FREE PATH LENGTHS IN QUASICRYSTALS

JENS MARKLOF AND ANDREAS STROMBERGSSON

ABSTRACT. Previous studies of kinetic transport in the Lorentz gas have been limited to
cases where the scatterers are distributed at random (e.g. at the points of a spatial Pois-
son process) or at the vertices of a Euclidean lattice. In the present paper we investigate
quasicrystalline scatterer configurations, which are non-periodic, yet strongly correlated. A
famous example is the vertex set of a Penrose tiling. Our main result proves the existence of
a limit distribution for the free path length, which answers a question of Wennberg. The limit
distribution is characterised by a certain random variable on the space of higher dimensional
lattices, and is distinctly different from the exponential distribution observed for random
scatterer configurations. The key ingredients in the proofs are equidistribution theorems on
homogeneous spaces, which follow from Ratner’s measure classification.

1. INTRODUCTION

1.1. The setting. The Lorentz gas is defined as an ensemble of non-interacting point particles
moving in an array of spherical scatterers placed at the elements of a given point set P C R?
(d > 2, and we assume that the scatterers do not overlap). Each particle travels with constant
velocity along straight lines until it collides with a scatterer, and is then reflected elastically.
We denote by q(t),v(t) the position and velocity of a particle at time ¢. Since the reflection
is elastic, speed is a constant of motion; we may assume without loss of generality that
|v(t)|| = 1. The “phase space” is then the unit tangent bundle T*(K,) where K, C R? is the
complement of the set Bg + P (the “billiard domain”), and Bg denotes the open ball of radius

p, centered at the origin. We parametrize Tl(ICp) by (q,v) € K, x Scll_l, where we use the
convention that for g € 0/C, the vector v points away from the scatterer (so that v describes
the velocity after the collision). The Liouville measure on T1(K,) is

(1.1) dv(q,v) = dvol(q) dw(v)

where vol and w refer to the Lebesgue measures on R% and Sil*l, respectively.
The first collision time corresponding to the initial condition (g,v) € T*(K,) is

(1.2) T1(q,v;p) =inf{t >0:q+tv ¢ K,}.

Since all particles are moving with unit speed, we may also refer to 71(q,v;p) as the free
path length. The distribution of free path lengths in the limit of small scatterer density
(Boltzmann-Grad limit) has been studied extensively when P is a fixed realisation of a random
point process (such as a spatial Poisson process) [5l, [13] 28] 37] and when P is a Euclidean
lattice [1, 2, 8, QL 11, 12, 14, 19] 26l 28]. In the Boltzmann-Grad limit, the Lorentz process
in fact converges to a random flight process, see [13 37, [5] for the case of random P and
[10, 20l 21], 22] for periodic P.

1.2. Cut and project. In the present work, we consider the Lorentz gas for scatterer con-
figurations P given by regular cut-and-project sets, cf. [16, 40]. Examples of such P include
large classes of quasicrystals, for instance the vertex set of any of the classical Penrose tilings.
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Further examples include all locally finite periodic point sets such as graphene’s honeycomb
lattice [3] [4].

To give a precise definition of cut-and-project sets in R%, denote by 7 and min; the orthogonal
projection of R"” = R% x R™ onto the first d and last m coordinates, and refer to R% and R™
as the physical space and internal space, respectively. Let £ C R™ be a lattice of full rank.
Then the closure of the set 7y (L) is an abelian subgroup A of R™. We denote by A° the
connected subgroup of A containing 0; then A° is a linear subspace of R™, say of dimension
mq, and there exist by,...,by, € L (m = mi + my) such that min(b1),. .., Tint(bm,) are
linearly independent in R™/A° and

(1.3) A= A° + Zing (b1) + . .. + ZTing (bry ).
Given £ and a bounded subset W C A with non-empty interior, we define
(1.4) POW,L) ={x(y) 1y € L, mnt(y) € W} CR%

We will call P = PW, L) a cut-and-project set, and W the window. We denote by u4 the
Haar measure of A, normalized so that its restriction to A° is the standard mj-dimensional
Lebesgue measure. If W has boundary of measure zero with respect to p4, we will say P(W, L)
is regular. Set ¥V = R? x A°; then Ly = LNV is a lattice of full rank in V. Let py = vol x4
be the natural volume measure on R? x A (this restricts to the standard d 4 m; dimensional
Lebesgue measure on V). It follows from Weyl equidistribution (see [15]; also Prop. 3.2l below)
that for any regular cut-and-project set P and any bounded P C R? with boundary of measure
zero with respect to Lebesgue measure,

 #{be L : n(b) ePNTD}

(1.5) TILOO T = dq.m (L) vol(D)pa(W)
where
(1.6) Sam(L) == 1

' B i (V/ L)

A further condition often imposed in the quasicrystal literature is that =|, is injective (i.e.,
the map £ — (L) is one-to-one); we will not require this here. To avoid coincidences in P,
we simply assume in the following that the window is appropriately chosen so that the map
mw :{y € L : mint(y) € W} — P is bijective. Then (L5]) implies
. #(PNTD)

(1.7) A

Under the above assumptions P(W, £) is a Delone set, i.e., uniformly discrete and relatively
dense in R, _

We may obviously extend the definition of cut-and-project sets P(W, L) to affine lattices
L =L+, for any & € R"; note that POW, L + &) = P(W — mins (), £) + 7 ().

= 0am (L) vol(D)pa(W).

1.3. The distribution of free path lengths in the Boltzmann-Grad limit. In order to
study the distribution of the free path length for random initial data (q,v) we need to specify
a probability measure on Tl(ICp). A natural choice is of course any Borel probability measure
which is absolutely continuous with respect to the Liouville measure v. Given s > 0 and a
Borel probability measure A on T!(R%), we define the family of Borel probability measures
A®) on THRY) by

(L8) AO(B) = A({(s"'qv) © (q,0) € B}).

Theorem 1.1. Given any reqular cut-and-project set P there is a non-increasing continuous
function Fp : [0,00] — [0,1] with Fp(0) =1, Fp(co) = 0, such that for any Borel probability
measure A on TY(RY) which is absolutely continuous with respect to Liowville measure, and
any so > 0, £ > 0, we have

(1.9) A9 ({(q,v) € T'(K,) : p*'1a(q,v5p) = €}) = Fp(€),

as p — 0, uniformly over all s > sg.
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We highlight the fact that the limit distribution is independent of A. Our techniques will
allow us to prove limit theorems for more singular measures. A natural example is to fix a
generic point ¢ € P and take v random:

Theorem 1.2. Given any reqular cut-and-project set P there is a subset & C RY of Lebesque
measure zero such that for any q € R4\ &, any &€ > 0 and any Borel probability measure \ on
Scllf1 which is absolutely continuous with respect to Lebesgue measure, we have

(1.10) lim A(fo € S{7': " (g, vsp) > €}) = Fp(9),
with Fp(&) as in Theorem L1l

In fact our proof shows that the limit in (TI0) exists for every g € R?; however for q € &
the limit in general depends on q.

Another possibility is to specify the location q € P of a scatterer and consider the initial
data (g, g(v),v) € TY(R?) where q,3(v) == g+pB(v) is on (or near) the scatterer’s boundary.
Here 3 : Scf_l — R? is some fixed continuous function and v is again chosen at random on
S4=1. To avoid pathologies, we assume that (8(v) + Rsov) N Bf = for all v € S, Let
us also write 31 (v) = /[|B()||? — (B(v) - v)? for the length of the orthogonal projection of
B(v) onto the orthogonal complement of v in R™.

Theorem 1.3. Given any reqular cut-and-project set P and q € P, there is a continuous func-
tion Fp g : [0,00] x R>g — [0, 1] with Fp q(-,r) non-increasing, Fp 4(0,7) =1, Fp g(co,7) =0
for all r € R>g, such that for any & > 0 and any Borel probability measure X\ on Scllf1 which
1s absolutely continuous with respect to Lebesgue measure, we have

(L1) A €SI (0000 2 €)= [ Fral€ 51 (0) dA(w)

d
Sl

The convergence in (LIT)) is uniform over all q € P.

We remark that the proof actually shows that (LII]) holds for any fixed ¢ € n(L£), and
uniformly over all g in any set of the form (£ N, ! (B)) with B a bounded subset of A.

1.4. Spaces of quasicrystals. We will now characterise the limit distributions in Theorems
L2 and [3lin terms of a certain homogeneous space (I'NH,)\H, equipped with a translation-
invariant probability measure p,. In analogy with the space of Euclidean lattices of covolume
one, SL(n,Z)\ SL(n,R), we will call such a space a space of quasicrystals.

Set G = ASL(n,R) = SL(n,R) x R", I = ASL(n, Z). The multiplication law in G is defined
by

(1.12) (M, &)(M', &)= (MM, ¢éM' + ¢').
For g € G we define an embedding of ASL(d,R) in G by
(1.13) g : ASL(d,R) = G, (A,x)—g ((61 10 ) 7(:1:,0)) g L.

We also set G!' = SL(n,R) and I'' = SL(n,Z), and identify G' with a subgroup of G in
the standard way; similarly we identify SL(d,R) with a subgroup of ASL(d,R). It follows
from Ratner’s work [30], [3I] that there exists a unique closed connected subgroup H, of G
such that I' N Hy is a lattice in Hy, ¢4(SL(d,R)) C Hy, and the closure of I'\I'p,(SL(d, R))
in T'\G is given by I'\I'H, (cf. in particular [31, p. 237 (lines 1-2 and Cor. B)], and note
that ¢4(SL(d,R)) is connected and generated by Ad-unipotent one-parameter subgroups of
G). Note that I'\I'H, can be naturally identified with the homogeneous space (I' N Hy)\ Hy,.
We denote the unique right-H, invariant probability measure on either of these spaces by g;
sometimes we will also let p, denote the corresponding Haar measure on H,,.

Similarly, there exists a unique closed connected subgroup flg of G such that I' N j-vlg is a

lattice in ﬁlg, ©0q(ASL(d,R)) C ]—NIg, and the closure of I'\I'p,(ASL(d,R)) in I'\G is given by
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I\l'H 4- Note that I\l'H 4 can be naturally identified with the homogeneous space (T'NH g)\f:j g
We denote the unique right—f—j ¢ invariant probability measure on either of these spaces by p i,
sometimes we will also use i, to denote the corresponding Haar measure on H g- Of course,
H, C P~Ig, and }~Ig = ﬁg(ln,w) for any = € R? x {0}.

We will refer to H, and H ; as Ratner subgroups. Note that if g € G! then H, C G*; in fact
in this case H, is the unique closed connected subgroup of G' such that I'' N H, g is a lattice in
Hy, ©4(SL(d,R)) C H,, and the closure of I\, (SL(d, R)) in I''\G* is given by T'\I''H,,.

Given ¢ € G and § > 0 we set £ = 6Y/™(Z"g) and let A = 7 (L) as before. Then
Tint (61/7(Zhg)) C A for all h € H, and min; (6/7(Zhg)) = A for fu7,-almost all h € H, and
also for pg-almost all h € Hg; cf. Prop. and Prop. below. We fix § > 0 and a window
W C A, and consider the map from F\Fﬁlg to the set of point sets in R,

(1.14) C\[h — P(W, 6Y™(Z"hg)).

We denote the image of this map by 559 = ﬁg(W, 0), and define a probability measure on ﬁg as
the push-forward of i, (for which we will use the same symbol). This defines a random point

process in R¢ which is invariant under the natural action of ASL(d,R) on R?. Similarly we
denote by Qg = Q,(W, 0) the image of I'\I'H,; under the map (L.I4]), and define a probability
measure on £, as the push-forward of p,; this again defines a random point process in R,
invariant under the natural action of SL(d,R) on R

We let 3¢ be the cylinder in R? defined by

(1.15) 3e={(v1,...,20) ER*: 0 <2y <& a3 +... +aF <1}
The following theorem provides formulas for the limit distributions in Theorems [T} and
[3lin terms of H,; and H,.

Theorem 1.4. Let P = P(L, W) be a regular cut-and-project set, and q € R:. Choose g € G
and 6 > 0 so that L — (q,0) = 6Y/™(Z"g). Then the function Fp (&) in Theorems [I1l and L2
s given by

(1.16) Fp(§) = p,({P' €9y : 3¢nP' = 0}).

In fact if g € RY\ & (as in Theorem[1.2), then H, = I:Tg and this group is independent of the
choice of q. On the other hand if q € P, then the function Fp ¢(§,r) in Theorem [L3 is given
by

(1.17) Fpq(&,r) =ps({P €Qq : (3¢ +req) NP =0})

with eq = (0,...,0,1).

1.5. The Siegel integral formula for quasicrystals. The Siegel integral formula is a fun-

damental identity in the geometry of numbers [35, [36]. We will prove an analogue for the
space of quasicrystals. Let f € L1(R?). Define for every P € 9, the Siegel transform

(1.18) fPy="3 I

qeP\{0}
Recall the definition of 64,,(£) in (L6); for £ an affine lattice we extend the definition by
setting dg (L) := 04.m (L — L); note that £ — L is the lattice in R” of which £ is a translate.

Theorem 1.5. Let L = §'/"(Z"g) and Q, = Q,(W,8) as above, and assume that P =
PO, L) is reqular and the map my : {y € L : mint(y) € W} — P is bijective. Then for any
f € LYR?) we have

(1.19) [ 7P ang(P) = b (OpnsW) | s(@) dvel(a).
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The continuity for £ < oo of the limit distributions Fp and Fp 4 in Theorems [T} and
[L.3lis an immediate consequence of Theorem [[.5 and the formulas in Theorem [LL.4 for Fp one

uses also the fact that each Qg4 can be obtained as Qg for an appropriate ¢'; cf. Proposition
and Corollary below. We give a proof of the continuity at £ = co in Remark 5.1

1.6. Plan of the paper. In Section 2] we give several examples of standard constructions
of quasicrystals and discuss the corresponding Ratner subgroups fIg and H, appearing in
Theorem [L4l In Section Bl we give some fundamental facts regarding the cut-and-project con-
struction. The key ingredient in the proofs of our main results are equidistribution theorems
on the homogeneous space I'\I'Hy; these are established in Section @l In Section [0l we prove
the Siegel integral formula, Theorem [L5] in a slightly more general form, and in Section [6]
building on the results from previous sections, we prove Theorems [[LT] 2], 3] and [T4l

Finally in an appendix we outline how the same methods can also be applied to understand
the fine-scale statistics of directions in a cut-and-project set.

2. EXAMPLES
2.1. Quasicrystals with low-dimensional internal spaces. The following result holds:

Proposition 2.1. Assume d > m. Let g € G be such that for the lattice L = Z"g, the map
¢ s injective and A = mint (L) = R™. Then Hy = G,

We will not need this proposition in the present paper, and the proof, which makes substan-
tial use of the theory of algebraic groups, will be presented elsewhere. The two assumptions
on L (injectivity of 7, and density of iy (L)) are standard in the quasicrystal literature.
It is important to note that the assumption d > m in Proposition 2.1 cannot be removed
entirely; indeed the number field construction to which we turn next can be used to give
counterexamples for any d,m with d | m.

In this vein, let us note that for arbitrary d, m, if H, = G' then fIg =G:

Lemma 2.2. Let g € G' be such that H, = G'. Then ﬁlg =G.

Proof. Tt suffices to prove that I'g,(ASL(d,R)) is dense in G. Let h € G! be given. Since
H, = G*, there exist sequences {7z} C I'' and {Ax} C SL(d,R) such that v, (Ax) — h as
k — oco. Now for any £ € Z" and w € R? we have (1,,£)v; € T, (Ag, w) € ASL(d,R), and

(21)  (Ln, Oy (Ar, w)) = (g (Ar), Loy (Ar) + (w,0)g ") — (h, €h + (w,0)g™")
as k — oco. Thus the closure of I'p,(ASL(d, R)) contains the set

(2.2) {(h,v) : he G", veZ "h+ (R x {0})g~'}.
However Z"h + (R? x {0})g~! is dense in R for almost every h € G*. Hence I'p,(ASL(d, R))
is dense in G. U

2.2. Quasicrystals from algebraic number fields. Several of the most well-known qua-
sicrystals can be constructed using algebraic number theory; cf., e.g., [27]. We here give a
basic construction, a variant of which appeared already in Meyer, [24, Ch. II, Prop. 6]; see
also [25, Thm. 6].

Let K be a totally real number field of degree N > 2 over Q, let Ok be its subring of
algebraic integers, and let 71,..., 7y be the distinct embeddings of K into R. We will always
view K as a subset of R via 7r1; in other words we agree that 7 is the identity map. Fix d > 1
and set n = dN. By abuse of notation we write 7; also for the coordinate-wise embedding of
K% into R?, and for the entry-wise embedding of My(K) (the algebra of d x d matrices with
entries in K) into Mg(R). Let £ be the lattice in R” = (RY)N given by

(2.3) L=rd = {(:c,ﬂg(a:),...,ﬂN(a:)) L xe o;i(}.
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As usual we set m = n —d = (N — 1)d, let 7 and 7, be the projections of R* = (RH)N =
R? x R™ onto the first d and last m coordinates. It follows from [39, Cor. 2 in Ch. IV-2] that
mint (L) is dense in R™, i.e. we have A = R™ and V = R" in the present situation. Hence
the window W should be taken as a subset of R, and we consider the cut-and-project set

POW, L) C Re

2.2.1. Determining H, and ]TIg. Choose § > 0 and g € G' such that

(2.4) L=6Y"zny.

In fact

(2.5) § = | D |2,

where Dy is the discriminant of K cf., e.g., [I7, Ch. V.2, Lemma 2]. We now claim that
(2.6) fIg = gASL(d,R)N g1 and H, = gSL(d, R)N gt

where ASL(d,R)" is embedded as a subgroup of G = ASL(n,R) through
(27)  ASL(@R)N 5 (A1, 01), .., (Ax,on) > (diaglAs, ..., An], (01, 08) ) €G,

where diag[A1, ..., Ay] is the block matrix whose diagonal blocks are Ay, ..., Ay in this order,
and all other blocks vanish.
In order to prove (2.6), we set

(2.8) Il :=SL(d,0g) and Tk :=ASL(d,O) =Tk x 0%,

which we view as subgroups of SL(d, R)" and ASL(d, R)", respectively, in the standard way
through v — (m1(7),...,7n(v)). Then I'k is a lattice in SL(d,R)Y [6, Thm. 12.3] and
thus T'x is a lattice in ASL(d,R)N. Note that I'x stabilizes £, i.e. Ly = £ holds for each
v € T'g; hence 'y € g1 ®45(I)g N ASL(d, R)Y, where ®s is the isomorphism G — G given
by (A,v) = (4, §Y/mv). Tt follows that g_1<1>5( )g N ASL(d,R)Y is a lattice in ASL(d,R)"
and thus T' N H is a lattice in H, where H := = oy Y(g ASL(d,R)Ng~') = g ASL(d,R)Ng~!
Similarly ' N H is a lattice in H, where H := gSL(d R)Ng~!. Using also the fact that I’}(
is an irreducible lattice in SL(d, R)N it follows that I'L.1 (SL(d,R)) is dense in SL(d, R)" (cf.
[29, Cor. 5.21(5)]). Conjugating with g this implies that (I'' N H)y,(SL(d,R)) is dense in
H, or equivalently, I''\I''¢,(SL(d,R)) is dense in I''\['"H. Hence H has all the properties
required of Hy, i.e. H, = H. Using also the fact that mip (EC;() is dense in RV=14 it follows
similarly that F\ngg(ASL(d R)) is dense in D\I'H and so Hg = H and we have proved (Z8).

2.2.2. Let us note that these considerations carry over trivially to the more general lat-
tice E%go, where ¢° = (¢9,...,4%) is any fixed element in GL(d, R)Y. Indeed, note that
L4 = 5’””2"9’ where &' = |Dg|%? det ¢° and ¢ = g(detg )_1/"90 € G, and using the fact
that conjugation by g° preserves (1 (SL(d, R)) and SL(d,R)", since ¢° is block diagonal, we im-
mediately verify that H, = ¢’ SL(d,R)Ng'~' = H,; snmlarly Hy = g ASL(d,R)N¢ ™' = H,.
2.3. Unions of translates of cut-and-project sets with fixed £. Let £ C R™ be an
arbitrary lattice of full rank, and set A = 7y (L) as before; fix a finite number of window
sets Wi, ..., W, C A, and fix any vectors ti,...,t; € R? Let us consider the union of the
translated cut-and-project sets t; + P(W;, £):

S

(2.9) PUW; At} L) - U i+ PW;,L)).

We will now show that, by a simple construction, the set P({W;},{t;}, L) can be recovered
as a cut-and-project set P(W’', L') within our framework.
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Remark 2.1. It would also be interesting to study unions of translates of cut-and-project sets
for which £ is allowed to vary. In [23] we consider this situation in the simplest case m = 0,
that is, unions of translates of distinct lattices.

We start by fixing a finite number of vectors by,...,b, € R" so that {¢1,...,t;} C 7(L+
> k—1Zby). Note that this can always be achieved by taking r = s and taking each by so that

m(bg) = tx; however in practice one can often make more convenient choices with r smaller
than s. Set m’ = m+r and 0’ = d+m/; let «’ and 7/, be the projections of R” = R% x R™
onto the first d and last m’ coordinates, and let

int

T
(2.10) L= (L x{0})+> Z(by,er) CR",
k=1
where we express vectors using the decomposition R" = R™ x R", and eq,...,e, are the

standard basis vectors in R”. Note that £’ is a lattice of full rank in R”. We will call £’ as in
[(2I0) an extension of rank r over L by the extension vectors {by}. Next let A’ be the closure
of 7l (L") in R™'; then

T
(2.11) A = (Ax{0}) + > Z(mins(br), ),
k=1
where we express vectors using R™ = R™ x R". It follows from the choice of by,...,b,

that for each j € {1,...,s} there exist v) € £ and a(j) ol € Z such that t; =
(vl 4377, oz,(g])bk). We set

(212)  m) = ©09,0)+ > o (br.er) € £ and W= (W; x {0}) + Ty (m)) € A

k=1
forj=1,...,s
As an immediate consequence of our definitions we now have
(2.13) tj +PW;, L) = PW;, L),
and thus also, with W' := U;_ Wi
(2.14) PWi {1 L) = @& +POW;, 0) = | P( =PW', L),
7j=1 7=1
as desired.

Remark 2.2. As a particular example, note that the above construction also applies when
m = 0, in which case we understand A = R® = {0} and with the only possible (non-empty)
W being W = {0}, we have P(W, L) = L. Hence ([2.I4]) shows that any periodic Delone set
(viz. a union of a finite number of translates of a fixed lattice £ C R?) can be obtained as a
cut-and-project set (L4]). For example the case of a honeycomb recently treated by Boca and
Gologan [3] and Boca [4] is contained in the present work. The honeycomb can be represented

as (t1 + L) U (t2 + £) where £ is the hexagonal lattice, £L = Zv; + Zvy with v; = (1,0),

vy = (%, @), and the translation vectors are t; = 0 and ty = %(vl + v3). The fact that
both t; and t9 are rational linear combinations of the lattice vectors means that we are in the

particularly simple situation described in Section 23] below.

We next discuss the Ratner subgroups associated with £/. Take 6 > 0 and g € G so that
L = 8Y/"7Z"g. Let B be the r x n matrix whose row vectors are by, ..., b,. Then B = §/"j3¢g
for some (uniquely determined) 8 € M,x,(R), and we have

(2.15) L =e"zy,
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where

A §i/n 0 i (1n O §i/n 0
(2.16) g =651 (Bg 1r>:5 1 (5 1)( 09 . € SL(n',R).

2.3.1. Determining Hy, and ﬁg/ —in the special case of rational translates. Let us define the
homomorphism ¢35 : G — ASL(n/,R) through

e asen =Y D) (B D wo)(h 2) = ("5 )owo).

and note that
(2.18) g ((A,0)) = (65 0 9g)((A,01/m)=0/My)) - Y(A,v) € ASL(d, R).

Now assume that each by is a rational linear combination of the lattice vectors in £. We then
claim that

(2.19) ﬁg/ = (bﬁ(ﬁg) and Hy = ¢p(Hy).

Indeed, note that g (SL(d,R)) C ®5(H,) by (ZI8); also the assumption about by,...,b,
implies that there is some positive integer N such that 3 € M,«,(N~1Z), and now one checks
that SL(n’,Z) N ¢g(Hy) contains ¢z(I'' (N) N Hy), where I''(N) is the congruence subgroup

(2.20) I'Y(N) := {ve I'':~y=1, mod NZ}.

It is known that T''(N) has finite index in I''; hence I''(N) N H,, has finite index in I'' N H,
and SL(n/,Z) N ¢3(Hy) is a lattice in ¢g(Hy). Next note that by Ratner [31, Cor. B] there is
a closed connected subgroup H of G! such that ¢,(SL(d,R)) C H, I''(N) N H is a lattice in
H and the closure of (I''(N) N H)g,(SL(d,R)) in G* equals H. Then H has all the properties
required of H, and hence H, = H; thus H, equals the closure of (I''(N) N H,)p,(SL(d, R)).
This implies that ¢g(Hy) equals the closure of (SL(n',Z)N¢g(Hy))ey (SL(d,R)), and we have
thus proved Hy = ¢g(Hy). By an entirely similar argument, using I'Y(N) x Z™ in place of
I'Y(N), we also obtain fIg/ = (ﬁg(ffg). Now (2.19)) is proved.

2.3.2. Determining Hy — in a special case of linearly independent translates. Let us return to
the special case of a periodic Delone set, i.e. a union of a finite number of translates of a fixed
lattice £ C R? (d = n). Let b,...,b}, be any fixed integer basis for £. We now consider
the situation when the shift vectors by, ..., b, are such that by,..., b, b},..., b are linearly
independent over Q. We claim that in this case, writing n’ = d + r and letting ¢’ € SL(n/,R)
(as well as g,0, B, 3, ¢g) be as in Section 2.3.1], we have

(2.21) Hy = {(Z 10> : he G =SL(d,R), u € erd(R)}
and
(2.22) Hy = {(T,(v,0)) : T € Hy, v € R}

Indeed, let us write H for the set in the right hand side of (2.21]); then by (2Z.I7) and (ZI8)
we have ¢y (SL(d,R)) C H; also note that SL(n’,Z) N H is a lattice in H. Thus to prove
(Z21)) it suffices to prove that (SL(n’,Z) N H)¢p(SL(d,R)) is dense in H, i.e. that the set of
matrices

(2.23) (Z 10r> (mlh_ B 1OT> - ((a-i—%th - B 1()7")7

where h,~y,a vary over G, T'' and M, 4(Z), respectively, is dense in H. Replacing here h
by v~ 'h and a by ay we see that it suffices to prove that if C' C M,y 4(R/Z) is the closure
of the image of the set {#y : v € I''} under the projection M, 4(R) — M,»q(R/Z), then
C= erd(R/Z)

Note that our assumption about by, ..., b, implies that there does not exist any k € Z"\ {0}
satisfying k3 € Z¢. Hence by Weyl equidistribution, the set {{3'a) : @ € Z?N[1, T]?} becomes
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asymptotically equidistributed in the torus R" /Z" as T' — co. By a standard sieving argument,
the same also holds if Z is replaced by Z9 = {a € Z? : gcd(a) = 1}, the set of primitive
integer points, and in particular we conclude that {{3'a) : a € 2d} is dense in R"/Z". Using
also the compactness of C' and the fact that for any a € Z< there is some v € I'! whose first
column equals 'a, it follows that for every w € R”/Z" there is some u € C whose first column
equals 'w. Now let v € M, 4(R/Z) and € > 0 be given. Then there is some w € R"/Z" such
that Zaw is dense in R"/Z" and 'w is e-near the first column of v. By what we have just proved
there is some v € C whose first column equals ‘w. But note that C is I''-right invariant; in
particular u((l) 1 da_l) € C for every a € Zd_l; and by choosing a appropriately we can make
each column of u(é 10 ) be e-near the corresponding column of v. Letting ¢ — 0 we conclude
v € C, i.e. we have proved that C' = M, 4(R/Z). This completes the proof of (2.21]).

Finally (222) follows immediately from (221, since H ¢ contains both Hy and ¢y ((14,v))
for each v € R?, and since the right hand side of ([2.22) is indeed a closed connected subgroup
of G which intersects ASL(n/,Z) in a lattice.

2.4. Passing to a sublattice. Let £ be as before, and let £’ be a sublattice of £ of full
rank. Then £’ has finite index N := [£ : L] as a subgroup of £, and if £ = §1/777g and
£ = §/"7Zng for some 6,8’ > 0 and g,¢ € G' then & = N§ and there is a T € M, (Z)
with det T = N such that ¢ = N~/"Tg. It will be convenient to know the precise relation
between the Ratner subgroups for £ and £’:

Lemma 2.3. In the situation just described, Hy = THQT*1 and fIg/ = TI:TQTfl.

Proof. By Cramer’s rule we have NT~! € M,,(Z), and by a simple computation this is seen to
imply TTY(N)T~! c T*. Hence I''NTH, T~ contains T(I''(N)N Hy)T~!, and it follows that
INTH,T is alattice in TH, T, since I''(N)N H, is a lattice in H,. Recall also that, as we
noted in the proof of (2I9), H, equals the closure of (I''(N) N H,)py(SL(d, R)). Conjugating
with T, this implies that TH,T~! equals the closure of (I'' N TH,T~ 1), (SL(d,R)). Hence
THgT’1 has all the properties required of H,; hence Hy = THngl. The proof of I;Tg/ =
TlivIgT_1 is entirely similar, using I''(N) x NZ" in place of I''(N). O

2.5. The quasicrystal associated with a Penrose tiling. Let us now discuss the spe-
cific example of a quasicrystal associated with a Penrose tiling. It is well-known that such
a quasicrystal can be expressed as a regular cut-and-project set; cf. [7] and [32], Sec. 6.4].
Specifically, set d = 2, m = 3, thus n = 5, and we let g € SO(5) be the orthogonal matrix
whose row vectors are

(224)  w; = \/g(cos(j%”),sin(j%”),cos(j%),sin(j%)ﬂ_%) for j=0,1,2,3,4,

in this order, and set £ = Z5g. In other words, £ is the lattice spanned by wvy,...,v,.
Now A = 7 (L) = R? x 5737. Indeed, if we set v = p(vy) € R? where p : R> — R?
is the projection (z1,...,x5) + (x3,24) then vh = —vy — v} and v = TV} + TV, where
7 := (1 + /5); hence since 7 ¢ Q we see that Zv, + Zv} + Zvh + Zv} is dense in R?, and
this implies that 7y (£) is dense in R? x 57%Z, as desired. Next fix the window set

(2.25) W= AN i ((Qs +7)9),

where Qs is the open cube (—%, %)5 and where v = (71, ...,7s) is a fixed vector in R® satisfying

Z?:1 v; =4 mod 1 and which is regular in the sense that the subspace (R% x {0})g~! does
not meet any 2-face, edge or vertex of the cube Qs + v + m for any m € Z°; note that this
condition is fulfilled for Lebesgue-almost all v with Z?Zl v = % mod 1. With these choices

P(W, L) is a quasicrystal associated with a Penrose tiling. This is clear from Senechal [32]
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Sec. 6.4], by noticing that the orthogonal transformation g—! maps £ to Z5, and maps the

physical and internal spaces R? x {0} and {0} x R3 onto £ and £, respectively, where

€ = Spang { (1, cos(%), cos(F), cos(F), cos(F)), (1,sin(%), sin(F), sin(F),sin(F))},

and also maps W onto Ag~' NII*+(Q5 +~), where IT+ denotes orthogonal projection onto £+.
We next wish to determine H,. We will do so by observing that £ can be obtained as an
extension (cf. Sec. 2.3)) of a sublattice (cf. Sec. 2.4) of a number field lattice £% as in Sec.
Our discussion here is influenced by Pleasants [27].
Let K be the quadratic number field K = Q(v/5) and let Og be its ring of integers; thus
Ok = Z[r] = Z + Z7. We write a — @ for the conjugation map of K. Let £% be as in ([23);
thus

(2.26) Ly ={(a,8,a@,8) : a,8 € Og} CR™
Let Eﬁ( be the sublattice
(2.27) L2 = {(a,ﬁ,a,ﬁ) e L tri ol + B) € BZ},

and let £ C R® be the rank-one extension (cf. 2I0)) of E%( by the extension vector b =
(1,0,1,0) € R4, i.e.

(2.28) L= {(a,ﬁ,a,ﬁ, k) : a,B €Ok, k€Z, k=—2trgg(a+ B) (mod 5)},
We now claim that
(2.29) L = L'go,
where
1
Cos(%”) sin(%”)
(2.30) g0 = \/é 1 € GL(5,R).
cos(%’r) sin(%’r)

NI

9
To prove this relation we start by noticing that

(2.31)
£ =7(1,0,1,0,1) + Z(0,1,0,1,1) + Z(r,0,7,0,—2) + Z(0, 7,0, 7, —2) + Z(0,0,0,0, 5).

Let us identify R® with C x C x R through (x1,...,25) = (71 + ixe, 3 + ix4, x5). With this
identification, we get from (Z31)) that £'gy = Z?:o Zuj where

1 1 1
Uo = @(1,152_5)5 u; = @(5555%52_5)5 Uy = \/g('ry?a -2 2_5),
(2.32) ws = 2767, —2-278),  wi=\JH0,0,5-2°%),

with & := e>™/°. On the other hand the vectors v; in (Z24) are now given by v; =
\/2/5(5%,5?,2_%), and we recall that £ = Z?:o Zwj. Using 7= - and7=1-7=
—&5 — &3 we verify that

(2.33)
Ug = Vp; U =V1; U2 = —V2 —V3; U3=—V3— Vg Ug=7Vg+V1+V2+V3+ V4.

From these relations it is clear that £'gyp C £, and also, by a quick inspection, that £ C £'go,
i.e. we have completed the proof of ([2.29)).
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Now fix g € SL(4,R) so that £2 = 5'/4Z%gg (cf. @) and note that Dx = 5). Then
L3 = 5Y4ZAT gx for some T € My(Z) with det T = 5 (cf. Sec. 24); also £ = 5*/°Z°g’ where
g € G! is given by (cf. (2.10))

25 (1o 0\ (5Y4Tgg 0
o ol 0) (o 1)

Using (2.6), Lemma 23] and (Z.19)) (using 5b € E%(), we have

Hy = ¢p(Tgr ASL(2,R)2g' T~Y) = ¢'Hg' ™' -

and Hy = gHg

where

(2.35) H:= Ay (v1,v2,0) | : ((A1,v1),(A2,v2)) € ASL(2,R)?
1
and H is the corresponding embedding of SL(2,R)? in SL(5,R). Finally, using (229) (which

implies g = 5%/%~v¢ gy for some ~ € I'Y), and the fact that conjugation with gy preserves each
of H, p1(ASL(2,R)), H and ¢;1(SL(2,R)) (since go is 2,2, 1-block diagonal), we conclude:

(2.36) H, = gHg™! and H, = gHg .
3. SOME BASIC OBSERVATIONS

In this section we prove some basic facts which we will need later about the cut-and-project
construction and the related Ratner subgroup H, C G.

Proposition 3.1. For any affine lattice L C R™ and any bounded subset W C A with
nonempty interior, the cut-and-project set P(W, L) is a Delone set.

Cf. Meyer, [24] p. 48 (Thm. IV)]. For completeness we give a simple proof using our setup.

Proof. Using POV, L + &) = PW — mint(x), L) + 7(x) we may assume from start that £
is a lattice. Set r = 1 + diam()V), and take 6 > 0 so that ||x(x)|| > J for all x € LN B}
satisfying 7(z) # 0. Now let 7(y) and 7 (y’) (with y,y’' € L, mint(y), Tint (¥') € W) be any two
distinct points in P. Then ||min(y) — it (¥')|| < diam(W); hence if ||7(y) — 7(y’)|| < 1 then
y—y' € LB} and thercfore [[x(y) (3| = |n(y—y")|| > 5. Thus [[x(y)—r(y)]| > min(1,5)
always. Hence P is uniformly discrete.

Next since W has non-empty interior, there is some b € £ and an open ball B C A° such
that mne(b) + B C W. Let B, B” C A° be open balls satisfying B’ + B” C B. Since the
torus V/Ly is compact, there is a finite set {v1,...,v,} C V such that v; + (B¢ x B') + Ly
for j = 1,...,r together cover V/Ly. It follows from the definition of V that R? x {0} is
dense in V/Ly; in particular we can take R > 0 so large that B}i% x {0} meets each set
—vj + (Bf x B") + Ly, or in other words v; € (B}, x B") + Ly for each j =1,...,r. Now
for every w € V we can take j € {1,...,r} such that

w € v+ (B x B') + Ly C (Bhyy x B") + (B{ x B') + Ly C (B} 5 x B) + Ly,

In particular for every € R%, applying the above statement with w = (—x + 7(b),0) we

conclude that —b + (z + B% 42) X (mint(b) + B) has nonempty intersection with £, and thus

T+ le% o has nonempty intersection with P. Hence P is relatively dense. O

Proposition 3.2. Let L C R” be an affine lattice. Then for any bounded subset W C A with

pA(OW) = 0 and any bounded subset D C R* with vol(OD) = 0, we have

#(LN((x+TD) x W))
Td

uniformly over all © € R,

(3.1)

= O m (L)pp (D x W), as T — oo,

Cf. Schlottmann [33] and Hof [15]. We give a proof along the lines of [15].
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Proof. By a translation argument we may assume without loss of generality that £ is a lattice,
i.e. 0 € L. Furthermore, since W is bounded it can only intersect finitely many components of
A, and by a partition and translation argument we may reduce to the situation when W C A°.
Also by partitioning W further if necessary we may assume that £N ({0} x (W —W)) = {0}.

Since D is bounded and vol(0D) = 0, D is Jordan measurable. Hence for any n > 0 we can
construct bounded sets DT;—L C R? with Vol(aD,f) = 0 which have the properties that D contains
the 77-neighbourhood of D, and D" contains the 7-neighbourhood of D, and vol(D; \ D, ) — 0
asn — 0.

Using now W C A° and £N ({0} x W —W)) = {0} we have

(32) T (LN ((m+TD)x W)) = T*d#{t €TD : (x+1t0)c —({0} x W) + cv},

and for any T' > 1 and any n > 0 so small that the set Bg x W is injectively embedded in the
torus V/Ly, the last quantity is bounded from above by

(3.3) T vol(BY) ™! v01<{t €TD} : (x+1,0) € —(B x W) + cv}),

and from below by the analogous expression with D, . However the fact that mint (Ly) is dense
in A° implies that that the only point v € A° satisfying (0,v) - w € Z for all w € Ly is
v = 0. Therefore, by Weyl equidistribution (cf., e.g., [I5, Theorems 3.1 and 3.2]), the set
(x + TD;) x {0} becomes asymptotically equidistributed in the torus V/Ly as T — co. In
particular (since both W and Df{ are Jordan measurable) the expression in (B3] tends to

VOI('D;F) MV((B%[ X W + ﬁv)/ﬁv)
vol(BY) p(V/Ly)
uniformly with respect to € R%, where the last equality holds since Bg x W is injectively

embedded in V/Ly. Similarly our bound from below tends to dg, (L) vol(D, )ua(W). The
proof is completed by taking 7 — 0 and using VOl(D;;:) — vol(D). O

(3-4) = da,m (L) vol(D; ) pra(W),

Recall from Section [I[4] that to each g € G = ASL(n,R) we associate a Ratner subgroup
Hy, CG.

Theorem 3.3. (Ratner [31].) The family {H, : g € G} is countable.

Proof. This follows from [31], Cor. A(2)] (for note that by [3I, Cor. B], for each g € G there is
a one-parameter subgroup U of ¢4 (SL(d,R)) which is unipotent in G' and such that I'\I'U =
T\['H,). O

Remark 3.1. The family {H, : g € G} is always infinite. For example, for any g = (1,, @)
with a € Q% x {0} we have H, = ¢,(SL(d,R)), and the groups H, so obtained are pairwise
different.

Corollary 3.4. Let g € G. Then Hy, C H, for all h € Hy and Hypy, = Hy for pg-almost all
heH,.

Proof. For any h € Hy we have Hy, C Hy since ¢p,(SL(d,R)) C hHyh™! = H,. On the other
hand, let U be a one-parameter subgroup of ¢4(SL(d,R)) which is unipotent in G and such
that T\['U = I'\I'H,, [31} Cor. B]. Then for any h € H, we have hURh™! C ¢3,4(SL(d,R)), and
so I'hU C I'\I'Hpgh. Therefore if Hy,y C H, then I'hU is not dense in I'\I'H,. Since U acts

=

ergodically on (I'\I'Hy, 114) [31, Cor. A] this can only happen for a pg-null set of h € Hy. [
Proposition 3.5. Let g € G and set L =7"g and A = min(L). Then min(Z"hg) C A for all
h € Hy, and min(Z"hg) = A for pg-almost all h € Hy.

Proof. For the first claim, since H, lies in the closure of I'¢4(SL(d,R)) in G, it suffices to
prove that if {y;} C I" and {Ax} C SL(d,R) are any sequences such that h = limy, yrpq(Ax)
exists then min(Z"hg) C mint(Z™g). Thus fix a vector m € Z"™. Now ~y,g¢1(Ar) — hg and
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thus mins(Mmyrgp1(Ag)) = mint(mhg) as k — oo, and here min(myrgp1 (Ax)) = Tint(MYKg) €
Tint (Z"g) for each k; hence iy (mhg) € mint(Z™g), and the claim is proved.

Replacing (g, h) by (hg,h™') in the statement just proved we conclude that if h=1 € Hp,
then A C mini(Z"hg). In particular if h € H, satisfies Hy, = Hy then A = miy¢(Z"hg). This
holds for pi4-almost all h € Hg, by Corollary 3.4 O

Proposition 3.6. Given any affine lattice L C R™ let us write Lo := L — L for the lattice of
which it is a translate. Let g € G. Then (Z"g)oN({0} xR™) is a subset of (Z"hg)oN ({0} xR™)
for all h € Hy, and for pg-almost all h € Hy these two sets are equal.

Proof. Assume g = (My,v,). Take h = (M, v),) € Hy, and choose sequences { (v, my)} C T
and {A} C SL(d,R) such that h = limg (v, M)y (Ag); then note that Mj, = limy o, (Ar)
in G1. Note also (Z"g)g = Z"M,; consider any fixed m € Z" such that mM, € {0} x R™.
Then mMggpl(Alzl) = mM, and therefore m (v, (Ax)) ™' = mvk_l € Z™. Taking k — oo
we conclude that mM," 1= my, L e 7" for all sufficiently large k, and so m € Z"M,, and
mM, € Z" MMy = (Z™hg)o. We have thus proved that (Z"g)o N ({0} x R™) is a subset of
(Z"hg)oN ({0} x R™). Finally in the same way as in the proof of Proposition 3.5 we conclude
that we have equality for almost all h € H,,. O

Proposition 3.7. Let g € G, set L = Z"g and A = mint(L), and let W # () be any open
subset of A such that the map my :{y € L : mint(y) € W} — PW, L) is bijective. Then for
almost all h € Hy the corresponding map from {y € Z"hg : min(y) € W} to P(W,Z"hg) is
bijective.

Proof. We first claim that for any affine lattice £ C R™ with (L) = A, the restriction
mw,cr of mto {y € L : mine(y) € W} is injective (or in other words, bijective as a map to
P(W, L)) if and only if

(3.5) Wo N e (Lo N ({0} x R™)) = {0},

where Wy = W —W C R™ and L = L' — £’ C R™. Indeed, if my ¢ is not injective then
there are £1 # £y € L' satisfying min(€1), Tint(€2) € W and 7(€1) = m(£3), and this implies
mnt(él) =+ 7Tint(£2) € W and mnt(él) — Wint(EQ) = 7Tint(£1 — EQ) € 7Tint(£6 N ({0} X Rm)), SO
that ([B.3]) fails. Conversely, assume that (B.5) fails. Then there are some w; # ws € W
and some £ € L, such that 7(£) = 0 and w; — wy = miye(£) (thus also £ # 0). Now since
Tint (L) = A, for any € > 0 we can find some £; € £’ such that ||min(£1) — w1 < €; therefore,
since W is open in A, we can find €1 € L’ such that both 7y (1), Tint (€1 — £) € W, and now
w(€1) = (€1 — £), i.e. Ty s is not injective. This completes the proof of the claim.

Using the claim and our assumptions, we have Wy N i (Lo N ({0} x R™)) = {0}. Further-
more by Propositions and we know that min(Z"hg) = A and (Z"hg)o N ({0} x R™) =
Lo N ({0} x R™) for almost all h € Hy; and using our claim again we conclude that myy znpg
is injective for all these h. O

4. DYNAMICS ON THE SPACE OF LATTICES

For z € R*! and t > 0 we write n(z) and ®' for the following elements in SL(d,R):

1 —(d-1)t 0
(4.1) n(a,-):<t0 1f_1>’ cpt:<€ N et1d_1>'

We also fix, once and for all, a map K : S¢! — SO(d) such that vK (v) = e; = (1,0,...,0)
for all v € Sil*l; we assume that K is smooth when restricted to Scllf1 minus one point, cf. [19]
Footnote 3, p. 1968]. For any topological space X we denote by Cy(X) the space of bounded
continuous functions f: X — R.
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Theorem 4.1. Fiz g € G and set X = T\T'H,. Let f € Cp(S¢™! xX) and let A be a Borel

probability measure on Sil*l which is absolutely continuous with respect to Lebesgue measure.
Then

. t o
(42) i [ S (e @8)) rw) = / o T D) i),

We will prove Theorem 1] by extending the methods from [19, Sec. 5.1-2] to the present
case. As a first step we prove the following generalization of [19, Thm. 5.3]:

Theorem 4.2. Fiz g € G and set X = '\I'H,. Let A be a Borel probability measure on R4~!
which is absolutely continuous with respect to Lebesque measure. Let f € Cp(R x X); let
R be a subset of R having 400 as a limit point, and let {fi}icr be a family of functions in
Cy(RI1 x X)) which are uniformly bounded (i.e. |f;| < K for some absolute constant K ) and
satisfy fr — f as t — oo, uniformly on compacta. Then for any Ey € SL(d,R) we have

(4.3) lim £ <ac @ (Eon(x)cpt)) d\(z) = / (@, p) dA(z) dutg (p).
oo JRrd-1 Ri-1x X

Proof. First assume Ey = 14. If f(x,p) = F(p) for some F € Cy(X) and f; = f for allt € R

then (4.3)) is a special case of Shah [34) Thm. 1.4]; the extension to arbitrary f, { fi}:cr as above

can be done exactly as in [19, Thm. 5.3]. Finally we extend to the case of general Fy € SL(d,R)

by a simple substitution argument: For f,{f;}icr given as above, define f € Cp(R¥1 x X)

and {f; }rer C Co(RT! x X)) through

(4.4) F@.p) == f@,ppg(Eo));  fi(m,p) = fi(z, pog(Eo))-

Set go = ¢1(Ep). Noticing that (g (A) = p,(EoAE;") for all A € SL(d,R) we see that

Hg4, = H,. By the limit relation which we have already proved, with ggo, f, {ft} in the place
of 9, f’ {ft}a we have

@) i [ F(w @) @) = [ Fap)a\@) duy (o)
—00 Jpd—1 RA-1x X

However here f;(z, ©ago (n(x)®) = fi(x, o (Eon(z)®")); also using the fact that u, is right

Hg-invariant we see that the right hand side of [@3) equals [pa—1, y f(x,p) dA(2) dpg(p).

Hence we have proved (4.3)). O

Corollary 4.3. Let D C R be an open subset and let By : D — SO(d) be a smooth map such
that the map D 3 = — e1E1(x)~" € S~ has nonsingular differential at (Lebesgue-)almost
all x € D. Let \ be a Borel probability measure on D, absolutely continuous with respect to
Lebesgue measure. Let f € Cp(D x X); let R be a subset of R having +00 as a limit point,
and let { fi }1er be a uniformly bounded family of functions in Cy(D x X) satisfying fr — [ as
t — oo, uniformly on compacta. Then

(4.6) i [ fi(@go(Ex@0)) dM@) = [ o) dN@) disy(p)
D DxX

t—o00

Proof. This is proved by mimicking the proof of [I9, Cor. 5.4], using Theorem in place of
[19, Thm. 5.3]. Let us only point out that [19, eq. (5.23)] is now replaced by

an e =@ (woe (oo o at))) it & < D
4y F@n=1@1 (oo (G al))) it & ¢ Dy

49 fulz,p) = flz,p) =0 if ¢ Dj,
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and [19] eq. (5.24)] is replaced by

(4.10) tim [ F (@ (Bn@e)) 3@ = [ F@) dNE) dy (o)
which follows from our Theorem O

Proof of Theorem [{.1 As in [19) beginning of Sec. 9.3] we may fix a smooth map E; : D —
SO(d) such that v = v(z) = e; E1(x) ! gives a diffeomorphism between the bounded open
set D C R4 and S¢~! minus one point, and Ej(x) = K (v(z)) for all £ € D. Theorem EI]
is now obtained as a special case of Corollary 3] U

We next study further the relationship between the Ratner subgroups H, and ﬁg.
Lemma 4.4. Let g = (My,v,) € G, set L =7"M,, and let A, A°,V be as in the introduction.

Then (1, wM; ') € Hy holds for all w € V.

Proof. Note that for any m € Z" and y € R? we have

(4.11) Lg(1n, mMy + (y,0))g~ " = T(1n, m)gy((10,9)) = Tg((1a,y)),

and this point belongs to the closed subset F\Fﬁlg of T'\G. Hence also for every w in the

closure of £ 4 (R? x {0}) we have g(ln,w)Agf1 € THy, ie. (1,,wM;') € THy, and for}v

sufficiently near 0 this forces (1,,wM; ') € H,. Hence by linearity we have (1,,wM; ') € H,

for all w € V. O
For any g € G, using the defining properties of H, and H, ¢ and noticing that

(4.12) om0 (A) = og((A,zA - =),  VxeR’ AeSL(d,R),

it follows that Hgy(, z) C I:Tg for all x € R? x {0}. The next proposition shows that this
inclusion is in fact an equality for almost all .

Proposition 4.5. Let g € G be fived. Then for (Lebesque-)almost all x € R% x {0} we have
Hg(ln,w) - Hg.

Proof. By Theorem [B.3], the following family is countable:
(4.13) Fi={Hy, s : € R x {0}}.

As we noted above we have H C j:lg for all H € F.
Given any H € F we set

(4.14) Vi = {x e R x {0} : Hy, ) C H}.

Then = € R? x {0} lies in Vj if and only if @41, ) (SL(d,R)) C H, or in other words if
and only if dpy(1,, 2)(Y;) € b for each j =1,... ,d> — 1, where Y1,...,Y2_; is a fixed basis of
sl(d,R), and b is the Lie subalgebra of g = asl(n,R) corresponding to H. Writing g = (M, v,)
we compute

(4.15) dpg(r oY) = (Ad(M,, vy + ) ((xg 8) ,0)

= (Mg (1;] 8> M, (vg + ) (%ﬂ 8) Mg—1> :
where we have identified g in the natural way with sl(n, R) @ R™. It follows that for each j the
set of & € R? x {0} satisfying dpg(1,.,2)(Y;) € b is an affine linear subspace (i.e. a translate of
a linear subspace) of R? x {0}. Hence also V} is an affine linear subspace of R? x {0}.
Note also that if H € F satisfies Vg = R? x {0} then ¢y, 4)(SL(d,R)) C H for each
x € R? x {0}, and by (ZI2) this implies that H contains a dense subset of ¢,(ASL(d,R));

hence ¢4(ASL(d,R)) C H since H is closed, and this forces fIg C H,ie H = H;. We have
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thus proved that for each H € F\ {H, s}, Vi is an affine linear subspace of R% x {0}, not equal
to the full set R? x {0}. Using the fact that F' is countable we conclude that U HeR\{ gq}VH has

Lebesgue measure zero in R? x {0}. Tt follows from our definitions that for any = € R? x {0}
outside this set we have Hg, o) = Hy. O

Theorem 4.6. Given g € G there is a subset & C R? of Lebesque measure zero such that for
any q € RI\ &, any f € Cyp(I\I'Hy) and any Borel probability measure A on Scllf1 which is
absolutely continuous with respect to Lebesque measure, we have

(4.16) lim fopg((1g,9)K(v)®") dA(v) = /F\Fﬁ fd,uﬁg.

t—o00 Sdfl

Proof. By Proposition@Hthere is aset & C R? of Lebesgue measure zero such that H, 9(1n\(q.0)) =
H holds for every ¢ € R?\ &. Hence by Theorem ET] for any q € R\ &, f € Cb(F\FH )
and any Borel probability measure A on Sd ! which is absolutely continuous with respect to
Lebesgue measure, we have

(4.17) lim fo gpg(lm(q’o))(K(v)(I)t) d\(v) = / B fdﬂﬁg-
I\T'H,

t—o0 Stli— 1

Now the desired result follows by an easy substitution argument (similar to what we did in
the proof of Theorem [.2]), using

(4'18) (Pg(ln,(q,O))(A) =Yg ((1d7 q)(A7 0))()09 ((1d7 —Q)), VA € SL(d7 R)'
O

Theorem 4.7. Fizr g € G, f € Cb(I’\F}NIg), a Borel probability measure A on T*(R?) which
s absolutely continuous with respect to Liouville measure, and sy > 0. Then

(4.19) / fopg((14,5q)K (v)®") dA(q,v) — fd,uH as t — oo,
T (RY) T\I'H,

uniformly with respect to all s > sg.

Proof. For fixed s > 0, (£I9) follows from Corollary by a standard argument using
Lebesgue’s Bounded Convergence Theorem, cf. the proof of [19, Cor. 9.4]. In order to prove
uniformity with respect to s we will use a compactness argument together with the fact that
©1(ASL(d,R)) commutes with all (1,,(0,R™)) (cf. (£25) below).

Let us write g = (My,vy) € G, set L = Z" My, and let A, A°,V, Ly, be as in the introduction.
Let C' C V be a closed fundamental parallelogram for V/Ly,. Note that we may assume without
loss of generality that f has compact support, since the extension to the more general case of
bounded continuous f can then be done by a standard approximation argument. For w € V
we define the function fy, € CC(F\FfIg) through

(4.20) fw®) = f(p(ln, wM; ).

This is well-defined by Lemma L4l Let F be the closure of {fy, : w € {0} x min(C)} in
Cb(F\FﬁIg) (with the supremum norm); then by the Arzela-Ascoli Theorem and using the
compactness of supp f and of min(C), we see that F is compact.

By the Radon-Nikodym Theorem we have dA(q,v) = (g, v) dg dv for some A € L}(T*(R?)),
where we write dq dv = dvol(q) dw(v). Since C.(T*(R?)) is dense in LY(T!(RY)) we may as-
sume without loss of generality that A € C.(T*(R?)). For m € R%, s > 0 and ¢ € R? we define
the function ag s € L'(TH(R?)) through

1, g 11
(4.21) Cem.s(q,v) = MsHg—c+m),v) if g .ce [0, 1]
0 otherwise.
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Let IC be the closure of the family
(4.22) {tems : c€m(C), meRY s> 50}

in LYTY(RY)). We claim that K is compact. To see this we first note that since \ €
Ce(THRY)), the family ' = {a07m7s|[0 1Jdxgd-l * M E R9, s > 50} is uniformly bounded and
) 1

equicontinuous, and hence by the Arzela-Ascoli Theorem the closure of K in C([0,1]¢ x S¢~1)
(with the supremum norm) is compact. But every function p in the family (4.22]) is given
by the formula u(q,v) = I(q — ¢ € [0,1]%)a(q — ¢,v) for some ¢ € 7(C) and some a € K/,
where I(-) is the indicator function, and the fact that K is compact follows easily from the
compactness of m(C), the compactness of K/, and the fact that the L'-norm is subsumed by
the supremum norm for our compactly supported functions.

Now let € > 0 be given. We have already noted that (£I9]) holds for fixed s, and apply-
ing this with s = 1 and using the compactness of the families F and K and the fact that
fF\I‘fig fw d,uﬁg = fl‘\rﬁg fd,uﬁg for each w € V, we conclude that there is some T" > 0 such

that for all t > T, w € {0} X mip(C) and « € K, we have

(4.23)

/ fo 0 00 (10, Q) K (0)2) a(q, v) dg dv — / o(q,v) dg dv / fdus,
T1(R4) T1(R4) r g

\I'H,

Now for given £ > T and s > sg we note that
/ £ o ey((La, s) K (v)®") dA(q, v)
T (RY)

(4.24) s /

meZd

i fo gog((ld, q-+ m)K(v)q)t) )\(sfl(q +m),v)dvdq.

For each m € Z%, since C is a fundamental region for V/Ly, there is some a € Z" such that
aM, €V and ¢ := (m,0) — aM, € C. Let us write ¢ = (c1,c2) € RY x R™ = R". Using the
fact that (1,,(0,c2)) commutes with all p1(ASL(d,R)) we find that

(4.25) (1n, —a) og((1a, g + M)K(v)®") = 4 ((1a, g + 1) K (v)®") (15, (0, c2) M, ).
Hence since (15, —a) € I' we get that (4.24)) is equal to

(4.26) s ) /

meZd

Sdfl f(07c2) 0 ng((L q+ cl)K(v)(bt) )\(S_l(q + m)7 ’U) dv dq

Y / fo,e2) © 09 (1, Q) K(0)®") avey m,s(q, v) dgq dv.

me Zd ! (Rd

Here remember that ¢;, ca depend on m. By construction we have ¢ € C, and thus ¢; € 7(C)
and ¢y € i (0), for each m € Z?. Hence ([#23)) applies, and using this for each m € Z? with
Q¢ ,m,s 7 0 we conclude that

/ £ 0 00((1, 50) K (v)8") dA(g, v)
T1(RY)

4.27 —s74 erm.s(q,v)dgd
(427 Y [ camstadady [

EZd \F g
(acy,m,s#0)

fdug,

< s 4. #{m ezt . Qe m,s O} - E.
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Here we obviously have

(4.28) 574 Z /l Qe, m,s(q,v)dgdv = Sd/l s 1q,v)dgdv = 1.
mezd T TIRY T (R)
(e ,m,s#£0)

Furthermore we note that e, m,s Z 0 can only hold when m € —[0, 1]+ s-Cy, where Cy, C R?
is the image of supp(\) € T!(R?%) under the projection T*(R?) — RY. Hence ([@ZT) implies
that for all t > T,

/1 fo (pg((l, sq)K(v)CDt) dA(q,v) — /
T!(RY)

\T'H,

< Le

fi— )

(4.29)

fdug,

where L is a constant which only depends on supp(A) and sg. This concludes the proof. [

5. PROOF OF THE SIEGEL INTEGRAL FORMULA FOR QUASICRYSTALS

5.1. The Siegel integral formula. We state the Siegel integral formula (I.I9) in a slightly
more general form, using affine lattices in R™ rather than quasicrystals in R%. Let g € G be
given, and set £ = Z"g, A = i (L) and py = vol x4 as usual. For f € LY(R? x A, uy), we
define the Siegel transform f : I"I'Hy; — R through

(5.1) fem="3 s

meZ™hg\{0}

(Recall that Z"hg C R? x A for all h € Hy; cf. Prop. It follows from the proof of the
following theorem that the sum is absolutely convergent for pi4-almost every I'h € I'\I'H,,.)

Theorem 5.1. For any f € L}(R% x A, ),
(5:2) [ (o) = dame) [ .
I\'H, Réx.A

Proof that Theorem [51] implies Theorem [L.A. We first prove Theorem in the case § = 1.
Taking f(x,y) = I(y € OW) (indicator function) in Theorem B.] and using p4(0W) = 0, it
follows that we may replace YW by W° without affecting either side of (LI9]); thus from now
on we may assume that W is open. We now obtain (ILI9) for a given fy € L}(R?), by applying

(B2) with

folx) if yeWw

(5.3 f(@.y) = {0 g

and using the fact that the restriction of m to {y € Z"hg : mnt(y) € W} is injective for
pg-almost all h € Hy (cf. Proposition B.7]).

Finally we extend to general §. Let £ = §'/™(Z"g), W and f be as in Theorem Note
that D,(W, ) is the bijective image of D,(6~/"W,1) under the map P + §/"P, and this
bijection respects the probability measures on these two spaces. Hence

6.9 [ feyame) = | F6/"P) duy(P)
Dy (W,0) Dy (6-1/7W,1)
= 0um(Z"g)ua(61"W) [ (6" x) da,
R4
where we used the special case of Theorem [[.5lwhich we have already proved. Using 04, (Z"g) =

glFm)/ng, (L), pa(6~YPW) = 67™/mp 4 (W) (where my = dim A°) and [, f(0Y/"x) dz =
§—din Jga [ () dz we obtain (LIJ) for our general 4. O
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Proof of Theorem [51l. For E a set, we write y g for its characteristic function. If we let E run
through the family of Borel sets of R%x A, the map E fr\r H, XE djig defines a Borel measure
on R% x A, and the theorem is equivalent to the statement that this Borel measure equals
da.m(L)py. We start by considering sets of the form F = B¢ x W, where W is any bounded
open subset of A with p4(0W) = 0. Note that X is nonnegative and lower semicontinuous,
since E is open. Hence, by Corollary [£3] and the Portmanteau theorem (cf., e.g., [38, Thm.
1.3.4(iv)]),

(5.5) / X (h) dug(h) < lim inf/ X (g (k@8 1)) dk,
I\Tl'H, SO(d)

R—o0

where dk denotes Haar measure on SO(d), normalized by fso( d) dk = 1. Next we rewrite

the integral in the right hand side using the definition of Y p and the Monotone Convergence
Theorem: Define F' = F g : R? x A — [0,00] by

(5.6) Fg r(z,y) = xw(y) /So(d) I<:c € qu)*longA) dk = xw(y)Ar(r—|z|),

where I(-) is the indicator function, xyy is the characteristic function of W, and where Ag(7) €
[0,1] is given by

w(Sili1 N T_leQ)_logR)

(5.7) Ag(r) = - (> 0).
w(ST)
Then, for any R > 0,
(5.8) / Xe(pg(k®EM)) dk = Y Fgr(m).
50(9) meZrg\{0}

Let us assume R > 1 from now on. Note that Bf®~198 % is the ellipsoid {x : R™2(@"1z? +
R%23 + ... + R?2% < 1}; using this we see that Agr(r) = 1 for 0 < 7 < R™!, Ag(r) = 0 for
7 > R¥! and Ag(7) is continuous and decreasing. (Ag(7) may be computed explicitly in
terms of an incomplete Beta function; however we do not need this.) It follows from the above
formula for F' = Fg g that

Rd71
G9) X Fm= > Fmy= [ #((BLxW)NL\{0)) (~dAk(r),
mezZng\{0} mer\{0} R
where the last integral is a Riemann-Stieltjes integral.
However because P(W, L) is uniformly discrete, there exists some 79 > 0 (which depends
on L, 7, W) such that #((B% x W)n £\ {0}) = 0 for all 7 < 9. Also, by Proposition 3.2}

for any given £ > 0 there is some 7 > 7 such that for all 7 > 7,
(5.10)  #((BL x W)N L\ {0}) < (1 +e)Cwrit?, where Cyy = dg.m (L) pry(B x W).
Hence for R sufficiently large we have

T1

R4-1
(5.11) Z F(myg) < 0(1)/ (=dAg(7))+(1+ e)CWrd/ T4(—dAR(T))

mezm\ {0} ™ m

Rd71
= O(AR(TO)) +(1+ €)CW?“d <T1dAR(T1) + d/ TdilAR(T) d7'>.

T1
It is clear from the definition of Ap(7) that Ap(7) < (R7)!=¢ for all 7 > 2R~!, and Ap(7) < 1
for all 7; hence for large R the above is

Rd—l
(5.12) = O(R'"™) + (1 + &) Cyydr® / 41 Ap(7) dr.
0



20 JENS MARKLOF AND ANDREAS STROMBERGSSON

But it is clear from the definition of Ar(7) that

Rd-1 dg—log R
_ vol(BYd~—*°8 _
(5.13) / 74 1AR(T) dr = —( lsd—l ) =d .
0 w( 1 )

Taking now R — oo and then € — 0, we conclude
(514) [ Re(W) dug() < SamlL)av (),
I\lH,

for any set F of the form E = B% x W.
Next, using ¢4(SL(d,R)) C H, we see that our Borel measure E fF\FHq XE dpg is

invariant under {({ ,° ) : A € SL(d,R)}; also (5.14) shows that the measure is finite on any
compact set. It is a well known fact that, up to scalar multiples, vol is the unique SL(d,R)
invariant measure on R%\ {0} = e;SL(d,R), see e.g. [29, Lemma 1.4]. Therefore, for any fixed
bounded Borel set W C A, the Borel measure V' +— fF\I‘Hg XV X djg on R? equals x(W)vol

for some finite constant x(W) > 0. Clearly our task is to prove k(W) = dgm(L)pa(W), and
it suffices to prove that this holds for any bounded open subset W C A with p4(0W) = 0.
Let us fix such a set W. By (B.14) we have s(W) < 6g.m (L) pa(V).

Let € > 0 be given. Let K be a compact subset of I'\I'H, with p4(K) > 1 — . Since
K is compact, there is some > 0 such that |[|[m; — mg|| > § for all 'h € K and any
my # my € Z"hg. It follows that there is a constant C' > 0 such that

(5.15) 0< Xpgon(@Th) <C(L+R)?,  VYR>0,The K.

Using also Proposition and Proposition we conclude that for pg-almost every I'h € K,
X5 (Th)

(5.16) BRXR+ — Sam (L) (BE x W), as R — oc.

Using (5.15) and (5.16) and the Lebesgue Dominated Convergence Theorem, we conclude

Gan) tim B[ G ) dig(h) = () () vl (D)

But here pg(K) > 1 — ¢ and ¢ is arbitrarily small. Hence we conclude that (W) >
da.m(L)a(W), and we are done. O

Let us note that Theorem [B.1] immediately implies a similar formula for H g

Corollary 5.2. For any f € Ll(Rd X A, 1y),

(5.18) / fm) dug (0) = 8am(D) [ i,

\FHq meZnhg Rix A
(Recall that Z"hg C R? x A for all h € fIg; cf. Propositions and [£.5])

Proof. Let g € G be given. By Proposition @5 we can find z € R? x {0} such that Hy = j:lg
with ¢ = g(1,,2). Set L' = Z"g' = L + z; then my (L) = A, since z € R? x {0}. Define
fo € LY(R? x A, 1y) through fo(z,y) = f((a:, y) — z). Now by Theorem [5.1] applied to ¢’ and
fo we have

(5.19) / i
T\PH, .

But using the fact that ¢4((14,2)) € Hg7 vV € R?, we see that for Iy, -almost every h € H
we have 0 ¢ Z"hg + z. Hence the left hand side of (5.19) remains unchanged if we replace
D me@rhg+2)\{0} PY Domeznng+o- After this modification, the formula (B.19) is exactly the
same as (0.18]). O

fotm)dug (h) = dam(L) /Rd Afo duy.

(Znhg+2z)\{0}
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Remark 5.1. As we noted in Section [L.5] the continuity for £ < oo of the limit distributions Fp
and Fp 4 in Theorems [L.T] and [[3lis an immediate consequence of Theorem B.1], Corollary
(2] and the formulas in Theorem [[L4l Let us now also prove the continuity at £ = oo, i.e. the
fact that Fp(§) — 0 and Fp (&, r) — 0 as £ — oo: Since pg and pf, are SL(d, R)-invariant,
we may replace 3¢ by ¢1/43, in (II6)), and replace 3¢ +req by /43, 4+ req) in (LIT). As
before we write P = PW, L), L = Z"g, g € G. By Proposition and Proposition 3.5} for
p1g-almost every h € H, there is some &y = &y(h) > 0 such that £V/9(31+req)NP(W, Z"hg) #
for all £ > & and all » € R. By (LI7)) this implies that Fp 4(&,r) — 0 as & — oo, uniformly
with respect to r € R>g. The fact that Fp(§) — 0 as £ — oo is proved in the same way, using
also the fact that I:Tg = Hy for an appropriate ¢’, cf. Proposition

We will present detailed estimates of the tail of the limit distributions Fp and Fp 4 else-
where; cf. [2I] for the case when P is a lattice.

6. PROOF OF THE LIMIT THEOREMS FOR THE FREE PATH LENGTHS

6.1. Proof of Theorem Assume P = P(W, L) and fix ¢ € G! and § > 0 so that
L= "Z"g. In fact, by an appropriate scaling of the length units, we can assume without
loss of generality that 6 = 1.

Given (q,v) € THK,) and & > 0 we have p?~!7(g,v;p) > ¢ if and only if there is no
P-point in the open p-neighbourhood in R? of the line segment from g to q + p'~%wv. The
last statement implies that P is disjoint from the open cylinder 3 of radius p about the line
segment from q to q + p'~%w, and is implied whenever P is disjoint from the open cylinder
3 of radius p about the line segment from q to g + (p*~%¢ + p)v. Therefore

6.1) AM{vestt:3nP =0}
<A{vestt: p (g, vip) > €})
<A{vestl:3nP=0}).

Thus it suffices to prove that the left and right hand side of the inequality (6.1]) converge to
Fp(€) as p — 0 for almost every fixed q. We will only discuss the right hand case. The left
hand side can be reduced to the right hand case: we bound the left hand side from below
by replacing 3 by a slightly longer 3 of length p' (& + ¢), for any € > 0, and then use
lim. 0 Fp(§ +¢) = Fp(&); recall that the continuity of Fp(§) is an immediate consequence of
Theorem

We have 3 = 3:0'°¢? K (v)~!(14,q), where 3¢ is the open cylinder of radius 1 about the
line segment from 0 to ey as defined in (LI5]). Now

3NP=10

(6.2) — ((3§q>1°ng(v)*1(1d, 7)) x W) NL=0
= (3¢ x W) N L1 ((Lg, —q) K (v)@~157) =
= (3¢ x W) N 2"y ((1a, —q) K (v) @~ 187)g = 0.

Since W is bounded and p4(0W) = 0, W is Jordan measurable, and so is the product set
3¢ X W as a subset of R? x A. Hence given any ¢ > 0 there exist nonnegative continuous
functions ¢~ and a* on R? x A satisfying a~ < X3exWw < a™ and

€
5d,m(£) ‘

(6.3) py (supp(a™ —a7)) <
Now define f* and f~ € Cb(F\FfIg) through

(6.4) fi(rh):max<o,1— > ai(m)>.

meZ™hg
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(Again recall that Z"hg C R?x A for all h € H ¢, by Propositions3.5land[4.5l) By construction,

(6.5) FHTh) < I<(35 x W) NZ"hg = @) < f~(Th), VheH,.

Hence by (6.2]) and Theorem (6] for g outside a set of Lebesgue measure zero,

(6.6) limsup A\({v € ST 1:3NP =0}) < / _ f(Th)dug (h)
p—0 \I'H, I

and

(6.7) liminf A\({v € Sffl :3NP=0}) > / fH(T'h) dpg (h).
p—0 - I\I'H, g

But note that we have equality throughout in (6.35) for any T'h € T\T'H, 4 such that a™(m) =
a”(m) holds for all m € Z"hg. By (6.3) and Corollary 5.2] the set of I'h € I'\I'H, for which

this fails has measure less than . Note also that f~(Th) — f*(Th) < 1 for all h € H,.
Therefore the right hand sides of (6.6]) and (67 are both within ¢ of

ug, ({Th € T\PH, © (3¢ x W) nZ7hg = 0}).

Hence, since € > 0 is arbitrary, and since (3¢ x W) NZ"hg = 0 if and only if P(W,Z"hg)N 3¢ =
(0, we conclude:

lim AMvestt:3nP=0}) = Mﬁg({rh e T\TH, : POW,Z"hg) N 3¢ = 0}) = Fp(€).
o
Cf. (II6) regarding the last equality. This completes the proof of Theorem

6.2. Proof of Theorem [M.Il The proof is virtually the same as for Theorem [.2] with
Theorem replaced by Theorem [4.71

6.3. Proof of Theorem [I.3l We again assume P = P(W, £) and £ = Z"g with g € G*. By
mimicking the argument leading to (6.I]) we get:

6.8) A{vesit:3nP=0}
<A{vesit. pd‘ln(qp,g(v),v;p) > &})
<A{vesStl:3nP=0},

where now 3 is the open cylinder of radius p about the line segment from g, g(v) to g, g(v) +
p 4w and 3 is the open cylinder of radius p about the line segment from g, (v) to qpﬂ(v) +
(p'=%€ 4 p)v. Hence, as in the proof of Theorem [[2} it suffices to prove that A({v € Scllf1 :
3NP = (0}) converges to the right hand side of (LIT]) in Theorem[I.3] and that the convergence
is uniform with respect to the choice of g € P. Furthermore we may here replace 3 by the open
cylinder 3’ of radius p about the line segment from g+ p Projgy 1 B(v) to g+p Projg,1 B(v)+
plfd§v.

Recall that we have introduced the map K : 8971 — SO(d) so that vK(v) = e; for all

v € Scll_l. For any * € R"™ we write o, for the orthogonal projection of & € R™ onto
{0} x R"~!. Then (Projyyr B(v))K (v) = (B(v)K(v)) L, and thus we have

(6.9) 3 =3¢ 0@ K (v) 7 (14, 9)
where
(6.10) 3ew =3¢+ (B(v)K(v)) |,

with 3¢ as before. From this we get, just as in the proof of Theorem
(6.11) NP =0 (3e0 x W) NZ py((1a, —q)K (v)d18P)g = ().
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Since g € P, there is some y € £ such that ¢ = 7(y). Now y = myg for some m € Z", and
(q,0) =y — (0, mint(y)) = mg — (0, int(y)). Hence for any h € ASL(d,R) we have:

(612) @g((lda _q)h)g = (1115 —m)@g(h)g(lna (O, Tint (y)))a
and we can rewrite (6.11]) as:
(6.13) FNP =0 (3e0 x Wy) N Z"py(K(v)018P)g =,

where Wy := W — Tint(y). (Note that Wy, C A since mint(y) € A.)
Now let € > 0 be given, and let ¢~ and a* be as in the proof of Theorem For any

v €S9 and z € A we define Uy » and af  to be the appropriate translates of = and a*:

(6.14) 0g2(@) = o (2 + (~(B)K(v))1,2)),

Note that a,, , () and a ,(x) are jointly continuous in v, 2z, , and for any v € S9! we have
_ _ d—
C— < X3ewxWy < a;mnt(y). We now define f* and f~ € Cy(S{ ! xI"\I'H,) through

(6.15) fi(v,l“h)zmaX<0a1— > af,mm(m(m))'

meZ™hg\{0}
Then, using the fact that 0 ¢ 3¢, for all v € S9!,
(616)  fH(w,Th) < I((3ew x Wy) NZ'hg =0) < f~(v,Th),  V(v,h) €SI! xH,
Hence by (6.13) and Theorem A.I] we have

(6.17) limsup \({v € S¢1:3' NP =0}) < / f~(v,Th)d\(v) dpg(h)
p—0 S4=1 xI'\T'Hy

and

(6.18) liminf \({v €841 : 3’ NP =0}) > / [T (v,Th) d\(v) dpg(h).
p—0 gd-1 xI'\T'Hy

But note that we have equality throughout in (6.I6]) for any (v,T'h) such that a, _ (@) (m) =
al (@) (m) for all m € Z"hg \ {0}. The set of (v,I'h) for which this fails has measure

bounded from above by

(6.19) /S /F

I<m IS supp( o () a;mm(y))) dpg(h) dA(v)
\['Hg mEZ"hg\{O}

= 0a,m(L) /sdl wy <supp( omin(y) a;mm(y))) d\(v) < ¢

1

where we used Theorem BTl and (6.3]) together with obvious translational invariance. Therefore
the right hand sides of (6.17)) and (6.I8]) are both within & of

(6.20) /Sd1 o ({Th € D\PH, & (3¢w x Wy) NZ7hg = 0} ) dA(v).

Hence, since ¢ > 0 is arbitrary, and since (3¢, X Wy) NZ"hg = 0 if and only if P(Z"hg, Wy)N
3¢v = 0, we conclude:

(6.21)

: d—1 , 5/ _ _ . n -

lim A({o € {153 1P = 0}) = /S ny({Th € T\DH, + P(Z"hg. W) N3¢, = 0}) dA(w).
Recall that we have fixed g € G' so that £ = Z"g. Now set ¢’ = g(1,,(—q,0)), so that

L —(q,0) =Z"¢ (i.e. ¢’ corresponds to “g” in Theorem [[4). Then

(6'22) gl = (1717 _m) g (1n7 (07 ﬂ-int(’y)))v
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with y,m as above. Using also the fact that (1,,(0,z)) commutes with ¢;(SL(d,R)) for
any z € R™, we now have ¢y (SL(d,R)) = ¢m(py(SL(d,R))), where ¢y, denotes conjugation
with (1, —m), i.e. ¢y (h) = (1, —m)h(1,,m) for h € G. Using (1,,,m) € T" it follows that
Hy = ¢m(Hy). Note also that for any h € Hy we have

(6.23) L' ¢m(h)g = Z"hg + mint (y),
and hence the right hand side of (6.2I]) equals
: ny _
(6.24) /s;t—l 1y <{Fh €T\T'Hy : P(Z'hg', W) 3cp = @}) dA(v).

Here the integrand is unchanged if 3¢, is replaced by 3¢,A for any A € SL(d,R) (which
may depend on v), since pgy is right ¢, (SL(d,R))-invariant. In particular, using this with
an appropriate A € SO(d), we see that 3¢, may be replaced by 3¢ + ||(8(v)K (v)) | |leq, and
therefore using (LI7) and [|(B(v)K (v))L]|| = BL(v) we see that the above expression equals
the right hand side of (LIIl). Hence we have proved that (LIl holds for any fized g € P.
Note that the proof in fact works more generally to show that (III]) holds for any point
qgemn(l).

Finally we will prove that the convergence in (ILII) holds uniformly over all ¢ € P, and
in fact more generally holds uniformly over all g € 7(£ N Wi;ltl(B)), where B is any given
bounded subset of A. It follows from the previous discussion that it suffices to prove that
(210) holds uniformly over all g € (LN, (B)). (We now understand y to denote any point
in LN ({q} x B); this point is not necessarily uniquely determined by g, but if there are more
than one such y these all yield the same value for the right hand side of (6.21]).)

Because of the Jordan measurability of W, for any given € > 0 we may choose the functions
a” and at on R? x A in such a way that (6.3)) holds, while the condition a~ < X3exw < at
is strengthened to a= < X3 Wy and X3 Wit < a* for some n = n(e) > 0, where W, =
W\ B(OW,n) and W,© = W U B(OW,n), with B(OW,n) denoting the n-neighbourhood
of W in A. Now since B is bounded there is a finite set of points zi1,...,2zs € A such
that each z € B lies in the n-neighborhood of some z;. For each j € {1,...,s} we define

[ € Gy(ST! xT'\I'Hy) by
(6.25) fi(v,Th) = max <0, - > a, (m)>.
meZ™hg\{0}

By Theorem [£.1] there is some pg > 0 such that for every p € (0, po] and every j € {1,...,s},

(6.26) /s,g” £ (v,gpg(K(v)é”"g”)) dA(v) — /Sfl - f(v,Th) dk(v)dﬂg(h)‘ <e.

We now claim that for every g € 7(£ N 1 (B)) and every p € (0, po],
(6.27)

Mvesi:3nP =0} - /Sd_l ,ug({l“h e T\TH, : P(Z"hg,Wy) N 3¢ = @}) dA(v)| < 2¢.

To prove this let ¢ € (£ N7, 1(B)) be given, and fix a point y € £LN ({q} x B). We may

int

now take j € {1,...,s} such that ||mn(y) — 24|| <7, and then by construction,
(6.28)  fi(v,Th) < I<(3§,U x W,) NZ"hg = @) < f7(0,Th),  V(v.h) eS¢ xH,

Also for all v € S¢1 the equivalence (6I3) holds. Combining these facts with (G.26) we
conclude that for all p € (0, po],

(6.29) Moesft:3nP=0}) < /

. f7 (0, Th) dA(v) dug(h) + ¢
S9! xI\I'H,
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and

(6.30) MveSt: 3 AP =0} > /

P f;r(v,l“h) d\(v) dpg(h) —e.
1 X g

However by the same argument as before, using (6.28]), both the last two integrals differ by at
most ¢ from the right hand side of (G21]); hence (6:27)) is proved. Since € > 0 was arbitrary,
we have proved the desired uniformity.

APPENDIX: DIRECTIONS IN QUASICRYSTALS

The methods developed in this paper can also be applied to understand the fine-scale
statistics of directions in a cut-and-project set P. In analogy with the problem of directions
in affine lattices discussed in [I9] Sect. 2], we consider the set Pr = P N B(c) \ {0} of points
in P inside the spherical shell

(A1) Bl(c) ={x cR: T < |jx| < T}, 0<e< 1.
In view of (7)), there are asymptotically CvgT¢ such points as T — oo, where
(A2) C = 8am(L)(1 = )pa(W)

and vy = vol(BY) = 7¥/2/T(4£2) is the volume of the unit ball. For each T, we study the
corresponding directions |y|| 'y € S¢~! with y € Pr, counted with multiplicity. Again the
asymptotics (7)) implies that, as T' — oo, these points become uniformly distributed on S‘lj_l.
That is, for any set U C Sil*l with boundary of measure zero (with respect to the volume
element w on S¢71) we have

o H#HyePr: ylTlyed) w)
(4.3) Tlggo #Pr T w(stYy

Recall that w(S¢™1) = duy.

To analyse the fine-scale statistics of the directions to points in Pr, we consider the proba-
bility of finding r directions in a small open disc D7 (0, v) C S‘li_1 with random center v € S‘li_l.
Denote by

(A.4) Ner(o,v) =#{y € Pr : [ly| 'y € Dr(o,v)}
od

the number of points in D7 (o, v). The radius of D7 (0, v) is chosen so that it has volume 7
with ¢ > 0 fixed. The reason for this volume scaling is that the expectation value for the
counting function is asymptotically equal to ¢: For any probability measure A\ on Scffl with
continuous density

(A.5) lim Ner(o,v)dA\(v) = 0.

T—o0 Stli—l
This follows directly from (L7).
Theorem A.1. Let P = P(L, W) be a reqular cut-and-project set for some (possibly affine)
lattice L. Choose g € G and § > 0 so that L = 51/"(Z”g). Let A be a Borel probability

measure on Scf_l which is absolutely continuous with respect to Lebesque measure. Then, for
every o > 0 and r € Z>q, the limit

(A.6) Eep(r,0) = lim A({v € S4L N, r(o,v) =71})
exists, and is given by

(A7) Eep(r,0) = pg({P" € Qg : #(P'N&(c,0)) =1})
where

d \1/@-1)
(A.8) ¢(c,a):{(x1,...,xd)emd Ce<an <1, H(xg,...,xd)H§<CU ) xl}.
Vd—1
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In particular, E.p(r,0) is continuous in o and independent of A.

The proof of this theorem is analogous to that of Theorem [[.2} with the cylinder 3¢ replaced
by the cone €(c, o).

Theorem [A ] considers the set of directions in P with multiplicity. Although for generic P
the multiplicity is typically one, there are important examples where this is not the case. The
Penrose tiling and other cut-and-project sets which are based on the construction in Section
fall into this category, cf. [27]. It would therefore be natural to also consider the statistics
of directions without multiplicity, in analogy with the discussion of primitive lattice points in
[19] Sect. 2.4].
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