ASYMPTOTIC PROBABILITIES OF EXTENSION PROPERTIES
AND RANDOM [-COLOURABLE STRUCTURES

VERA KOPONEN

ABsTRACT. We consider a set K = |, Kn of finite structures such that all members
of K,, have the same universe, the cardinality of which approaches co as n — co. Each
structure in K may have a nontrivial underlying pregeometry and on each K,, we con-
sider a probability measure, either the uniform measure, or what we call the dimension
conditional measure. The main questions are: What conditions imply that for every
extension axiom ¢, compatible with the defining properties of K, the probability that
 is true in a member of K,, approaches 1 as n — 0co0? And what conditions imply
that this is not the case, possibly in the strong sense that the mentioned probability
approaches 0 for some ¢?

If each K, is the set of structures with universe {1,...,n}, in a fixed relational
language, in which certain “forbidden” structures cannot be weakly embedded and K
has the disjoint amalgamation property, then there is a condition (concerning the set
of forbidden structures) which, if we consider the uniform measure, gives a dichotomy;
i.e. the condition holds if and only if the answer to the first question is ‘yes’. In
general, we do not obtain a dichotomy, but we do obtain a condition guaranteeing
that the answer is ‘yes’ for the first question, as well as a condition guaranteeing
that the answer is ‘no’; and we give examples showing that in the gap between these
conditions the answer may be either ‘yes’ or ‘no’. This analysis is made for both the
uniform measure and for the dimension conditional measure. The later measure has
closer relation to random generation of structures and is more “generous” with respect
to satisfiability of extension axioms.

Random I-coloured structures fall naturally into the framework discussed so far,
but random [-colourable structures need further considerations. It is not the case
that every extension axiom compatible with the class of [-colourable structures almost
surely holds in an /-colourable structure. But a more restricted set of extension axioms
turns out to hold almost surely, which allows us to prove a zero-one law for random
l-colourable structures, using a probability measure which is derived from the dimen-
sion conditional measure, and, after further combinatorial considerations, also for the
uniform probability measure.
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zero-one law, colouring.
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1. INTRODUCTION

Extension axioms have been used as a technical tool for proving zero-one laws [15, 18,
23, 19, 27|, but they also have other implications which will be explained below. Ex-
tension axioms, by their definition, express possibilities of extending a structure that
are compatible (or “consistent”) with the definition of a given class of structures under
consideration. So given a structure M from this class, the set of extension axioms which
are satisfied in M tells which possibilities of extending substructures of M, in ways
compatible with the context, are actually realized in the particular structure M. Thus,
extension axioms have a combinatorial interest of their own.

If we consider the class of all finite L-structures, where L is a language with finite
relational vocabulary, then it follows from the proof of the zero-one law (as presented
in [15, 18, 23]) that, for every extension axiom, almost all sufficiently large finite L-
structures satisfy it. Hence the interesting case to study is the case when there are
some restrictions on the structures under consideration. For example, we could restrict
ourselves to the class of finite structures in which some particular structure cannot be
(weakly) embedded; for instance, the class of triangle-free graphs. Specific classes of
this kind have been studied extensively. An overview with emphasis on graphs and
partial orders is found in [34]; see also |27, 32| and recent results [3, 4, 5]. An overview
with focus on zero-one laws is found in [35]; it takes up, among other things, the number
theoretic approach to zero-one laws which was first developed by K. Compton, and which
is the subject of a book by S. Burris [9]. However, none of the previously published
research focuses specifically on searching for “dividing lines” for asymptotic probabilities
of extension properties in a general model theoretic setting. That is the purpose of
this article, as well as deriving consequences such as zero-one laws and, finally, studying
random [-colourable structures.

The general framework of this article is the following. For some language L, K =
UnEN K, is a set of finite L-structures such that all members of K,, have the same uni-
verse; often an initial segment of {1,2,3,...}. In addition, each M € K may have a
nontrivial closure operator which makes it into a pregeometry; in this case, the closure
operator is uniformly definable on all members of K in the sense described in Defini-
tion 7.1. An important special case is when the closure (and pregeometry) is trivial, by
which we mean that every subset of any structure from K is closed. If P is a property,
then the expression that ‘a member of K almost surely has property P’ is shorthand for
saying that, with respect to some probability measure u, on K,, the probability that
M € K,, has P approaches 1 as n — oo. If pu,(M) =1/|K,| for all n and all M € K,,
(the uniform probability measure), then we may instead say that ‘almost all M € K
have P’. By a zero-one law for K we mean that for every L-sentence o, either it or its
negation almost surely holds in K.

Suppose that A C B C M € K and that A and B are closed subsets of M. For a
structure N, the B/ A-extension aziom holds for N if for every embedding 7 of A into N/
there is an embedding 7 of B into N which extends 7. If the dimension of B is at most
k -+ 1, then we call it a k-extension aziom of K. If the closure is trivial then dimension
is the same as cardinality.

If L has no constant symbols we allow the universe of A to be empty, and in this case
the B/ A-extension axiom expresses that there exists a copy of B in the ambient structure.
Hence, if M satisfies all k-extension axioms, then every B € K of dimension at most
k + 1 can be embedded into M; in this case one may say that M is ‘(k + 1)-universal
for K’. By involving pebble games [25, 31] it follows that if L is relational and M € K
satisfies all k-extension axioms of K, then M has the following ‘homogeneity property,
up to k-variable expressibility’: Whenever @,a’ are tuples of elements and there is an
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isomorphism from the closure of a to the closure of @’ which sends a; to a, then a and
a’ satisfy exactly the same formulas in which at most k distinct variables occur.

If the class K* of all structures which can be embedded into some member of K has
(up to taking isomorphic copies) the joint embedding property and the amalgamation
property, then a structure M exists which satisfies all k-extension axioms of K for every
k € N; because we can let M be the so-called Fraissé limit of K*. However, if K contains
arbitrarily large (finite) structures, then the Fraissé limit of K* is infinite. The question
whether, for every k € N, there exists a finite M € K which satisfies every k-extension
axiom of K may be hard. For instance, the problem [11] whether there is a finite triangle-
free graph which satisfies every 4-extension axiom is still open. By using the fact that the
proportion of triangle-free graphs with vertices 1, ..., n which are bipartite approaches 1
as n approaches infinity [17, 27|, it is straightforward to derive that the proportion of all
triangle-free graphs with vertices 1, ..., n which satisfy all 3-extension axioms approaches
0 as n approaches infinity. The main results in Sections 3 — 7 are concerned with the
question of when, for some k and large enough n, it is usual (or unusual), in senses to
be made precise, that structures in K,, satisfy all k-extension axioms.

For the moment, assume that, for each n, u, is a probability measure on K,,. Let
Th,(K) be the set of sentences ¢ such that the j,,-probability that ¢ is true in a member
of K,, approaches 1 as n approaches infinity. Also assume that K*, as defined above, sat-
isfies the joint embedding and amalgamation properties and let Thy(K) be the complete
theory of the Fraissé limit of K*. If, moreover, the closure is trivial on all members of
K, it is straightforward to see that Th,,(K) = Thr(K) if and only if Th,(K) contains all
extension axioms of K. (We can get rid of the assumption that the closure is trivial if we
assume that it is “well-behaved”, as in Section 7; and then we argue like in Section 8.2.)

The rest of the introduction is devoted to explaining, roughly, the results of this article.
We try to appeal to the reader’s intuition rather than giving the full definitions of notions
involved; but sometimes references to these definitions are given.

We start, in Sections 3 — 5 , by considering K such that all M € K have trivial closure,
so dimension is the same as cardinality. Also, until Section 6 we consider only the uniform
measure. The first result, Theorem 3.4, gives a dichotomy for the special case when, for a
fixed language L, with finite relational vocabulary, and set F of “forbidden” L-structures,
K, is defined to be the set of all L-structures M with universe {1,...,n} such that no
F € F can be weakly embedded into M (see Section 2.1). If every F € F is “simple” in
a sense which is made precise in Theorem 3.4, then for every extension axiom ¢ of K,
the proportion of M € K,, which satisfy ¢ approaches 1 as n approaches infinity; and
K has a zero-one law. On the other hand, if there is at least one “non-simple” F € F,
then for some 0 < ¢ < 1 and 2|F|-extension axiom ¢, the proportion of M € K,, in
which ¢ is true never exceeds c; if the language has no unary relation symbols, then this
proportion approaches 0 as n approaches infinity. It may nevertheless be the case that
K has a zero-one law, as in the example of triangle-free graphs [27].

Theorem 3.4, just described, is proved by using the more general Theorems 3.15
and 3.17. In Theorems 3.15 and 3.17 we have no assumptions about how K is de-
fined. We will call a structure A permitted if it can be embedded into some structure in
K. For the sake of simplifying this introductory description of the results, let’s assume
that every permitted structure is isomorphic to some structure in K; in other words, we
assume that K is, up to taking isomorphic copies, closed under substructures (the ‘hered-
itary property’). The key concept will be that of substitutions of permitted structures in
a permitted (super)structure M, that is, the act of replacing, in M, the interpretations
(of relation symbols) on the universe of A C M by the interpretations in another per-
mitted structure A’ with the same universe as A. If whenever A, A, M are permitted,
A C M and A and A’ have the same universe, the result of “replacing A by A’ in M”,
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denoted M[A> A’ is a permitted structure, then, for every extension axiom of K, the
proportion of structures in K,, in which it is true approaches 1 as n approaches infinity.
This statement is a consequence of Theorem 3.15 which, essentially, is a reformulation,
with the terminology used here, of known results — although this may not be obvious at
first sight.

If, however, there exist permitted A, A’, M such that M[A>A’] is not permitted — we
say “forbidden” — but the reverse substitution, that is, the replacement of A’ by A, never
produces a forbidden structure from a permitted one, then one of the following holds:
(a) K fails to satisfy the disjoint amalgamation property, or (b) there is an extension
axiom ¢ of K and 0 < ¢ < 1 such that the proportion of M € K,, which satisfy ¢ never
exceeds ¢; and if there are no unary relation symbols, then this proportion approaches
0. Consider the example when K is the set of triangle-free graphs and A and A’ are
graphs with vertex set {4, j} where i and j are adjacent in A’ but not in A. Then we can
find M € K such that M[A> A'] is forbidden, but since the removal of an edge from a
triangle-free graph never produces a triangle and the class of triangle-free graphs has the
disjoint amalgamation property we are in case (b). The statement before this example
is a consequence of Theorem 3.17 and its corollary. From these results we also get
information, in case (a), about an instance of disjoint amalgamation which fails, and in
case (b), about the extension axiom . Theorem 3.17 is proved by a counting argument.
One proves, under the assumption that K has the disjoint amalgamation property, that
for a properly chosen extension axiom ¢ it is the case that for every M € K, which
satisfies ¢, there are sufficiently many N € K,, which do not satisfy .

There is a third possibility, other than those considered in the previous two paragraphs.
It is possible that there are permitted A and A’ with the same universe such that the
substitution of A’ for A in some permitted (super)structure M may produce a forbidden
(not permitted) structure, but whenever this happens then the reverse substitution of
A for A’ in some permitted N, say, may also produce a forbidden structure. In this
case it is possible that for every extension axiom ¢ of K, the proportion of structures
in K, in which ¢ is true approaches 1 as n approaches infinity. But it is also possible
that for some extension axiom ¢ of K, the proportion of structures in K in which ¢ is
true approaches (0 as n approaches infinity. Section 4 gives examples showing this. The
same section also gives examples for which Theorem 3.17 applies. These examples show
how the rather technical Theorem 3.17 and its (less technical) corollary can be used.
Some examples in Section 4 also serve the purpose of illustrating differences between the
uniform probability measure and conditional probability measures, which are introduced
in Section 6; these examples will be re-examined in Section 6. Section 5 is devoted to
the proof of Theorem 3.17.

In Section 6 conditional probability measures (on K,,) are introduced, motivated and
illustrated with examples (that we have already met in Section 4). One reason for
introducing these are that the conditions which, according to Theorem 3.15, guaran-
tee that for every extension axiom of K = J, .y Kn, the proportion of structures in
K,, which satisfy it approaches 1 as n approaches infinity, are rather restrictive. The
conditional measures that we consider — or the dimension conditional measures, to be
precise — are more permissive with respect to satisfiability of extension axioms. This
is made precise by Lemma 7.29 and Example 4.3, for instance. Another motivation for
considering conditional measures is that they are more closely related to random gen-
eration of finite structures. While the uniform measure is conceptually simple it may,
for some K = J,,cyy Kn, be unclear what type of random generation procedure will, for
any M € K,,, generate M with probability exactly 1/|K,|. Often, as in the case of
l-coloured, or [-colourable, structures (graphs, for example), the most obvious genera-
tion procedure — first randomly assign colours, then randomly assign relationships (e.g.



ASYMPTOTIC PROBABILITIES OF EXTENSION PROPERTIES 5

edges) so that the colouring is respected — corresponds to conditional measures, in the
sense of this article. A third reason for considering conditional measures is simply that
they may, in some situations, offer a simpler analysis of asymptotic problems than does
the uniform measure, while they are still natural in the sense of being related to random
generation of finite structures. Finally we note that in some cases, as that of random
[-colourable structures, the conditional measure considered here coincides with the uni-
form probability measure on properties which are first-order definable. This follows from
the proofs of the main theorems in Sections 9 and 10

In Section 7 we start working in a context where the structures that we consider have
underlying (possibly nontrivial) pregeometries, and ‘dimension’ takes over the role of
‘cardinality’. By a pregeometry on a structure M we mean a closure operator clys which
operates on subsets of the universe of M and satisfies certain conditions |2, 23|; moreover
we require that claq is uniformly definable in all structures considered (Definition 7.1 and
Assumption 7.10). The context considered previously is a special case of the framework
of Section 7. The main results of this section, Theorems 7.31, 7.32 and 7.34, apply
to the dimension conditional measure, which is a conditional measure that “considers”
closed sets of dimension 0 first, then closed subsets of dimension 1, then of dimension
2, and so on. These theorems are related to Theorems 3.15 and 3.17. Theorems 7.31
and 7.32 represent the “positive” side of things, like Theorem 3.15, showing that if certain
conditions are satisfied, then for every extension axiom of K the probability (with the
dimension conditional measure) that it holds in a member of K, approaches 1 as n
approaches infinity; and from this a zero-one law is derived. The conditions in question
require, as in Section 3, that whenever M is permitted, then certain “substitutions”, or
“replacements”; of interpretations can be made in M without producing a forbidden (not
permitted) structure. Also, there is a requirement that the underlying pregeometry, and
possibly some other structure which is never changed, is polynomially k-saturated. This
roughly means that for every £ € N and all sufficiently large n and every M € K,,, the
reduct of M to the sublanguage which defines the pregeometry satisfies every k-extension
axiom (with respect to the set of such reducts); and moreover, the truth of a k-extension
axiom has many different witnesses compared to the size of the universe.

The last result of Section 7, Theorem 7.34, is a “cousin” of Theorem 3.17 and its
corollary, and tells that if there are permitted A and A" such that K accepts (Defini-
tion 7.20) the substitution [A> A’] but not the reverse subsitution [A’> A], then either
K fails to have the independent amalgamation property, or for some extension axioms ¢
and 1, the probability, with the dimension conditional measure, that ¢ A % holds in a
member of K,, approaches 0 as n approaches infinity. The analogue of Theorem 3.4 in
the setting of underlying pregeometries and the dimension conditional measure is given
by the corollary in Example 7.36. The proofs of Theorems 7.31, 7.32 and 7.34 appear in
Section 8.

Section 8 gives the proofs of the main theorems of Section 7. The definitions appearing
in Sections 5 and 8 are only used within those sections.

Sections 9 and 10 study asymptotic properties of random [-colourable, as well as
strongly l-colourable, structures in a fixed (but arbitrary) relational language in which the
arity of each symbol is at least 2. Examples 7.22 and 7.23 show that [-coloured structures
can be treated within the context developed in Section 7. Theorem 7.32 implies that
l-coloured structures satisfy a zero-one law with respect to the dimension conditional
measure. Since [-colourable structures can be viewed as reducts of I-coloured structures
we will also consider a “reduct version” of the dimension conditional measure. With
this probability measure it is not true that all extension axioms of l-colourable struc-
tures hold almost surely; but we can show that all extension axioms of a certain kind,
called the [-colour compatible extension axioms, hold almost surely in sufficiently large
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structures; and this is enough for subsequently deriving a zero-one law for [-colourable
structures, when using the probability measure derived from the dimension conditional
measure (Theorem 9.1). We also prove a result saying that if almost all [-colourable
structures have an [-colouring with sufficiently even distribution of colours, then, with
the uniform probability measure, every I-colour compatible extension axiom holds almost
surely, almost every [-colourable structure has a unique [-colouring (up to permutation
of the colours), and a zero-one law holds with the uniform probability measure as well
(Theorem 9.16 and Proposition 9.20).

In Section 10 we prove, by combinatorial arguments, that, indeed, almost all I-
colourable structures have an [-colouring with sufficiently even distribution of colours
(Theorem 10.5). Thereby we confirm that almost all l-colourable structures have a
unique [-colouring and that, also with the uniform probability measure, a zero-one law
holds for I-colourable structures (Theorems 10.3 and 10.4).

All results of the article hold also if one restricts attention to structures in which
certain relation symbols (of arity at least 2) are always interpreted as irreflexive and
symmetric relations. All arguments, except those in Section 10, work out in the same
way under this assumption.

The results in Sections 9 and 10 may be useful in contexts which do not directly speak
about colourings. Suppose that for some K = J,, .y K and probability measure p,, on
K, there is [ € N such that, for n large enough, M € K,, is almost surely l-colourable. If
we know that every [-colourable structure (with universe an initial segment of {1,2,...})
belongs to K and that the set of L-structures which are [-colourable has a zero-one
law for the measures pu,, then also K has a zero-one law for the same measures. This
approach was used in [27] when proving that if K,, is the set of (I + 1)-clique-free graphs
(or Kj41-free graphs) with universe {1,...,n}, then K has a zero-one law for the uniform
probability measure. The authors of [27] first proved that almost all (I + 1)-clique-free
graphs are [-colourable, with a relatively even distribution of colours, and then that the
[-colourable graphs have a zero-one law.

The notions of ‘polynomial k-saturation’ and ‘acceptance of substitutions’ in Sec-
tion 7 are versions, adapted to the context of this article, of the notions ‘polynomial
k-saturation’ and ‘k-independence hypothesis’ in [14]. This is sufficiently clear for poly-
nomial k-saturation, but it is perhaps harder to see the relationship between admittance
of (k-)substitutions and the k-independence hypothesis. However, in both cases the es-
sential difference between Section 7 of this article and [14] is that in |14] complete types of
an infinite structure are considered, while here we consider types with only quantifier-free
formulas of tuples enumerating the universe of a closed substructure of some permitted
structure. But in this article we avoid speaking about such types since it is equally
convenient to speak about (sub)structures and formulas describing them up to isomor-
phism. Lemmas 8.5 — 8.9, as well as their proofs, are adaptations to the context of this
article of Lemmas 2.16 — 2.22 in [14]. The results of this article have their beginnings in
considerations from two directions. On the one hand, trying to understand asymptotic
satisfiability of extension axioms — conditions implying that they almost surely hold,
and conditions implying that some almost surely fail — and on the other hand, trying
to understand if some zero-one laws for finite structures were hidden in the probabilistic
arguments used in [14].

Acknowledgements. I thank Svante Janson for helpful suggestions concerning Sec-
tion 10, which shortened some proofs there. I also thank the anonymous referee for
having read the article so carefully, for valuable suggestions and for pointing out some
errors, now corrected.
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2. PRELIMINARIES

2.1. Languages, structures and embeddings. For basic notions not explained here
the reader is refered to [23, 15]. By a language L we mean the set of (first-order)
formulas that can be built up from a vocabulary (also called signature) which is a set
of relation, constant and/or function symbols. We consider the identity symbol ‘=" as
a logical symbol which we may always use, together with connectives and (first-order)
quantifiers, to build formulas; so ‘=" is never mentioned when we describe the symbols
of a vocabulary. If the vocabulary has no constant or function symbols, then we call it
relational.

Structures will be denoted by “calligraphic”, letters: A, B, ..., M, N, .... Their
universes will be denoted by the corresponding non-calligraphic letter A, B, ..., M, N,
..., or with bars around the letter; for instance, | M| as well as M denote the universe of
M. The cardinality of a set X is denoted by | X|; and the cardinality of the (universe of)
the structure M is denoted by || M]|, or by |M|. Boldface letters always denote classes,
usually sets, of structures. Sequences, or tuples, of elements are denoted by a, b, . ..; and
|a| denotes the length of the sequence a. By ‘a € M’ we mean that a is a sequence such
that all of its elements belong to the set M. Sometimes we write a € M"™ to show that
a has length n. By rng(a), the range (or image) of a, we denote the set of all elements
that occur in a. In the last section we often use the abbreviation [n] = {1,...,n} if n
is a positive integer. For € R, || denotes the largest integer m such that m < a. If
f:A— Banda=(ai,...,a,) € A", then f(a) denotes the sequence (f(a1),..., f(ar)).
If L has no constant symbols, then we allow an L-structure to have an empty universe.

Suppose that M and N are L-structures, where L is, as usual, a language. A function
f: M — N is called a weak embedding of M (in)to N if f is injective and:

(1) For every constant symbol ¢, f(cM) = V.
(2) For every function symbol g, of arity =, say, and every a € M", f(¢M(a)) =

gV (f(@)).

(3) for every relation symbol, R, of arity r, say, if @ € RM then f(a) € RN
We say that f is an embedding if f is injective and (1), (2) and the following hold:
(3") for every relation symbol, R, of arity r, say, @ € RM if and only if f(a) € RV.

Thus, embeddings are injective and a bijective embedding is the same as an isomorphism.
We say that M is (weakly) embeddable into N if there exists a (weak) embedding from
M to N. We say that M is a weak substructure of N, denoted M C,, N, if M C N
and the identity mapping id : M — N is a weak embedding. We call M a substructure
of M, denoted M C N, if M C N and the identity mapping id : M — N is an
embedding. A is a proper (weak) substructure of M if A is a (weak) substructure of M
and A # M. The symbol ‘C’ means ‘proper subset’ or ‘proper substructure’.

If M is a structure and A C M, then MJA denotes the substructure of M which
is generated by A (the smallest substructure N of M such that A C N); so if the
vocabulary is relational, then |[MJA| = A. If Ly is a language such that Ly C L and
M is an L-structure, then M[Ly denotes the reduct of M to Ly. Observe that if all
constant and function symbols of L belong to the vocabulary of Lg, then the reduct
MLy can also be viewed as an L-structure in which the interpretation of every relation
symbol which belongs to the vocabulary of L but not to the vocabulary of Lg is empty.
So provided that the smaller language Lg contains all constant and function symbols
we have M[Ly C,, M, from which it is apparent that the notion of weak substructure
generalizes the notion of reduct, as well as the notion of substructure.

Since we will several times speak about graphs, we note that, with graph theoretic
terminology, if M and N are graphs, then M is a subgraph of N if and only if M is
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a weak substructure of N; and M is an induced subgraph of N if and only if M is a
substructure of \V.

Suppose that R is a relation symbol from the vocabulary of the language of M. Then a
tuple @ of elements from M is called an R-relationship of M if a € R™ (or equivalently,
if M |= R(a)). If the symbol ‘R’ is clear from the context, or if it does not matter which
R we refer to, then we may just call an R-relationship a relationship. Sometimes we
consider only structures M in which certain relation symbols Ry, ..., Ry are interpreted
as irreflexive and symmetric relations (see Remark 2.1). In this case an R;-relationship
of M (for i =1,... k) is a set rng(a) such that a € (R;)™. So for graphs in general, a
relationship is the same as a directed edge; and if we consider only undirected graphs, a
relationship is the same as an (undirected) edge.

Remark 2.1. Suppose that R is an n-ary relation on a set A. Then R is called r-
reflexive if (ai,...,a,) € R implies that a; # a; if ¢ # j. If (a1,...,a,) € R implies
that (ax(1),---,0r(n)) € R for every permutation 7 of {1,...,n}, then we say that R is
symmetric. All results in this article hold also if we assume that the interpretations of
certain relation symbols are always irreflexive and symmetric. The proofs in this case
are either the same as, or obvious modifications of, the given proofs.

2.2. Amalgamation. Let K be a class of finitely generated L-structures, where L has a
countable vocabulary, and let K be the class consisting of all L-structures M such that
M is isomorphic to a member of K; so K is “closed under isomorphism”. See [23] (Chapter
7), for example, for definitions of the following notions: hereditary property, or being
closed under substructures as we sometimes say here, amalgamation property and
joint embedding property. We say that K has any of these properties if K has it. If
the vocabulary of L has only relation symbols then the amalgamation property implies
the joint embedding property; but in general the later property is not implied by the
first.

If K has all three properties, then the so-called Fraissé limit My of K exists [23].
Mk has the following properties: My is countable, every finitely generated A C Mg
belongs to IA{; every A € K can be embedded into Mg, and if A C My is finitely
generated and A C B € R, then there is an embedding f : B — Mgk such that f[A
is the identity function [23]. The Fraissé limit Mg of K, if it exists, is also called the
Fraissé limit of K.

We will consider the following (stronger) variant of the amalgamation property: We
say that K (and K) has the disjoint amalgamatzon property if whenever A, B,C € K
ACB, ACCand BNC = A, thentherelsDEKsuchthathD CCPD.

2.3. Pregeometries. The notion of (combinatorial) pregeometry, also called ma-
troid, will play a role in sections 7 and 8. See [23]| (Chapter 4.6), or [2] (Chapter 11.3),
for a definition. We use the following terminology when (A4, cl) is a pregeometry, with
closure operator cl which maps every X C A to some closed Y C A. For X, Y, Z C A,
X s independent from Y over Z if for every a € X, a € cl(Y UZ) <= a € cl(2).
In the special case that Z = () we say that X is independent from Y. Because of the
‘exchange property’ of pregeometries, independence is symetric with respect to X and
Y. We say that a € A is independent from Y C A over Z C A if {a} is independent
from Y over Z. A set X C A is called independent if for every a € X, a is independent
from X — {a} (over 0)). The dimension of X C A is the supremum of the cardinalities
of independent subsets of X. A set X C A is called closed if cl(X) = X. If cl(X) = X
for every X C A then we call (A, cl) the trivial pregeometry on A.

2.4. Zero-one laws. Suppose that, for n € N, K,, is a set of L-structures and that u,
is a probability measure on K,,. If i, (M) = 1/|K,,| for all M € K,,, then we call p,, the
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uniform probability measure on K,,. We say that K = J,,.y Ky, has a zero-one law
if for every L-sentence ¢, limy, o0 fin ({M € K, : M |= ¢}) exists and is 0 or 1. When
saying “p is almost surely true (or false)” we mean that the limit is 1 (or 0). If u, is the
uniform probability measure for all n we may instead say that “almost all M € K satisfy
¢” if the limit is 1. By the almost sure theory of K (with respect to the measures p,),
we mean the set of sentences ¢ such that the probability that ¢ is true in K,, approaches
1 asn — oo.

3. PERMITTED STRUCTURES AND SUBSTITUTIONS
From this section and until Section 7 we work within the following framework:

Assumptions and terminology 3.1. Fix a first-order language L with finite rela-
tional vocabulary. Let (m, : n € N) be a sequence of positive integers such that
lim, ..o m, = oo. For every n € N let K,, be a set of L-structures with universe
{1,...,my}; and let K = (J,,cy K. A structure M is called represented (with re-
spect to K) if it is isomorphic to a structure in K. A structure M is called permitted
(with respect to K) if it is embeddable into a structure in K. A structure which is not
permitted is called forbidden. Since we fix K for rest of the section we sometimes omit
the phrase “with respect to K”.

Observe that if K has the hereditary property, then a structure is permitted if and only
if it is represented. In this section and the next, all examples of K which are considered
in some detail have the hereditary property. However, since the results do not depend
on this we do not assume it. (One example of K which is not closed under substructures
is given by letting K,, be the set of triangle-free graphs with universe {1,...,n} and
diameter 2.)

Definition 3.2. Suppose that A and B are permitted structures and that A is a proper
substructure of B.

(i) The B/ A-extension axiom (or the B-extension axiom over A) holds, by defini-
tion, in M if the following is true:

For every embedding 7 of A into M there exists an embedding 7 of B into M
which extends 7 (i.e. m(a) = 7(a) whenever a € A).

The B/A-extension axiom can be expressed by a first-order sentence of the form

le,...,anIyl,...,ym(cp(xl,...,xn) —>w(xl,...,xn,yl,...,ym)),

where ¢ and 1) are quantifier-free. If the language has no constant symbols, then we
allow the possibility that the universe of A is empty, in which case the B/A-extension
axiom is called the B/(-extension axiom. It is then expressed by an existential formula

Elyla v aymw(yla . 7ym)

(ii) If |B| < k+1, then the B/ A-extension axiom is called a k-extension aziom of K;
or, if we do not care about k, just an extension axiom of K. If K is clear from the
context we may omit saying “of K”.

Remark 3.3. If there are probability measures p, on K,, for n € N, such that for
every extension aziom ¢ of K, the wuy,-probability that M € K,, satisfies ¢ approaches
1 as n approaches oo, then K has a zero-one law for the measures u,. The usual proof
of this statement does not depend on the measures u,. It is proved in [18, 15, 23,
35| (for example) by collecting into a theory Tk all extension axioms, together with
sentences expressing the possible isomorphism types of substructures of members of
K. The general idea of the argument is as follows. By the assumptions in the above
statement and compactness, Tk is consistent. By a back-and-forth argument one then
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proves that Tk is countably categorical and therefore complete. The completeness of Tk
(and compactness) implies that K has a zero-one law.

If we define K by forbidding certain weak substructures, and the thus obtained K has
the disjoint amalgamation property, then we have the following “dichotomy”.

Theorem 3.4. Let F be a set of finite L-structures and, for everyn € N, let K,, consist
of exactly those L-structures M with universe {1,...,n} such that no F € F is weakly
embeddable into M (so in particular, every member of F is forbidden). Assume that
K, # 0 for all sufficiently large n and that K has the disjoint amalgamation property.
Consider the following condition:

(x) There are F € F, a relation symbol R of arity r, say, and a € F" such that
rng(a) is a proper subset of F, a € R”, and if P is constructed by removing the
R-relationship a, but making no other changes in F, then P s permitted.

If (x) is false, then, for every k € N, the proportion of M € K, which satisfy all
k-extension azioms of K approaches 1 as n — oo. If (x) is true, then letting F €
F, R and a be any witnesses of property (x) and letting « be the number of permitted
structures with universe {1,...,|rng(a)|}, the proportion of M € K, which satisfy all
(2|F| — |rng(a)| — 1)-ezxtension azioms of K never exceeds 1 — 1/(1 + ). Moreover,
if L has no unary relation symbols, then the proportion of M € K,, which satisfy all
(2|F| — |rng(a)| — 1)-extension axioms approaches 0 as n — oo.

Theorem 3.4 is a consequence of Theorems 3.15 and 3.17. Since one may see it as
an application of these theorems, we give the proof of Theorem 3.4 as Example 4.1 in
Section 4. The argument in Example 4.1 gives some information about what happens if
K does not have the disjoint amalgamation property.

Remark 3.5. (i) Suppose, as in Theorem 3.4, that F is a set of finite L-structures and,
for every n € N, let K,, consist of exactly those L-structures M with universe {1,...,n}
such that no F € F is weakly embeddable into M. Here is a condition on F which implies
that K has the disjoint amalgamation property. As in [22[, let us call an L-structure
M decomposable if there are different L-structures A and B such that M = AU B,
AlAN B = BJAN B and for every relation symbol R, RM = RA U RB. Otherwise we
call M indecomposable. Tt is now straightforward to show that if all structures in F
are indecomposable, then K has the disjoint amalgamation property. (This statement is
analogous to Theorem 1.2 (i) in [22].)

(ii) One may ask if the assumption that there are no unary relation symbols is necessary
for the last statement of Theorem 3.4. The author does not have an example showing that
this statement fails without the assumption that there are no unary relation symbols,
if we assume, as in Theorem 3.4, that K has the disjoint amalgamation property. But
Example 4.2 shows that when it is assumed that there are no unary relation symbols in
Theorem 3.17, then this assumption is necessary.

Two examples follow, one for which (x) in Theorem 3.4 does not hold, and one for which
(%) holds.

Example 3.6. Suppose that L has only one binary relation symbol R and that F =
{A,B}, where A = {1}, RA = {(1,1)}, B = {1,2} and RB = {(1,2),(2,1)}. If K,, and
K are defined as in Theorem 3.4, then an L-structure is permitted if and only if it is an
irreflexive and antisymmetric directed graph. Moreover, the property () fails for F.

Example 3.7. (K;-free graphs) It is not difficult to define F for which the property
(%) holds, but let us mention an example which has been studied in some detail [27]. Let
L have only one binary relation symbol R and consider only structures in which R is
interpreted as an irreflexive and symmetric relation, that is, an undirected graph without
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loops. Let I > 3 and let K; be the complete (undirected) graph with vertices 1,...,1.
If F = {K;} then condition (%) holds, since the removal of one edge from K; creates a
permitted graph. It is easy to see that K has the disjoint amalgamation property. By
Theorem 3.4, the proportion of M € K; which satisfy all (2] — 3)—extension axioms of
K approaches 0 as n — oo. For | = 3 at least, this conclusion is not new. Because the
proportion of KCs-free graphs (triangle-free graphs) which are bipartite approaches 1 as
n — oo |17, 27|; and a graph is bipartite if and only if it has no cycle of odd length;
moreover, it is easy to see that a 5-cycle or 3-cycle exists in every Ks-free graph which
satisfies all 3-extension axioms.

Remark 3.8. Even if, for some extension axiom ¢ of K, the proportion of M € K,
which satisfy ¢ does not approach 1, K may nevertheless have a zero-one law with
respect to the uniform probability measure. For example, it has been shown [27] that,
for every | > 3, if F = {K;} where K; is the complete graph with [ vertices, and K,, and
K are defined as in Example 3.7, then K has a zero-one law for the uniform probability
measure.

Definition 3.9. Let M, A and B be structures and suppose that A is a proper sub-
structure of B.

(i) We say that the B/ A-multiplicity of M is at least m (or that the B-multiplicity
over A in M 1is at least m) if the following holds:

Whenever ¢ is an embedding of A into M, then there are embeddings o; of
B into M, for i = 1,...,m, such that each o; extends o and if ¢ # j then
oi(B)Noj(B) =o(A).

The B/ A-multiplicity is m if it is at least m but not at least m + 1.

(ii) We say that M has (at least) n copies of A if there are (at least) n different

substructures Aj, ..., A}, of M such that each A} is isomorphic to A.

Remark 3.10. Observe the following relationships between extension axioms and mul-
tiplicity, where we assume that A4 C B.

(i) M satisfies the B/A-extension axiom if and only if the B/A-multiplicity of M is at
least 1.

(ii) Suppose that there are a structure C and embeddings o1 : B — C and o2 : B — C
such that o1[A = 03]A and 01(B) Noa(B) = 01(A). If M satisfies the C/A-extension
axiom then the B/A-multiplicity of M is at least 2.

Definition 3.11. Suppose that the vocabulary of L does not contain any constant
symbol. Let A, B and M be L-structures such that A C M and |A| = |B|. We define
M|[ApB] to be the structure obtained by “replacing A by B inside M?”, or more precisely,
M|[AB] is defined to be the structure with the same universe as M which satisfies the
following conditions: For every n and every relation symbol R of arity n,

(1) if (a1,...,an) € A™, then (ay, ..., a,) € RMABl — (a4,...,a,) € RB, and

(2) if (a1,...,an) € M™— A", then (ai,...,a,) € RMAPB] — (a,...,a,) € RM.
The notation M[A > B] may be read as M with A replaced by B, or M with B
substituted for A.

Definition 3.12. Let A and B be permitted structures (with respect to K) with the
same universe.

(i) We say that K admits the substitution [Av B] if for every represented M such
that A C M, M[A® B] is a represented structure.

(ii) We say that K weakly admits the substitution [A> B] if for every represented
M such that A C M, M[A> B] is a permitted structure.

(iii) If | A| = |B| and || A]| < k, then we call [A> B] a k-substitution.
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(iv) If K (weakly) admits every k-substitution [[A>B], where A and B are permitted struc-
tures (with the same universe), then we say that K (weakly) admits k-substitutions.

When speaking of a substitution [[A> B] we always assume that A and B have the same
universe. Note that if every permitted structure is represented, which is the case if K
has the hereditary property, then K admits a substitution [A>B] if and only if K weakly
admits [A> B].

Lemma 3.13. Suppose that A and B are permitted structures, with respect to K, with
the same universe such that the substitution [A> B] is weakly admitted with respect to K.
Then for every permitted M such that A C M, M[A>B] is permitted with respect to K.

Proof. Suppose that A, B, M satisfy the premises of the lemma and that [[A>M] is weakly
admitted. Since M is permitted there is a represented structure N such that M C N
(recall that the class of represented structures is closed under isomorphism). Since the
substitution [A> B] is weakly admitted, N'[A> B] is permitted, so there is a represented
N such that N[A>B] € N'. By assumption A C M C N, so M[A>B] C N[A>B] C N/,
which means that M[A> B] is permitted (because N is represented). O

Remark 3.14. Suppose that p is the supremum of the arities of relation symbols in the
vocabulary of L.

(i) Tt is straighforward to see that if K admits p-substitutions, then K admits k-
substitutions for every k € N; because every k-substitution can be achieved by per-
forming, in sequence, finitely many p-substitutions.

(ii) By using Lemma 3.13, it follows, much as in (i), that if K weakly admits p-
substitutions, then K weakly admits k-substitutions for every k.

Remember that a structure M satisfies the B/A-extension axiom if and only if the
B/ A-multiplicity of M is at least 1. The next theorem is essentially a rephrasing, with
the terminology of this article, of a result of which has been used to prove that every
nontrivial parametric class of L-structures has a labeled zero-one law (|29], [15] Theorem
42.3). A class C of finite L-structures is nontrivial and parametric, in the sense of
[15, 29|, if and only if C is the class of represented structures with respect to some
K = [, ey K which admits k-substitutions for every k, and K, is a nonempty set of
L-structures with universe {1,...,n}. The result refered to in [15, 29| is a generalization
of the well-known zero-one law for ‘random structures’ [18, 19|, which in the present
context amounts to considering the uniform probability measure on the set K,, of all
L-structures with universe {1,...,n} (assuming that the arity of at least one relation
symbol, besides ‘=, is greater than 1).

Theorem 3.15. [15, 18, 29| Let K = |J,cy Kn where each K, is a nonempty set of
L-structures with universe {1,...,my} and lim, o, m, = oco. Suppose that K admits
k-substitutions and let p be any positive integer. Whenever A C B are permitted and
|B| < k, then the proportion of structures M € K,, such that the B/ A-multiplicity of M
1s at least p approaches 1 as n approaches oo.

(The proof of the zero-one law by Glebski et al. [19] does not use extension axioms, but
a form of quantifier elimination, which is why their article is not cited in Theorem 3.15.)
Since Theorem 3.15 is not quite the same as similar results refered to [15, 18, 29|, we
give a sketch of its proof.

Proof sketch. For simplicity, consider the case when ||B|| = ||A]| +1 < k and p = 2.
For every positive d € N, let ag denote the number of different permitted structures
with universe {1,...,d}. Let M € K,. Since K admits k-substitutions it follows
that for every d < k, every permitted structure P with universe {1,...,d}, all distinct
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i,...,0¢ € {1,...,myp}, and M € K,,, the probability that j — i; is an embedding
of P into M is 1/, with the uniform probability measure. Suppose that A’ is a
copy of A with universe A" = {iy,...,iq} € M = {1,...,m,}, so d < k. For every
jgeA{l,...,[my/2|} — A, the probability that M [{i1,... 44,7} is a copy of B is at least
1/agy1. Therefore the probability that there is no j € {1,...,|m,/2|} — A" such that

this holds is at most (l — 1/ad+1) [mn/21=4 Ty ere are at most (”zl”) copies of Ain M and

therefore the probability that some copy A’ C M of A cannot be extended to a copy of
B by adding an element from {1,..., [m,/2]} — A" is at most (") (1 —1/cq41) Lmn/2)~d
which approaches 0 as n approaches co (because we assume that lim, o, m, = 00). In
the same way, the probability that some copy A" C M of A cannot be extended to a
copy of B by adding an element from {|m,/2|+1,...,m,}— A" approaches 0 as n — occ.
It follows that the probability that the A/B-multiplicity of M € K, is less than 2 ap-
proaches 0 as n — oo. U

With Theorem 3.15 at hand it remains to study what happens, asymptotically, with
extension axioms and multiplicities when there are permitted A and B (with the same
universe) such that the substitution [A > B] is not admitted with respect to K. The
assumption that, for some permitted A and B, the substitution [A > B] is not admitted
is not enough, even if we assume that K has the hereditary property and disjoint amal-
gamation property, to produce an extension axiom ¢ of K such that the proportion of
structures in K,, satisfying ¢ does not approach 1 as n — oco. In this context it may, or
may not, be the case that for every extension axiom, the proportion of structures in K,
in which it is true approaches 1. Examples 4.6 and 4.7 show this.

But if K has the hereditary property and disjoint amalgamation property and there are
permitted A and B with the same universe such that [A> B] is admitted, and permitted
M such that M[Br>A] is forbidden, then (by Corollary 3.18) the proportion of structures
in K,, which satisfy all (2|M| — 1)-extension axioms never exceeds some ¢ < 1; and if
there are no unary relation symbols, then this proportion approaches 0 as n — oo. If we
do not assume that K has the hereditary and disjoint amalgamation properties, then we
can still obtain a related result (Theorem 3.17) if we add another assumption on A and
B. In the case that K has the hereditary property and disjoint amalgamation property,
Lemma 3.16, below, implies that we can find permitted A and B which satisfy this added
assumption.

Recall that if K has the hereditary property, then the notions ‘permitted structure’ and
‘represented structure’ coincide, and therefore the notions ‘admit’ (some substitution)
and ‘weakly admit’ (the same substitution) coincide.

Lemma 3.16. Suppose that K has the hereditary property and the disjoint amalgamation
property. Assume that A and B are permitted structures with the same universe and that
the substitution [A>B] is admitted, but [B>A] is not admitted. Then there are permitted
A" and B’ such that

(1) A =B C A,

(2) the substitution [A > B'] is admitted but [B' > A’] is not admitted, and

(3) for every proper subset U C A", A'\U = B'|U.
Moreover, if M is permitted and M[Bw> Al is forbidden, then there is permitted M’ with
M' = M such that M'[B' > A] is forbidden.

Proof. With ‘C’ we mean ‘proper subset’ or ‘proper substructure’. It suffices to prove
that if A = A and B’ = B do not satisfy (1) — (3), then there is U C A such that
it A/ = A|U and B’ = B|U, then [A > B'] is admitted but [B’ > A'] is not admitted.
(Because if A’ = B’ is a singleton set, then (3) trivially holds.) The last statement of
the lemma will follow from the proof that there exist A" and B’ satisfying (1) — (3).
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First we prove the following:
Claim. If U C A, U = AU and V = BIU, then the substitution [/ > V)] is admitted.

Proof of Claim. Let M be any permitted structure and suppose that Y C M. We need
to show that M[U > V)] is permitted. By the disjoint amalgamation property there is a
permitted C such that A CC, M C C and ANM = U. Since [A>B] is admitted, C[A>B]
is permitted. From M C C and ANM = U we get M[U>V] C C[A>B], so M[U>V] is
permitted (and hence represented). O

Suppose that for some U C A, AU # B|U. (Otherwise A" = A, B’ = B satisfy
(1) = (3).) Let Uy,...,U; be an enumeration of all proper subsets U; C A = B such
that AJU; # B[U;. By assumption there is a permitted M such that B C M and
N = M[B > A] is forbidden. For i = 1,...,1, let U; = A[U; and, by induction, define
Ny = M, Vi = MUy, Nip1 = Ni[Vig1 b Uip1] and Viyr = N;[Uiq1. Let A = NjJA.
Then N = M[Bp> Al = Nj[A' > A].

If every one of the substitutions Vi >U], ..., [Vi>U)] and [A'>A] is admitted, then N
is permitted, which contradicts the assumption about A. First suppose that for some 7,
the substitution [V; > ;] is not admitted. By the claim, [Uf; > V;] is admitted, so we are
done (remember the first paragraph of the proof).

Now suppose that for every i, the substitution [V; >;] is admitted, and consequently
[A’ > A] is not admitted. By the definition of A’, we have A'|U = AU for every
U c A = A" Hence, we are done if we can show that the substitution [A> A'] is
admitted. By the definition of U;, V;, i = 1,...,1 and A’, the result of the substitution
[Br A, in any permitted structure, can be achieved by performing the substitutions

[Vl >u1],...,[vl I>Z/{l]

sequentially in the order from left to right. By assumption, every substitution [V;>U/;] is
admitted, and hence [B>A’] is admitted. Since the result of the substitution [A>.A’] can
be achieved by first performing the substitution [A>B], which is admitted by assumption,
and then [B > A'], it follows that [A> A'] is admitted.

Now we verify the last statement of the lemma. When starting with M and then
performing the substitutions Vi >, ..., [Vi>U;] and [A > A] in this order, then, since
N is forbidden, there is a first structure during this process which is forbidden. For M’
we take the last structure during the process such that it and every structure before it
is permitted. ([l

Theorem 3.17. Assume that P, Sp and Sx are permitted structures such that Sp C P,
|Sp| = [Sx|, ||Spll = k, F = P[Sp > SF| is forbidden, but the substitution [Sr > Sp] is
admitted. Moreover, assume that for every proper substructure U C Sp, Sp||U| = Sr|
|U|. Let o be the number of different permitted structures with universe {1,...,k} (so
a>2).
(i) For every n, the proportion of M € K,, such that

(a) M contains a copy of Sr, and

(b) the P/Sp-multiplicity of M is at least 2
never exceeds 1 — 1/(1 + a).
(i) Suppose that there exist a permitted structure C and embeddings o1 : P — C and
o9 : P — C such that o1(|P]) No2(|P|) = o1(|Sp|) and o1]|Sp| = o2[|Sp|. Then, for
every n, the proportion of M € K, that satisfy all (2||P|| — k — 1)-extension azxioms
never exceeds 1 — 1/(1 + ).
(#ii) Suppose that L has no unary relation symbols. The proportion of M € K,, such that

(c) M satisfies the Sr/U-extension aziom, where U C Sr and |U|| =1, and
(d) the P/Sp-multiplicity of M is at least 2
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approaches 0 as n approaches co.

Corollary 3.18. Suppose that K has the hereditary property and the disjoint amalga-
mation property. Also assume that there are permitted structures A, B and M such that
A = B and the substitution [A> B] is admitted, but M[Bw> A] is forbidden.

Then the proportion of structures in XK,, which satisfy all (2|M| — 1)-extension axioms
never exceeds 1 — 1/(1+ «), where « is the number of permitted structures with universe
A. If the language has no unary relation symbols then this proportion approaches 0 as
n — 00.

Proof of Corollary 8.18. Assume that K has the hereditary property and disjoint amal-
gamation property, and let A, B and M satisfy the assumptions of the corollary. From
Lemma 3.16 it follows that there are permitted structures P, Sp and Sr which satisfy
the assumptions of Theorem 3.17 and |Sp| C |A| and |P| = |[M|. Since K has the
disjoint amalgamation property, part (ii) of Theorem 3.17 implies that the proportion
of structures in K,, which satisfy all (2 ||P|| — ||Sp|| — 1)-extension axioms never exceeds
1—1/(1+«'), where o is the number of permitted structures with universe |Sp|. Note
that if « is the number of permitted structures with universe A, then, since ||Sp|| < |A4|,
we have 1 —1/(1+a/) <1—-1(1+ a).

Every structure in K which satisfies all (2 ||P|| — ||Sp|| — 1)-extension axioms satisfies
both (c¢) and (d) in part (iii) of Theorem 3.17. So if the language has no unary relation
symbols the proportion of structures in K,, which satisfy all (2 || P|| — ||Sp|| —1)-extension
axioms must approach 0 as n — oo. Since 2|M| —1> 2|P| — 1> 2||P|| — ||Sp| — 1 we
are done. O

4. EXAMPLES

In all examples, K = K, has the hereditary property.

neN

Example 4.1. (Forbidden weak substructures and proof of Theorem 3.4 from
Theorem 3.17.) Let L have a finite relational vocabulary, and let F be a set of finite
L-structures. For n € N, let K,, be the set of all L-structures M with universe {1,...,n}
such that no F € F can be weakly embedded into M. Then a structure A is forbidden
if and only if some F € F can be weakly embedded into A. It follows that there exists
(at least) one minimal forbidden structure F,,;, € F in the sense that every proper
weak substructure of F,,;, is permitted.

If Fiuin does not have any relationship at all, that is, if Fj,, is just a finite set of
cardinality m, say, then K,, = () for every n > m. Since we are only interested in the case
when K,, # () for arbitrarily large n € N, we now assume that every minimal forbidden
structure has at least one relationship. From this it follows that K,, # 0 for every n € N,
because the assumption ensures that the set {1,...,n} without any structure belongs to
K,.

Let Fpin be any minimal forbidden structure. By assumption, for some relation
symbol R, R7mi is nonempty, so we can remove a relationship @ from R7min and call the
resulting structure P. Note that P is permitted (since F,;p, is minimal forbidden), and
that Fpin and P have the same universe which includes rng(a). Let Sr = Fiin [1ng(a)
and Sp = P|rng(a). Then Sp is permitted, because it is a substructure of P, and P is
permitted. If rng(a) = |Fpnin| then S = Fpnin, which is forbidden. If this holds for every
choice of minimal forbidden F,,;, and S as defined above, then () in Theorem 3.4 does
not hold, and it is straightforward to verify that K admits k-substitutions for every k. In
this case, Theorem 3.15 implies that, for every extension axiom ¢ of K, the proportion
of M € K,, which satisfy ¢ approaches 1 as n — oo; and hence K has a zero-one law for
the uniform measure, by Remark 3.3.
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Now suppose that there is a minimal forbidden F,,;, and R such that for some
a € R7mm 1ng(a) is a proper subset of |Fuin|. Then () in Theorem 3.4 holds and
Sr = Fminlrng(a) is a proper substructure of F,ip, and since the latter is minimal for-
bidden, Sx is permitted. Hence P, Sp and Sr are permitted, but F;, = P[Sp > SF]
is forbidden. (The notions ‘admitted’” and ‘weakly admitted’ coincide here because the
notions ‘permitted’ and ‘represented’ coincide in this example.) But since the removal of
a relationship from a permitted structure will never (in the present context) produce a
forbidden structure, the substitution [Sz > Sp| is admitted. Moreover, by the definition
of S and Sp, they agree on all proper subsets of their common universe. Thus, The-
orem 3.17 is applicable. By part (i) of Theorem 3.17, the proportion of M € K,, such
that

(a) M contains a copy of Sr, and
(b) the P/Sp-multiplicity of M is at least 2

never exceeds 1 — 1(1 + «), where « is the number of permitted structures with uni-
verse {1,...,|rng(a)|}. If K has the disjoint amalgamation property (which is assumed
in Theorem 3.4), then part (ii) of Theorem 3.17 is applicable, and it follows that the
proportion of structures in K which satisfy all (2|P| — |rng(a)| — 1)-extension axioms
never exceeds 1 —1/(1 + «). And if the language has no unary relation symbols and K
has the disjoint amalgamation property, then this proportion approaches 0 as n — oo,
by part (iii) of Theorem 3.17. Note that ||Fpin|| = |P], so Theorem 3.4 is proved.

Example 4.2. This example shows that when, in Theorem 3.17, it is assumed that
the language has no unary relation symbols, then this assumption is necessary. (The
author does not have a corresponding example if one adds the assumption that K has
the disjoint amalgamation property, as in Theorem 3.4 and Corollary 3.18.)

Let P, and P, be unary relation symbols and let L be a language the vocabulary
of which is finite, relational and contains P; and P,. For n € N, let K,, consist of all
L-structures M with universe {1,...,n} such that

at most one element in M satisfies Pj(x),

at most one element in M satisfies Po(x), and
M = =3z, y(Pi(z) A Pa(y)).

K, can also be described in the following way, by forbidden weak substructures. Let A, B
and C have universe {1,2} and the following interpretations: (Py)* = {1}, ()4 = {2},
(P)B ={1,2}, (P)B =0, (P)° =0, (P)°={1,2} and R* = RB = RC = {) for every
other relation symbol R in the vocabulary. Then K,, can also be described as the set
of all L-structures M such that no F € F = {A,B,C} is weakly embeddable in M.
Note that F satisfies the condition labelled () in Theorem 3.4, so if « is the number of
permitted structures with universe {1}, then the proportion of M € K,, which satisty
all 2-extension axioms never exceeds 1 —1/(14«). We have o > 3, and if the only unary
relation symbols of L are P; and P then o = 3.

Next, we show that there exists a 0-extension axiom (i.e. an N /{)-extension axiom with
N a singleton set) such that the proportion of M € K,, which satisfy it never exceeds
1/2. For every n, K,, can be partitioned into three parts: one part, X,,, consisting of all
M € K, which satisfy 3z P (z); another part, Y, consisting of all M € K,, which satisfy
JxPy(x); and a third part, Z,, consisting of all M € K,, which do not satisfy either of
Jx Py (x) or JzPs(x). The definition of K,, implies that, for each n, |X,,| = |Y,| = n|Z,|.
Let A" = A[{1}. Then A’ is permitted and A" = Pi(1). Moreover, for every n, the
A’ /P-extension axiom holds exactly for those M € K,, which belong to X,,, and we have

’Xn‘ _ ‘Xn| — n‘Z”‘ = 1 — 1 as n — oo.
Ko~ Xl + Yol 120~ 0|Zol +0|Z0] + Za] ~ 24 1/0 2
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Examples 4.3 and 4.4 show how Theorem 3.17 can be applied. They also provide contrast
to Examples 6.3 and 6.4, where a different probability measure is considered.

Example 4.3. (Graph with a restricted unary predicate) Let the vocabulary of L
consist of a unary relation symbol @ and a binary relation symbol R. Let K,, be the set
of L-structures M with universe {1,...,n} such that RM is irreflexive and symmetric
(i.e. an undirected graph) and

M =V, y(R(z,y) = (-Q(z) A =Q(y))).
We use notation which suggests how Theorem 3.17 will be used. Define Sp, Sr, P and
F as follows: let |Sp| = |S7| = {a}; Q°7 = R°? = (); Q%7 = {a}, RS7 = (); |P| = {a, b},
Q7 =0, R” = {(a,b), (b,a)}; and F = P[Sp > Sx|. Then Sp, S and P are permitted,
but F is forbidden, since F = Q(a) A R(a,b). Hence, the substitution [Sp > Sr] is not
admitted, but the reverse substitution [Sr > Sp] is admitted, because we can always
remove a @Q-relationship without producing a forbidden structure.

By Theorem 3.17 (i), the proportion of M € K,, which contain a copy of Sr and
whose P/Sp-multiplicity is at least two is not larger than 1 — 1/(1 4 2) = 2/3. In this
example we can do much better, asymptotically speaking, and show that the proportion
of M € K,, which contain a copy of Sr, or equivalently, which satisfy JzQ(z), approaches
0 as n — oco. We can argue as follows to see this. First let

X, = {M €K, : Q() is satisfied by at least two elements in |[M]|},
Y, ={MecK,: Q(z) is satisfied by a unique element in |[M|}.

Since
Y| < n2("z") n 0
g — R
’Kn’ o 2(2) 2n—1
as n — oo, it is sufficient to show that |X,| < |Y,|. For M € X,,, let a € |[M| =
{1,...,n} be minimal such that M = Q(a), and let M’ be defined as follows: |M'| =

{1,...,n}, QM = {a} and let R™’ be the symmetric closure of
RMuU{(b,c):be @M —{a}, ce{l,....,n} —QM}.

Note that M’ € Y,,. It is now easy to verify that the map M — M’ from X,, to Y, is
injective; thus |X,| < Y]

Since {M € K,, : M | —=3zQ(z)} is the set of all (undirected) graphs with vertices
1,...,n it follows that, with the uniform probability measure, the almost sure theory of
K is identical to the almost sure theory of all undirected graphs, and consequently K
has a zero-one law for the uniform probability measure. Since the complete theory of
the Fraissé-limit of K contains the sentence JxQ(x) it is different from the almost sure
theory of K, for the uniform measure. As we will see later, for the ‘dimension conditional
probability measure’ (where dimension equals cardinality in this example), the almost
sure theory of K is identical to the complete theory of the Fraissé-limit of K.

Example 4.4. (Partially coloured binary relation.) Let the vocabulary of L consist
of one binary relation symbol R and two unary relation symbols Py, P». Let K, consist
of all L-structures M with universe {1,...,n} such that

M =Vz~(Py(z) A Py(z)), and
M EVz,y(R(xz,y) — [~(Pu)APi(y) A —(P(z) A Pa(y))]).

We can think of P; as representing the colour ‘2’. Before using Theorem 3.17 to get some
information about K, we consider the proportion of M € K, which satisfy JzP;(z).
Let

X, = {MeK,: (P)M=0}.
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For every M € X,,, let Y,,(M) be the set of N € K,, which satisfy that RN = RM and
either

o (PN ={a} and (PN = (P,)M for some a ¢ (Py)M, or

o (PN ={a} and (P)N = (P,)M — {a} for some a € (P;)M.
It is straightforward to verify that, for every M € X,,, |[Y,(M)| > n, and, for every
N € K,,, the number of M € X,, such that A" € Y,,(M) is at most 2. Tt follows that

K| — ‘U/\/(exn Y, (M) ~ %ZMeXn Yn(M)| — %\ann n ’
as n — 00, so the proportion of M € K,, such that M |= JxP;(z) approaches 1 as
n — o0. The same argument works for Ps.

For an L-structure M and a € | M|, let us say that a is blank or uncoloured (in
M) it M | =Pi(a) A =Py(a). Let Sp have universe {a} where a is blank in Sp and
RSP = (). Let Sr also have universe {a} where a has colour 1 in Sz (i.e. Sr = Pi(a))
and RSF = (). Then Sp and Sz are permitted and it is easily seen that the substitution
[Sr > Sp| is admitted, because making a point blank never violates the conditions for
being permitted (with respect to K). But if one point in an R-relationship is coloured
by %, then colouring the other point in the same R-relationship by the same colour i
produces a forbidden structure; so the substitution [Sp > Sr| is not admitted. Now
we apply Theorem 3.17. Let |P| = {a,b}, (P1)” = {b} and R” = {(a,b)}. Since we
know that the proportion of M € K,, which contain a copy of Sx (i.e satisfy Iz P (z))
approaches 1 as n — oo, it follows that for arbitrarily small € > 0 and all sufficiently
large n, the proportion of M € K,, such that the P/Sp-multiplicity of M is at least 2
never exceeds (1 —1/(1+3)) +¢& = 3/4 + . Observe that the P/Sp-multiplicity of M
is at least 2 if and only if M satisfies the extension axiom

¢ =Vay, z([~Pi(z) A =Pa(z)] — [y #2AR(@,y) AR(z,2) APi(y) APi(2)]),

so the probability, with the uniform probability measure, that this extension axiom is
true never exceeds 3/4 + €.

Example 4.5. (Coloured binary relation.) Let K,, be defined as in Example 4.4
except that we add the condition that there are no blank elements, that is, every M € K,
satisfies Vz (P (z)V P(z)). By Theorem 9.16 and Remark 9.17, for every extension axiom
o of K, the proportion of M € K,, which satisfies ¢ approaches 1 as n — oo. Since K
has the hereditary property and the disjoint amalgamation property, Lemma 3.16 and
Theorem 3.17 (part (ii)) implies that there does not exist permitted Sp and Sr such
that the substitution [Sr > Sp] is admitted and [Sp > Sr] is not admitted. However,
since changing one colour to another in a permitted structure may produce a forbidden
structure, there are permitted A and A’ (with singleton universes) such that none of the
substitutions [A> A'] and [A'> A] is admitted.

Examples 4.6 and 4.7 (as well as Example 4.5) show that if K neither satisfies the
conditions of Theorem 3.15, nor the conditions of Theorem 3.17 (or Corollary 3.18), then
it may, or may not, be the case that for every extension axiom ¢ of K the proportion of
M € K,, which satisfy ¢ approaches 1 as n — oco. In contrast to Examples 4.2 — 4.5,
the last two examples of this section do not have any unary relations.

Example 4.6. (Complete bipartite graph.) For all r,s € N, let £, denote the
undirected graph with vertices a1, ..., a,,b1,...,bs and an edge connecting a; and b; for
alli e {1,...,r} and j € {1,..., s}, and no other edges. Ko s and K, o are independent
sets (no edges at all) with s and r vertices, respectively.

For every n € N, let K,, be the set of all graphs with vertices 1,...,n which are
isomorphic to K, s for some r, s. Clearly, by adding an edge to any represented M with
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at least 3 vertices, we create a forbidden graph. Also, by removing an edge from any
K, s such that r + s > 3 and min(r, s) > 1, we create a forbidden graph.

It is easy to see that if s,r > k + 1, then K, s satisfies all k-extension axioms of
K = {J,,cy K. Also, the proportion of M € K,, which are isomorphic to some ;. s with
r,s > k4 1 approaches 1 as n — oco. It follows that, for every extension axiom ¢ of K,
the proportion of M € K,, which satisfy ¢ approaches 1 as n — oo. It is straightforward
to verify that the class of represented structures is closed under taking substructures (so
‘permitted’ is the same as ‘represented’) and has the disjoint amalgamation property.
By Corollary 3.18, there does not exist any permitted A and B with A = B such that
[Ar> B is admitted and [B > A] is not admitted.

Example 4.7. (Equivalence relations) Here we define K such that (as in the previous
example) there are no permitted A and B such that [A > B] is admitted and [B > A] is
not admitted. In this example, K has an extension axiom ¢ such that the proportion of
M € K, in which ¢ is true approaches 0 as n — oo, but nevertheless K has a zero-one
law.

We represent an equivalence relation on a set M as an undirected graph (without
loops) with vertex set M such that if a is adjacent to b and b is adjacent to ¢ # a,
then a and ¢ are adjacent. Clearly, such a graph, which we call an equivalence graph,
is a disjoint union of complete graphs. Let K, consist of all equivalence graphs with
vertices 1,...,n. Equivalently, we could have defined K,, by saying that it consists of all
undirected graphs with vertices 1,...,n in which V is not embeddable, where V denotes
the graph with distinct vertices 1,2, 3 where 1 is adjacent with 2 and 2 is adjacent with
3, but 1 is not adjacent with 3. It is easily seen that K has the disjoint amalgamation
property. By Lemma 3.16, if there would be A, B with same universe such that [A > B]
is admitted, but not [B> A], then, because we only have a binary relation symbol, we
could assume that the common universe of A and B has cardinality 2, and that [A> B]
means either to remove an edge, or to add an edge. But it is clear that both the removal
of an edge, as well as the addition of an edge, may produce a forbidden structure, so
none of [A>B] and [B>.A] can be admitted, contradicting the assumption. Hence, there
does not exist A and B such that [A> B] is admitted, but not [B> A].

We now show that if A is the graph having only one vertex a and B has vertex set
{a,b} where a is adjacent to b in B, then the probability that M € K, satisfies the
B/ A-extension axiom approaches 0 as n — oo. This contrasts the previous example.
Let X,, be the set of M € K,, which do nof contain any connected component which is
a singleton, and let X = J,-; X,. Note that the class of represented structures with
respect to X is closed under taking disjoint unions and extracting connected components;
thus, the class of represented structures with respect to X is adequate in the sense of
[10], which we will use. For every n > 1, X,, contains exactly one connected graph (the
complete graph with vertices 1,...,n). Therefore, Theorem 7 in [10] implies that

n|Xn—1’
| Xn|
Let Y, be the set of M € K,, that contain at least one connected component which

is a singleton, and let Y/, be the set of M € K,, that contain exactly one connected
component which is a singleton. Observe that

X,=K,-Y, and |Y,|=n|X,_1].

— 00 as n — oQ.

It follows that
Xal _ Kl _ 1|

AR
In other words, the proportion of M € K,, which contain at least one connected compo-
nent which is a singleton approaches 1 as n — oo. For every such M, the B/.A-extension

—0 as n — oco.
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axiom fails. Nevertheless, K has a zero-one law for the uniform probability measure,
which follows from Theorem 7 in [10] and the above observed fact that, for every n,
there is a unique connected graph in K.

5. PROOF OF THEOREM 3.17

Let L have a finite relational vocabulary and let K = |J,cy Kn, where every K, is
a set of L-structures with universe {1,...,m,} and lim, o m, = co. Suppose that
P, Sp and Sy are permitted structures such that Sp C P, |Sp| = |Sx|, ||Sp|l = &,
F = P[Sp > Sr] is forbidden, but the substitution [Sr > Sp] is admitted. Morover,
assume that for every proper substructure U C Sp, Sp[|U| = Sr[|U|. Let a be the
number of different permitted structures with universe {1,...,k} (so o > 2).

We use the following terminology:

Definition 5.1. (i) A pair of structures (A, B) is called a coexisting pair if A and B
have the same universe.

(ii) We say that two coexisting pairs (A, B) and (A’, B’) are isomorphic if there is a
bijection o : |A] — |A’| which is an isomorphism from A to A’ as well as from B to B'.
(iii) If (A, B) and (A’, B') are isomorphic coexisting pairs then we may say that (A’, B')
is a copy of (A, B).

Lemma 5.2. Suppose that Sp is a proper substructure of P and that M is represented.
If (SA1,SHY) is a copy of the coezisting pair (Sp,SF) and S¥' C M, then the P/Sp-
multiplicity of M[S¥' > SH] is 0.

Proof. Without loss of generality (by just renaming elements) we may assume that
Sr = SM C M and that Sp = SM Then Sr (= S]/}/‘) is a substructure of M, and Sr
and Sp ( SH1) have the same universe which is a subset of [M|. By the assumption
that P is permitted, but F = P[Sp>Sx| is forbidden (see before Definition 5.1) we have
Sr # Sp, and, as Sy C M and |Sx| = |Sp|, Sp is not a substructure of M. But Sp is
a substructure of M[Sr > Sp].

We show that the P/Sp-multiplicity of M[Sz>Sp] is 0. Suppose for a contradiction
that it is at least 1. Without loss of generality, we may assume that P = F[Sr > Sp]
is a substructure of M[Sx > Sp], so in particular, the common universe of F and P =
F[Sr>Sp] is a subset of the universe of M[Sz>Sp| and of M. For each relation symbol
R, of arity r say, we consider the interpretation of R in M[|F|. If @ € |S#|", then

aec RMP «— Ge R «— acR” (since S C F).
If a € |F|" — |Sx|", then we use the definition of substitutions (Definition 3.11) and get

ac RMT «— gc RM «— gec RMIS#SP]
= gc RMISSPIE s g c RFISFSPl o G e RT.

So whenever a € | F|” we have @ € RM if and only if a € R”. Since the argument holds
for every relation symbol R it follows that the forbidden structure F is a substructure
of M, which contradicts that M is represented. O

Definition 5.3. Let the expression ‘mult(A/B; M) > n’ mean ‘the A/B-multiplicity of
M is at least n’.

Lemma 5.4. Suppose that M,N € Kn are different and that mult(P/Sp; M) > 2
and mult(P/Sp; N') > 2. Let 87/3\4, ) and SN SY) be copies of the coezisting pair
(Sp,SF) such that S € M and SNFC N. If M[SM > SH = N[SY > SN then S
and SN have the same universe U and M and N are different only on U (that is, for

every relatzon symbol R, if @ belongs to ezactly one of the relations RM and RN, then
acU.)
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Proof. Let (SH1,S21) and (SN,Sé\_-/) be copies of the coexisting pair (Sp, Sr) such that
S C M and S_j%/ C N. Then there are maps oy : |[SE!| — |Sz| and oy : ]S§f| — |SF|
such that:
e o is an isomorphism from Sjé\/‘ to S and from 57/3\/‘ to Sp, and
e 0, is an isomorphism from Séf to Sr and from 87/;[ to Sp.
Let {a1,...,ax} be the universe of S&! (and of SA!) and let {b1,..., by} be the universe
of 8§\Ef (and of S%\)/)
Suppose, for a contradiction, that
1) M[SH'>SH" =H = N[SY >S4 and that
(II) {al, ce ,ak} ?é {bl, e ,bk}
Then

(1) M =H[SH' > SM] and N = H[SH >SY].

Recall the assumption that for every proper substructure U C Sp, Sp[lU| = SrI|U|.
Since (ST, S#1) and (87/;/, SY) are copies of (Sp,SF), it follows that SHt and S agree
on all proper subsets of their common universe; and the same with M replaced by N.
From (1) it follows that

(2) if U C{1,...,my} and |U| < k, then MU =H|U = N|U.
Since H[{b1,...,bp} = 87/;/ and M is obtained from H by the substitution M =
H[SH! > S1], which only affects the interpretations of relation symbols on {ai, ..., ax},

assumption (II) together with (2) implies that
MI{by,... by} = SN.

Since the P/Sp-multiplicity of M is at least 2, there are P; C M and isomorphisms o :
P; — P such that S%\)[ C P, O'Z‘HS%[‘ = oy, for i = 1,2, and |P1|N|Pa| = {b1,... bk} =
\87/;[| By assumption (I), H is obtained from M by the substitution H = M[S! > S
which only affects the interpretations of relation symbols on {a1,...,ax}. This together
with (II), (2) and the choice of Py and Py so that |P1| N [Ps| = {b1,..., by} implies that
for i =1or i =2, H[|P;| = Pi. Choose i so that

(3) HI|Pi| = P

Since 87@/ C P; and o; : P; — P is an isomorphism such that ai[|84\3/| = oy, the
substitution [57/,v > Sé\_-/ | changes P; to a structure which is isomorphic with F, that is,
Pi[SN > S¥] = F, via the isomorphism o;. By applying (1) and (3) we get

NP = (HSH o SEDIIPi| = F.

Hence the substructure of A/ with universe |P;| is isomorphic to the forbidden structure
F. Therefore N is not represented, which contradicts that N' € K,,.

So if (I) holds then (II) is false and hence all the structures S, S, Sé\:/ and 8%\;/
have the same universe, say U. Consequently, from the assumption (I), if R is a relation
symbol of arity r, say, and @ € {1,...,m,}" belongs to exactly one of R and RV, then
aeU. O

Definition 5.5. (i) For every L-structure M, let 3 (M;Sr > Sp) denote the set of all
structures of the form M[SH > SH1] where (S5, S2) is a copy of the coexisting pair
(Sp,Sx) and S¥' C M. (If M contains no copy of Sr then £(M; Sz > Sp) = 0)

(ii) For every n, let €2, denote the set of all M € K,, such that mult(P/Sp; M) > 2.
(iii) Recall that o denotes the number of different permitted L-structures with universe

{1,....k}.
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Lemma 5.6. If My,..., Mq41 € Q, and M; # M; whenever i # j, then
| B(Mi;SroSp) =0.

1<i<a+1

In other words, for every structure N, it can belong to X (M;Sx > Sp) for at most «
distinct M € €.

Proof. Suppose for a contradiction that My,...,My41 € Q, are distinct and that
N € ¥(M;;Sr>Sp) for every i € {1,...,a+ 1}. Then there are copies (87/;42',59_-/“) of
(Sp,Sr) such that S]/;Ai C M; and N = MZ-[S]/QAZ' DS%;MZ'] for every i € {1,...,a + 1}.
By Lemma 5.4, all Sj\T/li, i € {1,...,a+ 1}, have the same universe, which we denote
by U, and for every pair 4,5 € {1,...,a + 1} of distinct numbers, M; and M; are
different only on U. The assumption that M; # M, if ¢ # j now implies that for all
distinct 4,5 € {1,...,a+ 1}, M;[U # M;|U. Since |U| = k, this contradicts the choice
of a, being the number of all different permitted L-structures with universe {1,...,k}. O

Now we have the tools for proving part (i) of Theorem 3.17, and then the other parts of
the theorem. Let ) be the set of all M € K,, such that

(a) M contains a copy of Sr, and

(b) the P/Sp-multiplicity of M is at least 2.
By (b) and the definition of €,,, Q¥ C Q,,. Since every M € Q7 contains a copy of Sr,
it follows that for every M € QF 3X(M;Sr>Sp) # 0. Since the substitution [Sz>Sp] is
admitted, 3X(M;Sr> Sp) C K, for every M € K,,. By Lemma 5.2, for every M €
YX(M;Sr>Sp) C K, — QF. Lemma 5.6 now implies that

K- = | | SMiSresp)| = 2,
MeQx @

and hence a|K, — Q| > ||
From this we get
K, - |K,—Q . K, — Q| 1
K. ]9+ Ky -9 T oK, - Q5+ |K, Q5| a+ 1

Thus, the proportion of M € K,, not satisfying both (a) and (b) is at least 1/(1 + «).
This concludes the proof of part (i) of Theorem 3.17.

Part (ii) of Theorem 3.17 is a straightforward consequence of part (i). For if there
exist a permitted structure C and embeddings o1 : P — C and o2 : P — C such that
o1(|P])Neo2(|P]) = o1(|Spl), o1]|Sp| = 02[|Sp| and M € K,, satisfies all (2 ||P||—k—1)-
extension axioms, then conditions (a) and (b) in part (i) of Theorem 3.17 are satisfied.

Now we prove part (iii) of Theorem 3.17. Here we have added the assumption that
L has no unary relation symbols, so there is a unique (up to isomorphism) permitted
structure with a singleton universe. (In fact this is sufficient for what we want to prove.)
Let U C Sr be such that ||| = 1. Note that since Sr # Sp (and |Sx| = |Sp|) we have
IS~|| > 1. Suppose that M € K,, is such that

(c) M satisfies the Sy /U-extension axiom, and

(d) the P/Sp-multiplicity of M is at least 2.
Since || M| = my,, there are m,, distinct copies of U in M. Each one of these copies of U
is, by (c), included in a copy of Sz, so we get at least m,, /k distinct copies of Sx in M.
Recall that our assumptions imply that Sp # Sr and Sp[|V| = Sg[|V| for every proper
substructure ¥V C Sp. Since X(M;Sr > Sp) contains all NV which can be obtained from
M by replacing one copy of Sx by a copy of Sp, we have !E(M;S]:DSP)‘ > my/k. By




ASYMPTOTIC PROBABILITIES OF EXTENSION PROPERTIES 23

Lemma 5.2, no N' € 3(M; Sz > Sp) satisfies (d). Hence, if E,, is the set of all M € K,
which satisfy both (c¢) and (d), then, by Lemma 5.6,
E,| B B _ka

K,—B,|> 2" o1d hence < < =,
‘ ‘
ko ’Kn‘ K, — E,| = m,

As lim,,—,oo my, = o0, the proportion of M € K, which satisfy both (c¢) and (d) ap-
proaches 0 as n approaches oco. This concludes the proof of Theorem 3.17.

6. CONDITIONAL PROBABILITY MEASURES

In Sections 3 — 5 we saw that a condition that ensures that every extension axiom is
true in almost all sufficiently large structures is that every substitution involving (only)
permitted structures is admitted. And if this condition does not hold it may happen that
some extension axiom is false in almost all sufficiently large structures. In this section we
start to develop a theory of conditional probability measures on finite sets of structures.
When using this measure we can include more examples of sets of finite structures for
which any extension axiom is almost surely true in all sufficiently large structures under
consideration. Such examples include Examples 4.3, 4.4 and 4.5, and more generally,
coloured structures and partially coloured structures (as in examples 7.22 — 7.24). But
there are other examples, such as K;-free graphs (I > 3) which are not included; that
is, also with the conditional measures considered here there is an extension axiom which
almost surely fails for sufficiently large K;-free graphs.

Although the uniform probability measure is conceptually simple, it does not nec-
essarily correspond to the probability measure associated with a method for randomly
generating a structure of some specified kind. The conditional measures to be considered
are more closely related to probability measures associated with random generation of
structures of a given kind. This is the first point that will be stressed below, after the
next two definitions.

Definition 6.1. Let Cy and C; be finite sets of L-structures and let Py be a probability
measure on Cy. Suppose that

(1) for every A € Cy there is at least one B € C; such that A C,, B, and
(2) for every B € Cj there is a unique A € Cy such that A C,, B and whenever
A € Cyand A’ C,, B, then A" C,, A. We denote such A by BJ0.

Then we define the uniformly Po-conditional probability measure Py on C;p as
follows:

For every B € Cy, the probability of B in Cj is

1
~ [{B ec,:B10=B0} Po(BI0),

and for X = {By,...,B,} € C; (where X is enumerated without repetition)

Py (X) = zn:]P’l(Bi).
=1

P1(B)

Definition 6.2. More generally, assume that Cg, ..., C, are finite sets of L-structures
such that, for every i =0,...,r — 1, (1) and (2) in Definition 6.1 hold if Cy and C; are
replaced by C; and C,1, respectively. Let Py denote the uniform probability measure
on Cy (i.e. all elements of Cy have the same probability 1/|Cy|). By induction, define
P;+1 to be the uniformly P;-conditional probability measure, for ¢ = 0,...,r — 1. We
call the probability measure P, on C,, thus obtained, the uniformly (Cy,...,C,_1)-
conditional probability measure.
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Example 6.3. Let us first illustrate the definitions by considering Example 4.3, where
K,, is the set of undirected graphs with vertices 1,...,n (with edge relation represented
by R) and a unary relation symbol P subject to the condition: R(a,b) = —P(a) and
—P(b). We have proved (see Example 4.3) that with the uniform probability measure,
the probability of xP(x) holding in M € K,, approaches 0 as n — co. Next we show
that with a naturally chosen conditional measure, the probability that JzP(z) holds in
M € K, approaches 1 as n — oo.

Let L denote the language considered in Example 4.3, with one binary relation symbol
R and one unary relation symbol P, and let Ly be the sublanguage of L whose vocabulary
contains only P. For every n, let K, [Lg = {M[Ly : M € K,}. Recall from the
definition of weak substructure (Section 2.1), and the discussion after it, that, for every
M € K,,, M[Ly may also be viewed as an L-structure (in which the interpretation of
R is empty) and it follows that M[Ly C,, M. It is easy to verify that, for every n, if
Co = K, [Lp and C; = K,,, then conditions (1) and (2) in Definition 6.1 hold. Hence, for
every n, the uniformly (K, [Lg)-conditional probability measure on K,, is well-defined.
Now, the claim that the probability, with this measure, that (the extension axiom)
JzP(z) holds in M € K,, approaches 1 as n — oo, is a consequence of Theorem 7.31.
But for this simple example it suffices to observe that the probability of M € K,,,
with the uniformly (K, [Lg)-conditional measure, is the probability of obtaining M by
the following generating procedure: First go through every ¢ € {1,...,n} and with
probability 1/2 let it satisfy P(z); then take the set {i1,..., 45} of all vertices which do
not satisfy P(x), and for each unordered pair {i,j} of elements from {i1,...,%,} assign
an edge to it with probability 1/2. So the probability that no ¢ € {1,...,n} satisfies
P(x) is 1/2", which approaches 0 as n — 0.

Example 6.4. Let us now consider Example 4.4 (partially coloured binary relation),
where the vocabulary of L is {R, Pi, P2}, R is binary and P;, i = 1,2, are unary, and
thought of as “colours”. K,, consists of all structures with universe {1,...,n} such that
the universe is partially coloured with respect to the relation R, that is, every element
has at most one colour (1 or 2), and it may be uncoloured (or “blank”), and whenever
R(a,b) holds, then a and b cannot be coloured with the same colour.

How can we, for any given k, design a procedure that generates — by possibly making
some random assignments on the way — M € K,, in such a way that the probability
of ending up with an M € K,, with exactly k£ elements with colour 1 is the same as
the proportion of M € K,, which have exactly k elements with colour 17 The author
does not know, and the point is that, in general, it may not be easy to conceive of a
generating procedure, of structures from a given set, such that the probability measure
associated with the generating procedure is identical to the uniform probability measure
on the given set of structures.

Recall, from Example 4.4, that there is an extension axiom ¢ such that the probability,
with the uniform measure, that ¢ holds in M € K,, approaches 0 as n — oco. But if we
apply the following generating procedure of M € K,,, then, for every extension axiom
@, the probability of ending up with an M € K,, which satisfies ¢ approaches 1 as
n — oo. For every i € {1,...,n}, with probability 1/3 let it have colour 1, colour 2 or
be blank; then go through all pairs (4,7) such that i and j are not coloured with the
same colour and let (i,5) € R with probability 1/2. The probability of obtaining, in
this way, a structure M € K,, is the same as the probability of M with the uniformly
(K. Lo)-conditional measure on K,,, where Lg is the sublanguage of L whose vocabulary
is {P1, P} and K,,[Ly = {M]Ly : M € K, }. By letting the underlying geometry of
every structure in K = (J,,cjy Ky, be trivial (see Remark 7.2) and applying Theorem 7.31
it follows that, for every extension axiom ¢ of K, the probability, with the uniformly
(K, | Lp)-conditional measure, that ¢ holds in K, approaches 1 as n — oo; and by
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Theorem 7.32, K has a zero-one law. We have in particular shown that the asymptotic
probability, with the uniform probability measure, of a first order definable property
in K may be different from the asymptotic probability of the same property when the
(K, [ Lo)-conditional measure is used.

Before taking underlying pregeometries into account, we collect a technical lemma which
will be used later.

Lemma 6.5. Suppose that Cy,...,Cy are finite sets of structures such that, for every
i=20,....k =1, (1) and (2) in Definition 6.1 hold if Cy and Cp are replaced by C;
and Cit1, respectively. For r = 1,... k, let P, denote the uniformly (Cy,...,Cr_1)-
conditional probability measure on C,.. If 1 <r < s <k and A C C,, then

Py (A) =Prp1({B € Cry1: AC, BY)
and P,.(A) = P,({B € Cs: AC,, B}).

Proof. The second identity follows from the first by induction, and the first identity is a
straightforward consequence of Definitions 6.2 and 6.1. O

7. UNDERLYING PREGEOMETRIES

Definition 7.1. (i) We call an L-structure A a pregeometry if

(1) there is a closure operation cl4 on A such that (A, cly) is a pregeometry,

(2) for all n € N there is a formula 0,,(x1,...,2p4+1) € Lsuch that forallay,...,any1 €
A, any1 € clalar,...,ay) if and only if A = 6,(aq,...,an41), and

(3) if X C A is closed with respect to cla (i.e. cla(X) = X), then X is closed under
interpretations of (eventual) function symbols and constant symbols; so X is the
universe of a substructure of A.

(ii) Let K be a class of L-structures. We call K a pregeometry if every A € K is
a pregeometry and for every n € N there is a formula 6,(x1,...,2,41) € L such that
for every A € K and all ay,...,ap11 € A, apnt1 € cly(ai,...,ay) if and only if A
en(ab s a7L+1)-

Remark 7.2. For every structure A, if clyg(X) = X for every X C A, then A is a
pregeometry in the sense of Definition 7.1 (i). This pregeometry is often called trivial
or degenerate. It may happen that for a structure A there is more than one way to
define a pregeometry on A. As noted, we always have a trivial pregeometry on A. But
if, for example, A is a vector space over some finite field (formalized as a first-order
structure in a suitable way), then we can also let cl4(X) be the linear span of X, and
then cl 4 becomes a pregeometry on A. When saying that a structure A is a pregeometry
we assume that some particular pregeometry on A (in the sense of Definition 7.1 (i)) is
fixed, and if we say that a class of L-structures K is a pregeometry we assume that, for
every A € K, some pregeometry cl 4 is fixed on A and that the condition in Definition 7.1
(ii) holds.

Assumption 7.3. For the rest of this section we assume that K is a class of L-structures
which is a pregeometry, and that the formulas 6, (x1,...,2,41) define the pregeometry
in the sense of Definition 7.1 (ii). (Later, in Assumption 7.10, we will add some more
assumptions.)

Definition 7.4. (i) As in Sections 3 — 6, we say that structure A is represented (with
respect to K) if A is isomorphic to some structure in K. We say that A is permitted
(with respect to K) if it can be embedded into some structure in K; or equivalently, if it
is a substructure of some represented structure. And a structure which is not permitted
(with respect to K) is forbidden (with respect to K). Note that every represented
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structure is a pregeometry on which the closure operator is defined by 0,,(z1, ..., ZTnt1),
n € N. This is what we mean when speaking about a pregeometry and closure on a
represented structure.
(ii) If M is a pregeometry, then the notation A C, M means that A is a substructure
of M and clp(A) = A. In words, we express ‘A C.,; M’ by saying that A is a closed
substructure of M.

Definition 7.5. The notion of B/A-multiplicity is defined as before (Definition 3.9),
except that we require that A and B are closed in some superstructure. More precisely:
Suppose that there is a represented N such that A € B C N and both A and B are
closed in N. We say that the B/ A-multiplicity of a (represented) structure M is
at least m if the following holds:

whenever A" Cy M and o : A’ — A is an isomorphism, then there are B, C,; M
and isomorphisms o; : B, — B, for i = 1,...,m, such that A" C B}, 0;]A' = o
and B; N B} = A’ whenever i # j.

The B/ A-multiplicity is m if it is at least m but not at least m + 1.

Remark 7.6. Observe that we can express, in first-order logic, that sets are closed (or
not) in a uniform way. For if v,(x1,...,2,) denotes the formula

n
_‘Elxn—i-l (en($1, <oy Iy $n+1) A /\ T4 7é In—i-l)’
=1

then for every M € K and all ay,...,a, € M, M E v,(ai,...,a,) if and only if
{a1,...,a,} is closed in M. It follows that whenever M is represented and A C B C M
are closed substructures of M, then, for every m € N, there is a sentence ¢, such that
for every represented N, N' = ¢, if and only if the B/ A-multiplicity of N is at least m.

Definition 7.7. For represented M and closed substructures A C B C M, the B/ A-
extension axiom is the statement expressing that the B/A-multiplicity is at least 1.
As noted in Remark 7.6, this statement is expressible with a first-order sentence.

Note that if the closure operator of (structures in) K is trivial, then the definitions of
extension axioms and multiplicity coincide with those given earlier; so the earlier setting
is a special case of the current setting.

Definition 7.8. Let K be a class of L-structures and let (M,, : n € N) be a sequence
of structures from K.
(i) We say that the sequence (M,, : n € N) is polynomially k-saturated if there are
a sequence of numbers (A, : n € N) with lim,_, A, = 00 and a polynomial P(z) such
that for every n € N:

(1) A < |M,| < P(\,), and

(2) whenever N is represented and A C B C N are closed (in ) and dimpr(A)+1 =

dimpr(B) < k, then the B/ A-multiplicity of M,, is at least \,.

(ii) We say that K is polynomially k-saturated if there are M,, € K, for n € N, such
that the sequence (M, : n € N) is polynomially k-saturated.

Example 7.9. While it is possible to construct many different K which are polynomially
k-saturated (by application of Theorem 7.31) the kind of pregeometries that are present
in examples that the author can construct are rather limited. So let us look at examples
of K which are polynomially k-saturated for every k € N and which do not have any
more structure than what is necessary for defining the pregeometry. The cases known
are on the one hand the trivial pregeometry and on the other hand (possibly projective
or affine variants of) linear spaces over a fixed, but arbitrary, finite field.
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If L has empty vocabulary and &, is the unique L-structure with universe {1,...,n}
(with trivial closure operator), then it is straightforward to check that (£, : n € N) is
polynomially k-saturated for every k € N.

Now suppose that G, is a vector space with dimension n with universe {1,...,p"}
over a finite field F' of order p. Let clg, be linear span. To view G, as a first order
structure we can let scalar multiplication be represented by unary function symbols (one
for every element in F'), vector addition by a binary function symbol, and let there be a
constant symbol for the zero vector. Then {G,, : n € N} is a pregeometry in the sense of
Definition 7.1. The proof of Lemma 3.5 in [14] shows that (G, : n € N) is polynomially
k-saturated, for every k € N. In [14] it is explained how one can “transform” G, into
a first-order structure, which represents a projective space P, or affine space A,, over
F of dimension n. By the argument leading to Proposition 3.4 in [14] it follows that
(P, :n e N) and (A, : n € N) are polynomially k-saturated, for every k € N.

There are other “linear geometries” (see [12|) which involve quadratic forms. These
may be candidates for other polynomially k-saturated sequences of pregeometries; but
for reasons explained in Problem 3.8 in [14], the author has not been able to prove or
disprove it.

From now on we work within the following context, in addition to the assumptions
already made (see Assumption 7.3).

Assumption 7.10. From now on we assume the following:

(1) Lo C L are first-order languages with vocabularies Vj and V', respectively, such
that V' — V4 is finite and relational.

(2) G ={G,, : n € N} is a set of Ly-structures which is a pregeometry, in the sense
of Definition 7.1. Moreover, assume that the formulas 0,,(x1,...,zn4+1) € Lo, for
n € N, define the pregeometry in the sense of Definition 7.1.

(3) For n € N, K,, = K(G,) is a set of expansions to L of G,, and K = |, K.
For each A € K, cly is, by definition, the same as cl4;z,, where the latter is the
same as clg, for some n, because A[Lg = G,, for some n.

(4) Whenever M is represented and A C M, then A is represented.

Remark 7.11. (i) Note that point (4) in Assumption 7.10 says that the class of repre-
sented structures is closed under closed substructures.

(ii) If the closure is trivial, then (4) is equivalent to the hereditary property (for K).
(iii) Analogues of the main theorems of this section can be stated and proved without
assumption (4), but then, to get such results, the notion of ‘acceptance of substitutions’
(Definition 7.20) must be modified, and becomes more complicated. The author opted,
in this case, for simplicity rather than some more generality.

Definition 7.12. Let A € K and let d be a natural number.
(i) The d-dimensional reduct of A, denoted A[d, is the weak substructure of .4 which
is defined as follows:
(a) A[d has the same universe as A.
(b) Every symbol in the vocabulary of Lg is interpreted in the same way in A[d as
in A.
(c) For every relation symbol R which belongs to the vocabulary of L but not to the
vocabulary of Lo, and for every tuple a from the universe of A,

a € RV «— dimy(a) < d and @ € R,

(i) Kld = {A]d: A € K}.
(ili) Ky ld = {Ald: A € K,}.
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Remark 7.13. (i) Observe that if there is no relation symbol whose arity is greater than
d, then for every A € K, Ald = A; hence K|d = K and K,,|d = K,, for every n.

(ii) By Definition 7.12, for every n € N and every positive » € N, the sequence K, |
0,K,[1,...,K,[r satisfies the conditions for Cg,...,C, in Definition 6.2. Hence, for
every n € N and every positive r € N, the uniformly (K,0,...,K,[r — 1)-conditional
measure is well-defined on K, [r.

Remark 7.14. Note that for an L-structure M € K we have different kinds of “reducts”,
and the same symbol ‘[’ is used in all contexts, but the symbol following ‘|’ is a key,
besides the context, to what is meant. For a sublanguage L' C L, M|L’ is the reduct
of M to L' in the usual “language wise” sense. For a subset X C M, M|X denotes the
substructure of M which is generated by X. And for a natural number d, M [d denotes
the d-dimensional reduct of M, which is a weak substructure of M, but not necessarily
a substructure.

Definition 7.15. (i) Let p be equal to the largest arity of a relation symbol in the
vocabulary of L. Note that if » > p then for every A € K, AJr = A; hence Kjr = K
and K, [r = K,, for every n.

(ii) For every n € N, let P, o denote the uniform probability measure on K,,[0. For every
n € N and every positive r € N, let P, denote the uniformly (K,[0,...,K,[r — 1)-
conditional measure on K, [r.

(iii) The uniformly (K0, ..., K, [p—1)-conditional measure P, , on K,, = K, [p is also
denoted by §,, and called the demension conditional measure on K,,.

Example 7.16. Suppose that L and K,, are defined as in any of Examples 4.3 — 4.5, let
Lo be the language with empty vocabulary, and let the underlying pregeometry be trivial.
If Ly is defined as in the corresponding example, then the dimension conditional measure
on K,, is, by definition, the same as the uniformly (K, 0, K, [1)-conditional measure on
K,,, which in turn is identical to the uniformly (K,, [ Lg)-conditional measure, considered
in the mentioned examples; this follows straightforwardly from the definitions. Examples
with nontrivial underlying pregeometry will appear later.

Definition 7.17. We say that the pregeometry G = {G, : n € N} is uniformly
bounded if there is a function u : N — N such that for every n € N and every X C |G,,|,
|clg, (X)] < u(dimg, (X)).

Remark 7.18. The trivial pregeometries and the pregeometries obtained from vector
spaces over finite fields are uniformly bounded. More examples of uniformly bounded
pregeometries can be obtained by applying the variants of the amalgamation construction
first developed by E. Hrushovski which produce countably categorical supersimple limit
structures with rank 1 [24, 16]. However, the cases of such constructions known to the
author do not produce pregeometries which are polynomially k-saturated for all k; this
can be seen by considering the arguments in Section 2 of [13]. The author does not know
an example of a pregeometry (in the sense of this paper) G = {G,, : n € N} which is not
uniformly bounded and such that each G, is finite, as we always assume here.

Terminology 7.19. When saying that two represented structures A and A’ agree on
Lo and on closed proper substructures we mean that Al Lo = A’[Lg (so in particular,
clg = cly) and whenever U C A and dim4(U) < dim4(A), then AU = A'|U.

The next definition generalizes the notion of ‘admitting substitutions’ from Section 3 to
the context of this section.

Definition 7.20. Let A and A’ be represented structures. Note that, in part (i) and
(ii) of this definition, the property defined can only hold if A and A’ agree on Ly and on
closed proper substructures; so that is the situation which is of interest.
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(i) We say that K accepts the substitution [A> A’| over Ly if whenever M is
represented and A C. M, then there is a represented N such that ALy = MLy,
NNA =A and if U Cy N, dimp(U) < dimp(A4”) and Y # A’, then N U = M|U.

(ii) We say that K accepts k-substitutions over Ly if whenever A and A’ are repre-
sented structures which agree on Ly and on closed proper substructures, and dim 4(A4) =
dimy/ (A’) < k, then K accepts the substitution [A> A’] over Lg.

Remark 7.21. (i) It is easy to see the following: If there is, up to isomorphism, a unique
represented structure with dimension 0, then K accepts 0-substitutions over Lg.

(ii) Let p be the supremum of the arities of all relation symbols that belong to the
vocabulary of L but not to the vocabulary of Lg. It is straightforward to verify that if
K accepts p-substitutions over Ly, then, for every k € N, K accepts k-substitutions over
Ly.

We now give examples of K which accept k-substitutions for all & € N. After Theo-
rem 7.34, which is about K which do not satisfy this condition, we give more examples,
which, for some k, do not not satisfy k-substitutions.

Example 7.22. (Coloured structures.) For the sake of having a uniform terminology
in this example, and the next, let us have the following convention. For F' = {1} let Lp
be the language with empty vocabulary Vr and let GF' = {G, : n € N}, where G, is
the unique Lp-structure with universe {1,...,n}. In this case call G the vector space
pregeometry over {1}.

For any finite field F, the vector space pregeometry over F refers to the pregeometry
G = {G, : n € N} defined in Example 7.9; so G, is a vector space over F of dimension
n, and L and Vp is the language and vocabulary, respectively, of G,.

Let G = {G, : n € N} be the vector space pregeometry over I, where F is a
finite field or {1}. Then let [ > 2 and assume that L., D Lp, “the colour language” is
the language with vocabulary V. = Vp U {Py,..., P} where all P; are unary relation
symbols, representing colours. Also assume that L., D Lp, “the language of relations”,
has a vocabulary V,..; such that V. — V@ contains only finitely many relation symbols,
of any arity. Let L be the language with vocabulary V = V., U V,;. For every positive
n € N define K,, = K(G,,) to be set of expansions M of G,, to L that satisfy the following
three [-colouring conditions:

(1) M EVz(Pi(z) V...V P(2)).

(2) For all distinct 4,5 € {1,...,1}, and all a,b € M — clpy() such that a € clpy(b),
M k= =(Pi(a) A Pj(b)). (In other words: any two linearly dependent non-zero
elements must have the same colour.)

(3) If R € V,¢ has arity m > 2 and M [ R(aq,...,an), then there are b,c €
clpm(a, ..., am) such that for every k € {1,...,1}, M —|(P;€(b) A Pk(c)); that
is, at least two elements in clpq(ai, ..., an,) have different colours.

It is now straightforward to verify that, for every F' considered, K = |J, oy Kn accepts
k-substitutions over Ly, for every k € N. And as mentioned in Example 7.9, (G, : n € N)
is polynomially k-saturated for every k € N. It is also uniformly bounded. Thus, with
this setup of (G, : » € N) and K the premises of Theorems 7.31 and 7.32 (below) are
satisfied. This example and the next will be studied more in Sections 9 and 10.

Example 7.23. (Strongly coloured structures.) The colourings considered in the
previous example are the convention within hypergraph theory [7, 26], but we would also
like to consider another sort of colourings, called strong colourings in the hypergraph
context [1], and we adopt the same terminology. Here, G¥', Lg, Leo, Lyo and L are
defined as in Example 7.22. Let K = J,,cny Kn, where K, consists of those L-expansions
M of G,, which satisfy (1) and (2) from the previous example and the following strong
l-colouring condition:
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(3’) If R € V,¢ has arity m > 2, M = R(ai,...,am), b,c € clpm(ar,...,an) and
b is independent from ¢ (i.e. b ¢ cly(c)), then for every k € {1,...,l1}, M E
—|(P;€(b) A Pk(c)); that is, every pair of mutually independent elements b and ¢
in the closure of aq, ..., a, have different colours.

Again, it is straightforward to verify that, for every F' considered, K accepts k-substitutions
over Lg, for every k € N.

Example 7.24. (Other variations of coloured structures) In the previous two
examples, it is also possible to consider projective or affine spaces over a finite field,
instead of a vector space. And, by dropping condition (1), one can consider partial
colorings or strong partial colourings. For all these variations, K accepts k-substitutions
for every k € N.

Example 7.25. (Random relations on a vector space) Let F' be a finite field and
let Ly and G¥ = {G,, : n € N} be as in Example 7.9. Let L be the language whose
vocabulary consists of the symbols in the vocabulary of Ly and, in addition, relation
symbols Ry,...,R,, of any arity. For every n, let K,, = K(G,) be the set of all L-
structures M such that M[Lg = G,. It is straightforward to verify that, for every k € N|
K = J,,cny Kn accepts k-substitutions over Lp. A similar example can be constructed
over projective or affine spaces over F.

Remark 7.26. (An algebraic approach to adding “pseudo-random” edges) Here
we sketch an algebraic approach to expanding F-vector spaces by a binary irreflexive
symmetric relation. The graph structure itself will, in the limit, be the same as the one
obtained in the previous example when only one relation symbol R; = R is considered
and always interpreted as an irreflexive and symmetric relation. But in the algebraic
approach it is not sufficiently clear to the author how the vector space structure interacts
with the graph structure and therefore the question whether K defined below accepts
2-substitutions over the vector space language is left open.

Let F' = [F), be the finite field of order p, where p is a prime which is congruent to 1
modulo 4. As in the previous example, let L be as in Example 7.9. Every field of order
p", denoted F,n, can be viewed as a vector space over F' = [F),, and this vector space
(of dimension n), formalised as an Lp-structure, is denoted V,. Let the vocabulary of
the “graph language”, Ly, contain only one binary relation symbol R, let K3, be the set
of undirected graphs (as Lg-structures) with vertices 1,...,n and let K9 = |J, .y K7
Then let L be the language whose vocabulary is the union of the vocabularies of L
and Ly. Every V, can be expanded to an L-structure, denoted Vj, so that Vi L, is an
undirected graph, by letting Vi = R(a,b) if and only if a — b is a square in the field
Fpn; so Vi | Ly is a Paley graph. By results about Paley graphs (see Chapter 13 of [8]) it
follows that, for every extension axiom ¢ of K9, ¢ is true in Vj for all sufficiently large
n. By compactuness there is an infinite L-structure V such that V[Lp is a vector space
over F' and V[L, is an undirected graph which satisfies every extension axiom of KY.
Now we can let G,, be an n-dimensional vector space over F', viewed as an Lpg-structure,
and let K,, = K(G,,) be the set of expansions, M, to L of G,, such that M is isomorphic
with some substructure of V. We may now ask whether it is true that, for every k,
K = U, ey Kn accepts k-substitutions over Ly and/or is polynomially k-saturated. Since
VL, satisfies every extension axiom of K¢ (and possibly using more information about
Paley graphs) one may be tempted to guess that the answers are yes in both cases.
However, when dealing with the question of whether K accepts 2-substitutions over Lg
we need to understand (it seems) what graphs can appear as H = ML, where M is
a substructure of V, so in particular, M is a linearly closed subset of V. This seems to
involve deeper understanding of the interaction between the vector space structure of V),
and the multiplicative structure of Fy» for all sufficiently large n € N.
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Example 7.27. (Hypergraph and random graph on a vector space) Let F' be
a finite field and let Lr and G = {G, : n € N} be as in Example 7.9. Let L be
the language whose vocabulary consists of the symbols in the vocabulary of Ly and, in
addition, relation symbols E and R where F is binary and R is ternary. For every n € N,
let K,, = K(G,) be the set of L-structures M such that M[Lr = G, E is interpreted
as an irreflexive and symmetric relation, so we call E-relationships edges, and, for all
a,b,c € M, (a,b,c) € RM if and only if the subspace spanned by a,b and ¢ contains an
odd number of edges. We show that K = (J,,cyy Ky accepts k-substitutions for all £ € N.
As was mentioned in Remark 7.21, it suffices to show that K accepts 3-substitutions.
Let L' be the sublanguage of L in which the symbol R has been removed, but all other
symbols have been kept. Observe that, for every M € K and for all a,b,c € M, whether
M E R(a,b,c), or not, is determined by the substructure of M[L’ whose universe is
the linear span of a, b and c¢. This implies that it suffices to show that K accepts 2-
substitutions. Since the only restrictions on F is that it is interpreted as an irreflexive
and symmetric relation, it follows that in whichever way we expand G, with edges, we
get ML’ for some M € K,,. This implies that K accepts 2-substitutions.

Suppose that L* is the sublanguage of L where the symbol E has been removed, but all
other symbols have been kept, and let K* = |, K, where K, = {M[L* : M € K,, }.
It is, when writing this, not clear to the author if K* accepts 3-substitutions, or not.

Example 7.28. In this example, pairs of elements as well as elements can be coloured
and some restrictions are imposed. Suppose that, for every n, G, is a projective space
over the 2-element field and let Ly be the language of G,,. Let L D Ly contain, besides the
symbols of Ly, three unary relation symbols P, P>, Ps, three binary relation symbols
Ry, Ro, R3 and one ternary relation symbol S. We can think of the P; as colours of
elements, and the R; as colours of pairs. For every n, K, = K(G,) consists of all
expansions M of G, to L which satisfy the following conditions:

(a) For every 2-dimensional subspace X C M, if no pair (a,b) € X? is coloured, then
at least one point in X is coloured.

(b) For every two dimensional subspace X C M, if some pair (a,b) € X? is coloured,
then there are not two different points in X with the same colour (but two
different points may be uncoloured).

(c) M = S(a,b,c), then {a,b, c} is independent and if (d1, d2), (e1, e2) € claq(a, b, c),
then (dy,d2) and (e, ez) do not have the same colour (but both may be un-
coloured).

We show that K accepts 3-substitutions over Lg. Since no relation symbol has arity
greater than 3 it follows (see Remark 7.21) that K accepts k-substitutions over Lg for
every k € N.

Let A, A" be represented and assume that A[Ly = A'[Ly and that A and A’ agree on
all closed proper substructures. We must show that if M is represented and A C; M,
then there exists a represented N such that N Ly = M|Lg, NTA = A" and whenever
U Cq N, dimpy(U) < dimp(A"), and U # A’, then N U = M|U.

First suppose that dimy(A4) = 1. Let M’ = M[A> A'], according to Definition 3.11
(Since AlLg = A’[ Ly, the substitution involves only interpretations of relation symbols).
Then go through all B C,4 M’ of dimension 2; whenever we meet such B which is
forbidden we can change some binary relationships (R;, ¢ = 1,2,3), but not change
any unary relationships (P;, i = 1,2,3), and thus get a permitted substructure. When
this has been done for all 2-dimensional closed substructures, call the result M”; so
all 2-dimensional substructures of M” are permitted. Then we can just remove all S-
relationships from M” so that in the resulting structure A the interpretation of S is
empty. It now follows from the construction of N" and (a) — (c¢) that A is represented.
And whenever U C N is 1-dimensional and different from A’, then N'[U = M|U.
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Now suppose that dimpa(A) = 2. Let M’ = M[A> A’]. Then M’ and M agree
on all closed 1- or 2-dimensional subsets which are different from A’. By removing all
S-relationships from M’ we get N which is represented and such that A" and M agree on
all closed 1- or 2-dimensional subsets which are different from A’. Moreover, N' A’ = A'.

Finally, suppose that dim4(A) = 3. Both A and A’ satisfy (a) — (c) (because they
are permitted) and A and A’ agree, by assumption, on substructures of dimension 2.
Hence N' = M[A> A'] and M agree on subsets of dimension 2 and on closed subsets of
dimension 3 which are different from A’. Since A’ is represented, and hence satisfies (a)
— (), \V is represented.

The next lemma tells that the notion of ‘accepting k-substitutions over Lq’ is indeed a
generalization of the notion of ‘admitting k-substitutions’.

Lemma 7.29. Let Ly be the language with empty vocabulary and let G,, be the unique Lg-
structure with universe {1,...,my,} (with the trivial pregeometry) where lim, oo m, =
0o. Let L be any language with finite relational vocabulary. Suppose that, for every n,
K, is a set of L-structures with universe {1,...,my}; in other words, K, = K(G,,) is
a set of expansions of G, to L; and let K = |J,cyKn. For every k € N, if K admits
k-substitutions (in the sense of Definition 3.12), then K accepts k-substitutions over L.

Proof. One just checks that, under the assumptions, K does indeed accept k-substitutions
over Lg, according to Definition 7.20. U

Recall Assumptions 7.10 and Definition 7.15 (iii).

Definition 7.30. For every n € N and every L-sentence ¢,
let 6,(¢) be an abbreviation for &, ({M € K, : M = ¢}).

Theorem 7.31. Let k > 0. Suppose that (G, : n € N) is uniformly bounded, polynomially
k-saturated and that K = J, ey K(Gn) accepts k-substitutions over Lo. Then:

(i) For every (k — 1)-extension aziom ¢ of K, lim,_,oc dn(p) = 1.

(i1) K is polynomially k-saturated.

Theorem 7.32. Suppose that (G, : n € N) is uniformly bounded and polynomially k-
saturated for every k € N. Also assume that K = |J, o K(Gn) accepts k-substitutions
over Ly for every k € N. Then, for every L-sentence o, either lim, o d,(¢) = 0 or
lim,, 00 0n () = 1.

For the last theorem of this section we need a definition.

Definition 7.33. We say that K has the independent amalgamation property if
the following holds: Whenever A, By, B are represented, A C. B;, for i = 1,2, and
BN By = A, then there is a represented C such that B; C,; C for i =1, 2.

Theorem 7.34. Suppose that (G, : n € N) is uniformly bounded and polynomially k-
saturated for every k € N. Assume that, up to isomorphism, there is a unique represented
structure, with respect to K = |, ey K(Gn), with dimension 0 (a particular case of this is
when cl(0) = 0). Let k € N be minimal such that K does not accept k-substitutions over
Lo and suppose that A and A’ are represented structures (with respect to K) such that
A and A" have dimension k, agree on Lo and on closed proper substructures, K accepts
the substitution [A' > A] over Ly, but does not accept the substitution [A> A'] over L.
Then at least one of the following holds:

(i) K does not have the independent amalgamation property.
(ii) There are 8 < 1 and extension azxioms @ and ¥ such that for all sufficiently large
n, on(@AY) < B. If k> 1, then limy, 0 0p (@ A1) = 0.
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Remark 7.35. The proof of Theorem 7.34 shows that if the assumptions of the theorem
hold and one particular instance of the independent amalgamation property is satisfied,
then case (ii) holds; more information about this instance of independent amalgamation
and ¢ and ¥ is given by the proof.

The proofs of Theorems 7.31 — 7.34 are given in the next section.

Example 7.36. (Forbidden weak substructures) We will prove a dichotomy, stated
by the corollary below, which is analogous to Theorem 3.4, which was proved (using
Theorem 3.17) in Example 4.1.

Let G = (G, : n € N), where all G,, are Lg-structures, be a pregeometry which satisfies
the assumptions of Theorems 7.31 — 7.34. We also assume that G has the independent
amalgamation property (in the same sense as in Definition 7.33 if K is replaced by G).
These assumptions hold for G = G as in Example 7.9 where the members of G are
vector spaces over the finite field F', as well as for projective and affine versions of these
spaces. Let L, be a language with relational vocabulary {Ri,..., Rs}, and let L be
the language whose vocabulary is the union of the vocabularies of Ly and L. Using
Henson’s terminology in [22|, we say that an L,¢-structure M is decomposable if there
are different L,..-structures A and B such that M = AUB, AJANB = B]AN B and
for every i = 1,....s, (R)™ = (R;)* U (R;)B. Otherwise we call M indecomposable.
Suppose that F is a set of finite indecomposable L,-structures such that if A,B € F
and A # B, then A is not weakly embeddable into B. Let K,, = K(G,,) be the set of
L-structures M such that M[Ly = G, and no F € F can be weakly embedded into
M{[Lye, and let K = |J, .y Kn. Note that one of the assumptions on F implies that
every F € F is minimal in the sense that if 7’ is a proper weak substructure of F, then
F’ can be weakly embedded into M| L,; for some M € K. From the indecomposability
of the members of F it follows, in essentially the same way as the (straightforward) proofs
of Lemma 1.1 and Theorem 1.2 (i) in [22], that K has the independent amalgamation
property.

Consider the following statement:

(¥) There are F € F, a relation symbol R; and @ € (R;)” such that rng(a) is a
proper subset of F'.

Corollary to Theorems 7.31 — 7.34. (i) If (x) holds, then there are 5 < 1 and ex-
tension axioms ¢ and ¥ of K such that for all sufficiently large n, §,(e A1) < B, and if
lrng(a)| > 1, then limy, o0 0p (@ A1) = 0.

(1) If (x) does not hold, then, for every k € N, K accepts k-substitutions and is polyno-
mially k-saturated, for every extension axiom ¢ of K, limy, o dn(¢) = 1, and K has a
zero-one law with respect to the probability measures dy,.

Proof. We first prove (ii), so suppose that (%) does not hold. We only need to prove
that K accepts k-substitutions for every k, since the other claims then follow from
Theorems 7.31 and 7.32. Let A and A’ be represented structures, with respect to K,
that agree on Lg and on closed proper substructures, and suppose that A C M € K.
Moreover, suppose (for a contradiction) that N' = M[A> A'] is forbidden, so there is
F Cw N Ly such that F is isomorphic to some member of F. We may, without loss of
generality, assume that for any i, if any R;-relationship is removed from A’, giving A",
then M| A A”] is represented. Since M is represented, F' must contain some element
from |A’|. Since A’ is represenetd, F is not a weak substructure of A’'[L,¢;, so F must
also contain some element in |N|—|A’|. As F Cyp NLpeg = M[A>A][ Ly and M € K,
there is some i and R;-relationship @ € (R;)* C (R;)V such that rng(a) C |F|. But
then rng(a) is a proper subset of F', which contradicts the assumption that (x) is false
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(since we can, if necessary, remove some relationships whose range includes elements
from |F| — | A, to “uncover” F weakly embedded into N'[L;).

Now we prove (i), so suppose that (%) holds. Let F € F and a € (R;)” be such that
rng(a) is a proper subset of F' and such that the removal of the R;-relationship a produces
a structure P which is (weakly) embeddable into N'[L,¢ for some N € K. Let d = |P|,
let vy, ...,vq be a basis of G4, and let f : P — {v1,...,v4} be a bijection. Then let M be
the L-structure which is obtained by expanding Gy in such a way that f: P — ML,
becomes an embedding and if b contains an element not in {v,...,v4}, then b is not
a Rj-relationship for any j. Then M € K. To simplify notation, we may assume that
F =P ={v,...,u4}, 80 P C M. Let A = Mlcly(a) and let A" be the structure
obtained from A by adding the R;-relationsship @, but making no other changes. Then
the Lye-reduct of M[A> A’] contains a copy of F, so it is forbidden, and hence K does
not accept the substitution [A > A'] over Lo. But K accepts the substitution [A" > A]
over Lg, because its effect is only to remove a relationship and this can never create a
forbidden structure.

As mentioned before the corollary, K has the independent amalgamation property, so
by Theorem 7.34, there are 5 < 1 and extension axioms ¢ and 1 of K such that for all
sufficiently large n, d,(p A ¢) < B. Moreover, if rng(a)| > 1 then, as rng(a) C P and
P ={vy,...,v4} is a basis of M, it follows that dim(A) = dimy(a) > 1, and hence (by
Theorem 7.34) lim;, 00 0 (@ A ¥) = 0. O

Example 7.37. (I-Colourable structures, and strongly [-colourable structures)
Let F', K;,, Lye; and L be as in Example 7.22 (or as in Example 7.23) and let C,, = {M]
Ly : MeK,} and C = UneN C,,. Suppose that all relation symbols of L,.; have arity
at least 2 and let R be one which has minimal arity, which we denote by k. Assume
that | > k (or I > maximal arity if we consider strongly [-colourable structures). Since
one can not add arbitrarily many new R-relationships to a sufficiently large independent
subset of a structure M € C without finally getting forbidden structure, i.e. one that
can not be (strongly) I-coloured, one can show (but we omit the details) that C does
not accept k-substitutions over Lp. On the other hand, we can always remove an R-
relationship from a represented structure without producing a forbidden one. It follows
that there are represented structures A and A’ with dimension k which agree on Ly and
on closed proper substructures, the substitution [A'>.A] over Ly is accepted, but not the
substitution [A>.A"] over Lp. It follows from Theorem 7.34 and since k > 1 that either C
does not have the independent amalgamation property or that there are extension axioms
¢ and ¥ of C such that lim, o d,(¢ A1) = 0, where 9, is the dimension conditional
measure on C,,.

If the only symbol of the vocabulary of L, which does not belong to the vocabulary
of Ly is a binary relation symbol R and [ = 2, then, by considering a 5-cycle (which
cannot be 2-coloured), it is easy to see that C does not have the independent amalga-
mation property, since that would force a 5-cycle into some member of C. It is also
straightforward to see, by considering 5-cycles and 3-cycles, that if an L,¢-structure M
satisfies all 3-extension axioms of C, then it is not 2-colourable. In Sections 9-10 we
will see that, nevertheless, for ' = {1}, i.e. the trivial underlying pregeometry, and any
L,¢ as in the beginning of the example, C has a zero-one law for §,, as well as for the
uniform probability measure. (The corresponding statement for a finite field F', giving a
nontrivial underlying pregeometry, remains open.)

8. PROOFS OF THEOREMS 7.31, 7.32 AND 7.34

Remember that Theorems 7.31 — 7.34 take place within the setting of Assumptions 7.3
and 7.10. Therefore Assumptions 7.3 and 7.10 are active throughout this section.
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8.1. Proof of Theorem 7.31. We are assuming that G = {G, : n € N} is a set of
Lo-structures and that G is a pregeometry. Let & > 0. Suppose that (G, : n € N)
is polynomially k-saturated and that K = J, oy Kn, where K,, = K(G,), accepts k-
substitutions over Lg. This means that there exists a sequence of numbers (A, : n € N)
such that lim, o A\, = 00 and a polynomial P(z) such that for every n € N:

(a) A\p < |Gp| < P(Ay), and

(b) whenever A and B are represented, A C. B and dimp(A) + 1 = dimg(B) < k,

then the B/ A-multiplicity of G, is at least \,,.

We must prove the following:

(i) For every (k — 1)-extension axiom ¢ of K, lim,,_,o ,(p) = 1.

(ii) K polynomially k-saturated.
Part (i) will be reduced to the problem of proving that the d,-probability that M € K,
is sufficiently saturated, in the sense of Definition 8.1 below, tends to 1 as n tends to
infinity.

Recall, from Definition 7.15 (i), that p is the supremum of the arities of all relation
symbols that belong to the vocabulary of L, but not to the vocabulary of Lg. From
Assumptions 7.3 and 7.10, Definition 7.12 and Remark 7.13 it follows that whenever
d,n € Nand M € K, |d, then cly coincides with clg, which is the same as clyz,, since
MLy = G,. Also, if d > p, then for every M € K, M[d = M.

In this proof, and the proofs of Theorems 7.32 and 7.34, we often work with K [ d,
for some d € N, and consider structures which are represented, permitted, or forbidden,
with respect to K[d. Recall, from Definition 7.15 (iii), that §, is an abbreviation for PP, ,.
Essentially, the next definition just repeats point (2) from Definition 7.8 in the case of
K|d (instead of K), but it will be convenient to use the terminology defined below.

Definition 8.1. (i) Let d,m € N and M € K|d. We say that M is (m, k)-saturated
with respect to K|d if the following holds:

Whenever A and B are represented with respect to K|d, A Cy B and dimp(A) +
1 = dimp(B) < k, then the B/A-multiplicity of M is at least m.

(i) Since M[p = M for every M € K, we say that M € K is (m, k)-saturated with
respect to K if M is (m, k)-saturated with respect to K/p.

Definition 8.2. For r € N we inductively we define functions 0" : N — N. Let 0%(z) =
for all z € N. Let o"+!(2) = |\/o"(z)] for all x € N.

Note that for every r € N, lim,,_,o, 0" (n) = co. By assumption, lim,,_,o, A, = 00, so for
every 7 € N, lim,,_,o, 0"(\,) = 00; this will be used later.
Let ¢ be a (k — 1)-extension axiom. In order to prove (i) we need to show that

(1) nh_}ngoén({/\/l ceK,: MEy})=1

By assumption, ¢ is the B/A-extension axiom for some A C B C M such that M is
represented with respect to K = K[p, both A and B are closed in M and dimp(B) < k;
in particular dimg(A) < dimpg(B). Then, letting | = dimg(B) — dimp(A), there are
closed substructures By,...,B; of M such that A = By € By C ... C B, = B and
dimp(B;) + 1 = dimp(B;41) for i = 0,...,1 — 1. By Assumption 7.10 (4), every B; is
represented. Asnoted above, lim,, o, 0¥()\,) = 0o. We now show that if AV is represented
with respect to K and (0*(\,), k)-saturated, then V' |= ¢. Suppose that A has these
properties. It follows (from Definition 8.1) that, for every i = 0,...,0 — 1, the B;+1/B;-
multiplicity of A is at least o*()\,,) where o*(),,) > 1 for all large enough n. So if By = A
and B Cq N, then there are B} Cq N such that B, = B; and B,_; C B, fori=1,...,1.
In particular, By C B; = B and since B was an arbitrary closed copy of A in NV it follows
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that N satisfies the B/A-extension axiom, i.e. N = ¢. Thus we have shown that in
order to prove (1) it is sufficient to show that

(2) ILm (M e K, : M is (% (\,), k)-saturated with respect to K}) =1
For n € N, let

X, ={MeK,: Mis (6"(\,), k)-saturated with respect to K},
and for n,r € N let
Xpr={MeK,[r: Mis (c"(\,), k)-saturated with respect to K|r}.

By Lemma 8.3 below, in order to prove (2) it is sufficient to prove that
(3) Jim P (X ) = 1,

Lemma 8.3. For every n € N, 6,(X;) =P, ,(X;) =P (X 1)

For the proof of Lemma 8.3 we need the following:

Lemma 8.4. Let i € N. For every M € K, M is (i, k)-saturated with respect to K if
and only if Mk is (i,k)-saturated with respect to K[k.

Proof. Observe that for every M € K and every A C M with dimp(A) < k the following
holds: for any relation symbol R, of arity r, say, and every b € A",

be RM «— b e RMIk,

In other words, M and M Tk agree on all subsets A of dimension at most k. It follows, in
particular, that for every L-structure A such that A[Ly € G and AJLgy has dimension at
most k, A is represented with respect to K if and only if A is represented with respect to
K[k. The lemma is now an immediate consequence of the definition of (i, k)-saturation.
O

Proof of Lemma 8.5. Recall that p is the supremum of the arities of relation symbols
which belong to the vocabulary of L but not to the vocabulary of Lg. First suppose that
p < k. Let

Y,={NeK,k: M C, N for some M € X, }.

By Lemma 6.5, P, ,(X,,) = P, x(Y,). But p < k implies that, for every M € K,
Mk = M[p= M. Hence, X, , = X;, = Yy, 50 6,(Xy) = Pp p(Xy) = P (X t)-
Now suppose that k < p. From Lemma 8.4 it follows that

X, ={NeK,lp: M C, N for some M € X,, 1.}
By Lemma 6.5, P (X k) = Prp(Xn) = 60(Xo). O

Thus, it remains to prove (3), i.e. that lim, o Py (X, 5) = 1. This will be done by
proving, by induction on r, that for every r = 0,...,k, limy 00 Pp»(X;) = 1. In
Definition 3.11 the notion of a substitution M[A > B] of A for B inside M was defined.
There it was assumed that the vocabulary of L is relational. However, eventual function
or constant symbols in the vocabulary of L already belong to the vocabulary of Lo C L,
and, in what follows, we only consider substitutions when 4 and B agree on Ly and
on proper closed substructures (in the sense of Terminology 7.19). So in this context,
substitutions M[A® B], according to Definition 3.11, make sense; and we will use them.

Lemma 8.5. Let 0 <r < k, M € K, [r+1 and suppose that A Coy M and dimp(A) =
r+1. Also assume that B is a represented structure with respect to K[r + 1 such that B
and A agree on Lo and on closed proper substructures. Then M[A> B] € K, [r + 1.
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Proof. Let r, M, A and B satisfy the assumptions of the lemma, so in particular
ALy = B[Lg. Note that since A and B have dimension r + 1 it follows that A, B € K,
because for every C € K with dimension at most » + 1 we have C[r +1 = C. By
assumption, A and B agree on L and on closed proper substructures. The assumption
that K accepts k-substitutions over Ly implies that there exists N' € K,, such that
N|Ly = MLy, NIB = B and for every U C, N such that dimy(U) < r + 1 and
U # B, we have N'|U = M|U. In particular, N U = M|U for every U with dimension
at most r.

Since N'[r +1 € K,,[r + 1 it suffices to show that M[A>B] = N|r + 1. For this it is
enough to show that for every closed substructure C C., M[A> B] with dimension r+ 1,

(+) NIC =c.

Suppose that C C, M[A>B]. If C = B then, by the choice of N/, we have N'[C = N|
B = B. If C # B then, by the choice of N, we have N|C = M|C = C, where the last
identity follows because M = M|[r+ 1 and C has dimension r + 1; thus (%) also holds in
case when C # B. a

Lemma 8.6. Let 0 < r < k, M € K,[r + 1 and suppose that A Cy M and r <
dimag(A) < k. Also assume that B is a represented structure with respect to K|r + 1
such that B]Lg = A[Lg and for every closed U C A = B with dimension r, AJU = B|U.
Then M[AvB) € K, |r + 1.

Proof. Let r, M, A and B satisfy the assumptions of the lemma. By definition of
K|r + 1, for every N € K|r + 1 and every relation symbol R which does not belong to
the vocabulary of Ly, there is no R-relationship a € RV with dimension greater than r+1.
Consequently, the structure M| A B] can be created by a finite number of substitutions
of the kind considered in Lemma 8.5. More precisely: There are Ny,...,Ns € K,|r +1
and Cy, ..., Cos which dimension r + 1 such that

M =Ny, M[A>B] = N,
M+1 = ./\/’Z[CQZ DCQZ'+1], for i = 1, .o, S, and
Co; and Co;41 agree on Lg and on closed proper substructures.

By Lemma 8.5, N; € K,,[r + 1, for i = 0,...,s, so we are done. O

Lemma 8.7. If 0 < r < k then for every M € K,,[r there is M" € K, |r + 1 such that
M'r =M.

Proof. If M € K, |r then M = N|r for some N' € K,,. Take M’ = N|r + 1. Then
M eK,|r+1and M'|r =N|r =M. O

Lemma 8.8. For every n and every M € K, [0, M is ()\n,k) -saturated.

Proof. First observe that from Definition 7.12 it follows that whenever M is permitted
(or, equivalently, in the present context, represented) with respect to K0, then M
is an expansion of M[Ly (& G, for some n) obtained by possibly adding some new
relationship(s) involving only elements in cly((0); and whenever A C.; M then cly (@) C
A

Let M € K,,]0 and let A C, B be permitted structures with respect to K0 such
that dimp(A) + 1 = dimg(B) < k. Suppose that A" C; M is a copy of A and that
7: A" — Ais an isomorphism. We must show that there are B, C.; M and isomorphisms
7 B — B, fori=1,..., A, such that A" C, B}, ;A" = 7 and B; N B} = A’ whenever
i # 7. As noted in the beginning of the proof, every relationship of B (or of M) which
involves some element(s) from B — A (or from M — A’} is an R-relationship for some
relation symbol R of Lg. Observe that 7: A’ — A can also be viewed as an isomorphism
from A'|Lg to A[Lg. By (b) in the beginning of the proof of Theorem 7.31, there are
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B; Cq M[Ly = G, and isomorphisms 7; : B; — B[Lg, for ¢ = 1,...,\,, such that
ALy Cg B, 7i|A" = 7 and B; N B; = A’ whenever ¢ # j. For i = 1,...,\,, let
B, C M be such that B.[Ly = B;. Then A’ C B] for each ¢, and since, as observed
above, every relationship which involves some element(s) from M — A’ or from B — A,
is an R-relationship for some relation symbol R of Ly, it follows that every 7; is in fact
an isomorphism from B; to B. O

Lemma 8.9. Suppose that 0 < r < k. For every real € > 0 there is n. € N such that if
n>ne, M eKylris (6"(\n), k)-saturated and

E (M) ={NeK,lr+1:N|r=M},
then the proportion of N € E,1(M) which are (UT‘H()\n), k) -saturated 1s at least 1 — €.

Proof. Let 0 < r < k. We are assuming that {G, : n € N} is a uniformly bounded
pregeometry. Hence there is o € N such that if A is permitted with respect to K[r + 1
and has dimension at most k, then |A| < «. Suppose that M € K, |r is (UT()\n),k)—
saturated and let B, (M) = {N € K,|r +1: N|r = M}. We start by proving that,
with the uniform probability measure on E,;1(M), the probability that a randomly
chosen N € E, (M) is (UT+1()\n), k)—saturated approaches 1 as n tends to co. We do
this by finding an upper bound (depending on n) for the probability that a randomly
chosen N € E, 1 (M) is not (6"!(\y,), k)-saturated; and then observe that this upper
bound approaches 0 as n tends to infinity. Finally we note that the argument does not
depend on which (o7(\y,), k)-saturated M € K, |r we consider; so given € > 0 there is
ne which such that for every n > n. and every (J’"(/\n), k)—saturated M € K, [r, the
proportion of N € E,41(M) which are not (¢""1(\,), k)-saturated is at most e.

Let N € E,11(M) and let A C B be represented structures with respect to K|r + 1
such that dimg(A) + 1 = dimg(B) < k. Suppose that A" Cy N is a copy of A and
that 7 : A’ — A is an isomorphism. Let I, = [\/0"(\,)] = 0" "1(\,). First we find an
upper bound for the probability that there does not exist B; C,4 N and isomorphisms
7 B; — B, fori=1,...,1l,, such that A" C B;, ;] A’ = 7, and B; N Bj = A’ whenever
i# .

Let I}, = 0"(\y). Since M is (6" (An), k)-saturated there are B Cyq M, i=1,...,1;,
and isomorphisms 7; : B;” — BJr, such that A'lr Cy B;, i[A' =7 and B, N B, = A’
whenever ¢ # j. Let 8 be the number of represented structures with respect K[r 4+ 1
with universe included in {1,...,a}. Lemma 8.6 implies that the probability that the
map 7; : B; — B is an isomorphism from NB; to B is at least 1/3, independently
of whether this holds for j # i. Let s be a natural number such that 0 < s < I,,. The
probability that for every i € {sl, +1i,...,(s+1)l,}, 7 : B; — B is not an isomorphism

from N'TB; to B is at most

(1-1/8)".
Let m,, = |G| = |N|. By (a) A\, <m,, < P(\,) for all n € N, where P is a polynomial.
Since, by assumption, lim, . A\, = 00, we have lim,,_ o, m, = 0o0. From the definition
of I, as I, = 0" "1(\,) and the definition of ¢"*! it follows that there is a polynomial Q
such that m, < Q(l,,). The number of ways in which we can choose A, B, A" and s as

above is not larger than
B2 “(mp)® b, < BQ (Qn))" - 1.
Moreover, for every choice of such A, B, A" and s, there exist, fori = 1,...,1},, B, Cq M

’ YN

and isomorphisms 7; : By — B, with the properties described above. So if N is not
(6" (An), k)-saturated, then there exist A, B, A, By, 7, for i = 1,...,l/,, and s as

R s bns
above such that for every ¢ € {sl, + 1,...,(s + 1)l,,}, 7 is not an isomorphism from
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NIB; to B. Hence, the probability that a randomly chosen N € E, (M) is not
(0"t (A\n), k)-saturated does not exceed

fu= B2 QU™ -1 (1= 1/8)"™.

Since A, — 00 as n — 0o we also have [, — oo as n — oo. Because 8% - (Q(l,))* -1, is a
polynomial in [, it follows that f, — 0 as n — oc.

Observe that the same expression for f, works for every (UT()\n), k)—saturated M e
K, [r. So for every € > 0 there is n. such that for every n > n. and every (O'T()\n), k:)—
saturated M € K, |r, the proportion of N' € E,;1(M) which are (J’"“()\n), k)—saturated
is at least 1 —e. O

Recall that, for r =0,1,... )k,

Xpr={MeK,[r: Mis (¢"(\,), k)-saturated}.

From Lemma 8.9 we can easily derive the following:

Lemma 8.10. For everyr =0,1,...,k—1 and all sufficiently large n (take 0 < e < 1/2,
ne and n > ne so that the conclusion of Lemma 8.9 holds),

Xn,?“ g {Nr?“ ZN € X?L,T-ﬁ-l}-

Proof. Suppose that M € X, ., so M is (JT(/\n), k)—saturated. By Lemma 8.9, for all
sufficiently large n, E, 41 (M) will contain a stucture A" which is (6" (), k)-saturated;
hence N € X,, 41 and N |r = M. O

Now we can finish the proof of part (i) of Theorem 7.31 by proving (3), in other words,
that lim, oo P x(Xpnx) = 1. Let € > 0. Choose ¢ > 0 so that (1 — ek >1—e.
By Lemma 8.9, we can choose n. such that if 0 < r <k, n > nys and M € K, [r is
(67(An), k)-saturated, then the proportion of N € E, (M) which are (" (\), k)-
saturated is at least 1 —&’. By induction we show that, for r =0,1,...,k and n > n.,

Ppr(Xpyr) > (1—€) >1—c¢.

The base case » = 0 is given by Lemma 8.8, so assume that 0 < r < k and that
Ppro1(Xnr—1) > (1 — €)1 Let My,..., M4 be an enumeration, without repetition,
of X, ,. Then let M/, ..., M} be an enumeration, without repetition, of the set {M;]
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r—1,..., Mgr — 1}. By the definition of P, ,, the following holds for every n > n.:

Pn,r(Xn,r) — Pn,r({Mla s aMS}) = an,r(Mz)
i=1

- 1
:Z H/\/‘eKn[r:./\/'[r_l :Mifr—l}‘ P (Mr —1)

i=1

LN € Xyt N — 1= MY}

— ; H/\[ EK,lr:Nr—1= ./\/l;}‘ P 1 (M)
¢

N eX, N -1 =M} /

B ; ‘ET(M;)’ . Pn”’_l(Mi)

t
> (1-¢) ZPnJ«,l(M;) (by the choice of n./)
i=1

=1 =Py ({Mh,. ., ML)

)

>(1—Prr—1(Xnr-1) (by Lemma 8.10)
>(1-1-e)Yt=0-¢) (by the induction hypothesis).

Thus (3) is proved, and hence also part (i) of Theorem 7.31.

Now we prove part (ii) of Theorem 7.31. Note that we have proved (2) above, because
(3) together with Lemma 8.3 implies (2). By (2), there are, for all n € N, M,, € K,,
such that M, is (6%(\,), k)-saturated. Let pn, = o®(\n), s0 My, is (g, k)-saturated,
where lim,, ;o0 ftn, = 00. From (a) and the definition of o* it follows that there is a
polynomial @ such that u, < |M,| < Q(u,) for all n. Since M,, is (un, k)-saturated,
the following holds: If A C B are represented structures such that dimg(B) < k, then
the B/A-multiplicity of M,, is at least p,. From Assumption 7.10 (4), it follows that
the sequence (M,, : n € N) is polynomially k-saturated; and hence K is polynomially
k-saturated. This concludes the proof of part (ii), and hence of Theorem 7.31.

8.2. Proof of Theorem 7.32. We still assume that, for every &k > 0, (G, : n € N)
is polynomially k-saturated and K = |J,cnyKn, where K, = K(G,) , accepts k-
substitutions over Ly. We want to prove that for every L-sentence ¢, either lim, oo 9y, (¢)
0 or limy, o 0n(¢) = 1. The general idea of the proof follows a well-known pattern: we
collect into a theory Tk all extension axioms of K together with sentences which ex-
press the pregeometry conditions and describe the possible isomorphism types of closed
substructures of members of K. By part (i) of Theorem 7.31, Tk is consistent. Then
we show that Tk is complete by showing that it is countably categorical. From the
completeness, it follows that for every L-sentence ¢, either Tk = ¢ or Tk = —p. In the
first case there is finite A C Tk such that A |= ¢ and in the second case there is finite
A" C Tk such that A’ = —¢. In the first case part (i) of Theorem 7.31 implies that

li_}rn (M e K, : M = A}) =1,

and therefore lim, o d,(¢) = 1. In the second case we get, in a similar way, that
limy, 00 0n () = 1, s0 limy, 00 9y, () = 0.

Now to the details. We are assuming that G = {G,, : n € N} is a pregeometry where
the closure operator of every member of G is defined by the Lo-formulas 6,,(z1, ..., Znt1),
n € N, according to Definition 7.1 and Assumption 7.10. In other words, for all m,n
and all a1,...,an11 C Gy,

(4) an+1 € clg,, (a1, ...,ay) if and only if G, = 0(a1, ..., ant1).
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Also (by Assumption 7.10), for every m and every M € K,,, = K(G,,), cly coincides with
clg,,. Moreover, the pregeometry G is assumed to be uniformly locally finite, so there
is u : N — N such that for every M € K and every X C M, |clp(X)| < u(dimpag(X)).
We may also assume that for every k& € N the value u(k) is minimal so that this holds.

By the finiteness property, for a pregeometry (A, cl), we mean the property that for
alla e Aand X C A, a € cl(X) if and ounly if a € cl(Y) for some finite Y C X. Besides
the finiteness property, all other properties of a pregeometry can, when (4) holds, be
expressed for finite subsets of A by using the formulas 6,,(x1,...,2n41), n € N. Let Tpeq
be the set of sentences which express all properties of a pregeometry (for finite subsets)
except the finiteness property. Then every M € K is a model of Te4.

Note that, for every M € K and all a4, ...,a, € M, the statement “{ai,...,a,} is a
closed set (in M)” is uniformly expressed by the first-order formula

n
_‘E|$n+1( /\ Tpt1 7 x; N Op(T1,... 7$n+1))7
i=1
which we denote by v, (x1,...,x,). For every positive m € N, let s(m) be the the number
of nonisomorphic structures of cardinality at most m which occur as closed substructures
of members of K, and let My, 1,. .., My, ) be an enumeration of all isomorphism types
of such structures. For 1 <i < s(m), let xp i(21,...,2m) describe the isomorphism type
of M, ; in such a way that we require that all variables z1, ..., z,, actually occur in X, ;.
It means that if | M,, ;]| < m, then xpmi(x1,...,Zy) must express that some variables
refer to the same element, by saying ‘z; = z;” for some k # [. For every k € N let vy,
denote the sentence
s(u(k))
Vl’l, ceey $k3$k+1, ceey xu(k) (’yu(k) (.Q?l, cee ,:Bu(k)) A \/ \/Xu(k)7i(x7r(1), ce 7m7r(u(k))))v
=1
where the second disjunction ranges over all permutations 7 of {1,...,u(k)}. If k=0
and u(k) > 0, then the universal quantifiers do not occur so ¢y is an existential formula.
If w(0) = 0, then, by convention, 1 is Vz(x = z). If u(k) = k, then the existential
quantifiers do not occur and ) is a universal formula. Note that for every k£ € N and
every M € K, M = . Let Tjso = {tr : k € N} so every M € K is a model of Tjs,.
Finally, let T, consist (exactly) of all extension axioms of K and let

Tk = Tpreg UTiso U Text-

By Theorem 7.31 and compactness, Tk is consistent. Note that every model of Tk is
infinite, because we assume that (G, : n € N) is polynomially k-saturated (for every
k > 0), which implies that for some sequence (A, : n € N) which tends to infinity as
n — oo, G, contains at least A, different elements.

Lemma 8.11. Suppose that M = Tk and define clpg as follows:

(a) for all n € N and all ay,...,an11 € M, apt1 € clp(ar,... an) <= M |
On(ai,...,ans1).

(b) for all X C M and all a € M, a € cly(X) < for some finite Y C X,
aEClM(Y),

Then (M, clpy) is a pregeometry such that for every finite X C M, |clp(X)| < u(dimpy(X)).

Proof. Suppose that M = Tk. Since Tpreqg C Tk, it follows from part (a) that clyy
satisfies all properties of a pregeometry on finite subsets of M. But (b) guarantees that
clpq has the finiteness property, and then all other properties follow for all subsets of
M. So (M,clpq) is a pregeometry. Since Tjs, C Tk it follows that, for every X C M,
el (X)] < u(dimp(X)). O
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To complete the proof of Theorem 7.32 we only need to prove:

Lemma 8.12. Tx is countably categorical and hence complete.

Proof. Let M and N be countable models of Tx. We show that M = N, by a back-
and-forth argument. By symmetry it is sufficient to show the following:

Suppose that A is a closed finite substructure of M (or A = (), that B is a closed
finite substructure of N (or B = (), that f : A — B is an isomorphism (if A and
B are nonempty) and that a € M — A. Then there are a closed B/ C M such
that B C B’ and an isomorphism ¢ : cly(A U {a}) — B’ which extends f.

So suppose that A is a closed finite substructure of M, that B is a closed finite substruc-
ture of \/, that f : A — B is an isomorphism and that a € M —A. Since M | Tk D Tso,
A, B and clp(A U {a}) are isomorphic with closed substructures of members of K.
Since N = T D Tey, it follows that N satisfies the cly(A U {a})/A-extension ax-
iom, and as B = A there is a closed B C N such that B C B’ and an isomorphism
g : clym(AU{a}) — B’ which extends f. Recall the convention that for every structure P
which is isomorphic with a closed substructure of a member of K, the statement “there
exists a closed copy of P” is an extension axiom, called the P/{)-extension axiom; this
takes care of the case A = B = (). O

8.3. Proof of Theorem 7.34. Let G = {G,, : n € N} be a set of Lg-structures which
form a uniformly bounded pregeometry, and suppose that (G, : n € N) is polynomially k-
saturated for every k € N. Assume that there is, up to isomorphism, a unique represented
structure with dimension 0; hence K accepts 0-substitutions over Lg. Suppose that k is
minimal such that K does not accept k-substitutions over Lg; hence £ > 0 and K accepts
(k — 1)-substitutions over Lj. Moreover assume that there are represented structures,
with respect to K, A and A’ such that

e A and A’ have dimension k,

e A and A’ agree on Ly and on closed proper substructures,
e K accepts the substitution [A' > A] over Lo, but

e K does not accept the substitution [A> .A"] over Ly.

Let p be the supremum of the arities of all relation symbols which belong to the vocab-
ulary of L but not to the vocabulary of Lg. By Remark 7.21, 0 < k£ < p.

In order to prove Theorem 7.34, we assume that K has the independent amalgamation
property and show that there are extension axioms ¢ and 1 such that lim,,_ 6, (pAY) =
0. We start with the following, which is straightforward to verify:

Observation 8.13. For every L-structure M and d € N, M is represented with respect
to K[d if and only if there is M’ such that M’ is represented with respect to K and
M= M'|d.

Note that the notion of ‘acceptance of [-substitutions over L¢’, which was defined for
K, can equally well be defined for K[r for any r; the only difference is that the notion
‘represented’ is in this case with respect to K|r. By assumption, K accepts (k — 1)-
substitutions over Lg. From Observation 8.13 it follows that K[(k — 1) accepts (k — 1)-
substitutions over Lg. Note that for every M € KJk — 1 and every relation symbol
R in the vocabulary of L but not in the vocabulary of Ly, M does not have any R-
relationship with dimension greater than £ — 1. From this and the assumption that K
accepts (k — 1)-substitutions over Lg it follows that

(5) K[(k — 1) accepts l-substitutions over Lo for every ! € N.

By assumption, K accepts the substitution [A’ > A], and by Observation 8.13 it follows
that K[k accepts the substitution [A" > A.
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Since A and A’ agree on Ly it makes sense to speak about the substitution M[A>A'] if
A Cy M, or M[A>A]if A' C; M, as was explained in the paragraph before Lemma 8.5.
Since A and A’ have dimension k and K accepts the substitution [A’ > A] over Lo, it
follows that if M is represented with respect to K[k, and A’ C,; M, then M[A > A] is
represented with respect to K|k. In other words, K[k admits the substitution [A’' > Al.
By assumption, K does not accept the substitution [A > A’]. Therefore we can argue
similarly as we just did for the substitution [A>A’] to conclude that there is P such that
P is represented with respect to K[k, A Cy P and P[A> A’ is forbidden with respect
to KJk.

Since the core of the argument (the proof of Lemma 8.16 below) is an adaptation of
the proof of Theorem 3.17 to the present context, we introduce the same notation as
in Section 5. We rename A and A’ with Sp and Sz, so in particular Sp and S have
dimension k. As concluded above, K|k admits the substitution [Sz > Sp], in the sense
that whenever M is represented with respect to K[k, then M[Sr > Sp] is represented
with respect to K[k. Moreover, there is P such that P is represented with respect to
K|k, Sp Cyq P and F = P[Sp > Sx] is forbidden with respect to K[k. This implies that
the dimension of P is strictly larger than the dimension of Sp which is k.

By Observation 8.13, there is P which is represented with respect to K and such
that ﬁ[k = P. We are assuming that K has the independent amalgamation property.
Hence, there are a represented C, with respect to K, and embeddings 7; : P — C, for
i = 1,2, such that 7 [|Sp| = 7[|Sp| and ]Sp| = 7'1(\73\) N 72(|P|); so in particular
Sp Cy C. By replacing C with the closure of 71(|P|) U7y(|P|) in C, we may assume that
dime(|C|) = 2dimp(|P|) — dimg, (|Sp|) = 2dimp(|P|) — k. Let ¢ = dime(|C|). Since
dimp(|P|) > k > 0 (as noted above), we have ¢ > dimp(|P|) > k > 0, so ¢ > 3.

If £k = 1 then let U be the unique closed proper substructure of Sr with dimension
0. If £ > 1 then let U be any closed proper substructure of S with dimension 1. In
both cases U is represented with respect to K, with respect to K[k, and with respect to
Kk —1.

Let ¢ denote the Sx/U-extension axiom and let ¥ denote the C/Sp-extension axiom.
We prove that lim, o 0,(@ A1p) = 0. Let C' = Clk, so C’ is represented with respect
to KTk, and note that since the dimension of Sp and of Sr is kK and U Cy4 Sr we
have Uk = U, Splk = Sp and Srlk = Sr. The next lemma shows that instead of
working with K, ¢ and ¢ we can work with K[k, the Sr/U-extension axiom and the
C' /Sp-extension axiom.

Lemma 8.14. Let p be the probability, with the measure 6y, that a structure in K,
satisfies both the Sr/U-extension aziom ( = ¢) and the C/Sp-extension axiom ( = 1)).
Let q be the probability, with the measure Py, 1, that a structure in K, [k satisfies both the
Sr/U-extension aziom and the C'/Sp-extension axiom. Then p < q.

Proof. Recall that £ < p. By the definitions of IP,, ;, and J,,, for every M € K, [k,
Pp k(M) =6, ({N € Ky, : Nk = M}).

As mentioned above, Splk = Sp and Szlk = Sr. So whenever N € K,, satisfies the
Sr/U-extension axiom, then N[k satisfies the Sr/U-extension axiom. And whenever
N € K, satisfies the C/Sp-extension axiom, then Nk satisfies the C'/Sp-extension ax-
iom. Therefore p cannot exceed q. O

By Lemma 8.14 it suffices to prove that

(6) there is 8 < 1 such that for all sufficiently large n the probability, with the mea-
sure IP,, ,, that a structure in K, [k satisfies both the Sz /U-extension axiom and
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the C'/Sp-extension axiom does not exceed f; and if k > 1, then this probability
tends to 0 as n — oo.

The claim (6) follows from the next two lemmas and the definition of the measures Py, ,,
r € N. Remember that ¢ is the dimension of C (and of C’).

Lemma 8.15. The probability, with the measure P, 1, that a structure in K,k —1 s
(0¢(A\n), ¢)-saturated, with respect to K[k — 1, tends to 1 as n — oo.

Lemma 8.16. Let « be the number of represented structures with universe |Sx|. Suppose
that M € K, [k — 1 is (6°(\n), ¢)-saturated with respect to K[k — 1 and let

Ex(M)={N eKlk: Nk —1=M}.

(i) The proportion of structures in Ei(M) which satisfy both the Sr/U-extension aziom
and the C'/|Sp-extension axiom never exceeds 1 —1/(1 + ).

(ii) If k > 1 then the proportion of structures in Ex(M) which satisfy both the Sr/U-
extension aziom and the C' /Sp-eztension aziom never exceeds o | Sx|| /o¢(\y). Note that
this expression does not depend on M and approaches 0 as n — oo.

Proof of Lemma 8.15 Note that when saying that K[k — 1 accepts r-substitutions over
Ly we only consider substitutions of the form [A> A’] where A and A’ are represented
with respect to K[k — 1.

Let K}, = K, [k — 1 and K’ = K[k — 1. Let P}, ; be the uniform measure on K, [0
(= K,[0) and for positive € N, let P}, be the (KJ,[0,...,K; [r — 1)-conditional
measure on K/ [r. Observe that we have the following:

For r <k —1, K}, |7 = K, |r and P}, . coincides with P,
Forr >k —1, K}, |r = K], = K, [k — 1 and P, coincides with P}, ;
As ¢ > k — 1, we in particular have
K lc=K, =K,k—1
and ]P"mc coincides with IP);L7,€,1 which in turn coincides with P, 5.

So P}, . and P, are the same measure on K/, [c = K[k — 1. Thus, in order to

prove Lemma 8.15 it suffices to show that the probability, with the measure IP;L,C, that a
structure in K/ ¢ is (0¢(\y,), ¢)-saturated, with respect to K'[¢, tends to 1 as n — oo.

If, for n,r € N, we let

X, ={MeK|r: Mis (6" (\n), c)-saturated},
then the claim of Lemma 8.15 is that
@ Jim B (%) = 1
By assumption, (G, : n € N) is polynomially c-saturated, and, as mentioned in the be-
ginning of the proof, K’ (= K|k — 1) accepts r-substitutions over Lg for every r € N,
so in particular for r = ¢. In other words, K’ satisfies the same assumptions, with re-
spect to (G : n € N) and Lo, as K did in the proof of Theorem 7.31, and P, . is the
(K/,10,...,K! [r — 1)-conditional measure on K/ |r, where K/,[0 = K,,[0. Therefore,
the statement of (7) (and its underlying assumptions) is the same as the statement of (3)
(and its underlying assumptions) if we replace K, P, ; and X, 3, by K', P}, . and X, .,
respectively. Hence, (7) is proved in exactly the same way as (3), by just replacing K,
P, and X, with K', P, . and X}, ., respectively, for n,r € N. O
Proof of Lemma 8.16. Suppose that M € K, [k—11is (6°(\,), ¢)-saturated, with respect
to K[k — 1, and let

E;(M)={N eKk: Nk —-1=M]}.
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Let v be the number of represented structures, with respect to K[k, with universe |Sp]|.
It suffices to show that the proportion of structures in Ex(M) which satisfy both the
Sr/U-extension axiom and the C'/Sp-extension axiom does not exceed 1 — 1/(1 + «);
and if £ > 1 then this proportion approaches 0 as n — oco. We will consider the cases
k=0 and k£ > 0 one by one.

First assume that £ = 1. Then, by the choice of U, U has dimension 0 and is repre-
sented, since it is a closed substructure of a represented structure. By assumption there
is a unique, up to isomorphism, represented structure of dimension 0. Hence, every rep-
resented structure (with respect to K, K[k or K[k — 1) contains a copy of U. Therefore
every M € K[k which satisfies the Sr/U-extension axiom contains a copy of Sr. Note
that if N € K|k satisfies the C’' /Sp-extension axiom, then the P/Sp-multiplicity of N is
at least 2. Now we can argue as in Section 5. More precisely, the proofs of Lemmas 5.2,
5.4 and 5.6 as well as the proof of part (i) of Theorem 3.17 carry over to the present
context if we have the following in mind: The structures Sp, S, P and F play the same
roles in the present context as in Section 5; in the present context ‘closed substructures’
play the role of ‘substructures’ in Section 5; dimension plays the role here that cardinality
had in that section; and Ex(M) plays the role here that ‘K,’ had in that section. In
this way we can conclude that the proportion of NV € Ej(M) which contain a copy of
Sr and satisfy the C'/Sp-extension axiom never exceeds 1 — 1/(1 + «).

Now suppose that & > 1. Again, the reasoning from Section 5 carries over to the
present context. Since we assume k > 1, U has dimension 1 and U C, Sr. As noted
earlier, ¢ > k > 1. Since M is (0¢(\y), ¢)-saturated, with respect to K[k — 1, M
contains at least 0¢(\,,) distinct copies of Y. Since M and every N € E,(M) agree on all
substructures of dimension at most k —1 > 1, it follows that every N' € Ex(M) contains
at least 0¢(\,,) distinct copies of Y. Suppose that N € E(M) satisfies both the Sr/U-
extension axiom and the C'/Sp-extension axiom. First we notice that the satisfaction
of the Sr/U-extension axiom implies that N contains at least o°(\,)/ [|S#| distinct
copies of S (the copies may partially overlap, but this poses no problem). Secondly, the
satisfaction of the C’/Sp-extension axiom implies that the P/Sp-multiplicity of A is at
least 2.

As in the previous case (when k = 1) the proofs of lemmas 5.2, 5.4 and 5.6 carry
over — with the already mentioned provisos — to this context. But we are now able
to continue the argument similarly as in the proof of part (iii) of Theorem 3.17. The
number o¢(\y,) plays the same role here as the number ‘m,,” did in the proof of part (iii) of
Theorem 3.17. In a similar way as in that proof we can now derive that ‘a [|Sz|| /o¢(An)’
(instead of ‘ka/m,,” as in the proof of part (iii) of Theorem 3.17) is an upper bound for
the proportion of V' € Ei(M) such that N satisfies the Sy /U-extension axiom and the
P /Sp-multiplicity of N is at least 2. O

9. RANDOM [-COLOURABLE STRUCTURES

In this section and the next we consider [-colourable, as well as strongly [-colourable,
relational structures and zero-one laws for these, with the uniform probability measure
and with a measure which is derived from the dimension conditional measure with trivial
underlying pregeometry. In all cases we have a zero-one law, and we get the same almost
sure theory whether we work with the uniform probability measure or with the probability
measure derived from the dimension conditional measure. (The notions ‘zero-one law’
and ‘almost sure theory’ are explained in Section 2.4.) In the case when one considers the
probability measure derived from the dimension conditional measure the proof only uses
methods of formal logic, while in the case when one considers the uniform probability
measure the proof uses, in addition, results about the typical distribution of colours,
which are proved by combinatorial arguments. Therefore, we start, in this section, by
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considering the probability measure derived from the dimension conditional measure. In
Section 10 we state the corresponding results for the uniform probability measure and
complete their proofs.

In this section, [ > 2 is a fixed integer and for each n € N, K,, is defined as in
Example 7.22 for F' = {1}, and SK,, is defined as K,, in Example 7.23 for F = {1}.
Note that ‘F' = {1}’ means that the universe of every M € K,, is {1,...,n} and that
the pregeometry is trivial (i.e. cly(X) = X for every M € K,, and every X C M). As
usual, let K = J, ey Kn and SK = | J,,cy SKy. The notation L.y (the language of the
[ colours), L.¢ (the language of relations) and L mean the same as in the mentioned
examples. But we add the assumption that all relation symbols of the vocabulary of L,
have arity at least 2. (Colouring unary relations is not so interesting.) When working
with strong l-colourings, that s, with SK, we also assume that | is at least as great as the
arity of every relation symbol in the vocabulary of L..; for otherwise the interpretations
of some relation symbol(s) will be empty for all I-coloured structures, and then there
is no point in having this (or these) relation symbol(s). Observe that if there are no
relation symbols of arity greater than 2, then K = SK, as the pregeometry is trivial. A
structure which is isomorphic with one in K is called [-coloured. A structure which is
isomorphic with one in SK is called strongly [-coloured. Note that being [-coloured
(strongly I-coloured) is equivalent to being represented with respect to K (SK).

For each n, let

Cp={MILa:MeK,}, C=[]C,
neN
Sp={M|Lq: MeSK,} and S=|[]JS,
neN

A structure which is isomorphic to one in C (i.e. represented with respect to C) will be
called [-colourable. A structures which is isomorphic to one in S will be called strongly
[-colourable. Tt is clear that an L,¢-structure M is (strongly) I-colourable if and only
if there is a function f: M — {1,...,1}, called an (strong) [-colouring, such that the
expansion M’ of M to L, defined by M’ = P;(a) if and only if f(a) = i, is isomorphic
with a member of K (SK). Therefore we can, when convenient, use (strong) I-colouring
functions instead of the relation symbols P, ..., P, to represent (strong) [-colourings.

In this section, §¥ denotes the dimension conditional measure on K,, and 65¥ denotes
the dimension conditional measure on SK,, (see Definition 7.15). For each n, we consider
the measures, 6C on C,, and 65 on S,, which are inherited from K,, and SK,,, respectively,
in the following sense:

For every X C C,, 65(X) = 6K({M € K,, : ML, € X}).
For every X C S,,, 05(X) = 05K ({M € SK,;, : M[L,¢ € X}).
For every L,.-sentence ¢, let 6 () = 6 ({M € C,, : M |= ¢}) and
05 (p) =R ({M € S : M = ¢}).
Theorem 9.1. For every sentence @ € Ly¢,

(i) limy,— 00 57?(@) =0 or lim,_eo (5,?(@) =1, and
(ii) 1imy, 00 05 () = 0 or limy, 00 03 () = 1.

Theorem 9.1 will be proved in Section 9.1. We also state the corresponding theorem
for the uniform probability measure, although it will be restated, with more detail as
Theorems 10.3 and 10.4, in Section 10 where its proof will be completed.

Theorem 9.2. For every sentence @ € Ly the following holds:
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(i) The proportion of M € C,, in which ¢ is true approaches either 0 or 1, as n
approaches infinity.

(ii) The proportion of M € S,, in which ¢ is true approaches either 0 or 1, as n
approaches infinity.

Remark 9.3. (i) Let the relation symbols of L, be Ry,..., R, andlet I C {1,...,p}.
If we add the restriction that for every ¢ € I, R; is always interpreted as an irreflexive
and symmetric relation (see Remark 2.1), then Theorems 9.1, 9.2 and Proposition 9.20
still hold. The proofs in this section are exactly the same even if we add this extra
assumption. But the combinatorial arguments in Section 10, needed to complete the
proof of Theorem 9.2 are sensitive to whether a relation symbol is always interpreted as an
irreflexive and symmetric relation, or not. For this reason the notation in Section 10 (but
not in this section) specifies which relation symbols are always interpreted as irreflexive
and symmetric relations.

(ii) Tt is open whether Theorems 9.1 and 9.2 still hold if F' is allowed to be a (fixed)
finite field, thus giving a nontrivial underlying pregeometry, and K,,, SK,,, C,, and S,
are, apart from this difference, defined as before.

9.1. Proof of Theorem 9.1. The proof depends on Theorem 7.31 which is used in
the proof of Lemma 9.7 below. Apart from Lemmas 9.5 and 9.9 below, the proof is
the same, except for obvious changes of notation, in the case of S (strongly [-colourable
structures) as in the case of C (I-colourable structures). For this reason, and to avoid
cluttering notation and language, we prove Theorem 9.1 by speaking of K,,, C,, I-
coloured structures and [-colourable structures. Only when proving Lemmas 9.5 and 9.9
will we separate the two cases explicitly.

The general pattern of the proof is a familiar one. We collect into a theory T¢ a certain
type of extension axioms (to be called ‘I-colour compatible extension axioms’) together
with sentences which describe all possible isomorphism types of structures in C. Then
we show that for every ¢ € T, lim,, o0 6$ (1)) = 1, which implies (via compactness) that
Tc is consistent. After this we show that T¢ is complete by showing that it is countably
categorical. The zero-one law is now a straightforward consequence of the previously
proven facts, together with compactness.

Remark 9.4. We can not expect that for every extension axiom ¢ of C, lim,,_, 55(@) =
1. For example, suppose that the vocabulary of L. contains only one relation symbol
which is binary (which implies S = C), and that [ = 2. Then there is no 2-colourable
L,-structure which satisfies all 3-extension axioms of C. For if M would be such a
structure, then it is easy to see that M would contain a 3-cycle or a 5-cycle (it does not
matter if it is directed or not) which contradicts that M is 2-colourable.

In order to define the type of extension axioms that are useful in this context, we need
to find a way of expressing, with an L,¢-formula, that two elements in an L-structure
have the same colour. In fact, it suffices to find an L,¢-formula £(y, z) such that with
SX_probability approaching 1 as n — oo: if M € K,, and a,b € M, then M |= £(a, b) if
and only if @ and b have the same colour in M. The following lemma is a first step in
that direction:

Lemma 9.5. There is an (strongly) l-colourable structure S and distinct a,b € S such
that the following hold:

(a) Whenever v : S — {1,...,l} is an (strong) l-colouring of S, then y(a) = ~(b);
in other words, whenever S is (strongly) l-coloured then a and b get the same
colour.

(b) For every i € {1,...,l}, there is an (strong) l-colouring v; : S — {1,...,1} of S
such that v(a) = v(b) = i.
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Proof. We must treat the case of C, i.e. [-colourable structures, and the case of S, i.e.
strongly [-colourable structures, separately. We start with the case of C. By assumption
all relation symbols in the vocabulary of L,..; have arity at least 2. Let r be the minimum
of the arities of relation symbols in the vocabulary of L,..;, sor > 2, and let R be a relation
symbol in the vocabulary of L. which has arity . Let S = {0,1,...,(r — 1)l} and let
RS consist exactly of all tuples (s, ... , sr) of distinct elements from S such that

{s1,...,8}CS—{0} or {s1,...,s,} €S —{1}.

For all other relation symbols Q of the vocabulary of L., let Q° = 0. Note that there
is no relationship in & which contains both 0 and 1.

We first show that there is a colouring v : S — {1,...,{} of S such that y(0) =
~(1) = 1. This will prove (b), because any permutation of the colours of an I-colouring
gives a new [-colouring. Let both 0 and 1 be assigned the colour 1. Then assign the
colour 1 to exactly » — 2 elements si,...,5.—2 € S — {0,1}. So exactly r elements
of S = {0,1,...,(r — 1)I} have been assigned the colour 1; and these elements are
0,1,s1,...,8-—2. Hence

{S ={0,1,s1,...,802} =(r=Dl+1—r=(r—1)(1I-1),

so S—{0,1, s1,...,s,_2} can be partitioned into [ —1 parts each of which contains exactly
r — 1 elements. Consequently, we can, for each colour i € {2,...,1}, assign the colour
i to exactly r — 1 elements in S — {0, 1, s1,...,s,—2}. Since no colour other than 1 has
been assigned to more that » — 1 elements, the result is an I-colouring of S.

We now prove (a). Assume that v : S — {1,...,l} is a colouring of S. Note that
|5 —{0}| = |S—{1}| = (r—1)I. By the definition of S, every r-tuple of distinct elements
(s1,...,8) € (S—{0})" is an R-relationship. Hence, for every colour i € {1,...,1}, we
must have |[y71(i) N (S = {0})| = r — 1. Suppose that v(1) = 1. (If v(1) € {2,...,1}
the argument is analogous.) Assume, for a contradiction, that v(0) =i # 1. Above we
concluded that {7_1(1') n(s— {0})’ =r — 1. Since (0) =i we get ‘7_1(1')‘ =r, and as
(1) # i, we get v~ 1(i) C S—{1}. Hence, there are distinct s1,...,s,. € v~ (i) € S—{1}.
By the definition of S, (s1,...,s,) € RS, Since ~ assigns all elements sy, . . ., s, the colour
1, this contradicts that v is a colouring of §. So if we take @ = 0 and b = 1, then the
lemma holds for this S in the case of (not necessarily strong) [-colourings.

Now we prove the lemma in the case of strong l-colourings. Let S = {0,1,...,l}.
Let R be any symbol from the vocabulary of L., so the arity r of R is at least 2. By
assumption, since we work with strong I-colourings now, 2 < r < I. Let R® consist
exactly of all tuples (s1,...,s,) of distinct elements from S such that

{s1,...,8}3CS—{0} or {s1,....,s,} CS—{1}.
For all other relation symbols Q of the vocabulary of L., let Q° = (. Note that there is
no relationship in & which contains both 0 and 1. Therefore any assignment of the same
colour ¢ € {1,...,1} to 0 and 1 can be extended to a strong [-colouring of S. Also note
that every strong [-colouring of S must give all elements in S — {0} different colours;
and it must give all elements in S — {1} different colours. Since |S| =1 — 1 there is no

other choice but giving 0 and 1 the same colour. Hence the lemma, in the case of strong
l-colourings, holds for this S with a =0 and b = 1. O

Notation 9.6. (i) Let S be an [-colourable structure and a,b € S distinct elements such
that Lemma 9.5 is satisfied. Note that we must have |S| > 3. Without loss of generality
we assume that |S| =S ={1,...,s} for some s > 3 and that a = s—1 and b = s. Hence
every assignment of the same colour to s — 1 and s can be extended to an [-colouring of
S, and every [-colouring of S gives s — 1 and s the same colour.

(ii) Let xs(x1,...,2zs) be a quantifier-free L,¢-formula which expresses the L;.-iso-
morphism type of S; more precisely, for every L,¢-structure M and all ay,...,as € M,
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M E xs(aq,...,as)if and only if the map a; + 7 is an isomorphism from M |[{ay, ..., as}
to S.
(iii) Let &(y, z) be the formula

y=z Vv 3“17 s 7“5*2)(8(“17 sy Us—2,Y, Z)‘

(iv) For n,k € N let X,, , € K, be the set of all M € K,, which satisfy all k-extension
axioms with respect to K.

Lemma 9.7. For every k € N, lim,,_, 5}1((Xnk) =1.

Proof. As mentioned in Examples 7.9 and 7.22, for every k € N, the trivial pregeometry
is polynomially k-saturated and K accepts k-substitutions over the language with empty
vocabulary. By Theorem 7.31 (i), for every extension axiom ¢ of K, lim,, o 65 () = 1.
The lemma follows since there are only finitely many k-extension axioms. (In the case of
strongly [-colourable structures we look back at Example 7.23 instead of Example 7.22.)
O

Lemma 9.8. Let M € K and a,b € M.

(i) If M = &(a,b) then a and b have the same colour in M, i.e. for some i € {1,... 1},
M= Pa) A P(b).

(it) If k > ||S|| and M € X,, i, then M |= &(a,b) if and only if a and b have the same

colour in M.

Proof. (i) Suppose that M € K and M |= £(a,b). If a = b then a and b have the same
colour, so suppose that a # b. Then there are my,...,ms_o € M such that

M = xs(my,...,ms_9,a,b).

It follows that the L,e-reduct of M[{myq,..., ms_2,a,b} is isomorphic with S via the
Lye-isomorphism m; — ¢, fori =1,...,s — 2, a+— s —1 and b — s. Then we get an
I-colouring of S by letting ¢ get the same colour as m;, for i =1,...,s — 2, letting s — 1
get the same colour as a, and letting s get the same colour as b. From Lemma 9.5 it
follows that s — 1 and s must have the same colour in S; hence a and b must have the
same colour in M.

(ii) Let k£ > ||S]| and M € X, . If a = b then immediately from the definition of
&(y,z) we get M = £(a,b). Suppose that a,b € M are distinct elements which have
the same colour in M, that is, for some colour i € {1,...,l}, M = P;(a) A P;(b). By
Lemma 9.5 and Notation 9.6, there is an [-coloured structure S; such that S;[L,¢ = S
and S; = Pi(s —1) A Pi(s). Let S = S;[{s—1, s}. Since a and b have the same colour in
M, there is no binary relationship of M which includes both a and b. Hence M|[{a,b}
has no other relationships than the colour of a and of b which is i in both cases. By the
properties of S (given by Lemma 9.5 and Notation 9.6), S/ has no other relationships
than the colour of s — 1 and of s which is ¢ in both cases. Hence, any bijection between
{s —1,s} and {a, b} is an isomorphism between S; and M[{a,b}. Since M € X,, ;, and
k > ||S]|, it follows that M satisfies the S;/S/-extension axiom. This implies that there

are mi,...,mg_s € M such that the map m; — i, fori=1,...,s — 2, a+ s— 1 and
b — s, is an isomorphism from M [{mi,...,ms_2,a,b} to S;. Since S;[L,; = S we get
M = xs(may,...,ms—a,a,b), so M = &(a,b). O

Besides being able to express (with high probability) with the L,¢-formula £(y, z) that
two elements have the same colour, we also need to be able to represent colours by
elements (having those colours) in a structure, and we must be able to define such
elements with an L,¢-formula. This is taken care of by Lemma 9.9, Notation 9.10 and
Lemma 9.11, below. In some more detail, the structure U in the next lemma will help
us to define an L,¢-formula ((z1,...,x,), in Notation 9.10, where u > [, such that if
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M e X, , then M |=3zq,...,2,((21,...,2y) and if M = ((a1,...,ay), then the first
[ elements ay,...,a; have different colours in M. The formula ¢ will be used (before
Lemma 9.12) when we define a restricted version of extension axioms for C, the ‘I-colour
compatible extension axioms’.

Lemma 9.9. There is an (strongly) l-colourable structure U which is not (strongly)
(I — 1)-colourable and such that ||U|| is divisible by | and every partition of |{U| into |
parts of equal size gives rise to an (strong) l-colouring of U.

Proof. We deal with the cases of [-colourings and strong I-colourings separately and begin
with the case of [-colourings. Let R be a relation symbol from the vocabulary of L., so
the arity, call it r, of R is at least 2. Recall that [ > 2. Let U be the L,.-structure with
universe U = {1,...,l(r — 1)}, where

RY = {(uy,...,u;) €U i # j = us # uy ),

and the interpretation of every other relation symbol is empty. Then U can be partitioned
into [ parts, each part with exactly » — 1 elements. Hence every tuple (up,...,u,) €
U" of distinct elements must contain u; and u; from different parts of the partition.
Consequently, U is l-colourable. However, if U is partitioned into [ — 1 parts, then at
least one part must contain r distinct elements wuy, ..., u,, and since (ug,...,u,) € RY,
the partition does not represent an (I—1)-colouring of /4. Thus, U is not (I—1)-colourable.

The case of strong [-colourings is even simpler. Again we take any relation symbol R
from the vocabulary of L,. Its arity, say r, is by assumption at least 2. By the extra
assumption when dealing with strongly [-colourable structures we in fact have 2 < r <.
We then let U = {1,...,1} and define the interpretations in U as above. It is clear that
U is strongly [-colourable, but not strongly (I — 1)-colourable. O

Notation 9.10. (i) Let, according to Lemma 9.9, U be an [-colourable, but not (I —1)-
colourable, structure such that ||I/|] is divisible by [ and every partition of || into [ parts

of equal size gives rise to an [-colouring of Y. Let the universe of U be U = {1,...,u},
sou > 1.
(ii) Let xz(x1,...,xy) be a quantifier-free L,.-formula which expresses the isomorphism
type of U.
(ii1) Let U € K be an expansion of U, that is, U is an l-colouring of U. Without loss of
generality we may assume that the elements 1,...,l € U have different colours in u.
(iv) Let I be the set of all unordered pairs {i,j} € U such that ¢ and j have the same
colour in U , and let ((z1,...,x,) denote the formula

X (T, .o ymy) A /\ E(xs, z5) A /\ —&(xs, x5).

{i.jtel {i.g} ¢l

Lemma 9.11. (i) Suppose that k > max(||S||, [|U]|) and M € X,, . Then
M Ty, .z (z, . ),
Mvar (G m) o\ =€),
i<j<l

l
M ): vyvxla"'a-ru<g(xlv" . 7xu) — \/g(xzay))a
i=1

MEVYYE(y,y) A Yy, y2(Eyiy2) — &E(y2,v1)), and
M EVy,y2,y3([E(yiv2) A 2 u3)] — E(y1,y3))-

(i) If 1 is any one of the sentences in part (i), then lim, o 6S(¢) = 1.
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Proof. (i) Recall Notation 9.10 (iii). Since k > |U|| = ’Z/AI and M € X,, , the U/

extension axiom is satisfied in M, so there are mq,...,m, € M such that the map

m; +— 4 is an isomorphism from M [{mq,..., my} to Z/A{, o0 in particular it preserves the

colours. As M € X,, , and k > ||S||, Lemma 9.8 implies that M = ((mq,...,my).
Now suppose that b, a1, ...,a, € M and M = ((ay,...,a,), that is,

MExular, - an) AN Elaia) A\ =€ ay).
{ijyel {i.gyel
Together with the definition of ¢/ and I (Notation 9.10), this implies that if i < 7 < [,
then M = —&(a;,a;). Since M € X, and k£ > ||S||, Lemma 9.8 implies that if i < j <1,
then a; and a; have different colours. Since there are only [ colours, there is ¢ < [ such
that b has the same colour as a; in M. By Lemma 9.8 again, M = £(a;,b). So we have
proved that

./\/l):Vxl,...,xu<g(x1,...,xu)% /\ ﬂé’(xi,xj)>, and

i<j<l
l
M E Vy,ml,...,xu<g(:z1,...,mu) — \/£($Z,y)>
=1

The relation ‘y has the same colour as 2’ is an equivalence relation which under the given
conditions is defined by £(y, z) (by Lemma 9.8). This immediately implies the rest of
part (i).

(ii) Let ¢ be any one of the sentences in part (i). Since ¢ € L, we have

MeC,: MEY}={NILe: N €K, and N |= ¢},

so by the definition of §C we get 0C(¢) = 0X(v), for every n. Therefore it suf-
fices to show that lim, ., 05(¢)) = 1. Take k& > max(||S||,[¢]). By Lemma 9.7,
limy, 00 0K (X, ) = 1. By part (i), for every n and every M € X,, , M satisfies 9, so
6K () > B (X, k) — 1, as n — . O

Next, we define ‘I-colour compatible extension axioms’. Suppose that B is [-colourable
(and finite) and let A C B. Without loss of generality we assume that A = {1,..., a}
and B = {1,...,5}, so o < . Let xa(x1,...,2q) and xp(z1,...,25) be quantifier-
free L,.-formulas which express the isomorphism types of A and B, respectively; so
for any Lye-structure M, M = xa(mi,...,mq) if and only if the map m; — i is
an isomorphism from M[{my,...,ms} to A; and similarly for xp. Let us say that
an [-colouring v : {1,...,a} — {1,...,l} of A is a B-good colouring if it can be
extended to an [-colouring v : {1,...,8} — {1,...,l} of B (i.e. 7'|A = 7). Let
v:{l,...,a} = {1,...,1l} be a B-good colouring of Aand let 7' : {1,...,8} = {1,...,1}
be any colouring of B that extends . Let 7 be any permutation of {1,...,l}. The idea
in what follows is that, for j € {1,..., a}, the colour of j is associated with the colour of
the element which will be substituted for the variable 2. (;), where 7y(j) = 7(v(j)). Let
Oy (15,21, Y15+ -, Ya) be the conjunction of all £(z,(;),v;) where j € {1,...,a}.
Similarly, let 0./ ,(z1,...,21,91,...,Y5) be the conjunction of all {(x,.(;),y;) where
j€{1,...,B}. We call the following sentence an instance of the l-colour compatible
B/ A-extension ariom:

vxl)'")xuayla'"ayazlya+17"')y[3(
[C($17--~7$u) AXAWLy - Ya) A H%T(xl,...,xl,yl,...,ya)} —
[XB(ylv"'ay,B) A 9’)/,7'(:E17"‘7mlay1a"'ayﬁ)})'
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In the special case that A = () and 7/ is an arbitrary [-colouring of B, the above formula
should be interpreted as

vxl)"'aliu;lyla”'7yﬂ(€(gjl)"'a$u) — XB(yl>°"ayﬁ) Aey’,r(JUlw-‘7331791:-‘-79,8))‘

Since there are only finitely many [-colourings of any finite structure, there are only
finitely many instances of the [-colour compatible B/A-extension axiom. The [-colour
compatible B/ A-extension axiom is, by definition, the conjunction of all instances of
the l-colour compatible B/ A-extension axiom. If |B| < k+1 then the [-colour compatible
B/ A-extension axiom is also called an [-colour compatible k-extension aziom.

Lemma 9.12. Suppose that B is l-colourable (and finite) and let A C B. Let ¢ denote
the l-colour compatible B/A-extension aziom. If k > max(||S|,||B]|) and M € X, 1,
then M = .

Proof. Let A, B, ¢, k and M satisfy the premisses of the lemma, so in particular
M e X, € K,. We consider only the case when [A|| > 1, since the case when
Al = 0 is analogous. Without loss of generality we assume that A = {1,...,a} and
B = {1,...,8} where a < (. It suffices to prove that every instance of the I-colour
compatible B/ A-extension axiom is true in M.

Let v:{1,...,a} = {1,...,1} be a B-good l-colouring of A and let v : {1,...,8} —
{1,...,1} be an l-colouring of B which extends 7. Also, let 7 be a permutation of
{1,...,1}. We prove that M satisfies the following instance of the [-colour compati-
ble B/A-extension axiom, where 0, - is the conjunction of all {(z,,;),y;) where j €
{1,...,a}, and 0., ; is the conjunction of all {(z,,(;y,¥y;) where j € {1,...,8}:

vxlv"' 7$U7y17"'7ya3ya+17" : 7y,3(
[C(xla"wxu) /\XA(yla”'aya) A e’y,T(xlv"')xlvylv"'7y0¢)] —
[XB(y17"'7y,5) A 97’,7(1'17---;xbyl:--wyﬁ)})-

Note that since M € X, and k > max(||S||,||B]|), we can, and will repeatedly, use
Lemma 9.8 which implies that for all a,b € M, M = £(a,b) if and only if a and b have
the same colour in M.

Suppose that

M E((mi,...,mu) AN xalar,...;aq) A Oyr(mi,...,mpai,...,aq).
By the definition of ¢ (Notation 9.10 (iii), (iv)), if 4,5 <1 and i # j, then m; and m;
have different colours. Hence, there is a permutation 7 of {1,...,l} such that, for every
i € {1,...,1}, m; has colour 7(i), i.e. M = Pr;)(m;). Let B € K be the expansion of B
such that,
for every j € {1,..., 8}, B = Prry(j(d)-

In other words, j € {1,..., 3} gets the same colour in B as Mz (j) in M, and this colour
is 77/(j). In particular, this holds whenever j < « and 4/ is replaced by v. Since we
assume that

M E=xalar, ... a0) A Oy r(mi,....myai,...,0q)
it follows that the map j — aj, for j € {1,...,a}, is an isomorphism from A = B|
{1,...,a} to M{a1,...,aq,}. Since M € X, and k is sufficiently large, M satisfies
the B/ A-extension axiom. Hence, there are aqy1,...,ag € M such that the map j — aj;,

for j € {1,...,8}, is an isomorphism from B to MT{a1,...,ag}. This implies that
M E xslai,...,ag) and that, for all j € {1,...,8}, M & Prry(q;)(a;), which means
that a; has the same colour as m.(;), 50 M |= &(m,4(;),a;). Hence

MOy (m,...,my,a1,...,a3),
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and we are done. 0
Corollary 9.13. For every l-colour compatible extension aziom ¢, lim, 57(3(@) =1

Proof. Let ¢ be an [-colour compatible extension axiom. Since ¢ € L, we have
MeC, - ME¢}={N[Ly : N €K, and N = ¢},

so by the definition of 6 we get 6C(¢) = 6K(yp), for every n. Therefore it suffices to
show that lim,, oo 55(@) = 1. For some I-colourable L,¢-structures A C B, ¢ is the
[-colour compatible B/A-extension axiom. Take k > max(||S],||B]|). By Lemma 9.7,
limy 00 65 (X, k) = 1. By Lemma 9.12, for every n and every M € X,, x, M satisfies
0, 50 08 (p) > 6K (X, k) — 1, as n — o0. O

For every integer n > 0 let M, 1),..., M(nm,) be an enumeration of all isomorphism
types of l-colourable structures of cardinality at most n. Let x}'(x1,...,xy) describe the
isomorphism type of M, ;) in such a way that we require that all variables zy,...,x,
actually occur in x}'. It means that if HM(M)H < n, then x?(z1,...,z,) must express
that some variables refer to the same element, by saying ‘xx = x;” for some k # [. For
every n € N let 1),, denote the sentence

Mmn
VZi,...,Tn \/ \/X?(:Eﬁ(l)’ U] xw(n)))

=1 7
where the second disjunction ranges over all permutations 7 of {1,...,n}. Then let
Tiso = {tn : n € N, n > 0} and note that every v, is true in every I-colourable structure.
Let T..+ consist of all [-colour compatible extension axioms and let T, consist of the
sentences appearing in part (i) of Lemma 9.11. Finally, let Tc = Tiso U Tegr U Trgr-
By part (i) of Lemma 9.11, Corollary 9.13 and compactness, T¢ is consistent. Since
Terxt C T, every model of T is infinite. In order to prove Theorem 9.1 it is enough to
prove that Tc is complete.

Lemma 9.14. T¢ is countably categorical and therefore complete.

Proof. Suppose that the L,..-structures M and M’ are countable models of Tc. We will
prove that M = M’ by a back and forth argument, but first we need some preparation.
Recall that T,.,; C Tc and that T, contains the formulas that appear in part (i) of
Lemma 9.11. Therefore there are my,...,m, € M and m},...,m), € M’ such that
M E ((my,...,my) and M' = ¢(m],...,m,). Moreover, because of the sentences in
Teo1, the following hold:

e {(y, 2z) defines an equivalence relation Rjys on M and an equivalence relation Ry

on M’.

e The elements myq,...,m; belong to different equivalence classes; the elements
m/, ..., mj belong to different equivalence classes.

e Every element in M is equivalent to one of my,...,my;, so Rys has exactly [
equivalence classes; and the same is true for m/,..., m; and Ryp.

We prove that M = M’ by a back and forth argument in which partial isomorphisms
between M and M’ are extended step by step. It suffices to prove the following:

Claim. Suppose that A and A’ are finite substructures of M and M’, respectively, and
that f is an isomorphism from A to A’ such that for all a € A and all i € {1,...,1},
M E &(mi,a) <= M’ = &(ml, f(a)). For everyb e M — A (ord € M' — A’), there
are b € M' — A" (or b e M — A) and an isomorphism g : MJAU {b} - M'TA U {V'}
such that g extends f (so g(b) = V') and, for every i € {1,...,1}, M | &(m;,b) <
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M = E(mh, b)),

Suppose that A and A’ are finite substructures of M and M/, respectively, and that
f is an isomorphism from A to A’ such that for all @ € A and all i € {1,... 1},
M = &(my,a) <= M E=E(m], f(a)). Let A={ai,...,aq},let b=aq11 € M — A and
let B=Ml{a1,...,aq+1}. We will find the required ¥’ € M’ — A" by defining a suitable
instance of the [-colour compatible B/A-extension axiom and then use the assumption
that M/ ): TC D) Tea:t-
Let
X={my,...,my,a1,...,06+41}

Since £(y, z) is an existential formula (see Notation 9.6 (iii)), there is a finite substructure
N C M such that

X C N, and whenever ¢,d € X, then M [ ¢&(c,d) < N [ &(c,d).

Since N is finite and NV C M | Tc D Tiso, N is l-colourable. Let v*: N — {1,...,1}
be an [-colouring of N, and define an equivalence relation ~* on N by:

¢~ d <= ~v"(c) =~"(d).
By the choice of AV and Lemma 9.8 (i), for all ¢,d € X,
Ry(e,d) <= M = £(c,d) <= N = &(e,d) = v (c) =" (d) < ¢ ~" d.

This means that the restriction of Rj; to X is a refinement of the restriction of ~* to
X. We have already observed that the restriction of Rjs to X has exactly [ equiva-
lence classes, because all m1,...,m; belong to different classes. Moreover, since M |=
¢(miy,...,my) we get, by the definition of {, M = xy(mi,...,m,), and since U is I-
colourable, but not (I —1)-colourable, it follows that ~* has exactly [ equivalence classes.
It follows that the restriction of Rjs to X is the same relation as the restriction of ~*
to X. Hence,
forall ¢,d e X, M[={(c,d) <= ~*(c) =~"(d).

Therefore, there is a permutation 7 of {1,...,1} such that,
for every j € {l,...,a+1}, M E&{(Mry(a;), 5)-
Let v =+v*[{a1,...,a04+1} and v = ~v*[{a1,...,as}. Then let
Oy +(T1,. .., 21, Y1, -, Yat1)
be the conjunction of all f(:c”/(aj), yj) where j € {1,..., o+ 1}, and let
Oy (T, T Y15 -5 Ya)

be the conjunction of all {(z,y(a;), ;) where j € {1,...,a}. Let xa(y1,...,Ya) and
XB(Y1, -, Yat1) be quantifier-free formulas which describe the isomorphism types of A
and B, respectively. Now the following is an instance of the [-colour compatible 5/A-
extension axiom:

‘v’ml,...,xu,yl,...,yaEIyaH(
[C(ml,...,:cu) AXAWYL, -y Ya) A 0777(:61,...,xl,yl,...,ya)} —
B - Yatk1) A Oy (@1, YL, Yar1)])-
Since
ME(mi,...,my) A xalar,...;a0) N Oyr(mi,...,mp,an,...,0q),
it follows from the assumptions that

Mmoo omi) A xalf(ar), - flaa)) A Oyz(mh,. . my, fa), ... f(aa)).
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Since M’ satisfies all I-colour compatible extension axioms it follows that there is 0/ €
M’ — A" such that if g(an+1) = b and g(a) = f(a) for all a € A, then

M= xs(g(ar), ..., g(aar1)) A Oy r(my, ... ,mp,g(ar),. .. g(aat1)).

It follows that g is an isomorphism from M[AU{b} to M'[A'U{b'}. Since M |= &(m!, V')
for aunique i € {1,...,1} (by the conclusions in the beginning of the proof), it also follows
that, for every i € {1,...,l}, M' = &{(m}, V) <= M |=&(m;,b), where b = aq41.
Note that the argument also works for the ‘base case’ when A = A’ = () and f is the
empty map; the difference is merely notational. If we start out with &’ € M’ — A’ then
we argue symmetrically. Thus the claim, and hence the lemma, is proved. (|

By the preceeding lemmas, T¢c is a complete theory such that whenever m € N and
V1, ..., 0m € Tc, then lim,, .o 6C ( Nty T/’z‘) = 1. By compactness and completeness it

follows that if T |= ¢, then lim,, o 6$ (@) = 1, and if Tc [~ ¢, then limy, o 65 (¢) = 0.

9.2. Relationship between the dimension conditional measure and the uniform
measure. In this section we prove that the results that we have seen for the probability
measures 0C and 65 transfer to the uniform probability measures on C,, and S,,, respec-
tively, if one condition about (strongly) I-colourable structures holds. In Section 10 we
prove that this condition does indeed hold.

Definition 9.15. Let m € R.

(i) Suppose that v : S — {1,...,1} is a function. We say that ~ is m-rich if, for every
i€ {1,...,1}, [y~ 1(i)] > m, that is, at least m members of S are mapped to i.

(ii) We call M € K (or M|Lcy) m-richly I-coloured if for every i € {1,...,1}, |[{a €
M : M = P(a)}| = m.

(iii) We also call M € SK (or M[L.y) m-richly I-coloured if for every i € {1,...,1},
[{a € M : M = Pi(a)}| = m. (If M € SK then it is understood that we are dealing with
strong [-colourings, although it was not explicitly reflected in the terminology defined.)

Recall the notion of an [-colour compatible extension axiom, defined in Section 9.1, before
Lemma 9.13. These axioms are essentially the same whether we consider (not necessarily
strong) [-colourings, or strong I-colourings. The only difference is that the structures S
and U which are implicitly refered to (via the formulas ¢ and &) are different in the two
cases.

Theorem 9.16. Lel f: N — R be such that f(n)/lnn — oo as n — co.

(1) Suppose that the proportion of M € K,, which are f(n)-richly l-coloured approaches
1 as n — oo. Then, for every extension axiom ¢ of K, the proportion of M € K,
which satisfy ¢ approaches 1 as n — oo. Consequently, K has a 0-1 law for the uniform
probability measure.

(1) Suppose that the proportion of M € C,, which have an f(n)-rich l-colouring ap-
proaches 1 as n — oco. Then, for every l-colour compatible extension axiom @ of C, the
proportion of M € C,, which satisfy ¢ approaches 1 as n — oco. Moreover, C has a 0-1
law for the uniform probability measure.

(11i) Parts (i) and (ii) hold if K,, and C,, are replaced by SK,, and S,,, repectively, and
‘strong’ is added before ‘I-colouring’.

Remark 9.17. In Section 10 we will prove (Theorem 10.5) that there is a constant
p > 0 such that the proportion of M € C,, (or M € S,,) which have a pn-rich (strong)
l-colouring approaches 1 as n — oo. It follows (Remark 10.6) that the proportion of
M e K,, (or M € SK,,) which are pn-richly I-coloured approaches 1 as n — co.
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9.3. Proof of Theorem 9.16. The proof is exactly the same whether we consider (not
necessarily strongly) [-colourable (or I-coloured) structures or strongly I-colourable (or
l-coloured) structures. This is because we only need to use (in Lemma 9.19 below)
the properties of the structure & and the formulas ¢ and &, from Lemmas 9.9 and 9.8,
and not their precise definitions in the respective case. Therefore we will speak only
about K,,, C,,, l-colourings and [-colourable (or [-coloured) structures; the proof in the
case of strong l-colourings is obtained by making the obvious changes of notation and
terminology. Throughout the proof, [ > 2 is fixed so we may occasionally say ‘colouring’
instead of ‘l-colouring’.

Suppose that f : N — R is such that f(n)/Inn — oo as n — oo. A straightforward
consequence is that for every k € N and every 0 < a < 1, limy,_y0o ¥ - /(™ = 0. For if

f=1/a,then 8> 1,Inf > 0 and ln’B:kn) = (f(n)lnﬁ—klnn) — 00 as n — 00; which
gives limy, oo %(,:) = 00, and nF - afm = ﬁ;’—fn) — 0 as n — oo.

We first prove (i). As said in Remark 3.3, the zero-one law for K, with the uniform
measure, follows if we can show that for every extension axiom of K, the proportion of
structures in K,, which satisfy it approaches 1 as n — co. Suppose that the proportion
of M € K,, which are f(n)-richly coloured approaches 1 as n — oc.

Let ¢ be an extension axiom of K. It suffices to consider the case when ¢ has only
one existential quantifier, so let ¢ have the form

\V/l'l, o 7xk3mk+l (7/1(951, ceey Jfk) — ¢/($1, ey xkvxk+1))7
where 1) and 1)’ are quantifier-free.
For every L.y-structure A with universe {1,...,n} for some n (or equivalently, for

every A € K1), let

E.L(A) = {M e K: M[Ly = A}
Since we assume that the proportion of M € K,, which are f(n)-richly coloured ap-
proaches 1 as n — oo, it is sufficient to prove that

(a) for every € > 0 there is n. such that for every n > n., if A € K, [1is an f(n)-rich
colouring, then the proportion of M € Ep(A) which satisfy ¢ is at least 1 — €.

The proof of (a) is a slight variant of the well known proof that, with the uniform
measure, the probability that an extension axiom is true in a randomly picked structure
(without any restrictions on its relations, and with at least one relation with arity > 1)
with universe {1,...,n} approaches 1 as n tends to infinity (see [18, 15, 23]).

Suppose that A € K, |1 is an f(n)-rich colouring. Let o be the number of nonequiva-
lent quantifier-free L-formulas with free variables (exactly) x1,..., 2. We show that,
with the uniform measure, the probability that M € E(A) does not satisfy ¢ ap-
proaches 0 as n — oco; moreover, the convergence is uniform in the sense that it depends
only on n = || A]|. From this (a) follows.

Note that the only restriction on the interpretations of relation symbols from L, in
structures in Ef (A) is that the interpretations respect the colouring of \A. Suppose that
a=(ay,...,a;) € |A¥, M € EL(A) and M = 9(a). Let ay1 € |A| — rng(a) be any of
the at least f(n)—k elements not in rng(a) which have the colour, say ¢, which is specified
for xg41 by ¥'(z1,...,2ke1). Then the probability, with the uniform measure, that, for
such agy1, M E¢'(a1,...,ak,ar1) is at least 1/a. So the probability that this is not
true is at most 1 — 1/«; and the probability that M F ¢/(aq, ..., a,a) for every one of
the at least f(n)—k elements a outside of rng(a) with colour 7 is at most (1—1/a)f =k,
There are n* choices of @ € |A|* for which Jz41% (@, zx41) could fail to be true in M,
so the probability that M [ ¢ is at most n¥ - (1 — 1/a)fM=* — 0 as n — oo; by the
assumption about f(n). Since we get the same expression ‘n* - (1 —1/a)/™=*" for every
f(n)-rich colouring A € K,,[1 we have proved (a), and hence (i).
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Let S and U be the L,¢-structures from Notation 9.6 and 9.10, and let m = max(||S||, [|I/]])-
Also, let £(y, z) be the L,¢-formula from Notation 9.6. Fix an arbitrary £ > m and define

XK — {M € K, : M satisfies all k-extension axioms of K},
XC ={MeC,: M=N|L.y for some N € XK},
YK = (M e K, : Mis f(n)-richly coloured},
YS = {M € C, : M has an f(n)-rich colouring}.
Lemma 9.18. Every M € XS satisfies all I-colour compatible k-extension azioms.

Proof. The notation XX, introduced before the lemma, denotes the same set of struc-
tures as the notation X, ; defined in Notation 9.6 (iv). Therefore Lemma 9.12 tells
that every M € XX satisfies all I-colour compatible k-extension axioms. Since all such
axioms are L,-sentences it follows that for every M € X,If, ML, satisfies all [-colour

compatible k-extension axioms. The lemma now follows from the definition of X$. O

From Lemma 9.18 it follows that in order to prove that the proportion of M € C,, which
satisfy all [-colour compatible k-extension axioms approaches 1 as n — oo, it suffices to
show that |XS’/|Cn| —1lasn— 0.

Lemma 9.19. For all M € XS the following hold:

(i) For every l-colouring v : M — {1,...,l} of M, and all a,b € M, M | £(a,b) <
v(a) = (b).

(i) M has a unique l-colouring up to permutation of the colours.

Proof. As in the proof of the previous lemma, recall that XX means the same as Xk in
Section 9. By Lemma 9.11 and the definition of ¢ (in Notation 9.10), for every M € XX,
the following hold:

e U is embeddable into M.

e &(y,z) defines an equivalence relation on M with exactly | equivalence classes.
Since U is an L,.¢-structure and £ an L,¢-formula, it follows from the definition of Xg
that the above two points hold for every M € X€ as well.

Let M € XS and let v : M — {1,...,1} be an l-colouring of M. Since U is em-
beddable into M and U is not (I — 1)-colourable, it follows that the equivalence relation
v(a) = v(b) has exactly [ equivalence classes. Observe that the colouring « gives rise to
a unique expansion of M that belongs to K. Therefore Lemma 9.8 (i) implies that if
M E &(a,b) then v(a) = ~(b). Hence, the equivalence relation defined by £(y, z) is a
refinement of the equivalence relation v(y) = 7(z). Since both equivalence relations have
exactly [ equivalence classes they must be the same. In other words, for all a,b € M,
M E &(a,b) if and only if y(a) = v(b). Hence (i) is proved. Part (ii) is now immediate,
for if 7 and 4/ are two I-colourings of M € XS then

v(a) =7(b) = ME¢(a,b) < 7'(a) =7(b).
O

Now we have the tools to complete the proof of part (ii) of the theorem. Observe that
with the notation used in the proof of part (i) we have

YK = U {EL(A): A€ Kyllisan f(n)-rich l-colouring},
and (a) implies that

(b) i Xm0 Y|
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Note that for every Il-colouring of M € C, the colours can be permuted in [! ways.
Therefore,

(c) K, >1|C,| and |YE|>0YS|.
Lemma 9.19 implies that
(d) XK =1XS| and [XENYE|=0XSnYY|.

Assume that the proportion of M € C,, which have an f(n)-rich colouring approaches 1
as n — oo. In other words,

C
(e) lim Y3

n—00 ‘Cn‘

= 1.

(XEnYi| _HXTAYP]  [XPNYF| |G

(f) YK S aYe c. Jyo] = h
Now (b), (e) and (f) imply that

- XEnYS
© oG

By Lemma 9.18 and (g), the proportion of M € C,, which satisfy all I-colour compatible
k-extension axioms of C approaches 1 as n approaches co. This has been derived for
arbitrary £ > m, under the assumption that the proportion of M € C,, which have an
f(n)-rich colouring approaches 1, as n — co. Since every [-colour compatible extension
axiom is an [-colour compatible k-extension axiom for all sufficiently large k, we have
proved: If the proportion of M € C,, which have an f(n)-rich colouring approaches
1 as n — oo, then for every l-colour compatible extension axiom ¢, the proportion of
M € C,, which satisfy ¢ approaches 1 as n — oo.

Now suppose that the proportion of M € C,, which have an f(n)-rich colouring
approaches 1 as n — oco. Define Tc = Tjso U Tept U Tey exactly as in Section 9, just
before Lemma 9.14. By the definition of Tjs,, every ¢ € T is true in every M € C,,.
By the last statement of the preceeding paragraph, for every ¢ € Tg; the proportion
of M € C,, in which ¢ holds approaches 1 as n — oco. Recall that the formulas ¢ and
¢ (defined in Notation 9.6 and 9.10) are L,¢-formulas. Lemma 9.11 and the definition
of X€ (and of X, % in Notation 9.6) imply that for every ¢ € Ty, the proportion of
M € C,, in which ¢ is true approaches 1 as n — co. Hence, for every finite A C T, the
proportion of M € C,, such that M = A approaches 1 as n — co. By the completeness
of Tc (Lemma 9.14) and compactness, C has a zero-one law for the uniform probability
measure. Thus, we have proved part (ii) of Theorem 9.16 and hence the proof of that
theorem is completed (since, as explained in the beginning of the proof, the proof of
part (iii) is the same except for obvious changes in notation and terminology).

Observe that, by Lemma 9.19 and (g), we have also proved the following:
Proposition 9.20. Let f : N — R be such that lim,,_, % = oo. Suppose that the
proportion of M € C,, which have an f(n)-rich colouring approaches 1 as n — oo. Then
the proportion of M € C,, such that every l-colouring v of M is definable by £(y, z), in
the sense that M = £(a,b) < ~(a) = v(b), approaches 1 as n — co. Consequently, the
proportion of M € C, which have a unique [-colouring, up to permutation of colours,
approaches 1 as n — oo. The same statements hold if C,, is replaced by S, (in which
case the formula £(y, z) may be different).
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10. THE UNIFORM PROBABILITY MEASURE
AND THE TYPICAL DISTRIBUTION OF COLOURS

In 27|, Kolaitis, Promel and Rothschild proved that almost all [-colourable undirected
graphs are uniquely [-colourable (Corollary 1.23 |27]), and the distribution of colours is
relatively even (Corollaries 1.20 and 1.21 [27]). They also proved that the class of I-
colourable undirected graphs has a zero-one law, with the uniform probability measure,
which together with their first main result — that almost all ;1 1-free undirected graphs
are [-colourable — implies the other main result, that the class of K;y1-free graphs has
a zero-one law. In the above context [ > 2 is a fixed integer. A further study of I-
colourable graphs was made by Promel and Steger in [33]|, where | = [(n) was allowed
to grow, and the authors found a threshold function [ = [(n) for the property of being
uniquely l-colourable. As in the previous section, we will let [ > 2 be a fixed integer and
study random (strongly) I-colourable relational structures, but now only for the uniform
probability measure.

The main results of this section, Theorems 10.3 and 10.4, generalize the zero-one law
and (almost always) uniqueness of [-colouring for random I-colourable graphs in [27] to
random (strongly) l-colourable L,.-structures for any relational language L,.; subject to
some mild assumptions. They also tell that, almost always, the partition of the universe
induced by an (strong) [-colouring is L,¢-definable without parameters. Because of
Theorem 9.16 (ii) and Proposition 9.20, in order to prove these things we only need to
show that, for some function f : N — R such that lim,,_,+ f(n)/Inn = oo, the proportion
of (strongly) l-colourable L,-structures M with universe {1, ..., n} which have an f(n)-
rich (strong) l-colouring approaches 1 as n — oco. We will show (Theorem 10.5) that there
is a constant p > 0 (depending on [, L, and whether we consider [-colourings or strong I-
colourings) such that the proportion of L,-structures M with universe {1,...,n} which
have only un-rich (strong) Il-colourings approaches 1 as n — oo. The proof involves
counting and estimating the number of (strongly) multichromatic m-tuples and m-sets
(Definition 10.2) for m ranging from 2 to the maximum arity of the relation symbols.

As in the previous sections we will allow the possibility that certain relation symbols
are always interpreted as irreflexive and symmetric relations (see Remark 2.1). As the
arguments in this section are sensitive to whether this restriction applies to a given re-
lation symbol, we will (in contrast to previous sections) be careful to let the notation
indicate which relation symbols (if any) are always interpreted as irreflexive and sym-
metric relations. Note that, apart from making this information visible, the notation
below agrees with that which was introduced in the beginning of Section 9.

Assumption 10.1. We fix an integer [ > 2 and a relational language L,..; with vocab-
ulary {Ri,...,R,}, where p > 0 and each Ry, has arity r;, > 2.

Definition 10.2. (i) For positive integers n, we use the abbreviation [n] = {1,...,n}.
(ii) Let A be a set and let v : A — [l]. An m-tuple (a1,...,a;,) € A™ is called
monochromatic with respect to v if v(a1) = ... = y(am). Otherwise we call
(ai1,...,an,) multichromatic with respect to . Note that if m > 3, then a mul-
tichromatic m-tuple may have repetitions of elements (a; = a; for some i # j).

(iii) An m-tuple (a1,...,am) € A™ is called strongly multichromatic with respect
to v if y(a;) # v(a;j) whenever i # j.

(iv) Let M = (M, RM, ... ,R;,V‘) be an Ly¢-structure and let vy : M — [l]. We say that
v is an (strong) l-colouring of M if, for every k =1,...,p, every (ai,...,a,,) € R
is (strongly) multichromatic with respect to .

(v) An L,¢-structure M is called (strongly) [-colourable if there is v : M — [l] which
is an (strong) I-colouring of M.

(vi) We say that an L,¢-structure M is uniquely (strongly) l-colourable if it is
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(strongly) I-colourable and for all (strong) l-colourings v and +' of M and all a,b € M,
2(a) = 1(B) = ~'(a) = 7/(b).

(vii) For every I C [p], CL denotes the set of I-colourable L,¢-structures M with uni-
verse [n] = {1,...,n} such that for every k € I, Ry, is interpreted as an irreflexive and
symmetric relation in M. Let C! = Unen C! where N is the set of positive integers.
(viii) For every I C [p], SI denotes the set of strongly I-colourable L,.-structures M
with universe [n] such that for every k € I, Ry is interpreted as an irreflexive and sym-
metric relation in M. Let ST =, . SE-

(iv) For a € R, a function « : [n] — [I] is called a-rich if |f~1(i)] > « for every i € [I].

As usual when the uniform probability measure is considered, the phrase ‘almost all
M € C! has property P’ means that the proportion of M € CZ which have property
P approaches 1 as n approaches infinity. The phrase ‘C! has a zero-one law’ means
that for every L,o-sentence @, either ¢ or its negation, —y, is satisfied by almost all
M € C!. (And similarly for S’ in place of C'.)

Theorem 10.3. For every I C [p] the following hold:

(i) There is an L-formula &(x,y) such that for almost all M € C' the following holds:
for every l-colouring v : M — [l] of M and all a,b € M, ~v(a) = v(b) if and only if
M = €(a,b).

(i) Almost all M € C! are uniquely I-colourable.

(iii) C! has a zero-one law.

Theorem 10.4. Suppose that every relation symbol has arity < 1. For every I C [p], all
three parts (i), () and (iii) of Theorem 10.3 hold if C! is replaced by ST and ‘strong’ is
added before ‘I-colouring/colourable’.

Recall from Remark 9.3 that if I C {1,...,p} and C, = C. and S, = SI, then

Theorem 9.16 and Proposition 9.20 hold. Hence, Theorems 10.3 and 10.4 are immediate
consequences of Theorem 10.5 below and Theorem 9.16 and Proposition 9.20.

Theorem 10.5. (i) For every I C [p] there are constants p, A > 0 such that, for all
sufficiently large m, the proportion of M € CL which have an l-colouring that is not
pn-rich is at most 27" where m is the mazimum arity of the relation symbols (so
m > 2). Consequently, the proportion of M € CL which have only un-rich I-colourings
approaches 1 as n — 0o.

(i) If at least one relation symbol has arity < 1, then part (i) also holds if CL is replaced
by SI . U-colouring’ by ‘strong l-colouring’, and m is the largest arity <1 (so m > 2).

Remark 10.6. (i) In both parts of Theorem 10.5, the proof shows how to compute
from the number of colours, [, and the arities r1,...,7, of the relation symbols of the
language L.

(ii) Theorem 10.5 gives a bit more than what has been said above; namely that the
assumption in part (i) of Theorem 9.16 is true, which can be seen as follows. Let K,
and SK,, be defined as in the previous section. By Theorem 10.5 (i), there are constants
i, A > 0 such that if YX is the set of M € K,, which are pn-richly I-coloured, then, for
all sufficiently large n,

{MI Ly : M €K, — YE}| / C,| < 27

Since for each M € K,, ML, can be [-coloured, or equivalently, expanded to an
L-structure (using the notation of the previous section), in at most I = 2°" (for some
B > 0) ways, we get ‘Kn — Y,Iﬂ/]Kn| < 26n=2* 0 as n — oco. Therefore the
assumption in part (i) of Theorem 9.16 holds, and it follows that, for every k € N, the
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proportion of M € K,, which satisfy all k-extension axioms of K approaches 1 as n — oo.
The same argument can be carried out for SK,,, S,; and strong [-colourings.

Example 10.7. Here follows applications of Theorems 10.3 and 10.4.

(i) Let F be the Fano plane as a 3-hypergraph, that is, F has seven vertices and
seven 3-hyperedges (3-subsets of the vertex set) such that every pair of distinct vertices
is contained in a unique 3-hyperedge. If K,, is the set of all 3-hypergraphs with vertices
1,...,n in which F is not embeddable, and K = |J,,c K», then almost all members
of K are 2-colourable [30]. Since F cannot be weakly embedded into any 2-colourable
3-hypergraph, it follows from Theorem 10.3 that K has a zero-one law for the uniform
probability measure.

(ii) Let G be the 3-hypergraph with vertices 1,2,3,4,5 and 3-hyperedges {1,2,3},
{1,2,4}, {3,4,5}, and let K,, be the set of 3-hypergraphs with vertices 1,2,...,n in
which G is not weakly embeddable. Then almost all members of K = UneN K, are
strongly 3-colourable [6]. (Tripartite in [6] means the same as strongly 3-colourable
here.) Since G cannot be weakly embedded into any strongly 3-colourable 3-hypergraph
it follows from Theorem 10.4 that K has a zero-one law for the uniform probability
measure.

In Section 10.1 we derive an upper bound on the number of multichromatic m-tuples
if the [-colouring «y : [n] — [l] is not Z-rich and a is sufficiently large. Then we show
that the number of multichromatic m-sets are fairly tightly controlled by the number of
multichromatic m-tuples. These results are used in Section 10.2 where we prove part
(i) of Theorem 10.5. In Section 10.3 we consider strongly multichromatic m-tuples and
m-sets and derive similar results as in Section 10.1 which are used in Section 10.4 where

part (ii) of Theorem 10.5 is proved.

10.1. Counting multichromatic tuples and sets.

Notation 10.8. (i) Let n,m,l € N and suppose that n > 1 > 2 and m > 2.

(ii) Let v : [n] — [I].

(iii) Let mult(n,~y, m) denote the number of ordered m-tuples (ay, ..., an) € [n]™ which
are multichromatic with respect to .
(iv) For every i € [I], let p(n,~,) = |y~
which are assigned the colour ¢ by ~.

1(4)|, so p(n,~,1) is the number of elements in [n]

The number of (a1,...,an) € [n]™ which are monochromatic with respect to ~ is
Zi:l p™(n,,1), from which it follows that
!

(1) mult(n,y,m) = n™ — me(n,’y,i).

i=1
Remark 10.9. Let k € N and o € R*. The function frn(z1,...,25) = Sov at
constrained by x1 + ...+ = a and x; > 0, for i = 1,...,k, attains its minimal
value in the point (a/k,...,a/k), and hence this value is o™ /k™'. This fact is easily

proved by using the method of Lagrange multipliers [20]. Alternatively, one can use
a variant of Holder’s inequality: In the result with number 16 in [21] (p. 26), take
r=1,s=mand a = (z1,...,2;) and the claim “M,(a) < Ms(a) unless ...” becomes
(x14...+ap)/k < (%fk,m(xl, .. ,xk))l/m unless all x; are equal. Since we assume that
r1+ ...+ xp = «, the claim follows by taking the mth power on both sides.

Lemma 10.10. Let a > 0. If v : [n] — [l] is not Z-rich, then

a

mult(n, v, m) < (1 _ [“;1]m(l_11)m_1>nm.
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Proof. Let a > 0. Suppose that ~ : [n] — [I] is not 2-rich, which means that, for some

a
i € [l], p(n,,i) < 2. For simplicity of notation (and without loss of generality) assume

that 2 = [. Then

n a—1
2 - l - - = )
) n=pnpl) - 2= Oy
Now we have
mult(n,vy,m) =
-1
=™ = p" (i) — pM(n 1)
i=1
[TL _p(n777l)]m
< m _ m
— n (l . 1)m_1 p (na’% l)
by Remark 10.9 with « =n — p(n,v,l) and k =1-1
a—11" n™
mo— - p" ) by (2

: (1 - [aﬂma—;ml)”m' -

Notation 10.11. (i) As usual, by a k-set we mean a set of cardinality k.

(ii) For every integer k > 2, every n € N and every v : [n] — [l], let mult(n,~, k) be the
number of k-subsets {a1,...,a;} C [n] such that there are i, j € [k] with v(a;) # v(a;).
We call such a k-set {ay,...,a;} multichromatic.

(iii) For integers 1 < i < k, let perm(i, k) be the number of (ordered) k-tuples (aq,. .., ax)
of elements of an i-set A such that every a € A occurs at least once in (aq,...,ak).

Lemma 10.12. Let mpax > 2 be an integer and suppose that o, : [n] — [I] and , :
[n] — [l], for n € N. Moreover, assume that for all 2 < m < mpyax there are constants
Cm, dm > 0 such that for all sufficiently large n,

emn™ < mult(n, oy, m) — mult(n,v,,m) < d,n™.
Then, for all 2 < m < Mmmax, there are constants c,,,,d,, > 0 such that for all sufficiently
large n,

/ m m

c.n™ < mult(n,o,,m) — mult(n,y,,m) < d,n™.

Proof. Suppose that for all for all 2 < m < mpyax there are ¢, d,, > 0 such that for all
sufficiently large n,

(3) emn™ < mult(n, op, m) — mult(n,v,,m) < dy,n™.
Note that if an m-tuple (a1, ..., an) € [n]™ is multichromatic with respect to v : [n] — [I],
then }{al, ....am}| =i for some 2 < i < m. Therefore (with the notation introduced

before the lemma), for every m and every v : [n] — [I] we have

m

(4) mult(n,y,m) = Z mult(n, vy, 7) - perm(i, m).
=2
We use induction on m = 2,..., Mmax. If m =2 then (3) and (4) give
Co —_— —_— dg
— < 1t 2) — mult 2) < —————
perm(2,2) — mult(n, on, 2) — mult(n, 3, 2) < perm(2,2)’

so we can take ¢ = ¢z /perm(2,2) and dj = da/perm(2,2).
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As induction hypothesis, suppose that for m = 2,..., k < muyax there are ¢/, d,, > 0
such that for all sufficiently large n,
(5) c,n™ < mult(n,o,, m) — mult(n,v,,m) < d,n™.
By assumption, for all sufficiently large n we have
et < mult(n, o, k4 1) — mult(n, y, k+1) < dpyinL,

and by (4) with m = k + 1 it follows that for all sufficiently large n,
k
cepnt Tl < Z perm(i, k + 1) {mult(n, Ony 1) — mult(n,’yn,i)}
=2
+ perm(k + 1,k + 1) {mult(n, On, k+ 1) — mult(n, v,, k + 1)} < dpn*th

By the induction hypothesis, (5) holds for m = 2,... k and all sufficiently large n.
Hence, for all sufficiently large n,

cpnt <

perm(k+ 1,k +1) [mult(n, On, k+ 1) — mult(n, v,, k + 1)} + O(nk) < dyppnF,
so there must be ¢} ;,d; . ; > 0 such that for all sufficiently large n,
c§€+1nkle < mult(n,op, k+ 1) — mult(n, v,, k +1) < dzﬂnkﬂ. O

10.2. Proof of the first part of Theorem 10.5. We continue to use the terminology
and notation introduced in Notation 10.8 and 10.11. Recall that all arities r1,...,7,
of the relation symbols Ri,..., R, are at least 2. Let mmax = max(ry,...,r,). For all

[,m > 2 we have

1 S 1
(l _ 1)m—1 lm—l'

Let a > [ be large enough so that, whenever 2 < m < mpyax,

a—11" 1 1
6 .
0 [ a } (e
For every n € N such that n > [, fix o, : [n] — [{] such that, for every i € [I],

Then, for all sufficiently large n, o, is Z-rich (because we chose a > I). Observe that if
7 : [n] = [1], then the number of M € CL for which v is an [-colouring is

22,66[13]7[ mult(n,y,rx) + Dper mult(nn/,rk).

Therefore,

(8) {CI‘ > 2Zk€[p]7]mu1t(n,on,'rk) + Yper mult(n,on,ri)
n| = .

A lower bound of mult(n, o, m) is obtained as follows:

l m
mult(n,o,,m) = n™ — me(n,an,i) > n™m - l(?—i—l) by (7)

=1
m n™ m—
= n — W Zl: O(TL 1),
SO
(9) mult(n, o, m) > (1_ lm11>nm + O(n™1).
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For every n € N, choose 7, : [n] = [I] such that

(10) Tn 18 not ﬁ—1"ich7 and
a

for every « : [n] — [I] which is not %-rich,

(11) Z mult(n,y,ry) + Zm(n,%rk)

kelp]—1 kel
< Z mult(n, Y, 7%) + Zmu“(nﬁn,rk)-
kelp]—1 kel

Let X,, € C] be the set of all M € C] which have an l-colouring which is not Z-rich.
It suffices to prove that |X,|/|CL| — 0 as n — oco. If M € X, then there is an [-
colouring 7 : [n] — [I] of M which is not Z-rich, and the number of V" € C/ for which
~ is an I-colouring is at most 22-kelpl—1 MUYTR) + ey multnyre) Gince the number of

functions v : [n] — [I] is I" = 28", for some 3 > 0, it follows from (10) and (11) that
(12) X,| < 297+ Shcprrmiltunnn) + Seeg mnon i)

From (10) and Lemma 10.10 it follows that

(13) mult(n, y,,m) < (1 - [a—l] (l_ll)m_1>nm.

a

m

Note that for all n,m and 7 : [n] — [I] we have mult(n,y,m) < mult(n,y,m) < n™.
Therefore, (9) and (13) imply that

n™ > mult(n,o,, m) — mult(n,y,, m)

ll‘zml—l - )

- Haﬂmu—llw—l - zml—l

Together with (6) this implies that there is ¢ > 0 such that whenever 2 < m < Mmpax
and n is sufficiently large

Y

n™ £ O(nm_l)

nm &+ O(nm_l).

(14) en™ < mult(n,op,m) — mult(n,vy,,m) < n'™.

Lemma 10.12 now implies that for all 2 < m < muyax there are ¢/, > 0 such that for all
sufficiently large n,

(15) c,n™ < mult(n,o,,m) — mult(n,y,, m).

By (8) and (12) we have
(16) |Xa|/|C| <
< 9P + Shepp-1 [mutt(n,nm) = mutt(n,on,re)] + ey [mult(nom,re) — mult(non,r)]
From (14) and (15) it follows that for all sufficiently large n,
(17) kelp]—1I = mult(n,y,,ry) — mult(n,on, 7)) < —cn'™, and
(18) kel = mult(n,v,,rp) — mult(n,op,m) < —cp, 0",

where ¢, ¢, > 0 for all k € [p]. Since ry > 2 for all k € [p] it follows from (16)-(18) that,
for m = mpax and some A > 0, we have (for all large enough n)

‘Xn‘/‘Cﬂ < 27" 5 0 as n— oo
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In other words, the proportion of M € CI which only have 2-tich [-colourings approaches

1 as n — oo; in part (i) of Theorem 10.5 we can take pu =

Sy

10.3. Counting strongly multichromatic tuples and sets.

Notation 10.13. (i) Let n,m,l € N and suppose that n > 1 >m > 2.

(ii) Let 7 : [n] — [I].

(iii) Let smult(n,~y, m) denote the number of ordered m-tuples (a1, ..., a) € [n]™ which
are strongly multichromatic with respect to ~.

(iv) Let smult(n, v, m) be the number of m-subsets {a1,...,an} C [n] such that v(a;) #
v(a;j) whenever i # j.

(v) For every i € [I], let p(n,~,i) = |y~ 1(4)
which are assigned the colour i by ~.

, 50 p(n,~,1) is the number of elements in [n]

Observe that

(19) smult(n,y,m) = m! smult(n,~y,m)
and
(20) Sl ym) = 3 p(min) .. p(n i),

1< <. <ign <I
For k > m, let
Gem (X1, ..., 25) = Z Tiy -+ T, -
1<ii<..<im<k
The next lemma is a special case of an inequality found in [21] (p. 52), see Remark 10.15

below, but here we give a proof based on the better known method of Lagrange multipliers
[20].

Lemma 10.14. Let o > 0. Subject to the constraints x1 + ...+ xp = a and x; > 0 for

all i € [l], ggm attains its mazimum in (a/k,...,a/k), and hence the mazimum is
(/e asky = (F) ()"
m(a/k,... « = - .
9km m L
Proof. Suppose that, under the given constraints, gy ,, attains its maximum in (a1, ..., ax).

Then at least one a; is non-zero, hence positive. We show that for every j, a; = a;. By
the constraint a; + ... + a; = « it follows that a; = a/k for all j € [k]. For simplicity
of notation, and without loss of generality, assume that ¢ = 1, so a; > 0. Since the

following argument works out in the same way for all j = 2,...,k, let’s assume that
j = 2 (simplifying notation again).

Let h(z1,22) = grm(x1,22,a3,...,a;). Since we assume that gy ., attains its max-
imum, under the given constraints, in (ay,...,ax), it follows that h(zi,x2) attains its
maximum, under the constraints 1 + 2o = a—ag—...—ap (wherea—az—...—ap >0
since a; > 0) and x1,x2 > 0, in (a,az). Observe that

h(acl, 1‘2) = E T1T20Q4, - .- A4, o T E T1Qqq - - - A,y 4

3<in <. <im—2<k 3<ir <. <im—1<k

+ E T2y - .. Qj,, 4 T E iy - - - Wy,
3<i1 <. <tm_1<k 3<i1 <. <im <k

= g T1T204 - .- G, 5 + E (1 + x2)ag, ...a;, ,
3<i1 <<l —2<k 3<i < <im—1<k

+ E iy - - Qi -

3<i1 <. <im <k
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Subject to the constraint z1 + 9 = a — a3 — ... — ag, the part

E (:L’l + l’g)ail R PP E iy - - Ay,

3<i1 <. <im—1<k 3<ii <. <im <k

is constant, and hence h(x1,x2) attains its maximum in the same point as h*(x1,z2) =
cx1x2, where ¢ > 0 is a constant. The reason that we can assume that ¢ > 0 is that if
m > 2, then there are at least m — 2 non-zero a;’s with ¢ > 2; because otherwise g ,,
would be zero in (aq,...,ax) and then this point could not be a maximum, contrary to
assumption. Thus it suffices to show that, for any g > 0, if h*(x1,x2) = crixs attains
its maximum in (b1, b2) under the constraints x1 +xo = 3, x1, z2 > 0, then by = be. This
is easily proved by (for example) using Lagrange multipliers [20)].

Given that a; = ... = a, the constraints on gy, imply that a; = o/k for all ¢, and
insertion of (x1,...,xx) = (a1, ..., ax) in the expression of g ,,, shows that its maximum,
subject to the constraints, is (7’;) (a/k)m. O

Remark 10.15. Lemma 10.14 is a special case of the result with number 52 in [21] (p.
52), which is attributed to Maclaurin [28]. In the notation of that result, but with the

letter n replaced by k, we have “p; > (p2)'/? > ... > (px)/* unless ...”, so in particular
“p1 > (pm)l/m unless ...”, which, with the notation here and because =1 + ... 4+ z; = «,
becomes a/k > (gkym(xl, . 7%)/(71;))1/7;1 unless all z; are equal. By raising both sides

to the mth power we get the statement of the lemma.

Lemma 10.16. Let a > 0. If v : [n] — [I] s not Z-rich, then

smult(n,y,m) <

R

where the left term within the large parentheses vanishes if m = [.

Proof. Suppose that a > 0 and that « : [n] — [I] is not Z-rich. Then, for some i € [I],
we have p(n,v,i) < 2. For simplicity of notation, and without loss of generality, assume
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that ¢ = [. Then:

smult(n,y,m) = Z p(n,v,i1) - ... p(n, Y, im) by (20)
1<i1 < . <im <1

= Z p(n,y,01) ... p(n, Y, im)

1<ii<..<im<l—1

+ Z p(na’Ya 11) "‘p(n”)/vimfl)p(n”)/vl)
1§i1<...<im_1§l—1
where the first sum vanishes if m =1

< Z p(nalyall)p(n’r)/?lm)
1<i1 <. <im <l—-1

+ [ Z P(n, > 21) .- .p(n, v, Zm1)] E by assumption
1<i1 < <l—1<l—1

< <Zm1> (W)m n Z(;_z) <W>m_1

by Lemma 10.14, twice, with k =1—1, « = n — p(n,~,1), and

with m in the first application and m — 1 in the second application

<()amm o)

[ )

10.4. Proof of the second part of Theorem 10.5. Let mpax = max(ry,...,r,),
where r1,...,r, > 2 are the arities of the relation symbols Ry,..., R, of the vocabulary
of L,.¢;. Suppose that at least one relation symbol has arity < I. We use the notation
from the previous section (Notation 10.13). Since for every m > [ and every v : [n] — [I],
no (ai,...,any) € [n]™ is strongly multichromatic with respect to -, we may, without
loss of generality, assume that mmpax < I

Let X,, C SI be the set of all M € S] which have a strong I-colouring which is not
2-rich, where a > [ is a number that will be specified after we have made some estimates.
In order to prove part (ii) of Theorem 10.5 it is enough to prove that we can choose a
so that

(21) lim [ X

For every n > [, fix o, : [n] — [I] such that, for every i € [],

(22) ?—1 < p(n,on,i) < %H.

Then every oy, is Z-rich (because a > [). For all sufficiently large n,
(23) ‘S{z’ > 9 kefpl—1 SMUt(n,0nrk) + e smult(nom,re)
For every n € N, choose 7, : [n] — [I] such that

(24) Yn 18 not ﬁ—Jrich, and
a
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for every « : [n] — [I] which is not %-rich,

(25) Z smult(n, v, 7%) + Zsmult(n,%rk)
ke[p]_[ kel
< Z smult(n, v, 7%) + Zsmult(n,’yn,rk)-
kelp]—1 kel

Since, for some 3 > 0, there are at most [ = 2°" I-colourings v : [n] — [I], and every
M € X,, has an I-colouring which is not Z-rich, it follows from (24) and (25) that

(26) ‘Xn‘ < 2Bn+zke[p]71smult(n,'yn,rk)—&-zke[p] smult(n,vmrk)‘

From (19), (23) and (26) it follows that in order to prove (21) it suffices to show that,
for every 2 < m < mpax there is a constant A\, > 0 such that for all sufficiently large n,

(27) smult(n, o, m) — smult(n, v,,m) > \pn™.
We have
(28) smult(n, op,,m) = Z p(n, 0n,i1) ... p(N, On,im) by (20)

1<ir1<...<im <1

> < : ) (n — 1> by the definition of o,
m/) \ 'l
I\n™
= — £ O(n™1h).
<m> [m (n )

By Lemma 10.16,

(29)  smult(n,v,,m) < [m(z;) + W(;__D]nm

where the left term within the parentheses vanishes if m = [. From (28) and (29) we get

smult(n, o,, m) — smult(n, v,,m)

0 - () - )

Observe that the rightmost term within the large parentheses can be made arbitrarily
small by choosing a large enough. Thus, to prove (27) it suffices to show that

50 - () o

But (30) holds because whenever 2 < m < we have

1<l) BN VU U s

nm 4+ O(nm_l).

m\m [m m) m)! pal l
m—1 . m—1 .
1 1 1 -1
L (-1) > IO 5) = ()
m! Lo m! 1 - (1-1) m
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