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We study a stopping game of preemption type between two players who both act un-
der uncertain competition. In this framework we introduce, and study the effect of, (i)
asymmetry of payoffs, allowing e.g. for different investments costs, and (ii) consolation, i.e.
partial compensation to the forestalled stopper. In general, this setting does not offer an
explicit equilibrium. Instead, we provide a general verification theorem, which we then use
to explore various situations in which a solution can be constructed so that an equilibrium
is obtained.
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1 Introduction

In many problems of strategic interaction in random environments, incomplete and asymmetric infor-
mation are natural ingredients. For example, different agents may have access to different information
regarding the profitability of a certain investment possibility, and bidders in an auction may lack infor-
mation about competitors’ private values. A particular case of incomplete/asymmetric information is
that of uncertain competition. Such a feature is natural in, for example, many investment problems,
for participants in online auctions where bidders are not aware of how many competitors they have,
and in models of fraud detection.
In the current article we study optimal stopping games (Dynkin games) with uncertain competition.
Such games were introduced in [2], where it was assumed that two players can observe an underlying
Markov process, and the onewho stops first receives a payoff defined in terms of the underlying process.
However, both players act under uncertain competition, and the urge to wait until the optimal (single-
player) stopping time needs to be balanced against the risk of being forestalled by the other player
(should they exist). In the main result of [2], a Nash equilibrium is obtained in randomized stopping
times using a guess-and-verify approach.
Here we extend the framework of [2] to allow for (i) asymmetric payoffs, and (ii) consolation to the
late stopper. Asymmetric payoffs appear naturally in problems of investment timing, where different
agents are subject to different investment costs. For example, the investment in a real option may
incur larger hiring and operating costs for a small firm than for a large one. Similarly, in problems of
fraud detection, the different agents clearly have different objectives, leading naturally to asymmetric
problems. The notion consolation refers to a situation in which a player receives a non-zero reward
also when being forestalled. This naturally arises in problems of investment timing with revenues
depending on whether a monopoly or duopoly situation is obtained, so that the payoff of a particular
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2 Problem formulation

player depends on the order of investment. We will assume that the consolation payoff is dominated
by the payoff for the first stopper so that the game is still of preemption type.

1.1 Literature review

Stochastic dynamic games have been studied thoroughly by several authors, for example in connection
with real option valuation and investment games in a duopoly setting (see e.g. [4], [6], [16] and [17]).
More recently, stochastic dynamic games with incomplete and asymmetric information have started to
attract interest in the literature, see [3], [10], [11] and [12].
A particular type of incomplete information is when there is uncertainty about the existence of com-
petition. For instance, the case when the existence of one player is known to the other player, but not
vice versa, is relevant in studies of fraud detection; for a few studies along these lines, see [1], [2], [7],
[8] and [9]. In particular, in [2] a symmetric optimal stopping game with uncertain competition and
no consolation was studied. As mentioned above, the set-up of the current article extends the set-up in
[2] to include for asymmetric payoff functions and consolation.

1.2 Preview

In Section 2 we provide a detailed formulation of the game under consideration, together with a few
preliminary results. Introducing asymmetric payoffs and consolation, the Dynkin ghost game becomes
less tractable, and the full specification of an equilibrium is in general not possible. In the absence of
an explicit equilibrium we provide a verification result (Theorem 3.1), which specifies sufficient condi-
tions for a candidate equilibrium to be an equilibrium. In particular, the verification result requires the
construction of two equilibrium value functions fulfilling certain martingale conditions. These mar-
tingale conditions can be translated into boundary conditions along stopping boundaries, and are thus
instrumental when constructing candidate equilibrium values. In fact, some special cases are amenable
to further analysis; Section 4 studies symmetric payoffs with consolation, and Section 5 explores asym-
metric cases.

2 Problem formulation

To describe the game set-up, let X be a continuous strong Markov process with state space I , where
I ⊆ R is an interval, defined on a complete probability space (Ω,F ,Px), where Px(X0 = x) = 1. We
assume that gi, hi : I → [0,∞), i = 1, 2, are given functions with gi ≥ hi and such that

sup
x∈R

gi(x) > 0

(to rule out degenerate cases). We denote by F := (Ft)t≥0 the augmentation of the smallest right-
continuous filtration to which X is adapted, and by T the set of F−stopping times. Given a constant
discount rate r ≥ 0, let

V gi(x) := sup
τ∈T

Ex
[
e−rτgi(Xτ )

]
and

V hi(x) := sup
τ∈T

Ex
[
e−rτhi(Xτ )

]
be the value functions in the corresponding single-player games. Here (and in all similar expressions
below) we use the convention that f(Xτ )1{τ=∞} = 0 for a given function f . Also, let

τgi := inf{t ≥ 0 : V gi(Xt) ≤ gi(Xt)}

and
τhi := inf{t ≥ 0 : V hi(Xt) ≤ hi(Xt)}

i = 1, 2.

2



2 Problem formulation

Assumption 2.1. We assume that the functions gi, V gi and V hi are continuous. We also assume that the
processes

Y gi
t := e−rtV gi(Xt)

and
Y hi
t := e−rtV hi(Xt)

are supermartingales, and that the stopped versionsY gi
t∧τgi

andY hi
t∧τhi

are uniformly integrablemartingales.

Remark 2.2. A consequence of the assumptions above is that τgi is an optimal stopping time for the
single-player game with payoff function gi. A standard condition that guarantees the assumed super-
martingality/martingality properties is the integrability condition

Ex
[
sup
t≥0

e−rtgi(Xt)

]
<∞,

see, e.g., [15].

The two players will be equipped with randomised stopping times, which we now define. Denote A
the set of non-decreasing right-continuous F−adapted processes Γ = (Γt)0−≤t<∞ with values in [0, 1]
and with Γ0− = 0.

Definition 2.3. (Randomised stopping times.) Let U ∼ Unif(0, 1) be a random variable independent
of X (and also independent of the random variables θ1 and θ2 introduced below). Given Γ ∈ A, the
(U,Γ)−randomised stopping time γ is defined as

γ := inf{t ≥ 0 : Γt > U}.

Throughout the article we always assume with no further mentioning that two randomised stopping
times γ1 and γ2 have independent randomisation devices U1 and U2. Also, since the distribution of
γ only depends on Γ, we will also refer to the (U,Γ)−randomised stopping time as a Γ−randomised
stopping time.
We will study a game where Player i has competition with probability pi ∈ (0, 1], i = 1, 2, with p1 ∧
p2 < 1. To model this, let θ1, θ2 be Bernoulli random variables such that θ1, θ2 andX are independent,
and with

Px(θi = 1) = pi,

i = 1, 2. We will let {θi = 1} represent the event on which Player i has active competition. To do that,
if Player 3− i uses a randomized stopping time γ3−i, we define

γ̂3−i :=

{
γ3−i on {θi = 1}
∞ on {θi = 0}.

The expected discounted payoff for Player 1 is then defined as

J1(x; γ1, γ2) := Ex[e−rγ1g1(Xγ1)1{γ1<γ̂2} + e−rγ2V h1(Xγ2)1{γ1≥γ̂2}],

and the expected discounted payoff for Player 2 is defined as

J2(x; γ1, γ2) := Ex[e−rγ2g2(Xγ2)1{γ2≤γ̂1} + e−rγ1V h2(Xγ1)1{γ̂1<γ2}].

Note that in case of simultaneous stopping, Player 2 has priority and receives g2, whereas Player 1
receives the consolation V h1 ; we refer to Player 2 as the advantaged player.

Remark 2.4. In case Player i is forestalled by their opponent, their (immediate) consolation payoff is
specified byV hi . This corresponds to a situationwhere one, after being forestalled, plays a single-player
stopping game with payoff function hi.
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2 Problem formulation

Given a control Γ ∈ A, we denote by

γ(u) := inf{t ≥ 0 : Γt > u} (2.1)

the first time that Γ exceeds u ∈ [0, 1); note that γ(u) is a stopping time for each u ∈ [0, 1), and that
γ = γ(U) where U is the randomisation device. The following lemma is an immediate consequence of
the law of total expectation.

Lemma 2.5. Let Γ1,Γ2 ∈ A, denote by γ1 and γ2 the corresponding randomised stopping times, and let
γi(u), i = 1, 2 be defined as in (2.1). Then

J1(x; γ1, γ2) =

∫ 1

0
J1(x; γ1(u), γ2) du (2.2)

and

J2(x; γ1, γ2) =

∫ 1

0
J2(x; γ1, γ2(u)) du. (2.3)

In the following result we provide simplified expressions for the integrands in (2.2)-(2.3).

Proposition 2.6. If γ2 is a Γ2−randomised stopping time and τ is a stopping time, then

J1(x; τ, γ2) = Ex

[
e−rτ (1− p1Γ

2
τ )g1(Xτ ) + p1

∫
[0,τ ]

e−rtV h1(Xt) dΓ
2
t

]
. (2.4)

Similarly, if γ1 is a Γ1−randomised stopping time, then

J2(x; γ1, τ) = Ex

[
e−rτ (1− p2Γ

1
τ−)g2(Xτ ) + p2

∫
[0,τ)

e−rtV h2(Xt) dΓ
1
t

]
. (2.5)

Proof. First note that
{Γ2

τ < U2} ⊆ {τ < γ2} ⊆ {Γ2
τ ≤ U2}

so that Px(τ < γ2|Fτ ) = 1− Γ2
τ . Therefore we have

Ex
[
e−rτg1(Xτ )1{τ<γ̂2}

]
= Ex

[
e−rτg1(Xτ )(1{θ1=0} + 1{θ1=1}1{τ<γ2})

]
= (1− p1)Ex

[
e−rτg1(Xτ )

]
+ p1Ex

[
e−rτg1(Xτ )1{τ<γ2}

]
= (1− p1)Ex

[
e−rτg1(Xτ )

]
+ p1Ex

[
e−rτg1(Xτ )Px(τ < γ2|Fτ )

]
= Ex

[
e−rτ (1− p1Γ

2
τ )g1(Xτ )

]
,

where the second equality uses independence of θ1 and X . Moreover,

Ex
[
e−rγ2V h1(Xγ2)1{τ≥γ̂2}

]
= p1Ex

[
e−rγ2V h1(Xγ2)1{τ≥γ2}

]
= p1Ex

[∫ 1

0
e−rγ2(u)V h1(Xγ2(u))1{τ≥γ2(u)} du

]
= p1Ex

[∫
[0,τ ]

e−rtV h1(Xt) dΓ
2
t

]
,

where the last equality follows from [14, Proposition 4.9, p. 8] since γ2 is the inverse of Γ2. Thus (2.4)
follows.
The argument for (2.5) is similar, and we omit the details.
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3 A verification theorem

It is clear from Lemma 2.5 and Proposition 2.6 that the functionals J1 and J2 only depend on the
chosen controls Γ1 and Γ2 (and not on the randomisation devices). We may therefore identify a ran-
domised stopping time γ with its increasing control Γ; for example, we sometimes write Ji(x; Γ1,Γ2)
or Ji(x; Γ1, γ2) instead of Ji(x; γ1, γ2).

Definition 2.7. A pair (Γ∗
1,Γ

∗
2) ∈ A2 is a Nash equilibrium if for any pair (Γ1,Γ2) ∈ A2 we have

J1(x; Γ1,Γ
∗
2) ≤ J1(x; Γ

∗
1,Γ

∗
2) and J2(x; Γ∗

1,Γ2) ≤ J2(x; Γ
∗
1,Γ

∗
2).

Our goal is to obtain conditions under which a Nash equilibrium (Γ∗
1,Γ

∗
2) exists, and to study its asso-

ciated equilibrium values

u1(x, p1, p2) = J1(x; Γ
∗
1,Γ

∗
2) & u2(x, p1, p2) = J2(x; Γ

∗
1,Γ

∗
2).

3 A verification theorem

In this section we provide a verification result, i.e. we specify conditions under which a Nash equilib-
rium can be constructed from two given functions u1, u2 : I × [0, 1]2 → [0,∞). Here the functions
u1(x, p1, p2) and u2(x, p1, p2)will play the role of equilibrium values for the obtainedNash equilibrium.
Given two control processes Γ1,Γ2, define the corresponding adjusted belief process

Πit =

{
pi(1−Γ3−i

t )

1−piΓ3−i
t

if pi < 1

1 if pi = 1

for t ≥ 0−. Note that
Πit = Px(θi = 1|Ft, γ̂3−i > t),

soΠi is the conditional probability of active competition for Player i, conditional on observations ofX
and on the event that γ̂3−i has not yet occurred.

Theorem 3.1. Let two continuous functions u1, u2 : I × [0, 1]2 → [0,∞) and a pair (Γ1,Γ2) ∈ A2 be
given. Assume that ui ≤ V gi , and that Γiτgi = 1, i = 1, 2. Define on [0,∞) two processes

M1
t := e−rt(1− p1Γ

2
t )u1(Xt,Π

1
t ,Π

2
t ) + p1

∫
[0,t]

e−rsV h1(Xs) dΓ
2
s

and

M2
t := e−rt(1− p2Γ

1
t−)u2(Xt,Π

1
t−,Π

2
t−) + p2

∫
[0,t)

e−rsV h2(Xs) dΓ
1
s,

and assume that

(i) M i is a supermartingale, and it is a martingale on [0, γi(u)] for any u < 1, i = 1, 2;

(i’) M2 is continuous on [0, τg2 ] and on (τg2 ,∞), withM2
τg2+

−M2
τg2

≤ 0;

(ii) u1(Xt,Π
1
t ,Π

2
t ) ≥ g1(Xt) and u2(Xt,Π

1
t−,Π

2
t−) ≥ g2(Xt) for all t ≥ 0 Px-a.s.;

(iii) Γ1
t =

∫
[0,t] 1{u1(Xs,Π1

s,Π
2
s)=g1(Xs)} dΓ

1
s and Γ

2
t =

∫
[0,t] 1{u2(Xs,Π1

s−,Π
2
s−)=g2(Xs)} dΓ

2
s .

Then (Γ1,Γ2) is a Nash equilibrium, and the equilibrium values are given by

M1
0 = (1− p1Γ

2
0)u1(x,Π

1
0,Π

2
0) + p1Γ

2
0V

h1(x)

andM2
0 = u2(x, p1, p2), respectively.
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4 Symmetric games with consolation

Proof. Let τ be a stopping time. By optional sampling,

M1
0 ≥ Ex[M1

τ ] = Ex

[
e−rτ (1− p1Γ

2
τ )u1(Xτ ,Π

1
τ ,Π

2
τ ) + p1

∫
[0,τ ]

e−rsV h1(Xs) dΓ
2
s

]

≥ Ex

[
e−rτ (1− p1Γ

2
τ )g1(Xτ ) + p1

∫
[0,τ ]

e−rsV h1(Xs) dΓ
2
s

]
= J1(x; τ,Γ2),

where the last equality follows from Proposition 2.6. Moreover, by (i) and (iii), the inequalities reduce
to equalities for the stopping times γ1(u), u ∈ [0, 1). Consequently, using Lemma 2.5,

J1(x; Γ
1,Γ2) =M1

0 = sup
Γ∈A

J1(x; Γ,Γ2)

so Γ1 is an optimal response to Γ2.
Similarly,

M2
0 ≥ Ex[M2

τ ] = Ex

[
e−rτ (1− p2Γ

1
τ−)u2(Xτ ,Π

1
τ−,Π

2
τ−) + p2

∫
[0,τ)

e−rsV h2(Xs) dΓ
1
s

]

≥ Ex

[
e−rτ (1− p2Γ

1
τ−)g2(Xτ ) + p2

∫
[0,τ)

e−rsV h2(Xs) dΓ
1
s

]
= J2(x; Γ

1, τ),

with equality for τ = γ1(u), u ∈ [0, 1). Thus

J2(x; Γ
1,Γ2) =M2

0 = sup
Γ∈A

J2(x; Γ
1,Γ),

which completes the proof.

4 Symmetric games with consolation

Obtaining explicit solutions to general problems exhibiting both asymmetry and consolation seems
out of reach; however, some cases are amenable for further analysis. In this section we discuss how
candidate equilibrium value functions u1 and u2 can be constructed for symmetric games.
To do that, assume that

g1 = g2 =: g and h1 = h2 =: h (4.1)

and that p1 ≤ p2. Since both players share the same payoff functions, the player with the smallest
probability of competition (Player 1) is less exposed to competition and should be more willing to stop
late (i.e. at τg). We thus expect that the equilibrium strategy Γ1 of Player 1 should satisfy γ1(u) → τg
as u → 1, and in view of the indifference principle in game theory, the equilibrium value for Player 1
should be obtained by simply using γ1(1−) = τg . However, in that case one sees that

J1(x; τg, γ2) = (1− p1)Ex[e−rτgg(Xτg)] + p1Ex[e−rγ2V h(Xγ2)] ≤ (1− p1)V
g(x) + p1V

h(x) (4.2)

for an equilibrium strategy γ2 < τg , where the inequality uses supermartingality and optional sampling.

4.1 Symmetric games with martingale consolation

In addition to the symmetry condition (4.1), also assume that

e−rt∧τgV h(Xt∧τg) is a martingale. (4.3)
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4 Symmetric games with consolation

Remark 4.1. In view of Assumption 2.1, a sufficient condition for (4.3) to hold is that

{x ∈ I : V g(x) > g(x)} ⊆ {x ∈ I : V h(x) > h(x)},

i.e. that the continuation region of h contains the continuation region of g.

Under the assumption (4.3), the inequality in (4.2) is an equality, and the equilibrium value of Player 1
should be

u1(x, p1, p2) = (1− p1)V
g(x) + p1V

h(x).

If the process Γ2 is constructed so that Π1
t reflects in the boundary b defined by (1 − b(x))V g(x) +

b(x)V h(x) = g(x), then one needs by optimality considerations for Player 2 that also u2 = g along
the boundary. This leads to u2(x, p1, p2) = (1 − p1)V

g(x) + p1V
h(x), and then Γ1 can be chosen so

thatM2 is a martingale. Note that the equilibrium values u1 and u2 then do not depend on p2 (as long
as p2 ≥ p1).
We now make the above heuristics precise.

Theorem 4.2. Assume that g1 = g2 =: g, h1 = h2 =: h and that (4.3) holds. Also assume that p1 ≤ p2.
Define a boundary

b(x) :=


0 if V g(x) = g(x)

V g(x)−g(x)
V g(x)−V h(x)

if V h(x) ≤ g(x) < V g(x)

1 if g(x) < V h(x),

and let

Γ2
t :=

p1 − p1 ∧ inf0≤s≤t b(Xs)

p1(1− p1 ∧ inf0≤s≤t b(Xs))

and

Γ1
t :=

{
p1(1−b(x)∧p1)
p2(1−p1) (Γ2

t − Γ2
0) t < τg

1 t ≥ τg.

Then (Γ1,Γ2) is a Nash equilibrium, with corresponding equilibrium values

u1(x, p1) := (1− p1)V
g(x) + p1V

h(x)

and
u2(x, p1) := max

{
(1− p1)V

g(x) + p1V
h(x), g(x)

}
.

Proof. First note that it follows from the continuity conditions in Assumption 2.1 that b is lower semi-
continuous; moreover, if lim infy→x b(y) > b(x) for some x ∈ I , then V g(x) = g(x). Consequently,
t 7→ Γ2

t is continuous on [0, τg) and t 7→ Γ1
t is continuous on [0−, τg), with Γ1

τg = Γ2
τg = 1. Further-

more,
(1− p1Γ

2
t )(1−Π1

t ) = 1− p1

and
(1− p1Γ

2
t )Π

1
t = p1(1− Γ2

t )

for t ≥ 0−, and

(1− p2Γ
1
t−)(1−Π1

t−) =


1− p1 t = 0

1− b(x) ∧ p1 0 < t ≤ τg
1− p2 t > τg

and

(1− p2Γ
1
t−)Π

1
t− =


p1 t = 0

p1 ∧ b(x)− p2Γ
1
t− 0 < t ≤ τg

0 t > τg.
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4 Symmetric games with consolation

Consequently,

M1
t := e−rt(1− p1Γ

2
t )u1(Xt,Π

1
t ) + p1

∫
[0,t]

e−rsV h(Xs) dΓ
2
s

= e−rt(1− p1)V
g(Xt) + e−rtp1(1− Γ2

t )V
h(Xt) + p1

∫
[0,t]

e−rsV h(Xs) dΓ
2
s,

which is a supermartingale on [0,∞) and a martingale on [0, τg]. Similarly,

M2
t := e−rt(1− p2Γ

1
t−)u2(Xt,Π

1
t−) + p2

∫
[0,t)

e−rsV h(Xs) dΓ
1
s

=


e−rt(1− p1 ∧ b(x))V g(Xt) + e−rt(p1 ∧ b(x)− p2Γ

1
t−)V

h(Xt)
+p2

∫
[0,t) e

−rsV h(Xs) dΓ
1
s t ≤ τg

e−rt(1− p2)V
g(Xt) + p2

∫
[0,τg ]

e−rsV h(Xs) dΓ
1
s t > τg.

At t = τg , the processM2 makes a jump of size

M2
τg+ −M2

τg = −e−rτg(p2 − p1 ∧ b(x))(V g(Xτg)− V h(Xτg)) ≤ 0,

and it is thus clear that M2 is a supermartingale on [0,∞) and a martingale on [0, τg]. By the veri-
fication result (Theorem 3.1), the pair (Γ1,Γ2) constitutes a Nash equilibrium, and the corresponding
equilibrium values are given byM1

0 = u1(x, p1) andM2
0 = u2(x, p1), respectively.

Remark 4.3. In the main result of [2], an equilibrium was constructed for the symmetric case with
g := g1 = g2 and h1 = h2 = 0. Since condition (4.3) is trivially satisfied in that case, Theorem 4.2 can be
viewed as the extension of the main result in [2] to a set-up allowing for (martingale) consolation; note,
however, that in case of simultaneous stopping the payoff in [2] was specified to be evenly distributed
between players and thus slightly different from the present set-up.

Example 4.4. Let X be a geometric Brownian motion

dXt = µXt dt+ σXt dWt, X0 = x,

where σ > 0 and µ < r are constants andW is a standard Brownian motion, and consider the game
specification g(x) = g1(x) = g2(x) = (x − K)+ and h(x) = h1(x) = h2(x) = (x − L)+, for
positive constants K < L. This can be seen as a model for investment in a real option under possible
competition, where the investment cost is larger for the second investor (for the non-competitive case,
see [5] and [13]). Then

V g(x) =

{
(bg −K)(x/bg)

γ x < bg
x−K x ≥ bg,

where
bg =

γK

γ − 1

and γ > 1 is the unique positive solution of

σ2

2
γ(γ − 1) + µγ − r = 0, (4.4)

with similar expressions for V h and bh.
By Theorem 4.2, an equilibrium is obtained if

Γ1
t :=

{
p1(1−b(x)∧p1)
p2(1−p1) (Γ2

t − Γ2
0) t < τg

1 t ≥ τg,
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4 Symmetric games with consolation

and Γ2 is chosen so that (Π1, X) reflects in the boundary

b(x) :=


0 if x ≥ bg

V g(x)−g(x)
V g(x)−V h(x)

if V g(x) > g(x) ≥ V h(x)

1 if x < a,

where a ∈ [K, bg] is the unique positive solution of V h(a) = g(a). Moreover, the corresponding
equilibrium values are given by u1(x, p1) = (1 − p1)V

g(x) + p1V
h(x) and u1(x, p1) = max{(1 −

p1)V
g(x) + p1V

h(x), g(x)}, respectively. For a graphical illustration of the reflected process, see Fig-
ure 1.
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Figure 1 The boundary b and a simulated path of the reflected process (Π1, X) from Example 4.4. Here g(x) =
(x− 3)+, h(x) = (x− 4)+, µ = 0.08, σ = 0.01 and r = 0.1.

4.2 Symmetric games with supermartingale consolation

We now consider the symmetric case with g := g1 = g2 and h := h1 = h2, but without the assump-
tion (4.3) of martingale consolation. Again we impose the condition p1 ≤ p2, and note that the same
argument as in (4.2) gives a candidate value

u1(x, p1, p2) = (1− p1)V
g(x) + p1Ex[e−rγ2V h(Xγ2)] (4.5)

for Player 1, where γ2 is the equilibrium strategy of Player 2. Due to supermartingality, however,
the second term is no longer explicitly known, so there is no immediate way to construct candidate
equilibrium values.
On the other hand, it may still be argued that the equilibrium value function u1 is independent of p2,
provided p1 ≤ p2. An informal motivation for this is as follows. First note that u1(x, p1, p2) should be
non-increasing in p2 since a larger belief in competition suggests that Player 2 should stop early, which
decreases the value for Player 1. At the same time, the first term on the right-hand side in (4.5) does not
depend on p2, whereas the second term exhibits the opposite monotonicity: a large p2 would suggest a
small γ2, and supermartingality then suggests that u1 is non-decreasing in p2. Consequently, we thus
expect that u1 = u1(x, p1) provided p1 ≤ p2. Then, for

M1
t = e−rt(1− p1Γ

2
t )u1(Xt,Π

1
t ) + p1

∫
[0,t]

e−rsV h1(Xs) dΓ
2
s

9



4 Symmetric games with consolation

to be a martingale, one needs the condition

(1− p1)
∂u1
∂p1

+ u1 = V h (4.6)

to hold at points of increase of the control Γ2.

Example 4.5. Consider the symmetric case with g(x) = g1(x) = g2(x) = (x−K)+ whereK > 0 is
a given constant, h = h1 = h2 ≤ g, and assume that p1 ≤ p2. As in Example 4.4 above, let

bg :=
γK

γ − 1

be the single-player optimal boundary. For simplicity, we also assume that h(x) < g(x) for x > K ,
and denote a the unique solution to V h(a) = g(a) in [K, bg].
We make the Ansatz

u1(x, p1) = c(p1)ψ(x)

for x ≤ b−1(p), where ψ(x) := xγ , and b and c are yet to be determined. From the condition u1 = g at
boundary points (x, b(x)) and the martingale condition (4.6), we get the system{

c(b(x))ψ(x) = g(x)
(1− b(x))c′(b(x))ψ(x) + c(b(x))ψ(x) = V h(x).

Eliminating c, this leads to the ODE

(1− b(x))(
g

ψ
)′(x)ψ(x) + (g(x)− V h(x))b′(x) = 0,

with solution

b(x) = 1− exp

−
∫ bg

x

( g(y)ψ(y))
′ψ(y)

g(y)− V h(y)
dy

 ,

where we also imposed the boundary condition b(bg) = 0.
For the verification, we thus define

b(x) :=


0 x ≥ bg

1− exp

{
−
∫ bg
x

1−γ+Kγ
y

y−K−V h(y)
dy

}
x ∈ (a, bg)

1 x ≤ a,

and note that b is continuous. Let

Γ2
t :=

p1 − p1 ∧ inf0≤s≤t b(Xs)

p1(1− p1 ∧ inf0≤s≤t b(Xs))

and
Γ1
t :=

{ p1
p2
(Γ2
t − Γ2

0) t < τg
1 t ≥ τg.

Also, let

u1(x, p1) :=


V g(x) p1 = 0

g(b−1(p1))
ψ(b−1(p1))

ψ(x) 0 < p1 ≤ b(x)
1−p1
1−b(x)g(x) +

p1−b(x)
1−b(x) V

h(x) p1 > b(x)

and

u2(x, p1) :=


V g(x) p1 = 0

g(b−1(p1))
ψ(b−1(p1))

ψ(x) 0 < p1 ≤ b(x)

g(x) p1 > b(x).

10



5 Asymmetric games

Then
M1
t := e−rt(1− p1Γ

2
t )u1(Xt,Π

1
t ) + p1

∫
[0,t]

e−rsV h(Xs) dΓ
2
s

and
M2
t := e−rt(1− p2Γ

1
t−)u2(Xt,Π

1
t−) + p2

∫
[0,t)

e−rsV h(Xs) dΓ
1
s

fulfill the conditions in Theorem 3.1, so (Γ1,Γ2) is a Nash equilibrium with corresponding equilibrium
values u1(x, p1) and u2(x, p1).

5 Asymmetric games

In the symmetric games studied above, the key insight that leads to their solutions is the intuition that
Player 1 has an incentive to stop late (compared to Player 2) provided p1 ≤ p2. This intuition extends
to some asymmetric games. We illustrate this in the following example which accommodates both
asymmetry and consolation.

Example 5.1. Consider a situation where each investor has an individual investment cost, which also
goes up if forestalled. More precisely, let gi(x) = (x−Ki)

+ and hi(x) = (x−Li)
+, withKi < Li for

i = 1, 2, and with K2 ≤ K1. As usual, the value functions in the corresponding single-player games
are given by

V gi(x) =

{
(bgi −Ki)(

x
bgi

)γ x < bgi
x−Ki x ≥ bgi ,

where
bgi =

γKi

γ − 1
.

Denote ai the point where V hi(ai) = gi(ai), i = 1, 2. Furthermore, we assume that

a2 < a1 < bg2

and p1 ≤ p2. Since we also have bg2 ≤ bg1 , Player 1 is then naturally inclined to wait longer than
Player 2. Therefore, a natural Ansatz for the equilibrium value of Player 1 is

u1(x, p1) = (1− p1)V
g1(x) + p1V

h1(x).

Define a boundary function

b(x) :=


0 x ≥ bg1

V g1 (x)−g1(x)
V g1 (x)−V h1 (x)

a1 < x < bg1
1 x ≤ a1.

Then u1(x, p1) ≥ g1(x) for all x with p1 ≤ b(x). Define a process

Γ2
t :=


p1−p1∧inf0≤s≤t b(Xs)
p1(1−p1∧inf0≤s≤t b(Xs))

t ≤ τg2
Γ2
τg2

τg2 < t < τg1
1 t ≥ τg1

as a candidate strategy for Player 2, and let

u2(x, p1) :=


V g2(x) p1 = 0

g2(b−1(p1))
ψ(b−1(p1))

ψ(x) 0 < p1 ≤ b(x)

g2(x) p1 > b(x).

11



5 Asymmetric games

We have

M1
t := e−rt(1− p1Γ

2
t )u1(Xt,Π

1
t ) + p1

∫
[0,t]

e−rsV h1(Xs) dΓ
2
s

= e−rt(1− p1)V
g1(Xt) + e−rtp1(1− Γ2

t )V
h1(Xt) + p1

∫
[0,t]

e−rsV h1(Xs) dΓ
2
s,

which is a martingale on [0, τg1 ] and a supermartingale on [0,∞). Similarly, for an arbitrary Γ1 we
have

M2
t := e−rt(1− p2Γ

1
t−)u2(Xt,Π

1
t−) + p2

∫
[0,t)

e−rsV h(Xs) dΓ
1
s,

so if we define Γ1
t by letting Γ1

0 = 0, Γτg2 = 1 and

p2(V
h2(Xt)− u2(Xt,Π

1
t ))dΓ

1
t − p1(1− p1)

∂u2
∂p1

(Xt,Π
1
t )

1− p2Γ
1
t

(1− p1Γ2
t )

2
dΓ2

t = 0

on (0, τg2), then M2 is a martingale on [0, τg2 ] and a supermartingale on [0,∞). By the verification
result, the pair (Γ1,Γ2) is a Nash equilibrium, and the corresponding equilibrium values are given by
u1 and u2.

The above solution method breaks down for most asymmetric games. We illustrate this in the following
example.

Example 5.2. Consider the case where Player 1 and Player 2 have a put and a call option as their
payoffs, respectively, and with no consolation, i.e. g1(x) = (K1 − x)+, g2(x) = (x − K2)

+ and
h1 = h2 = 0, with K1 < K2. Then, clearly, neither player has an incentive to wait longer than their
opponent; instead, ifX goes sufficiently belowK1 then Player 1 would stop, and ifX goes sufficiently
aboveK2 then Player 2 would stop.
In view of this, one expects a lower boundary surface {x = L(p1, p2)} and an upper boundary surface
{x = U(p1, p2)} such that Player 1 exercises their put option with some (generalized) intensity on L
so that (Xt,Π

1
t ,Π

2
t ) reflects in L, while Player 2 does nothing, and Player 2 exercises their call option

with some intensity on U so as to reflect (Xt,Π
1
t ,Π

2
t ) in U while Player 1 does nothing. Assuming

that X is a geometric Brownian motion as in previous examples, we then have candidate equilibrium
values given by {

u1(x, p1, p2) = C1(p1, p2)ψ(x) +D1(p1, p2)ϕ(x),

u2(x, p1, p2) = C2(p1, p2)ψ(x) +D2(p1, p2)ϕ(x),

where ψ = xγ and ϕ = xη , with γ > 1 and η < 0 being the solutions of the quadratic equation (4.4).
Clearly, boundary conditions u1 = g1 and u2 = g2 should be imposed on L and on U , respectively.
Moreover, on {x = L(p1, p2)}, martingality ofM1 andM2 requires that{

∂u1
∂p2

= 0,

(1− p2)
∂u2
∂p2

+ u2 = 0.

Similarly, on {x = U(p1, p2)}, martingality ofM2 requires{
∂u2
∂p1

= 0,

(1− p1)
∂u1
∂p1

+ u1 = 0.

Now, there are six boundary conditions imposed, and there are six unknown functions C1,D1, C2,D2,
L and U , and it is possible to derive a pair of candidate equilibrium values u1 and u2. In the interest of
brevity, however, we refrain from doing so.
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Remark 5.3. In Example 5.1, a candidate solution is constructed (and verified) using the intuition that
in equilibrium the players should increase their controls Γ1 and Γ2 simultaneously, with a relative
weight specified so that martingality is obtained. On the other hand, Example 5.2 describes a situation
in which the players should not increase their controls simultaneously, and the boundary conditions
for the candidate value functions given by martingality are thus specified accordingly.
In general, one would hope to formulate a variational inequality which produces a unique pair of can-
didate value functions, with the correct boundary conditions along pieces of the boundary where both
players increase their controls and along pieces where only one player does so. The exact formulation
of such a variational problem, along with related existence and uniqueness questions, is currently not
available.
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