1MAZ211, Fourieranalys

Kod:

Problem 1.

1) Betrakta den 27-periodiska funktionen definerad pa (—m,7) som
fit)=¢e" +e".
Bestam fourierserien.
2) Bestdm om fourierserien konvergerar (anvind en av konvergenssatserna).

3) Bestim fourierserien for f'(t) (anvéand deriveringssatsen: f/(n) = ...).

4) Kan man anvinda deriveringssatsen (f'(n) = ...) att bestimma fourierserien for
f"(t)? Forklara.

Solution:

1) Use partial integration twice to get

™

/ e cos(nt)dt = e’ cos(nt)|] + n/ tsin(nt)dt
0

=((-D)"e" =1)+n esmnt
0

= ((=1)"" — 1) +n | ' sin(nt) |O—n/ etcos(nt)dt)
0

= ((—=1)"e™ — 1) — n? ecosnt

]

and similarly

/ e " cos(nt)dt = — e " cos(nt)|j — n/ e 'sin(nt)d
0 0
= (I-(=D"e™) n/e sin(nt)d
0

= (1-(-1 —n ( "sin(nt)|] —I—n/; e’ cos(nt)dt>
= (1-(-D" ") —n /o e”" cos(nt)dt.



Therefore,

/O7r (e" +e7") cos(nt)dt = ((—1)"e" — 1)+ (1 — (=1)"e ™) — n? /07r (7" + e " cos(nt)dt)
=(-1)"(e"—e ™) —n’ /07r (e + e "cos(nt)dt),

and one can express the integral [ (' 4 e*) cos(nt)dt out of this identity:

™

2 /07r (¢" +e7") cos(nt)dt = 2(—1)

™

L, €T —e
(1 +n?)

Thus Fourier series is given by

—T

f(t) = % (1 + Z 21(;173: cos(nt)) .

2) We use Theorem 4.8.3.: if an L'(T) function is Holder continuous, then its Fourier
series converges to the value of the function at every point.

The derivative of the function e** is +e**, and the absolute value of this derivative
is bounded by €™ on [—m, 7]. We have

le" —e " — (¥ —e V)| < |e" — Y|+ e —eY|

< ax r — Y|+ max X —
- zén[—w,w] dz | y| z€[—m,m] ‘ dz | y|
< 2e™|x —yl.

Thus this function is Lipschitz, and the theorem applies.

3) f/(n) = inf(n). Therefore, since f(n) = n—ibn >0, and f(=n) = antibn >0,
where a,, and b,, are the coefficients of the cosine-sine Fourier series, we have

fin) = inf(n) = in 2",
and 00
) e — e T (—1)”2” int
t) =
f( ) T n_z_oo 1 _|_n2 )
and since n n n
—(=D"n ., (=D"in _ —2(=1"n sin(nt),
1+n2 1 +n? 1+ n?
we have
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This series converges to the value of the derivative at all poins, but =+ 2nm, n € Z,

where it converges to
f'((m + 2nm),) + /(7 + 2nm) )
2 Y
where f'((m + 2nm)+) are the left and right derivatives at points m + 2n.

4) Theorem 3.5.2 that says that f”(n) = mf’(n) if ' is itself continuously differentiable
does not apply since f’ is discontinuous at points 7 + 2nw, n € Z.

One can see that f”(n) = znf’(n) does not hold, because, on one hand, f"(t) =
el —e ' = f(t) at all t # 7 + 2nm, n € Z. On the other hand,

S . P nt __ C 2 Q|n| int __ er—e " - 2(_1)nn2
Z.;mf’(n)e = —gn R Z cos(nt). (0.1)

1+n?

n=1

This last series is clearly not equal to e — e~ on (—m, 7). For example, f”(0) =
e’ — e % =0, while the series (0.1), equal to

Y

er—e i 2(—1)"n?
™ = 1+n?

does not converge since the necessary test of convergence fails here:

2

lim =14#0.

m—>o<>1—|—n2 o

Problem 2.

1, 0< |zl <d,
0, d<lz| <.
1) Bestam fourierserien.

2) Anvénd Parsevals formler att berdkna >~ Sir;j—{‘d.

3) I vilket rum kan man anvinda Parsevals formler?

Solution:

1) The function is even, therefore, the Fourier series is given by

flz) = % + i an, cos(nx),



with

2 ) . 4
n n=1
1.e.
1 dld;c:d—2+1 ist(nd)’
Pl T 24T n?
or ) )
d & 2 Xsi d > i d) d d
d_d | 2 ~sin'(nd) ZM:_W 1.9
w2 72 — n? — n2 2 T

3) Whenever f € L*(T).

Problem 3.
Bestam losningen till

u(z,y) = Kuge(z,t), z€eR, >0,

med begynnelsevillkoret
u(z,0) =e "

Tips: reducera integralen till &= [~ e du = 1.
Vv J—co

Solution:
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The solution of the heat equation on a real line is equal to the convolution of the
initial data with the heat kernel:

1 C —@y)?
u(z,t) = (67 % Hoy) (z) = Nz e e Vdy

_ (=) +akty

1
- VAarkt ¢ o

(y )2 44kt (y— z)+(2kt)] (2kt)2 4

Ikt d
\/ 47T]€ Y
(y— z+2kt)
\/ 4kt

T +k:tfzdy

/ _ w—at2kn)? z+2kt)2 y —x + 2kt

VAakt
= ekt’“’— e’“ du
VT J o

— ekt—x‘

Notice, that this solution is simply the “wave” e propagating to the right with
speed k.

Problem 4.

Erinra dig om sats 7.2.2 on faltningen av en funktion med varmeledningskarnan:
Antag f € L*(R). Da dr

f*H /f e TwW 2/2 zwtdw
" or

Visa med hjélp av satsen att funktionerna f x H,(¢) ar oéndligt deriverbara.

(Tips: Skriv derivatorna som “lim” av en differens, och anvind Dominerad
Konvergensen.)

Solution:

We proceed by induction.

Step 1. First, we show that the first derivative exists
- w(t+e) _ jiwt
PR ]2l L g ntt ey
T

€
1 R ] TWE __ 1
= —/f(w)e‘m2/2e“’twe—dw.
T Jr we
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The functions g.(w) = ==L are uniformly bounded from above for all w € R and
all e € R:
ewe — 1‘ < cos(we) — 1‘ sin(we) _5
we we we

(look at the graphs of the functions |cosx — 1| and |sin x| over R and compare them
with the graph of |z|).
Notice, that the function

~

h(w) _ f(w)efﬂuz/Qeiwtw

under the integral is in L'(R) as a function of w. Indeed, f is in L'(R) by the condition
of the problem, and, by Theorem 6.3.1, | f| < |||, and hence f is bounded on R. Thus,
the absolute value of the function h(w) is bounded from above by const we™™"/2 - which
is in L'(R) for every 7 > 0. Now we can use the Dominated Convergence theorem (4.1.1
in the book, with h(w) playing the role of f(¢) in the Theorem, and g.(w) - that of

gn(t)):
we ] TWE 1
lim — / f 77‘0.)2/2 zwt / f 77w2/261wtw lim € dew

=0 27 =0  we
w2 iwt s
= — f(w)e T 2w,
™ —0o0

The last integral converges since the integrand is equal to ih(w), which is in L'(R), as

we have just argued.

Step 2: Assume that the k-th derivative exists and is equal to

1 [ . -
— / Flw)e ™ 2t (i) dw.
™ — 0o

Step 3 To complete induction, we proof existence of k + 1-st derivative. Consider the
difference of the k-th derivatives evaluated at points ¢ + € and ¢, divided by e:

77w2/2 iw(t+e) zwt k

—5r / flw (e ) (iw)* dw.

Repeat arguments from the Step 1) with g.(w) as before, and
hw) = f(w)e ™ 2™ (iw)Fw.

We have: |h(w)| < const e ™/2wF+1 this bound being a function in L'(R) (since

the exponential always decreases much faster than any power of w). Again, by the



Dominated Convergence Theorem,

iw(t+e) _ jiwt 1 oo iwe _ 1
- —Twz/Qe € k - —Tw?/2 k,  iwt €
11:)% 27r/ flw - (lw)*dw = o /Oo f(w)e (1w)"we lg%( e
_ QL /oo ]E(w)e_WZ/Q(iw)k+1ethdw,
T J -

the last integral being convergent.

Problem 5.
Bestam en 16sning till

genom Laplacetransformen.

Solution:

Take the Laplace transform of the equation:

Lly"] = 3Lly] +2L[y] = 4L[e"].

) d

Now,
L[y"|(s) = s*§(s) — sy(0) — y'(0)
L[y')(s) = sg(s) — y(0),
Ls) = .
then 4
s*G(s) +3s — 5 — 3s7(s) — 9+ 27(s) = —
and
i(s) = 4 N 14—3s  —3s5°+20s—24
= (s—2)2(s—1) (s—2)(s—1) (s—2)%(s—1)
A B C  A(s—2)(s—1)+B(s—1)+C(s—2)°
TR P R 5—22(s—1) '

Equating the powers of s:

A+C=-3, -3A+B—4C =20, 2A—B+4C =-24 = A=4, C=—T7, B=4,



and
PP B T
A (s—2)2 s—1

y(t) = 4e* + 4te® — 7é!

Problem 6.

Bestam en 16sning till
Uy (2,t) = Cug,(z,t), 0<xz<1,t>0,
u(0,t) =u(l,t)=0, t>0,
u(z,0) = sin(brx) + 2sin(7rx), 0<x <1,
u(z,0) =0, 0<zx<l.

Solution:
We look for the solution in the form

u(z,t) = Z sin(kmx) (o cos(ckmt) + By sin(cknt)) .

k=1

The second initial condition gives:
u(z,0) = sin(kmz) (—ckmay, sin(ckm0) + ckn By, cos(ckm0))
k=1

= CWZ sin(krx)kBr =0
k=1

which means that all g, = 0.
The first initial condition gives:

o0

u(z,0) = Z sin(kmx) (o cos(ckm0) + By, sin(ckm0))
k=1

= Zsin(k’ﬁx)ak =
k=1

= sin(bmx) + 2sin(77rx),

which implies that all a5 = 1, ay = 2 and all other oy = 0.



Therefore,

u(z,t) = sin(brz) cos(bermt) + 2sin(7mx) cos(Ternt).



