumption there exists some ray with direction vy and starting point on my + Szfl which
hits the ball my; —|—Bg; this implies @ (v, sp11) < 15 by the same argument that led to (3.9),
using p < ﬁ. Since we are also assuming ¢(sg, Sk+1) > Be + 2n we conclude vy, € V4, .
This is also true for k = n, since v, = uw and u € VJ_ by assumption.

Now since the ray mo+ pB(vo)+Rsovg hits my —i—Bg and gives a ray with direction v; € Vg,
after scattering, we must have, by our definitions, vy € ij;hﬁ(v;ﬁ) = QW and V() = vy;
in fact the ray obtained after the first scattering equals

(3.38) mi +pBY (v1) + Rogvy, vy =V (v).

Similarly one now proves by induction that for each k € {1,...,n} we have vy € Q®) | and
the ray obtained after the kth scattering in our scenario equals

(3.39) my + pBF) (vp) + Rogu, v = VP (v).

In particular for K = n we obtain v = vy € A and v, = ®(v), i.e. (b) holds for the given
vectors v = vy, u = v,. This completes the proof of the implication “(a)=-(b)”.

Proof of (ii). It follows from the above discussion that the functions Bi defined in Propo-
sition 3.3 are the same as

(0 B =B v st
and

3.41 B~ RV S

( . ) p’sndﬁ(nfl) - - 1 )

respectively, where if n = 1 we understand 8°) = 8. Hence the claims about Bi are direct
consequences of Lemma 3.2 (iii) (since 1 < €).

Proof of (iii). When n = 1 the statement follows directly from Lemma 3.2 (ii); thus from
now on we assume n > 2. Let us write u(k) = V*(k),u for k = 1,...,n, so that u® = &, pu.
We know that for each v € VI (A) the ray mq + pB81Y (v) + Rsgv hits my + B¢ Hence
©(v, 82) < wCp by the same argument that led to (3.9). It follows that

(3.42) o(v,v") <27Cp < ¢y,

for all v,v" € VI(A), by our choice of p. Hence Lemma 3.2 (ii), using p < po(n,C, 1),
together with Lemma 3.1 imply that

(3.43) N(l) = (VP,SLB)*(H) =4g1-

where v is the S‘ffl volume measure restricted to V() (A) and rescaled to be a probability
measure, and g; is some continuous function from V) (A) to [(1 —e1)?, (1 +£1)?].
Repeating the same argument, using

(3.44) p ) = (V) (1),

we obtain u(k) = gp - v for each k = 2,...,n — 1, where v, is the Sﬁlil volume measure
restricted to V(k)(A) and rescaled to be a probability measure, and g; is some continuous
function from V) (A) to [(1 — £1)%*, (1 4 £1)?#]. Using this fact for k = n — 1 together with
one more application of Lemma 3.2 (ii), we finally obtain ®,u = p = g. e, where g is
some continuous function from V™ (A) = VI to [(1 —e1)>" 1, (1 +¢1)?* 1], thus proving the
desired claim. (]
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4. LOSS OF MEMORY
4.1. Statement of the main theorem. For vy € S‘f*l, we define the probability density
Pogy, (01,6 02) on S{™! xRz x S{" by
(4.1)

P * K dw if Voo s Ve
po,ﬁio(’vlafav2)dvolsf—1(v2):{ 0(§,w,(ﬁv0(v1) (’01))¢) W U1 € Vg, V2 € Vo

0 otherwise,

with w = — 8¢, (v2K (v1)) 1 € {0} x B

Remark 4.1. As in Remark 2.4, the density pg B, (v1,£,v2) is independent of the choice of the
function K (v1); also Po.g}, (v1,&,v9) is continuous at each point (v, &, ve) € ST xR5oxS9~1
with v1 € Vy,, v2 € Va,, except possibly when d = 2, £ > 0 and 8, (v2) = =87 (v1) Ry, (&
vy = O1(v1, =85, (v1)Ry,)). Here Ry, denotes reflection in the line Rv;.

Remark 4.2. Due to the spherical symmetry of the scattering map © (cf. Section 2.2) we have
4.2 K K) =

( ) p07B:OK(U1 >§>U2 ) pO,ﬁjO (U17£7v2)

for any K € O(d).

Remark 4.3. The explicit formula in Remark 2.5 carries over directly to the present case.

Remark 4.4. By (2.12) we have, whenever v, € V,,,
(4.3) / Do g+ (V1,§,v2)dE dvolga—(ve) = 1.
Sf_l XR>0 076”0 Sl

For the definition of pa,g,, recall (2.25). The analogue of relation (4.3) of course also holds
for pa,s,, again by (2.12).

Theorem 4.1. Fiz a lattice £L = Z%My and a point ¢ € RY, set o = —qMo_l, and let

By : 84t — R be a C function. If ¢ € L we assume that (By(v) + Rsov) N BE =0 for all

v E Scllfl. Then for any Borel probability measure Ay on Silil which is absolutely continuous

with respect to volga-1, and for any bounded continuous function fo : S‘li_1 x (R xS‘li_l)” — R,
1

we have
ll)ll)r(l) g1 fO (UO> pd_lTl(qp,Bo (’UO)v Vo; p)a Ul(qp,ﬁo (’UO)v Vo; p)a B ’Un(qp,ﬁo (’UO)> Vo; p)) d)\O(UO)
1
(4.4) = / Jo(v0, 1,01, €n, V) Da sy (V0, 1, 01)Pg gt (V1,E2,v2)
S‘li*l ><(R>o><S‘1i*1)" vo

pogy (Un1.&nsvn) dAo(v0) kH dé dvolga— (vy).
=1

Note that the case n = 1 specializes to the statement of Theorem 2.2. Hence from now on
we will assume n > 2.

The proof of Theorem 4.1 is given in Section 4.3, and is based on an iterative application of
Theorem 2.2. The idea is that at the nth step, for a given, small p > 0, we apply Theorem 2.2
once for each possible sequence of balls m; + Bg, mo + Bg, ceey M1+ Bg (my, € L) causing

the first n — 1 collisions in the orbit of the flow ;. For each such sequence {my Z;% we

apply Theorem 2.2 with A as the probability measure on S‘li_1 describing the random vari-

able v,,_1(q, g, (v0),vo; p) conditioned on vy leading to {my}7=1, and with 3 as the function

“vn,l(qpﬂo(vo),vo;p) — wn,l(qpﬂo(vo),vo;p)” (this makes sense once we restrict to v

leading to the fixed sequence {mk}z;%, see Prop. 3.3). Since p is small, 8 is well approxi-

mated by 37 _ (see Prop. 3.3), and the resulting limiting density is p, ers (Vn—1,&n, Vn)-
op—2

Un—2
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Note that in Theorem 2.2, p, g does not depend on the choice of \; hence our limiting den-
sity po g+ (vp—1,&n,vy) is independent of the measure dA(v,,—1), and thus independent of
up—2

fl, e ,fn_l and Voy-.-,Up—-3.

To make the above argument rigorous, we need to use the uniform version Theorem 2.3 in
place of Theorem 2.2, for note that both A\ and 3 depend on the hit sequence {mk}z;%, as well
as on p. For the application of Theorem 2.3 we need to prove that all our \’s are contained in
some equismooth family, and furthermore that 3 is indeed sufficiently well approximated by
B,J,rnﬂ as stated above.

4.2. Sets of good initial velocities. In this section we will define sets of initial velocities
vg with good properties, and prove two lemmas which will later allow us to see that the
complement of these sets have small A\g-measure.

Let n > 2 and B, be given as in Theorem 4.1, and set

(45) ¢ =10max(Lsuwp 8ol sw [DwBoll. sup Jylh  swJyll 7).
S heT!(s¢71) yeL\{0} ye(L—q)\{0}

Let n and p be arbitrary numbers subject to the conditions

(4.6) 0<n< ”I(g@ and 0<p< min(c%cn,po(n,n, C, 77)),

where po(n,n,C,n) is as in Proposition 3.3, and C;, as in (3.2). These two numbers 1 and p
will be kept fixed throughout the present section. Recall (2.33), and define w(n) € (0, §) to
be the angle such that

(4.7) Uy = g5 U —Bg, (Ve \ V).

We also fix a partition S‘li_1 = |_|§V:]L D; of the sphere Scll_1 into Borel subsets D1, ..., Dy, each
of positive volume and boundary of measure zero, and with diameter < n/C, with respect to

the metric .
For v € S‘li_1 and k > 1 we let

(4.8) w(v) = wi(g, g, (v),vip) € st my(v) = my(q, g, (v),vip) € L

be the impact position and the ball label at the kth collision for initial condition (g +
pBy(v),v) € THK,). Let vg(v) = vi(q,8,(v),vip) € S471 be the velocity directly after
this collision, and 74(v) = 7x(q,, g, (v), v; p) € R>g be the time elapsed between the (k — 1)th
and kth collision. (Cf. (1.4) and (1.7).) We also set mg = q € R? and

(4.9) sk(v) = sk(d,,8,(v), v; p) = My (v) — My_1(v)

for k£ > 1. Note that ||si(v)|| > 10/C always holds, by our choice of C.

Given any a € S¢7! we let [a] be the unique set D; for which @ € D;. Set U(©) = S¢7! and
define the subsets U(® > UM 5 Y@ 5 ... recursively as follows: For each k > 1, we let ()
be the set of all v € U* D satisfying the following three conditions:

(1) 74(v) < o0,
(1) [vg(v)] € Va7, and
(IIT) for each u € [vy(v)] there is some v' € UF~1) satisfying

{mg('v’) =my(v), (=1,...,k;

(4.10) oL(6") — .

If v € U and u € [vg(v)], then every v’ € UF—D satisfying (4.10) will actually lie in 24*).
Given a vector v € U®) (1 < k < n) we let MF be the set of those indices i for which
(4.10) holds for some w € D; and v’ € U¥). Then note that UienmsDi C V;,?n and for each
u € U;e i D; there is some v’ € UK) such that (4.10) holds. Write mt := (my, ..., my) where
my=gq and my = my(q,g,(v),v;p) ((=1,...,k) as before. For each £ € {1,...,k — 1} we
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have vy € V;Sn since v € U, and also, since the ray my —|—p,6jl_1 (vg) +Rs vy hits myyq —I—Bg
we have

2 C
(4.11) ©(vy, s¢41) < arcsin P < arcsin =f < 1Cp<m;
Isetal] 5

hence (s, 8¢41) > Be + 91. Also recall p < po(n,n,C,n). Hence the data m~, p and G,
satisfy all the assumptions of Proposition 3.3. Now taking ® = <I>p kg, A=V to be the

diffeomorphism in that proposition, it follows that for every w € U;cpxD; there is a unique

v € U™ for which (4.10) holds, namely v/ = ®'(u). Proposition 3.3 also implies that for
any such pair u,v’, we have regarding the starting point of the u-ray leaving the my-ball:

TRE .. At St ] d—1

o1y 5 (@) 0rip) (W) = B () With 87 =B g 2 Ve, — S
_ 3t (k+1)

Lemma 4.2. Assume1<k<n—1,velk andﬁ ﬁpmkﬁo.lfvgéb{ then one of

the following statements holds:

(i) Try1(v) = o0,
(i k(v )680,0( zEM{fDi)7

i) v
(iii) —w1 (pB (vk),vk;p)K(vk)Eilw(n),
(iv) w1 (p(B" (vx) + Bvi), vr3 (1 + 1)) K (v3) € oy

Proof. Fix any vector v € U®) \ UF+D) | assume 71,41(v) < o0 so that w1, = wyy1(v) and
Vg1 = Vi1 (v) exist, and write D; = [v;1]. Now by the definition of #/(*+1) we have either
D; ¢ Va9 or else there is some u € D; such that there does not exist any v’ € U®) with

Sk+4+17

(4.12) {mf(”') =my(v), (=1,....k+1;

vp1 (V) = u.

First assume that D; ¢ V;,?Zl, i.e. there is some u € D; with u ¢ V;,?Zl Then p(u, sg+1) <
Be + 10n; also ¢(vg41,u) < 1 since D; has diameter less than 7, and ¢(sg41,vi) < %Cp <n
as in (4.11). Hence ¢(vgy1,vk) < Be + 121, and using w41 = B, (vr41) and the spherical
invariance of B~ this implies —wy 11K (vg) € Uy (cf. (4.7)). But

(4.13) w1 = wi(my + pB (vx),visp) = wi(pB (i), vk; ),

since £ —my, = L. Hence (iii) in Lemma 4.2 holds.

It remains to consider the case when D; C V;,?Zl but there is some uw € D; (which we
now consider as fixed) such that (4.12) does not hold for any v’ € U®*). As in the discussion
preceding the lemma we have ¢(sy, sp11) > Bo+9nforall ¢ = 1,... k, so that the data Tnl€+1
p and B, satisfy all the assumptlons of Proposition 3.3. Now u € D C Vsk 1
of @p’ﬁlﬁﬁ-l’ﬁo; we set v’ = (I)p,iﬁ,’i“,ﬁo( u) € S471. Then by “(b)=(a)” in Proposition 3.3,

lies in the range

the ray g, g (v') + Rsov' hits my + Bg; after scattering in this ball we get a ray which hits
mso +Bg, and so on for mg —i—Bg, N (e +Bg, and after the final scattering we get a ray with
direction u. (So far we make no claim for any j on whether or not the ray leaving m; + Bg
passes through any other ball in £ + Bg before hitting m ;1 + Bg.)

Let v} be the direction of the /th ray in the above sequence (¢ € {0,...,k + 1}, thus
vy = v, v} = u), so that my + p,@;r;c?l(vk) + R gv), is the ray which leaves my, + Bg and

hits myy1 + Bg. We have ¢(sj11,v};) < 3Cp < n (cf. (4.11)) and thus

(4.14) (81, V) > 0(Sk, Skt1) — ©(Skt1,v),) > Be +9n —1
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so that v}, € VJ . Hence by “(a)=-(b)” in Proposition 3.3, v’ also belongs to the domain of
O ., ,and v, =P i 5 (V') and
p7mv7BO k p7mv7BO

=+

(4.15) Bl (W) =B (v}) =B, e 5 (Vh).

V-1

From ¢(sg+1,v) < 3Cp and ¢(s11,v;) < 1Cp we get ¢(vy,v},) < Cp. Note that vy, €
UjenpDi since v € U® . Now if v} lies outside Ujenrs Di then there is some point on the
geodesic between vy and v), which lies in 9(U;epnDi), and hence v € 9cp(Uiepgr Di), ie. (ii)
in Lemma 4.2 holds.

It remains to consider the case v}, € Uj¢ i Di. As in the discussion preceding the lemma,

v € UieppDi and v’ = (I);:ﬁ,’i,ﬁo(v;“) imply that v' € U*) and that (4.10) holds with v/, in

place of u; thus vy = ve(q, g, (v'),v';p) for all £ =1,... k. We know from above that the ray
my, +pB),  (v},) +Rsov), hits myy1 + Bg; let us choose 7' > 0 and w)_ | € S9! 5o that the
k—1

point of impact is

After scattering in the ball myq + Bg we get a ray with direction w. It follows that the ray
(4.17) my, + pfBy, (Vi) + Rsovj,

must intersect some other ball in £ + Bg before it hits mypy 1 + Bg, for otherwise we would
conclude my11(g, g, (v'),v's p) = my41 and vi41(g, 6, (v'),v's p) = u, ie. (4.12) would hold
for our v € U contrary to our assumption. Thus there is some point

(418) m' = karl(qp,,BO (U/)> UI; p) € ‘Cv m’ 7£ mg41,

and some t’ € (0,7) such that my +pB;, (v})+t'v} € m’+BL. Note that |m' —my] >
k—1

10/C > 103p, and hence t' < 7/ — 100p.
Using ¢(vg,v},) < Cp <1 and vy, € V;g" we see that the (S¢1-)geodesic from vy, to v}, is
contained inside Vi, ; hence from supj, et w1 ||Dh3+|| < C,, (see Proposition 3.3) we deduce

(4.19) 18" (vy,) =B (v))|| < CyCp < n.

Similarly, writing B, := B;ﬁﬁ+l7ﬁo and using wi1 = By (Vit1), Wiy = Bpy1(u) and

Vi1, u € D; C V;S:Zl (thus @(viy1,u) < Cin), we obtain

(4.20) w1 = whpa || <.

Thus the line segment my, + pB+('v§€) + (0,7")v}, has both its endpoints at distance < pn

from the corresponding endpoints of the line segment my + pBJr('vk) + (0, 7g41)vk. Hence
|7 — Tk41] < 2pn, and there exists some ¢t > 0 with |t — /| < 2pn such that

(4.21) || (g, + pB " (vy) + tvy) — (my + pB (v}) + t'vy)|| < pn.

It follows from this that my + pBJr('vk) +tvy € m' + Bg, with p = (1 + n)p, and therefore
T = m(my + p(B+('vk) + 3vg), vy, p) satisfies 7' < t — 3p. Take m” € L and set w] =
wi(my + p(3+(vk) + 3vg), vk, ) € S‘f_l, so that

(4.22) my, + p(B" (vg) + 3vy) + T/vp = m” + jwl.
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Note that if the ray my + pBJr('vk) + Ry ov; would also intersect the slightly smaller ball
m’” + Bg then 71 (my, + p(BJr(Uk) + 3vyg), vk, p) < 7 + 3p, and we would get a contradiction:
(4.23) Trr1 = T1(my + p(BJr('vk) + 3vk), Vg, p) +3p < T +6p <t+3p <t +4p

<7 —96p < 111 — 95p.

Thus the ray m; + pBJr(Uk) + Ry gvy, intersects m” + Bg but not m” + Bg. This implies
—wi K (vi) € s 5 C Uyy(). Hence (iv) in Lemma 4.2 holds. O

We next give the analogue of Lemma 4.2 in the case k = 0. Let us define ,BO € CI(S‘ffl) by
(4.24) Bo(v) = (1+n) " (By(v) + (C +3)v).
Lemma 4.3. Set p = (1 +n)p. For each v € ST'\UW, one of the following statements
holds:

(i) m1(v) = o0,
(ii) —w1(q+pBy(v),v;p) K(v) € Uy,

(ii)) —wi(q+ pBo(v),v: ) K (v) € thgy)-
Proof. This is very similar to the proof of Lemma 4.2, but easier in certain respects. U
4.3. Proof of Theorem 4.1. Let n > 2, A\g, B, fo be given as in the statement of the theorem.

4.3.1. Some reductions. Set X = Scll_1 X (Rsq X S‘li_l)” and let v be the Borel measure on X
which appears in the right hand side of (4.4) in Theorem 4.1, i.e. set

n—1
(4.25) V(M) = /M pango (’Uo, 51, Ul) (H poﬂij,l (Uj, §j+1, ’Uj+1)) d)\o(vo) d§1 ce dVOlSLIi71 (’Un)
j=1

for every Borel subset M C X. Note that repeated application of (4.3), and the analogous
relation for pa,g,(vo, &1, v1), yields v(X) = 1. Set

(4.26) Xo = {(Uo,fl, ce ,Un) eX : QD(Uj_l,Uj) > Bg, Vj € {1,2,. .. ,n}}

This is an open subset of X with v(X \ Xy) =0, i.e. v(Xy) = 1. Hence we may now assume,
without loss of generality, that fy has compact support contained inside Xo. The general case
of Theorem 4.1 then follows by a standard approximation argument.

We define functions fy, : S9! x (Rsg x S¢71)"=™ — R for m = 1,...,n — 1 by the following
recursive formula:

Sm(v0,€1,01, - e, V) = /d ) Jm—1(v0,&1,01, ..., Vp—m, &, V)
817 R>0

(4.27) XPog (Vp—m, &, v)dE dVOlScll—l (v).

The point of this is that now the right hand side of (4.4) in Theorem 4.1 can be expressed as
@28) [ odv= [ [ [ faa(o0,601)pa, (o0, 61,0 dha(oo) o dvolgg-r (00).
X St JRso JS¢T 1

Since fy has compact support contained in Xy there exists a constant ¢ > 0 such that
fo(vo, &1, ..., v,) = 0 unless ¢(vj_1,v;) > Bg + 6 for all j =1,2,...,n. Hence by induction
each fy, has compact support, and we have f,,(vo,&1,...,Vn—m) = 0 unless p(vj_1,v;) >
Bo + ¢ for all j =1,2,...,n— m. Using this fact together with Remark 2.1 (rewriting (4.27)
via (4.1)) one shows that each fp, is continuous. Furthermore, by repeated use of (4.3) we see
that sup | fin| < sup|fo| for all m =0,1,...,n — 1.

Finally, by a standard approximation argument we may assume without loss of generality
that Ap has a continuous density, i.e. that

(4.29) =9 Volszlifl for some continuous function g: 8¢ — Rx.
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Indeed, note that for A\g = g - volga-1, g € L!, the right hand side of (4.4) depends linearly on
1

g and is bounded in absolute value by (sup|fo|) - [|g||;,1; the same is true for the left hand side
of (4.4), for each fixed p. We can thus mimic the first paragraph in the proof of Theorem 1.2
in [19, Sec. 9.2].

4.3.2. Choosing n,po and Fy, Fs, F3. Let ¢ > 0 be given. On the next few pages we will
describe how to choose auxiliary positive numbers 1 and pg, as well as families I, Fb, F3 of
measures and functions to use in applications of Theorem 2.3. The goal is to set up things so
that we will be able to prove that the two sides in (4.4) in Theorem 4.1 differ by at most O(¢)
for every p € (0, pp); see (4.40) below.

Recall the definition of w(n), (4.7), and note that lim, .ow(n) = 0. As in the discussion
leading to (2.44) and (2.45) we see that we may fix 0 < 1 < min (= 1036 ,€) so small that 2w(n) <

5 and so that the following two inequalities hold for all absolutely continuous probability

measures A on Scllfl, all continuous functions 3 : S‘ffl — RY any o' € {0,a}, and any two

measurable functions z1,zo : supp(A) — {0} x BI ™! satisfying |z (v) — za(v)|| < 7 for all
(NS supp

(4.30) / /uw N / w, (B(v)K (v))1 ) dA(v)dwde < <

(4.31) /0 /{0}de1 /Supp()\) ‘@0 (&, w,z1(v)) — o (& w, zg(v))‘ dA\(v) dw d§ < e.

As in Section 4.2 we fix a partition S‘ffl = |_|§V:1 D; of the sphere Scllf1 into Borel subsets
Dy, ..., Dy, each of positive volume and boundary of measure zero, and with diameter < n/C,
with respect to the metric p. Given s € R?\ {0} and any subset M C {1,...,N} with
As(UjemDj) > 0, we let A\jr s be the restriction of the measure Ag (cf. Sec. 3) to UjemDj;,
rescaled to be a probability measure:

-1
(432) )\M,s — )\S(UMD]) : )\S‘(U]\/[D]')‘
Let F; be the following family of probability measures:
(4.33) Fyo={otJ{dms : 0£M C{1,... N}, se ST, (UnDy) € Vi)

Note that lim;, o+ Volscll—l (OnDj) = 0 for each j, since D; has boundary of measure zero. Also

note that Vs*” has compact closure in Vs, and recall (3.3). From these facts together with
(4.29), it follows that F} is equismooth.

Let us fix a continuous function H : Sd_1 xRsqg X Sd_1 — [0,1] of the form H(vg,&,v1) =
Hy(p(vg,v1)) such that H(vg,&,v1) = 1 whenever 4,0('00,1)1) < Be or p(vg, =By, (V1)) >
5 —w(n), and H(vg,§,v1) = 0 whenever p(vo, —B,,(v1)) < § — 2w(n). This is possible
since it follows from our assumptions on ©; in Sec. 2.2 that ¢(vg, —B,,(v1)) only depends on
©(vg,v1), as a strictly decreasing C! function. Now let F be the following family of functions
on St xRy x ST

- {H} U {(U7§7v/) — fm(v07§17 .. 7€n7m717v7£7'v/) :
(4.34) 0<m<n—1, (vo,&1,. .. &n-m_1) € (S ><]R>0)”_m_1},

Using the fact that each f,, has compact support we see that F5 is equicontinuous and uni-
formly bounded.
Let C be fixed as in (4.5), and let, for any ¢’ € R%:

F(q {5 si=t - R? . Bis C!, sup||B] <3C, sup | DpB| <2C + % + O,
heT!(S{7h)

(4.35) if g’ € £ (B(v) + Rogv) NBY =0, Yo e 11},



THE BOLTZMANN-GRAD LIMIT OF THE PERIODIC LORENTZ GAS 29

Let po(n,n,C,n) be as in Proposition 3.3. Now fix 0 < pg < min(c%cn,po(n,n, C, 77)) SO

small that for ¢’ € {0,q} and all p € (0,2p0), A € Fy, f € F> and B € Fg(q/), we have (here
and below we write @’ =01if ¢’ =0; o' =« if ¢ =q)

[ £+ 08(0). i), 01(d + pB(0).v31) dA(o)

<e.

(4.36) o L 10 (o o) X0 d ol ()

This is possible by Theorem 2.3. Let us shrink py further if necessary, so that (with K, as in
Lemma 3.1)

(4.37) volsf_l(ach(Dj)) < K;levolsf_l(Dj), Vie{l,...,N};
(4.38) Yo, v’ € 841 o(v,v") < 2C%py = |g(v) — g(v')| < &;
and also, for all m € {0,...,n — 1} and all points (v, &1, ..., Un—pn) and (vy, &1, ..., v),_,,) in
ST! x(Rso x 8§ ™
PV 0) <CP%0 (G=0,...,n=m), [§-g[ <200 (G=1,....,n=m)
(4.39) - ‘fm('v{),ﬂ, . ,’U;Z_m) - fm(vo,gl,...,'vn_m)‘ <e.

Here (4.39) can be achieved since each f,, is continuous with compact support.
Having thus fixed a choice of pg, we now claim that for all p € (0, pg) we have

(4.40) <e.

L fo(o0, 011 (a3, (00), 005, 900 5, ) 003 ) Do) = [ fa

1

Here and in any < bound in the remainder of the proof, the implied constant depends only
on fo, Ao, d, n, C and © (the scattering map). Since £ > 0 was arbitrary, the bound (4.40)
will complete the proof of Theorem 4.1.

4.3.3. Bounding \o(S¢1\U™). Take an arbitrary p € (0, pp), and keep p fixed for the rest
of this proof. Note that (4.6) holds. We now define the subsets S¢~1 = ¢/ > ¢y® >y >
... D U™ as in Section 4.2. We will prove that Ao(S¢~\&(™) is small.

Let us first make explicit the conclusion from (4.36) in the case f = H. In this case, by
changing variables (via (2.25), (2.26)) in the triple integral in (4.36), and using the definition
of H, we see that the triple integral is less than the expression in (4.30), and hence < e. Note
also that if v € S¢7! is such that w; = w1 (¢’ + pB(v),v; p) satisfies —w; K (v) € Uos» then
v1 = v1(q' + pB(v),v;p) = O1(v,wq) satisfies H(v,&,v1) = 1 for all £ > 0. Hence (4.36)
implies that for all ¢’ € {0,q}, p € (0,2p0), A € Fy and B € F?fq/), we have

(4.41) A{vesi™ + —wi(q + pB(v),vip)K(v) € Ly }) < 2.

We now apply Lemma 4.3 to prove that A\o(S¢~1 \U/(M) is small. The set {v € S¢71 : 71 = 00}

has measure zero with respect to volga—1 (see Sec. 2.1), and hence also with respect to Ag.
1

Note p < 2pg and By, B, € F?fq), cf. (4.24) and (4.35); hence we may apply (4.41) with ¢’ = g,

A = Ao and By, p resp. By, p. This implies that the set of v’s which satisfy (ii) or (iii) in
Lemma 4.3 has Ag-measure < 4¢. Thus

(4.42) Ao(SETI\UW) < 4e.

Next take k € {1,...,n — 1}; we will apply Lemma 4.2 to prove that Ao@@®) \ ¢+ is
small. We call any two vectors v, v € U*) equivalent if and only if m”* = mF,. Let «/ c y®)

be any fixed equivalence class for this relation. Then the subset §) # ME c {1,..., N} and
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the functions (I)p,mﬁ Bo’ and B:;mﬁ 8, are independent of v € U’, and we will write simply M,

® and B+ for these. Note in particular U’ = &1 (U;epr D;).

We need to modify BJF to get a function in F?EO)

with the properties

. Let us fix C! functions ¢y, ¢z : Rsg — [0, 1]

(4.43)
c1(p) =0, Vo < Bo +5n;  ci(p) =1, Yo > Bg + 6m; (@) <27, Vo > 0
ca(p) =1, Vo < Bo +6n;  ca(p) =0, Yo > Be + Tn; |y ()| < 207", Ve > 0.
Now define 8=, 1 5 € CH(S4 1) by
~ ~ . BT ) ; "
(444) B(U) _ B " s (’U) _ Cl((ﬁ(’l],sk» 5 (U) +02(90(U>3k)) v if ve ?jsk
P 520 v otherwise.

We then have
~ =+
(4.45) Bt 5, (V) = Byt g, (v), Vo€V

Furthermore, for v € S9! with Be +47 < ¢(v, s1) < Be + 81 we have, for any h € T1(S$™),
(4.46)

— — 4
HDh,B H = H Dpeq( (U,sk)))',@Jr('v)—l—cl-Dh,@+(v)+(DhCQ(<p(v,sk)))'v—l—CQ-hH < E—I—Cn—i—l
by Proposition 3.3 and (4.43). From this one easily deduces ’Bmﬁ%’iﬁo € F?EO).

Using Lemma 4.2, U;eprD; C V;g" and (4.45) we have
@(U'\Z/l(k+1)) - 8cp(UieMDi) U {U' € UjemD; - Tl(pB('v'),v',p) = oo}
(4.47) U {v' € UienD; = —wi(pB("),v',p) K(v') € Uy}
U {v' € UenD; : —wi(pB(W), v, p)K(v') € Ly}
where 5 = (14 n)p and B(v) = (1 4+ n)~}(B(v) + 3v). Here note that, by Lemma 3.1 and
(4.37),
-1

(4.48) )‘M,sk (acp (UieMDi)) < KT? VOIS?_1 (UieMD‘> VOISd—l (acp(UieMDi))

< Kﬁ Volszlifl (UieMD ) Z Volsd 1 <8cp )) <e.
The second set in the right hand side of (4.47) has Aj/ s, -measure zero. Next recall that (4.46)
)

with ¢ = 0, A = A\jr 5, and B, P, TESP. ,3, p, we see that each of the last two sets in (4.47)
have Ap/ s, -measure < 2e. Hence

(4.49) AL, (@(u/ \u<k+1>)> < 5e.

led to ,@ € F 0, ; by a similar _argument we also verify B € Fy ©) " Hence from (4.41) applied

Set p = VOIS¢11—1(Z/{/)71 . (Volsii—l)v/{/. By Proposition 3.3, and our assumption p < po(n,n, C,n),
Py is a diffeomorphism from U’ onto UpsD;, which transforms the measure p into ¢g - Aaz s,
where ¢ > 0 is a constant and § is a continuous function from Uy D; to [1 — n,1 + n]. Using
CfUIWDi g(v)dAps, (v) =1 we find (1+n)"! < e < (1-n)"1, and thus cg(v) € [1 —3n,1+ 37
for all v € Uy D;. Hence

(4.50) p (U \UFDY < (1 + 3n)5e < 10e.
In other words volga—1 (Z/l’ \U (kH)) < 10e volga—1 (Z/l’ ) Adding this over all equivalence classes
1 1

U < U™ we obtain VOlS?—l (Z/{(k) \U(k“)) < 10e VO].Scli—l (U(k)) < e. Hence since \g = g’VOIS?—l
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with g bounded (cf. (4.29)), we have
(4.51) Ao (UEN\UFD) <« e,
Adding this over k =1,...,n — 1 and combining with (4.42) we finally obtain

(4.52) Ao (STH\UM) <« e

4.3.4. Conclusion: Proof of (4.40). We intend to show that for each m € {0,...,n — 2} we
have

(4.53)

/sdl fm(v0, p* 71 71(q,, 8, (00), 003 ), - - -, Vnem (@, 8, (V0), V03 p)) dAo(vo)
1

- fm+1(v07pd_1T1(Qp,ﬁO (v0),v0; ), - - - 7’Unfmfl(q,o7ﬁo(v0)a Vo; P)) dXo(vo)| < €.

d—1
Sl

This will imply (4.40) (and thus complete our proof of Theorem 4.1), for note that (4.36)
applied with ¢ =g, A = \g, f = f,—1 and B = 3, gives, in view of (4.28):

(454) ‘/Sd—l fn_l(U(),pd_lTl(qp’lgo(U()),U();p),’Ul(qp”@O(U()),U();p)) d)‘()(’vo) - /XfO dv| <e.

Combining (4.53) for m =0,1,...,n — 2 and (4.54) we indeed obtain (4.40), as desired.

Now to prove (4.53) we fix m € {0,...,n—2} andset k =n—m—1¢€ {1,...,n—1}. In the
following we will use the shorthand notation v, = w(qpﬁo(vo), vo; p), Te = Tg(qpﬁo(vo), v0; P),
my = mg(qpﬂo(vo),'vo;p), and s; = my — my_1, and 3y = ||s¢|| "tsy. As before we call two
vectors v, v’ € UK equivalent if and only if MY = mF,. Let 4 ¢ U® be any fixed equivalence
class for this relation; thus by construction mg, m1, ..., my are constant as vy varies through
U'. We write M C {1,...,N} and P, B+, B for the index set and functions corresponding
to our fixed class U’, as in the discussion just above (4.47). For each vy € U’ we have
|7e = |lsell| < 2p and @(ve_1,80) < 3Cp for all £ = 2,...,k (cf. (4.11)), and similarly using
sup [|Bg|| < C we get |11 — ||s1]|| < (C'+1)p and ¢(vg, s1) < $C(C +1)p. Hence by (4.39) we
have the following approximation result for the U’-contribution to the left integral in (4.53):

1 -1
Fm(vo, PP 1,01, ok, P TR, DEt1) dAo(v0)
Z/{/

@55 = [ (310" st B sl vk o1 g 01 ) (o)
Z/{/

< E)\o(ul).

Recall Ag = g-volga—1, and set p1 = volga—1 (U) ™'+ (volga—1)er. From above we have p(vg, s1) <
1 1 1
C?p for all vy € U'; by our assumption (4.38) this implies

(456 Jotoo) = 2@ volgg @)1 = Jo(wo) = | gl)du(o)| <e Voo el

’

Hence replacing “dA\o(vp)” with “No(U’) du(vp)” in the last integral in (4.55) causes an error
< e(sup|fml) VO].S(ll—l(u/). Furthermore, by Proposition 3.3, vo — vi = vk(q, g,(v0), vo; p) =
®(vg) is a diffeomorphism from U’ onto Uy D; which, as we saw in the discussion preceding
(4.50), transforms the measure p into ¢g-Ayr,s, Where cg(v) € [1—3n,1+3n] for all v € Uy D;.
We also have 7441 = 11 (my + p,@(vk),'vk;p) = Tl(pB('vk),vk; p) for all vy € U, and similarly
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V1 = Ul(p,@(vk),vk;p). Hence, using also 1 < ¢,

/Z,{’ fm (glv pd_1||31H7 s 7/8\]67 pd_IHSkHa Vi, pd_lTkJrla ’UkJrl) d)‘O(UO)

—/\o(U’)/U D_fm<§1,---,pd’lllsklhv,pd”ﬁ(pﬁ(v)yv;p),v1(pB(v)7v;p)> dA sy, (v)

k3

(4.57) < e(sup|fml) VOlS(li—l(u/) + 3n(sup | fr ) Ao (U') < E(VOIS?—1(Z/{,) + /\O(U')).

Now Anrs, € Fiy fn(31- - p7 Y skll, o) € Fy and B € F\%, so that by (4.36),

oUt') / (B skl v (0B ), 03 0), 01 (9B (), 0:9)) A (0)

O B B B O P S A R
UnmD; JRso JS{7H

(4.58) xPg (v, & V) dvolga-1 (V') d€ dApr s, (V)| < eXo(U).

(We have Apr,(A) = 0 for any A C Sﬁl_l disjoint from UpsD;, so that we can indeed take
the domain of integration for v in the triple integral to be UysD; instead of Scll_l.) Next
we wish to replace 3 with Bjsfk in the triple integral in (4.58), so that it can be rewritten

in terms of f,,11 using (4.27). Using (2.25) and (4.1), we see that the error caused by this
replacement is bounded above by Ao(U’) sup | fy,| times the integral in (4.31), with A = Apz s, ,

z1(v) = (B(v)K(v)) 1 and z3(v) = (B2 (v)K(v))L. Note that for all v € UpD; C Vg, we
have, by (4.45) and Proposition 3.3 and our assumption p < pg(n,n, C,n):

(4.59) |21(v) — z2(0)]| < 1B(v) = B2 (v)]| = IB" (v) = B ()] < .

Hence the inequality in (4.31) is valid for our choices of A, z1, 2z, and we obtain:

@) [ [ (G S S v 6 v)
UnD; JRso Stll_l
(4.60) Xpo,fi(v’ £,v) dVOlS¢li—l (V') d€ dhpr s, (V)

—)\O(U/)/ fm+1(§1jpd_1||31\|,§2,---,gkapd_IHSkH,U) dAr,s, (V)
Un D;

< 5)\0(24/).

Next, by imitating the argument which led to (4.57), and then the argument which led to
(4.55), we obtain

)\O(U,)/ fm+1(§1,/)d_1\|81||,§2,--->§k,pd_1||3k\|av> dA s, (V)
Unm D;

=], dmis (00,7 171(d,,3,(v0), 003 ), - V(@ 5, (v0), w03 ) ) Ao (w0)
(4.61) < e(volsfli_1 U+ xoU')).
Combining (4.55), (4.57), (4.58), (4.60) and (4.61), and adding over all the equivalence classes
U cU® using VOlslli71(u(k)) < vol(S471) « 1 and A\g(UW) < 1, we get

‘/u(k) fm(v0, 07 ' 11(q, 8, (v0),0; ), - -, Vit1(a,, 3, (V0), V03 p)) dAo(v0)

(462) - /Z,{(k) fm+1 (’U0> pdil’rl(qp,ﬁo (’UO)a Vo; p)v s >Uk(qp,,80 (UO)v Vo; p))d)\()(v()) <&

This implies (4.53), since Ag(S¢™ 1 \U®)) <« ¢ (from (4.52)).
Since (4.40) follows from (4.53) and (4.54), the proof of Theorem 4.1 is now complete. [
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4.4. Proof of Theorem 1.1. The generalization of Theorem 1.1 to the case of a general
scattering map and a more general initial condition (g + pB(vo),vo) is as follows. We set

(4.63) B i={(S1,...,8n) € R\ {0})" : ©(S;,S;11)>Be (j=1,....,n—1)}.

Theorem 4.4. Fiz a lattice L = ZMy and a point q, € R?, set a = —qOMgl, and let
B: STt = RY be a C! function. If gy € L we assume that (B(v) + Rsov) N B = O for all
v E S‘li_l. Then for each n € Z~q there exists a (Borel measurable) function Pc(xnp)a : B, — Rxg

such that, for any Borel probability measure A on Sffl which is absolutely continuous with
respect to volga—1, and for any set A € R™ with boundary of Lebesgue measure zero,
1

fl)igb/\({vo € ST (s1(gg + pB(v0), 005 p)s - - -, Sn(do + pB(w0), w03 p)) € p~ "V AY)

(4.64) = / PUL(S1,. ., 8) X (81) dvolga(S1) - dvolga(Sy),
BnnA
where N € Ll(Scllfl) s the Radon-Nikodym derivative of X with respect to Volszli—l. Further-

more, there is a function ¥ : B3 — Rsq which only depends on the scattering map, such
that

n
(4.65) PUM(S1,.. .. 80) = PC5(S1,82) [[ w(S)-2. 55-1,5;)
j=3
for alln >3 and all (S1,...,8,) € B,.

Explicit formulas for Pf)ﬁ and U are given in the proof below. As in (1.12) we define the

probability measure corresf)onding to (4.64) by
(4.66) A (A) = /B » PUL(S1. ... 80)X (81) dvolga(S1) -+~ dvolga(S,).

Proof of Theorem 4.4. By a standard approximation argument, using the absolute continuity
of the limit measure and the assumption that .4 has boundary of Lebesgue measure zero, one
finds that it suffices to prove the corresponding statement for bounded continuous functions,
i.e. to prove that for each bounded continuous function g : R*¢ — R>0 we have

(4.67)  lim g(p?'s1(ao + pB(v0), v0; p)s - -, P80 (g0 + pB(v0), o5 p)) dA (W)

p—0 Sf_l
= / 9(S1,...,8n)PYL(S1,. ... 80) N (81) dvolga(S1) - - - dvolga(Sy):
By
This, however, is a direct consequence of Theorem 4.1, applied with fo(vo, &1, v1, ..., &n, Vy) ==

9(&1v0,&201, ..., £pvp—1). Indeed, substituting {;v;_1 = S in the right hand side of (4.4) in
Theorem 4.1 gives exactly the right hand side of (4.67), with

n n—2
PN 80) = (TTISH)pas(S1. 19111 82) TT pog: (Sii1,lISsall: Sjs2)
j=1 j=1 3

(4.68) X /S . Pog: (S [ISnll, 8) dvolga—: (S)
if n > 2, and
(4.69) PLL(S1) = || /S o, Pap(81,]181]l, 8) dvolgs-1 (5)

1

ifn=1.
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Next we claim that (4.65) holds (for d > 3) if we set

(4.70) (81, S5) = / Do (82.]1521.8) dvolga+(8)
ST S1
and then define
. N . I(S5, S3)
o 1-d )
(4.71) U(S1,82,83) == ||Ss]| Pos; (S2, HSQH’S3)7I(51,52)

if 1(S1,S2) # 0, while setting ¥(S1, S2,S3) = 0 whenever 1(S1,S2) = 0. To prove this claim
it suffices to check

(4.72) PUN(S, ... 80) = PUSV(S1, ..., 80e1) (82, Sno1,50)

for all n > 3 and all (S1,...,Sy) € By.
If I(Sy—2,8n-1) # 0 then (4.72) is clear from (4.68) and (4.71). Now assume I(Sp—2, Sn—1) =

0. The function f : S — Po.g* (Sn-1,]|Sn_1]l,S) is non-negative on all S9! and vanishes
’ §n72

outside the open subset V§n71‘ If d > 3 then f is continuous on V§n71 (see Remark 4.1), so
that I(Sp—2,Sy-1) = 0 implies that f(S) = 0 holds for all § € Vg _; in particular we have
Pé:%(Sl, ..., 8n) =0 as well as ng”(sl, ..., 8n—1) =0, and hence (4.72) holds.

To treat the remaining case, d = 2, it is simplest to first modify the function Pg%
glven by (4.68) by setting it to be zero at any point (Si,...,S,) € B, such that §j+2 =
@1(S’J+1, ,6; (SJH)R ) for some 1 < j < n —2, where Ry € O(2) denotes reflection in

the line RS. (Thls alteratlon only concerns a subset of B,, of Lebesgue measure zero, and
hence it does not affect the validity of (4.64).) Now the proof can be completed as before,
using the fact that when d = 2, the function f considered in the last paragraph is continuous
on Vg  except possibly at the single point S = @1( 1, ,6+ 2(‘S'n_l)RS%l), again by

Remark 4.1. O

Remark 4.5. Note that ,ug:;l)z (A xRY = “E:)LJ,A(A) for every measurable subset A C R™,
This follows from (4.66), (4.68) and (4.69), using (4.3).

Remark 4.6. Recall that for a € R\ Q? the function pa, g(vo, &1, v1) is independent of both
and 3, cf. Remark 2.4. Hence by (4.68), (4.69), the same is true for the function Pg% =: p(),

Remark 4.7. If d > 3 then P(™ is continuous on all of B,,, and if also sup||3]| < 1 then Pc(;%

is continuous on B, for every a € R?. Next suppose d = 2, and let B;, be the following dense
open subset of By:

Bl :={(S1,...,8,) € By : Bg, (82K(S1)) | # (B(S1)K(81)) 1,
(473) §j+2 75 91(§j+17_18§j(§j+1)R ) (j = 1,...,77,—2)}.

Sjt1
Then P™ is continuous on all of B, and if sup ||3|| < 1 then Pénﬁ)_} is continuous on B, for
every a € R%. These statements follow from (4.68), (4.69), Remark 2.4 and Remark 4.1.

4.5. Proof of Theorem 1.3. We now prove the “macroscopic” version of Theorem 1.1, i.e.
Theorem 1.3, in the case of a general scattering map. The precise statement is as follows. Let
B, be as in (4.63).

Theorem 4.5. Let A be a Borel probability measure on TH(R?) which is absolutely continuous
with respect to Lebesque measure. Then, for each n € Zq, and for any set A C R% x R™ with
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boundary of Lebesgue measure zero,

(474)  lim A({(Qo, Vo) € T (6" 'K,) : (Qo, S1(Qy: Vi p): -, Sul(Qy, Vi p)) € A})
= / P(8,...,8,) N (Qp, S1) dvolga(Qy) dvolga(S1) - - - dvolga(S.,),
AN(RE x By,)

with P™ as in Remark 4.6, and where A is the Radon-Nikodym derivative of A with respect
to VOle X VOISd71 .
1

The probability measure corresponding to the above limiting distribution is defined by
(4.75)

W (A) = / P™(Sy,...,8,) N (Qp, 81) dvolga(Qy) dvolga(Sy) - - - dvolga(Sh).
AN(RI X By)

Proof of Theorem 4.5. We will use the same basic technique as in [19, Sec. 9.2]. Note that

by a standard approximation argument, using the fact that ug\n) is absolutely continuous with

respect to Lebesgue measure, it suffices to prove the corresponding statement for continuous
functions of compact support, i.e. to prove that for any continuous function g : R% x (R9)" — R
of compact support we have

/ g(QOvsl(QmVO;p)v"'aSn(Q07V0;p))
(Qo,Vo)eT! (p91K,)

(4.76) xN'(Qg, Vo) dvolga(Qy) dvolga— (Vo) — gdu”
as p — 0. By a further approximation argument, we may also assume A’ to be continuous and
of compact support (keeping A’ > 0 and le(Rd) A’ dvolga dvolgi—1 = 1).

1

Recalling S, (Qy, Vo;p) = p* s, (p~ D Q,, Vo p) where s, is L-periodic in its first vari-
able, the left hand side of (4.76) may be expressed as

/ / {pd(d’“ > 9(p" ', 0" s1(g0,v0: )., P S0(g0, v0i p))

FNK, Jsd-1 qequil
0

(4.77) A (pd1q, vo)} dvolga-1 (vo) dvolga(qo),

where F' C RY is a fundamental parallelogram for R?/£. Because of our assumptions on g and
A’ we have

pd(dil) Z g(pdilqv ai,..., a’n)A/(pdilqv ’UO) - /]Rd g(qv ag,... aan)A/(qa UO) dVOl]Rd(q)
q€qy+L

as p — 0, uniformly over all ai,...,a, € R%, vg € S‘li_1 and q, in compact subsets of R%.
Hence, using also Fubini’s theorem, (4.77) equals

/// 9(a, p* ' s1(qg,v0; ), - - -, P 80 (dg, 005 p))
FJRd Jg¢t
)

(4.78 x A (g,v) dvolga— (vo) dvolga(q) dvolga(gg) + o(1),

where the innermost integral should be interpreted as zero whenever q, ¢ K,. Now by
Theorem 4.4 reformulated in the context of continuous test functions, cf. (4.67), for almost all
(qg,q) € F x R? the innermost integral in (4.78) tends to

(4.79) / 0@, 81, S )P (S, 80) N (q, 81) dvolga(Sy) - - - dvolga(S,,).
Bn

Hence (4.76) follows by applying Lebesgue’s Bounded Convergence Theorem to (4.78) (with
(@0, q) — (sup|gl) [gi-1 A'(q,v0) dvg as a majorant function), and using vol(F) = 1. O
1
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5. CONVERGENCE TO THE STOCHASTIC PROCESS Z(t)

In this section we will prove Theorem 1.2, generalized to the situation of a general scattering
map, and with (g(t),v(t)) being the orbit of the flow ¢; for initial data of the form (q, +

pB(vo), vo).
The probability IP’S;% \(E(t1) € D1,...,E(tm) € D) is defined in a similar way as before:
We again write T := 0, Tp, := > 7, |||, and given any n = (n1,...,num) € ngo we set

(5.1) P, (S(t) € Di,...,E(tar) € Dag and Ty <ty < Tyt s Ty < tar < Do)

1 —_ .
= M$E7£({(S17 7Sn+1) : ‘:nj(tj) € Dj, Tnj < tj < Tanrl (j =1,... ,M)})

~ ~

with n = max(ni,...,ny) and E,(t) = (E;’:l S;+ (t — Tn)SnH,SnH), and with the

measure ME:% , now being given by Theorem 4.4 and (4.66). (Thus ,ufxn%_, ) depends on the

given scattering map and the given function 3.) We then set

(5.2) Pa”&)\(E(?ﬁl) eDy,... ,E(tM) € DM)

= Y PT(E(t) €Dy, E(tar) € Dag and Ty <ty < Tyt s Ty < tar < Do)

Recall that given any set D C T!(R?) we say that ¢t > 0 is D-admissible if (t§1,§1) ¢ 0D
holds for (volgs-1-)almost all S € S471 and we write adm(D) for the set of all D-admissible
1

numbers ¢t > 0.
The generalization of Theorem 1.2 now reads as follows.

Theorem 5.1. Fiz a lattice L = Z%My and a point qo € RY, let X be a Borel probability
measure on Scll_1 which s absolutely continuous with respect to Lebesque measure, and let
B: STt — RY be a C! function. If qy € L we assume that (B(v) + Rsgv) N B = O for all
v E Sil*l. Then, for any subsets Dy, ...,Dy C THRY) with boundary of Lebesgque measure
zero, and any numbers t; € adm(D;) (j=1,..., M),

(5:3) T A(fwo € S0 (0" a(p™ ), w(p” VL) €Dy, =1, M)
= ]P)a“@’)\(E(tl) S Dl, - ,E(t]\/[) S DM)
The convergence is uniform for (t,...,ta) in compact subsets of adm(Dy) x - - x adm(Day).

5.1. Four lemmas. As a preparation for the proof of Theorem 5.1 we will require the following
four lemmas.

Lemma 5.2. Given any t > 0 and € > 0 there exist pg > 0 and N € Z~q such that, for all
P < po,

(5.4) A{vo € ST ¢ Isi]| 4 [Is2ll 4+ ... + lsw]| < p~@7V1}) <,
where s = si(qy + pB(vo), vo; p).

Proof. For t > 0 and N € Z~o we have by Theorem 4.1 (coupled with a simple approximation
argument)

(5:5)  TmA({vo €87 ¢ sl + sl -+ lsnl] < p770E)

= V({(U07£17U17 s 7£N7UN) € 8?71 ><(IR>0 X Scllil)N : Z;\f:lgj < t})a

where v is the measure defined in (4.25). Transforming the integral in (4.25) via (4.1) and
(2.25), and then using the fact that ®4(&, w, z) and ®g(&, w, z) are uniformly bounded by 1,
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we see that (5.5) is bounded from above by

N
d—1\N - d—1\NU
(5.6) vol(B11) é s e e = vol(B)Y
517---751\/ >0
The lemma follows from the fact that this expression tends to zero as N — oo, for any fixed
t>0. O

Given any D C THR?) = R? x S¢7! and § > 0, we write 9;D and NsD for the J-
neighborhoods of 0D and D, respectively, viz.:

(5.7) 05D ={(p,v) eR*x ST : I(py,v1) € ID: ||p; — p| + ¢(v1,v) <3}
(5.8) NsD=DUdD = {(p,v) € R? x 8971 . 3(py,v1) €D ||py — pl| + (v1,v) < ).
Lemma 5.3. Let D C TYR?) and t € adm(D). Then

(5.9) limn vols- 1({S1 eS¢t ¢ (t51,8,) € 9;D}) =

Proof. By assumption the set M = {5’1 € Sﬁlil : (t§1,§ 1) € 82)} has volume zero; hence
for any given € > 0 there is an open set U C S¢~! with M C U and volga—1(U) < e. Then
1

C = {(tg'l,g'l) IS S4=I\U} is a compact subset of T!(R?), disjoint from 9D. Since
ID is closed, there is some Jg > 0 such that [[p; — po + ¢(v1,v2) > do for all (p;,v1) € C,
(py, v2) € OD. Hence for each § < &, the set My = {S; € si=1 . . (t81,81) € 05D} is contained
in U, and volsfli 1(Ms) < volsfli 1(U) <e. O

Lemma 5.4. Given anyn > 1,t > 0 and € > 0, there exists some § > 0 such that, for every
measurable subset D C R x S¢=1 with [volga x volga—1](D) < 6,
1

[(volga)" x volgs-1] ({(51, o), Sns1) € RM x 891 Z 1Sk < t,

(5.10) (Z Sy + (t—ZHSkH) il nﬂ) e D}) <e

Proof. We may assume t > 0 since otherwise the left hand side of (5.10) is zero. Let us first
treat the case n = 1. Set

(5.11) U; = {(Sl, gg) S Bg X S({l_l . S, ¢ Rzogg}
and let ©; be the map
(5.12) 0;: Uy —» REx S (81,89) — (81 + (t —||S1]))S2, S2).

Then since B x S~ \U; has measure zero, the left hand side of (5.10) equals vol(0;1(D)),
where we write vol := volga X VOIS?—l. But one verifies that O, is a diffeomorphism from U;

onto B x S¢71. Hence volo®; ! is a bounded measure on R? x S¢~! which is absolutely
continuous with respect to vol. This implies the desired claim (cf. [24, Thm. 6.11]).
In the remaining case n > 2, the left hand side of (5.10) can be expressed as

(5.13) % o1 5 e vol( ( Z S, )) dvolga(S1) - - - dvolga(Sp_1),
Tno1<t

where D — q := {(p — q,v) : (p,v) € D} (also recall T,,_; := E;:l |S;ll). Hence it suffices

to prove that for any given €1 > 0 we can choose § > 0 so small that for every measurable

subset D C R? x 8971 with vol(D) < & and for every t' € (0,t], we have vol(@gl(D)) <ep. To

prove this, for ¢’ so small that vol(Uy) < &1 we use the a priori bound vol(©,'(D)) < vol(Uy);

the remaining ¢'-interval can then be treated using the above discussion of volo ©; ! together
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with the relation @;1 = Ly 0 @;1 o Ly where Ly : R? x Sﬁlil — R4 x S‘ffl is the map

(p,v) = (2p,v). O
Given any n € Z% and subsets D},..., D), C TH(RY), we set n = max(ni,...,ny) and
(5.14)

An( iv)DE\/[) = {(‘S’lv"'vsn-l-l) : Enj(tj) € D;a Tnj Stj < Tnj-l—l (] = 1)"'>M)}7
a subset of R(+1)d,

Lemma 5.5. Let Dq,..., Dy and tq,...,ty be as in Theorem 5.1, and assume furthermore
that each set D; is bounded. Then for each n € Z% and € > 0, there exists a choice of subsets

D;, D} C TY(RY) with D, CD;CDj (j=1,. ... M), such that the following holds:
(i ) There is some 6 > 0 such that NsD’; C D; and NsD; C Dj.
1 n+1 n+1
) K AD D)) — < W D1, Dur) < WDy D) +
(iii) Both An (D, ..., D)) and An(DY,...,DY,) have boundaries of Lebesgue measure zero.

Proof. Given any § > 0 we let F; be the family of all cubes of the form C' = ém + [0, 6]%
with m € Z%, and fix F» to be a finite family of closed subsets D C Sﬁl_l with diameter < §
(with respect to the metric ¢) and boundary of measure zero, such that Upez,D = S 1.
Let F be the family of all sets B = C' x D C TY(R?%) with C € F; and D € F,. Now for
each j € {1,..., M} we define D;- as the union of all B € F with V3B C Dj; and define
Dj as the union of all B € F with B N NsD; # 0. Note that both these unions are finite,
since D; is bounded, and (i) holds by construction. Also note that D; \ D C J(442)sD; and
’D}l \ Dj C 8(d+2)52)j.

We now prove that (i) holds provided that ¢ is sufficiently small. Every (Si,...,8,41) €
An(D1,...,Du) \ An(DY, ..., D)) satisties Ep;(t;) € D; \ Dj for some j, and hence, using
also Remark 4.5 repeatedly,

Ko (An(Dr- Pa) \ An(DS, ... D))

M
n;j+1 n; —_

(5.15) <> p V({81 Snyr1) € RV L E, (1) € Oa10)5D;s, Ty < 5}).

j=1
For any j € {1,..., M}, if n; = 0 then (via (4.69)) the jth term in the above sum equals
(5.16) /\({gl S Stli_l : (tj‘/gl,gl) S 8(d+2)5Dj}),
which tends to zero as 6 — 0 by Lemma 5.3. On the other hand if n; > 1, then the jth term
(nj+1

a’B’A

(5.17) @ :R%%x R\ {0}) = R x S1  (S1,...,80:1) — (S1,-.., 80, Snt1),

in (5.15) equals p )(w_l(/\/l)) where w is the projection

and M is the same set as in the left hand side of (5.10), with n;, t; and J¢419)5D; in place of

n, t, D. Now ugl][;r; ) o w1 is a Borel probability measure on R™%% x Sﬁl_l which is absolutely
continuous with respect to (volga)™ X volga-1. Also
1

(5.18) [VOle X Volszlifl] (8(d+2)5Dj) — 0 as 0 — 0,
since D; is bounded and has boundary of measure zero. Hence by Lemma 5.4,
(5.19) po (@ (M) — 0 as §— 0.

In conclusion we see that for ¢ sufficiently small, the sum in (5.15) must be < ¢, so that the
second inequality in (ii) holds. Similarly, using D} \ Dj C 0(442)5D;, one proves that also the
first inequality in (ii) must hold for ¢ sufficiently small.
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The property (iii) is proved in a similar way, making use the fact that each set D;- and
D}’ is a finite union of sets B € F, and that, by construction, each such set B satisfies

VOlS¢lifl ({3'1 e sit . (tS1,81) € OB}) =0 and [volga x volslffl] (0B) = 0. O]
5.2. Proof of Theorem 5.1.

5.2.1. Convergence. Note that both sides of (5.3) remain unchanged if we replace D; with
{(g,v) € Dj : ||q|| < t;j + 1} for each j = 1,..., M. Hence from now on we may assume
without loss of generality that each set D; is bounded. Writing vy, = vi(qo + pB(vo), vo; p),
5t = 5k(do + pB(v0), v0; p) and T = To (o + pB(vo), vo; p) = p* T, 18, the left hand
side of (5.3) may be expressed as lim,_g Znez% A(Sn,p), where

j
Snp={vo €817+ (0" a0+ p"B(v0) + D 0" s + (15— Ty 0, vm, ) €D,

k=1
(5.20) Ty, <t; < Tp1 (j = 1,...,M)}.
The right hand side of (5.3) is, by definition,
(5.21) Pagr(E(t) € Di,... . E(ty) €Dar) = . nU 5N (An(Dr,..., Dar)).
nEZJgIO

By Lemma 5.2, for any given & > 0 there is a finite subset S C Z2{ such that Znez%\s A(Sn,p) <

¢ holds for all sufficiently small p > 0. Hence to prove (5.3), and also deduce that the sum in
(5.21) is indeed convergent, it suffices to prove that for every fized n € Z]g[o, we have

(5.22) 0 A(Sn.p) = figr 5 (An(Dr -, D).

To prove (5.22), let € > 0 be given. Take D}, D} C T!(R%) and & > 0 so that all the claims

in Lemma 5.5 hold. By Lemma 5.5 (i), if p > 0 is so small that ||p?1q, + p?B(vo)|| < § for
all vg € S‘f_l, then

{'U(] € Silil : (817"'7Sn+1) € p_(d_l)An( /17 7D;\/[)}

(5.23) C Snyp C{vo €S§7 1 (51,...,8041) € p TV AL(DY, ..., D)}

Hence by Theorem 4.4, using also Lemma 5.5 (ii) and (iii), we have

(5.24) lin 5up A(S,p) < pE N (A(DY, D)) < nEER (An(D1,..., Dar)) + &
p—

(5:25)  Hminf ASn,) > a3 (An(Df o D)) > 53 (An(D1,.. Day) — =

Since this is true for each € > 0 we have now proved (5.22).

5.2.2. Uniformity. We now turn to the statement about uniformity in (5.3). By similar ar-
guments as above one proves that the right hand side of (5.3) is continuous as a function of
(t1,...,tar) at each point of adm(D;) X ... x adm(Dyy). Hence the desired statement about
uniform convergence for (¢,...,ty) in compact subsets of adm(D;) x ... x adm(Dpy) will
follow if we can prove that

(5:26) lim A({vo € ST+ (0" a(p™ " Vt5(0)), 0 (T () €Dy G =1, M)

=PapsA(E(t1) € D1, E(tm) € D).

holds for any functions t;(p) from Rsg to Rxg satisfying t; = lim,_ot;(p) € adm(D;). By
Lemma 5.2, we see that it suffices to prove that (5.22) holds for any fixed n € Z% and with
Shn,p redefined using (5.20) with each “t;” replaced by “¢;(p)”.
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To this end, let us define £, to be the set of those vy € Sﬁlil for which there is some j such
that exactly one of the two numbers ¢;(p), t; lies in [Tnj,TnjH). The point of this is that if
we keep p > 0 so small that ||p?~ g, + p?B(vo)|| + |t (p) — t;| < 6 for all j and vy, then for our
redefined Sy, , the inclusions in (5.23) can only fail for vectors vy € £,. Now lim, o A(€,) = 0,
as we see by applying Theorem 4.4 to the sets

(5.27) As = Uj]\il Uke{n; n,+11\{0} {(Sl, oo, Sha1) € R0 Ty € (tj —0,t; + 5)}

for § = 1,1, é, .... (Indeed, note that lims . /,Lf:z;l/\) (As) = 0, since ngg&) is bounded and
absolutely continuous with respect to (volga)"*1.) Using these observations, the proof of

(5.22) carries over to the present situation. This completes the proof of Theorem 5.1. (]

5.3. A counterexample. We now give an example to show that the condition t; € adm(D;)
in the statement of Theorem 5.1 (or Theorem 1.2) cannot be disposed with. Suppose M =1,
t1 >0 and Dy = Bfl X S‘f_l. Then as in the above proof we have

(5.28) STNSmy) = S HEEN (A (D1)  as p— 0.

n>1 n>1

However, in general we have

(5.29) AS0),p) 7 #a A1)  as p—0.

Indeed, there are many choices of gy, 3 and \ such that p?~!q, + p?B(vo) + t1vg € Bfl holds
for all sufficiently small p > 0 and all vy in the support of A, and in this case we have

(5:30) A(S(0),,) = AM{vo € ST = (0" qq + p?B(vo) + tivo, vo) € Dy, sl > p~ 11 })

= A{wo €8I+ p* (g + pB(w0), vo; p) > t1}) — /OO Do, p(§) dE,

t1

where a = —qOMo_l, cf. [19, Cor. 4.2]. This limit is in general non-zero. On the other hand we
have A (D1) = 0 since (t,81,81) ¢ D for all Sy € S9=1 and this proves (5.29). Combining
(5.28) and (5.29) we see that the limit relation (5.3) fails for our M = 1, Dy, t; and many
choices of g, 3, A

Note that we may take B8 = 0 above, i.e. there are many choices of g, and A such that
p gy +tivg € Bﬁ holds for all sufficiently small p > 0 and all vg in the support of A; thus
the above example applies in particular to the situation in Theorem 1.2.

5.4. Macroscopic initial conditions. Finally we discuss the proof of Theorem 1.4, again
in the setting of a general scattering map. (The statement of the theorem remains the same.
In the definition of the limiting stochastic process we use ufc) from (4.75).)

The basic strategy of the proof is to mimic the proof of Theorem 5.1 given in sections
5.1-5.2, using Theorem 4.5 in place of Theorem 4.4. We will here only point out the main
differences.

Both Lemma 5.3 and Lemma 5.4 can in the present case be replaced by the much simpler

Lemma 5.6. Given anyn >0, t > 0 and € > 0, there exists some § > 0 such that, for every
measurable subset D C R? x SI~1 with [volga x volga—1](D) <6,
1

n
[(volga)" x volga-1] ({(QO,Sl, S Bn) ERT R 5L SIS <,

(5.31) (Qo+>"Sk+ (=D ISk)Sns1,80i1) € D}) <2
k=1 k=1

Proof. By Fubini’s Theorem the left hand side is equal to [VOle X VOlSd—l] (D) times a finite
1
constant which only depends on n and t. U
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We replace the definition (5.14) by

(5.32)
An(Dy, ..., Dy) = {(Qo,S1,...,8ny1) : Bn,(t;) €D}, Ty <tj <Tpyq1 (j=1,...,M)},

a subset of R% x R("+Dd_ (Recall that =, (t) is now given by (1.28).)

Now Lemma 5.5 and the discussion in Section 5.2 carries over with only few and obvious
changes. By a simple approximation argument we may assume from the start that A has
compact support; using this we may then also assume without loss of generality that each set
D; is bounded, as before. The proof of the convergence (Sec. 5.2.1) takes a somewhat simpler
shape in the present case, since (5.20) is now replaced by the exact identity

(5:33)  Snp={(QuV0) €T'("'K,)  (Quy s, Sus1) € An(Di,-.., Dar) .
with Sj, = S(Qq, Vo; p)-

6. A CONTINUOUS-TIME MARKOV PROCESS

As mentioned in Section 1.3, the operator L; describing the dynamics of a particle cloud in
the Boltzmann-Grad limit does not form a semigroup, and thus the stochastic process Z(t) is
not Markovian. To overcome this difficulty, we set

(6.1) X ={(Q,V,T,V,) e T'(RY) x Ryo x S{7! : o(V, V) > Bo}
and extend phase space by the map

(6.2) R:T'(p"'K) —» X, (QV)— (Q,V,T,V,),

where

(6.3) T=T(Q.V)=51Q,V;p)

represents the free path length until the next scatterer, and V. = V(Q, V) is the velocity
after the collision.

For random initial data (Qg, V), distributed as before with respect to an absolutely con-
tinuous probability measure A, the dynamics in this extended phase space is again described,
in the limit p — 0, by a stochastic process Z (cf. Theorem 6.1 below) which is Markovian
(Proposition 6.3).

6.1. Transcription of Theorem 1.4. Set
6.4) X ={(Qp,v0,&1, ..., &, vn) € THRY) x (Rsg x STH)"
: p(vj_1,vj) > Be, j = 1,...,n}
(thus X = X) and define the volume measure o,, on X by
(6.5) don(Qo,v0,&1,- -, €n, Un) = dvolra(Qp) dVO].S?—l('vO) déy -+ dé, dVOlS?—l(vn).

Given a probability density f € L1(X,01) we define for every n > 1 the probability measure
V](cn) on XM by

n—1
(66) Z/J(fn)(A) = /Af(QO’UO’é.l”UI) H pou@jj,l (Uj>§j+17vj+1) do—n(QOa’lJOaglv s 75717”71)7

=1

for any Borel subset A ¢ X . We will use the shorthand notation T), = & + ...+ &,. Let us
define

(1)

(6.7) n(t) = <QO + Z §jvj-1+ (t = To)vn, vn, Tny1 — t, Un—l—l)-

J=1
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The stochastic process é(t) is now characterized via the probability

(6.8) P;(Z(t1) € Dy,...,=(tm) € Dur)
=Y PMEn) eD.....E

M
nGZZO

,E(tm) € Dy and Ty, <t < Ty -5 Ty < tar < Topyt1)s

where D; C X are Borel subsets, and

(6.9) P (E(t1) € Di,... . E(tar) € Dag and Ty <ty < Topsts- -, Ty < tar < Tpy41)
= I/J(cn+1)({(Q07’Uo,£1,'U1 7§n+1avn+1) : én](t]) S D]a Tnj S t] (] - ]-7 7M)})7

with n := max(ni,...,ny). Note that we have automatically ¢; < T}, 11 in the right hand
side of (6.9), by the definition of X', and the subset corresponding to ¢; = T},,11 of course has

measure zero with respect to V}HH).

The following theorem is an extension of Theorem 1.4. Set F, := Ro F, : TH(p?1K,) — X.

Theorem 6.1. Fiz a lattice £ and let A be a Borel probability measure on T'(R?) which is
absolutely continuous with respect to Lebesgue measure. Then, for any ti,...,tym € R>o, and
any subsets D1, ..., Dy C X with 01(0D1) = ... = 01(0Dy) =0,

(61()) })E%A({(Qm VO) € Tl(pd_llcp) : E1 (QO> VO) € Dla cee >ﬁ’tM (QO> VO) S DM})

= Pf(é(tl) eDy,... ,é(tM) S DM)

where
(611) f(Q7V7§7V+) = A/(Q,V)p(V,f, V+)7
for p(V £,V 1) as in Remark 2.4. The convergence is uniform for ti,...,ty in compact

subsets of R>g.

Proof. This is analogous to the proof of Theorem 1.4, using in place of Theorem 4.5 the fact
that, for any subset A ¢ X™ with o, (0.A) = 0,

;E%A({(QO7 VO) € Tl(pd_llcp) : (QO7 V07 pd_lTl(pl_dQ07 VO) P)7 vl(pl_dQ07 VO) p)7 HE)

(6.12) P (0 Q0. Vi p), v (0" 'R, Vo p)) € A})

n—1
= /';lp(v07€17v1) Hp07ﬁ:;‘j_l(vj7§j+1uvj+l)A/(QO7v0) dO'n(Q07UO7§17...7§n,Un).

j=1

The proof of this statement is almost identical to that of Theorem 4.5, with Theorem 4.4
replaced by Theorem 4.1.

The second main ingredient of the proof of Theorem 6.1 is a substitute of Lemma 5.6, which
we formulate as follows. Given any n > 0, t > 0, € > 0, there exists some § > 0 such that, for
every measurable subset D C X with o1(D) < 4,

(6.13) Jn+1<{(Q0,v0,£1, e i, Ung1) € XD LB ) €D, T, < t}) <e.

To establish (6.13), note that the left hand side equals

n

(6.14) —volga1(Ve,)" o1 (D).
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6.2. A semigroup of propagators. We write L} (X, 07) for the space of measurable func-
tions f : X — R satisfying fc‘ f‘ doy < oo for any compact subset C C X. In order to show

that é(t) is a Markov process, for each ¢ > 0 we introduce the operator

(6.15) K :LL (X,01) = LL.(X,01)
by the relation
(6.16) /D K Q. V.6.V4)do(Q. V.6, V) = Py (E(t) € D)

for every f € LL.(X,01) and every bounded Borel subset D C X. The right hand side of
(6.16) is defined by extending the definition of Py in (6.6), (6.8), (6.9) for f € Ll (X, 01):

Note that for a given f € LL _(X,01), (6.6) defines l/](cn) as a signed Borel measure on any

bounded open subset of X (), and then (6.8), (6.9) define D — ]P’f(é(t) € D) as a signed Borel
measure on any bounded open subset of X. Since this signed measure is absolutely continuous
with respect to oy, there exists a unique K,f € L{ .(X,01) such that (6.16) holds for each
bounded Borel subset D C X. R

If f € LY(X,01) then D — P¢(Z(t) € D) is in fact a signed Borel measure on all of X, of
total variation < ||f||;1. Hence the restriction of K; to L!(X, ;) maps into L'(X,07), and
gives a bounded linear operator on L!(X, ;) of norm < 1.

Note that K; commutes with the translation operators {Tg : R € R},

(617> [TRf](Q7V7£7V+) = f(Q_R)V>§¢ V+)7
and with the rotation operators {Rx : K € O(d)},
(618) [RKf](Q7V7§7V+) = f(QK7 VK7§7 V+K)7

cf. Remark 4.2.

Proposition 6.2. Suppose that the flow F; preserves the Liouville measure v (cf. Remark 2.3).
Then the function f(Q,V,£, V1) =p(V,§, V) satisfies

(6.19) Kif = f

for allt > 0.

Proof. Eq. (6.10) implies that for any bounded set D with boundary of Lebesgue measure zero,
(6.20) v({(Qo, Vo) € T (p?'K,) : Fi(Qq, Vo) € D}) — P4(E(t) € D)

as p — 0, with f as assumed above. The Fj-invariance of v implies that the left hand side of
(6.20) equals

(6.21) v({(Qy, Vo) € T'(p"'K,) : (Q, V0, T(Qy, Vo), V+(Qq, Vo)) € D}),
for all ¢ > 0, and hence

(6:22)  Py(E(t) € D) =P4(E(0) € D) = (D) = /D FQ. V.6, V,)do1(Q, V£,V ).

Hence by (6.16), K;f = f € L, .(X,01). O
Using (6.16) we can write, more explicitly,
(e e}
(6.23) K=Y K",
n=0
where

(6.24) /D K™ £1(Q, vn, Eni1s Vni1) dvolga(Q) dvolgs—1 (vn) dp 11 dvolga— (vp1)

= V}nﬂ)({(Qo,anbel e &g, Ung1) 1 En(t) €D, T, < t}).
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So in the case n = 0,

(625) [Kt(O)f](Qa Vo, 57 'Ul) = f(Q — tvg, v, & + 1, 'Ul)v

and for n > 1,

(6'26) [Kt(n)f](Qv ’Un,f, anrl) = /T < f(Q - <Z§jvj1 + (t - Tn)”n)ﬂ)Oagla vl)
n< j=1

x H Pogy,_, (05 &i41, 1) dvolgams (v0) € - - dvolgg- (vp—1) dén

with the shorthand &,y := £ +t — T,. We remark that when restricting K; and Kt(n)

to L1(X,01), the right hand side of (6.26) can be estimated from above as in the proof of

Lemma 5.2, yielding

| _ trtvol(B{ !
LS (n—1)!

and hence the sum (6.23) is uniformly operator convergent on L'(X,a1).

(6.27) HK for n > 1,

The following proposition implies é(t) is Markovian.

Proposition 6.3. The family {K; : t > 0} forms a semigroup on Li (X,01), and a contrac-
tion semigroup on L1(X,01).

Proof. Note that, for f € Li (X,01),0<s<t,0<m<n,

[Kt(:zs_m)Ks(m)f](QaUnagavn-f-l) = / T, <t f(Q_ (Zgjvj—l + (t—Tn)’Un>,U0,£1,’U1>
j=1

TmSS{Tm-‘—l
(6.28) X H Posy | (v5,&j41, vj41) dvolga-1(vo) d€s -+~ dvolga-1 (vn—1) dé,

and for m =n > 0,
(6.29) [ K™ f1(Q. v, € vni1) = / f<Q - (ijvj—l + (- Tn)”n)a”Oaﬁla”l)
Th<s j=1

X H Pogy, (97:&541,v541) dvolga-1 (v9) déy -+ dvolga—1 (vn—1) dép.

Therefore

(6.30) Z K n-m K(m) Kt(n)

and thus

(6.31) K, K Z K™ K| Z Z K"TMEREM = K,

m,n=0 n=0m=0
This proves the semigroup property.

We now consider the action restricted to L'(X,o1). Since we have already noted that
| K¢|j;1 < 1 for all ¢, it only remains to prove that for any given f € L'(X,0q) the map
Rsg 2 t +— K;f € LY(X,01) is continuous. In view of (6.23) and (6.27) it suffices to prove
that the map t — Kt(n) f is continuous, for each n > 0. This is clear for n = 0, thus we now
assume n > 1. Given any s > 0 and h > 0 we split the integral (6.26) for t = s + h as

(6.32) KW f=1+1D,
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where I; corresponds to &1 < h and Iy corresponds to & > h. Repeated use of Remark 4.4
gives

(6.33) e < /X L f@vevilm@y.ev.)

Furthermore, (6.28) with m = 0 gives I = KM [K(O)f], and hence
(634) K7 - KEOF| < 10l + [|ED A1 = D) < M+ (15577 = £ =0
as h — 0T, uniformly with respect to s > 0. This proves the desired continuity. O

6.3. The Fokker-Planck-Kolmogorov equation. We will now derive the Fokker-Planck-
Kolmogorov equation of the Markov process é(t)

We introduce convenient spaces of continuous functions on X and R>¢x X as follows. Recall
the definition of J(v1,v2) in Remark 2.5; we consider J as a function X — R-q by letting
J(Q,V,6,V,):=J(V,V,). We also write Q = (Q1,...,Qq) € R%. Now set

HfHJ = supy|f|/J (for f:& —R);
={feCX) : |Ifls <o}
(6.35) ( = {f € Cy(X) : 9. f,00,f.---,0q.f, 0cf € Cs(X)};

Cy(Rxo x X):={f € C(Rxp x X) : supyepo,rllf (¢ )|l < o0, VT > 0};
Ch(Rsg x X) := {f € Cr(R>o x X) = Ouf,00,f,00,f,--.,00,f,0f
€ Cy(Rxo x X)}.
If d = 2 then we impose from now on the following extra assumption on the scattering map:

(6.36) V1 (@) # 95(p) for (Lebesgue-)almost every ¢ € (=5, %),

where 91,92 are defined via (2.21). This assumption is always fulfilled in the case when the
flow F} preserves the Liouville measure (cf. Remark 2.3).

Theorem 6.4. For any fo € CL(X), the function f(t,Q,V,£,Vy) = Kifo(Q,V,£,V )
belongs to CL(Rsq x X) and is the unique solution in CY(Rsg x X) of the differential equation

(6.37) |0, +V -Vg-— 84 ft,Q,V,§Vy)

" F(t,Q,00,0,V)pg i V€,V 4) dvolgs-1 (vo)
with f(07Q7 Vaga V+) = fO(Qv V7£7 V+)

Remark 6.1. The equation (6.37) can also be expressed as

(638) atf(tanvaga V+) = [Zf(t>)](Q>V7£7V+)
where the operator Z (acting on functions on X) is defined by

L Q0 0.V I, (V6 V) ol ().

Thus on a formal level we have K; = e!Z.

To prepare for the proof of Theorem 6.4 we first establish a series of lemmas. For any
v € 8¢ and ¢ > 0 we write Ns(v) for the closed d-neighborhood of v in S{!, i.e.

(6.40) Ns(v) = {w €S9 : p(w,v) <6}



46 JENS MARKLOF AND ANDREAS STROMBERGSSON

Givenn > 1 and v,, € S‘ffl we write
(6.41) V= {(vo, ..., v 1) € (83" 1 @(v;,v541) > Be, j=0,...,n—1}.
The point of this is that the integrand in (6.26) vanishes for all (vo,...,v,—1) outside V,[,TZ}

Lemma 6.5. Given n > 1, ¢ > 0 and v9,v% , € S{=1 with e(v9,v% ) > Be, there
exist some & > 0 and a compact subset D C manNg(vg)V’l[Zz] such that for all v, € Ns(vY),
Vpt1 € N5(v0,4), the following holds:

i vnyanrl) > B@;

(ii) / HJ U],'U]_|_1)dVOISd 1(vg) - - - dvolga—1(vy—1) < &;
VD 20 !

(iii) of d = 2 then Be, (vj1K(vj))L # (B,J,rj_l(vj)K(vj))l for all j € {1,...,n} and all
(voy...,vp—1) € D.

Proof of Lemma 6.5 if d > 3. Note [, J(v',v) dvolstliq(v/) = vol(B{™1) (cf. (2.25)(2.28));

thus the integral in (ii) with D = ) is absolutely convergent. Note also that if K € SO(d) is
any rotation with v, K = v?, the left hand side in (ii) can be rewritten as

(6.42) J(vn,'vnH/ (HJUJ,vJH) (vn,l,vg)dvolstli_l(vo)---dvolS?_l(vn,l).

\DK

Now we may fix a compact subset D C V[O} such that (ii) holds when v,, = v? and v,;1 =

v% ., and then by continuity we may choose & > 0 so small that (i) and (ii) hold for all
v, € ./\fa(’U ), Unt1 € /\/5( n+1) O

Proof of Lemma 6.5 if d = 2. First take § and D as in the previous proof; it then suffices to
show that we can make (iii) hold by removing an open subset of arbitrarily small (volg; —)volume
1

from D and possibly shrinking 9.
First consider j = n in (iii); to deal with this case it suffices to prove

(6.43) 31 volsi (U(vn,vnﬂ)em(vg)x/\/(;(vgﬂ)s””’”"“) =5

where

(6.44) S wnir = {Vn-1 € Vo, : Be (Vnt1K(vn)) 1 = (B (vn)K(vn)) L}
Set Ky := (°%0,5in0): then (6.43) will follow if we can prove

(6.45) lim volg, (UMS&(UWW%( o )Svn,le)Kg) 0.

Here the inner union equals (cf. Remark 4.1)

(6.46) {vn-1 € Vg + O1(e1, =By scun)(€1)Rey) € Nas(vp 1 K (v))) ],

where Re, = ((1) _01) is the reflection in the line Re;. Since (6.46) is a closed subset of Vo for
every 0 > 0, it suffices to prove that the volume of (6.46) tends to zero as § — 0; and since
O1(ey,-) is a C! diffeomorphism, this will follow if we can show

(6.47) lim volg ({V € Ve, = By (e1) €NG(W)}) =0, YW € sit.
But for V' = —(cos p)e; + (sin p)es with || < m — Bg we have, by a computation,

(6.48) By (e1) = (cosv(p))er + (sinv(p)ez with v(p) = (97 (9)) — ¢,

where 97! and 95 are as in Remark 2.3 and Remark 2.5 (thus the function v(y) is C! for all
|| < ™ — Bg). Now, by (6.36), the set {+/(¢) = 0} has Lebesgue measure zero. This implies
(6.47), and hence also (6.43).
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Next, to deal with the case j =n — 1 (thus n > 2) in (iii), it suffices to prove

(6.49) lim vol?, (UvneNé(v%)S,,J —0,

where

(6.50) Sy, = {(vn_9,v0 1) €V : B (vaK (vn 1)1 = (BE (00 1)K(vn1))L}.

However, (6.49) follows from the fact that S0 is a closed subset of V[QO} with volgi(Vg) =0,

v n
using rotational invariance in a similar way as in (6.45).
Finally, the case j < n — 2 is easy, since

(6.51) VOl?S)%({(’Uj_l,’Uj,'Uj_}_l) € (S1)® ¢ (Wj—1,v5) € Sy, }) =0,
with Sy, defined in analogy with (6.50). O
Lemma 6.6. If fo € C;(X) then the function f(t,Q,V,&, Vi) = K fo(Q,V,£, V) belongs
to CJ(RZO X X)

Proof. From (6.26) we obtain, using Remarks 2.5, 4.3 and the fact that 0 < &g < 1,

t" a
|[Kz€(n)f0](vin7£7vn+1)| < ||f0||J_|/ HJ(vjvvj-f-l)dVOlSd*l(UO)"'dVOISdfl(Un—l)
n Jynl 1 1

vn ]:0
t" _
(6.52) = ||f0||Jﬁvol(Bf DI (v, vng1), Vn > 1.

From (6.25) we see that the same bound is also true for n = 0. It follows that the sum
(K1 fol(Q,vn, &, Vpy1) = EZOZO[Kt(n)fO] (Q,vn,&,vy41) is uniformly absolutely convergent for

d—
t and (v, vp41) in compacta (and Q, € unrestricted), and we have || K; fo||; < et VoI5 1)HfOHJ
for each t > 0. It now only remains to prove that f is continuous on R>y x &', and for this

it suffices to prove that each function Kt(n) fo is continuous on R>o x X. The case n = 0 is
trivial, thus from now on we fix some n > 1.

Let (tO,QO,vg,go,ng) € R>p x X and € > 0 be given. Let 6 > 0 and D C Vgé] be as
in Lemma 6.5, with HfOHEIWE in the place of . By (6.26) and the bounds leading to

(6.52) we then get that, for all (t,Q, vy, &, vp11) € Rog x X with t <0+ 1, v, € Ns(v)) and
Vnt1 € Ns5(v0,,), the value of [Kt(n)fo](Q,vn,g,vnH) differs by at most & from

Kgfifo(Q,vn,ﬁ,vnH) = / <t/Df0 (Q - (D gvja+(t- Tn)vn)>U07£17U1>
n< j=1

n
(6.53) X Hpo,:@i];l (’Uj, fj_|_1, Uj_|_1) dVOlslli71 (’Uo) cee dVOlS¢li—l (Un—l) dfl s d&n
j=1

By Remark 4.1 (using Lemma 6.5 (iii) if d = 2), the integrand in (6.53) depends jointly continu-
ously on all the variables (£1,&2,...,&,) € (R>0)", (vo,...,vn—1) € D and (t,Q,v,, &, Vnt1) €
R>o x X, so long as T, < t, v, € Ns(v)) and v,,11 € /\/’5(U9Z+1). Hence since the domain of
integration in (6.53) is compact, we have for all (¢, Q, vy, &, Vpt+1) € R>o x X sufficiently near

(to) Qoa v?p 507 v?z—}—l):

(654) |K(Dn73§f0(Q7 Un, 67 anrl) - K(DriiOfO(QO7 v%v 607 v2+1)‘ <g,
and thus
(6.55) 1K 1)@, 0, &) = K Jo)(QC, 05, €, 06| < 3e.

Hence [Kt(n) fol(Q,vn,&,vp41) is indeed continuous, since € > 0 was arbitrary. O
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Lemma 6.7. If fo € CL(X) and f(t,Q,V,£, V1) = K fo(Q,V,&, V), then the derivatives
0q,f (1=1,...,d) and O¢f all exist and belong to C;(R>o x X).

Proof. We start by considering OgKt(n) fo. First assume n > 2. To differentiate (6.26) with
respect to £ we first move the integral over £ to the innermost position; this integral will
then appear as fot ~Tom L d&y where T ,, := 2?22 &;, and it may be differentiated with respect
to € by using the differentiability assumption on fy and the fact that poﬁin,l(vn’ S Unt1)

depends continuously on its second argument (except when d = 2 and B, (V41K (vy,)) L =
(B (v,)K(v,))1). Hence we obtain, at least formally:

Un—1

[8§K fO](Qavn7£7UH+1)

:/v["] éQM&QOfo(Q ngvg 1= (t = T2.0)Vn, v, 0, Ul) Hpom (5, €541, v541)
v Ton<

XpO,,@{‘,'n71 (’Un, E+t— T2,n7 'UnJrl) dgy ... dgn dVOISfli—l (UO) T dVOlsf—l (vnfl)

n—1

/ ém 20 ( —(t =Ton)v ngvg 1,00, T2nu'vl> HP05+ (95, &1, v541)
7=1

(6.56) XPogs ('vn, &, Vpy1)ds ... dE, dvolsllzfl (vg) - - dvolstliq (vp—1)

n
+ /v["] /1,...,§n20 |:(Un —vg) - Vaqfo+ 3§f0} <Q - <Z§jvj—1 + (t — Tn)”n)a”Oaﬁla”l)
vn Th<t j=1
X Hpo,g; ) (0,541, Vj1) A1 - .. A€y dvolga—1 (vo) - - - dVolga—1 (Vp—1).
. J—

Here 0 fo and all components of Vg fy lie in C;(X), since fj € C%(X); hence as in Lemma 6.6
one shows that the right hand side of (6.56) is a continuous function of (t,Q,vn,§, Vnt1) €
R>p x X. Now to validate the formula (6.56) it suffices to prove that (6.56) holds true after
integration with respect to & over an arbitrary finite interval [a,b] C R>p, and this is easily
verified using Fubini’s theorem. The case n > 1 is very similar, and the case n = 0 1s trivial.
From (6.56) and its analogues for n = 1, 0, one obtains a pointwise bound on 85K f similar
o (6.52), involving || f||s, |0¢f|l; and ||8Q]f”] for j = 1,...,d. This bound immediately

implies that O:f =>.,°, 8§Kt(n) fo, with uniform absolute convergence on compact subsets of

X, and O¢f € Cj(R>o x &), as desired.
The proof of dg, f € C;(R>g x &) follows the same steps but with simpler formulas; in fact

00,5 fo = K™ g, fo holds for each n > 0. O

Lemma 6.8. If fo € CL(X) and f(t,Q,V,£,V ) := K fo(Q,V,£, V), then also O,f exists
and belongs to Cj(R>o x X), and the equation (6.37) holds throughout R>g x X.

Proof. Fix any point (£,Q,V,{, V1) € R>g x X. Using Ky, = K, K; and the bound (6.52)
(with & in place of t) added over all n > 2, we get as h — 0*:

(6.57) ft+hQ.V.& V) =Y [K\VKifo(Q.V,E V)
n=0

h
=f(t,Q—hV,V,§+h,V+)+/O/V F(1.Q — (€100 + (h— €)V), 00,60, V)

X pomo(v, €+ h =&, V) dvolga (vo) déy + O(h?).
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Using f(t,-) € CL(X) (cf. Lemma 6.7), and treating the integral term with a continuity
argument as in the proof of Lemma 6.6, we get (cf. (6.39))

(6.58) =ftQ, V&, V) +h[Zf(t,)(Q,V,§V i)+ o(h).

A similar argument shows that the function [Zf(t,-)](Q,V,&, V) lies in C;(R>o x X). Let-
ting h — 0% in (6.58) we conclude that the right derivative 9} f(¢,Q,V,&, V1) exists and
equals [Zf(t,)](Q,V,& V). Since the latter function is continuous, the relation now follows
for the two-sided derivative, i.e. (6.38) (< (6.37)) holds, and 0;f € C;(R>o x X). O

Lemma 6.9. Let {fn}1~0 be a family of functions in C;(X') satisfying limsupy,_q || fr]ls < 00
and fr(Q,V,&, Vi) — 0 as h — 0, uniformly over (Q,V,£, V1) in compact subsets of X.
Then for each (Q,V,&, V) € X we have [Kfr)(Q,V,&, V1) — 0 as h — 0, uniformly over
t in compact subsets of R>g.

Proof. Take C,hg > 0 so that ||fn||; < C for all h € (0, ho]. Given some (Q,V,£,Vy) e X
and T > 0, > 0, & > 0, after possibly shrinking ho we may assume that | f,(Q’, V',&, V', )| <
eJ(V!,V',) for all h € (0, hy] and all (Q,V',€',V',) € X with |Q' ~ Q|| < T, ¢ < ¢+T and
V' e anr (cf. (3.1)). Then for each n > 1, t € [0,7] and h € (0, ho|, by mimicking (6.52) but

splitting the integral over V[Vn} according to the two cases vg € Vy, and vy ¢ Vi), , we obtain

(with Cy := vol(B4~1))

(6.59) |[KM™M /1@, V, 6,V )| < Cgfn {5+ -

- J('vo,el)dvolsdq (’Uo)}J(V,V+).
Cr Sy, vz, L

This bound also holds for n = 0 (without the |, W2 -term), so long as n < ¢(V,V ) — Beg.
€] eq

The expression within the brackets in (6.59) can be made arbitrarily small by taking £ and 7
to be sufficiently small. Now the desired conclusion follows by adding (6.59) over n > 0. O

Lemma 6.10. We have K;Z fo = ZK;fo, for all fo € CL(X) and t > 0.
Proof. Let fy € CL(X) be given. Then by Lemma 6.8 (cf. (6.38)) we have [0; K, fo](Q, V,£,V )
[ZK:fo](Q,V,&, V1), and this function belongs to Cj(R>o x X'). Hence
h
(6.60) W Ko~ f@ V&V =1t [ 1ZKfl@ V.6V de
0

for all h > 0 and all (Q,V,&, V) € X, and this expression tends to [Zfo](Q,V,{, V) as
h — 0%, uniformly over (Q,V,£, V) in compact subsets of X. Using (6.60) we also get
sup0<hS1Hh*1[th0 — fO]HJ < SUPO<t§1HZth0HJ < 0o. Hence by Lemma 6.9 we have

(6.61) h{%ﬂ W KK fo — foll(Q, V.6, VL) = K Zf)(Q, V£, V),
for every (¢,Q,V,¢, Vi) € Ryg x X. Using KK}, fo = Ki+n fo and (6.38) this implies
(662) [KthO](Q7 V: 67 V+) = [atJthfO](Q7 V: 67 V+) = [ZthO](Qa V7 67 V+)

O

Proof of Theorem 6.4. By Lemma 6.7 and Lemma 6.8, it only remains to prove the unique-
ness. Thus assume that f € CL(Rso x &) satisfies (6.37); we then need to prove that

f(ta Q> Va ga V+) = [th(0> )](Qv V) ga V-i—) for all (t> Qv V) ga V+) € RZO x X.
Fix an arbitrary point (Q,V,£,V ;) € X and some a > 0, and set
F(s) = [Kosf(5,)(Q,V,§, V)  for s€[0,a]

Then F(s) is continuous, by Lemma 6.9. We will prove that the right derivative DT F(s)
vanishes for each s € (0,a). This will conclude the proof, since it implies F'(0) = F'(a), which
is the desired relation at (¢£,Q,V,&{, Vi) = (a,Q,V,£, V).
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Thus fix s € (0,a). By Lemma 6.8 applied with fy = f(s,-) we have
[Ka—s—h = Ka—s] [f(5,)](Q, V€,V 4)

(663)  lim - = —[ZKasf(s5,))](Q,V,&, V).
Next, using the identity

fs+hQ V' & V) - f(s,Q, V' &V, 1 [t
(6.64) &) 22 aseevievha

and 0;f € Cj(Rx>o x X) we see that h~[f(s+h,-) — f(s,-)] has uniformly bounded || -|| j-norm
for h € (0,a — s], and approaches Jsf(s,-) uniformly on compact subsets of X as h — 0.
Hence, using Lemma 6.9 and the fact that the function R>o 3 b — [Kpdsf(s,-)](Q, V., £, V1)
is continuous (cf. Lemma 6.6), we obtain, at our fixed point (Q,V,&, V) € X:
. Kafsfh f(8+h,) _f(sa') (Q,V,ﬁ,V )

(6.65) Jim, [ h ] 2 = [Kas0sf(5,9)](Q,V,6,V4).
But we are assuming that f satisfies (6.38); thus [0sf](s,:) = Zf(s,-). Hence, when adding
(6.63) and (6.65) and using Lemma 6.10, we obtain DT F(s) = 0, as desired. O

Remark 6.2. Proposition 6.2 and Theorem 6.4 imply that if the flow F} preserves the Liouville
measure, then

(666) _aﬁ p(V7 3 V+) = /Sd_l J(U()a V) pQﬁjO (V7 3 V+) dVOIS‘li*1 (U0)>
1
since p(vp,0,V) = J(vp, V). Using (2.23) and (2.27) this equation can be reformulated as
(6.67) —0:Pa(,w, 2) :/ <I>0(§,w,z/) dz'
{0yxBd-1

for a ¢ Q%. For an alternative proof of this equation working directly from the definition of
Dy, see [19, (8.32), (8.37)] and note (&, w, z") = Po(, 2’, w).

Remark 6.3. Given any f, € LYTYR?)) we define fy € L' (X,01) by fo(Q,V,£,V ) =
Fo(Q, V)p(V, &,V ;). We then have the relation

(6.65) LFNQV) = [ [ IKehl(@ V&V ) dvolgg 1(V) e,

where L; is the propagator of the original stochastic process Z(t), cf. Section 1.3. If we
furthermore impose that f is bounded continuous, with bounded continuous derivatives 8@70
for j = 1,...,d, then fy satisfies the assumption of Theorem 6.4, so that K;fy satisfies the
Fokker-Planck-Kolmogorov equation, (6.37).

REFERENCES

[1] P. Balint and I.P. Toth, Exponential decay of correlations in multi-dimensional dispersing billiards, preprint
2007.

[2] P.M. Bleher, Statistical properties of two-dimensional periodic Lorentz gas with infinite horizon. J. Statist.
Phys. 66 (1992), 315-373.

[3] F.P. Boca and A. Zaharescu, The distribution of the free path lengths in the periodic two-dimensional
Lorentz gas in the small-scatterer limit, Commun. Math. Phys. 269 (2007), 425-471.

[4] C. Boldrighini, L.A. Bunimovich and Y.G. Sinai, On the Boltzmann equation for the Lorentz gas. J.
Statist. Phys. 32 (1983), 477-501.

[5] J. Bourgain, F. Golse and B. Wennberg, On the distribution of free path lengths for the periodic Lorentz
gas. Comm. Math. Phys. 190 (1998), 491-508.

[6] L.A. Bunimovich and Y.G. Sinai, Statistical properties of Lorentz gas with periodic configuration of scat-
terers. Comm. Math. Phys. 78 (1980/81), 479-497.

[7] E. Caglioti and F. Golse, On the distribution of free path lengths for the periodic Lorentz gas. III. Comm.
Math. Phys. 236 (2003), 199-221.

[8] E. Caglioti and F. Golse, The Boltzmann-Grad limit of the periodic Lorentz gas in two space dimensions,
arXiv:0710.0716



[9

[24

THE BOLTZMANN-GRAD LIMIT OF THE PERIODIC LORENTZ GAS 51

| N.I. Chernov, Statistical properties of the periodic Lorentz gas. Multidimensional case. J. Statist. Phys.
74 (1994), 11-53.

| P. Dahlgvist, The Lyapunov exponent in the Sinai billiard in the small scatterer limit. Nonlinearity 10
(1997), 159-173.

| E.B. Davies, One-parameter semigroups, Academic Press Inc., 1980.

2] D. Dolgopyat, D. Szasz and T. Varju, Recurrence properties of the planar Lorentz process, Duke Math.

J., to appear.

] G. Gallavotti, Divergences and approach to equilibrium in the Lorentz and the Wind-tree-models, Physical
Review 185 (1969), 308-322.

] F. Golse, The periodic Lorentz gas in the Boltzmann-Grad limit. Proc. ICM 2006, Madrid, Spain, 183-201.

5] F. Golse, On the periodic Lorentz gas and the Lorentz kinetic equation, preprint arXiv:math/0703812.

| F. Golse and B. Wennberg, On the distribution of free path lengths for the periodic Lorentz gas. II. M2AN
Math. Model. Numer. Anal. 34 (2000), 1151-1163.
] M. W. Hirsch, Differential Topology, Springer-Verlag, New York, 1994.

8] H. Lorentz, Le mouvement des électrons dans les métaux, Arch. Néerl. 10 (1905), 336-371.

| J. Marklof and A. Strémbergsson, The distribution of free path lengths in the periodic Lorentz gas and
related lattice point problems, arXiv:0706.4395

| J. Marklof and A. Strombergsson, The periodic Lorentz gas in the Boltzmann-Grad limit: Explicit formulas
and asymptotics. In preparation.

] 1. Melbourne and M. Nicol, Almost sure invariance principle for nonuniformly hyperbolic systems. Comm.
Math. Phys. 260 (2005), 131-146.

] I. Melbourne and M. Nicol, A vector-valued almost sure invariance principle for hyperbolic dynamical
systems, arXiv:math/0606535

] R.G. Newton, Scattering theory of waves and particles. Second edition. Texts and Monographs in Physics.
Springer-Verlag, New York-Berlin, 1982.

] W. Rudin, Real and Complex Analysis, McGraw-Hill, 1987.

| D. Szasz and T. Varju, Limit laws and recurrence for the planar Lorentz process with infinite horizon,
preprint 2007.

| H. Spohn, The Lorentz process converges to a random flight process, Comm. Math. Phys. 60 (1978),
277-290.

SCHOOL OF MATHEMATICS, UNIVERSITY OF BRrisToL, BrisToL BS8 1TW, U.K.
j.marklof@bristol.ac.uk

DEPARTMENT OF MATHEMATICS, BOX 480, UPPSALA UNIVERSITY, SE-75106 UPPSALA, SWEDEN
astrombe@math.uu.se



