On the ultimate value of local time of one-dimensional super-Brownian motion. by I. KAJ (*) Department of Mathematics, Uppsala University Box 480, S-751 06 Uppsala, Sweden and P. SALMINEN (**) Åbo Akademi University SF-20500 Åbo, Finland

Abstract. – We study the random field of local time picked up over the entire life of a super-Brownian motion on the real line. The finite-dimensional distributions of the field are characterized via their Laplace transforms by unique solutions of certain boundaryvalue differential equations. In some cases the one-dimensional distributions can be found explicitly, giving some insight into how super-Brownian motion behaves before extinction or local extinction.

Short title: Super-Brownian local time.

Keywords: Branching Brownian motion, first passage process, diffusion approximation, boundary-

value differential equation, stable distribution.

Classification A.M.S.: 60J65, 60J55, 60G60, 34B15

(*) Research supported by a Swedish Natural Sciences Research Council grant, contract F-FU 09481. (**) Research supported by the Academy of Finland.

1. Introduction 1.1 Purpose. We consider in this study a class of one-dimensional super-Brownian motions X = {X_t , t ≥ 0} (SBM) on the real line ℜ. More specifically, using Dynkin’s notation (see Dynkin (1993)), X is a (B, K, A)-superprocess on ℜ, where B = {B_t , t ≥ 0} is a standard one-dimensional Brownian motion, K = {K_t , t ≥ 0} is the trivial deterministic additive functional of B defined by K_t = t, and the function A is a branching exponent or parameter. It is assumed that A is of the form

A(u) = ϱu^2 + ∫_∞ 0 (e^{−su} − 1 + su) ν(ds) ,

where ϱ ≥ 0 and ν is a Lèvy measure such that ∫_∞ 0 (s ∧ s^2) ν(ds) < ∞ .

These processes can be viewed as strong Markov processes with càdlàg paths and state space a set of Borel measures M on ℜ, equipped with weak or vague topologies. Denote integration with respect to X_t by ⟨X_t, f⟩ = ∫ ℜ f(x) X_t(dx), where f is measurable, bounded and nonnegative.

A local time process for X at the point a ∈ ℜ can be introduced as the limit in distribution L^a_t = lim_{ε→0} ∫_t 0 ⟨X_s, f^ε_a ⟩ ds , f^ε_a (y) = ε^{−1}f(ε^{−1}(y − a)) , where f ≥ 0 is symmetric, smooth, has compact support and is normalized by ∫ f(y) dy = 1. The limit does not depend on the choice of f. The process L^a = {L^a_t , t ≥ 0}, has been defined and studied in great detail under more general conditions than here, notably it exists also in higher dimensions. See Iscoe (1986), Fleischmann (1988), Sugitani (1989), Adler and Lewin (1992), Adler (1993) and Krone (1993). For example, it is known (with restrictions on A) that there exists a jointly continuous version of L^a_t for (t, a) ∈ [0, ∞)×ℜ. For the visualization of the local time functional we refer to the simulations that can be found in Adler (1994).

The aim of this study is to characterize the distribution of the ultimate value of local time L^a_∞ := lim_{t→∞} L^a_t , which exists by monotone convergence. In the case X lives in the set of finite Borel measures, it is well-known that X dies out almost surely. Then the ultimate value of the local time is L^a_ζ , where ζ stands for the extinction time. However, even in the more general case of infinite initial measures it turns out that L^a_∞ sometimes exists. This will shed some further light on the phenomenon of local extinction of superprocesses in low dimension. For example, it follows from our results in the case of continuous super- Brownian motion, i.e. A(u) = u^2, that if X_0 = δ_a, then the ultimate value of local time at a is a random variable with a one-sided stable distribution of index 2/3. Moreover, if X_0 = dx (Lebesgue measure), then the ultimate value of local time at a (or any other point) is a random variable with a one-sided stable distribution of index 1/3.

Our approach to these problems is based on the superprocess particle picture. In fact, we construct L^a_∞, a ∈ ℜ, as a limit of the corresponding local time functionals for a sequence of branching Brownian motions. Such functionals have been studied in Borodin and Salminen (1993). In the course of the proof of our main result it is seen that the local time obtained in this way from the diffusion approximation coincides with the limit of L^a_t as t → ∞. 1.2 Preliminaries. In order to settle notation, provide background and to prepare for the formulation of our results, we recall some aspects of branching Brownian motion and super-Brownian motion.

We start by considering a branching Brownian motion Y = {Y_t , t ≥ 0} (BBM) with constant creation rate κ and state independent offspring production determined by an offspring generating function F (u) := ∑ k p_ku^k . We assume that Y is critical, i.e., F^′ (1) = 1, and that F (0) > 0. Consequently, Y dies out with probability one. Suppose the BBM starts at time 0 with one particle located at x. For fixed t, Y_t is a point measure on ℜ, Y_t = N_t∑

j=1 δ_Y (j)_t ,

where N_t is the number of particles alive at t and (Y^{(1)}_t , . . ., Y^{(Nt)}_t ) their locations.

As a conceptual complement, it is useful to take the point of view that the sample space of Y is a collection of marked trees. We recall these notions in some detail.

A particle u = (j_1, . . ., j_n) is represented by a sequence of reproduction numbers j_i ≥ 1 which signify that u is the j_nth child of u_{n−1}, where u_{n−1} is the j_{n−1}th child of u_{n−2}, ..., where u_2 is the j_2nd child of u_1, which is the j_1th child of the initial particle, denoted ∅. A tree ω is a set of particles forming a complete progeny of ∅. Hence if u ∈ ω all ancestors v of u (v < u) are in ω and also any child, grandchild etc. of u are in ω. To each particle u ∈ U (:= the collection of all particles) is attached a birthtime α^u, a deathtime β^u and a spatial motion γ^u = {γ^u_r ; α^u ≤ r ≤ β^u} with γ^u(α^u) = 0. Hence M := { (α, β, γ) ; 0 ≤ α < β < ∞, γ : [α, β) → ℜ, γ(α) = 0 }

forms a mark space. The set Ω^o of marked trees ω^o is defined as a collection of elements ω^o := ( ω, {(α^u, β^u, γ^u) ; u ∈ ω} ) , where (α^u, β^u, γ^u) ∈ M for every u ∈ ω, and ω runs over all trees. Let † denote a cemetery point for the particles. The path of a particle u ∈ ω whose mother is v is given by

ξ^u_t (ω^o) := x + γ^∅_t (ω^o) , u = ∅ , 0 ≤ t < β^∅ , ξ^v_βv_−(ω^o) + γ^u_t (ω^o) , u ≠ ∅ , α^u ≤ t < β^u , † , t ≥ β^u . The lifelength of u is β^u − α^u. The extinction time of the tree is ζ(ω^o) := max_{u∈ω} β^u.

Let F^o denote the smallest σ-algebra on Ω^o which makes all marked trees measurable. The set of particles born before time t in an obvious way generates a natural filtration (F^o_t ) of F^o, which carries the information in the marked trees up to time t. Now let P be a probability measure on the filtered space (Ω^o, F^o, (F^o_t )) such that for each u, the lifelength α^u − β^u is exponentially distributed with parameter κ, γ^u is a standard Brownian motion starting at zero, the branching is governed by F and all particles evolve independently. The BBM is the canonical process Y on the triple (Ω^o, F^o, P ).

We can introduce the local time of Y at a point a ∈ ℜ up to time t in two equivalent ways. First

ℓ_t(a) := lim_{ε↓0} 1 2ε ∫_t 0 N_s∑

k=1 1_{(a−ε,a+ε)}(Y^{(k)}_s ) ds = lim_{ε↓0} 1 2ε ∫_t 0 ⟨Y_s, 1_{(a−ε,a+ε)}⟩ ds , where the limit exists a.s. Because ζ < ∞ a.s., the ultimate value of the local time ℓ_ζ (a) is finite at every point a.

Second, let ℓ^u_t (a) denote the Brownian local time at a which a particle u collects up to time t, that is ℓ^u_t (a) := lim_{ε→0} 1 2ε ∫_{t∧β}u t∧α^u I{|ξ^u_s − a| < ε} ds .

Then ℓ_t(a) = ∑ u∈ω ℓ^u_t (a) , ℓ_ζ (a) = ∑ u∈ω ℓ^u_βu (a) . It is proved in Borodin and Salminen (1993), Theorem 2.2, that the Laplace function

x → E_x exp { − k∑ i=1 λ_i ℓ_∞(a_i) } , is the unique solution of the elastic boundary-value problem

(1.1) 1 2 g^{′′} = −κ ( F (g) − g ) on ℜ \ {a_1, . . ., a_k} g^′(a_i+) − g^′(a_i−) = 2λ_i g(a_i) , i = 1, . . ., k , lim_{x→±∞} g(x) = 1 , 0 < g ≤ 1 . Returning to the SBM we recall the following facts; consult e.g. Dawson (1993) for a full account. The state space of X is either the set M^1 of finite measures equipped with the weak topology or a set M^p, p > 1, of tempered measures furnished with the p-vague topology. The latter are such that ⟨μ, ψ_p⟩ < ∞, where ψ_p(x) = 1/(1 + |x|^2)^{p/2}. We write C for the corresponding ”dual” space of nonnegative continuous functions. In the finite-measure case, C is simply the set of bounded, continuous, nonnegative functions on ℜ. In the p-vague case C is the set of continuous, nonnegative functions ψ on ℜ such that ψ(x)/ψ_p(x) has a limit as |x| → ∞ and ‖ψ/ψ_p‖ < ∞, where ‖ · ‖ is the supremum norm. Fix t > 0 and put V_t(x) := − log E_{δx} exp ⟨X_t, −φ⟩ , t ≥ 0 , φ ∈ C , where E_{δx} denotes the expectation operator for the law P_{δx} of X given that X_0 = δ_x. Let p(t; x, y) denote the transition probability density for B and put

S_tφ(x) := E^B_x φ(B_t) = ∫ p(t; x, y)φ(y) dy . The SBM can be defined by the fact that V is the unique positive solution of the integral equation V_t(x) = S_tφ(x) − ∫_t 0 S_{t−r}A ( V_r ) (x) dr , t ≥ 0 . For an arbitrary initial measure μ ∈ M at time t = 0, the more general relation − log E_μ exp ⟨X_t, −φ⟩ = ⟨μ, V_t⟩ , is called the branching property of X. The finite-dimensional distributions of X are obtained by an iterative application of the branching property, see e.g. Dawson (1993), Corollary 4.4.6.

Turning to the local time of X, the log-Laplace functions

v_t(x) := − log E_{δx} exp { − k∑ i=1 λ_i L^{ai}_t } , are the unique positive solutions to

(1.2) v_t(x) = k∑ i=1 λ_i ∫_t 0 p(r; x, a_i) dr − ∫_t 0 ∫_∞ −∞ p(t − r; x, y)A ( v_r(y) ) dydr . One may also consider (1.2) as the defining relation for v_t to be the solution of the parabolic initial-value problem of the generalised form ∂v_t ∂t = 1 2 ∂^2v_t ∂x^2 − A(v_t) + k∑ i=1 λ_i δ_{ai} , v_0(x) = 0 , compare Fleischmann (1988). Our approach on the contrary is based on true differential equations where the parameters λ_1, . . ., λ_k enter into the boundary conditions.

Note that for the study of L^a_∞, we cannot proceed in the straightforward manner letting t → ∞ in (1.2) since both integrals on the right side diverge.

It remains to describe the basic connection between X and Y . For a given branching exponent A consider a sequence Y^{(n)}, n ≥ 1, where each Y^{(n)} is a BBM with creation rate κ_n = A^′(n) and (critical) offspring generating function F_n(u) = u + A(n(1 − u))/nκ_n. Then

(1.3) A(u) = nκ_n ( F_n(1 − u/n) − (1 − u/n) ) . Assume the initial condition Y^{(n)}_0 = nδ_x, i.e., we have n independent particles at x. This sequence yields the SBM with branching exponent A as the weak limit,

(1.4) 1 n Y^{(n)} =⇒ X ( weak convergence in Skorokhod topology on D([0, ∞), M^1) ) . This choice of Y^n is, perhaps, the simplest one in order to construct a specific SBM. Under appropriate assumptions more general seqences κ_n and F_n also give rise to the same SBM’s. A typical condition is that for all m > 0 and n ≥ m

(1.5) lim_{n→∞} sup_{u≤m} | nA_n(1 − u n ) − A(u) | = 0 where A_n(u) := κ_n(F_n(u) − u).

It is known in the case A(u) = u^2 and for fixed a and fixed t > 0 (see Adler (1993), Theorem 2.3) that the BBM local time ℓ^{(n)}_t (a) of Y^{(n)} converges weakly to the SBM local time L^a_t of X as n → ∞. In Section 4.2 we need and prove an extension of this result to the case with an arbitrary number of points and general branching exponent A(u).

1.3 Plan of the paper is as follows. The main result is formulated in Section 2. We give therein also a corollary containing some explicit formulae for the distribution of L^a_∞. Sections 3 and 4 are devoted to the proof of the main result, considering the case k = 1 in Section 3 and the general case in Section 4. More specifically, in Section 3 we prove the existence and characterization of the limit distribution of the particle system local time at one point. However, we stress that the results on the case k = 1 are not needed in the general proof. Section 3 is included because to us this proof seems interesting and rather simple in comparison with the more laborious approximation method applied in the general case. When k = 1 the idea is to use a link between local time and the number of first passages of particles in the branching Brownian motion. Indeed, the local time at one point can be decomposed into independent components corresponding to subtrees starting from the first passage particles. Some properties of the first passage process, studied in Kaj and Salminen (1993a) and (1993b), then lead to the desired result. For k > 1 the distributions exhibit rather complicated dependencies which, perhaps, make such an approach impossible in general.

Therefore, in Section 4 we adopt another strategy. Note that one difficulty here is that the quantities L^a_∞ do not possess finite mean values. Because of this there does not seem to exist an integral equation from which the law of L^a_∞ can be found. Nevertheless we can begin with a differential problem related to the particle systems. From there we derive a uniform bound on the joint log-Laplace function of the approximating vector in (2.1) below, which we denote by u^{(n)}. This immediately gives a uniform bound on the corresponding finite time quantity u^{(n)}_t . By the usual Gronwall type argument this carries over to the solutions v_t of (1.2). Again turning to differential equations we then show that v = lim_{t→∞} v_t is the solution of the differential problem (2.3) stated in the theorem below.

However, in order to prove the theorem we must apply both the finite time approximation and the scheme of particle systems approximation in a simultaneous manner. To describe the method recall that u^{(n)} and v are now the log-Laplace functions of the left and the right side of (2.1) respectively. The proof that v is the limit of u^{(n)} will be based on the inequality (1.6) ‖u^{(n)} − v‖ ≤ ‖u^{(n)} − u^{(n)}_{tn} ‖ + ‖u^{(n)}_{tn} − v_{tn} ‖ + ‖v_{tn} − v‖ , finding a scheme (n, t_n) such that the right side converges to zero. The three terms on the right side are successively the topics of the subsections 4.1, 4.2 and 4.3.

2. Limit theorem Our main result is the following

Theorem. Suppose X_0 = δ_x and consider the local time random field defined by L^a_∞ = lim_{t→∞} L^a_t , a ∈ ℜ. The finite-dimensional distributions of the corresponding scaled local times of Y^{(n)} converge to those of L^a_∞:

(2.1) 1 n ( ℓ^{(n)}_∞ (a_1), . . ., ℓ^{(n)}_∞ (a_k) )_d −→ ( L^{a1}_∞ , . . ., L^{ak}_∞ ) , for any k and a_1, . . ., a_k. The joint log-Laplace function

(2.2) v(x) = − log E [ exp − k∑ i=1 λ_iL^{ai}_∞ | X_0 = δ_x ] , λ_1, . . ., λ_k > 0 , of the limit distribution is the unique solution of the differential boundary-value problem

(2.3) 1 2 v^{′′} = A(v) on ℜ \ {a_1, . . ., a_k} , v^′(a_i−) − v^′(a_i+) = 2λ_i , i = 1, . . ., k , lim_{x→±∞} v(x) = 0 , v ≥ 0 . The solution v and its first and second derivatives are uniformly bounded on ℜ.

The claim of the example in Section 1.1 for continuous SBM is immediate by taking β = 1 and μ = δ_a or μ = dx in the following

Corollary. Restrict to the case A(u) = u^{1+β} , 0 < β ≤ 1. For a fixed such β, if X_0 = μ belongs to M^p for some 1 ≤ p ≤ 2/β then the ultimate value L_∞ of the local time of X exists. The one-dimensional distributions of L_∞ are then given by − log E_μ exp −λ L^a_∞ = ⟨μ, v(a − ·)⟩ , a ∈ ℜ , where v(x) = λ^{2/(2+β)} ((_2 √_{2+β} )_{β/(2+β)} +^β√_{2+β} λ^{β/(2+β)} |x| )_{2/β} , λ > 0 .

In particular, if μ = dx then for each 1 < β ≤ 1

⟨μ, v⟩ = ∫ v(x) dx = (2 + β)^{1/β} 4^{(1−β)/β} (2 − β) λ^{(2−β)/(2+β)} .

Proof: In this case, for x < a_1, 1 2 ( v^′(x) )_2 = ∫_x −∞ v^′(y)v^{′′}(y) dy = 2 ∫_x −∞ v^′(y)v(y)^{1+β} dy

= 2 ∫_{v(x)} 0 s^{1+β} ds = 2v(x)^{2+β}/(2 + β) .

Hence v^′(x) = c v(x)^{1+β/2} for some constant c. Use the boundary condition at a_1 together with the bound on |v^′(a_1+)| to see that v(x) is asymptotically ∼ |x|^{−2/β} as x → −∞. By symmetry, this also holds for |x| → ∞. Hence v ∈ C for all p ≤ 2/β and so ⟨μ, v⟩ < ∞ if μ ∈ M^p for some 1 ≤ p ≤ 2/β.

Now take k = 1 and a = 0, say. By symmetry the boundary condition at 0 simplifies and we only have to solve the equation

v^′(x) = c_β v(x)^{1+β/2} , v^′(0) = λ .

Taking the form of the constants c_β into consideration, straightforward calculations result in the formulas stated in the corollary. ⊔⊓

3. One-dimensional distributions.

In this section we prove when k = 1 that the limit in (2.1) exists and is characterized by (2.3). It was already mentioned that the special approach we use here is based on the diffusion approximation result for the first passage process presented in Kaj and Salminen (1993a). We begin with some introductory facts needed in the proof. 3.1 Background. Consider the BBM process Y and its local time ℓ_∞(a). Without loss of generality we take a = 0 and set ℓ_∞ := ℓ_∞(0). For λ > 0 introduce the function

ψ(x, λ) := E_x [ exp −λ ℓ_∞ ] .

It follows from (1.1) that for x ≠ 0 the function ψ := ψ(·, λ) is a solution of the differential equation 1 2 g^{′′} + κ(F (g) − g) = 0 .

Let x < 0, multiply with ψ^′, integrate from −∞ to x and change variables to see that ψ satifies

(3.1) ( ψ^′(x) )_2

= 4κ

∫_1 ψ(x) (F (u) − u) du . By symmetry, (3.1) holds also for x > 0. Use the elastic boundary condition in (1.1) at a = 0, relation (3.1) and the continuity of ψ to get

2λψ(0) = ψ^′(0+) − ψ^′(0−) = 2 √ 4κ ∫_1

ψ(0) (F (u) − u) du , that is,

(3.2) ψ^2(0) = 4κ λ^2

∫_1

ψ(0) (F (u) − u) du , which determines ψ(0) uniquely. The function ψ can then be obtained by solving (3.1) with ψ(0) as the initial value.

We take another look at the function ψ via the first passage process Z = {Z_x ; x ∈ ℜ}. Assuming that Y starts with one particle located at 0 at time 0, Z_x is the number of particles in the whole realization of Y which visit x but do not have an ancestor who has visited x. We set Z_0 = 1. The process Z^+ := {Z_x , x ≥ 0} is a continuous-time Galton-Watson process such that the function ϕ(x, s) := E_0 [ s^{Zx} ] , 0 ≤ s ≤ 1 , is the unique continuous solution of the initial value problem

(3.3) g^′(x) = ( 4κ ∫_1 g(x) (F (u) − u) du )_{1/2} , g(0) = s , see Kaj and Salminen (1993a), Theorem 1. The connection between the local time and the first passage process is as follows. Given Y_0 = δ_x, the local time at zero consists of a sum of Z_x independent contributions. Each of them is the local time picked up at zero in the subtree starting at zero at the first passage time of one of the first passage particles.

Now the fact that ϕ satisfies (3.3) is also obvious from the corresponding property of ψ because, by the spatial homogeneity,

(3.4) ψ(x) = E_x[exp −λ ℓ_∞] = E_0[exp −λ ℓ_∞(x)] = E_0 [( E_x[exp −λ ℓ_∞(x)] )_{Zx} ]

= E_0 [ ψ(0)^{Zx} ] = ϕ(x, ψ(0)) . Since the limiting behaviour of Z^+ is known under the diffusion approximation, see below, the simple relationship (3.4) is the key in finding the limiting distribution of ℓ_∞. 3.2 Existence and characterization in the case k = 1. Let E^{(n)} refer to expectation for the BBM Y^{(n)}. For simplicity take κ_n and F_n such that (1.3) holds. Since the results for Z we are going to quote hold in the more general situation we could also work under assumption (1.5). Put

ψ^{(n)}(x, λ) := E^{(n)}_x [ exp −λ ℓ_∞ ] , u^{(n)}(x) := n ( 1 − ψ^{(n)}(x, λ/n) ) . We obtain from (3.2) substituting v = n(1 − u) ( ψ^{(n)}(0, λ/n) )_2 = 4κ_n (λ/n)^2 ∫_1 ψ(^n)(0,λ/n) (F_n(u) − u) du

= 4 λ^2

∫_u(n)_{(0)} 0 A(v) dv . (It is clear from the last equality that under assumption (1.5) a remainder term appears at this point. It is simple to see that it will vanish and not affect the idea of the proof.) Assume now that there exists a sequence {n_k} such that

lim_{k→∞} u^{(nk )}(0) = +∞ .

Let N > 0 be given and choose k_N so large that for all k > k_N it holds u^{(nk )}(0) > N. Then for k > k_N 1 ≥ ( ψ^{(nk )}(x, λ/n_k) )_2 ≥ 4 λ^2 ∫_N 0 A(v) dv . Because N is arbitrary and v → A(v) is increasing we have reached a contradiction, that is, lim sup_{n→∞} u^{(n)}(0) < ∞. Assume next that

v_⋆ := lim inf_{n→∞} u^{(n)}(0) < lim sup_{n→∞} u^{(n)}(0) =: v^⋆ , and let {m_k} and {n_k} be two sequences such that, respectively,

lim_{k→∞} u^{(mk )}(0) = v_⋆ ≥ 0 , lim_{k→∞} u^{(nk )}(0) = v^⋆ < ∞ .

Clearly,

lim_{k→∞} ψ^{(mk)}(0, λ/m_k) = lim_{k→∞} ψ^{(nk )}(0, λ/n_k) = 1 ,

and it follows 1 = 4 λ^2 ∫_v⋆ 0 A(v)dv > 4 λ^2 ∫_{v⋆} 0 A(v)dv = 1 . This contradiction shows that v_⋆ = v^⋆. Moreover, v(0) := lim u^{(n)}(0) is the unique solution

of the equation

(3.5) 1 = 4 λ^2

∫_{v(0)} 0 A(v) dv . Next let x > 0, and argue as in (3.4) to get ψ^{(n)}(x, λ/n) = E^{(n)} [( ψ^{(n)}(0, γ/n) )_{Zx} ] = E^{(n)} [ exp { − ^u^{(n)}(0) n Z_x }] , where

^u^{(n)}(0) := −n log ψ^{(n)}(0, λ/n) .

Clearly, lim ^u^{(n)}(0) = lim u^{(n)}(0) = v(0). Let ε > 0 be given and choose n_ε so that for all n > n_ε v(0) − ε ≤ ^u^{(n)}(0) ≤ v(0) + ε .

Then

E^{(n)} exp { − v(0) + ε n Z_x } ≤ ψ^{(n)}(x, λ n ) ≤ E^{(n)} exp { − v(0) − ε n Z_x } , and, consequently,

−n log E^{(n)} exp { − v(0) + ε n Z_x } ≥ −n log ψ^{(n)}(x, λ n ) ≥ −n log E^{(n)} exp { − v(0) − ε n Z_x } . In Kaj and Salminen (1993a), Theorem 2, it is proved that

h(x) := lim_{n→∞} −n log E^{(n)} exp { − β n Z_x }

exists and is the unique continuous positive solution of the inital value problem

(3.6) h^′(x) = −2 ( ∫ h(x) 0 A(u) du )_{1/2} , h(0) = β > 0 .

Therefore, we have

h_+(x) ≥ lim sup_{n→∞} −n log ψ^{(n)}(x, λ n ) ≥ lim inf n→∞ −n log ψ^{(n)}(x, λ n ) ≥ h_−(x) , where h_± are the solutions of (3.6) with the initial values v(0) ± ε, respectively. Since the solutions are continuous and exist globally it is obvious that for every fixed x > 0,

lim_{ε→0} h_+(x) = lim_{ε→0} h_−(x) .

Hence for x > 0, v(x) := lim_{n→∞} −n log ψ^{(n)}(x, λ n ) exists and satisfies (3.6), therefore also v^{′′}(x) = 2A(v(x)), with the initial value v(0) determined from (3.5). Simple arguments show further that lim x→±∞ v(x) = 0 .

To check the condition for the first derivatives at 0, note that using (3.6) and (3.5) we get

v^′(0+) = −2 ( ∫ v(0) 0 A(u) du )_{1/2} = −λ . The case x < 0 can be treated analogously, and we have

v^′(0−) = 2 ( ∫ v(0) 0 A(u) du )_{1/2} = λ . These two equalities give the desired condition, and the proof is complete. ⊔⊓

4. Finite-dimensional distributions of L_∞.

Recall (1.6), where v_t and v are the log-Laplace functions in (1.2) and (2.2), and u^{(n)} and u^{(n)}_t are defined formally in (4.1) and (4.5) below. The first term on the right side of (1.6) concerns the amount of mass left in the branches of the tree which have survived up to time t. The second term can be analysed by means of a Gronwall type inequality and the third term we study by taking the limit in a differential system.

4.1 Estimates based on the tree structure. Consider the basic sequence Y^{(n)} of BBM’s with κ_n = A^′(n) and F_n(u) = u + A(n(1 − u))/nκ_n as in (1.3). Recall that E^{(n)} denotes expectation for Y^{(n)} and define

(4.1) u^{(n)}(x) := n ( 1 − E^{(n)}_x exp { − 1 n k∑ i=1 λ_iℓ_∞(a_i) }) .

Lemma 4.1. Fix an integer k and a partition of the (extended) real line −∞ = a_0 < a_1 < . . . < a_k < a_{k+1} = ∞. For each fixed n, the function u^{(n)} is the unique solution of the system 1 2 g^{′′} = A(g) on ℜ \ {a_1, . . ., a_k} g^′(a_i−) − g^′(a_i+) = 2λ_i ( 1 − g(a_i)/n ) , i = 1, . . ., k , lim_{x→±∞} g(x) = 0 , g ≥ 0 . Moreover, there is a constant C such that for any n,

(4.2) ‖u^{(n)}‖ ≤ C .

Proof: By (1.1), x → E^{(n)}_x exp { − 1 n k∑ i=1 λ_iℓ_∞(a_i) } , is the unique solution of the boundary-value problem 1 2 g^{′′} = κ_n ( F_n(g) − g ) on ℜ \ {a_1, . . ., a_k} g^′(a_i+) − g^′(a_i−) = 2λ_i g(a_i)/n , i = 1, . . ., k , lim_{x→±∞} g(x) = 1 , 0 < g ≤ 1 . Rescale according to (4.1) and use (1.3) to obtain the system in the lemma.

We turn to the uniform bound of the solutions u^{(n)}. Suppose g is a solution of the differential problem in the lemma. We show first

(4.3) |g^′(a_i±)| ≤ k∑ j=1 λ_j , i = 1, . . ., k . Since g(−∞) = 0 and g^{′′} ≥ 0, the first derivative g^′ is non-negative on (−∞, a_1]. Also, by the convexity of g on (a_i, a_{i+1})

g^′(a_{i+1}−) − g^′(a_i+) = ∫_{ai+1} a_i g^{′′}(y) dy ≥ 0 , i = 0, . . .k , where g^′(−∞) = g^′(∞) = 0 is used. This and the relations g^′(a_i−) − g^′(a_i+) = λ_i(1 − g(a_i)/n) yield,

(4.4)

0 ≤ g^′(a_1−) = λ_1(1 − g(a_1)/n) + g^′(a_1+) ≤ λ_1(1 − g(a_1)/n) + g^′(a_2−) = . . . ≤ λ_1(1 − g(a_1)/n) + . . . + λ_{i−1}(1 − g(a_{i−1})/n) + g^′(a_i−) = . . . ≤ k∑ j=1 λ_j (1 − g(a_j)/n) ≤ k∑ j=1 λ_j .

By a symmetric argument going through the points a_i in reverse order we have also 0 ≤ −g^′(a_k+) ≤ λ_k − g^′(a_k−) ≤ λ_k − g^′(a_{k−1}+) ≤ . . . ≤ λ_k + . . . + λ_{i+1} − g^′(a_i+) ≤ . . . ≤ k∑ j=1 λ_j .

It is easy to see that these inequalities and (4.4) imply (4.3). Since |g^′| takes its maximum

at a point a_i, we even have sup_x |g^′(x)| ≤ C. But a continuous nonnegative function g with

g(±∞) = 0 which has piecewise uniformly bounded derivatives must itself be uniformly

bounded on ℜ. ⊔⊓

Now define

(4.5) u^{(n)}_t (x) := n ( 1 − E^{(n)}_x exp { − 1 n k∑ i=1 λ_i ℓ_t(a_i) }) .

By construction, u^{(n)}_t ≤ u^{(n)} for all t > 0, hence by (4.2)

(4.6) ‖u^{(n)}_t ‖ ≤ C .

Lemma 4.2. For any sequence t_n > 0 such that t_n → ∞ as n → ∞,

lim_{n→∞} ‖u^{(n)} − u^{(n)}_{tn} ‖ = 0 .

Proof: We consider Y^{(n)} and Y^{(n)}_t under measure P^{(n)}_x , the law of the BBM starting

with a single particle at x, in the same canonical sample space (Ω^o, F^o). Denote by

K_t(ω^o) := { u ∈ ω ; α^u(ω^o) < t ≤ β^u(ω^o) } ,

the set of particles alive at time t. Clearly Y^{(n)}_t is obtained trajectory-wise from Y^{(n)} by

cutting the tree at the space-time points (ξ^u_t , t), for all u ∈ K_t. Also, N_t = |K_t| is the

number of branches cut off. Now |u^{(n)}(x)−u^{(n)}_t (x)| = n E^{(n)}_x [ exp { − 1 n k∑ i=1 λ_iℓ_t(a_i, ω^o) } − exp { − 1 n k∑ i=1 λ_iℓ_∞(a_i, ω^o) }]

≤ n E^{(n)}_x [ 1 − exp { − 1 n ∑ u∈K_t(ω^o) k∑ i=1 λ_iℓ_∞(a_i, ω^o ∘ θ^u_t ) }] .

Here the shift operator θ^u_t maps ω^o to the marked subtree of ω^o which starts from the particle u at time t, see Chauvin (1991) for a rigorous definition. To proceed we use the fact that given the starting points ξ^u_t , u ∈ K_t, the corresponding subtrees are independent. Therefore, |u^{(n)}(x) − u^{(n)}_t (x)| ≤ n E^{(n)}_x [ 1 − ∏ u∈K_t(ω^o ) exp { − 1 n k∑ i=1 λ_iℓ_∞(a_i, ω^o ∘ θ^u_t ) }]

= n E^{(n)}_x [ 1 − ∏ u∈K_t E^{(n)}_ξu_t exp { − 1 n k∑ i=1 λ_iℓ_∞(a_i) }]

= n E^{(n)}_x [ 1 − ∏ u∈K_t ( 1 − u^{(n)}(ξ^u_t )/n )] . By (4.2), u^{(n)} is uniformly bounded by a constant C. Hence |u^{(n)}(x) − u^{(n)}_t (x)| ≤ n E^{(n)}_x [ 1 − ( 1 − C/n )_{Nt} ] =: h_n(t) , where the right hand side is in fact independent of x. The generating function h(t) = Es^{Nt} for the unscaled Galton-Watson process N_t satisfies the equation h^′(t) = −κ ( F (h(t)) − h(t) ) , h(0) = s . Hence, according to (1.3) h^′_n(t) = nκ_n ( F_n(1 − h_n(t)/n) − (1 − h_n(t)/n) ) = A(h_n(t)) , h_n(0) = C .

But this implies that h_n(t) is in fact also independent of n and equals the log-Laplace function of the continuous state branching process |X_t| given by the total mass of the corresponding SBM X. Hence for any sequence {t_n}, |u^{(n)}(x) − u^{(n)}_{tn} (x)| ≤ − log E exp −C |X_{tn} | . Since X dies out almost surely the right side goes to zero when t_n → ∞ as n → ∞. ⊔⊓ 4.2 Diffusion approximation of BBM. We continue the study of the function u^{(n)}_t . In this section we estimate the rate of convergence to zero for the difference ‖u^{(n)}_{tn} − v_{tn} ‖.

We start by deriving an integral equation for the Laplace functions of ℓ_t under the measure P_x. Such equations are basic tools for the study of superprocesses, see e.g. Dawson (1993), Lemma 4.3.4, or Dynkin (1993), Lemma 1.5. However, we feel it is worthwhile to give a direct proof of the version we will use here even if very similar equations are covered in the literature.

Lemma 4.3. The function

w_t(x) := E_x exp { − k∑ i=1 λ_i ℓ_t(a_i) } ,

satisfies the integral equation

w_t(x) = 1 − k∑ i=1 λ_i ∫_t 0 w_{t−r}(a_i)p(r; x, a_i) dr + E^B_x ∫_t 0 κ ( F (w_{t−r}(B_r )) − w_{t−r}(B_r ) ) dr .

Proof: Either the initial particle reaches age t before the time of the first branching,

ζ^∅ > t, or, vice versa, ζ^∅ attains some value s, 0 < s ≤ t. Split the expectation in two

parts accordingly. It follows that

w_t(x) = E^B_x [ e^− ∑_k i=1 λ_iℓ_t(a_i) e−κt + ∫_t 0 κe^{−κs}e^− ∑_k i=1 λ_iℓ_s (a_i) F (w t−s(B_s)) ds ] , where ℓ_r is the local time up to time r of a standard Brownian motion. Write

H_r = κr + k∑ i=1 λ_i ℓ_r(a_i) .

Then

w_t(x) = E^B_x [ e^{−Ht} + ∫_t 0 κ e^{−Hs} F (w_{t−s}(B_s)) ds ] . Now use e^{−Ht} = 1 − ∫_t 0 e^{−(Ht −Hr )} dH_r to obtain

w_t(x) = 1 + E^B_x ∫_t 0 κ F (w_{t−s}(B_s)) ds − R_x , where

R_x = E^B_x [ ∫ t 0 e^{−(Ht −Hr )} dH_r + ∫_t 0 κ F (w_{t−s}(B_s)) ∫_s 0 e^{−(Hs −Hr )} dH_r ds ] .

Hence, R_x = E^B_x ∫_t 0 ( e^{−(Ht −Hr )} + ∫_t r κ e^{−(Hs−Hr )} F (w_{t−s}(B_s)) ds ) dH_r

= E^B_x ∫_t 0 w_{t−r}(B_r) dH_r

= E^B_x [ ∫ t 0 κ w_{t−r}(B_r) dr + k∑ i=1 λ_i ∫_t 0 w_{t−r}(B_r) dℓ_r(a_i) ] .

To complete the proof it remains to note E^B_x ∫_t 0 w_{t−r}(B_r ) dℓ_r(a_i) = ∫_t 0 w_{t−r}(a_i)p(r; x, a_i) dr , which holds since ℓ_·(a_i) only increases on {t ; B_t = a_i}, for i = 1, . . ., k. ⊔⊓

It follows from the preceeding lemma and (1.3) that u^{(n)}_t satisfies the equation

(4.7) u^{(n)}_t (x) = k∑ i=1 λ_i ∫_t 0 (1 − u^{(n)}_{t−r} (a_i)/n) p(r; x, a_i) dr − E^B_x ∫_t 0 A ( u^{(n)}_{t−r}(B_r) ) dr .

Next we remind that the branching exponent A is Lipschitz continuous in the sense that

if u_1, u_2 ≤ C then there exists a constant K(C) for which

(4.8) ‖A(u_1) − A(u_2)‖ ≤ K(C) ‖u_1 − u_2‖ .

For a proof, see Dawson (1993), Lemma 4.3.2.

Lemma 4.4. For any t > 0 the limit function lim_{n→∞} u^{(n)}_t exists in supremum norm and

is uniformly bounded. The limit is the unique solution v_t of the integral equation (1.2).

Proof: For arbitrary n_1, n_2 ≥ 1 we have by (4.7),

|u^{(n1)}_t (x) − u^{(n2)}_t (x)| ≤ k∑ i=1 λ_i ∫_t 0 p(t − r; x, a_i) | |u^{(n1 )}r (ai) n_1 − u^{(n2 )}r (a_i) n_2 | | dr

+ E^B_x ∫_t 0 | |A ( u^{(n1)}_{t−r} (B_r) ) − A ( u^{(n2 )}_{t−r} (B_r) )| | dr . Due to (4.6) we can choose n_1, n_2 so large that sup_{r≥0} |u^{(n1)}r (a_i)/n_1 − u^{(n2 )}r (a_i)/n_2| is less

than some ε > 0. We can then use (4.6) again and combine with (4.8) to see that there is

a constant K such that

|u^{(n1)}_t (x) − u^{(n2 )}_t (x)| ≤ ε k∑ i=1 λ_i √ 2/π √ t + K E^B_x ∫_t 0 | |u(n_1)_{t−r} (B_r) − u(n_2 )_{t−r} (B_r ) | | dr .

The generalized Gronwall lemma by Dynkin (see e.g. Dawson (1993), Lemma 4.3.1, where

the equivalent backward time version is given) now shows that

|u^{(n1)}_t (x) − u^{(n2)}_t (x)| ≤ ε k∑ i=1 λ_i √ 2/π √ t e^{Kt} , t > 0 , and thus

‖u^{(n1)}_t − u^{(n2 )}_t ‖ → 0 , n_1 , n_2 → ∞ .

Hence u^{(n)}_t , n ≥ 1, is a uniform Cauchy sequence and we can let ^v_t denote its limit. Clearly, for all t, ‖^v_t‖ < C in view of (4.6). Moreover, by (4.7) and Lebesgue’s dominated convergence theorem, ^v_t satisfies (1.2).

It was claimed in the introduction that a nonnegative solution of (1.2) is unique. We can now verify this in a simple way. Let v^{(1)}_t and v^{(2)}_t be two solutions of (1.2). Since

|v^{(1)}_t (x) − v^{(2)}_t (x)| ≤ K E^B_x ∫_t 0 | v^{(1)}_{t−r}(B_r) − v^{(2)}_{t−r}(B_r) | dr , another application of the generalized Gronwall lemma shows that v^{(1)} ≡ v^{(2)}. In the following we denote by v_t the uniformly bounded unique solution of (1.2). ⊔⊓

We remark that the previous lemma shows that for each fixed t the BBM local time ℓ^{(n)}_t converges in finite-dimensional distributions to the SBM local time L_t. For our further developments however, the more important conclusion is the uniform boundedness of v_t in t.

The next lemma is concerned with the rate of convergence of the log-Laplace function u^{(n)}_t as both n and t tends to infinity.

Lemma 4.5. Consider the constant C from (4.6) and let K = K(C) be the corresponding Lipschitz constant such that (4.8) holds. Let t_n denote an increasing sequence of real numbers such that √ t_n n e^{K tn} → 0 . Then lim_{n→∞} ‖u^{(n)}_{tn} − v_{tn} ‖ = 0 .

Proof: By (1.2), (4.7) and Lemma 4.4, |u^{(n)}_t (x) − v_t(x)| ≤ 1 n k∑ i=1 λ_i ∫_t 0 u^{(n)}_r (a_i)p(t − r; x, a_i) dr + E^B_x ∫_t 0 | |A ( u^{(n)}_{t−r} (B_r) ) − A ( v_{t−r}(B_r ) )| | dr

≤ C n k∑ i=1 λ_i ∫_t 0 p(r; 0, 0) dr + K E^B_x ∫_t 0 | |u^{(n)}_{t−r}(Br) − vt−r(Br) | | dr . As in the proof of Lemma 4.4 we obtain ‖u^{(n)}_t − v_t‖ ≤ C √ 2/π √ t n e^{K t} , and therefore ‖u^{(n)}_{tn} − v_{tn} ‖ → 0 , n → ∞ , by the assumption on t_n . ⊔⊓

4.3 The differential equation. In this subsection we show that the function v_t also solves a differential problem. This is then later used to show that its limit function v = lim_{t→∞} v_t is the unique solution of the problem (2.3).

Lemma 4.6. For all t > 0 and x ≠ a_i, i = 1, . . ., k, the partial derivatives ∂ ∂t v_t(x) , ∂ ∂x v_t(x) , ∂^2 ∂x^2 v_t(x) exist and are continuous. The function (t, x) → v_t(x) is a solution of the problem

(4.9) ∂ ∂t v_t(x) = 1 2 ∂^2 ∂x^2 v_t(x) − A(v_t(x)) on ℜ \ {a_1, . . ., a_k} , ∂ ∂x v_t(a_i−) − ∂ ∂x v_t(a_i+) = 2λ_i , for all t > 0 and i = 1, . . ., k , v_0(x) = 0 .

Proof: Let G(t, x) := E^B_x ∫_t 0 A ( v_{t−r}(B_r ) ) dr . Because u → A(u) is continuous and (t, x) → v_t(x) is bounded and measurable it follows (see e.g. Durrett (1984), p. 226) that the function (t, x) → G(t, x) is continuous and ∂G/∂x exists and is jointly continuous. Consequently, from (1.2), (t, x) → v_t(x) is continuous. Further,^∂_{∂x} v_t(x) exists and is jointly continuous for every t > 0 and x ≠ a_i. The claimed condition for the first derivatives at x = a_i follows from the elementary fact that ∂ ∂x ∫_t 0 p(r; x, a_i) dr = { −P_{|x−ai |}(τ_0 < t) , for x > a_i P_{|x−ai|}(τ_0 < t) , for x < a_i , where τ_0 := inf{t ; B_t = 0}. Let N > 0 be such that −N < a_1. Then, by the continuity of ∂G/∂x it is easily seen that there exists a constant C_N such that

(4.10) | ∂ ∂x v_t(x) | < C_N for all 0 < t < N and −N < x < a_1. Clearly, also | ∂ ∂x v_t(a_1−) | < C_N .

Proceeding recursively gives us a constant also denoted by C_N such that (4.10) holds for all 0 < t < N and −N < x < N. It follows that |v_t(x) − v_t(y)| < C_N |x − y| , for all 0 < t < N and −N < x < N. Because u → A(u) is Lipschitz continuous we argue as in Durrett (1984), p. 226-227, that ∂^2G/∂x^2 and ∂G/∂t exist and are jointly continuous. Moreover, G satisfies ∂ ∂t G(t, x) = 1 2 ∂^2 ∂x^2 G(t, x) + A(v_t(x)) . Straightforward computations now show that v_t(x) solves for t > 0 and x ≠ a_i the PDE in (4.9). The initial condition being obvious the proof of the lemma is complete. ⊔⊓ Let v := lim_{t→∞} v_t , which is well-defined due to monotonicity.

Lemma 4.7. The limit function v is continuous and convex in the intervals (a_i, a_{i+1}), i = 0, . . ., k, and ‖v_t − v‖ → 0 , t → ∞ . Proof: We show first that there exists a constant C such that (4.11) sup_{t≥0} ‖ ‖ ∂ ∂x v_t ‖ ‖ ≤ C . In fact, since t → v_t(x) is non-decreasing it is obvious from the PDE in (4.9) that for every fixed t > 0, the function x → v_t(x) is convex in the intervals (a_i, a_{i+1}), i = 0, . . ., k. From this and the fact that v_t(x) is bounded it is seen that lim x→±∞ v t(x) = lim_{x→±∞} ∂ ∂x v_t(x) = 0 .

Now we can argue that the solution v_t of (4.9) satisfies (4.11) exactly as in the proof of Lemma 4.1 where it was shown that the derivative of the corresponding solution g was uniformly bounded.

By (4.11) the family {v_t ; t ≥ 0} is equicontinuous: there exists a constant C such that for all x, y and t ≥ 0 |v_t(x) − v_t(y)| < C |x − y| . Consequently, ‖v_t − v‖ → 0 and the continuity and convexity of v_t carries over to v. ⊔⊓

Lemma 4.8. The function v is a solution of the problem (2.3).

Proof: We begin with

(4.12) lim_{t→∞} ‖ ∂ ∂t v_t ‖ = 0 .

Note that t → G(t, x) is non-decreasing. Indeed, letting t_1 < t_2 we have E^B_x ∫_{t2} 0 A ( v_{t2−r}(B_r ) ) dr ≥ E^B_x ∫_{t1} 0 A ( v_{t2−r} (B_r) ) dr ≥ E^B_x ∫_{t1} 0 A ( v_{t1−r}(B_r) ) dr , since u → A(u) and t → v_t(x) are positive and non-decreasing. Therefore, ∂G/∂t ≥ 0.

Combined with (1.2) this gives ∂ ∂t v_t(x) ≤ k∑ i=1 λ_ip(t; x, a_i) ≤ c t^{−1/2} ,

which proves (4.12).

Now we can prove that v ∈ C^2(−∞, a_1) and solves the claimed ODE in (−∞, a_1).

Multiplication of the PDE in (1.2) with ∂v_t/∂x and an integration from −∞ to x < a_1

lead to ∫_x −∞ ∂ ∂x v_t(y) ∂ ∂t v_t(y) dy = 1 2 ( ∂ ∂x v_t(x) )_2 − ∫_{vt(x)} 0 A(u) du. By (4.11) and (4.12) the left hand side tends to zero as t → ∞. Hence for every x < a_1, lim_{t→∞} 1 2 ( ∂ ∂x v_t(x) )_2 = ∫_{v(x)} 0 A(u) du . Because the right hand side is continuous,

v^′(x) = lim_{t→∞} ∂ ∂x v_t(x) exists and satisfies 1 2 ( v^′(x) )_2 = ∫_{v(x)} 0 A(u) du . Letting t → ∞ in the PDE of (4.9) and using (4.12) it follows that for every x < a_1, lim_{t→∞} 1 2 ∂^2 ∂x^2 v_t(x) = A(v(x)) . Consequently, v^{′′} exists and satisfies

(4.13) 1 2 v^{′′}(x) = A(v(x)) .

Assume next that a_1 < x < a_2. Because v is convex there exists a point b_1 such that a_1 ≤ b_1 ≤ a_2 and v is monotone in (a_1, b_1) and (b_1, a_2). Intuitively one expects that, in fact, a_1 < b_1 < a_2 in the case a_2 < ∞. However, this property is not needed for our argument. Without loss of generality, suppose that v is (strictly) decreasing in (a_1, x) and, hence, every v_t has the same property. Proceeding as above, lim_{t→∞} ( 1 4 ( ∂ ∂x v_t(x) )_2 − 1 4 ( ∂ ∂x v_t(a_1+)

)_2) = ∫_{v(x)} v(a1) A(u) du . Since lim_{t→∞} ∂ ∂x v_t(a_1+) = v^′(a_1−) − λ_1 , it follows that v^′(x) exists and, further, by continuity v^′(a_1−) − v^′(a_1+) = λ_1 .

The ODE (4.13) is obtained similarly as above. The proof is now easily completed by proceeding recursively. ⊔⊓

Having verified that the problem (2.3) has a solution it remains to prove uniqueness.

Lemma 4.9. The differential problem (2.3) has at most one solution. Proof: Suppose g is a solution. For the almost identical system in Lemma 4.1 it was already shown that the solution and its first derivative are bounded. The proof is even simpler in this case. Hence ‖g^′‖ and ‖g‖ are finite.

Let g_1 and g_2 denote two solutions of (2.3). By the previous argument we can assume that they are bounded. We split the proof in two parts. Recall that we have put a_0 = −∞ and a_{k+1} = ∞.

1^0) Take x_1 and x_2 such that a_i ≤ x_1 ≤ x_2 ≤ a_{i+1} for some i , 0 ≤ i ≤ k .

Suppose

g_1(x_1) = g_2(x_1) , g_1(x_2) = g_2(x_2) , g_1(x) ≥ g_2(x) for all x ∈ (x_1, x_2) .

Then 0 = ∫_{x2} x1 g_1( 1 2 g^{′′}_2 − A(g_2)) dx − ∫_{x2} x1 g_2( 1 2 g^{′′}_1 − A(g_1)) dx = 1 2 ∫_{x2} x1 (g_1g^{′′}_2 − g_2g^{′′}_1 ) dx + ∫_{x2} x1 ( g_2A(g_1) − g_1A(g_2) ) dx .

This is justified since e.g. ∫_∞ a g_2A(g_1) dx ≤ C_1 ∫_∞ a g^{′′}_1 dx = −C_1g^′(a) ≤ C_2 , a ≥ a_k ,

for some constants C_1, C_2. Using integration by parts, ∫_{x2} x1 (g_1g^{′′}_2 − g_2g^{′′}_1 ) dx = g_1(x_2)(g^′_2(x_2−) − g^′_1(x_2−)) + g_1(x_1)(g^′_1(x_1+) − g^′_2(x_1+)) ≥ 0 ,

by assumption. We also have ∫_{x2} x1 ( g_2A(g_1) − g_1A(g_2) ) dx = ∫_{x2} x1 g_1g_2

( A(g_1) g_1 − A(g_2) g_2 ) dx ≥ 0 , since the assumption on the Lévy measure ν for A implies that A(u)/u ≤ A^′(u) < ∞ from which it follows that A(u)/u is monotone. Thus g_1 = g_2 in [x_1, x_2] and hence, using the conditions at the corner points a_1, . . ., a_k, we have g_1 = g_2 in ℜ. 2^0) Now assume there is a number x_1, possibly x_1 = ∞, such that

g_1(x_1) = g_2(x_1) , g_1(x) ≥ g_2(x) in (−∞, x_1) .

For some 0 ≤ i ≤ k we have x_1 ∈ [a_i, a_{i+1}]. Similarly as in case 1^0), perform integration by parts over (−∞, x_1]. Then use the boundary conditions to get

0 = i∑ j=1 λ_j (g_1(a_j ) − g_2(a_j)) + ∫_{x1} −∞ g_1g_2

( A(g_1) g_1 − A(g_2) g_2 ) dx ≥ 0 .

Hence g_1 and g_2 must coincide in (−∞, x_1]. ⊔⊓

4.4 Proof of the diffusion approximation. In the preceeding sections we have obtained existence and uniqueness of a solution to (2.3). Choose a sequence t_n which satisfies the assumption in Lemma 4.5. By Lemma 4.2, Lemma 4.5 and Lemma 4.7 the three terms on the right side of (1.6) converge to zero as n → ∞. Hence u^{(n)} converges uniformly to v. This completes the proof of the theorem.

References [1] R. Adler, Superprocess local and intersection local times and their corresponding particle pictures, in: E. Çinlar, K.L. Chung, M.J. Sharpe, eds., Seminar on Stochastic Processes, (Birkhäuser 1993) pp. 1-42.

[2] R. Adler, Superprocesses: the particle picture, in: D.A. Dawson, ed., Measure-valued processes, SPDE, and interacting systems (CRM University of Montreal, Lecture Notes 5, Montreal 1994) pp. 1-15.

[3] R. Adler and M. Lewin, Local time and Tanaka formulae for super Brownian motion and super stable processes, Stochastic Process. Appl. 41 (1992) 45-68.

[4] A. Borodin and P. Salminen, On functionals of branching Brownian motion, in: H.

Niemi et al, eds., Frontiers in Pure and Appl. Probab. 1 (TVP/VSP Moscow 1993) pp. 7-21.

[5] B. Chauvin, Product martingales and stopping lines for branching Brownian motion, Ann. Probab. 19 (1991) 1195-1295.

[6] D.A. Dawson, Measure-valued Markov processes, in: P.L. Hennequin, ed., Ecole d’Eté de probabilités de Saint Flour XXI, (Springer, Lecture Notes Math. 1541, 1993) pp. 1-260.

[7] R. Durrett, Brownian Motion and Martingales in Analysis, (Wadsworth, Inc., Belmont California, 1984).

[8] E.B. Dynkin, Superprocesses and partial differential equations, Ann. Probab. 21 (1993) 1185-1262.

[9] K. Fleischmann, Critical behaviour of some measure-valued processes, Math. Nachr.

135 (1988) 131-147.

[10] I. Iscoe, Ergodic theory and a local occupation time for measure valued critical branching Brownian motion, Stochastics 18 (1986) 197-243.

[11] I. Kaj and P. Salminen, On a first passage problem for branching Brownian motions, Ann. Appl. Probab. 3 (1993a) 173-185.

[12] I. Kaj and P. Salminen, A note on first passages in branching Brownian motions, in:

H. Niemi et al, eds., Frontiers in Pure and Appl. Probab. 1 (TVP/VSP Moscow 1993b) pp. 95-102.

[13] S. Krone, Local times for superdiffusions, Ann. Probab. 21 (1993) 1599-1623. [14] S. Sugitani, Some properties for the measure-valued branching diffusion processes, J.

Math. Soc. Japan, 41 (1989) 437-462.