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Introductory remarks

These notes comprise the main part of a course on approximation theory presented at Upp-
sala University in the Fall of 1998, viz. the part on polynomial approximation. The material
is mainly classical. As sources I used Cheney [1966], Dzjadyk [1977], Korovkin [1959], and
Lorentz [1953], as well as papers listed in the bibliography. The emphasis is on explaining
the main ideas behind the most important techniques.

The last part of the course was on rational approximation and is not included here. I
followed mainly Cheney [1966, Chapter 5, pp. 150-167]. I also discussed Padé approximation
briefly, following Cheney [1966, Chapter 5, pp. 173-177] and the introduction in Rudéalv
[1998].

I am grateful to T'sehaye Kahsu Araaya for remarks to the manuscript.

1. Introduction

What is approximation theory? Maybe at the end of this course we will be able to
give a mature answer to this question. For the time being, let me just sketch a kind
of formal framework for the problems we are going to study.

We have a metric space X and we want to approximate a given element z € X
by an element a of some subset A of X. The elements of A are “nice” or “tractable”
and we want to make the distance between x and a as small as possible: we call this
“to make a good approximation of z by elements of A.”

A metric space X is a set X together with a metric d. That d is a metric means
that it is a function d: X? — R which satisfies three properties: it is positive definite:

(1.1) d(z,y) > 0 for all z,y € X with equality precisely when = = y;
it is symmetric:

(1.2) d(z,y) = d(y,x) for all z,y € X;
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and it satisfies the triangle inequality:
(1.3) d(z,z) < d(z,y) +d(y, z) for all z,y,z € X.

Any normed space gives rise to a metric space: we can define the distance
between x and y as d(x,y) = ||z — y|| or, more generally, as d(x,y) = ||z — y||* for
any « satisfying 0 < o < 1.

To any element x of X and any subset A of X we associate the distance d(x, A)
from x to A, which by definition is

(1.4) d(z,A) = inlf4 d(z,a), re X, AcCX.

ac

Obviously we have 0 < d(z, A) < 400 with equality at the second place if and only
if A is empty and equality at the first place if and only if a belongs to A, the closure
of A. So the elements x such that d(z, A) = 0 are those which can be approximated
arbitrarily well by nice elements. If d(z, A) > 0 there is a certain unavoidable error.

A very common situation is that we have an increasing sequence (A,,) of sets
whose union is dense in X, so that d(x, A,,) — 0 as m — oo for every x € X. Then
an interesting question is how fast the convergence is and how the rate of convergence
depends on properties of the element .

It may or may not happen that the infimum in (1.4) is a minimum. In other
words, it may happen that there exists an element a, called a best approximant, such
that

d(z,a) = d(z, A),

but it may also be the case that
d(xz,a) > d(z, A) for all a € A.

In the latter case we are interested in constructing a sequence (a;) of elements of A
such that d(z,a;) — d(x,A) as j — oco. We call such a sequence an approzimating
sequence. In the first case we may ask if there is a unique best approximant: the set

{a € A; d(z,a) =d(z,A)},

may be empty, have exactly one element, or may have more than one element.

Exercise 1.1. Consider the spaces [P, i.e., R" with the norm
el = (S laj[P) " when 1< p < 4005 ]l = max fa.

Let A be a closed, convex and nonempty subset of R”. Prove that there is always a
unique best approximant when 1 < p < 400. Prove by examples that there does not
necessarily exist a unique closest element in the remaining cases p = 1, +o00. What
about 0 < p <17

A classical case when we always have a unique best approximant is the following.
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Theorem 1.2. Let H be a real or complex Hilbert space and A a nonempty, closed
and convex subset of H. Then for any point x € H there is a unique closest point
mw(x) in A. Any approximating sequence must tend to w(x).

Proof. We may take H as a real Hilbert space. (Why?) After a translation we may
assume that = 0. Let a; be points in A such that d(0,a;) = ||a;|| tends to d(0, A)
when j — co. We note the identity

13a; + 30kl + 305 — 5axl® = 3lla; 12 + 3llax]?,

which is easy to verify if we use the definition ||z| = 1/(z|z) of the norm in a Hilbert
space in terms of the inner product (x|y), x,y € H. Then

illa; = arll® = 3llal® + 3llarll® = llza; + zaell® < 5lla;1? + 3llaxl® — d(0, 4)%,

since %aj + %ak belongs to A in view of the convexity. We see that the right-hand
side tends to zero as j,k — oo. This implies that (a;) is a Cauchy sequence, and it
must therefore have a limit in H. The limit cannot depend on the sequence, for if we
take two sequences (a;) and (b;) and mix them, the new sequence (ag, by, a1, b1, as, ...)
must converge by the same argument. We call the limit 7(0); by translation we define
m(x) € A.

Exercise 1.3. Prove that the mapping m: H — A is continuous; more precisely that
(@) =7yl < llz—yll, =z,yeH.

Prove also that the set A is contained in a half-space as soon as = ¢ A: in the real
case every a € A must satisfy (a — z|w(z) — x) > |7(x) — z||>. What about the
complex case?

Exercise 1.4. Prove that if A is a closed linear subspace, then x —7(x) is orthogonal
to m(x). Prove that we get two idempotent mappings = and I — 7, and determine all
possible relations between the subspaces ker 7, ker(I — ), im 7, im(I — 7).

So Hilbert space is an easy case where the best approximant is unique. How-
ever, there are other interesting cases when we can prove uniqueness of the best
approximant.

Now we may perhaps dare to say that approximation theory is the study of
approximating sequences, best approximants and their uniqueness or nonuniqueness
in cases where X is a space of interesting functions, and A is some subspace of nice
functions, like polynomials, trigonomentric polynomials,...

2. The Weierstrass approximation theorem

The best starting point for these lectures is the classical Weierstrass' approximation
theorem. It says that for any continuous real-valued function f on the interval [0, 1]
and any integer k£ > 1 there is a polynomial py such that |f(z) — px(x)| < 1/k for all

'Karl Theodor Wilhelm Weierstra8l, 1815-1897, my advisor®.
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x € [0,1]. However, the degree of py may have to be much larger than k; we shall
return to that story.

Taylor polynomials can serve as approximants—if we are lucky. Given a function
with derivatives of all orders at a point a € R, its Taylor? polynomial of degree m at
a is

m

(2.1) Tpn(f)(@) =) f9a)(z—a)/jl, z€R, meN.

0

If the Taylor polynomials converge to f on some interval |a — r1,a + r2| containing
a, then f is the restriction to that interval of a holomorphic function defined in a disk
in the complex plane, {z € C; |z — a| < max(ry,r2)}, thus a rather special function.
In particular we see that if f is identically zero near a, then we cannot hope for the
Taylor polynomials to converge to f at a point where f is nonzero. To approximate
continuous or even general C'*° functions we need to find other polynomials.

Theorem 2.1 (The Weierstrass approximation theorem). Let f € C([0,1]) and let €

be a positive real number. Then there exists a polynomial P such that | f(x)—P(z)| < &
for all x € [0,1].

There are many generalizations of this theorem. For instance, we could let f be
complex-valued, or take values in a real or complex vector space of finite dimension.
That is easy. We could let f be a function of several real variables. Then it is also
easy to formulate the result. And we could let f be a function of several complex
variables. That would require a more profound study, with skillful adaptions of both
hypothesis and conclusion. Finally, of course, we may try to let the functions take
their values in an infinite-dimensional space.
We start with a trivial identity:

(2.2) 1:1m:(x+(1—x))m:§:(?)xk(l—x)m_k, z € R, meN.
0

Here, as usual,

m m!
2.3 - m keN, k<m,
(23) (k) Mm— Ry wResesm

is the binomial coefficient.? The formula holds for integers m, k with 0 < k < m. It
is, however, often convenient to define the coefficient for all £k € Z and then set it
equal to zero when k is negative or larger than m. Indeed, there is no way you can
choose m + 1 apples from m apples. This convention allows us to work more easily
with sums, whose limits need not always be indicated.

2Brook Taylor, 1685-1731.
3Read “m choose k” in English, “m super k” in Esperanto, and “m &ver k” in
Swedish.
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What could we learn from (2.2) except that 1 can be written in many ways?
Well, the function  — ('})2*(1 — )™ % has a peak at © = k/m. The maximum is
equal to

m\ [ k\" ) ™ _(m\ K (m — k)™ m
k) \m m -\ k mm TN 2wk(m — k)
The approximation holds when k as well as m — k are large, thus for m large and k/m

near the middle of [0, 1]. In particular, for & ~ m/2, the maximum is ~ 1/2/7mm. We
have used here Stirling’s* formula, a simple version of which is

(2.4) D(z) = (z — 1) = V2re 2" /2, x> 0.

More precisely, there is an asymptotic expansion valid as |z| tends to +oo in any
sector |argz| < ™ — ¢, € > 0, whose first terms are

I'(z) = (2 —1)!

2.5 1 1 1 1
(2:5) = 2me? 27 71/2 (1 + + S R + 0(25)> .

12z 28822  51840z3  2488320z4

For large m the function 2*(1—2)™* is pointed. However, it is not very pointed,
in the following sense. Let us say that the practical support of a nonnegative function
is the set where its value is at least 277 of its maximum, or perhaps the precise
practical support where the value is at least 2710 of the maximum. Then the practical
support of 2% (1—2)™~* near k = m/2 is an interval of length approximately 3.12/y/m
(for the precise practical support, the interval is not much longer, viz. 3.72/1/m). The
terms in the sum define a partition of unity over the interval [0,1]. However, it is
not like the partitions we use in distribution theory when the supports are almost
disjoint and one of the function is equal to 1 in a large compact set. In the sum (2.2)
the supports overlap massively; using the notion of practical support again we see
that 3.12y/m of the terms overlap near x = 1/2. See the figures.

Anyway, it is reasonable to expect that

Zf(k:/m)(?)xk(l—x)m_k, z€R, me N"=N~ {0},

which is a polynomial of degree m, would be a good approximation to f on [0, 1]. So
let us define

(26)  Bu(H)@) =Y f(k/m) (Z‘)mk(l _ )"k zEeR, me N

0

We shall call B,,(f) the Bernstein® polynomial of f of degree m.

4James Stirling, 1692-1770.
>Sergej Natanovi¢ Bernstein, 1880-1968.
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Figure 1. The polynomials p, x(z) = (7;)3:’“(1 — )™ F for m =10, k= 0,1, ..., 10.

We remark that the functions  — ()" (1 —z)¥ all have the same integral over

0, 1], viz. 1/(m + 1). It follows that the integral of B,,(f) is a Riemann sum for f:

1 1 m
(2.7) / Bl = =3 3 1/

Proposition 2.2. The mapping B,,: [0, 1|® — P,,, maps the real-valued functions on
0, 1] into the space P, of polynomials of degree at most m, m € N*. It is linear. It is
increasing, i.e., By (f) < Bm(9) if f < g; equivalently, it is positive, i.e., By, (f) > 0
if f =2 0. Moreover By, (1) =1 and By, (z)(z) = x. Finally,

1
(2.8) B (2?)(2) = 2* + —2(1 — z), reR, m>1.

m
Thus the restriction of B,, to the affine functions is the identity in P;. The restriction
of B,, to Py is not exactly the identity, since if p(x) = ag+ a1z +az2? is a polynomial
of degree at most 2, then

(2.9) Bu(p)(@) = ao + (a1 + %) z+ (a2 - %) 22,

Thus B,,, maps Ps into itself and differs from the identity by an error which is nowhere
larger than |as|(4m)~! and in particular tends to zero as m — +oo.

Proof. The linearity and positivity of By, is clear. The fact that B,,(1) = 1 is just
the identity (2.2) which was the starting point of these deliberations. To see that
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Figure 2. The polynomials py, ,(z) = (7)a"(1 — )™~ % for m = 100, k = 49, 50.
(Illustrating massive overlapping.)

B, (z)(z) = x we perform the following calculation.

ot =30 () £ty = 30 (1)

1 1

m—1

Z m—1\ . s

’ ( J )xj(l_x)m " =1Bp(1) =, m > 2.
0

The calculation supposes that m > 2, since B,,,_1 is not defined otherwise; however,
it is easy to verify that Bj(z) = x separately.

Finally, for f(z) = 22 we first perform the same trick as in the case of B,,(z)
above to get

By (a?) = i:: (’Z) B k(1 gyt = A (m - 1) 2 (1= 2y,
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Figure 3. The polynomials py, ,(z) = () 2% (1 —2)™* for m = 1000, k = 499, 500.
(They are indistinguishable.)

Following Dzjadyk [1977:317] we now divide the last expression into two: the first
with 7, the second with 1, thus B,,(z?) is equal to

m—1

m—1"< j [(m-1\ . ; :
J(1 — mlj 1_ m—1—j
SR AL e D M G

1

—a(1- %)Bm_l(x)(a:) + 2B, (@) =+ %x(l —2), m>2

Here we need m > 2 to give a sense to B,,_1. However, B,,(z?)(z) = © = 2% +
L2(1—z) for m =1, so (2.8) holds also then. This proves the proposition.

Proof of Theorem 2.1. This proof is due to Bernstein [1912]. Let f be any continuous
function on [0,1] and let p be a polynomial of degree 2 which majorizes f. Then
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By (f) < Bn(p) = p+ azz(1 —z)/m < p + |az|/(4m), where ay is the coefficient
for 22 in p. So p + |az|/(4m) is a majorant of B,,(f). Now a continuous function
is the infimum of all its majorants of degree 2. More precisely, if a number € > 0 is
given, we can find a § > 0 such that f(z) < f(xo) + ¢ when = and z( are any two
points with |z — x| < d, for f is uniformly continuous. Also f is bounded on [0, 1],
say |f| < M. Then p(x) = f(xo) + € + az|xr — 10| is a majorant of f if we choose
as = 2M/62. Taking the Bernstein polynomials of f and p we get
a2 a2

Bin(f) < B(p) =p+ —a(l—2) <p+ .
At the point x( the values are

B (f)(w0) < plao) + o = flao) + + .
For large m we get

(2.10) B (f)(z0) < f(z0) + 2.
In fact, we have to choose m > jase™' = M 2. Therefore (2.10) holds for
a large m and for all xg. By the same argument we get an estimate from below:
B,.(f) = f — 2e. Thus |B,(f) — f| < 2e and the theorem is proved.

While we are at it, we can easily generalize the proof to other operators than
By,.

Theorem 2.3. Let A,,:C(I) — C(I), m € N*, where I = |0, 1], be positive linear
operators such that A,,(1) = 1, A (x)(x) = 2+ (z), and A, (22)(x) = 22+ B (x).
Then
(2.11)
4n(7) = Fll < 00) (1467250 18,0) = 2pen()l) . 50, mEN,
ye

where w is the modulus of continuity of f:

w(d) = sup (If(x) = fW)]; |z -yl <6).

z,yel

Proof. When |x —y| < 6 we have f(x) — f(y) < w(d) by definition. When |z —y| > §
we can divide the interval between x and y into not more than 1+ |x — y|/J intervals
of length at most ¢, so that

flx) = fly) < w(0)(1 + |z —y[/0).
Thus in all cases
fl@) = fly) Sw@)(A+0(z~y)?), wyel, §>0.
Here the right-hand side is a polynomial of degree at most two in x for fixed y, so if
we apply the mapping A,, in the variable z we obtain

Ap(F)(@) = fly) Sw(6)[1+07%(2® + Bm(@) = 2y(z + an(@)) + y°)].
We now choose x = y and get

An(H)y) — fy) Sw (@) (1 +062(Bm(y) — 2yam(y)))
Sw(d)(1+672 sup B (y) = 2ycum (y)])-

We now apply this result to — f to get an inequality in the other direction. Combining
the two we get (2.11) as claimed.
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Corollary 2.4. For any continuous function f with modulus of continuity w, the
Bernstein polynomials B, (f) satisfy

1B (f) = flloo € Sw(1/y/m),  meN*.

Proof. With the notation of the theorem we have in this case a,, = 0, |G (z)| <
(4m)~!, so that the right-hand side of (2.11) becomes w(§)(1 + (4md?)~1). We just
have to choose § = 1/y/m to complete the proof.

Exercise 2.5. We have seen that ||B,,(f) — flloc < Cw(1/y/m), where the best
constant C' is at most 5/4. Prove that the best constant cannot be smaller than one.
Thus 1 < C' < 5/4; it appears that the exact value of C' is not known.

The Bernstein polynomials do not give the best possible approximation: we shall
see that there are polynomials P of degree m such that |P — f||c < Cw(1/m).

Exercise 2.6. Prove that if A,,, m € N*, are positive linear operators such that
Ap(D)(2) =1+ am(z), Ap(z)(2) = 2+ Bm(z), and A, (2?)(z) = 22 + Y (x), where
Oy Bm, and v, tend to zero uniformly as m — oo, then A,,(f) — f uniformly for

all f e C(I).

Exercise 2.7. Prove that B,,(f)(z) — f(x) if f is bounded on [0, 1] and continuous
only at the point x.

Exercise 2.8. Prove the formula B,,(f) = By,—1(g), where
gx) =m [f(m e+ 1) — f(=ta)],

a difference quotient of f adjusted so that only values of the argument in [0, 1] appear.
Deduce that if f is a polynomial of degree at most ¢, then B, (f) is of degree at most ¢
(and thus of degree < min(m,q)). Generalize to higher order difference quotients.

Exercise 2.9. Now do everything in several variables: define for f € C(]0,1]"),

Bu(N) = 3 fa/m) () )eta-0m s R me (v

keEN™
where (?), k/m and z* have to be suitably defined. Prove that these Bernstein

polynomials converge uniformly to f € C([0,1]™).

3. Estimates for the Bernstein polynomials

We shall now take a closer look at the Bernstein polynomials, essentially following
Lorentz [1953]. Let us define

(3.1) por(o) = ()at -0k meN 0<k<m

and

(3.2) Ths(x) =) (k—mz)’pmr(x), m € N*, s € N.

NE

e
I

0
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Since p,x has degree m, it follows that T;,s has degree at most m + s. However,
we shall see that T,,s is of degree at most s in x: a lot of cancellation takes place.
Even more remarkable is the fact that T,,s(z) is a polynomial also in m. We shall
determine its degree.

To understand the role of the T}, let us remark that B,,(f) = >_ f(k/m)pmk
and that, if we define u,s(x) = (z — a)®, € [0,1], s € N, then

B (uqs)(x) = Z Uqs (k/m)pmi () =m™* Z(k — ma)’pmk(z),
so that
(3.3) B (ugs)(a) = m™*Tys(a), a€[0,1], s € N.

We can expect By, (ugs)(a) to be smaller than By, (uqs)(x) when x is at some distance
from a, since |ugs| has its minimum at a.
We have actually already studied T,,0, Ty,1 and T},2. Indeed,

Tomo(z) =1, T =0, and Tpo(x) = ma(l — x).
The first formula is just (2.2); the other two follow from Proposition 2.2. For larger
values of s we can state the following.

Proposition 3.1. For a fired s € N, T),s s a polynomial in x and m. Its degree
in x is at most s. Its degree in m is |s] (the integer part of 3s), thus equal to s
when s is even and equal to 3(s — 1) when s is odd.

Proof. We have

Tps(2) = =msTins—1(x) + Y (k — maz)*p,(2)

0
= —msTy, s—1(x) + Z(k — max)st <7Z) A O N Lt
0

1
= —msTy, s—1(x) + )Tm’s_l’_l.

z(1—z
We rewrite this as a recursion formula
Tnst1(2) = 2(1 — 2) [T (2) + msTin s—1(2)],

from which we can read off that the degrees in x and m are at most what is stated,
starting from what we already know about the polynomials for s = 0,1, 2. It remains
to be seen that the degree in m is not less than L%SJ However, it is possible to keep
track of the coefficient of m® in T}, o5 and T, 2541 (the leading coefficient) and show
that it does not vanish.

Exercise 3.2. Show that
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From this formula various properties of the T;,s can be deduced.
Since the degree in m of T;;, 25 is s, there exists, for each s € N, a constant A,
such that
0 < Thas(x) < Agm?, xz € [0,1], m € N*.

This also yields an estimate for By, (uq,25)(a):
(3.4) 0 < B (ug2s)(a) = m_2sTm725(a) < A;m™°.

Theorem 3.3. Let f be a bounded function on [0,1] such that f' exists near a given
point a in that interval and such that f"(a) exists. Then

a(l —a)

Sy f"(a) + o(1/m), m — 00.

(3.5) B (f)(a) = f(a) +

Proof. We already know that the result is true when f is a polynomial of degree at
most 2. For every positive € there is a constant M such that

f(zx) < p(z) +e(x —a)> + M(z — a)?, x € [0,1],

where p is the polynomial of degree at most 2 which agrees with the derivatives up
to order 2 of f at the point a. Then by (2.9),

z(1—x)

5 (0"(a) +26) + M By (uaa)(z), € 0,1].

By (f)(x) < p(a) +e(x —a)® +
In particular, taking x = a, we obtain

a(l —a)

Bun(f)(a) < pla) + S

(" (a) 4 2¢) + M By, (uga)(a),  a € [0,1].

Thus, in view of (3.4),

a(l—a)

5 (f"(a) 4 2e) + M Aym™?, a€10,1],

m(Bp,(f)(a) — f(a)) <
and we can conclude that

lim (B (f)(a) — fla)) < L2

m— 00 2

(f"(a) + 2¢).

Since ¢ is arbitrarily small, we get an inequality which, together with the inequality
in the opposite direction, proves (3.5).

Thus for smooth functions the error ||B,,(f) — f|lco behaves like C'/m (and no
better, unless of course f € Py), whereas it is like w(1//m) > C/y/m (and no better)
for general continuous functions.

Exercise 3.4. Let f be a smooth function such that lots of derivatives vanish at a
particular point a: f”(a) = f"(a) = --- = f@(a) = 0. Prove that then B,,(f)(a)
converges to f(a) fast.
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Let us also consider the function 1,5 defined by 1,5(x) = 0 when z € [0, 1],
|z —a| <, and 94s5(z) = 1 elsewhere in [0, 1]. We can compare it with u, 2s:

0 < s <0 2 uq 2, acl0,1], § >0, s€N.
This gives
B (as)(x) < (5_28Bm(ua728)(x), z,a €[0,1], s € N,
and, in particular at the point a,
0 < Bn(tas)(a) < 072 By (Ua2s)(a) = m™ 256 2T, 4(a), a€[0,1], s € N.

This means that we have proved a useful estimate

S pur(@) = Y s (k/m)pu(a) = Bu(thus) (@)
k=0

|k/m—a|>6
(3.6) < 5_25Bm(ua,28)(a) = m_255_28Tm725(a).

Thus estimates for T}, 25 will yield estimates for sums of p,,, over those k that satisfy
|k/m — a| > §. For example it follows from (3.4) that, for any given positive 6 and
any s € N,

(3.7) B (Yas)(a) < m_256_25Tm,28(a) < A7 %ms.

Exercise 3.5. Calculate By, (f)(3) for f(z) = |z — 3|, € [0,1]. (The answer should
be compared with Bernstein’s result [1913] that for the best polynomial approxima-
tion of f the error is O(1/m) and no better; as well as with Stahl’s result [1992] on
rational approximation that E,.,(|z|;[-1,1]) = 8¢~ ™V™(1 4+ o(1)), m — oco. Here
E,.m denotes the error when approximating by rational functions whose numerator
and denominator are of degree at most m.)

4. Weierstrass' original proof

We shall take a look at Weierstrass’ original proof of his theorem, Weierstrass [1885].
He used convolution by a kernel which is an entire function, and then the Taylor
polynomial of the convolution product. So to describe this we have to define convo-
lution.

Let f and g be two functions defined on all of R™. Then their convolution product
is denoted by f * g and defined by

(4.1) (f*xg)(z) = - fWglx —y)dy, xeR",

whenever the integral has a sense. We can for instance take f € Co(R™),g € C(R")
or the other way around, i.e., we take two continuous functions (so that the integral
over a bounded set exists) and then require that one of them have compact support
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(so that the integral over all of R™ exists). Or we can impose some growth at infinity.
More advanced integrals can be used; it is proved in Lebesgue integration theory that
(4.1) exists for almost all x € R™ if f,g € L'(R"™), and that the convolution product
is then itself an element of L!(R™). But in that case the integral in (4.1) may not
exist for certain values of x.

Given now f € C(I), I = [0, 1], we first have to extend it to the whole axis. This
is easy: we just put f(x) = f(0) for negative x and f(z) = f(1) for x > 1. The new
function is then an element of C'(R). Or we can extend it to an element of Cy(R)
by declaring it to be zero for x < —n as well as for z > 1 + 7, and then define it as
a first-degree polynomial in [—7,0] and [1,1 + n]; thus f € Cy(R). Here 7 is a fixed
positive number. Either way the integral

(W % f)(2) = /R Wa(y)f(@ - y)dy, ¢ €R.

exists if we let W be the function
(4.2) W(z)=Ce™™, z € R,

with the constant C determined such that

/RW(x)dx =1,

and
W () = mW (mzx), z € R, meN".

It is now a well-known result that W,, % f converges to f uniformly. Indeed, we
have the following theorem.

Theorem 4.1. Let K;, j € N*, be integrable functions on the real axis which satisfy:
(a) sup; [g [Kjlde < 4o00;

(b) Jg Kjdx — 1 as j — oo;
(c) f|x|>5 |Kj|ldx — 0 as j — oo for every positive number §.

Then K; * f — f uniformly as j — oo for every f € Cyh(R).

If K; > 0 we can simplify the hypotheses to: [ K;dz — 1 and [

| |>5Kjd33 — 0.

Exercise 4.2. Prove this theorem. Determine the constant C' in (4.2).

Obviously K,,, = W, satisfies the hypothesis of the theorem, so we get a sequence
of continuous functions f,,, = Wy, * f which converges to f € Cy(R).

However, W, is not only a continuous function on the real axis; it is also the
restriction to R of an entire function, i.e., a function which is holomorphic in the
whole complex plane.
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Lemma 4.3. Let W(z) = C’e*ZZ, z € C, and define

147
(W%fﬂd=iLYWz—wf@My= W — ) f(y)dy, =€C,

-1
for any function f € Co(R) with support in [—n,1+n] for a fixed positive n. Then
W x f is holomorphic everywhere in C.
Sketch of proof. We have
W(z—y) =Y cj(z—y)
JEN

with uniform convergence when |z —y| < R and R is any positive number. Therefore
we can integrate W(z — y) f(y) with respect to y termwise:

147 .
awﬁ@zzq[ (= — ) f(y)dy.

JEN

Now fi;n(z —y)? f(y)dy is a polynomial in z, thus an entire function. The series

converges uniformly for |z| < R — 1 — 7 and its sum must therefore be holomorphic
for |z] < R —1 — n, hence everywhere.

Exercise 4.4. Complete the proof with all details.

Exercise 4.5. Give an alternative proof that W f is entire by studying the difference
quotient

(WxF)a+z)— (W=xF)(a)

and proving that it converges to (W' f)(a) as z — 0, where W’ denotes the complex
derivative of W, W/(z) = (d/dz)Ce*" = —2Cze= .

Now for entire functions the Taylor polynomials (see (2.1)) serve very well as
approximants. We thus take the Taylor polynomials of W,,, x f to a degree which is
so large that the error on the interval [—n, 1 4 7] is not more than 1/m. This proves
the theorem.

Landau® [1908] gave a similar proof: he took K ; as a polynomial L; of degree
27:

Li(z)=a; (1- (:c/c)2)j , z € R,

where c is a fixed number larger than 1, and the constant «; is chosen so that

a; /_cc (1- (a:/c)z)j dx = 1.

We assume that f € Cy(R) has its support in [—n,1 + ], where 1+ 2n = ¢. We
see that K; x f = L; x f is a polynomial in this case. Landau’s proof is thus like

Edmund Georg Hermann Landau, 1877-1938.
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Weierstrass’ except that the last step, when we approximated an entire function by
polynomials, is unnecessary.

5. The Stone—Weierstrass approximation theorem

An order relation in a set X is a relation (a subset of X?) which satisfies three
conditions: it is reflexive, antisymmetric and transitive. This means, if we denote the
relation by <, that for all x,y,2z € X,

T < T

r <y and y < x implies x = y;
r <y and y < z implies x < z.

An ordered set is a set X together with an order relation.

A lattice is an ordered set L where each set consisting of two elements has an
infimum and a supremum (a greatest minorant and a least majorant). This means
that for any two xz,y € L there exists a and b in L such that a < z,y, and such that
z < x,y implies z < a; and similarly for b: z,y < b, and x,y < z implies b < z. The
supremum and infimum are of course unique. It is customary to denote the infimum
and supremum of two elements x,y by x Ay and x V y, respectively.

A sublattice is defined just like a subgroup: that L; is a sublattice of L means
that for all z,y € L1, x Ay and x V y, when calculated in L, are elements of L;.

A lattice is said to be complete if any subset has an infimum and a supremum.

Ezxample 5.1. The space of real-valued continuous functions on a topological space is
a lattice. The space C1(R"™) of continuously differentiable functions on R™ is not a
sublattice of C'(R"™). It is not even a lattice on its own.

Ezample 5.2. The set [—o0, +00o]®" of all functions defined on R” and with values in
the extended real line [—o0, +00] = RU{—00, +00} is a lattice under the usual order
for real numbers, extended in an obvious way to the two infinities. The subset of all
convex functions is ordered in the same way, and is also a lattice under this order.
However, the convex functions CVX (R™) do not form a sublattice of [—oo, +-00]R".
The supremum of two convex functions is equal to the pointwise supremum of them:

fVg=max(f,g),

but the infima are different in the two lattices: the infimum in the lattice of convex
functions is

f Nevw g = sUp [h; he CVX(R"),h < f, g],
i

where the supremum is calculated in [—o0, +00 and has a sense because that

lattice is complete.

Lemma 5.3. Let A be a closed subalgebra of C(K), the algebra of all real-valued
continuous functions on a compact topological space K. Then A is a sublattice of
C(K).
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Proof. In C(K) the lattice operations can be defined in terms of the absolute value:

fAg=5(f+g—1f—ygl), and fVg=3(f+g+I|f—gl)

so it is clearly enough to prove that f € A implies |f| € A. We know that f € A
implies P o f € A for all polynomials in one variable with P(0) = 0 (we never said
that A should contain the constants). Therefore it is enough to find a sequence of
polynomials (Pj) such that Pg(0) = 0 and Py(x) — |z| uniformly on [—1,1]. Indeed,
if f € A, then |f| < ¢ for some constant ¢ > 0 and cPx(f/c) tends to |f| uniformly
on K. (This, of course, is a special case of the Weierstrass approximation theorem.)

One way to find such a sequence of polynomials is to use the binomial series
with exponent % We first have to extend the definition of the binomial coefficients
(2.3) to non-integers:

(5.1) (Z):Z(z_l)”é!(z_k_l), 2€C, keN.

We know that, for complex ¢ such that |1 — 2| < 1,

= VT 07 = fj (2) -y

0

- i 25 78) )y —iL “3M ey,

2]j|

Here (—1)!! = 1. Thus the series representation holds in particular for real ¢ satisfying
0 <t < 1. But a closer analysis shows that it is valid also for ¢ = 0, even uniformly
for —1 <t < 1. For these values of ¢ the last series is majorized termwise by

> (25 — 3)!
Z Jgjn =L

1

We can now define

k .
Pl =3 B - - )

We note that P,(0) = 0 as desired and that Pj(t) — [|t| uniformly for ¢ € [—1,1].
The lemma is proved.

Lemma 5.4. Let L be a sublattice of C(K), where K is a compact space. Suppose
that every function f € C(K) can be approximated by functions in L at two arbitrary
points, i.e., that to every f € C(K), every € > 0, and every s,t € K there exists
gst € A such that |gs(z) — f(z)] < e for x = s,t. Then L is dense in C(K).

Proof. Fix an arbitrary function f € C(K) and define

Ust ={z € K; gst(x) < f(z) + e} and Vi = {z € K; gst(x) > f(z) — €}
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For any fixed s the family (Ust)tex is an open covering of K. Since K is compact,
we can choose points t1,...,t,, in K such that Ug, U---U Uy, = K. Then define
Vo =Ve, N---NVy, and gs = gst; N+ A gst,, € L. We now have g; < f + ¢ in
all of K, for if x is an arbitrary point in K, then x belongs to some Uy, and then
gs(z) < gst, (z) < f(z) + . Moreover, in V, we have g, > f — ¢, for # € V, implies
gst; > f(x) — ¢ for all j, hence g, = /\;nzl gst; > fx) —

Now V5 is open as a finite intersection of open sets; (Vs)scx is an open covering
of K. Choose finitely many points s, ..., s, in K such that Vy, U---UV, = K and
define g = g5, V---V gs, € L. In all of K we now have |f —g| <e¢, for g;, < f+¢
for all j, which implies g = g5, V---V g5, < f +¢, and, on the other hand, if x € V,
then g(r) > gs,(z) > f(z) — ¢, so that g > f — ¢ in the union of the V;_, which is all
of K.

Theorem 5.5 (The Stone’~Weierstrass theorem). Let A be a subalgebra of C(K),
where K is a compact topological space. Suppose that A separates points in K, i.e.,
that for every pair of points s,t € K with s # t there exists a function g € A such
that g(s) # g(t). Then either there exists a point p € K such that

A=Cy(K)={f € C(K); f(p) =0},
or else A = C(K).

A special case is Weierstrass’ approximation theorem: take A = Ume| ;> the al-

gebra of all polynomials restricted to an interval I. We also immediately get the
generalization to the case of a compact set K in R".

Proof. Suppose first that there exists, to any given s € K a function h € A such that
h(s) # 0. Then, given any two points s,t € K, s # t, there exists g € A such that
0 # g(s) # g(t) # 0. Indeed, if it happened for instance that g(s) = 0, then we can
replace g by g + Ah, where h is a function such that h(s) # 0 and A is sufficiently
small. Then there exist, given arbitrary numbers a,b € R, real numbers c¢,d such

that
(e o)+ ds) =
g(t) + dg?(t) =
(

(
for the determinant of the system is g(s)g(t)(g(t) — ( )) # 0. Since cg + dg* belongs
to A and A is a lattice according to Lemma 5.3, A satisfies the hypotheses of Lemma
5.4, and we conclude that A = C(K).

If, on the other hand, there exists a point p € K such that all elements g of A
satisfy g(p) = 0, we can apply what we already proved to the algebra A+ R. To any
given f € C,(K) there exists a g € A and a k € R such that |f — g — k| < e. We note
that & must satisfy |k| = |f(p) —g(p) — k| < e, so that |f —g| < |f —g— K|+ |k| < 2e.
This proves that A is dense in C,(K).

Remark. In the complex case things are different. We can let A be the algebra of
functions which are continuous on the closed unit disk K in C and holomorphic in
its interior. Then A is closed and separates points in K but is different from C(K).
However, if we consider algebras A such that f € A implies f € A, then the results

"Marshall Harvey Stone, 1903 04 08-1989 01 09.
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hold as in the real case; we just apply what we have proved to the algebras Re A and
Im A.

6. Chebyshev's theorems

Let us consider the space C(I), where [ is a compact interval of the real line. It is
a Banach space of infinite dimension, and its subspace Tm‘ ;» the restrictions to I of
polynomials of degree at most m, is a finite-dimensional subspace. The distance from
a function f to this subspace is also the greatest lower bound for the errors when
approximating the function f by polynomials of degree at most m:

(6.1) En(f) = d(f,Pm) = inf (| f = pll;p € Prm).

(To simplify notation I shall sometimes write P,,, where I should have written iPm‘ I.)
Since P, is closed in C(I) (see proof below), this distance is zero if and only if f
itself is a polynomial of degree at most m. The Weierstrass approximation theorem
says that the error E,,(f) tends to zero as m — oo, and we even have an idea of how
fast it can tend to zero—see Corollary 2.4 and Theorem 3.3.

In this section we shall first prove that the infimum in (6.1) is attained, and then
that it is attained at a unique point, although the norm we are using, the supremum
norm || - || = ||, is very far from being a Hilbert norm.

Theorem 6.1 (Borel [1905]). The infimum in (6.1) is attained for some polynomial
m Pp,.

Proof. We shall use the theorem that a continuous function on a compact set attains
its infimum. So we first have to prove that the function ¢(p) = ||p — f|| is a con-
tinuous function of p € P,,. But what does that mean? We can use the topology
induced from C(I), or we can consider the topology from R™T1, using the coeffi-
cients (ao,ai,...,an) € R™ as coordinates for p(z) = > (" a;x’. However, these
two topologies agree; it is a well-known theorem that a finite-dimensional space can
have only one Hausdorff (separated) vector space topology. In this particular case it
is easy to argue as follows. We first note that

m . om
Ipll = sup | Y a;a’| < sup suplzf ) |as| = Cllals,
0 o<js<m xzel 0

so that the norm of p calculated in C(I) is majorized by a constant times the I norm
of the coefficient vector. Therefore the supremum norm ||p|| of p is a continuous
function on R™*!. Its infimum on the unit sphere of R”™*! is attained and therefore
cannot be zero. This gives an inequality in the other direction, and shows that the
two norms are actually equivalent. (It follows that P,, is closed in C(I): P, is
complete for the norm in R™*! and therefore for the norm induced by C(I), hence
closed in C([1).)

It is easy to see that ¢(p) = |[p— f]| is a continuous function of p for the topology
induced by C(I):

o) —wlq) =llp—fll=llg—fll < llp—qll-
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If we interchange the roles of p and ¢ we see that

lop) —e@)| <llp—dll,  p.qg€ Pn.

But from what we have remarked, this implies that ¢(p) depends continuously on p
if we use its coeflicients as coordinates.

Now R™*! is not compact, so we have to restrict the function ¢ to a compact
subset. Indeed ¢ is large outside some compact set. To see this we remark that

w(p) = llp = £l = lpll = [IF1] = [lpl] = (0) > ¢(0) if [|pl] > 2(0),

so that the infimum of the whole space P,, is the same as the infimum over the ball
K = {p; |Ip|l < 2¢(0)}. The set K is closed and bounded in R™"! and therefore ¢
as a function of (ag, ..., a,,) attains its infimum there, and this infimum must be the
same as the global infimum. This proves the theorem.

Thus there exists for every m € N a best approximant p,, to a given continuous
function f € C(I). It is easy to see that for m = 0 this polynomial, a constant, is
unique and equal to the mean values of sup f and inf f. The best approximant is
however unique for all m as was proved by Chebyshev. We shall first introduce his
criterion for a function to be a best approximant.

Theorem 6.2 (Chebyshev® [1854]). Let a function f € C(I) be given on I = [a,b].
Then a polynomial p € P,, is a best approrimant of f in the supremum norm if and
only if there exist at least m+2 points x; in [a,b] witha < 1 < 2 < -+ < Typo < b,
such that the difference r = f — p takes alternating values at the x; and its absolute
value at each of the points is ||r|: (=1)7r(z;) is independent of j and |r(x;)| = |||
for all 7.

The points x; are called deviation points.”

Ezample 6.3. Let a = —4m, b = 4w and f(z) = sinz. The zero polynomial satisfies
the criterion in the theorem for m = 6, so it follows that the zero polynomial is a
best approximant to f in Pg.

Ezample 6.4. Let a = —1, b = 1 and take f(z) = 2™, m € N*. Let the best
approximant (unique as we shall prove) in P,,,_1 be p,,,—1. Then

™ — pp_i(z) = 27 cos(marccos x) = 27T, (),
where the last equation defines a polynomial 7;,,, called the Chebyshev polynomial of
degree m. See Figure 4. The error is thus 27%1. The criterion is satisfied, as can
be easily verified.

Proof. Necessity. Assume that p is a best approximant of f. If f itself is a polynomial
of degree m, then r is zero and the criterion is trivially satisfied for p = f. Otherwise
we have ||r|| > 0 and we first note that we must have supr = ||r|| and infr = —||7||.

8Pafnutij L'vovic Cebysev, 1821-1894.
9Tn Russian the set of these m + 2 points is called cebysevskij al’ternans.
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Figure 4. The Chebyshev polynomial T}y.

Indeed, if for instance we had supr = ||r|| — 26 with 6 > 0, then we could find a
better approximant ¢ = p — ¢:

If = all = IIf = p+ [l = max(sup(r + ), — nf(r +9)) = [Ir| — & <||r[|.

Let us call a point x such that r(x) = ||r|| a positive deviation point and similarly a
point z such that r(x) = —||r|| a negative deviation point. Thus we have proved that
there are at least one positive and at least one negative deviation point. For m =0
the proof of the necessity is now complete. Otherwise we go on to find zeros z; of r
with the property that each of the intervals

la,z1], [z1,22]s -y [2K—1, 2K], [2k,0]

contains only positive or only negative deviation points. To fix ideas we may assume
that the first deviation point is positive. Then we choose z; as the largest zero such
that [a, z1] contains only positive deviation points; then we choose z2 as the largest
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zero such that [z7, 29| contains at least one negative deviation point but no positive
deviation point, provided there is such a zero; otherwise we stop and let £k = 1. We
go on; for compactness reasons the procedure must stop and there is a last zero zg.
There are now k zeros zi, ...,z of r and there are k£ + 1 deviation points x; with
1 < 21 < -+ < 2 < xp41- If B < m we find that the polynomial p + ¢, where
q(x) =6(x—21) - (x—2z;) for a small |§] is a better approximant than p if we choose
the sign of § so that ¢ becomes positive in [a, z1[ . Since this is against the hypothesis,
we must have £k > m + 1, and therefore there are at least k + 1 > m + 2 deviation
points, as claimed.

Sufficiency. Let p be a polynomial of degree at most m which satisfies the
criterion in the theorem, and assume that there is another polynomial ¢ € P,,, which
gives a better approximation, i.e., ||f — ¢|| < ||f — pl|, in particular

[f(x5) = q(zy)| < If = all <IIf =pll = [f(25) = pla;)]

at every deviation point z; for p. This implies that the sign of

q(z;) = p(x;) = (f(x;) — ple;) — (f(25) — q(=;))

is the same as the sign of f(x;) — p(z;), so that p — ¢ changes its sign at least m + 1
times in [a, b]; it follows that p — ¢ has at least m + 1 zeros. Since p — ¢ is not
identically zero and of degree at most m, this is impossible. Therefore there are no
better approximants than p.

A variant of the last argument gives an even better result: the uniqueness of the
best approximant:

Theorem 6.5. For every f € C(I) and everym € N there exists a unique polynomial
Dm0 P such that

1pm — fll =inf (lp = fll;p € Prm).

Proof. We argue as in the proof of the sufficiency in the last proof. Assume that
p and ¢ are both best approximants. Then also their mean value %p + %q is a best
approximant, for

Em < |If = GG+ 300 < 5l —pll + 31f — all = Em,

where E,,, = d(f,Pm) = ||f — p||. By Theorem 6.2 there must exist m + 2 deviation
points x; for %p + %q, which means that

Ep = |f(z;) — (5p(z)) + 3q(z;)| < 51f(z;) — p(zj)| + 5|/ (2;) — a(z;)| < En.

It follows from this not only that the z; are deviation points also for p and g¢:

|f(25) = p(2y)] = |f(25) — q(z;)| = Em,
but even that the differences f(z;) —p(z;) and f(x;) —¢(x;) must have the same sign.
Hence the differences are equal: f(x;) — p(z;) = f(z;) —q(z;) for j =1,...,m + 2.
The polynomial p — ¢ has m + 2 zeros and is of degree at most m. Hence it vanishes

identically: p = ¢ and the best approximant is unique.

There is a variant of Theorem 6.2 for periodic functions.
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Theorem 6.6. Let a continuous function f be defined on the real axis with period
2. Then a trigonometric polynomial T of order m is a best approrimant of f in
the supremum norm if and only if there exist at least 2m + 2 points t; in an interval
la,a + 27| witha < t; <ty < -+ < tomio < a+2m, such that the differencer = f—T
takes alternating values at the t; and its absolute value at each of the points is ||r||:
(=1)7r(t;) is independent of j and |r(t;)| = ||r|| for all j.

The proof of this theorem is like that of Theorem 6.2. The polynomial ¢ in the proof
of the necessity has to be replaced by

Lt—2z1 . t— 29 . t— 2z
q(t) sin —— sin — sin —

Definition 6.7. Let a metric space M be given. A set of m + 1 functions ¢q, ..., oy €
C(M) is called a Chebyshev system if M contains at least m + 1 points and if a linear
combination ) ¢;¢; can have m + 1 different zeros only if all coefficients ¢; vanish.

Ezamples. The system ¢;(2) = 27, j = 0,....,m is a Chebyshev system on C,
as well as on every subset of C containing at least m 4+ 1 points. The system
1,e%%, e % ... e™? "% a5 well as the system 1,cosz,sinz,...,cosmz,sinmz are
Chebyshev on the strip a < Rez < a + 27 for any a € R, and of course also on any
subset of the strip containing at least 2m + 1 points, in particular on the interval
la,a + 27[. However, it is not Chebyshev on the interval [0, 27], since sin mt vanishes
at 2m + 1 points t = kx/m, k = 0,...,2m. (It is obvious that we should count in
R modulo 27.) It follows that the system 1, cost,cos2t,...,cosmt is Chebyshev on
[0, [ and the system sint,sin 2¢, ..., sin mt¢ is Chebyshev on |0, 7[.

Ezample. The functions po(z) = 22 — z, p1(2) = 22 + 2, pa(x) = 22 + 1 form a

Chebyshev system on the real axis. Any two of these three functions do not form a
Chebyshev system.

There is a criterion for being Chebyshev in terms of determinants:

Exercise 6.8. Let a metric space M be given with at least m + 1 points. Then
©0, ...; m € C(M) is a Chebyshev system if and only if the determinant det(p;(z)),
7,k =0, ...,m, is nonzero for every choice of different points xzq, ..., z,, in M.

Exercise 6.9. Let a Chebyshev system ¢, ..., ¢, on a metric space M be given and
let xg, ..., z,, be different points. Then for any real numbers y;, j = 0, ..., m, there
exists a linear combination P of the ¢j, such that P(x;) = y;.

The importance of the notion of Chebyshev system for unique best approximants
is made clear by the following theorem.

Theorem 6.10 (Haar'® [1918], Kolmogorov!! [1948]). Let K be a compact subset
of R™ containing at least m + 1 points and let g, ..., pm be m + 1 real-valued or
complex-valued continuous functions on K. Then there is a unique best approximant
in the supremum norm among the linear combinations of ¢q, ..., om for an arbitrary
continuous function on K if and only if po, ..., om s a Chebyshev system.

10Alfred Haar, 1885-1933.
11 Andrej Nikolaevié Kolmogorov, 1903-1987.
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I shall not give the proof here. Let me mention that it uses the exercises 6.8 and 6.9
and the arguments developed in the proof of Theorems 6.2 and 6.5.

Nice as this theory may be, it is of limited interest in several variables, for
Mairhuber [1956] has proved that if there exists a Chebyshev system with m > 1 on
a compact space K, then K is homeomorphic to a circle or a subset of a circle. So
approximation in several variables is different, and the reader is asked to ponder the
following exercise:

Exercise 6.11. Let K = [0,1]?> C R? and define po(z) = 1, p1(z) = 21, p2(z) = 2.
Then there exist functions in C'(K) which do not admit a unique best approximant
among the linear combinations of g, 1, p2.

7. Approximation by polynomials and trigonometric polynomials

The purpose of this section is twofold: to introduce results on trigonometric polyno-
mials and approximation by them and, secondly, to prove best possible results—it
turns out that the Bernstein polynomials do not give the best possible approximation.

Let us review first some elementary results from the theory of Fourier series.
We shall work with periodic functions; it is convenient to let the period be 27w. Let
us denote by Co,(R) the space of continuous functions on the real line which are
periodic with period 27. It is the same thing as the continuous functions on the
quotient space R/2m = R mod 27, thus Co(R) = C(R/27).

A function f in Co,(R) has a Fourier series

(7.1) f(x) ~Lag+ Z(ak cos kx + by sin kx),
k=1

where the Fourier coefficients ay, k € N, and by, k € N*, are defined by

1 27 1 27
(7.2) ap = — (z) cos kx dx, b = — () sinkz dz.
™ Jo ™ Jo

We also know about two important kernels, the Dirichlet'? kernel D,,, and the Fejér'?
kernel F,,. To wit:

sin(m + %)
I

2 sin 5T

(7.3) Dy (z) = 2 4+ cosz + cos2z + - + cosmz =

(7.4) Fu(a) = %m;_lm(x) _ L (“%>

2m \ sin 5T

The function D,, is not positive, and its total mass f027r | Dy (2)|d2 tends to infinity
like logm. The kernel Fj,, on the other hand, is positive.

12Peter Gustav Lejeune Dirichlet, 1805-1859.
13Lip6t Fejér, 1880-1959, my great-grand-advisor.
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We define the convolution product f * g of two functions in Cy,(R) as

(7.5) Fro@ =1 fwg@-pd. zeR.

™ Jo

With this normalization we have f x 1 = a9 = twice the mean value of f. Also
(f % cos)(0) = a1, and so on for the higher Fourier coefficients. More generally,

1 2T
(f * (t = coskt))(x) = = f(y)cosk(x —y)dy
T Jo
1 27 2
= — f(y) cos ka cos ky dy + — f(y) sin kz sin ky dy

= ay cos kx + by sin kx.

Summing over k = 0, ..., m, we see that f x D,, is nothing but the partial sum of the
Fourier series.

We also know from some course on Fourier analysis that the convolution product
f * D,, converges uniformly to f if f is of class C!, but that there exist continuous
functions such that this partial sum does not converge at a given point. On the other
hand, the convolution fx F},, always converges uniformly to f if f is continuous. This
yields the Weierstrass approximation theorem for trigonometric polynomials:

Theorem 7.1. Let f € Cy(R) and let € be a positive number. Then there exists a
trigonometric polynomial T such that |T(x) — f(z)| < e for all z € R.

Proof. The Fejér kernel does the job: fxF,,, m € N*, are trigonometric polynomials,
and they converge uniformly to f for every f € Cor(R) as m — oo.

We shall now try to improve the results of Corollary 2.4, which gave us poly-
nomials converging to f with an error 2w(1/y/m).
We shall sum Fourier series in a more general way. Let us define

[ee]
O'm(x):%—{—mekCOSkx, xre€R, meN*,
k=1

where the p,x, m,k € N*, are real numbers and where for each fixed m, p,,x = 0
for large k. So the Dirichlet kernel is the special case when p,,, =1 for k=1,...m
and zero otherwise; the Fejér kernel the special case when p,,, = 1 — k/m for k =

1,...,m — 1 and zero otherwise. The convolution
1 27 0
(7.6) (f*xom)(x) = - fW)om(z —y)dy = Sag + Z Pmik(ag cos kx + by, sin kx)
0

k=1

is well defined for any integrable periodic function, in particular for any function in
C2:(R), and is a trigonometric polynomial of order at most equal to the largest k
such that p,,; is nonzero.
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We shall define a kernel, known as the Jackson'® kernel as follows:

m—1
6m 6m
(7.7) Im () = mFm(t)Q = oIl T+ Z 1 —j/m)cosjx
j=1
2m—2
= %jo + Z Jk cos kx.

k=1

It is clear that J,, is a positive trigonometric polynomial of order 2m — 2. It is also
obvious that ¢,, 2 should be a good kernel in the sense of Theorem 4.1 (adapted to
the case of periodic functions) for some choice of ¢,, > 0. So the only thing we need
to check is that ¢,, = 6m/(2m? + 1) gives the right mean value. This is easy:

1 [ 6m el
o= — m(t)dt = ——— |5 1—k/m)?
o=t [t 5 e S k]

!

2m? 4+ 1 6m2

where the second equality follows from the orthogonality of the cosine functions on
[0, 27].

Exercise 7.2. Calculate j; = pam—2,1 for the Jackson kernel.

Lemma 7.3. The first moment of the Jackson kernel can be estimated as follows:

1 s
—/ tT(t)dt < —, m € N*.
0

™

Proof. The integral in question is equal to
sin ™\ *
w/m sin 5
3 4 ot 3
< tm dt t—dt .
4mm3 [ /0 et /,T Jm ] 4m

Exercise 7.4. Prove that the first moment of the Fejér kernel satisfies

2mm 2m2

1 ™ 1
cogm</ th,(t)dt < O8> 9,
m 0 m

for some positive constants ¢, C'.

1Dunham Jackson, 1888-1946.
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Let us now estimate how far the trigonometric polynomial f % .J, is from f in
supremum norm. We note that

1 27
(@)~ (Fx o)) = - / [F(2) 7,00 — Flz — )7, (8)]dt,

™

so that

1

18) (= £+ a)@I <3 [ [0~ )]+ 1f =0 - f)] Lo

2 [T 2 [T
< —/0 w(w,,(t)dtgwa/u)_/o (vt +1)J, ()dt

s s

< w(1/v) (2”% 4 1) — w(1/v) (37” + 1) < 6w(1/v).

Now fxJ, is of order 2v — 2. Given any m, we define v = m/2+1 in case m is even,
and v = (m —1)/2+1 in case m is odd. Then f xJ, is of order at most 2v —2 < 'm

and w(1l/v) < 2w(mL+1) in all cases, so that

If = £ Jull < 6w(1/v) < 120(55).

Theorem 7.5. (P. P. Korovkin [1959]). Suppose that we have real numbers pm,
k,m € N*, satisfying

(7.9) om(z) =%+ mek coskx >0, r € R,
k=1

and

(7.10) pm1 — 1 as m — oo.

Then the convolution f * o, converges uniformly to f for any f € Cor(R).

This theorem is a consequence of the following more precise result:

Theorem 7.6. (P. P. Korovkin [1959]). If the py.y are chosen so that o, > 0, then

(7.11) |f *om — flloo < w(9) <1+%\/1—pm1>, d >0, meN",

where w denotes the modulus of continuity of f.

The remarkable thing here is that conditions (7.10) and (7.11) involve only p,1,
whereas the p,,; for k > 2 do not appear—they play a role of course in the positivity
condition.
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Lemma 7.7. The first moment of the kernel o,, can be estimated as follows:

1

T T
“ | to,()dt < L= /T=pmy,  m €N

™

Proof. We use first the estimate ¢/m < sin(¢/2), and then the Holder inequality:

1 s ™ T
— / tom, (t)dt < / sin Eam (t)dt = sin %\/ O ()N Om (t)dt
0 0 0

T 2
T . 9 t ™
< sin® —a,,, (t)dt om(t)dt.
0 2 0

Here the expression under the first radical sign is

T T
/0 (E -3 COSt)O’m(t)dt = Z — mel,

and the expression under the second radical sign is 7w/2. This proves the lemma.

Proof of Theorem 7.6. The proof is just like the one for the Jackson kernel: we first
use the inequality w(t) = w((t/d)d) < (1 4 t/d)w(d), where ¢ is independent of m,
and then Lemma 7.7 to estimate the first moment:

@) = (e om)@)] < 2 [ wlan@ar <w@)2 [T+ 1o
0 0
— w(0) (3/0 oo ()t + to—m(t)dt> < w(0) (1 + 22%/55\/1 - pml) |

7'(' w0 Jo

Corollary 7.8. For the Fejér kernel we have

1 % Fn — flloo < (1 + %) w1/, meN".

Proof. We know that the Fejér kernel is positive and that it satisfies p,,; =1 —1/m.
We choose § = 1/y/m in Theorem 7.6 to conclude.
Theorem 7.9 (Jackson’s first theorem). For any f € Cor(R) and every m € N*

there exists a trigonometric polynomial T of order at most m such that

If = Tlloo < 6w(5757)-

Proof. Following Korovkin we shall define polynomials o,, > 0 with

s 7T2

> PYASGIVE
m 4+ 2 2(m+2)?

Pm1 = COS
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so that

Vl_pmlg\/—ﬂ-

2(m +2)’

which is a better estimate than that for the Fejér kernel. With this estimate we may
choose § = 1/(m + 1) in (7.11) and obtain

) )t (2 )

7T2 1
W) 1+ 5 ) <6w(5),

the estimate in Theorem 7.9. (The Jackson kernel has pg,,—21 = 1 — %, thus
V91— pam—21= V:L/ 2, almost as good as for the Korovkin kernel.)

So we shall find a positive kernel with this wonderful property. Define

Om(t) = Aplar + a2z + asz® + - + amp12™[%,

where
1 km
z =cost +isint, A,, = , and aj = sin .
™20l 4+ a2y) g m+ 2
We find that
(7.12)
: | I
p a1az + asa3 + -+ + A Apmi1 > 7 sin m+2 Sl mJ_rq.lz
1= = .
" ai + a3+ +an sin® 2 + sin® 25 4 - .- + sin” (7:;;12”

This expression can be calculated, using the formula

T g k. (l{r—l)wsin km + Lin kr . (k+ 1)

sin = = sin .
m+ 2 m + 2 2 m + 2 m+ 2 2 m + 2 m + 2

COS

Summing over k = 1,...,m + 1 we get a left-hand side equal to

m—+1
T .o km
Cos E sin ,
1

m+ 2 m+ 2

and a right-hand side equal to the numerator in the last expression in (7.12). This

proves that p,,1 = cos mLJrQ

Exercise 7.10. We have seen that for the Jackson kernel and the Korovkin kernel
we have /1 — p,1 = O(1/m), m — oo, which yields a good approximation. Show
that we cannot have /1 — p,,,1 = o(1/m), m — oo, as long as o, > 0.

Exercise 7.11. Prove that for the Jackson kernel we have

m—00

lim m?(Jy, * f — f) = gf”
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for functions of class C2. Cf. Theorem 3.3.
It is known that one has

A

m e N, feC([0,1]),

for functions with Lipschitz constant A on [0, 1]. It is easy to see that this estimate
cannot be improved. To do so we can use a simple sawtooth function: define f to
take the values (—1)% at the points x = k/(m + 1), k = 0,...,m + 1, and to be affine
in between these points. Then its Lipschitz constant is A = 2(m + 1), and by the
Chebyshev criterion (Theorem 6.2), the best approximant in P, is zero. Therefore
E..(f) = f]l = 1. We see that in any estimate E,,(f) < CA\/(m + 1) we must have
C > 4. For the interval [—1, 1] the estimate is E,,(f) < A/(m+1) and it is also best
possible.
Similarly for the periodic case it is known that

A

(7.14) En(f) < m

m &€ N, f c CQTF(R),

if A is the Lipschitz constant of f. Here we define a function which takes the value

+1 at the points kn/(m + 1), k = 0,...,2m + 2, and is affine in between. There are

2m + 2 deviation points in a period [0, 27[; note that 0 = 27 in the quotient space.

This function shows that in any estimate E,,(f) < C/(m+1) we must have C > 7/2.
For general continuous functions the best estimate is

(7.15) En(f) <w(n/(m+1)) m € N,

a result due to Kornejéuk [1962]. It can be shown using piecewise affine functions
that this estimate is also best possible among those with E,,(f) < Cw(1/(m + 1)).
However these piecewise affine functions are a little more complicated to describe
than those we used in the Lipschitz case.

A more careful analysis yields an improvement of Theorem 7.9:

Theorem 7.12. There exists a constant C such that
E,(f) <CW2(m+r1)» m e N, fe Oy (R),

where

wa(0) = sup. £ (@ +2t) = 2f(z + ) + f(2)]; [t] < J]

1s the second modulus of continuity.

Proof. We estimate like in (7.8) but a little more carefully, using the fact that J, is
even:

F@) = (F )@ == [ [F@0) - flo = (0]

™

— [ Cr@ - e =0 - 1w+ )0

™
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so that )
= fxd)@) < = / wn(t)], ()t
0

We then use the fact that w(t) = wa((m+1)t-(1/(m+1))) < (1+(m—+1)t)%ws (27)
to deduce that

If = f*Jl <w(7) /Ow(l + (m 4+ 1)t)2J,(t)dt,

and the last integral is bounded; the second moment fow t2.J,,(t)dt can be estimated as
in Lemma 7.7 and one can prove that it does not exceed a constant times (m + 1) 2.
This proves the theorem.

There are higher moduli of continuity. We first define the differences

Atf(z) = f(z+t) — f(2),
AV f(z) = AlATf(z),  pe N*.

Then the pth modulus of continuity is

wp(f;0) = Si%lAff(w)l-
It|<o

One can prove a generalization of Theorem 7.12:

(7.16) En(f) < Cowp(fi 757)-

The sequence of errors E,,(f) tends to zero if f is continuous as we know. But
how slowly? In fact arbitrarily slowly as the next theorem shows.

Theorem 7.13. Given any decreasing sequence (€, )menN of positive numbers tending
to zero there exists a function f € C([—1,1]) such that E,,(f) = €m, m € N.

Proof. Put ap = ex_1 — e > 0 and define f = ZSO ax T3k, where T),, denotes
the Chebyshev polynomial of degree m. Since ||T,,]] < 1 and Y ap < 400, f is
continuous. We claim that P = Y ;" a3 is the best approximant of degree at most
3™. Consider the error function r = f — P = %" | a;T3e. If we can show that it
has at least 3™ + 2 deviation points it will follow by Chebyshev’s criterion that P
is a best approximant. Put z; = cos(jn/3™T1), j =0,...,3™ For k > m+ 1 we
have Ty (z;) = cos(3¥jm/3mHT1) = (—1)7 (here it is important that 3%;/3™+! has the
same parity as j). Thus T5x(x;) does not depend on k so

and we have
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showing that the x; are in fact deviation points, and that there are at least RULRI S
3™ +2 of them. So P is indeed a best approximant and E,,(f) = Esm(f) = ||7|| = em.-

8. The nonexistence of a continuous linear projection

Let us denote by 7, (f) the polynomial in P,, closest to f. In view of Theorem
6.5 there is thus a well-defined operator m,,: C(I) — P,,. We may inquire as to its
properties. Obviously it is idempotent, m,, o m,, = m,,; it is a projection onto P,,.
Moreover, it is positively homogeneous, i.e., it satisfies 7, (Af) = Am,,(f) for every
positive A. It is easy to see by examples that 7, (f + g) # mm(f) + Tm(g) in general.
So T, is certainly nonlinear. The Weierstrass theorem says that m,,(f) — f for the
norm in C(I) as m — oo. The operator is also continuous, as we shall prove now:

Theorem 8.1. Let m,,(f) denote the polynomial of degree at most m € N which
is closest to f € C(I) in the supremum norm. Then 7., is a continuous operator;

more precisely, for every m € N and every f € C(I) there exists a positive number
C = Cy, 5 such that for all g € C(I),

[7m(9) = Tm (NI < Cllg = fII-

Lemma 8.2. For every m € N and every f € C(I) there exists a positive number
Y = Ym,¢ such that for every polynomial Q) € P, we have

1Q = Il = N7 (F) = FIl + Q= T (]]-

Thus the function @ — ||@Q — f|| on P,,, which attains its infimum at Q = m,,(f),
has a sharp minimum at that point: the value increases fast as we move away from

Tm (f).

Proof. If f € P, then 7,(f) = f and the inequality holds with v = 1. Now
assume that ||m,,(f) — f|| > 0. According to Theorem 6.2 we have m + 2 deviation
points z; and signs §; = £1 such that, for every j = 1,....m + 2, |7 (f) — f]| =
0;(mm(f) — f)(zj). For any @Q € P, ~\ {0} we have max; 6,;Q(x;) > 0, for if we
assume that the maximum is nonpositive we would get §;Q(z;) < 0 for all j, hence,
since ;41 = —0;, that @ has at least m + 1 zeros counting multiplicities. In fact,
we can prove inductively that @ must have k — 1 zeros in [z1, 2. First, assume for
definiteness that Q(z1) < 0, Q(z2) > 0 and so on. If @ has a zero in [z1, za[, we
are done for kK = 2. If not, then x5 must be a zero. If @ has a zero in |zy, z3] we
have two different zeros in [z1, z3[; if not, @ is either positive or negative throughout
|2, x3]. In the first case Q(x3) = 0; in the second, x5 must be a double zero, so that,
in either case, there are two zeros in [z1, z3] counting multiplicities. It is now clear
how to go on. Thus we have proved by contradiction that max6;Q(z;) > 0. In view
of the compactness we even have

(8.1) inf max6;Q(z;) =v>0.
lell=1 J

The choice of points z; implies that

1Q — fII = 0;(Q(z;) = f(x;)) = 0;(wm (f) — f)(25) + 0;(Q — mm (f))(z5)
= [[7m (f) = Il +05(Q — mm (1)) ()
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We now take the maximum over all j:
1Q = FII = I (f) = Il + max6;(Q — i (£) (@) 2 lImm (f) = S + 1@ = 7 (NI

applying (8.1) in the last step to the normalized polynomial (Q—7,,(f))/||Q—7m (f)]-

Proof of Theorem 8.1. Choose v according to Lemma 8.2 so that ||Q — f| >
T (f) = fll + YIIQ — mm(f)|| for all @ € P,,. In particular we may apply this
inequality to @ = m,,(¢g) and obtain

17 (f) = £l +Al7m(9) = T (DI < ll7m(9) = FII < Nlwm(9) — gl +llg = £
< mm(f) = gll + llg = FIl < llmwm (F) = I+ 1 = gll + llg = £
= ll7wm (f) = flI +2llg = fII.

Subtracting |7, (f) — f|| from the first and the last expression above we see that
Y7m(g) — T ()|l < 2|lg — f]|, proving the theorem with the constant C' = 2/~.

For trigonometric polynomials we have a similar projection 7,,,: Cor (R) — T,
Theorem 8.1 has a counterpart for 7,, and even for general Chebyshev systems, since
the characterization of best approximant, which was used in Lemma 8.2, holds also
in these cases.

We now ask whether there exists an operator like m,, or 7,,, which in addition is
linear. The answer is in the negative as is shown by the following result.

Theorem 8.3 (Kharshiladze and Lozinskij'®; Lozinskij [1948]). Let there be given,
for each m € N, a continuous linear projection Ly, of Cor(R) onto the space of
trigonometric polynomials of order at most m. Then there exists an f € Cayr(R) for
which {|| Ly (f)]l;m € N} is unbounded.

A key step in the proof is an estimate from below of the norm of any projection.

Proposition 8.4. Let L be a continuous linear projection of Car(R) onto the sub-
space Ty, of trigonometric polynomials of order at most m. Then ||L|| > ||.Sm||, where
S denotes the operator assigning to f its partial Fourier series up to order m, i.e.,

Sm(f) = f * Dy, as defined by (7.3) and (7.5).
Proof. Define the translation operator T, by

T,(f)(z) = f(z — a), z€R, acR.

Then T, o L oT_, is also a projection. We let L be the mean value of T,oLoT_,
over all translations:

~ 1

2
L(f)(z) = %/O (Too LoT_,)(f)(z)da, z€R.

We claim that L = S,,. To prove this it is enough to prove that L(fy) = Sin(fx),
where fi,(z) = e***, k € Z, for the linear combinations of these functions are dense in

15Gergej Mihailovi¢ Lozinskij, born 1914.
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Carx(R). Now if |k| < m, Spufr = fr and T4 fr, € T, so that LoT_,(fx) = T—o(fk)
and (Tg 0o LoT_,)(fx) = fr. Consequently the mean value E(fk) is also equal to
fr. On the other hand, if |k| > m, then S,,(fx) = 0. Now T_,(fx) = e f;, so that
(TyooLoT o)(fr) = e L(fy)(x — a). But L(fi) € Ty, so that, for any fixed z,
a+— L(fx)(z — a) is orthogonal to a — e™*@ for |k| > m. Thus also L(f;) = 0.

Now that we know that L = Sy, we can easily finish the proof of the proposition:

_ 1 27
ILCHI] :Sgp‘%/o (Tao LoT_o)(f)(z)dr| < |[Tao Lo T ofl[[fIl < [ILIIIfI],

thus |[Sm (5 = LN < LIl f]l. Taking the supremum over all f we get ||Sy || <
I|IL|| as claimed.

Proof of Theorem 8.3. We have || L,,|| = ||Sm||, and the latter norm is

27

1 D, (x) f(x)dx

™ Jo

1 27
_ —/ Dy ()| da
0

[Smll = sup
T

rlI<1

It is not difficult to prove that the latter quantity tends to infinity (in fact like a con-
stant times logm). So || L,,|| tends to infinity. We now apply the Banach—Steinhaus
theorem, also known as the uniform boundedness principle: if {||L,,(f);m € N||} is
bounded for all f, then also {||L,||;m € N} is bounded.

One could also consider the functionals f +— L,,(f)(0) to get a function f such
that the set {L,,(f)(0);m € N} is unbounded.

The Kharshiladze—Lozinskij theorem was formulated here for periodic functions
but has counterparts for C'(I).

9. Approximation of functions of higher regularity

In this section we shall consider functions of higher regularity, meaning functions
that are k times continuously differentiable for some k € N. Let us write C5_(R) for
the functions in C*(R) which are periodic with period 27.

The smallest error when approximating by trigonometric polynomials of order
at most m will be denoted by E,,(f), thus

(9-1) En(f) = nf(| P = flloc; P € Tin).

Theorem 9.1. There exist a constant Co such that for all k € N, all f € C5_(R)
and all m € N,

Co \" 0
En()  (-225) 1™

Proof. In the proof we shall need to consider another error,
(9.2) em(f) = inf(||P — flloo; P € T, without constant term),

i.e., when we approximate by trigonometric polynomials with mean value zero. Ob-
viously Fp,(f) < em(f). We know from Jackson’s theorem that E,,(f) < Cp,||f]| for
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every f € C3_(R), where C,,, = Cy/(m + 1). (We proved that one can take Cy = 6;
the best result is actually Cy = 7/2; cf. (7.13).) It is an important observation that
the proof actually gives also that

(9-3) em(f) < Cllf]]

with the same constant if f has mean value zero. This follows from the fact that the
approximation is given by a convolution that reproduces the mean value, so that the
approximant has mean value zero if the function has mean value zero, a fact that can
be read off from (7.6); the mean value of f * o, is ag/2, the same as for f.

Given f € C3_(R) without constant term we choose p € T, as the trigonometric
polynomial which is the best approximant to f’ with mean value zero, thus || f' —p|| =
em(f). Let P € T,, be the primitive function to p with mean value zero. Then, using
(9.3),

em(f) = em(f = P) < Cullf’ = pll = Crmem(f').

Thus e, (f) < Chen(f’) if f has mean value zero. Repeated application gives
em(f) < CF e (fR)) if fis of class C*, for f' and all higher derivatives have mean
value zero. Thus, given any f € C5¥ (R), we conclude that

En(f) = En(f — a0/2) < em(f — a0/2) < Chem(f™) < CRIIFY.
This completes the proof.

Theorem 9.2. For every f € C3_(R) we have

C
Fu(f) € ———w(f5ky),  meN,

Proof. From Theorem 7.12 we know that E,,(f) < ng(#ﬂ). It is easy to see that
wa(f;0) < dw(f’;0). Combining the two inequalities we get the desired conclusion.

Using (7.16) we can prove like in Theorem 9.2 that

Cp

Em(f) < m

w(F7: 57)
for every f € C5 (R), p € N.

10. Inverse theorems

The theorems we have considered so far are traditionally called direct theorems
(smoothness implies good approximation); we now come to the inverse theorems,
i.e., those where we assume that we have a certain degree of approximation and con-
clude that the function possesses a certain smoothness. We shall consider here the
case when the error E,,(f) is O(m™®) for some real a.

First a famous inequality:

Theorem 10.1 (Bernstein’s inequality). Any trigonometric polynomial T of order
m satisfies || T ||oo < M| T o0-
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Lemma 10.2. Let P be a polynomial of degree m — 1. Then

(10.1) sup |P(z)]<m sup [V1-—22P(z)|
x€[—1,1] x€[—1,1]

Proof. Let z; = cos((2j — 1)7/2m), j = 1,...,m, be the zeros of the Chebyshev
polynomial T},,. Let M denote the right-hand side of (10.1). If = happens to belong
to the interval [z,,,z1], it is easy to prove that |P(z)| < M:

1
V1—22>4/1—22= 1—C082i:81nl>_a
2m 2m m

so that |P(x)] < mv1 — 22| P(x)| for these values of x.
The case when x is close to £1 remains to be studied. The Lagrange interpolation
theorem with nodes z; takes the form

“ T () 1 & T (z)(=1)7"Lsint;
Pz) =)  P(z;) =—) Plx)) o
21: T () (2 — ) mzlj ’ T — T
where ¢; = (2Jm D for it is easy to prove that T” " (z;) = (—1)7"'m/sint;. Say for

deﬁnlteness that Jcl < x < 1. Then since |P(x;)sint;| < M/m and all the differences
x — x; are positive, we obtain

Mm
1<l

The last sum is just the derivative of T}, (think of the logarithmic derivative of T,,)
and we note that T/ (cost) = msinmt/sint is bounded by m? in absolute value.
Hence |P(z)| < M also for these values of x.

m

F

1

CL‘

M
m?

T — Xy

Lemma 10.3. Let S be an odd trigonometric polynomial of order m. Then

15/ sin || < m|[S]].

Proof. Using the well-known formula

(k41 .
sin( . + 1)t — coskt 4+ Sm kt
sint sint

cost

we can prove by induction that sinkt/sint is a polynomial in cost of order k — 1.
Hence S(t) = P(cost)sint for some algebraic polynomial P of degree m —1. We now
apply Lemma 10.2 to P to conclude.

Proof of Theorem 10.1. Consider the function f(s,t) = £(T(s +t) — T(s — t)).
For fixed s, the trigonometric polynomial ¢ — f(s,t) is odd and of order at most
m. Clearly |f(s,t)| < ||T||, so by Lemma 10.3, |f(s,t)/sint| < m|T|. Hence also
T'(s) = limy_o(f(s,t)/sint)(sint/t) is bounded by m||T|| in modulus.
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Theorem 10.4 (Markov’s'® inequality). Ewvery polynomial P of degree m satisfies
P ||co < m?||P| s, where the norms are supremum norms on [—1,1].

Proof. The function T'(t) = P(cost) is a trigonometric polynomial of order m, so
Bernstein’s inequality implies |T”(t)| = |P’(cost) sint| < m|| P||, which can be written
|P'(z)v1 — x2| < m||P|| for z € [-1,1]. We now apply Lemma 10.2 to P’ to conclude:
1P| < m?| [P

For any a with 0 < e < 1, let us define a class Lip,(R) of functions, consisting
of those whose modulus of continuity satisfies w(é) = O(6%), 6 — 0. The elements of
Lip; (R) are called Lipschitz functions.

Theorem 10.5. Let f € Cy-(R) and fir 0 < a < 1. Then E,(f) = O(m™%) as
m — oo if and only if f € Lip,(R).

Proof. That functions in Lip, can be approximated as indicated is Jackson’s first
theorem. Assume conversely that we know that E,,(f) = O(m~%). Thus there exists
trigonometric polynomials T, of order at most m such that ||f — T;,]] < Cm™?,
m > 1, for some constant C independent of m. The convergence of the sequence
(T,) to f is in general too slow for a telescoping series to be useful. We shall take a
subsequence (75;), which converges faster. By the triangle inequality we have

[fla+1t) = f@)] <|f(z+1) = Tor(z + )| + [Ton (@ 4+ 1) — Ton ()| + [Tor (x) — f(2)].
Here the first and third terms on the right do not exceed C2~?*, and the second term

can be estimated by |t|[|T5,||. To estimate this derivative we shall use the telescoping

series
k

T2/k = T1, + Z(TQ/J - 2/3'—1)’
1

together with the estimate
(10.2) [T — Tosr || < | Tos = f 4 |If = Tas | < C27 +27°U7D) = 127,
The last inequality implies in view of Bernstein’s inequality that
T35 — Tos-a || < C1272799,
so that

k
Tl < Co+ ) C12707) < Cp + €280,
1

where C5 is a bound for 7. Putting things together we have
@ +1) = f(@)] <2027 + Jt] (€3 + C2H07)

where  is still to be chosen. Given ¢ with [¢t| < 1 we pick k such that 2% < 1/[¢] < 2F+1
and see that |f(x +1t) — f(x)| < C4|t|* for a new constant Cy, |t| < 1. For larger |¢|
this is true at the expense of a larger constant. This completes the proof.

Exercise 10.6. Prove that if f is a periodic function with E,,(f) = O(1/m), then
its modulus of continuity satisfies w(d) < Célogd, 0 < § < 3, for some constant C.

It is to be noted that the proof of Theorem 10.5 breaks down for o = 1. Indeed
the result is not true in that case. Instead, we have the following theorem.

16 Andrej Andreevié Markov, 1856-1922.
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Theorem 10.7 (Zygmund’s'” Theorem). Let f € Cor(R) be given. Then E,,(f) =
O(1/m), m — oo, if and only if wa(d) = O(6), 6 — 0.

Exercise 10.8. Construct a function such that ws(d) = O(d), § — 0, but which is
not Lipschitz.

Proof of Theorem 10.7. Theorem 7.12 proves one direction. To prove the other
direction, assume that E,,(f) = O(1/m), m — oo, and write f = lim T5;, where T5;
is a trigonometric polynomial of order at most 27 such that || f — Th;|| < C277. Thus
we can use a telescoping series

(10.3) f=lim Toe =T + ;(Ty — Tyio1) = Zojvj,

where Vo =T7 and V; = Ty; — Thi-1, 7 > 1. The second difference of f can then be
estimated by

m—1 0o
A f] < }:!A?Vd%-4§:ﬂvﬂh

where we still can choose m. From (10.2) we see that ||[V;|| < C1277, j > 1. The
second difference is easy to estimate by the second derivative, so we can conclude,
using Bernstein’s inequality, that for |¢t| < 4,

m—1

m—1
AZF < D IV +Ca27m < Y 822% [V + G2 < Crd%2™ 4 Co2 7
0 0

when [t| < . We now choose m so that 2™ < §~1 < 21 and get the desired result.

Theorem 10.9 (Bernstein). Let f € Cor(R) and fiz k € N and o € [0,1[. Then
En(f) < Cm~Fe, m € N,
if and only if f € C*(R) and f**) € Lip,(R).

Proof. We shall prove only one direction: we assume that f admits the approximation
En(f) < Cm~*=% and shall prove that f*) exists and is in Lipo(R). We have a
representation f =Y °V; as in (10.3) where now

Vil < |1 Tos = fll + [1f = Toss|| S C27)F7% + C(277 1) F 7 = G277+,
From Bernstein’s inequality we deduce that

VU < @0)% V5] < Cr2ike—dk—ie = ¢y279e,

Hence Vj(k) converges uniformly to some continuous function g, and since termwise
integration is allowed we see that f(*) exists and is equal to g. Now

B (F9) < |19 - 23V,

17 Antoni Zygmund, 1900-1992.
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for Z% Vi(k) is a trigonometric polynomial of order at most 27. However,
|70 =5 vi®| = 252, vi®)| < cazie,

which shows that Fo; (f*)) < C2277%. For any m € N we now choose j such that
27 < m < 2971, which yields the estimate

Epn(f%) < By (fM) < 09277% < 29Com ™.

Now Theorem 10.5 implies that f*) € Lip,(R).
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