EFFECTIVE EQUIDISTRIBUTION OF PRIMITIVE RATIONAL POINTS ON
EXPANDING HOROSPHERES

DANIEL EL-BAZ, MIN LEE, AND ANDREAS STROMBERGSSON

ABSTRACT. We prove an effective version of a result due to Einsiedler, Mozes, Shah and Shapira
on the asymptotic distribution of primitive rational points on expanding closed horospheres in the
space of lattices. Key ingredients of our proof include recent bounds on matrix Kloosterman sums
due to Erdélyi and Téth, results by Clozel, Oh and Ullmo on the effective equidistribution of Hecke
points, and Rogers’ integration formula in the geometry of numbers. As an application of the main
theorem, we also obtain a result on the limit distribution of the number of small solutions of a
random system of linear congruences to a large modulus. Furthermore, as a by-product of our
proofs, we obtain a sharp bound on the number of nonsquare matrices over a finite field F, with
small entries and of a given size and rank.
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1. INTRODUCTION
1.1. Setup. Let 1 <n < d, G = SLg»(R) and T' = SLg4,(Z). Our discussion will take place in
C D

where A, B,C, D are real matrices of dimensions d X d, d X n, n X d and n X n, respectively. In
particular, for V€ M,,x4(R) (that is, V' being a real matrix of dimension n x d), let us write

the homogeneous space I'\G. We will often view an element g € G as a block matrix, g = <A B> ,

Iy V
(1.1) ny (V) := ((;l In) € C.
Also, for y > 0, let
_ (v ily 0
(1.2) D(y) := < 0 yfn> e G.

For each V' € Mgy, (R), the point I'ny (V) in I'\G depends only on V mod Mgy, (Z); hence the
map V — I'ny (V) factors through a map

(1.3) fiy : Masen(R/Z) — T\G.

In fact ny is a smooth embedding of the dn-dimensional torus Mgy, (R/Z); its image is a closed
horosphere in I'\G, which we call $);. More generally, let §), be $; translated by D(y):

9y =H1D(y) = {7+(V)D(y) : V € Maxn(R/Z)}.

These £, form a family of closed horospheres in I'\G, which expand as y increases. It is well-known
that as y — oo, the $), become equidistributed in I'\G with respect to the G-invariant probability
measure.

Our main object of study is a very special finite subset of the closed horosphere §),, appearing
when y is an integer. To describe this set, let H be the following subgroup of G:

(1.4) H— {(é f) . A € SLa(R), U € Myxa(R), A= I, if n — d}.

Then I'\T'H is a closed embedded submanifold of I'\G, and I'\T'H has the structure of a torus fiber
bundle over SL4(Z)\ SL4(R). Let &, be the intersection of '\I'H and $),,.

Lemma 1.1. The set &, is empty unless y is an integer. For y = q a positive integer, the set
S, consists exactly of the points ny (¢~ R)D(q) where R runs through all matrices in Max,(Z/qZ)
with the property that the rows of R generate (Z/qZ)".

(Here, naturally, Mgy, (Z/qZ) denotes the group of d x n matrices with entries in Z/qZ; note
also that for any R € Myx,(Z/qZ), ¢ 'R is a well-defined point in the torus Mgx,(R/Z).)

We prove in Section [2| (see also [EMSSI6| Sec. 2]). As in [EMSS16, Definition 1.1],
for a positive integer g, let us call a matrix R € Myx,(Z/qZ) (q-)primitive if the rows of R generate

(Z/qZ)". We will also say that a matrix R € Mgx,(Z) is g-primitive if its reduction mod ¢ is
g-primitive. Let R, be the set of all primitive matrices in Mgy, (Z/gZ). Then says that

(1.5) Sy = {n4+(¢"'R)D(q) : R€ Ry}

We call &, the set of primitive rational points on $),.
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We are interested in the behavior of this point set &, for ¢ large. It was proved by Einsiedler,
Mozes, Shah and Shapira [EMSS16] that &, becomes equidistributed in I'\I'H with respect to the
H-invariant probability measure, as ¢ — oco. In fact, confirming a conjecture by Marklof, they
proved the much stronger fact that the point set

(1.6) S, :={(¢"'R, i (¢"'R)D(q)) : Re Ry}

becomes (jointly) equidistributed in the product space (R/Z)%" x T'\I'H, where we have identified
the torus Mgy, (R/Z) with (R/Z)".

In the present paper we give a new proof of this equidistribution result which relies on harmonic
analysis and number theory, spectral theory of automorphic forms, the newly studied object of
matrix Kloosterman sums, and Rogers’ integration formula in the geometry of numbers. Our proof
leads to an effective version of the equidistribution result, that is, we obtain explicit information
on how quickly the equidistribution takes place as ¢ — oo.

1.2. Informal statement of the main result. Given a function f: (R/Z)™ x T'\I'H — R, set

(1.7) Agy( ¢ 'R, (¢ 'R)D(q)).

RER

Then the statement of Einsiedler-Mozes—Shah—Shapira’s theorem is precisely that whenever f is
bounded and continuous, A4(f) converges to the integral of f as ¢ — oo. By standard approxi-
mation arguments, it is equivalent to state that this convergence holds whenever f is smooth and
compactly supported.

Our main result is an effective version of that result, with a power-saving error term, meaning
that we prove, for every 1 < n < d, and for any sufficiently smooth f,

(18) Af) = / FdT dug + Oa(S(F) )
(R/Z)dn x "\['H

as ¢ — 0o, where dT is the usual Lebesgue measure on (R/Z)%", uy is the H-invariant probability
measure on I'\I'H, and S(f) is a certain Sobolev norm of f, defined in terms of the L? and L
norms of f and its first several derivatives (see §1.3)), while § > 0 is a fixed constant.

In the special case n = 1 such an effective equidistribution result was obtained in [LMI7] (for
d = 2) and [EBHL22] (for general d). Our main theorem, stated more precisely in the next
section, finally provides an effective version of the general case of the Einsiedler—-Mozes—Shah—
Shapira theorem.

1.3. Formal statement of the main result. In order to state our result we need to introduce
certain Sobolev norms of functions on homogeneous spaces (compare [VenlQ, Sec. 2.9.2]). Suppose
A is a lattice in a connected Lie group L, and let p be the L-invariant probability measure on
A\L. Fix, once and for all, a linear basis B for the Lie algebra of L. Let k& > 0 be an integer.
For f € CF(A\L) and 1 < p < oo (in fact we will only consider p = 2 and p = o), we define the
Sobolev norm of f

(1.9) Sor(F) =D IDflloanrm»
ord(D)<k

where D runs through all monomials in B of order < k. Here D acts on f by right differentiation:

d
(1.10) Xf(g) = dtf(g exp(tX)) ‘t _o forany X € B.

It should be noted that changing the basis B only distorts S, ;. by a bounded factor.
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We write CF(A\L) for the space of functions in C*(A\L) which have all derivatives of order < k
bounded, i.e.,
Ch(A\L) = {f € C*(A\L) : Sao(f) < o0}

It will be convenient to also introduce, in a non-standard but elementary way, fractional Sobolev
norms (cf. [SV05, Lemma 2]): For any real number k < k < k+ 1 and f € CF1(A\L), we set

(1.11) Sp(f) = Spi(F) S kg ().
In the statement of the following theorem, the above formalism is applied for the homogeneous
space (R/Z)% x T'\I'H, that is, with A = Z% x (' N H) and L = R x H.

Let 0 be the constant towards the Ramanujan conjecture for Maass wave forms on SLa(Z)\ SLa2(R),
which asserts § = 0. The current best bound is 6 < 7/64, due to Kim and Sarnak [Kim03, Appen-
dix 2].

Theorem 1.2. For the given positive integers 1 < n < d, let

W =g5(d® —1); ¥ = gmin(n,d —n)

_ ; if n<dandd>3);
k=2dn; 9= T 1 (Z.fn>1)’ and ;3 . (f )
3 (if n=1); K=35 ¥=35-0 (if n=1 and d = 2);

K=k =9 (if n=d).

Also let k be the smallest integer greater than both k and /.
Then for any 0 < € < %, fe C’g((R/Z)dn x I\T'H), and any positive integer q,

(112 A= [ g dunlg) AT+ O(Sr D) a S0 ).
(R/Z)dn JT\I'H

where the implied constant only depends on d and ¢.

Remark 1.3. In the statement of it should be noted that we always have xk + & < k
and ' + ¢ < k, and thus both the Sobolev norms Seg x+c(f) and Sy .74-(f) are defined and finite.
It should also be noted that the introduction of k" and ¥ in the case n = d is only a notational
convenience, allowing a simple comprehensive statement of . Indeed, in that case the error

term in reduces to O(Soo’n+5(f) qﬂHE)7 since 52 kte(f) < Soorte(f)-

1.4. Discussion of the result and layout of the proof. As we have already mentioned, the
problem of studying the limiting distribution of the primitive rational points on the expanding
closed horosphes $),, was raised by Marklof, specifically in [Marl0a] when n = 1. Marklof proved
an averaged version of the equidistribution of primitive rational points on expanding horospheres
and used it to obtain a limiting distribution result for Frobenius numbers. His work was made
effective, using estimates on the decay of matrix coefficients, by Li [Lil5].

The proof of Marklof’s conjecture by Einsiedler, Mozes, Shah and Shapira [EMSS16] uses tech-
niques from homogeneous dynamics and relies in particular on measure-classification theorems due
to Ratner [Rat91], extended by Shah [Sha98], which are inherently ineffective.

For n > 2, the result of with any effective rate of equidistribution, is new. It
is also worth noticing that in the special case n = 1, our error bound is stronger than those
in [LM17] (for n = 1 and d = 2) and in [EBHL22] (for n = 1 and d > 2). More precisely,
for n = 1 and d > 3, the error bound in [Theorem 1.2|is (Sooute(f) + Sowte(f)) - g 2 with
k = 2d and K = %(d2 — 1); this is stronger than the error term in [EBHL22, Theorem 1.1], both
in terms of the Sobolev norm and the power of qE| For n = 1 and d = 2, the error bound in

1One may note that the g-exponent in [EBHL22, Theorem 1.1] tends to our exponent —% + ¢ if one lets the order
of the Sobolev norm tend to +oo.
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Theorem 1.2[is So ate(f) g2t 4 Sy s (f) ¢ 2107 which is stronger than the bound in both
’2

LM17, Theorem 1.3] and [EBHL22, Remark 1.2]. Finally for n = d = 1 the error bound in
is Seo,2+4e(f) q7%+5. That case is quite easy; see [MarlOb] and [EMSS16, Sec. 2.1]
(neither of those include the precise error term, but that is not at all difficult).

The basic set-up of the proof of is similar to the one in both [LM17] and [EBHL22]:
Inwe give a parametrization of the set R, of primitive matrices in terms of I'°(q)\ SL4(Z)
and GL,(Z/qZ), where I'%(q) is a certain congruence subgroup of SL4(Z) (for n = 1 this was done
in [EBHL22| Lemma 2.2]). Furthermore, our first step is to Fourier expand the given test function
on (R/Z)™ x T\I'H, both with respect to the variable in the torus (R/Z) and with respect to
the torus fiber variable in I'\I'H; see Section 3| Then the main term in is obtained by using
the asymptotic equidistribution of certain Hecke orbits in SL4(Z)\ SL4(R), and for this an optimal
error term is provided by the results of Clozel, Oh and Ullmo [COUQ1]; see Section

However, the task of bounding the contribution from the remaining sums is significantly more
challenging in the present paper where we deal with general n > 1. Here our first step is to apply
bounds on the newly studied “matrix Kloosterman sums”. For prime moduli, key bounds on these
matrix Kloosterman sums have been proved by Erdélyi and Téth [ET21]; for the case of higher
prime power moduli we prove non-trivial bounds in Section by elementary but somewhat com-
plicated computations. Similar bounds have also, independently, been obtained by Erdélyi, Toth
and Zabradi in the recent paper [ETZ22]. The majorizing sum which arises from the application of
the bounds on matrix Kloosterman sums is still non-trivial to control. At this point we make use
of a Hecke operator interpretation followed by an application of an integration formula by Rogers
[Rogh5| in the geometry of numbers, to arrive at a satisfactory final bound. This is carried out in
Section The usage of Rogers’ integration formula in the present method is also the reason for
our improvement of the error bounds in [LM17] and [EBHL22] in the case n = 1.

1.5. Consequences of our main theorem and its proof. The case n = 1 of the equidistribu-
tion result of Einsiedler, Mozes, Shah and Shapira is known to have applications to the distribution
of Frobenius numbers [Marl0Oal, the distribution of shapes of lattices [EMSS16], and to the dis-
tribution of metric parameters of random Cayley graphs of cyclic groups [MS13]. Naturally, an
effective version of this equidistribution result can be expected to lead to information on the rate
of convergence in these applications; in [EBHL22, Cor. 5.1] this was carried out for the case of the
diameter of random Cayley graphs of cyclic groups. (Our improved error bound in
should lead to an improved exponent 7, in [EBHL22] Cor. 5.1].)

In the present article, in Section [8.1) we give a new application of the equidistribution result,
this time for arbitrary 1 < n < d: We obtain the limit distribution of the number of small solutions
of a random system of linear congruences to a large modulus. This can be seen as a variation, and
in a sense a refinement, of results by Strémbergsson and Venkatesh [SVOF] (see Remark [8.2).

Furthermore, while first attempting to follow the strategy deployed in [EBHL22|, we came across
an elementary counting problem in linear algebra, for which we were however unable to find an
elementary solution. That resulted in the technique we instead follow in Section using a Hecke
operator interpretation followed by an application of Rogers’ integration formula. As a by-product
of our proof, we are able to satisfactorily solve the linear algebra problem, whose statement is as
follows:

p—1

Problem 1.4. For integers 1 <r <n <d, a prime p > 3 and an integer 1 < b < 5=, estimate

the growth rate of
(1.13) #{A € Myxn(Z) : ||Allcoc <b and rank(A mod p) = r}

as p gets large. Here ||Al|s denotes the mazimum of the absolute values of the entries of A.
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has been studied previously, for all values of n and d, by Ahmadi and Shparlinski
[ASQ7], who obtained an asymptotic formula for (1.13]) valid as p — oo with b in a restricted range.
In Section we prove a sharp estimate on (|1.13)), valid for arbitrary b and p.

2. THE PRIMITIVE RATIONAL POINTS ON $),

As in the introduction, we keep 1 < n < d fixed.

Proof of[Lemma 1.1l Let ¢ be a positive real number, and assume that &, is non-empty. This
means that there is some V' € Mgy, (R) such that ny(V)D(q) € TH, that is

—n/d
()0 )
q n n

for some vy € I', A € SLg(R) (if n =d: A=1,) and U € M,;,«4(R). All the entries in the last n
columns of the matrix in the right hand side are integers; hence ¢ must be an integer, and V = ¢ 'R
for some R € Mgy, (7). Also, left-multiplying the relation in by v~! and inspecting the bottom
right n x n submatrix (= I,,), it follows that each of the standard basis vectors ey, ..., e, of R" is
an integer linear combination of the row vectors of R and gey, ..., ge,. Hence R is ¢g-primitive.

Conversely, assume that ¢ is a positive integer and R € Mgy, (Z) is ¢-primitive. Then the
homomorphism a — aR mod ¢ from Z¢ to Z" /qZ"™ is surjective; hence its kernel K is a subgroup

of Z¢ of index ¢". Let ay,...,aq be a positively oriented Z-basis of K, where if n = d we require
aj = qej for j =1,...,d (this is ok since K = ¢Z" if n = d). Let A’ be the d x d matrix with
row vectors ari,...,aq. Then det(A4’) = ¢", and for each a; there is a unique b; € Z" such that

a;R+ gb; = 0. Also, since R is ¢g-primitive, there exist ¢1,..., ¢, € 7%+ such that C; <q};n) =e;

(j =1,...,n). Now let n be the square matrix with row vectors (a1,b1),...,(aq4,bq),c1,...,cn;

then

q—n/dId RY _ q—n/dA/ 0
for some U € M,,»4(R). Here det(q~™/?A’) = 1, and if n = d then ¢~' A’ = I,,. Hence the above
matrix lies in H, and det(n) = 1, i.e. n € I'. Therefore 71, (¢ ' R)D(q) € &,. O

It will be useful to know the cardinality of &, i.e. the cardinality of R,. We write ZT for the
set of positive integers.

Lemma 2.1. Vg € Z*, #R, = ¢ [T, H?:d—f—l—n(]‘ —p7).

Proof. It follows from the Chinese Remainder Theorem that the function ¢ — #7R, is multiplicative;
hence it suffices to prove the lemma when ¢ is a prime power, say ¢ = p" (r > 1). Now, for any
R € Myxn(Z/qZ) such that R mod p is p-primitive, R mod p has some nxn submatrix which belongs
to GL,(Z/pZ); therefore the determinant of the corresponding submatrix of R itself is a unit in
Z/qZ, viz., that submatrix belongs to GLy(Z/qZ) and R is ¢-primitive. Hence R € Mgx,(Z/qZ) is
g-primitive if and only if R mod p is p-primitive, and so #R, = p(’“_l)dn#Rp.

It remains to prove the lemma in the case ¢ = p, a prime. Let us write F,, for the field Z/pZ. A
matrix in Mgy, (F,) is p-primitive if and only if it has full rank, that is, if and only if its columns
are linearly independent. Note that there are exactly p? — 1 full rank matrices in Max1(Fp).
Furthermore, for any 1 < ¢ < d, given any matrix A € Mgx¢(F,) of full rank, the column span of
A has cardinality p’, and hence there are exactly p? — p’ ways to choose a column to the right of
A to form a full rank matrix in Mgy (s41)(Fp). Hence #R;, = ?:_01 (p? — p%), and the lemma is
proved. ]
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In the next lemma we give a parametrization of R, which will be crucial in our proof of the main
theorem. If n < d, then we define I'’(¢) to be the following congruence subgroup of SLg(Z):

‘C D
and we fix a set B, of representatives for T'°(q)\SL4(Z). When d = n, we set
(2) [(q) = SLa(2)
and By := {I,,}. The following lemma generalizes [EBHL22, Lemma 2.2].

(2.2) T0(q) = {(A B> € SLy(Z) : A€ My_p, B.C € Mz_nyxn. D € M,, B =0 mod q} ,

Lemma 2.2. The map

(2.4) By x GL,(Z/qZ) — Masxn(Z/qZ)
given by
(25) o0y () (v € By, U € GLu(Z/q2)

is a bijection onto Ry C Maxn(Z/qZ).
(In the case n = d, the matrix “(8)” in (2.5)) should be interpreted as “U”.)

Proof. If n = d then Ry = GL,(Z/qZ) and B, = {I,} and the lemma is trivial.

From now on we assume that 1 < n < d. It is clear that the image of the map in (2.5) is
contained in R,. To prove that the map is surjective, let R € R, be given. Then by the Smith
Normal Form Theorem, there exist § € GL4(Z/qZ) and n € GL,(Z/qZ) and a diagonal matrix

D € M,,(Z/qZ) such that
0 0
r=s(p)n=d(p,):

Note that the above identity remains true if we replace § by 0 diag[u, 1,--- , 1] for any u € (Z/qZ)*;
hence we may arrange that 6 € SL,(Z/qZ). The reduction map from SL,(Z) to SL,(Z/qZ) is
surjective (see, e.g., the proof of [Shi94, Lemma 1.38]); hence there exists a lift ¢ € SL,(Z) of 4.
Let v be the unique element in BqﬂFO(q)é’_l; then &' =1 (é g,) for some <é11 gl) € Ig),

and so

_ 0 .
R=v 1 <D’D?7> in Man(Z/qZ).

But R € R, implies YR € Ry; hence the rows of D'Dn generate (Z/qZ)", that is, D'Dn €
GL,(Z/qZ), and we have thus proved that R lies in the image of the map in ([2.5)).

It remains to verify that the map is injective. Thus we assume that the two pairs (v,U) and
(7/,U’) map to the same element in R,. Then

o <3> _ ( g) in Myn(Z/4Z).

This forces 7/y~! € I'%(q), and since 7,7 € B, it follows that v = «'. Hence also U = U’, and the
injectivity is proved. O

In the next lemma we give a formula which will be useful when applying [Lemma 2.2|to re-express
the sum in ([1.7)). Let us introduce, for U € M, 4(R),

(2.6) n_(U) = ({j g) .
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We also introduce the map

(2.7) n_ : Mpxd(R/Z) — T\G

by setting n_(U) := I'n_(U’) where U’ is any lift to M,,»4(R) of U € M,,»4(R/Z) (this is analogous
to n4 in (|1.3)).

Lemma 2.3. Assume that 1 <n <d. Lety € B; and U € GL,(Z/qZ), and set

(2.8) =571 (g) € Ry and S=(0 U™") € MuxalZ/qZ);
o [lg—p
h d

(2.9) D, = q d ( qfn) wnen n < d,

I, when n = d.
Then

o o D 0

(2.10) wa o) =7-67) (7 7).

(In the case n = d, the matrices “(8)” and “(0 U~1)” in (2.8) should be interpreted as “U”
and “U~1", respectively. The matrix D, € SL4(R) in (2.9) should not be mixed up with the matrix
D(y) in G = SLg4y(R) defined in (1.2).)

Proof. Our task is to prove ([2.10]), or equivalently
_ D 0 _ -1
(211) nta') (57 1) (nsla R)D@) e
where R’ and S’ are arbitrary lifts of R to Mgx,(Z) and S to M, «x4(Z), respectively. The matrix

in (2.11)) clearly has determinant one; hence it remains to prove that all its entries are integers. By
a quick computation, the matrix is seen to equal

(212) qd Dy —qi ' Dy R
. q%_lleq’Y _q%—Q S/DquR/_i_qflIn .

U
block matrix is seen to be in Mgy, (Z); similarly the bottom left block matrix is in M,,»4(Z). Finally,
one verifies that q%flS’Dq is in My, »q(Z) with its rightmost n x n submatrix being = U~! mod ¢;

Here the top left block matrix is clearly in Mgy 4(Z), and using yR' = <O> mod ¢, the top right

hence, since also YR = (8) mod ¢, it follows that ¢i 'S’ DR’ € I, + q - M,,(Z). This implies

that the bottom right block matrix in (2.12)) is in M, (Z), and the lemma is proved. O

3. FOURIER ANALYSIS ON THE SPACE I'\'H

The material in the present section generalizes [Str15, Sec. 4]. Throughout the section we assume
1<n<d.
We will parametrize the group H using the following diffeomorphism:

~ Iy O g 0\ (g O
B SLR xMua® S H @0 (8 ) (8 D)= (4 1)
Note that then I' N H corresponds to SL4(Z) X M,,»x4(Z), and the multiplication law in H is given
by
(3.2) (9. X)(¢'s X') = (99", X + X'g ™).
8



In particular, if F' is a left I' N H invariant function on H (or equivalently, a function on I'\I'H),
then in terms of our parametrization we have F(g, X + M) = F(g,X) for all M € M, xq(Z) %I,
which means that for any fixed g € SL4(R), X +— F(g, X) is a function on the torus M,,4(R/Z).
We write F((g; M) for the Fourier coefficients in the torus variable:

~

(33) Flgd)= [ F(g.x)e 04,
Mnxd(R/Z)

where dX denotes the Lebesgue measure on M, 4(R) = (R?)". Thus for any k > %nd and any
F € CHI'\I'H), we have [Gra08, Theorem 3.2.16]

(3.4) F(g,X)= Y FlgM)erm (M9,
MEMnXd(Z)

with a uniform absolute convergenceﬁ over (g, X) in any compact subset of H.
Lemma 3.1. Let F' € C(I'\I'H). Then for any v € SL4(Z), g € SLg(R) and M € M,,«4(Z),
(3.5) F(yg; M) = F(g;: My ™1).

Proof. This follows from the formula (3.3)) and F(vg, X) = F(g,X+), and the fact that the map
X — X is a diffeomorphism of the torus M,,»4(R/Z) onto itself preserving the Lebesgue measure.
]

For1 <i<nand1l<j<d, let E; € Muxq(R) denote the matrix with a 1 at the (4, j)th
position and zeros elsewhere. We define the following differential operator:

(36) (BisF) 0, X) = = F((9, X) (T 1)

Using (g, X)(14,tE; j) = (9, X +tE; jg~!) and the chain rule, we get

t=0

. oF
=1 v

where X = (i) 1<i<ni<j<d and g~' = (g, ;)1<ij<d-

Lemma 3.2. Let 0 < < k with k € Z. Then for any F € CF('\I'H), g € SL4(R) and
M E Mnxd(Z),

~ Soor(F)
3.8 FlgM)| < ————7—-
(3-8) ‘ (9 )‘ k 1+ [[M g5,
Proof. By (3.3) and (3.7]), we have for any 1 <i<nand 1 <j <d,
d OF
-~ — —2mitr(®
(39) EPgd) =Yg, [ S (g X)e g,
=1 Mnxd(R/Z) I'Z'j
Hence by integration by parts,
d
(3.10) (BigF)(g: M) = 2mi (Z gj,emi,z>F<g;M>-
/=1

2We also have F(yg, Xy~ 1) = F(g, X) for all v € SLa(Z).
3For any fixed ordering of M,,«4(Z).
9



Repeated use of this formula gives
(3.11) (EF,F)(g; M) = (2mi) <Z i g> (g; M).

Recall the definition of the Sobolev norm Sy on C{(I'\['H); see (L.9). We may assume that
the fixed basis for the Lie algebra of H which is used in this definition contains the vectors

% (téf’j I(L) |t:0 for all 7, 7. Then, using also (3.3]), we have

‘(Ek ‘ |EEF|| < Sai(F).
Hence we conclude:
d ko
(2m)" Z?j,emi,z |F(g; M)| < Seo i (F).
(=1
Note also that, trivially,
(3.12) [F(g: M) < S ().
Hence
d by
(3.13) (1 @n S gyomas] )IPlosn)| < 25l

(=1
The above inequality holds for any 1 < i < n and 1 < j < d. Note that 2?21 g;¢mie equals the
entry of the matrix M '¢~! at position 7, j; hence the maximum of |Zg:1 EMmZ»Jg’ over all 4, j equals
| M g~ !||o. Hence we obtain with k = k.

Finally, to extend to general x, note that after possibly decreasing k& we may assume that k—1 <

k < k. If Kk = k then we are done; hence we may now assume k—1 < k < k (thus k > 0 and k > 1).
The bound proved above holds both for k£ and for k' := k — 1; and combining these we obtain

|F(g; M)| < <W>k_“(w>n_k/.

L+ Mg~ HI& L+ Mg~
This implies (3.8)), by (1.11]) (applied with &’ in place of k) and since (1+a:k/)k_’*(1+:1:k)”_k/ > 14z
for all z > 0 (by Holder’s inequality). O

4. EFFECTIVE EQUIDISTRIBUTION OF HECKE POINTS

In this section we collect the results about equidistribution of Hecke points which we will need in
the proof of our main theorem. Our main reference will be [COUO1]; the proofs in that paper make
use of spectral theory of automorphic forms and the strong uniform bounds on matrix exponents
of unitary representations obtained in [Oh02].

In this section we again assume 1 < n < d. Recall from that we then have

_n (Ig p
(4.1) D, =q 4 ( d qIn> € SL4(R).
Lemma 4.1. We have the disjoint coset decomposition
(4.2) SL4(Z) D, SLy(Z) = | ] SL4(Z) D,0.
6€I%(q)\SLa(Z)

(Recall that T'°(¢) was defined in (2.2).)
10



Proof. Observe that

(4.3) D;'SL4(Z)Dg N SLy(Z) = T%(q).

Hence the group SL4(Z) can be expressed as a disjoint union

(4.4) SL4(Z) = U (D, 'SL4(Z) Dy N SLy(Z))0.
5€T9(q)\SL4(Z)

Following [Shi94] Proposition 3.1], we get (4.2)). O

We now follow the definition of Hecke operators given in [COUOI]. For a complex valued function
® on SL4(Z)\SL4(R), the Hecke operator for Dy is defined as

1
(45) To.20) = ioarsn@) > PP

5€I%(q)\SLa(2)

This makes sense since [SLy(Z) : T'%(q)] < oo.

The map Tp, restricts to a bounded linear operator on L?(SL4(Z)\ SL4(R)). We will later also
encounter the dual operator, T, , i.e. the bounded linear operator on L2(SL4(Z)\ SL4(R)) which
satisfies

(4.6) (Tp,®1, ®2) = [Tp,®1](9)®2(9) duolg) = <‘I)1,T5q‘1’2>

SLa(Z)\SLa(R)
for all ®;,®, € L2(SL4(Z)\SLg(R)), where jug is the SLg4(R)-invariant probability measure on
SL4(Z)\ SLy(R). By mimicking the proof of [Shi94, Proposition 3.39] one verifies that Tp, is in

1

fact the Hecke operator for D 1. Using also the fact that the map g — ‘¢~! is an automorphism

of SL4(R) which maps D, to D, it follows from that

SL4(Z) D;* SLy(Z) = | ] SL4(Z)D, ' %7,
5€T0(q)\SLa(Z)
and hence
1
(4.7) (T5,2)(9) = =5 > (D'

for any @ € L2(SLy(Z)\ SLy4(R)). In fact, we will take as a definition of T}, @ for any function
D . SLd(Z)\ SLd(R) — C.

Recall that we denote by 8 the constant towards the Ramanujan conjecture for Maass wave forms
on SLQ(Z)\ SL2 (R)

Proposition 4.2. Let k = %, >0, and k = [k+¢]. Then for every ® € C§(SL4(Z)\SL4(R)),

we have
(4.8)
q_%+9+€ ifn=1andd=2
(To,®)(10) - [ @(9) dpolg)| < Sarec(®) " pinnans
SLg(Z)\SLg(R) g~ 2 T otherwise.
Proof. Tt is a known result that for every ® € L?(SLg(Z)\SLq(R)),
—3+0+e ifn=1andd=2
@) |zoe- | (g) dpo()]| <o 19029 pnnsns |
SL4(Z)\SL4(R) 9 g~ 2 ¢  otherwise.

Indeed, if d > 3 then (4.9)) follows by applying [COUOI, Theorem 1.1 and p. 332 (Remark (3))
and Sec. 5.1] for the group G = GLg4, and using the identification between SLy(Z)\ SLg(R) with
11



Z GL4(Z)\ GL4(R), where Z is the center of GL4(R). In the case d = 2 one instead starts by
noticing that (see [Shi94, Ch. 3.1-2; in particular Thm. 3.24]; alternatively follow the computation
in [LMI7, p. 6599(top)]):

(410) TDq(I) QHp|q 1 +p ZM 01( ) q/aQ(I)?

a?lq

where the sum runs over all positive integers a satisfying a? | ¢, and o1(m) = dim d, and where
T (m € Z7) is the Hecke operator on L2(SL2(Z)\ SL2(R)) defined by

< (5 a)s)  (9ESLa®).

Next, by [GMO03], Sec. 3] we have HT o — fSLQ Z)\ SLa(R) @duoHQ <. m*%+0+e||<1>|’2 for all m € Z™.
Using this bound in (4.10)), the triangle inequality, and the fact that >a2iq M@)o (%) =4q [T,,(1+

p~ 1), we obtain ([4.9)) for d = 2. (The last step was also carried out in [LMI17, pp. 6599-6600]).
Finally, after recalling the definition (1.11]), the bound in (4.8]) is deduced from (4.9)) as in the
proof of [SV05, Lemma 5]. O

(T ®)(g

5. MATRIX KLOOSTERMAN SUMS
In this section we use the following notation:
eq(x) := 2wl (g €Z", z €R).
For n,q € Z* and A, B € M,(Z/qZ), we define

(5.1) Ko(A,Biq)= ) eq(tr(AX + BX™1)).
XeGLn(Z/qZ)

5.1. Prime moduli. For p a prime number, we denote the field Z/pZ by F,,. In [ET21], Corollary
1.11], Erdélyi and Téth have recently proved that for any prime number p and any A, B € M,,(F,),
not both 0,

(5.2) |[Ka(A, Bip)| < 2p™ "

In fact, the main result of that paper [ET21] is that if both A and B belong to GL,(FF,), then the
following much sharper bound holds:

(5.3) |[Kn(A, By p)| < p&m-o)/4,
where 6, = 0 if n is even and ¢,, = 1 if n is odd [ET21), Theorem 1.8].

5.2. General moduli. This case is easily reduced to the case of prime power moduli, using the
standard multiplicativity relation:

Lemma 5.1. Let g = H;:l qj where qi,...,q, € ZT are pairwise relatively prime, and for each j,
letc; € (Z)q;Z)* be a multiplicative inverse of H#j ¢i modulo qj. Then for any A, B € M,,(Z/qZ),

(5.4) Kn(A, Biq) = [ [ KnlcjA, ¢;B;q5)
j=1
12



Proof. For any integer a we have a = >7%_,(q/qj)cja mod ¢, and so eq(a) = [];_; e4;(cja). In
particular, for any X € GL,(Z/qZ),

(5.5) eq(tr(AX + BX 1)) = H eq,(tr(c;AX + ¢;BX ™)),
j=1

On the right-hand side, the jth factor depends only on X mod g¢j, and when X runs through

GLn(Z/qZ), the r-tuple (X mod g;);=1,., runs through the Cartesian product [[_, GLn(Z/q;Z).

Hence when we sum (5.5 over X € GL,,(Z/qZ), we obtain (5.4). O

Lemma 5.2. Let g € Z" and A, B € M,(Z/qZ), and let ¢ be a divisor of Hq‘ 5+ Assume also that
piqa

¢| B. Then

0 if (1A

5.6 K, (A, B: q) = :
(5.6) (4, B ) {E"an(ZlA,ElB;Elq) if €] A

Proof. Because of the assumption on ¢, we can fix a subset R of GL,(Z/qZ) containing exactly
one representative for each congruence class in GL,(Z/%Z), and then the map (Y, Z) — 1Y + Z
is a bijection from M, (Z/¢Z) x R onto GL,(Z/qZ). Using this parametrization in (5.1, writing
B = (B’ with B' € M,(Z/%Z) and noticing that (4Y + Z)~' = Z~! mod %, we get

K,(A,B;q) = Z e (tr(AY)) Z eq(tr(AZ))eq/g(tr(B'Z_l)).
Y EMn(Z/¢Z) ZeR

Here the sum over Y equals (" if £ | A, and otherwise vanishes. Hence we obtain (5.6)). O

5.3. Prime power moduli. In the case of higher prime power moduli, we will prove a bound on
K, (A, B;q) by direct and elementary computations; see [Proposition 5.10| below for the final result.
We remark that bounds of a similar nature, but more precise and in certain respects stronger, have
independently been obtained in the recent paper [ETZ22] by Erdélyi, Téth and Zabradi. However
we choose to include the proofs in this section in order to make our paper more self-contained and
because we use a shortcut that leads to an upper bound which is sufficient for our needs. We further
emphasize that, using the bounds from [ETZ22] instead, would not lead to an improvement of the

exponents in our main result,
For g € Z" and A, B € M,,(Z/qZ), we define

(5.7) C,(A,B) ={Y € GL,(Z/qZ) : AY =Y 'B mod ¢}.
For any prime p and C, D € M,,(F,), we also introduce the following matrix Gauss sum:
(5.8) Go(C,D)= Y ¢(tx(CZ*+D2)).

ZeMy, (Fp)

Lemma 5.3. Let g = p® where p is a prime and 8 > 2, and set a = |B/2]. Let A, B € M,,(Z/q7),
and assume A, B # 0 mod p. If B is even, then

(5.9) |[Kn(A, B; q)| < p™™ #Cpe (A, B).
If B is odd, then
(5.10) Ko (A, B;q)| < p™™ #Cpa (A, B) - max{|G,(C, D)| : C,D € M,,(F,), C #0}.

Proof. Fix a subset R of GL,,(Z/qZ) containing exactly one representative for each congruence class
in GL,,(Z/p®Z). Let us first assume that § is even; thus 8 = 2a. Then the map (Y, Z) — Y (I+p*Z)
13



is a bijection from R x M,,(Z/p*Z) onto GL,(Z/qZ). Using this parametrization in (5.1)), and the
fact that (I +p*Z)~! =1 — p*Z mod ¢, we obtain

Kn(A,Biq) = Y eg(tr(AY + BY™Y)) Y ep(tr((AY —Y'B)Z)).
YER ZeMn (Z/p*Z)

Here the inner sum vanishes unless AY —Y !B = 0 mod p®. Hence we obtain the bound in (5.9)).

Next assume that 3 is odd, i.e. 8 = 2a+1. Then we also fix a subset R’ of M,,(Z/p®*'Z) contain-
ing exactly one representative for each congruence class in M,,(F,). Then the map (Y, Zy, Z3) —
Y (I + p*Z;y + p*t1Z,) is a bijection from R x R’ x M, (Z/p*Z) onto GL,(Z/qZ). Using this in
(5.1), together with the fact that (I +p*Z; +p*T1Z5)~t =1 — p*Z; — p**1Zy + p**Z2 mod q, we
obtain

Kn(A,B;q) = Y eq(tr(AY + Y 'B)) Y eponr (tr((AY =Y 'B)Zy + p°Y ' BZ7}))

YeR Z1€ER!
XY epe(tr((AY =Y 'B)Zy)).

Zo€My, (Z/p*7)
Here the sum over Z, vanishes unless AY — Y ~'B = 0 mod p®; hence we obtain
AY - Y 'B
p° ’

KB = Yy v e 6 (v s,

YeR
AY —Y ~1B=0 mod p*

and this leads to the bound in ([5.10)). O

In order to make the bound in useful, we need to bound #Cpa (A, B). We will first
treat the case a = 1, and for this we will need the following lemma

Lemma 5.4. Let G be a finite group with the property that every irreducible linear representation
of G over C is either realizable over R or has non-real character. Let f : G — Z>o be the function
that counts the number of square roots of each element in G, viz., f(g9) == #{x € G : 2% = g}.
Then f(g) < f(e) for all g € G.

Proof. Clearly f is a class function (i.e., invariant under conjugation), and hence f = 3 (f, X)X
where the sum is taken over all irreducible characters of G [Ser77, Theorem 6]. Here

fix) = f(g p2—gx(g71) = x(z7?) = x(z
Gg; #;%29 G; G%

This formula, together with the assumption of the lemma and [Ser77, Prop. 39|, implies that
(f.x) € {0,1} for all x. Hence f =3 csx =>_, cgRex, where S is the set of those x for which

(f,x) =1. Hence for any g € G, f(g9) = >, csRex(9) <> esx(e) = f(e). O
Proposition 5.5. For every prime p and every A, B € M,,(F,), not both zero, we have

(5.11) #Cp(A, B) < pn= DL

More precisely, if A is in GLy(F)p), then

(5.12) #Cp(A, B) < p2 (=00,

where 6, = 1_(;1)n, while if r = rank A satisfies 1 <r <n —1 then

(5.13) #C,(A, B) < p m2r(n=r),

The implied constants in all three bounds are absolute.

4We learnt about this fact from MathOverflow, question 41784 (“Roots of permutations”) [BhD].
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(A slightly more precise bound is given in [ETZ22, Theorem 1.6].)

Proof. 1t suffices to prove (5.12) and (5.13)), since these imply (5.11). It is immediate from the
definition, (5.7), that rank A # rank B implies Cp(A, B) = 0; hence we may assume that r =
rank A = rank B.

Let us first assume r = n, i.e. A and B both lie in GL,,(IF,). Substituting Z = AY in the definition
of Cy(A, B), it follows that #C,(A, B) equals the number of elements Z € GL,,(F,) with Z? = AB.
Also the group GLy,(F)) is known to have the property that all of its linear representations are either
realizable over R or have non-real character [Zel81l, Ch. III, 12.6]. Using these facts in combination

with we conclude that
(5.14) #Cp(A,B) < #{Z € GL,(F,) : Z* =1I}.

The cardinality on the right-hand side of (b.14)) is easy to calculate: if Z € GL,(F,) satisfies
7% = I, then all eigenvalues of Z must equal £1, and hence Z is conjugate over F, to a matrix J

in Jordan canonical form, say with Jordan blocks Ji, ..., Ji (in this order) where J; is the n; x n;
matrix
i 1
g 1 0
JZ = o DY
0 E; 1
&

with &; € {1,—1}. Let us first assume p # 2. Then J? = I forces n; = 1 for all i, and so we
conclude that for every matrix Z belonging to the set on the right-hand side of , there is a
unique 0 < a < n such that Z is conjugate over ), to the diagonal matrix D, having a 1’s and
(n —a) —1’s along the diagonal, in this order. Hence the right-hand side of equals

Z #{TDaTil T e GLR(FP)} = Z #(GLn(Fp)/C(Da))a
a=0

a=0

where C'(D,) is the centralizer of D, in GL,(F,). But C(D,) consists of exactly the matrices in
GL,,(F),) which are block diagonal with blocks of sizes a,n — a, and so

a—1 n—a—1
#0(Dy) = # GLa(Fp)# GLy—o(Fp) = [[ 0" = »') [[ 0" —p").
j=0 3=0

If @ € {0,n} this should of course be understood to say #C(D,) = # GL,(F,) = H;L;Ol (p™ — p?).
Hence the right-hand side of (5.14]) equals

- [T (" — ')
C; IT5=0 (re = p) [Tj=5 (e = )

Noticing that H?;é (p* —p’) < pa2 uniformly over all primes p and all a > 0, the above expression
is seen to be

n
— an2fa2f(nfa)2 - p%(n275n),
a=0

with 6, = 1,(;1)71 and we have thus proved (5.12)) in the case r = n, p # 2.
15



Next we assume 7 = n, p = 2. Then J2 = I forces n; € {1,2} for all i, and thus, since —1 = 1
11
0 1
matrix Z belonging to the set in the right-hand side of ([5.14]), there is a unique 0 < a < [n/2]
such that Z is conjugate over Fy to the block diagonal matrix D!, having a blocks J and n — 2a
blocks J along the diagonal, in this order. It follows that the right-hand side of (5.14]) equals

(5.15) > #{IDT! : TeGL(Fa)} = Y #(GL,(F2)/C(D))).

0<a<|n/2| 0<a<|n/2|

in Fa, every Jordan block appearing in J must equal J := (1) or J = . Hence for every

Here we claim that
(5.16) #C(D!) = 2092n=30) 4 GL, (Fo)# GLy 04 (F2).

To prove this, note that X € GL,,(F2) commutes with D/, if and only if X commutes with D/, — I,
and D! — I can be conjugated, by a permutation matrix, into the matrix

0 I, 0
(5.17) U,:=|0 0 o],
0 0 0

with block sizes a, a,n—2a in this order. Hence #C(D)) = #C(U,), and writing X = (Xij)i7j:172,3
with block sizes a,a,n — 2a, we find that X belongs to C(U,) if and only if X1; = X9 and the
three matrices X971, Xo3, X31 vanish. Furthermore, by considering the determinant, such a block
matrix X is invertible if and only if both X717 = X9 and X33 are invertible. Hence we obtain the

formula in .
It follows from ([5.15)) and ([5.16|) that the right-hand side of is
- Z 2n27a(2n73a)7a27(n72a)2 _ Z 2%n272(af%n)2 - Qé(ntan).
0<a<|n/2] 0<a<|n/2]
Hence also holds in the case r = n, p = 2.

It remains to consider the case when r = rank A = rank B satisfies 1 < r < n — 1; we then wish
to prove the bound (5.13). We may of course assume that C,(A, B) is non-empty; thus let us fix
some Yy € Cp(A, B), and set Ap := AYy = YO_IB # 0. Then for any Y € GL,(F,), the condition
Y € Cy(A, B) is equivalent with AOYO_IY =Y 1Y, Ag, viz., YO_IY € Cp(Ao, Ap). Hence

#Cp(A, B) = #Cp(Ao, Ao).

Let V = {Aoxz : =z € F}} = {Az : = € F}}; this is an r-dimensional subspace of Fj. Let us
note that
(5.18) VY € Cp(Ao,A()) : Y‘V S GL(V)

Indeed, Y € Cy(Ag, Ag) implies AgYx = Y 1Az for all z € F); hence V = Y~1(V), and so
Y|V S GL(V).

Let us fix by,...,by—r to be a basis of some complementary subspace of V' in F;. Now let
Y1 € GL(V) be given. Then for any Y € C,(Ap, Ag) with Y|y = Y; (if such a Y exists at all),
we have AgY (b;) = Y1 Ag(b;) = Y, ' Ag(b;) for every j. This means that Y (b;) belongs to the
preimage of Yfle(bj) under Ap. Since Ap is a linear map on F) of rank 7, and the preimage of

Yl_le(bj) under A is not empty, the preimage is an affine linear subspace of F); of dimension
n —r. It follows that the tuple Y (by),...,Y (b,—,) can be chosen in at most p(n=r)? ways. Now
since Y is determined by linearity from Y7 and the elements Y (b1),...,Y (b,—,), we conclude that:
(5.19) VY1 € GL(V):  #{Y €Cy(Ap, Ag) : Y|y =Yi} < p7)°.
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It follows from (5.18]), (5.19) that
#Cp(A, B) = #Cy(Ao, Ag) < p" "V # GL(V) < pm =,
i.e. (5.13]) holds. _

We now turn to the problem of bounding #Cpe (A, B) for o > 2. We will start by proving a
bound on the following quantity, which turns out to be relevant for bounding both #Cpe (A, B) and
the Gauss sum G,(C, D). For any C € M,,(FF,), we set

(5.20) d(C) = dimg, A(C), where A(C)={Z e M, (Fp) : CZ+ ZC =0}.
Note that A(C) is a vector subspace of M,,(IF,) = IF;LQ, and #A(C) = p¥©).
Lemma 5.6. For any C € M,,(FF,) \ {0}, if either p > 2 or C # I then
(5.21) d(C) < (n—1)*+1.
Proof. Let us fix an algebraic closure F,, of F,. For any C’ € M,,(F,) we define
d(C") = dimﬁp{Z e M,(F,) : C'Z+ ZC' = 0}.
Note that this formula is consistent with if ¢’ € M,,(F,). Note also that d(C) = d(TCT~1)
for any T € GL,(F,). We may now choose T € GL,(F,) so that C' := TCT~! is in Jordan

canonical form. Thus let us assume that C’ has Jordan blocks Ji, ..., Ji (in this order) where J;
is the n; X n; matrix

A1
DY | 0
(5.22) Ji = (N €TFp).
0 N1

i

Writing Z in block decomposed form as Z = (Z; ;) with Z; ; € My, »; (Fp) for i,j € {1,...,k}, one
notes that C'Z 4+ ZC' = 0 holds if and only if J;Z; ; + Z; ;.J; = 0 for all pairs 4, j. Hence
k k
(5.23) d(C) =d(C') =) dimg {Z € My, 0, (Fy) : JiZ+ZJ; = 0}.
i=1 j=1
We now claim that

. = min(ni 77,) if /\i =—)\;
5.24 dimz {Z e M,,. .. (F,) : JiZ+ZJ; =0} = - J
(5.24) lme{ iin; (Fp) + 2Jj } {0 it A £ -\

To prove this, note that writing Z = (243) € My, n, (Fp), the relation J;Z 4+ ZJ; = 0 holds if and
only if

(525) ()\i+)\j)za7b+za+17b+za’b_1 =0 (VCL S {1,...,77,1'}, be {1,...,7”Lj}),

where we understand that z,, 11, = 0 for all b and 2,9 = 0 for all a. Let us first assume \; = —);,
so that the equation ([5.25) simply reads 2,41, + 24p—1 = 0. This implies that the matrix entries
are alternating along each diagonal, viz., for any fixed ¢’ € {1,...,n;} and ¥/ € {1,...,n;} with
either @/ = 1 or b = 1, we have zyy = —zap1p11 = Zariopie = - = (=1) 244010 Where

¢ =min(n; —a’,n; —b'). But we also have z, ; = 0 for all a’ > 2 (by applied with a = a’ — 1

and b = 1) and z,, y = 0 for all ¥’ < n; (by applied with a = n; and b = b’ + 1). Hence all

the diagonals which start at z,; with 1 < a’ < n; vanish completely; and if n; < n; then also the

diagonals which start at 27, with 1 < < n; —n; vanish completely. Conversely one verifies that
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any matrix having vanishing diagonals as just described, and the remaining diagonals alternating,
satisfies all the relations in (5.25)). Furthermore, there are exactly min(n;,n;) diagonals which are
not forced to vanish. Hence holds in the case \; = —A;.

Next we assume X\; # —\;. Then, applying (5.25) for b = 1 and a = n;,n; — 1,...,1 (in this
order) we get z,1 = 0 for all a. Next, applyin for b =2 and a = n;,n; — 1,...,1 gives
24,2 = 0 for all a. This may be repeated successively for b = 3,...,n;, finally giving Z = 0. Hence
(5-24) holds also in the case A\; # —\,;.

Using (5.24)) in ([5.23)), we obtain

(5.26) d(C) = Z Z min(n;, n;).
=1 ()\j]::_l)\i)

This implies

k k
(527) d(C) < Zznzn] <% + %&’Liznj:l)u

i=1 j=1
and using ) . n; = n, the right-hand side of (5.27) is seen to equal %nQ + %m2, where m := #{i :
n; = 1}. If n; > 2 for some i then m <n — 2, and so

dC) < in*+3i(n—-22%=m-172+1,

i.e. (5.21)) holds.
Hence from now on we may assume that n; = 1 for all 4, viz., C' is diagonalizable. Then ([5.26])

gives
d(C) = drd_y,
AES

where S = {A1,..., A} is the set of eigenvalues of C and dx = > ;. ,._, n; is the dimension of the

eigenspace for A. First assume p # 2. Then A # —\ for all A € F,, \ {0} and thus we can choose a
subset S’ C S such that S\ {0} € S’ U (=5") and S’ N (=S’) = 0. Now

1 1 ?
_ 2 2 2 2
E dAd_A—d0+2 E d,\d_,\§d0+§ E (d)\+d_>\) §d0+2< E (d)\+d_>\)>
AeS Aes’ Aes’ Aes’

=dj + 3(n —do)?,
and since C # 0 we have 0 < dgp < n — 1, so that
g+ 3(n—dp)* < (n—1)%+1

(with equality if and only if n = 2 and dy = 0). Hence holds.

Finally assume p = 2. Then d(C) = Y, g d3. If S is a singleton set, say S = {A}, then C" = I,
and thus also C = AI. This forces A € Fo, and so C € {0,1}. Hence if C ¢ {0,1} then #S > 2,
and choosing some element ' € S we get

dC)=d+ > B <di+m—dv)?<(n-1)2+1,
xeS\{d,/}

since 1 < dy <mn — 1. Thus (5.21]) holds. O

For p = 2 we will also need the following bound of similar type.
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Lemma 5.7. For any C € M, (F2),
1
(5.28) dimg,{Z € M,(F) : Z+CZ+ ZC =0} < 5712.

Proof. The proof of carries over with some modifications. Introducing the Jordan
decomposition of C exactly as in that proof, the analogue of (5.23)) now says that the dimension
in the left hand side of ([5.28) equals

ko k
(5.29) > dimg {Z € My, 0, (Fa) : Z+ JiZ + ZJ; =0},
i=1 j=1
Here we have, just as in ([5.24]),
, — min(n;,n;) if 1+X+X =0
dimz {Z € My, n,(Fo) : Z+ J;Z+ZJ; =0} =
1mF2{ nzv”]( 2) 1 J } {0 lf 1+)\1+)\J #O

(Indeed, Z + J;Z + ZJ; = 0 is equivalent with (5.25) but with A; + A; replaced by 1+ X; + A;.)
Hence the dimension in the left hand side of ((5.28) is

k k k
S mnn) <Y D mm= Y
i=1 7j=1 =1 7=1 AES
(Aj=—Ai—1) (Aj=—Ai—1)

where S = {A1,..., A} is the set of eigenvalues of C' and dy = }_, \ _yn; is the generalized

eigenspace dimension for A\. Now since A # —1 — A for all A € Fy, we can choose a subset S’ C S
such that S ¢ S’ U (-1 —-.5") and S'N(—1—5’) =0, and we then get

1 1 2
Z drxd—1-x =2 Z dyd_1-) < 3 Z (dy+d_1_»)* < 3 (Z (dy + dl,\)> = 5”2'

AES Aes’ AeS’ AeS’

Lemma 5.8. Let q be a prime power. Then for any A, B € M,,(Z/qZ) with ged(q, A, B) =1,
#Cy(A, B) < g,
where the implied constant is absolute.

Proof. Let us write ¢ = p® with p a prime and a > 1. Let A,B € M,(Z/qZ) and assume
ged(q, A, B) = 1, viz., either A # 0 or B # 0 mod p. Note that #C,(A, B) = #C,(B, A), since for
any Y € GL,(Z/qZ), AY = Y~'B mod ¢ holds if and only if (Y1)~'4 = BY ! mod ¢. Hence
without loss of generality we may assume that A Z 0 mod p. In view of (5.11]) in [Proposition 5.5}
it suffices to prove that for every Y € C,(A, B) there exist at most p(afl)((”*l)zﬂ) lifts of Y to
Cpa (A, B), that is, at most p(o‘_l)(("_l)ZH) matrices Y’ € Cpa(A, B) satisfying [Y' mod p] = Y.
By induction over «, it suffices to prove that for any a > 1, any A, B € M, (Z/p**'Z) with
A # 0 mod p, and any Y € Cpa(A, B), there exist at most p(”_l)%r1 matrices Y/ € Cpa+1(A, B)
satisfying [Y" mod p®] = Y. This holds trivially if there is no such matrix Y’; hence we may
assume that there exists a matrix Y; € Cpa+1(A, B) with [Yj mod p*®] = Y. Now the set of matrices
Y’ € My, (Z/p*t17Z) with Y’ = Y§ mod p® can be parametrized as Y’ = Y (I +p*Z) with Z running
through M, (F,), and we then compute that

AY' —Y'"'B = p*(AY{Z + 2Y] ' B) = p*(AY{ Z + ZAY]) mod p*T'.
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Hence Y” lies in Cjo+1(A, B) if and only if Z € A(AY{). Therefore, the number of admissible lifts

Y’ equals #A(AY]) = p“AY0). Note that AYg # 0 mod p; hence if p > 2 then by we
have d(AY]) < (n —1)? + 1, and the proof is complete.

From now on we assume p = 2. In this case we decompose Caa (A, B) as the disjoint union of the
two sets

C\(A,B) = {Y € Coa (A, B) : AY # I mod 2}
and

C\V(A, B) = {Y € Cpa(A,B) : AY =1 mod 2}.
For Cég)(A, B) the argument in the previous paragraph applies (since we get AYy # I mod 2 as
required in [Lemma 5.6)), and we thus obtain

#Cég) (A,B) < 2a((n—1)2+1) _ q(n—1)2+1‘
We next consider Cél;) (A, B). Note that from now on we may assume that both A, B € GL,(Z/2%Z)
since otherwise Céi)(A, B) = (). Substituting X = AY we have
#CSD(A, B) = #{X € GL,(Z/2°Z) : X® = AB mod 2° and X = I mod 2}.

Substituting next X = I 42U with U € M,,(Z/2%17Z), we see that #Cél)(A, B) <1 (with equality
if and only if AB = I mod 2), while for o > 2 we obtain Cél;) (A,B) =0 if AB # I mod 4, while in
the case AB = I mod 4 we get, after choosing B’ € M,,(Z/2%2Z) such that AB = I +4B’ mod 2%

£ (A, B) = #{U € M,(2/2°7'Z) : U+ U? = B' mod 2°2}
(5.30) = 2" 4{U € Mo(Z/2°7%Z) : U+ U? = B' mod 272},
In particular if o = 2 then #Cél;) (A,B) = on? < 22(("*1)2“), as desired. To handle the case a > 3
we will prove that for any 8 > 1 and any B’ € M,,(Z/2°7Z),
(5.31) H#{U € M, (Z/2°Z) : U+ U? = B mod 2°} < 22(5+1n?,
This bound is trivial for 8 = 1, and to prove it for § > 2 it suffices, by the same inductive lifting
argument as in the first paragraph, to prove that for any 8 > 2 and any U, B’ € M,,(%Z/2°7Z) with
U+ U? = B’ mod 2°, the number of Z € M,,(Z/27Z) satisfying (U + 2°712) + (U + 2°~12)% =
B’ mod 29 is at most 23", But the last equation is seen to be equivalent to

Z4+UZ+ ZU =0 mod 2,

and hence the claim follows from Using (5.30) and (5.31]), it follows that for all a > 3,

40 (A, B) < 25(ethn® < g gal(i=1)+D) _ go(n=1)*+1

w

where the last inequality holds since 3+ a((n —1)2+1) — J(a+ 1)n? = 27 (n — 224)2 4 =3 >

0.
This completes the proof of the lemma. 0
Lemma 5.9. For any prime p and any C,D € M, (F,),
|Gy(C, D)| < pz (D),
Proof. Tt follows from the definition, (5.8]), that

Go(C, D)= Y e(tr(C(Z>-Y?) +D(Z-Y))).
Z,Y €My (Fp)
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Substituting Z = X + Y, this becomes
> > e(tr((XC + CX)Y) + tr(CX? + DX)),
XMy (Fp) YEM, (Fp)

and here the inner sum vanishes unless XC + CX = 0. Hence

Go(C,D)P < |p" Y ep(CX*+ DX)| < p" #A(C) = p +UO),
XEA(C)
|
Proposition 5.10. Let g be a prime power. Then for any A, B € M,,(Z/qZ) with ged(q, A, B) =1,
(5.32) K, (A, B q)| <n an—n-&-l'

Proof. Let us write ¢ = p? with p a prime and 8 > 1. If 8 = 1 then follows from ; hence
from now on we assume 3 > 2. It follows from ged(q, A, B) = 1 that A £ 0 or B # 0 mod p. If
exactly one of A or B is divisible by p then K, (A, B;q) = 0 by hence from now on
we may assume that both A, B # 0 mod p. We will now use the bound in Thus set

a=|5/2] > 1. By |Lemma 5.8, #C,(A, B) < po‘((”fl)z“), and so
I y P
PO HCpo (A, B) < p2ent D),
Furthermore, if p > 2, then by we have d(C) < (n—1)? + 1 for all C € M, (F,) \ {0},
and hence by
max{|G,(C,D)| : C,D € M,(F,), C #0} < pEPF=D2HD) e ont
On the other hand for p = 2 we have the trivial bound
IG,(C,D)| < 2% <, 27"~ "+,
Using these bounds in we get
KA, B q)| < P07 74D = griontl,
O

By combining [Proposition 5.10] with [Lemma 5.1 and [Lemma 5.2 we now obtain a bound valid
for general moduli.

Theorem 5.11. Let e >0, ¢ > 2 and A, B € M,(Z/qZ). If gcd(q, A, B) = 1 then

(5'33) ’Kn(Aa B; Q)| Ln,e qnz—n—l—l—l—a'
If ¢ = ged(q, A) then
(5.34) |Kn(A, B q)| <ne a (g/0) 71

(See also [ETZ22, Theorem 1.8] for somewhat stronger and more precise bounds.)

Proof. If ged(q, A, B) = 1 then it follows from |[Lemma 5.1| and [Proposition 5.10| that
|Kn(A, B; C])| <<n,s an—n—I—l—i-s'
Next we assume instead ¢ = ged(q, A). Write ¢ = [[7_; pf" and ¢ = [[7_; p)* (thus 0 < ; < o

and 0 < o for all 7). Picking ¢; € (Z/p™Z)* as in we have

S
K,(A,B;q) = H K, (ciA, c;B; p™).
i=1
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For each i, if 7; < a; then p* { A, and so by we have

Kp(cid,eiB;p™) = p"™ K (p VA, p~ Ve By p™ =)

if p¥ | B, and otherwise K, (¢;A, ¢;B;p®) = 0. Hence if 7; < «; then by [Proposition 5.10),

[Kn(cid, ¢ B;p™)| < Cpm ples e =ntl) — gpean®plei=an)(=n1),
where C' = C(n) > 1 is the implied constant in ([5.32)). In the remaining case, when v; = «;, we use
the trivial bound |K,(c;A, ¢; B; p®)| < p®™°. Multiplying over all i, we obtain:

[Kn(A, B;q)| < ¢ f[ (Cp(ai_%)(_”“)> Kne " (qf0)
(ri<a)
Hence we have proved . O
Finally we deal with the Ramanujan sum case.
Proposition 5.12. Let p be a prime and m € Z+. For A € M, (Z/p™Z), when p™~ 11 A,
(5.35) K,(0,A;p™) =0.

Assume that p~' | A and let v € {0,1,...,n} be the rank of the matriz p~ ™~V A in M, (F,).
Then

n—r—1
m m—1)n? po— D 4y n—r %
(5.36) K (0, 4;p™) = pm = (=1ypm 2t [ 0" - p).
i=0
Proof. Applying with ¢ = p™~1, the first claim, (5.35)), follows immediately, and the
second claim, (5.36)), is reduced to the case m = 1. Now ((5.36) follows from [ET2I, Thm. 1.9],
since |GLy—(Fp)| = [Ty (v — ph). O

Corollary 5.13. Let q be a positive integer. We have

n? e \ " ordp(g)—1
(5.37) 1K, (0,A;:q)| < {7 (gcd(q,m) when [, P77 | A,

0 otherwise.

Proof. Let us write m, = ordy(q). If ]_[p‘qp”“”_1 1 A then K,(0,A;q) = 0, by the first part of
|Proposition 5.12} From now on we assume Hp|qpmp_1 | A. Letting 7, be the rank of the matrix
p~(mp=1) 4 in M,, (F,), we have by the second part of |Proposition 5.12|:

(5.38) a0, A: )] < [ plmo =5 brampnr)®
plg

(539) = Hpmpnz“rwf’r‘pn — an Hprp<TP;1_n) .
plg plg

One verifies that rp(T”; L. n) < —n whenever r, > 1; furthermore the product of all primes p | ¢

satisfying 7, > 1 equals m; hence the inequality in (5.37) follows. O
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6. GEOMETRY OF NUMBERS

Let us fix integers 1 < n < d. For any real numbers x > nd and a,b > 0, and any g € SLy(R),
we define

) 1
(6.1) 6= >
X#0
Note that the condition k > nd ensures that the series on the right-hand side converges (see also

Lemma 6.2 below). Furthermore, @gng is (left) SLg(Z)-invariant; indeed, for any v € SL4(Z) we
have

" 1 ()
(6.2) o)) = Y e =0 (g).
xee@ @t bl| Xygll5,
X0

Our goal in the present section is to prove a bound on the integral of @éng over SL4(Z)\ SL4(R);
see [Proposition 6.4 below. This bound will play an important role in our proof of the main theorem

)

in SectionM We start by proving, in [Lemma 6.2| below, a pointwise bound on <I>g”b.

For a lattice L in R? we write \; = \;(L) (i = 1,...,d) for its successive minima with respect to
the unit ball, i.e.,

(6.3) Ai(L) :=min{X € R>¢ : L contains i linearly independent vectors of length < A}.
Thus 0 < A\ < XAg <--- < A4 Let Bﬁl{ C R? be the ball of radius R with centre at the origin in R4,

Lemma 6.1. For every lattice L in R% and every R > 0,

d
(LN BL) =4 1:[1<1 + AZ))

Proof. See [GS91, Proposition 6]/ O
Lemma 6.2. For any x > nd, a,b > 0 and g € SLg(R), writing \; := X\;(Z%g) fori=1,...,d, we
have

bmIA" if A > (a/b)t/*"
(6.4) o) (g) <

2

d a /E\n
a_11:11<1+( /?1 )i A< (),

where the implied constant depends only on n,d and k.

Proof. As we will see, the lemma follows from the definition (6.1) and by a simple
(6.4

computation using dyadic decomposition. Note that for any r > 0, both sides in ) are scaled
by a factor 7~ when replacing (a,b) by (ra,rb); hence we may without loss of generality assume
b=1. Now set ¢ := \;/V/d and

Ny = #{X € Mpya(Z) : 2™ < || Xglloo < 2™} (m € Z).
5As noted in the erratum of [GS91], in the statement of [GS9I, Proposition 6], “A; - --Ax/M(K)” should read

“\i -+ Mg M(K)”, and in the last line of the proof, “~ V(Kp)” should be corrected to “~ V (Ko)~'”.
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Then N,, = 0 for all m < 0, since every non-zero vector v € Z%g satisfies ||v||o > ||v||/Vd > ¢, for

|lv|| = vV wv. Hence

1 o N,
XeMgn@) @ T ”Xg”ﬁ at(c2m) )\1 2m)
X+£0

Here

d

n ~ A2\ n

(6.5) Ny < (#(ngﬁl??zm)> <4 N 1= H(1+ = ) ,

i=1 v

by (and since ¢ <4 A1), and also

1 m\—k
and so
(6.7) ©)(9) <na Y NonAm.

m=1

Here we note that the sequence ]\71, Ng, ... is increasing and satisfies ( )”N < Nm+1 < Q”dN for
all m > 1 (where the first inequality comes from behavior of the factor corresponding to ¢ = 1 in
(6.5))). Letting mg be the unique real number satisfying ;2™ = a'/# it follows that the sequence
N Ay, is geometrically increasing with a ratio > (%)” for m < mg and geometrically decreasing
with the ratio 2747 for m > mg. Hence if mg < 0 (viz., if \; > a'/*) then @gﬁl)(g) Lprdn
N1 Ay <gpn AT, while if mg > 0 then

2(9) Ssdin Nimo) Amo) + Nomg1 Afma) < ™ (Nomg) + Nmg1) €t @ N

(6.8) a~! H(l +

0

We will also make use of Rogers’ formula, [Rog55, Theorem 4], which can be stated as follows (see
[SS22, Theorem 1.5 and Sec. 2]). Recall from Section [4] that po denotes the invariant probability
measure on SL4(Z)\ SLy(R).

Theorem 6.3. For any 1 <n < d, and for any Borel measurable function p : M, xq4(R) — R>q we

have
(6.9) / p(Xg)duo(g / p(BX)dX,
SLq(Z)\SLq(R) XGN%;d(Z) mz:l BE%: M, % a(R)
X£0

where for each m € {1,...,n}, Ay m is a subset of Myxm(Z) such that the map B — BR™ is a
bijection from A, ,, onto the family of rational m-dimensional subspaces of R™, H and (BR™)NZ" =
BZ™ for each B € Ay m; furthermore, dX is the standard md-dimensional Lebesque measure on
M, x4(R).

6Recall that a linear subspace V' C R™ is said to be rational if V = Spang (V N Z").
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In the above theorem, note that should be understood as an identity between extended real
numbers, i.e. either both sides of the equality sign are finite and equal, or else both sides are +oc.

Finally we are now ready to prove the main result of the present section.

Proposition 6.4. For any x > nd and a,b > 0 we have

4 (n—1)
6.10 / 3" (g)d <a (%) (142 :
( : SL4(Z)\SL4(R) “’b(g) Hol9) (b) ( b)

where the implied constant depends only on n,d and k.
In particular the proposition implies that the integral on the left-hand side of (6.10) is finite.
Proof. We apply [Theorem 6.3| with the following choice of p = pgp : My xq(R) = R>o:

1
(YY) = ———
ParV) = T
With this choice, says that
(6.11) / )(9) duola) = 3 Tas(m).
SLa(Z)\SLg(R) m=1

where

Z / Pap(BX)dX.

BeA mxd(R

Note that for any ¢ > 0, by substituting X = ¢/# X, o we have

(6.12) Jap(m) = V5 T, po(m).
Furthermore, we have the trivial scaling property
(6.13) Jap(m) = cJyepe(m).
Combining these we get:
md/k md/k
(6.14) Jasm) = (5) Jaalm) = a7 (3)" Jia(m).

Let us now also note that, by [Lemma 6.1 and [Lemma 6.2}
O{(9) Cnan #(L'gNBY)", Vg € SLa(R).
Furthermore, by Schmidt [Sch58| Theorem 2] we have

/ #(Z% N BH™ dpo(g) < oo.
SL4(Z)\SLa(R)

Hence fSL 7)\ SLa(R) ® ol )( ) dpo(g) < oo, and thus Jq1(m) < oo for each m € {1,...,n}. Hence

(k) _ - . "~ L ra\md/k n L ra m%
/SLd(Z)\SLd(]R) ®.) (9) duo(g) = mzl Jap(m) = mzla 1(3) T11(m) <o mzla 1(6)
_ a % a n%
ENOROD!
viz., the bound in holds. -
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7. PROOF OF THE MAIN THEOREM

In this section we give the proof of The proof is split into the two cases n = d
and n < d. The first of these is treated in Section as we will see, the proof in this case is a
fairly easy consequence of the bounds on the matrix Kloosterman sums proved in Section [5| The
proof in the case n < d is carried out in Sections the proof depends crucially on the bounds
in Section [5| in this case as well, but we additionally need to invoke Hecke equidistribution and
methods from geometry of numbers.

We stress that throughout the present section, the implied constant in any “<” may depend on
d (thus may also depend on n), without this being explicitly indicated in the notation.

7.1. The case n = d. In this case we have k = 2n? and k = 2n2+1 in the statement of[Theorem 1.2

Furthermore, Ry = GLy(Z/qZ) and By = {I,} (see Section [2); hence by for any
f € CF(M,(R/Z) x T\TH) and ¢ € Z*, we have

(1) A = g 3 F (0 R RID(@)

1
S — f o R RTY).
#GLn(Z/qZ) ReGI;Z/qZ)

Note also that H =2 M,,(R) and I'\I'H = M,,(R/Z) in the present case; hence we have the following
Fourier expansion, for X, Xy € M, (R/Z):
(7.2) FXLa_(Xa) = > F(N, M)e2mitr(NX) g2mitr (M),

N,MeM,,(Z)

where
(73) f(N, M) _ / / f(Tl, n (T2))672m'tr(“NT1)672m'tr(tMT2) dT, dTs.
n(R/Z) / Mn(R/Z)

The sum in ([7.2)) is absolutely convergent, uniformly with respect to X, Xo, since f € C’g with
k = 2n? + 1 > n? [Gra08, Theorem 3.2.16].

By applying integration by parts in a similar way as in we have, for any 0 < A < k
and N, M € Myyn(Z),

N . Sook(f) Soo)\(f) > Soo)\(f)
7.4) N,M)|l < mm( : ) ’ < ’ :
( |7 A1) L+ [[N]I2 7 1+ [[M]1% L+ [[N1I2 + (M2

Substituting (7.2) into (7.1), and then using the definition of the matrix Kloosterman sum
K, (A, B;q) in (5.1)) and the basic identity K,('4, 'B;q) = K, (A4, B;q), we obtain

—~ 1 —~ mtr(tNR)+tr(tMR—1)
(7.5) Aq(f) = f(0,0) + ECLo(Z)qZ) Z f(N, M) Z ¢’ .
n\&/q N,MeM,(Z) ReGLn(Z/qZ)
N#0 or M+#0

_ / / f (T1,7(Ty)) dT1 dTs + E(q),
M, (R/Z) n(R/Z)

where
1 ~
B(Q) = s D N, M)K,(N, M; q).
N#£0 or M#£0
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Here, in order to bound the Kloosterman sum for M = 0 we apply (5.37) in [Corollary 5.13] while
for M # 0 we use (5.34) in [Theorem 5.11|if n > 2, and the classical Weil bound if n = 1. Using
also

(7.6) #GLa(2/qZ) = ¢ T[] -2 > ¢ T <) [ - »7) > ¢" (logq) ™"

plg =1 Jj=2 plg

(where the first equality holds by and the last relation holds by Mertens’ third theorem),
and ([7.4]), we obtain:

Seor(f) ¢ " ged(q, N)" ¢ e ged(q, M)?
@7 1B@)] < S| 2 N T2 TN M )
NeM,(Z) e N,MeM,(Z) o0 o0

N#0 M+#0

where 9 is as in the statement of [Theorem 1.2| viz., 9 =n—1ifn > 1 and J = % ifn=1.

In the first sum, we substitute £ = gcd(q, V) and N = £ Npew; this gives

d(q, N)"

NeM,,(Z) lg NeM,,(Z)
N+#0 N#0

Using here the fact that

(7.8) H{N € M\,(Z) : ||N|loo =m}| < 2n2(2m + 1)"2_1 (Ym € Z>p),
we obtain
d(
(7.9) 3 ch th <<Ze” A Zm” -1
NeM, (Z)
N+#£0

The last sum converges if and only if A > n?, and when this holds the total expression is bounded
above by a constant which only depends on A.
Similarly, regarding the second sum in ([7.7)) we have:

ng((L ) o 1
< V4
2 L+ [IN|I% + 1M1 2 2 L+ [IN[1% + M1

N,MeM,(Z) llg  N,MeM,(Z)
M#0 M#0

+ 1)yt
<<Z£§ZZ u1+u g>\ A

lq u=0m=1

<<Z£19(Z€— n2—1— )\Zu+1n—1+ Zun——)\ Z mn2—1>

L)q u=~{+1 1<m<u/¢
< ZW( AW ()™ + Z u T (w0 >
Lgq =1 u=~(+1

Both the sums in the last expression are convergent if and only if A > 2n?, and if A > 2n? then we
obtain

ng(Q7 M)ﬂ 9+n2—\ e
(7.10) S S <A ! < "
wriomn o THINIA ML 2
M#0
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(If n > 2 then we even have }_,, (A 1)
In conclusion, using ([7.9) and ([7.10)) in , it follows that for any A > 2n?2,

E(@)] e Soon(f) (47 +0777%) < Saon(f) g 4.

Using this in (7.5)), setting ¢ = 1e,ew and then choosing A = 2n + epew, we obtain the relation
(1.12)), i.e. we have proved [Theorem 1.2|in the case n = d. O

7.2. The case n < d. To start the proof in this case, let x,9, x",7, k, e, f and g be given as in the
statement of [Theorem 1.2l By [Lemma 2.2 and [Lemma 2.3|

=g T 5 (e (E) e ()
# SOy X f(N;ﬁ_(ql(O 1) <Dq7 1)>2(N(8))

1 veB, U€GL(Z/qZ) NEMayn(Z)

where, for N € Myx,,(Z) and h € H,
(7.12) FIN:h) = / F(T, h)e 2 CNT) g,
Maxn (R/Z)
Recall from the statement of [Theorem 1.2[that f € C§(Mgx,(R/Z) x T\T'H). By applying integra-

tion by parts in a similar way as in [Lemma 3.2, we have, for any 0 < A < k, N € Mgx,(Z) and
h e H,

Soo,)\(f)

Recall our parametrization of H in ({3.1]); note that this can be expressed as h = n_(X) (g I >
In line with this we set, for g € SLg(R), X € M,,x4(R/Z) and N € Mgy, (Z):

(7.14) F(g,X;N)=f<N,ﬁ<X) <9 , ))

By (3.4),

(7.15) F(g,X;N) = Z F(g; M, N)e27ritr(tMX)
MeMnXd(Z)

where

7.16) F(g;M,N) = F(a.T: N e—zm‘tr(tMT) dT
g ’ g,1;
Mnxd(R/Z)

— / / f <T1’ﬁ_ (T2> <g >> e—?ﬂitr(tNTl)e—Zﬂitr(tMTz) dTQ dT1
Masen (R/Z) I Mo a(R/Z) In

Hence we have

! . (o) ()

Z Z Z F(Dgv; M,N) G ¢

7Ry NEMyyxn(Z) v€Bq UEGL,(Z/qZ)
MEMnxd(Z)

Aq(f) =
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Recalling now the definition of the matrix Kloosterman sum, (5.1)), and using (3) = < IO ) U and
n

(7.17) tr("M(0U ) =tr(*"MU(01,)) =tr((0L,) 'MUY),
we obtain

(7.18) A f) = #; > > F(Dyyi M, N)Kn((O 1) M, TNy (I:) ;q>.

7 NeMyy,(Z) vEBy
MEMnXd(Z)

We split this sum into three parts by separating out the two cases N = M = 0 and [N # 0,
M =0]:

(7.19) Ag(f) = Eog(f) + E1q(f) + E24(f),

where

(7.20) () = FEEHEL Y B

YEBy

(7.21) E1q(f) = % > > F(Dgi0.N)K, <O,tN7_l<£>;q)

#Rq NEMgxn(Z) vEBq
N#£0

and

(7.22)  Eau(f) = #;z > > F(DgyiM,N)K, ((o 1) M, 'NA~ < I‘i > ; q).

7 NeMgxn(Z) ~€Bq
MeMpxq(Z)\{0}

7.3. The main term: Ey,(f). We apply the equidistribution of Hecke points to the sum Ey 4(f)

in (7.20). Note that by [Lemma 3.1, F(g;0,0) is a left SLy(Z)-invariant function of g € SLy(R).
Using (4.5)) and #R, = #B, - # GL,,(Z/qZ) (which holds by , we have

Eoo(f ZF Dyy;0,0) = (Tp,F(-;0,0))(Ly).

WGBq

(7.23)

Recall that we are keeping 1 < n < d, and that «’,9, k, e, f and ¢ are given as in the statement of

Theorem 1.2} in particular we have f € C¥((R/Z)% x I'\I'H) where k is an integer with k > x’ +e¢.
It follows that F(-;0,0) € CF(SL4(Z)\SL4(R)), and now by (7:23) and |Proposition 4.2 we have

(7.24) Eoq(f) _/ F(g;0,0) duo(9)| <z Soprse(F(-30,0)) g 7+,
SLg4(Z)\SLg(R)
Here
) [ F(9:0.0) duo(g)
SLg(Z)\SLg(R)

—/ / / f (Tl,ﬁ_(TQ) (g 7 >) dTy dTy dpo(g)
SLa(Z)\SLq(R) Y Mgsn(R/Z) J M, q(R/Z) n

-/ [ 1.9 dug)ar.
Mgxn(R/Z) JT\I'H

Finally, in order to compare S /- (ﬁ( -;0,0)) with S /4-(f), let B and B’ be the fixed linear bases

for the Lie algebra of SL4(R) and the Lie algebra of Mgy, (R) x H which are used in the definitions of

the Sobolev norms; we may then assume that B C B’ when the Lie algebra of SLy(R) is embedded
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in the Lie algebra of Mgy, (R) x H via the differential of the homomorphism g +— (0, (g ;l))
Then for any monomial D in B of order < k, and every g € SLy(R), we have

(0 _ ~ g
[DF](g;0,0) _/den(R/Z) /MM(R/Z)[Df] (Tl,n(T2)< Iﬂ)) dT» dT,

(o (7))

dly dTy.
Integrating the last inequality over g, it follows that

~ = 2
IPF] (50,0 [ (st o sty = \//SLd(Z)\SLd(R)HDF] (9:0,0)[" duo(9)

<D fllr2(myzyan xr\rH)-

and hence

[pF@o.of< [ f
den(R/Z) Mnxd(R/Z)

For any integer 0 < k1 < k, by summing the above inequality over all monomials in B of order
< ky, it follows that ok, (F/(+;0,0)) < Sa, (f). Hence also Sy x(F(-;0,0)) < Sy (f) for any real
number 0 < A < k. Using this fact together with (7.25)) in (7.24)), we conclude:

- d
Eoq(f) /MM(M) /r\m f(T,g9) dun(g) dT

7.4. Error term 1: E ,(f). It follows from (7.16) and (7.13) that

Soo,/\(f)
L+ [NV

forall 0 < A<k, g € SLg(R) and N € Myxn(Z), M € M, «xq(Z). Using this bound together with
|Corollary 5.13|in (7.21]), we obtain:

BrlDl <SB30 INI Y (ge PR (IO))>

(7.26) <. 52’H,+€(f) q—§’+a_

|ﬁ(g;M,N)‘<<

! NeMay (2) 78B4 "
N#£0
n2—n
(7.27) <SeaN s 2 NI AW),
Kl NeMgyn(Z) {q

N#0
where
Ac(N) =#{yeBy : (| Ny (2)}-

For any N € Mgxn(Z), ¢ | q, v € By and U € GL,,(Z/qZ), by multiplying by U from the right,
it follows that the relation ¢ | *Ny~ (2 ) is equivalent with ¢ | ‘N4~! (). Hence by M
< #{X € Myxn(Z/qZ) : 'NX =0 mod ¢}
- # GLn(Z/qZ)
_ #{X € Maun(Z/qZ) : 'N'X =0 mod ('}
a # GL,(Z/qZ) ’
where we write N’ := gcd(¢, N)"'N and ¢' := ged(¢, N)~'4. To bound the last expression, note that
X € Myxn(Z/qZ) satisfies the relation 'N'X = 0 mod ¢ if and only if 'N'X = 0 mod ged(p", ')
holds for every prime power p” dividing ¢ (with » > 1). But by construction we have ged(¢', N') = 1;

hence if p | ¢ then N’ has at least one row, say n = n(p) € Z%, which is not divisible by
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p, which means that there are exactly p""/gcd(p", ¢')" matrices X € Mgy, (Z/p"Z) satisfying
nX =0 mod ged(p”, ¢'). Hence

rdn
X € Myun(Z/p'Z) : 'N'X =0 mod ged(p", )} < —L——
#{ € dx ( /p ) mo gC (p ) )} — gcd(pr’g/)n
Using this bound for each prime power p” dividing ¢, and multiplying, it follows that
dn dn
(7.29) #{X € Myyn(Z/qZ) : 'N'X =0 mod £} < 2{7 - an ged(£, N)™.
Recalling also ([7.6)), we conclude:

(7.30) Ap(N) <o g4I ged (¢, N)™
Let us also note that, by and since d > n,

d d
(7.31) #Re=a" 1] II Q-9 >a¢™ ][] <G >q™

plg j=d+1-n j=d+1-n

Using the bounds (7.28)), (7.30) and (7.31)) in (7.27]), we obtain:
|ELg(H] e Soop (g D [INI D ged(l, N)™

NeMgxn(Z) g
N#0

Recall that this holds for any real number A in the interval 0 < A < k, with k as in
Now note that for each positive integer £ we havd]

(7.32) Yo INISeede, N <Yy > NI =) 6 Y IV

NEMayn(Z) 810 NEMyyrn (57) sle N'€Myyxn(Z)
N#0 N#0 N'#£0

where we substituted N = d N’. However, using the fact that

(7.33) #{N" € Mgsn(Z) : |[N'||oo = m} < 2dn(2m+ )"t (Vm € Zx),

one verifies that the sum >y |V '|% is finite whenever A > dn; and in this case the expression
in ([7.32) is < ZW 6" <y 1, since n — A < n —dn < —1. We may here choose A = dn + 1 (this
is permissible since dn 4+ 1 < 2dn < k), and conclude:

(7‘34) |E1,q(f)| <e Soo,dn—i-l(f) qinJrs Z 1 <e Soo,dn—i—l(f) qin+2€'
q
7.5. Error term 2: Ej,(f). Recalling (7.22)), for any N € Mgy, (Z) we let
1 -~ _1/(0
13) BN =g XS FOmN K (06) 0N (D)),

© MeM,,«4(Z) vEBy
M=#0

so that
(7.36) EQ,q(f) = Z E2,q(f? N)

NeMan(Z)

"Here we work with nonnegative sums taking values in Rso U {+00}; note that a priori we may have

S nemy, @ IN|2 ged(€, N)™ = +o0; however our computation shows that > newm,, ., @) |N|2 ged(4, N)" < oo
N#0 N#0
whenever A > dn.
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By using also (7.12)) and ([7.14)), we have

Soo,)\(f)
L+ [MYDgy)HIa

for any real number X in the interval 0 < A < k. Also, by (7.13]) and ([7.16]),

Soo,/\(f)
1L+ V[I3

Hence for all M € M;,«4(Z) and N € Myx,(Z), we have

Soo,)\(f)
L+ | MY Dgy) M2 + [IVII%

Using this bound in ((7.35)), it follows that for every N € Myx,(Z),
‘Kn<(0 L) "™, "Ny~ () ;q>‘
L+ |MYDgv) M5 + N1

(7.37)

‘ ~

F (Dy; M, N)’ <

P (Dy; M, N) | <

’ﬁ(qu; M,N)‘ <

By V)] <« 222) g~ g

#Rq MEM,, 4(Z) vEBq
M0

Soon(f) D """+ ged(q, (0 L,) 'M)”
#Rq L+ [[MYDgy) A + NI

(7.38) <.

MeM,, xq(Z) veBy
M#0

where we recall that ¢ = n—1ifn > 2, 9 = % if n = 1; in the last step we used in

if n > 2, and the classical Weil bound if n = 1. Writing here M = (M M;)

with Mo € M, (4—n)(Z) and My € M, (Z), and setting ¢ := gcd(q, (0 In) tM) = ged(gq, My) and

M := =1 My, it follows that

n2—v9+e

q
[Bag(fi N)| < Soen ()" PSS >
1 Elq MOEMnX(d—n)(Z) M{EM’”(Z)
Mo=0=>M)#0
1t 1A -1
> (1l )DL + INI)
YEBy
Setting now X := (My M) we have, using (4.1)),
(Mo ¢M{) D' =tiXD),
and thus the last bound can be expressed as follows:
| Enq(f; N))|
n2—
gr vt 9 X L pmA 1A\
(7:39) < Swa(NTgm =220 > X (L INI%+ XD A T)
9 lg  XeMyxa(Z)vEB,

X+#£0

Assuming from now on that A > nd, and using the majorant function @g’fg introduced in (6.1)),
the last bound can be expressed:

n2—94¢
q Z Z A 1t —
1 g vEBq -

We will need the following simple lemma.
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Lemma 7.1. For any function ® : SL4(Z)\SL4s(R) — C, u | ¢ and g € SL4(R),
(7.41) > ®(Dyt g) = #By - (Th, @) (9)-
YEBy

Proof. We have

YDt )= Y D (D i) )

YEBq Y1 €M ()\I'(u) v2€By
But 1 € I'°(u) implies D, v1 Dy € SL4(Z); hence D! Yy, ' Dy, € SLy(Z) and ®(Dy ! {(y172) L g) =
®(D;! Yy g), and so we get

ST a(D;t ) = #(I0@\(w) Y (D! hyty)

v¥EB, Y2€By
= #(TUQ\I°(w)) - #Bu - (Tp, ®)(9) = #B, - (TH, ®)(9),
where the second equality holds by . U
Using and #Ry = #B, - # GL,(Z/qZ), the bound in can be rewritten as
follows: g
(7'42) ‘E2,Q(f§ N)} <e SOO’)‘(f)#Gan—(Z/(MZ) %:gﬁ ’ [qu/eq)gi)llN”émgm/d] (Id)'
q

We will bound (T} D, Z‘DELAZ) (I3) from above by an integral over SL4(Z)\ SL4(R). Fix a fundamen-

tal domain Fy for SLd( )\ SL4(R) containing I in its interior, and then fix an open neighbourhood
Q C F,; of I; so small that for every w € © and every v € R?,

1
(7.43) lvlleo = lvwllee < 2[|v]oo.
This implies that for every w € £ and every A € M,,«4(R),

1
(7.44) 1Al < lAw]loo < 2[Alco.
Hence for any a,b > 0, g € SLy(R), w € Q and X € M,,»4(R), we have

27 Ma+b][Xgl%) < a+ bl Xgwls, < 2*(a+ b Xgl),
and thus, recalling (6.1)), we conclude that
_ A A A

(7.45) 2700 (9) < @) (gw) < 2°20)(9).
Recalling now that, by ,

1
TH ®l(9) = ®(D ), ),
[ a/t ] #Bq/é 'yez[)’:/‘, Q/Z

and applying the left inequality in ([7.45)) with g = /2 4y~ for each v € B q/¢» we conclude that

27 M1y, O] (1) < [Th, @] (w),  vweQ

q/t ab
Hence
(7.46)
5, 00 (1) < L s )] () dpofuw) < — 2 [ 115,200 duots)
g/t a,b fQ NO ) q/¢  ab — deMO(w) 7 q/¢  ab ’
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where the last inequality holds since <I>((1>‘b) (g) > 0 everywhere. It should be noted that in ((7.46) we
are again working with nonnegative sums and integrals taking values in R>¢ U {+00}; a priori one
or both of the integrals in ([7.46) may equal 400, however we will see below that this is not the
case.

Next, using (4.6) we have (T}, ®,1) = (®,Tp,1) = (®,1) for all ® € L2(SL4(Z)\ SL4(R)), i.e.,

(7.47) /f 5, ] (9) diuolg) = /F 3(g) duo(g)-

It follows that (7.47) also holds as a relation in R>o U {+o0}, for any left SL;(Z)-invariant Borel
measurable function @ : SLi(R) — R>(. Using this fact in (7.46)) we conclude:

(7.45) T, 80 () < 2 s [ ol dunto)
D q/t fQ d,U/() a,b
and by [Proposition 6.4 (and since we are assuming \ > nd) this implies
d d
% ) _1/a\> a\ (n=1)%
(7.49) [Th,,,®ep](Ta) <xa™ (g) (1 + g) .

Using (7.6} . and - in -, we obtain:

d

N a_q L+ IV DX

(150)  1Baglfi )| e a0 60 (14 VL) eon (14 LTI )T
{q

Hence, using also (7.36]) and (7.33) (with m = a — 1), we have

(n—1)d
ol e Soa a1 320 Zad" e ()
q

Here we must require A > 2dn in order for the sum over a to converge. Assuming \ > 2dn, the
sum over a is bounded independently of ¢, since

a (n—1)d 00
Zadn 1, d )\<1 + En/d> < Z(a + 1)2dn—1—)\ <\ 1.
a=1 a=1

Hence, using also ¥ < n, we obtain:
(7.51) |Baq(f)] €xe Soon g™+

Setting here ¢ = %enew and then choosing A = k + €pew (recall that k = 2dn), the bound becomes
Sooﬁﬁ(f)q_ﬂ“. Note that this bound subsumes the one in since ¥ < n and dn + 1 < K.
Hence, recalling that A o(f) =Eoq(f) + E14(f) + E24(f) (see 7 19 and using and
, we obtain , i.e. we have proved [Theorem 1.2|in the case n < d.
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8. AN APPLICATION AND A BY-PRODUCT

In this section, we illustrate how both our result and its proof can be used to prove statements
about solutions of Diophantine equations over a finite field F,, p > 3 prime, in small boxes (see
also [Shp15| for a comprehensive survey).

Indeed, Section [8.1] is an application of our main theorem, to estimating the
probability that a randomly chosen (according to a rather general probability measure) system of
affine congruences has a given number of small solutions.

In Section [8.2] which is rather an application of the technique introduced in the proof of the
main theorem, we give a sharp upper bound — and prove the corresponding lower bound in a much
more elementary way — for the number of [Fy-points in small boxes on the variety of the set of
(rectangular) matrices with a given rank.

8.1. Application: small solutions of linear congruences. Let p be an odd prime, and consider
the affine variety V C A? defined by the system of equations

(8.1) filzr,...,zq) == fo(z1,...,2q) =0,

where fi,..., f, are polynomials in F,[X,..., X4]. An important question is what can be said
about existence of F)-points of V, or about the number of F,-points of V, inside a small “box” or
more general small domain in IE“Z; see, e.g., the recent survey [Shpl5]. In particular, a much studied
problem is how small integer solutions the system has. For a random choice of polynomials
fi,. > fn, one expects the size of the smallest integer solution to typically be of size comparable
to p™/@.

In [SV05], this question was studied for a random system of linear congruences. It was proved
in [SV05] that if the variety V' is taken uniformly random among all linear, or all affine linear,
subspaces of Fg of codimension n, then for any given nice subset Q of R%, as p — oo, there exists

an explicit limit distribution for the number of integer points which lie in p"/?(Q (viz., are ”small”)
and which project to points in V.

In below we prove a variant of these results, where instead the linear polynomials
fi,..., fnin are taken random with respect to a given probability measure of a fairly general
type: We take the constant terms of fi,..., f, to be arbitrary fixed integers by,...,b,, while
the tuple of degree one coefficients is chosen uniformly random among all points R in }Fg" such
that p~' R belongs to a given (nice) subset U of the torus (R/Z)% and the equations are linearly
independent. In other words, we ask about the number of integer solutions x € Z? of size < p/d
to the congruence equation x R = b mod p, for fixed b € Z™ and R chosen uniformly random in the
set {RE€R, : p 'R € U}. We will prove that, for any given nice subset 2 of R?, there exists an
explicit limit distribution for the number of such solutions @ in Z% N p™?Q, as p — co. In fact, our
proof allows the modulus p to run through all integers, and we will state the theorem in this form,
writing ¢ in place of p.

We say that a subset Q of Euclidean space R™ or of the torus (R/Z)™ (m > 1) is smooth if
vol(0:2) < € as € — 0, where 9.9 is the e-neighborhood of the boundary of Q. In the following
we will view Mgy, (Z/qZ) as a subset of (R/qZ)%"; this means that for any subset U C (R/Z)%",
we can write R, N qU for the set of all R € R, satisfying ¢ 'R € U.

Theorem 8.1. Let d > n > 1; let U be a smooth subset of (R/Z)¥" of positive volume; let 0 be

a smooth and bounded subset of R%; let b € Z", and let € > 0. If b = 0 then we assume that §

contains a neighborhood of the origin. Then for any r € Z>q there exists a constant ¢(Q,b,r) >0

such that, for any positive integer q, the number of R € Ry N qU such that the congruence equation
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xR = b mod q has ezactly v solutions x in Z% N ¢ is
(8.2) #(RyNqU) - (e(.6.7) + Ovrgrpre(a ),

n—1 n d—n 1 1
n . (L 1y
142dn @2 &2 )Zf”—2’ and a(d, 1) mm<2+4d’d2>

In order to state the explicit formula for the limit probabilities ¢(€2,b,r) in [Theorem 8.1} let
ASL4(R) be the affine special linear group of order d, that is, ASLy(R) = SLg(R) x R* with

multiplication law

where o = a(d,n) = min(

(9,0)(g"v") = (99", v +v') (9,9’ € SLa(R), v,v' € RY).
(Note that ASL4(R) is isomorphic with our group H in the special case n = 1.) The group ASL4(R)
acts on R? from the right through =(g,v) := g + v (x € R?). We identify the homogeneous
space ASLg(Z)\ ASL4(R) with the space of grids (=translates of lattices) of covolume one in R?,
through ASLg(Z)g <+ Z%g (g € ASL4(R)), and we denote by u the invariant probability measure
on ASL4(Z)\ ASL4(R). We take SL4(R) to be embedded in ASL4(R) through g — (g,0); thus
SL4(Z)\ SL4(R) becomes identified in the standard way with the space of lattices of covolume one
in R?. Recall that o denotes the invariant probability measure on SLg(Z)\ SL4(R). Now we have:

(8.3) (. b.r) = 4 P09 € SLa@)\SLu(R) : (2N =r}) i b=0;
' o p({g € ASLy(Z)\ ASLy(R) : #(Z%gNQ) =7r}) if b#0.

In particular note that for b # 0, ¢(€2, b, r) is independent of b!

Remark 8.2. The formulas for the limit probabilities in are the same as those in [SV05]. In
fact, in the case b = 0, by specializing to U = (R/Z)%" and restricting ¢ to run through primes,
gives back [SV05, Theorem 2] but with a weaker error term. Indeed, as R runs through
Rp, the set {x € Iﬁ‘g : R = 0} runs through all the linear subspaces of FZ of codimension n, visiting

each such subspace exactly H;”:_ll (p" — p?) times. Similarly, the limit result of [SV05, Theorem 3]

(without an error term) follows formally by applying [Theorem 8.1|with ¢ = p prime, U = (R/Z)%",
and averaging over all b in F7; this is of course not a rigorous deduction, since b is required to be

a fixed integer vector in|Theorem 8.1} and the error term in (8.2)) is allowed to depend on b in an

uncontrolled way.

Remark 8.3. As we will see, the proof of [Theorem 8.1] can easily be extended to give the following
more general statement: Let d,n, U be as in|Theorem 8.1} let k € ZT, and let Q, ..., Q% be smooth
and bounded subsets of R%. Let by,..., b, € Z"; for each j such that b; = 0, we assume that {);
contains a neighbourhood of the origin. Let 71,...,7; € Z>o. Then for any ¢ € Z*, the number of
R € RyNqU such that for each j = 1,..., k, the equation R = b; mod ¢ has exactly r; solutions
x € 74 ﬂq"/de, is

(8.4) #(RqNqU) - (c+O(g ")),

where o = a(d,n) is as before, ¢ € R> is a constant which depends on by,..., by, Q1,...,8 and
r1,...,7 (see (8.17) below), and where the implied constant in the “big O” may depend on U,
bl,...,bk,Ql,...,Qk,Tl,...,T‘k,E.

Remark 8.4. In the case d = n we have R, = GL,(Z/qZ) for every q € Z*, and hence for any
b € Z", the equation £R = b mod ¢ has a unique solution z = bR~! in (Z/qZ)". We now have the
following result analogous to For any smooth subsets U C (R/Z)"* and Q C (R/Z)™
of positive volume, and any b € Z" \ {0} and ¢ € Z*, the number of R € R, N qU such that
x = bR™! lies in ¢Q equals
#(Rq N qU) vol()(1 + Ovape(a™7)),
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where 8 = (n) = 11%52 if n > 2, and (1) = %. We give the proof at the end of the present
section. In analogy with Remark the above result may also be generalized into an asymptotic
formula for the number of R € R, N qU such that © = bjR_1 lies in ¢€2; for each j =1,... k.

We now start preparing for the proof of For each b € R™ we denote by J the
following Lie group homomorphism:

(8.5) Jo:H—s ASLy(R),  J <‘Z/ ;’) — (Z,bV).

If b € Z" then Jp(I' N H) C ASL4(Z), and hence Jp induces a smooth map

Jo : T\T'H — ASLg(Z)\ ASLy4(R).
Lemma 8.5. For any q € Z*, R € Ry, b € Z", and any subset ) C R?, the number of solutions
x € Z%N ¢/ to the congruence equation xR = b mod ¢ equals #(Zde (?i+(q_1R)D(q)) N Q)

(Here for any o € ASLy4(Z)\ ASLg(R) we write “Z%” for the corresponding grid; thus Z%«a := Zdg
for any g € ASL4(R) such that o = ASL4(Z)g.)

Proof. Let R’ be a lift of R to Mgy, (Z). We know from that n4 (¢ 1 R)D(q) € T'\I'H;

A B) (with

hence there exists some v € I' such that yny (¢ 'R)D(q) € H. Writing v = <C D

A e My(Z), B € Mgxn(Z), C € Mpxd(Z), D € M, (Z)), we then have

(8.6) A B\ (¢ il; R\ (¢ 1A 0

’ C D 0 ql, o quc L,)’
In particular we have AR’ +¢B = 0 in Mgy, (Z), and this implies that the lattice Z?A is contained
in the kernel of the homomorphism « — [£R’' mod ¢| from Z? to Z"/qZ™. This homomorphism

is surjective since R € Ry; hence the kernel is a subgroup of index ¢" in Z%: furthermore,
implies det A = ¢", so that also Z%A has index ¢™ in Z¢. Hence Z%A in fact equals the kernel:

(8.7) 78A={x ez : xR =0 mod ¢}.
Also from (B.6) we have CR' + gD = I,; hence bCR' = b mod ¢. This fact combined with ({.7))
implies

{x ez : xR=bmod q} = Z*A+ bC.
Note also that implies Zdjb(ﬁJr (¢"*R)D(q)) = ¢~ (Z%A + bC). The lemma follows from the
last two facts. O
Lemma 8.6. For any b € Z" \ {0},~MH o jgl = p. On the other hand, for b = 0 we have
Jo(T\T'H) = SL4(Z)\ SL4(R) and pz o Jg' = puo.

Proof. As before, let 4 C SL4(R) be a fundamental domain for SL4(Z)\ SL4(R); also let jig be the
Haar measure on SLg(R) which induces the measure g on SLg(Z)\ SL4(R). Then the measure up
can be explicitly described as follows: For any Borel set B C I'\T'H,

s = [va({xeramm a0 (§ ) < s))du

where vol is the Lebesgue measure on the torus M, »q(R/Z) = (R/Z)®. Similarly, if we introduce
the map ¢ : (R/Z)% — ASL4(Z)\ ASL4(R) by setting ¢(x) := ASLy(Z)(I4, ') where 2’ is any lift to
R? of x € (R/Z)?, then for any Borel set A C ASLg(Z)\ ASLy(R),

(8.9) H(A) = /F vol({z € (R/Z)" : 1(z)(g,0) € A}) dfio(g).
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where now vol also denotes the Lebesgue measure on (R/Z)%. Assuming b € Z% \ {0}, our task is
to prove that

(8.10) pn(Jy ' (A)) = p(A)
holds for any Borel set A C ASL4(Z)\ ASLq(R). This follows using the formulas (8.8) and (8.9),
together with the fact that

700 (5 1) €T ) @ ubX) (0 €A (VX € Musa(R/2), g € SLa(R).

and the fact that for any Borel set A’ C (R/Z)<,
(8.11) vol({X € Mpyxa(R/Z) : bX € A'}) = vol(A").
In the remaining case, b = 0, the statements of the lemma are immediate from (8.5 and (8.8). O
As in [SV05], we introduce a notion of smoothness for subsets of arbitrary homogeneous spaces,
as follows: Let X = A\L where L is a Lie group and A a lattice in L, and let i be the L-invariant
probability measure on X. (We will apply the following to the three cases X = (I' N H)\H,
X = ASL4(Z)\ ASL4(R) and X = SL4(Z)\ SLg(R).) We fix a left invariant Riemannian metric
d on L. This metric descends to a Riemannian metric on X = A\L, which we also denote by d,

and using this metric, for any subset 2 C X and any € > 0, we define the e-neighborhood of the
boundary of €2,

0:0 .= {p eX : [E!q € 00 s.t. d(p,q) < 5]}

Now the set © is said to be smooth if [1(9:Q) < € as € — 0.
Next, for any subset @ C R? and any 7 € Zsg, we let Q. be the subset of ASL4(Z)\ ASLy4(R)
corresponding to those grids of covolume one in R? which intersect Q in exactly r points, viz.,

(8.12) Q, = {ASL4(Z)g : g € ASL4(R), #(ZgN Q) =1}

Lemma 8.7. For any smooth subset Q@ C R, any r € Z>o and any b € Z" \ {0}, jb_l(ﬁ,,) is a
smooth subset of T\T'H.

Proof. As in [SV05, Lemma 10], one proves that €, is a smooth subset of ASL4(Z)\ ASLg(R). Next,
it is an immediate verification from that ||dJp(v)|| < C||v|| holds for any point h € H and
any tangent vector v € Tj,H, where the two norms are the Riemannian norms on 77, ) (ASLg(R)),
and on TpH, respectively, and where C' is a positive constant which is independent of A and v. It
follows that

d(Jb(hl),Jb(hQ)) < Cd(hl,hg), Vhl,hg S H,
and this, in turn, implies that

d(jb(pl)a jb(p2)) < Cd(pl,pg), Vp1,p2 € (F M H)\H

Now let € > 0 be given. Then for any point p € 0O (jgl(ﬁr)) there exist points p1,py € TH\H
satisfying p; € Jb_l(Q,ﬂ)7 po ¢ Jb_l(Qr), d(p,p1) < € and d(p,p2) < €. It follows that Jp(p1) € Q,

jb(pz) ¢ ﬁr, d(Jp(p1), Jo(p)) < Ce and d(Jp(p2), Jo(p)) < Ce; and hence Jp(p) € o 2. We have
thus proved:

(8.13) 0 (Jy () € Tyt (90 =5).
Hence, using also and the fact that €, is smooth,
HH (86 (j;,_l(ﬁr))) < HH (j;)—l (80557‘)) = ,Uf(aCEQr) <L €.

Hence jb_ 1(Q,) is smooth. O
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Remark 8.8. One verifies that the constant C' in the proof of the previous lemma can be taken to
be C1]bl|, where ||b|| is the Euclidean norm of b and where C is a constant which only depends
on the Riemannian metrics on H and ASL4(R).

The following is the analogue of in the case b=0

Lemma 8.9. For any smooth subset {2 C R? which contains a neighbourhood of the origin, and for
any r € Lo, Jo (Qy) is a smooth subset of T\I'H.

Proof. Since Jo maps I\T'H into SL4(Z)\ SLg(R), we have ,761((2,") = j()*l(ﬁg,) where
Y, = {SL4(Z)g : g € SL4(R), #(Zgn Q) =r}.

This set £, is a smooth subset of SLy(Z)\ SLg(R), by [SV05, Lemma 4]. Now the proof of[Lemma 8.7]
carries over to the present case. ]

Proof of [Theorem 8.1 Let U,Q, b, r be given as in the statement of the theorem. Let x1 : Mgy, (R/Z) —
{0,1} be the characteristic functlon of U; let xo : T\I'H — {0, 1} be the characteristic function of
Jb_l(QT), and let x : Mgxn(R/Z) x T\I'H — {0,1} be the characteristic function of U x J L(Q,).
Then bym Lemma 8.5/ and ( - for any ¢ € Z*, the number of R € R,NqU such that the equatlon
xR = b mod ¢ has exactly 7 solutions & € Z% N g4 is

(8.14) > x(¢ 'R,y (¢ 'R)D(q)).

RER,

Since U is smooth by assumption, and jb_ 1((Nl,q) is smooth by |Lemma 8.7| or |Lemma 8.9L it
follows from the proof of [SV05, Lemma 1] that for every 0 < 6 < 5 there exist functions
fix € C¥(Mixn(R/Z)) and fo 1+ € C*(I'\I'H) satisfying

0< fj7_ <x; < fj7_|_ <1 and Soo,k(fj,:t) <k 5k
for j = 1,2 and any real £ > 0, and also
vol({A+ i@ Z @) <8 and  pu({Th : fouc(Th) 7 xa(TW)]) < 6.
Define the two functions f1 € Cp°(Mgxn(R/Z) x I'\I'H) through f4(7',p) = f1,+(T)f2,+(p). Then
1
0<f <x<fr <1 Soop(fr) <k 075 S (fr) <p 027"

for any real k¥ > 0 and k¥’ > 1. Recalling the definition (1.7)), it follows that the sum in (8.14)) is
bounded from above by #R, - A,(f+), and by this equals

#Rq (/ S+ dT/ Jot dpm + O<SOO,I€+6(f+)q_19+E + SZ,H’—O—e(f-i-)q_ﬂ/—i_E))
Mg xn(Z\R) '\I'H

Nl

(8:15) = #Rq <V01<U (T () + 0(6) + 067757 + 5én'sqw+g)>_

Similarly, the sum in (8.14) is bounded from below by #R, - A,(f-), which is again estimated
by the right-hand side of (8.15)). It follows that also the sum in (8.14]) itself is estimated by the

right-hand side o .15)). Note here that emma 8. HN_ r)) =¢ ,,r,teconstant
ight-hand side of (815). Note here that by [Lemma 8.6 ur(J, () = ¢(Q,b,7), th

defined in (8.3]). We now optimize by choosing § = ¢~ with a = a(d,n) := min( 1_‘79_5, T ) Using
also vol(U) > 0, it follows that
(8.16) > x(7 'R (g7 R)D()) = #Ry - vol(U) (c(2,b,7) + O(q~*+")),

RER,
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where ¢ depends on ¢, with ¢/ — 0 as ¢ — 0. From now on we write € in place of €. Let us note
that the exponent o = a(d, n) here satisfies the formula stated in this is immediate
from the formulas for x,9,x’,9" in where in the special case d = 2, n = 1 we make
use of the fact that 6 < 614 < 1%.

It remains to prove that we can replace the factor #R, - vol(U) in by #(RqNqU). To
this end, note first that by repeating the above argument but with x2 = f2 + = 1, we obtain

#(RqNqU) = #Rq - vol(U)(1 + O(q~*7)),
that is, there exists a constant C' = C(U, &) > 0 such that
#R, ~V01(U)(1 — C’qfaﬁ) <H#HRyNqU) < #Ry - Vol(U)(l + qua“).

We have (1+ C’qfo‘“)*1 >1—0(q %) and so #Ry - vol(U) > #(RqNqU)(1 — O(g~*"%)); and
if Cqg=oTe < % then also (1 — C’qfc”re)f1 <1+ 0(g "), allowing us to conclude #R, - vol(U) =
#(RqNqU)-(140(q~>*¢)). Using the last estimate in gives (8.2), and even when Cq~ ¢ > %
we conclude that is a valid bound from below on the quantity in . Note also that the
statement around (8.2]) holds trivially if #(R, N qU) = 0; hence from now on we may assume
#(RqyNqU) > 1. Now to complete the proof, note that Cg=**¢ > % implies ¢ < 1, hence
#R, < 1, and so #R, - vol(U) < 1+ O(qg ") < #(RyNqU) - (1 + O(qg~*"¢)), provided that
we take the implied constant sufficiently large. Using the last inequality in gives the desired
upper bound. O

Proof of the statement in Remark[8-3. The proof of carries over, with essentially the

only difference being that y2 : T\I'H — {0,1} is now taken to be the characteristic function of

the intersection ﬂé‘?:ngjl(ijrj), where Q. = {ASLq(Z)g : g € ASLq(R), #(Z4% N Q) = r;}.
(1 : : k7100 k 7-1(5

Now by a propfrty:fahd in arbitrary inetlgc spaces, a(ﬂjzlij (ij,ﬂj)) C szla(ij (ijrj)), and

hence 0: (ﬂ;?:l,]gjl(ﬁj,rj)) - Ule&.; (Jgjl(Qj,rj)) for every . Hence, using the fact that each set

j,; 1((2“].) is smooth, it follows that also the intersection ﬂ?zljl); l(ﬁj,rj) is smooth. The rest of the

J

proof is essentially the same as before, and we obtain (8.4) with

k ~ ~
(8.17) c=py (ﬂ Jb_jl(Qjﬂ“j)>'
j=1
O

Proof of the statement in Remark[8-4 Recall that when d = n, the map n_ (see ) gives an
identification between M, (R/Z) and I'\I'H. Let mp be the 'multiplication’ map from I'\I'H to
(R/Z)™ given by mp(n_(A)) = bA for all A € M,,(R/Z). Let x1 : M,(R/Z) — {0,1} be the
characteristic function of U; let x2 : T\I'H — {0,1} be the characteristic function of my*(Q),
and let x : M,(R/Z) x T\I'H — {0,1} be the characteristic function of U x m,'(€2). Recall
that 74 (¢ 'R)D(q) = n_(¢"'R™") for every R € R,, by [Lemma 2.3 Hence the number of
R € R, N qU such that x = bR™! lies in ¢ is now again given by the sum in (8.14)). One verifies
that g o mgl = vol, the Lebesgue measure on (R/Z)", and by an argument as in [Lemma 8.7L
my ' () is a smooth subset of I'\T'H. Now the proof of carries over to the present
case. U

8.2. By-product: counting matrices. The next theorem gives an optimal bound on the follow-
ing quantity, for any given 1 <r < n < d, any prime p and integer 1 < b < %:

(8.18) Npp = #{X € Mygxn(Z) : || X||oc < b and rank(X mod p) = r}.
40



The proof of this bound is a by-product of the proof of our main result, [Theorem 1.2} in particular
it uses an interpretation in terms of Hecke operators, and Rogers’ formula (Theorem 6.3)).

Theorem 8.10. Let 1 <r <n < d. For every prime p and integer 1 < b < %,
(8.19) Npp =a max(bdr, bd”p_(d_”)(”_”),

Remark 8.11. The same counting problem was considered by Ahmadi and Shparlinski in [AS07,
Theorem 9]. They were however interested in obtaining asymptotics, which they did through results
ultimately relying on Deligne-type methods for estimating the number of IF,-points on varieties.
Their large p asymptotics are non-trivial in the range where b is large, specifically — with our
notation — whenever b > p¥»n.dT¢ for some positive ¢, where

(n—7r)(d—r1) 1 )

1
g —_ 1 —
Trin,d = TAX (2 a0 T 2m—d=r +2

It should be noted that their result is valid for arbitrary n,d > 1.

Our method yields an upper bound of the correct order of magnitude for arbitrary p and b;
however we are not able to handle the case of square matrices (n = d). This stems from the
application of Rogers’ formula in our approach; is only valid under the assumption
n <d.

Proof. The main work will be spent on proving that (8.19) gives a valid bound from above on
Npp. To start, let m,: 7 — Fg be the canonical projection; denote by Gr, 4(F,) the space of

r-dimensional linear subspaces of Fg, and by X, the space SLg(Z)\ SL4(R). Observe that for a

linear subspace V' of IF'Z with dimension r, (V) is a sublattice of 7% whose covolume is p",

hence p% T, 1(V) is a unimodular lattice in R%. We may thus introduce the map
Op: Grra(Fp) = X, ¢p(V) =pa Lo (V).
It follows that an upper bound for N, is given by

Z #{(v1,...,v,) € (ng(V) N [=b,b]H)" : dim Spang ({v1, ..., v,}) > r})
VEGr, 4(Fp)

= Y #Hwi...,00) € (¢p(V)NDC)" : dimSpang ({vy, ..., vn}) > 1}),
VEGrr,d(Fp)
where C is the cube C' = pa~'[-1,1]% ¢ R%
At this point we recall the connection between the Grassmannian over F,, and lattices, namely

that there is a bijection between Gr, 4(F,) and the lattices pZ? C L C Z% of index p?~". Further-
more, the family of such lattices can be used to define a Hecke operator: Set

D) = pi-! (Ir ) € SLa(R),

and introduce, as in Section [4, the Hecke operator TD;), acting on functions on Xg. It then follows
from [Shi94, Lemma 3.13] that

T @) = s S @ (i),

# Grra(Fp) pLCL'CL
[L:L/]=pd—"

pla—r

for any @ : X; — C.
Hence:
Npp < 7 Grnd(Fp) [TD;, (Fp)] (Zd)a
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where Fy,: Xq — Z>q is defined, for L € X4, by
E,(L) = #{(v1,...,v,) € (LNbC)" : dim Spang (v, ...,v,) > r}.

We now proceed as in the proof of our main theorem, specifically the part after , whose
role is now played by the above inequality.

As in that proof, let £ be an open neighbourhood of the identity matrix Iz in SLg(R) such that
holds for all w €  and v € R% it then follows that

VweQ:  Npy < #Grpa(Fy) [T, (F)] (ZMw),
where
Fy: Xg— Z>o
L #{(v1,...,v,) € (LN2bC)" : dim Spang {vy,...,v,} > 7}.
Hence
8200 Npp < #Greal®) [ [T (B duo(E) = #CrvalFy) [ Fyda
a 4

(Recall that pg is the SLg(R)-invariant probability measure on X4.) The last upper bound can be
rewritten as

(821) pb <y #Grrd / Z Xp,b(lulv"' 7vn) d,UJO(L)a
Xd

"-717 7'U'n EL”

where y,p: (R)™ — {0,1} is the characteristic function of the set {(vi,...,v,) € (26C)"
dim Spang {v1,...,v,} > r}. We now rewrite the integrand in such a way that we can apply
Theorem 6.3} writing L = Z%g for some g € SLgq(R), it is

Yo xpwlmagomag) = Y we(X9) = > xps(Xg).

(M., E(Z)™ XeMyxa(Z) X€Myx4(Z)
X0

We are now in a position to use [Theorem 6.3/ and deduce that the integral in (8.21)) is equal to
> % [ wsEn
m=1 BEA, m M xa(R

where we recall that the matrix B has rank m, and so BX has rank < m. By the definition of x, s,
it follows that the integrand vanishes whenever m < r — 1, so the sum is equal to

Z Z / Xp7 »(BX) dX.
m=r BEA,, My xa(R

If we now define x: M, xq4(R) — {0,1} to be the characteristic function of the set of matrices
M € M,»4(R) such that || M| < 1 and rank M > r, we have, using 2bC' = 2bpa—![—1,1]%

Z / Xpp(BX)dX = Z / “1pmiBX)dX
BEA m><d( ) BeA de(R)
= (2bpa~! Z / Y(BX)dX <4 bmdp=md=r),

BGA mxd



In the last step we used the fact that S pc 4 mexd(R) X(BX)dX < [y Y xem,, .z X(X9) duolg) <
00, by [Theorem 6.3 and [Sch58, Theorem 2|. Plugging the last bound back into (8.21]), we finally

obtain

Np,b <4 # Grr,d(]Fp) Z (bdp—(d—r))m <4 pr(d—r) maX((bdp_(d_T))T, (bdp—(d—r))n)

m=r

_ max(bdr’ bdnp—(d—r)(n—r))’

i.e. we have proved that (8.19)) gives a valid upper bound on N, .

To finish, we prove that the same expression is also a lower bound on N, ;; it should be noted
that this proof is completely elementary. As a first step we note that

(8.22) #{Y € Mp(Z) ¢ ||V ]loo < band detY # 0 mod p} > b".
This is proved by induction: First, by immediate inspection (using b > 1), we have
(8.23) #{yeZN[-b,b] : y# a mod p} >b (Va € Z).

This fact, applied with a = 0, means that holds for 7 = 1. Next, for r > 2, write Y = (y;;) €
M, (Z), and let Y’ be the top left (r — 1) x (r — 1) submatrix of Y. Then by expanding det Y along
the bottom row, we have detY = y,, - det Y’ + h, where h is an integer which is independent of
yrr. Hence for any fixed choice of Y/ with ||Y’||oc < b and detY” # 0 mod p, and any fixed choice
of the entries y,; and y;,» (¢ =1,...,7— 1), there is some a € Z such that detY = 0 mod p holds if
and only if y,, = a mod p; and so by there are more than b choices of y,, € ZN[—b, b] which
make det Y # 0 mod p. Since the number of choices of Y’ as above is > ("1’ (by induction), and
each entry y,; and y;, (¢ =1,...,r — 1) can be chosen in more than b ways, it follows that
holds.

Note that any matrix X € Mgx,(Z) with || X | < b whose top left 7 x r submatrix has deter-
minant Z 0 mod p and whose last n — r columns vanish identically, belongs to the set in (8.18)).

Hence immediately implies that
(8.24) Npp > b b (@) = i,
Next we will prove that we also have N, ; > pinp=(d=)(n=7) et
B':=(ZN[-3b,40))" and B:=(Zn[b,b))",

and note that #(Z N [—3b,1b]) > b and hence #B' > (
subspace V' C Fg of dimension r,

$0)%. We claim that for every vector

(8.25) #B N (V) > (3b)%p

To prove this, set H := max{#a }(w) : w € Fg/V}, where « is the projection map from B’ to
Fi/V. Then (5b)* < #B' < #(F2/V)-H = p*"H, and so H > (3b)’p"~?. But the definition of H
implies that there exist H distinct vectors vy, ..., vy in B’ satisfying mp(v1) = - - - = mp(vy) mod V.
It follows that v; — v; for ¢ = 1,2,..., H are H distinct vectors lying in B N 7Tp_1(V), and hence
#BNm, (V) >H > (3b)dpr—, ie. is proved.

Now let us construct matrices X belonging to the set in as follows: First choose the left
d x r submatrix X’ of X to have all entries in Z N [—b, b] and full rank mod p. By the argument
giving , this choice can be made in > b%" ways. Let V C IF‘Z be the span of the columns of X’
reduced mod p. Finally, pick each remaining column of X as an arbitrary vector in B N, L.
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By (8.25]), these columns can be chosen in more than ((%b)dp’”_d)n_r ways, and our construction
guarantees that X belongs to the set in (8.18)). Hence

(8.26) Npp > b (3p)dpr )"

Together, (8.24) and (8.26)) imply the desired lower bound, N, j >4 max(bdr, bd"p*(dfr)(”*r)) (with

the implied constant being 2~4"=7)), O
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