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Abstract

We study a class C of Ny-categorical simple structures such that every M in C has
uncomplicated forking behavior and such that definable relations in M which do
not cause forking are independent in a sense that is made precise; we call structures
in C independent. The SU-rank of such M may be n for any natural number n > 0.
The most well-known unstable member of C is the random graph, which has SU-
rank one. The main result is that for every strongly independent structure M in
C, if a sentence ¢ is true in M then ¢ is true in a finite substructure of M. The
same conclusion holds for every structure in C with SU-rank one; so in this case the
word ’strongly’ can be removed. A probability theoretic argument is involved and
it requires sufficient independence between relations which do not cause forking. A
stable structure M belongs to C if and only if it is Ryp-categorical, Ry-stable and
every definable strictly minimal subset of M*®4 is indiscernible.

Introduction

As our starting point we can take the complete theory T, of the random graph (see [8],
Section 7.4, for a definition of it). T}, is countably categorical and unstable, but simple
with uncomplicated forking behavior: for example, T, is 1-based, has SU-rank 1 and
trivial forking. Every model M of T, also has the finite submodel property, by which
we mean that if ¢ is a sentence which is true in M then ¢ is true in a finite substructure
of M. This result owes to the fact that definable relations in a model of 7}, which do
not cause forking are “sufficiently independent” and this allows one to prove the finite
submodel property by a probability theoretic argument. In some cases, like the random
graph, the independence of relations imply a stronger result, a 0-1 law for a set of finite
structures. In the more general settings studied in [5] and in this paper, 0-1 laws are not
necessarily a consequence of our arguments, but we get the finite submodel property.!
We will encounter three different ways of making precise the idea of sufficient in-
dependence: the n-embedding of types property, the n-independence hypothesis and
the n-amalgamation property. The last two notions have been studied in [5] and [10],
respectively. Without assuming sufficient independence we encounter some difficulties
with respect to proving or refuting the finite submodel property, even if the theory un-
der consideration has very uncomplicated forking behavior. For example, the random
pyramid-free (3)-hyper graph (see [6] for instance) is Ry-categorical, simple, 1-based, has

"When considering limit laws we have to decide (in a given context) which finite structures to take
into account and what probability measure to use on them. For instance, there is a strongly independent
structure M, in the sense of this paper, with SU-rank 1 (so algebraic closure is trivial) and the following
property: Let IC, be the set of all structures with universe {1,...,n} which are isomorphic to some
substructure of M. There is ¢ such that M |= ¢, so ¢ is true in a finite substructure of M, but the
proportion of structures in /C,, in which ¢ is true approaches 0 as n — co. However, there is another, in
the context natural, probability measure (than the uniform one) on K, such that for every ¢» € Th(M)
the probability that 1 is true in a member of IC,, approaches 1 as n — oco. Results concerning 0-1 laws
and finite substructures of Wo-categorical structures will appear in a forthcoming paper of the author.



SU-rank 1 and trivial forking, but it is unknown (as far as the author knows) whether it
has the finite submodel property. The random pyramid-free (3)-hyper graph does not,
however, satisfy any of the three “sufficient independence” conditions considered in this
article.

Here, we call a structure strongly independent if its complete theory T' has the fol-
lowing properties: countable categoricity, simplicity, 1-basedness, trivial forking (which
implies that 7" has finite SU-rank) and the n-embedding of types property (with respect
to all generators) for every natural number n; in addition we will assume that the lan-
guage of T has a finite upper bound on the arity of its function symbols. The main
result is that every strongly independent structure has the finite submodel property. In
the course of proving this we prove that every independent structure with SU-rank 1 has
the finite submodel property. The difference between ’independent’ and ’strongly inde-
pendent’ is that in the former case we only require the n-embedding of types property
to hold with respect to simple generators; definitions are given in sections 3 and 4.

The class of independent structures includes as a subclass all Ry-categorical Xg-stable
structures which satisfy that every definable strictly minimal set is indiscernible. The
latter class was studied in [12] and contains all (infinite) countable finitely homogeneous
stable structures (see [13] for a survey). Note that an Rg-categorical Rg-stable structure
need not be independent since it need not have trivial forking, and an independent
structure need not be smoothly approximable (a property which holds for every Wo-
categorical Ng-stable structure [2], [9], [1]) since the bipartite random graph may be
definable in it. But if an independent structure M is stable, then it is Ng-stable and
every definable strictly minimal subset of M°? is indiscernible. In Section 7 an example
is given of an unstable strongly independent structure with SU-rank n+1, for arbitrarily
chosen 0 < n < Ny. More examples of unstable strongly independent structures are given
in Section 7 and in Section 6 of [6].

The proof that a strongly independent structure has the finite submodel property
is carried out in Sections 4 and 5 and it uses the main results from [5] and [6]. A
rough outline of the proof goes as follows: Given a strongly independent M we find
(by results in [6]) a canonically embedded structure N of M®? which has the property
that (N, acly) is a pregeometry (where acly is the algebraic closure operator on N) and
M C aclpsea(IN). Then we are able to apply results from [5], an article which studies
structures on which the algebraic closure forms a pregeometry, to prove that N has the
finite submodel property. When this is done, we apply a result from [6] which roughly
says that if My is canonically embedded in M4, M C aclpea(Mp) and My has the finite
submodel property, then M also has it. In this way we conclude that every strongly
independent structure has the finite submodel property.

In Section 3, we introduce different variants of the n-embedding of types property and
prove that every stable theory has the strong n-embedding of types property with respect
to simple generators, for every 2 < n < Ng; this is a consequence of the stationarity of
types over algebraically closed sets in stable theories. In Section 6 we prove that if T is
simple with SU-rank one, the algebraic closure coincides with the definable closure (when
imaginaries are involved) and 7" has the k-amalgamation property for every k < n + 1,
then T has the k-embedding of types property for real types (where the free variables
are of sort '=") with respect to simple generators, for every 2 < k < n. If, in addition,
forking is trivial, then the conclusion may be strengthened by removing the part “for
real types”. From this and [10] it follows that T4 has the n-embedding of types property
with respect to simple generators, for every 2 < n < ¥g. In fact, 7,4 has the (strong)
n-embedding of types property with respect to all generators, for every 2 < n < Ny,



which is explained in Section 7.

Section 2 reviews the main notions and results from [5] and Section 7 gives examples
which illustrate the new concepts of this paper.

I would like to thank the anonymous referee for observing an error in an earlier
version of the article.

1 Preliminaries

Notation and terminology. We use notation and terminology which is more or less
standard. By a,b, Z, § etc., we denote sequences of elements or variables; unless said
otherwise, sequences will be finite. For any sequences @ and b the concatenation of them
is denoted by ab. Occasionally we may consider a sequence @ as a set (by disregarding
the order of the elements in the sequence). With the notation a € A we mean that each
element in the sequence a belongs to A. For a sequence a, |a| denotes its length; for a
set A, |A| denotes its cardinality. Sometimes we use the notation rng(a) to denote the
set of all elements that occur in a. Given sets A and B we sometimes write AB instead
of AU B.

For a structure M, the complete theory of M is denoted by Th(M). We write
delar(A), aclar(A) and tppr(a/A) for the definable closure of A in M, the algebraic closure
of A in M and the type of a over A in M; if the subscript ‘M’ is clear from the context
we may drop it. Two elements a and b are called interalgebraic if acly/(a) = aclys(b)
where M is the model under consideration. For a complete theory T', let S,,(T") be the
set of complete n-types of T. For a subset A C M, let S} (A) denote the set of n-types
over A (which are realized in some elementary extension of M).

We say that M is Rg-categorical/simple/supersimple if Th(M) is it. We will fre-
quently use the well-known characterization of Ry-categorical theories (see [8] for exam-
ple). An important consequence of this characterization is that if M is Ny-categorical
and A C M is finite then acly/(A) is finite.

Ifa e M*tand A C M*® then SU(a/A) denotes the SU-rank of the type tpasea(a/A);
and SU(a) means SU(a/0). We define the SU-rank of a simple structure M to be
sup{SU(p(x)) : p(x) € S1(Th(M))}, if the supremum exists. We say that M has finite
SU-rank if this supremum is finite.

If T is supersimple, or Ny-categorical and simple, then T has elimination of hy-
perimaginaries (see [16] for instance), so in this setting it is sufficient to consider the
algebraic closure in situations where the general case (of simple theories) would require
considerations of the bounded closure.

If we talk about sets or sequences of elements from some structure without specifying
a structure, then we assume that the elements in these sets and sequences come from
M"MP where M is the monster model of the theory under consideration and M"P is the
extension by hyperimaginaries. For a simple theory 7" and set A, bdd(A) denotes the
bounded closure in M™P. However, except for in a couple of definitions, the theories
under consideration will have elimination of hyperimaginaries, so M"™P may be replaced
by M*®? and bdd may be replaced by acl taken in M®9.

Let T be simple. We say that T is I-based if for all sets A and B, A and B are
independent over bdd(A4) Nbdd(B). We say that T has trivial dependence (also called
trivial forking) if whenever A%KC& Cs, then A%KCZ- for i =1 or for i = 2.

Suppose that L and L’ are first order languages with vocabularies (or signatures)
V and V', respectively. We say that L’ is a sublanguage of L if V! C V. If L is a



sublanguage of the language of M, then M[L denotes the reduct of M to L. Whenever
M is Ny-categorical we assume that its language is countable.

Definition 1.1 Let M be an L-structure.

(i) For every 0 < n < ¥g and every equivalence relation E on M"™ which is ()-definable
(i.e. definable without parameters) L®! contains a unary relation symbol Pg (not in L)
which, in M®4, is interpreted as the set of E-classes. By a sort (in M) we mean a set
of the form Sg = {a € M1 : M*! = Pg(a)} for some E as above. If A C M*° and there
are only finitely many E such that ANSg # () then we say that only finitely many sorts
are represented in A.

(ii) Any (-definable set N C M*®? may be considered as a structure in a language which,
for every 0 < n < ®p and every relation R C N"™ which is (-definable in M4, contains
a relation symbol which is interpreted as R; and we assume that the language of N has
no other relation (or function or constant) symbols. If a (-definable set N C M® is
considered as a structure in this way, then we say that N is canonically embedded in
Meq,

Now we collect some facts that will be used in sections 4 and 5. More explanation
concerning these facts is given in Section 1 of [6].

Fact 1.2 Suppose that M is Ng-categorical and that N is canonically embedded in M4,
Then:

(i) M is Ry-homogeneous.

(ii) For every a € MY, tp(a) is isolated.

(iii) For all a,b € N, tpn(a) = tpn(b) <= tparea(a) = tpasea(d).

(iv) If A C M4, only finitely many sorts are represented in A and B C M s finite,
then, for every 0 < n < N, only finitely many types from SM™ (aclMeq(B)) are realized
by n-tuples from A™.

(v) If only finitely many sorts are represented in N, then N is Wo-categorical.

(vi) If M has finite SU-rank, then, for every a € M1, SU(a) < Ny.

Definition 1.3 An L-theory T has the finite submodel property if the following holds
for any M |= T and sentence ¢ € L: If M |= ¢ then there is a finite substructure N C M
such that N |= ¢. A structure M has the finite submodel property if whenever ¢ is a
sentence such that M = ¢, then there is a finite substructure N C M such that N = .

If Th(M) has the finite submodel property then clearly M has it. The opposite direction
holds if the language contains only finitely many relation, function and constant symbols;

this is easy to see, but is also explained in Observation 1.6 in [5]. The next result is
Corollary 2.5 in [6].

Theorem 1.4 Suppose that M is Ng-categorical and that N C MY is a canonically
embedded structure such that only finitely many sorts are represented in N and M C
aclprea(N). Also assume that for some r < Vg, every function symbol in the language of
M has arity at most r.

(i) If N has the finite submodel property then so does M.

(ii) Suppose that for every formula p(Z) (without parameters) in the language of M, there
is a relation symbol R in the language of M such that RM = {a: M |= p(a)}. Then M
has the finite submodel property if and only if N has the finite submodel property.



2 Polynomial k-saturation and the k-independence hypoth-
esis

In this section we review the main notions and results from [5], which will be essential for
the proof of the main theorem (Theorem 5.1), which is carried out in Sections 4 and 5.
These notions, polynomial k-saturation and the k-independence property, apply only to
structures M such that (M, acly) is a pregeometry; the definition of a pregeometry can
be found in [5] and in [8], for instance. If (M, aclys) is a pregeometry, then we call it
trivial (or degenerate) if, for every A C M, aclpr(A) = Jyeq aclu(a).

Definition 2.1 (i) If M is a structure such that (M, aclys) forms a pregeometry and
A C M then we define the dimension of A to be

dimp/(A) = inf {|B|: BC A and A C acly/(B)}.

(ii) For a structure M and a type p(z) over A C M, we say that p(z) is algebraic if it
has only finitely many realizations (in any elementary extension of M); otherwise we
say that p(z) is non-algebraic.

Definition 2.2 Let 0 < k < Xy and suppose that M is a structure such that (M, aclyy)
forms a pregeometry. We say that M is polynomially k-saturated if there is a polyno-
mial P(z) such that for every nyg < Ny there is a natural number n > ny and a finite
substructure N C M such that:

(1) n < |N| < P(n).
(2) N is algebraically closed (in M).

(3) Whenever a € N, dimy/(a) < k and ¢(z) € SM(a) is non-algebraic, then there are
distinct by, ...,b, € N such that M = q(b;) for each 1 <i <n.

The random graph and infinite vector spaces over a finite field are examples of structures
which are polynomially k-saturated for every 0 < k < Wg; see [5] for more information
about examples. We have the following implication (see Lemma 1.8 in [5]):

Lemma 2.3 If M is polynomially k-saturated for every 0 < k < Wq, then M has the
finite submodel property.

Lemma 2.4 Suppose that M is an Ng-categorical structure such that (M, acly) is a
pregeometry and suppose that L is a sublanguage of the language of M. If aclyric
coincides with aclyy and M is polynomially k-saturated then so is M L.

Proof. Suppose that M is polynomially k-saturated, so there is a polynomial P(z) and
for every j < Np a number j < n; < g and a substructure N; C M such that N; satisfies
(1) - (3) in the definition of polynomial k-saturation, with N; in place of N and n; in
place of n. Then every N; is algebraically closed in M[L£ and hence in M; moreover,
dimps(a) = dimpsz(a) for every a € M. If g(z) € S{w rE(c’z) is non-algebraic with respect
to Th(M1L), then g(x) is included in some ¢/(x) € SM(a) which is non-algebraic with
respect to Th(M). It follows that, for every j < ®g, (1) - (3) holds if M is replaced
by ML, N is replaced by N;[L and n is replaced by n;. Hence ML is polynomially
k-saturated. O



Notation 2.5 (i) If § = (s1,...,s,) is a sequence of objects and I = {i1,...,im} C
{1,...,n}, where we assume i; < ... < i,,, then 5; denotes the sequence (s;,,...,S;,,)-
(ii) If p(z) is a type and Z’ is a subsequence of Z, then p[{Z'} is the set of all formulas
©(Z") such that p(z') € p(z); so p[{Z'} is a type.

Definition 2.6 Suppose that M is an Wy-categorical L-structure such that (M, aclyy)
is a pregeometry. Let £ be a sublanguage of L. We say that M satisfies the k-
independence hypothesis over L if the following holds for any a = (ay,...,a,) € M"
such that dimps(a) < k:

IfI'={i1,...,im} C{1,...,n} and p(Z1) € Sp(Th(M)) (where Z; = (z4,,...2;,,)) are
such that

(a) aCIM(C_L]) = rng(dj), dimM(c_l[) < k, p(f[) NL = terE(C_LI) and for every J C I
with dimps(ay) < dimag(az), pl{zs} = tpar(ay),

then there is b = (by,...,b,) € M"™ such that

(b) tparc(b) = tparc (@), tpar(br) = p(zr) and, for every J C {1,...,n} such that
ar  acly(ay), tpar(ay) = tpar(by).

In [5] examples are given of structures which either satisfy or fail to satisfy the k-
independence hypothesis over some sublanguage, for various k.
From [5] (Theorem 2.2) we have the following:

Theorem 2.7 Let M be an Rg-categorical L-structure such that (M, aclyr) forms a
pregeometry. Suppose that there is a sublanguage L C L such that aclyryz coincides
with aclyy and, for every 0 < k < Vg, ML is polynomially k-saturated and M satisfies
the k-independence hypothesis over L. Then M is polynomially k-saturated, for every
0 <k <Ny, and M has the finite submodel property.

Remark 2.8 The properties of polynomials which are used when applying the as-
sumption of ’polynomial k-saturation’ in the proof of Theorem 2.7 (given in [5]) are
that polynomials are closed under composition and that if P(z) is a polynomial and
0 < ¢ < 1, then lim, . P(n)c™ = 0. Any other class F of functions which is closed
under composition with a polynomial (i.e. if f(z) € F and P(x) is a polynomial, then
f(P(x)), P(f(z)) € F) and satisfies that lim,_,o |f(n)|c" = 0, for every f(z) € F and
every 0 < ¢ < 1, would do; in fact it would be sufficient that the limit exists and is less
than one.

3 The n-embedding of types property

In this section we introduce the n-embedding of types property (where 2 < n < Xg), or
rather, a few variants of it. This notion is a way of making precise the idea that definable
relations which do not cause forking are independent of each other. All stable theories
have the (strong) n-embedding of types property with respect to simple generators, for
every 2 < n < ¥y, which is proved below. This is a consequence of the stationarity
of strong types in stable theories. The random graph has the (strong) n-embedding of
types property (with respect to all generators) for every 2 < n < Ng; this is explained in
Example 7.1. Another simple unstable example, with SU-rank k for arbitrarily chosen
1 < k < Y, which has the (strong) n-embedding of types property (with respect to all
generators) for every 2 < n < ¥ is given in Section 7.



A related notion, studied in [10] and [4], is the n-amalgamation property, which
generalizes a similar property from [11]. In Section 6 we will prove a relationship between
the n-amalgamation property and the n-embedding of types propery in the case when
the theory has SU-rank one. Throughout this section we assume that T is simple, with
monster model M, although this may be repeated; and we work in M™P_ or in M if
the theory under consideration has elimination of hyperimaginaries.

Definition 3.1 Let S be a partially ordered set with a least element 0, such that the
greatest lower bound s At of any two s,t € S exists, and if s, € S have an upper bound,
then there is a least upper bound s V¢ of s and t.

(i)

(i)

(iii)

We call ({As:s €S}, {nf:s<teS}) a directed family of boundedly closed sets
if for each s € S, m} : Ay — A; is an elementary map whenever s <t € S and 7
is the identity map for each s € S.

A directed family of boundedly closed sets ({As : s € S}, {nf : s <t € S}) is
called an independent system of boundedly closed sets indezxed by S if the following
hold for every s € S:

(1) If u,v < sand t =uAwv, then 7¢(A,) t\(’;‘ )W?(Av).
7Ts t

(2) If there is £ € S such that 0 < ¢ < s then A, = bdd(Ut<Swg(At)).

If all the maps 7} are inclusions then we write {As : s € S} instead of ({As : s €
S}, {mi s <teS}).

For every n < Ny, n also denotes the set {0,...,n — 1} (or 0 if n = 0). Let P(n)
be the power set of n and let P~ (n) = P(n) — {n}. Note that P(n) and P~ (n)
are partially ordered by inclusion and that (P(n),C) and (P~ (n), C) satisfy the
requirements on S mentioned above.

Let A= {Ay : w € P7(n)} be an independent system of boundedly closed sets
with inclusion maps and suppose that A and AV, i € n, are such that A C A
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and for every i € n, Ay = bdd(A U A?) and whenever |w| = n — 1, then

Ay = bdd(UiEw A?). Then we call G4 = {AY : i € n} a set of generators of A

over A, or say that A is generated by G4 = {AY : i € n} over A. We may also
express this by saying that (A,G4) is an independent system of boundedly closed
sets generated by G4 over A. If G4 is a generator of A over A and A C AY for
every i € n, then we call G4 a simple generator of A (over A).

An independent system of algebraically closed sets A (generated by G4) is defined
in the same way as an independent system of boundedly closed sets A (generated
by G4), except that we replace ‘boundedly closed’ by ‘algebraically closed’ in (ii)
and (iv).

Suppose that (A, G4) and (B,Gp) are independent systems of algebraically closed
sets, indexed by P~ (n), with inclusion maps and generated by G4 = {AY : i € n}
over A and Gg = {BY : i € n} over B, respectively. If for every w € P~(n), fy is
an elementary map from A, onto By, fullU;c, A7 extends f,1lU,c, A whenever
w 2w, and f(;;(AY) = BY for every i € n, then we call {fy, : w € P~ (n)} a system
of elementary maps from (A,Ga) onto (B,Gp).



Definition 3.2 Let n > 2.

(i) Let (A,Ga) and (B, Gp) be independent systems of algebraically closed sets indexed
by P~(n), with inclusion maps and generated by G4 = {AY : i € n} over A and
g = {Bg i € n} over B, respectively. Moreover suppose that F = {f, : w €
P~(n)} is a system of elementary maps from (A,G4) onto (B,Gp). We say that
the triple ((A, Ga), (B, QB),]:) has the embedding of types property if whenever

(1) rng(a) N acl(Uwep_(n) Aw) = () and
(2) a € rng(a) and a € acl((rng(a) —{a}) UlUupep-m) Aw) implies that a €
acl(rng(a) — {a}),
then

(3) there are é and for every w € P~ (n) an elementary map gy, from rng(a)U A,
onto rng(b) U B, such that g,(a) = b, if w 2O v then g,[U,;c,, A? extends
9o Uico AY, and 70! TAY = Ty [AY for every i € n.

€W

(ii) We say that ((A,Ga), (B,Gg),F) has the strong embedding of types property if (1)
implies (3).

(iii) We say that ((.A, Ga), (B,GB), .’F) has the embedding of types property for real types
(or strong embedding of types property for real types) if whenever a is a sequence of
real elements (i.e. elements of sort '=") and (1) and (2) hold (or (1) holds), then
(3) holds.

(iv) We say that T has the (strong) n-embedding of types property (for real types) with
respect to all generators if whenever (A,G4) and (B,Gp) are independent systems
of algebraically closed sets indexed by P~ (n), with inclusion maps, with generators
Ga over A and Gp over B, respectively, and F = {f, : w € P~ (n)} is a system
of elementary maps from (A,G4) onto (B,Gp), then ((A4,Ga), (B,Gg), F) has the
(strong) embedding of types property (for real types).

(v) We say that T has the (strong) n-embedding of types property (for real types)
with respect to simple generators if whenever A and B are independent systems of
algebraically closed sets indexed by P~ (n), with inclusion maps and with simple
generators G, over Ay and Gg, over By, respectively, and F = {f, : w € P~ (n)}
is a system of elementary maps from (A, G4,) onto (B, Gp,) such that f,[Ay = fo|
Ay for all w,v € P~ (n), then ((A,Ga,), (B,Gp,),F) has the (strong) embedding
of types property (for real types). Note: If n > 3 then the condition that all
fuw € F agree on Ay follows from the other assumptions.

The next result will be used in Sections 6 and 7.

Lemma 3.3 IfT has the strong n-embedding of types property for real types with respect
to all generators, then T has the strong n-embedding of types property with respect to all
generators. The same implication holds if "with respect to all generators’ is replaced by
with respect to simple generators’.

Proof. Suppose that T has the strong n-embedding of types property for real types
with respect to all generators. Let (A,G4) and (B,Gp) be two independent systems of



algebraically closed sets indexed by P~ (n), with inclusion maps and with generators

= {AY : i € n} over A and Gg = {BY : i € n} over B, respectively, and let
F ={fw:w € P (n)} be a system of elementary maps from (A,G4) onto (B,Gp).
Suppose that @ = (a1,. .., a;) € (M)¥ is such that

rng(a) N acl( U Aw) = 0. (%)

weP—(m)

Then there are real tuples a; € M such that a; € dclpgea(a)) for each 1 < i < k. Let
a*=aj...a). From (x )Weget

rng(&*)ﬂacl( U A) 0.

weP~

By assumption, T has the strong n-embedding of types property for real types with
respect to all generators, so there are b* € M, and for every w € P~(n), an elementary
map gy, : rng(a*)U A, — rng(E*) U By, such that g,,(a*) = b*, if w 2 v then gy [U;c,, 47
extends g, [U;c, AY, and g{l}[ = fi }[A for every ¢ € n. For each 1 < ¢ < k we
have (by the choice of a}) a; € dclpea(a)) and hence @ € dclpgea(a@*), so there are
b = (by,...,bx) € dclpgea(b*) and, for every w € P~(n), an elementary map hy,
rng(a*a) U A, — rng(b*b) U B,, which extends g,,. Then clearly, h,, Uicw AY extends
olUico AY if w D v and hiy [AY = 9iiy [AY = Ty [AY for every i € n. This proves that
T has the strong n-embedding of types property with respect to all generators. The
other statement of the theorem is proved in the same way; in this case we just assume
that G4, and Gp, are simple generators over Ay and By, respectively. O

Theorem 3.4 If T is stable then T has the strong n-embedding of types property with
respect to simple generators, for every 2 < n < Ng.

Proof. We use the following notation in this proof: If f; : Ay — Bj and fy : As — By
are maps which agree on A; N As, then f; U fo denotes the map from A; U Ay which
extends both fi and fo.

Suppose that T is stable and that A = {4, : w € P~ (n)} and B={By, : w € P~ (n)}
(where 2 < n < Wg) are two independent systems of algebraically closed sets with
inclusion maps. Moreover, assume that G4, = {AY : i € n} and G, = {BY : i € n}
are simple generators of A and B over Ay and By, respectively. Also suppose that
F ={fw:w € P~ (n)} is a system of elementary maps from (A, G,,) onto (B,Gp,) such
that fu[Ag = fulAy for all w,v € P~(n). By parts (ii) and (v) of Definition 3.2, we
need to show that ((B,Ga,), (B,Gg,), F) has the strong n-embedding of types property.

So suppose that

rng(a ﬁacl( U A) and let wo=n—{0}={1,...,n—1}.
weP~

Then we have A{O};l{ Ay, and B{O}E‘, By,,- Moreover, from A{O}ZL Ay, and the assump-
0 0 0

tion that Ay, Ap and Ay, are algebraically closed we get Aggy N Ay, = Ap; and in the
same way we get By N By, = By.

Since G4, and Gp, are simple generators over Ay and over By, respectively, we have
Ay C AJ C Aoy and Ag C AY C Ay, so both Joy and fu, extend fy: Ay — By. As Ay
and By are algebraically closed and 7' is stable, all types over algebraically closed sets are



stationary. Hence fioyU fu, is an elementary map from Ay U Ay, onto Byg,U By, which
extends f{oy and fy,; it follows that for every i € n, (f{oyU fu,) [ AY extends Ty [AY. We
can extend f{oy U fu, to an elementary map f from acl(Ag U Ay, ) onto acl(Bygy U Buyy)-
By (2) in Definition 3.1 (ii) we have A, C acl(Ayg} U Ay,) and By, C acl(B{gy U Buy,)
for every w € P~ (n). Then we can find b and extend f to an elementary map f’ from
rng(a) U acl(Aggy U Ay,) onto rng(b) U acl(Bygy U Buy,) such that f'(a) = b. Now let
gw = f'Irng(a)U A, for every w € P~ (n). Then g,(a) = b and if w D v then g,, extends
gv- Moreover, for every i € n, g¢; TAY = fTAY = f1AY = (101 Y fuo) TAY = friy TAY. O

Evidently, the ’(strong) n-embedding of types property (for real types) with respect to
all generators’ implies the ’(strong) n-embedding of types property (for real types) with
respect to simple generators’. The next lemma says that under the assumption n > 3
and that the algebraic closure has very simple behaviour then the implication can be
reversed. The implication cannot be reversed in general, as Example 7.4 shows; we say
more about this issue in Examples 7.4 and 7.5.

Definition 3.5 (i) We say that the algebraic closure and definable closure coincide if
acl(A) = dcl(A) for all A C M.

(ii) We say that the definable closure is trivial if the following holds: Whenever a,b €
M4 |b| > 1, a € del(b) and b ¢ dcl(a), then there is a proper subsequence b’ of b such
that a € del(t).

Lemma 3.6 Let T be simple. Suppose that the algebraic closure coincides with the
definable closure and that the latter is trivial. If n > 3 and T has the (strong) n-
embedding of types property (for real types) with respect to simple generators, then
T has the (strong) n-embedding of types property (for real types) with respect to all
generators.

Proof. Suppose that T is simple, that acl coincides with dcl and that dcl is trivial. We
only prove (explicitly) that if n > 3 and T has the n-embedding of types property with
respect to simple generators, then T has the n-embedding of types property with respect
to all generators, because the other variants of the statement are proved by making
evident modifications in the proof below.

So, suppose that n > 3 and that T has the n-embedding of types property with
respect to simple generators. Suppose that (A,G4) and (B,Gp) are independent sys-
tems of algebraically closed sets indexed by P~ (n), with inclusion maps and with (not
necessarily simple) generators G4 = {A? : i € n} over A and Gg = {BY : i € n} over
B, respectively. Moreover, let F = {f,, : w € P~ (n)} be a system of elementary maps
from (A,Ga) onto (B,Gp).

It is immediate from the definition that
glAw = {AguU A?:ien}and gjgw = {ByUB:icn}

are simple generators of A over Ay and of B over By, respectively. Since 7' has the
n-embedding of types property with respect to simple generators it is sufficient to show
that there is a system of elementary maps F' = {f,, : w € P~ (n)} from (A, Gj) onto
(B, Gy) such that, for every w € P~(n), fi,|Uicw AY = fullUicw A7~ We show that this
follows from the following claim, and then prove the claim:

Claim. 1f a € dcl(AY) N dcl(A?) then fri(a) = fiy(a).
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Since G4 generates A it follows that, for every w with |w| = n —1, A4y C A, C
dcl( Uicw A?). Note that since A is an independent system of algebraically closed sets

generated by A we must have A? N acl(UiEw A?) = () whenever j ¢ w, and it follows

that if a € del(AY) N dcl(A?) and ¢ # j, then a is not interalgebraic with any tuple of
elements from AY (or from A?). This together with the claim and the assumptions that
acl coincides with dcl, where the latter is trivial, and that F is a system of elementary
maps from (A, G4) onto (B,Gp) implies that

if o] = Juw| = 7 — 1, then f,[Ag = fulAp. (+)

Now we define a system of elementary maps from (A, g;,w) onto (B, gjgw). For every
u € P~ (n) chose (any) o, € P~ (n) such that v C o, and |o,| = n — 1 and then let
i = foulAy. By (+), for all u,v € P=(n), fi1Ag = fru[Ap = folAp = f[Ay. Since,
for all u € P~(n), we have fi1U;cu 4Y = foulUicu AY = fulUicy A7, it follws that
whenever u D v, then f], [, AY extends f}1U,c, AY. Hence 7' = {f}, : w € P~ (n)} is
a system of elementary maps from (A, G); ) onto (B,Gp, ) of the kind that we are looking
for.

It remains to prove the claim. So suppose that a € dcl(A?) N dcl(A(;). For a con-
tradiction, suppose that fg;y(a) # frj3(a), so i # j. Since we assume that n > 3,
{i,j} € P~ (n) and hence fy; j [dcl(A?UA?) extends both fi;; Idcl(AY) and It [dcl(A?);
hence fi; jy(a) = friy(a) # fi3(a) = fiizy(a), a contradiction. O

4 Independent structures and canonically embedded struc-
tures with rank one

In this section and the next we study countably categorical structures M which are
simple, with uncomplicated forking behaviour, and where Th(M) has the n-embedding
of types property for every 2 < n < Ng. Such strucures will be called independent
or strongly independent, depending on whether we assume the 'n-embedding of types
property with respect to simple generators’ or the stronger version 'n-embedding of types
property with respect to all generators’ (definitions follow below). In this section we
prove, in rough terms, that if N is infinite and canonically embedded in M*®Y, where M
is an independent structure, and for every a € N, SU(a) = 1, then N is polynomially
n-saturated for every n < Ng; consequently, every independent structure with SU-rank
1 has the finite submodel property. This result will be used in Section 5 in the proof
of the main result that every strongly independent structure, regardless of its SU-rank,
has the finite submodel property.

Definition 4.1 In this paper we call a countable complete theory T independent if it
is Wo-categorical, simple, 1-based, has trivial dependence, has the n-embedding of types
property with respect to simple generators for every 2 < n < Ng, and there is m < Ny
such that no function symbol in the language of T has arity greater than m. If, in
addition, T has the n-embedding of types property with respect to all generators for
every 2 < n < Ng, then we call T' strongly independent. We say that a structure M is
(strongly) independent if its complete theory is (strongly) independent.

Remark 4.2 By Corollary 4.7 in [7], every simple, 1-based and Ry-categorical theory is
supersimple with finite SU-rank. Hence, every independent theory is supersimple with
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finite SU-rank. The most well-known example of a strongly independent structure (with
SU-rank 1) is the random graph; see Example 7.1. Section 7 gives another example,
which is a variation of the random graph and which has SU-rank n + 1 for arbitrarily
chosen 0 < n < Wg. Every supersimple Xg-categorical theory with finite SU-rank and
trivial dependence is 1-based [7], so in the above definition of independent structure one
can replace '1-based’ with ’finite SU-rank’.

Every Rp-categorical Np-stable structure is 1-based (by Theorem 5.12 in [14] for
example). From Corollary 3.23 in [3] and Theorem 3.5 in this paper, it follows that if
M is Nyp-categorical and Ryp-stable (with a finite upper bound on the arity of its function
symbols) and every definable strictly minimal subset of MY is indiscernible, then M is
an independent structure. (See [2] for a definition of a strictly minimal set.)

Now suppose that M is independent and stable. The RNy-categoricity and supersim-
plicity of M implies that M is superstable and hence Ny-stable. Since M has trivial
dependence (and is stable, so types over algebraically closed sets are stationary), every
definable strictly minimal subset of M®? is indiscernible. Hence the structures studied
in [12] are precisely the independent structures which are stable.

Theorem 4.3 Suppose that M is an independent structure, that N is canonically em-
bedded in M*®Y and that only finitely many sorts are represented in N .

(i) If N is infinite and for every a € N, SU(a) < 1 (where SU-rank is taken with respect
to Th(M®Y)) then N, as a structure in itself, has the finite submodel property.

(ii) Suppose that N is infinite and for every a € N, SU(a) = 1 and acly(a) = {a}.
Then N, as a structure in itself, is polynomially k-saturated for every k < Ng.

Remark 4.4 From Theorem 4.3 (i) it follows that if M is independent with SU-rank
1, then M has the finite submodel property.

Proof of Theorem 4.3. Suppose that M is an independent structure, that N is
canonically embedded in M*®? and that only finitely many sorts are represented in N.
We first show that (ii) implies (i). So suppose (ii) holds and that N is infinite and
for every a € N, SU(a) < 1. In order to use the assumption that (ii) holds we will
look at a quotient of N. Let N’ be the set of all equivalence classes of the relation
acly(z) = acly(y) on N — acly(0). Since M is Ry-categorical and only finitely many
sorts are represented in N, N is Rg-categorical (see Fact 1.2) and this equivalence re-
lation is (-definable in N and in M®9; and each class of the relation is finite, so N’ is
infinite. Hence N’ C N4, and since N’ is ()-definable in N4 we can consider N’ as a
canonically embedded structure in N°4, and hence in (M®°1)°d. As M*? has elimination
of imaginaries, each element of N’ is interdefinable (in M®?) with an element of M®q.
Thus N’ may be identified with a (-definable subset of M°9, and hence we can also see
N’ as a canonically embedded structure in M°9; moreover, only finitely many sorts are
represented in N’. The assumption that M is an independent structure (so dependence
is trivial) and the definition of N’ implies that for every a € N’, acly/(a) = {a} and
SU(a) = 1. By the assumption that (ii) holds, N’ is polynomially k-saturated for every
k < Ng. By Lemma 2.3, N’ has the finite submodel property and, by Theorem 1.4 and
the fact N C aclyea(N'), it follows that N has the finite submodel property.

It remains to prove (ii). Recall that we assume that M is an independent structure,
that N is canonically embedded in M®? and that only finitely many sorts are repre-
sented in N. Moreover assume that N is infinite and for every a € N, SU(a) = 1
and acly(a) = {a}. Also note that since N is canonically embedded in MY we have
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acly(A) = aclpyea(A) NN for every A C N; by trivial dependence it follows that for
every A C N, acly(A) = A and hence dimy(A4) = |A].

We will show that an expansion of N which we call N’ is polynomially k-saturated
for every k < Ny. Since for this expansion N’ we will have acly(A) = acly/(A) for every
A C N it follows from Lemma 2.4 that N is polynomially k-saturated.

For each n < X and every aclyseq())-definable n-ary relation R on N, the language
of N’, which we call L, contains a relation symbol which is interpreted as R; there are no
other relation (or function or constant) symbols in L. By Fact 1.2, N’ is Ry-categorical.

We will now prove that N’ is polynomially k-saturated, for every k < ¥g, by proving
that a reduct of N’ is polynomially k-saturated (for every k < ¥g), that the algebraic
closure in the reduct coincides with the algebraic closure in N, and that N’ satisfies the
k-independence hypothesis over the language of the reduct; then we apply Theorem 2.7
to conclude that N’ is polynomially k-saturated.

Let L_ be the language with vocabulary {=}, so the reduct N'|L_ is just an infinite
set with the identity relation. N'|L_ has elimination of quantifiers and it is straightfor-
ward to verify that N'[L_ is polynomially k-saturated for every k < Rg. Note that, for
every A C N, acly/_(A) = A = acly(A4) = acly/(A). We will prove that N’ satisfies
the k-independence hypothesis over L_ for every k < Ng; then Theorem 2.7 gives us the
conclusion of (ii).

Fix some k < Rg. Let @ = (ag,...,as_1) € N¢ be such that dimy-(a) = d < k, so
no element occurs twice in a, and assume that I = {iy,...,4,} C {0,...,d — 1} and
p(Zr) € Sm(Th(N")) (where Z; = (z4,,...,;,)) are such that

(a) |ar| < k, p(Zr) N L= = tpys1_(ar) and for every proper subset J C I, p[{Zs} =
tpn ().

We must show that there is b = (b, ..., bq_1) € N¢ such that

(b) tpnrin_(b) = tpnrip_ (@), tpn:(br) = p(Z1) and, for every J C {0,...,d — 1} such

) =
that rng(ar) € mg(ay), tpnr(as) = tpn:(by).

Observe that, by (a), m = |a;| = dimpys(ar) and m < k; and since we assume that
p(zr) has at least one free variable (because otherwise there is nothing to prove) we
have m > 0. We get two cases to consider, the first being rather trivial. Recall that
d = |a| = dimpy(a).

Case 1. m =d.

Then we have a; = @ (and Z; = & = (xg,...,24-1)), so d < k. Let b = (b, ...,bg_1) €
N? realize p(z;). The conditions in (a) imply that tpysr_(b) = tpnrjr_(a) and, if
J C {0,...,d — 1} and rng(ay) € rng(as) (which in this case implies that |a;| < m)
then tpn+(ay) = tpnr(by). Hence (b) is satisfied.

Case 2. 0 <m < d.
By reordering if necessary, we may assume that a; = (ag,a1,...,am—1) and Ty =
(o, 1, ..., Tm—1). Let (bo,b1,...,bm—1) € N™ realize p(Zp).

If m = 1, then let by be a realization of p(x¢) = p(Zy) which is different from all
ai,...,aq—1; then the tuple b = (bg, a1, ...,aq_1) satisfies (b).

In the rest of the proof we assume that 1 < m < d. For every w = {jo,...,ji} €
P~ (m) (where we assume jg < ... < j;) let

Aoy = (CLjO,. . .,ajl), by = (bjm' . '7bjl>7
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Ay = acl(@y) and B, = acl(by),
where in the rest of the proof, acl denotes the algebraic closure in M®4, where M is the
monster model of Th(M).

Claim 1. For all v,w € P~ (m), A, 1l A4, and B, 1 B,.

vNw vNw

Proof of Claim 1. Suppose that A, & A, which implies a, & G- By trivial depen-

vNw vNw
dence and symmetry, there are i € v —w and j € w— v such that ¢ # 0 and a; & a;j and

vNw

hence aidiajAmw and ai&ajdmw By trivial dependence, there is j' € (vNw)U{j} such
that ai&aj/. Since SU(a;) = 1 it follows that a; € acl(a;/) and hence a; € acly(a;) so
a; = a;. This contradicts the assumption that no element occurs twice in the sequence
a = (ag,...,aq—1). Hence we must have A, L A, forallv,we P~ (m).

vNw

Now suppose that B, & B,,. In the same way as above we find i € v—w and j' € w

Bvﬁw

such that 1,7 # 0 and biibj/, and hence b; € acly(b;/) which implies that b; = bj. Since
br = (bo, ..., bm—1) realizes p(Zr) and p(Z;) N L= = tpn+1_(ar), we have

tpniin- (bo, - - s bm—1) = tpnrjo_(ao, . .., Gm—1).

Since b; = bjs we get a; = aj» which, since i # j’, contradicts that that no element occurs
twice in the sequence a = (aog, ..., a4-1). O

By Claim 1, A = {4, : w € P~ (m)} and B = {By, : w € P~ (m)} are independent
systems of algebraically closed sets with inclusion maps. Let A? = {a;} U acl(f)) and
BY = {b;} Uacl(0) for i € m. Then Ga, = {A) : i € m} is a simple generator of A over
Ay, and G, = {B} : i € m} is a simple generator of B over By (see Definition 3.1).

By assumption (a) and the choice of (by,...,bn—1), whenever w € P~ (m) we have

tpn' (@) = tpn(by) and from the definition of N’ it follows that
tparea (Gw/acl(0)) = tpasea (buw/acl(D)),

and the same holds with M®? replaced by M®Y. Hence there are elementary maps f,
from A, onto B, for all w € P~(m), such that f,(Gw) = by, fw is the identity on
acl(0) and if w 2 v then f,,[U;c,, A? extends f, [U;c, AY. It follows that F = {f, : w €
P~(m)} is a system of elementary maps from (A, Gy4,) onto (B,Gp,).

The next claim tells us that conditions (1) and (2) from the definition of the m-
embedding of types property (Definition 3.1) hold for the sequence (am,...,aq-1), in
the role of the sequence called @ in that definition. This puts us in a position to use the
assumption that Th(M) has the m-embedding of types property with respect to simple
generators (as M is an independent structure).

Claim 2. If a € {ay,,...,aq4-1} then

a¢ acl(({am, coyaqg—1} —q{a}) U U Aw>.

weP~(m)
Proof of Claim 2. Suppose, for a contradiction, that a € {am,,...,aq—1} and
ae acl(({am, coyaqg—1} —q{a}) U U Aw>.
weP~(m)
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Then a = a; for some i € {m,...,d — 1} and from the definition of A,, we get

ai6acl(({am,...,ad_l}—{ai})U U aw).

weP~(m)
The same holds when acl is replaced with aclys and hence a; € {ag,...,aq-1} — {a;}
which contradicts that no element occurs twice in a = (ag,...,aq4-1)- Il

By Claim 2 and the assumption that Th(M ) has the m-embedding of types property with
respect to simple generators (as M is an independent structure), there are by, ...,bg—1 €
M1 and for every w € P~ (m) an elementary map g,, from {an,,...,aq-1} U A, onto
{bm, ..., ba—1} U By, such that g, (a;) = b; fori =m,...,d—1, and gy [U;c,, AY extends
9o Uicy A% if w D v, and 70! [AY = fiiy TAY for i = 0,...,m — 1. Tt follows that for
every w € P~ (m), gu(@y) = by and that gy, is the identity on acl(()). Hence, for every
w e P~ (m),

toagea (b, - - - ba—1)bw/acl(B)) = tppsea ((am, - - -, ag—1)adw/acl(0)).

As M is Ny-categorical it follows that MY is Ng-homogeneous and therefore we may,
without loss of generality, assume that b, ...,bs_1 € MY which implies that b,,,...,b5_1 €
N. Hence

tpN/((bm, . ,bd_l)Bw) = tpN/((am, e ,ad_l)éw) for every w € P~ (m).

From the choice of br = (bg,...,bm_1), being a realization of p(Z), and (b, ...,bs_1)
it follows that if b = (by,...,bs—1), then (b) is satisfied. O

5 Independent structures of higher rank
We will prove the article’s main result in this section:

Theorem 5.1 If M is a strongly independent structure then M has the finite submodel
property.

The general plan of the proof is to show that, given a strongly independent structure M,
there is a canonically embedded structure N C MY such that M C aclpsea(IN), N has
the finite submodel property, and only finitely many sorts are represented in N. Then
Theorem 1.4 can be applied to conclude that M has the finite submodel property.

In order to find such N we have to do some preparatory work, most of which is
already carried out in [6]. The preparatory work will show that there are structures
Ni,..., N, which are canonically embedded in M*®? and satisfy the following:

(1) For every 1 < s <r, (Ng,acly,) is a pregeometry.
(2) For every 1 < s <r, only finitely many sorts are represented in Nj.
(3) M - aClMeq(NT).

In addition, we will see that elements from |J,.,., Vs have some useful properties.
Then, for s = 1,...,7, we consider the "quotient” N/ = N,/ ~ under the equivalence
relation = ~ y <= acl(z) = acl(y). Since M*®? has elimination of imaginaries N! may
be identified with an ()-definable subset of M4 and can thus be viewed as a canonically
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embedded structure of M°4. By induction on s, we will then show that, for each 1 < s <
r, N! is polynomially n-saturated for every n < Ry, and hence N/ has the finite submodel
property (by Lemma 2.3). It is when doing this that we will use the assumption that
Th(M) has the n-embedding of types property for every n < Ny (as M is strongly
independent). When it has been shown that N, has the finite submodel property we use
(2), (3) and Theorem 1.4 to conclude that M has the finite submodel property.

For the rest of this section we assume that M is a strongly independent
structure (according to Definition 4.1).

Notation for this section. If a € M1 and A C M*®9 then tp(a/A) and acl(A) mean
tparea(a/A) and aclprea(A). By SU(a/A) we denote the SU-rank of tp(a/A) with respect
to Th(M®9). If a,b € M then a < b is an abbreviation for ‘a € acl(b) and b ¢ acl(a)’.

5.1 Preparatory work: finding a canonically embedded pregeometry

We will state a sequence of definitions, constructions and lemmas from Sections 3 and
5 of [6]. In addition we prove some new lemmas which are needed in this paper.

Definition 5.2 We say that a set A C MY is self-coordinatized if the following holds:

(1) If a € A and SU(a) > 1 then there is b € AN acl(a) such that SU(a/b) =1 (and
hence SU(b) = SU(a) — 1).

(2) If a,b € A, SU(a) > 1, b € Anacl(a), SU(a/b) =1 and there exists ¢ € M such
that ¢ < a and ¢ ¢ acl(b) then such c exists in A.

By the Lemma 3.4 and Construction 3.5 in [6] there exists a self-coordinatized set C' C

M*®4 such that C' is (-definable, M C C, only finitely many sorts are represented in C,

and if c € C, ¢ € M® and tp(c) = tp(c), then ¢ € C. By the Ng-categoricity of Th(M)

it follows that only finitely many 1-types over () are realized in C' (Recall Fact 1.2).
Now we can construct subsets C,, C C' and N,, C C,, in the following way.

Construction 5.3 We define subsets C,, C C inductively by: Cy = 0 and if C,, is
defined and C ¢ acl(C),) then

Cpi1=CrU {c € C —acl(C,) : there exists no ¢ € C' — acl(C,,) such that ¢ < c}.

If C C acl(Cy,) then Cyy1 is not defined. Since Cy = ) (by definition) and M is infinite
and Ng-categorical it follows that C is defined.

Remark 5.4 Since Th(M) is Np-categorical with finite SU-rank and only finitely many
1-types are realized in C, there is m < Ny such that whenever cg,...,c, € C and
cp < ...< cp, then n < m.

By Lemma 3.7 in [6], there is r < Ny such that C' C acl(C,), and therefore C,;1 is
undefined and M C acl(C,) (by the choice of C). We fix this r for the rest of
Section 5.

Construction 5.5 For s =1,...,r, let

N, = {c € Cy : there exists no ¢ € C, such that ¢ < ¢ }

16



Since Th(M) is Np-categorical and only finitely many 1-types over ) are realized in
N, (because Ns; C C) it follows Ny is (-definable.? Hence we can regard N, as a
canonically embedded structure of MY, and we will do this.

Lemmas 5.6 - 5.10 below are results from Section 3 of [6].3
Lemma 5.6 Ifn <r and c € Cpqq1 — Cy, then SU(¢/Cy,) = 1.

Lemma 5.7 Ifac C,,be C, AC M, b<a, SU(a/b) =1 and adbfA then a € acl(A).

Lemma 5.8 Ifa € Cy, dy,...,dx € M and a € acl(dy,...,dg) then a € acl(d;) for
some 1 < i <k.

Lemma 5.9 Let1 <s<r.

(i) N is w-categorical.

(i) If A C N then acly,(A) = aclppea(A) N Np.

(iii) (Ns,acly,) is a trivial (or degenerate) pregeometry.

Lemma 5.10 M C C C acl(N,).

We also need the following result, which is Lemma 5.1 in [6]:

Lemma 5.11 If1 < s <r and a € acl(Cs) N C then a € acl(acl(a) N Cy).
In order to prove Theorem 5.1 we need to prove some new lemmas.

Lemma 5.12 Suppose that a,b € C,, and b < a. Then there is ¢ € acl(a) N Cy—1 such
that b € acl(c).

Proof. Suppose that a,b € C,, and b < a. If a € Cj,_1 then the conclusion is trivial so
assume that a € C,, — Cj,_1. Let ¢ enumerate acl(a) NCy,—1. Since C is self-coordiatized
there is d € acl(a) N C such that SU(a/d) = 1; and consequently d < a. From the
definition of C), and the assumption that a € C,, — C,,_1 it follows that d € acl(Cj_1).
Since d € acl(a) it follows from Lemma 5.11 that d € acl(¢), and hence SU(a/¢) < 1.
But Lemma 5.6 says that SU(a/C),—1) = 1 and since rng(¢) C C),—1 we get SU(a/¢) = 1.

Suppose for a contradiction that b ¢ acl(¢). Since d € acl(¢) we get b ¢ acl(d) By
assumption, b € acl(a) so bddfa and, as SU(a/d) = 1, we get a € acl(b) which contradicts

the assumption that b < a. Hence we conclude that b € acl(¢).
But from b € acl(¢) and Lemma 5.8 it follows that for some ¢ € rng(¢), b € acl(c). O

Definition 5.13 For every s < r and a € M*°? we define crds(a) = acl(a) N Cs and we
abbreviate crd, with crd.

Lemma 5.14 For all s <7, n <¥g and ag,...,an € M,
crds(ag, . .., an) = crds(ag)U. . .Ucrds(ay) and crd(ao,...,a,) = crd(ap)U...Ucrd(ay,).

Proof. Immediate consequence of Lemma 5.8. O

2See Remark 3.9 in [6] for more about why every Cs and N, is (-definable.
3The results in question are Lemmas 3.12, 3.14, 3.15, 3.16 and 3.18 in [6]
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Lemma 5.15 Let 1 < s <r. If a € Ngyq then crds(a) = crds (acl(c_l) N Ns).
Proof. An easy consequence of the definition of Ny and Lemmas 5.14 and 5.12. g

Lemma 5.16 Ifa,b € C, then a is independent from b over crd(a) N crd(b).

Proof. Note that for any a € rng(a), crd(a) Necrd(b) C crd(a) Nerd(b) C acl(b). So if
a € rng(a) and tp(a/b) forks over crd(a) Necrd(b) then tp(a/b) forks over crd(a) Ncrd(b).
By the assumption that independence is trivial it is therefore sufficient so prove that
whenever a,b € C, then a is independent from b over crd(a) N crd(b). We will do this
by induction on SU(a/b).

Let a,b € C,.. First suppose that SU(a/b) = 0, that is, a € acl(h). Then a € crd(a) C
crd(b), so a € crd(a) Ncrd(b) and therefore a is independent from b over crd(a) N crd(b).

Now suppose that SU(a/b) > 0. Since Cy = ) there is n such that a € C,, — Cy,_1.
Since C is self-coordinatized there is d € acl(a)NC such that SU(a/d) = 1. It follows that
d < a and, from the assumption that a € C,, — C,,_; it follows that d € acl(C,,—1). Let ¢
enumerate acl(d) N Cp—1. By Lemma 5.11, acl(d) = acl(¢), so SU(a/¢) = SU(a/d) = 1.
If we would have SU(a/éb) = 0 then SU(a/db) = 0 and, since SU(a/d) = 1, Lemma 5.7
would imply that a € acl(h) so SU(a/b) = 0, which contradicts our assumption. Hence
SU(a/cb) = 1.

The Lascar equation now gives

SU(a/b) = SU(ac/b) = SU(a/eb) + SU(e/b) = 1 + SU(¢/b),
and therefore SU(¢/b) < SU(a/b).
Claim 1. If e € acl(a) N Cp,—1 then e € acl(d).

Proof of Claim 1. Suppose that e € acl(a) N Cp—1 and e ¢ acl(d). Then addie, so by

Lemma 5.7, a € acl(e) and hence SU(a/C,,—1) = 0, which contradicts the assumption
that a € C,, — C,,_1 and Lemma 5.6. O

Claim 2. crd(a) Ncrd(b) = crd(¢) Ncrd(b).

Proof of Claim 2. Since rng(c¢) C acl(a) we have crd(¢) Ncrd(b) C crd(a) Ncrd(b).

Now suppose that e € crd(a) Nerd(b), so in particular e € acl(a) Nacl(b). Recall that
we assume that a € C,, — Cp,—1 and therefore e € C,. If e € C}, — Cp,—1 and a ¢ acl(e)
then we have a contradiction to the assumption that a € C,, — C,,_1. If e € C,, — C},_1
and a € acl(e) then a € acl(b) which contradicts the assumption that SU(a/b) > 0.
Hence e € Cp,—1 (and e € crd(a) C acl(a)) so by Claim 1, e € acl(d) = acl(¢). The

assumption that e € crd(a) N crd(b) implies that e € C, and since e € acl(¢) we get

e € crd(¢) Ncrd(b). O

Above we showed that SU(¢/b) < SU(a/b), so for every c € rng(¢), SU(c/b) < SU(a/b).
By the induction hypothesis, for every ¢ € rng(¢), tp(c/b) does not fork over crd(c) N
crd(b) so tp(c/acl(b)) does not fork over crd(c) Nerd(b). Since crd(e) Nerd(h) C crd(e) N
crd(b) C acl(b) it follows by monotonicity that tp(c/acl(b)) does not fork over crd(¢) N
crd(h). Therefore c is independent from b over crd(¢) N crd(b), for every ¢ € rng(c).
By the triviality of dependence, ¢ is independent from b over crd(¢) Ncrd(h). Let D =

crd(¢) N erd(b) = crd(a) N crd(b) (by Claim 2). With this notation we have proved
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that SU(¢/b) = SU(¢/D). Above we proved that SU(a/éb) = 1, and since SU(a/c) =
SU(a/d) = 1 it follows that SU(a/cb) = SU(a/¢). By applying the Lascar equation twice
we get:

SU(a/b) = SU(ac/b)

(
SU(a/cb) + SU(¢/b)
SU(a/c) + SU(¢/D)
SU(
SU(

U(a/eD) +SU(¢/D) as D C acl(c)
U(ac¢/D) = SU(a/D).

This proves that a is independent from b over D = crd(a) N crd(b). O

Construction 5.17 For each s = 1,...,r, let N/ be the set of equivalence classes of
the ()-definable equivalence relation acl(z) = acl(y) on Nj; by the Rg-categoricity of Ny
(Lemma 5.9) every equivalence class is finite. Since M°? has elimination of imaginaries,
N! can be identified with a (-definable subset of M4, so we will consider N/ as structure,
in its own right, which is canonically embedded in M*®4. Note that every element of N/ is
interalgebraic with an element of N, and vice versa. Also observe that Cs = J; <4<, Nt
Let C) =0 and for s =1,...,7, let C, = J;cjcs N/ o

Definition 5.18 For each 1 < s < r and a € M*® define crd(a) = acl(a) N C’, and we
abbreviate crd!. with crd’.

Since each element in N/ is interalgebraic with an element in Ny, and vice versa, we
have the following:

Lemma 5.19 The lemmas 5.6 - 5.16 hold when, for s =1,...,r, Cs, Ns and crds are
replaced C!, N! and crd’,.

Remark 5.20 The only assumptions on M that are used for proving the results in
Section 5.1 are that Th(M) is No-categorical, simple, 1-based and has trivial dependence.

5.2 Proof that M has the finite submodel property

In this subsection we prove that M has the finite submodel property. This will be done
by first proving inductively that, for every 0 < s < r, N/ is polynomially k-saturated
for every k < Ny and hence (by Lemma 2.3) N/ has the finite submodel property. When
this is proved for N/, then, since N is canonically embedded in M®1, M C acl(N}) (by
Lemma 5.10 and Lemma 5.19) and only finitely many sorts are represented in N/, we
can apply Theorem 1.4 to conclude that M has the finite submodel property.

By lemmas 5.6 and 5.19, for every a € Cf, SU(a/C{) = 1 and since Cj = 0 (by
definition) we have SU(a) = 1 for every a € Cf. As Ni C C] we get SU(a) = 1 for
every a € N{. Since N7, as a structure, is canonically embedded in M®? it follows from
Theorem 4.3 that N7 is polynomially k-saturated for every k < Rg.

For the induction step, suppose that N (where 1 < s < r) is polynomially k-
saturated for every k < Ry. We will prove that N/, is polynomially k- saturated for
every k < Ng. For this we will define a sublanguage £ of the language of N/, (as a
canonically embedded structure) and show that N/ [L is polynomially k-saturated for
every k < Np; here we use the induction hypothesis that N! is polynomially k-saturated
for every k < Xg. Then we show that N 1 satisfies the k-independence hypothesis over
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L for every k < Wg; here we use that Th(M) has the k-embedding of types property
for every k < Ng (as M is a strongly independent structure). And finally we apply
Theorem 2.7 to conclude that N/, is polynomially k-saturated for every k < No.

Definition 5.21 The sublanguage £ of the language of N/, will be defined in a few
steps.

(i) Let 0 < n < Ro. We define a 2n-ary relation P, on N_ ; in the following way:
Let @ = (ag,...,an—1) € (N.,;)" and b = (b, ...,bp—1) € (N ;)" Then P,(ab)
if and only if, for every i < n, acl(a;) N N, and acl(b;) N N can be ordered as @,
and b}, respectively, in such a way that

tp(ag . ..ay,_1) =tp(by...b, ).

Note that P, defines an equivalence relation on n-tuples from N/, and that P,
has only finitely many equivalence classes (because N is Wg-categorical).

(ii) Let 0 <n <Ng and let A, ), -, Anm,) be a list of all equivalence classes of P,
on (N, ;)". Recall that N_ is regarded as a canonically embedded structure in
M®9, so for every relation R on N., ; (of any arity) which is (-definable in M
there is a relation symbol in the language of N/, which is mterpreted as R. For
each i < my, let F{, ;) be the relation symbol from the language of N/, which is
interpreted as the equivalence class A, ;).

(iii) Let £ be the language the vocabulary of which is

{=}U {F(n,i) :0<n <R, i <my}.
Then L is a sublanguage of the language of N[,

Remark 5.22 By the definition of N/, ,, £ and Lemma 5.19, for every A C N/,
aclyr, 12(A) = aclN;H(A) = acl(A) N N,, = A and consequently dim 7, 1e(4) =
dimN;H(A) = |A|.

Lemma 5.23 Let ag, ..., an,bo,...,bp € N . Then the following are equivalent:

(l) tpN;+1fﬁ(a0’ s 7a7’b) = tpN;+1 Tﬁ(b()? ) bn)

(it) For alli,j <n, a; = aj <= b; = bj, and for each i < n, crdi(a z) and crd! (bl) can
be ordered as @ and b, respectively, in such a way that tp(ay . ..al) = tp(by...b.,).

Proof. This is a straightforward consequence of the definition of £ and Lemmas 5.14,
5.15 and 5.19. O

Lemma 5.24 N/ | [L has eliminination of quantifiers.

Proof. By a back and forth argument. In this proof let @ =,,, b mean that @ and b
satisfy the same atomic £-formulas. Suppose that a,b,c € N/ sr1 and a =g, b. We need
to find d € N/ such that ac =,,, bd. The case when c € rng(a) is trivial so we assume
that ¢ ¢ rng(a) which implies that ¢ ¢ aclN;H(EL).

Let @ = (ai,...,a,) and b = (by,...,b,). The assumption @ =,,, b implies that
acl(@) N N! and acl(b) N N. can be enumerated as @' and V', respectively, in such a way
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that tp(@’) = tp(b'). Let @’ = a},...,al,, o' =b},..., b, and let & = crd(c). We get two
cases.
_ First suppose that ¢ C @, so & = aj,...,a] for some i1,...,4 € {1,...,m}. Let
d =b,...,b;. If it would be the case that ¢ € N; then, since acly; defines a trivial
pregeometry on N., we would have ¢ € acl(c) " N, = & C @ C acl(a), contradicting
that ¢ ¢ acly,  (a). Hence c ¢ N which, since ¢ € N/, and ¢ € N, implies that
tp(c/e) is non-algebraic. As tp(¢) = tp(d’) there is d € N] ; — aclN;H(l_)) such that
tp(dd’) = tp(cc’), and consequently acl(d) N N, = d'. Since, by lemmas 5.8 and 5.19,
acl(bd) N N. = acl(b) N N’ and acl(ac) N N! = acl(a) N N/ it follows that ac =,, bd.
Now suppose that & € @’. Let ¢; be the subsequence of elements of ¢ which belong
to @ and let ¢ be the subsequence of elements of ¢ which do not belong to a@’. Let

d; be the subsequence of ¥ which corresponds to ¢ in @’; i.e. if & = aj ,...,aj then
dy = b, b . Since tp(a') = tp(t') there is do € N! such that tp(a'és) = tp(bdz).

As tp(e162) = tp(dids) there is d € Ng 4 such that acl(d) N N; = didy. By lemmas 5.8
and 5.19, acl(ac) N Ny = a@'c2 and acl(bd) N Ny = b'dy where, by the choice of da,
tp(a'éz) = tp(b/de). Hence ac =, bd. O

Lemma 5.25 N/, [L is polynomially k-saturated for every k < Ry.

Proof. By assumption (the induction hypothesis), N! is polynomially k-saturated for
every k < Ng. Fix any k& < 8g. We will show that N ,[£ is polynomially k-saturated.
Let

ko = max {|acl(a) N Ny| : a € Ngj1},

k1 =1+ max {|acl(a) N Ny| : @ € Ngj1, dimy,,, (a) < k}.

Since N/ is polynomially k;-saturated it is sufficient to show that if P(z) is a poly-
nomial then there is a polynomial Q(x) (depending only on P(z), k, ko) such that if
A C N satisfies

(a) A is algebraically closed in N,
(b) n < |A| < P(n), and

(c) whenever d € A, dimN;H(J) < ky and p(x) € Sivé(cZ) is non-algebraic, then p has
at least n distinct realizations in A,

then there is B C N, satisfying
(a’) B is algebraically closed in N/, [L,
(b) < |B| < Q(n), and
L

_ - N/
(¢’) whenever d € B, dimy, (d) <k and p(z) € 5y
has at least n distinct realizations in B.

(d) is non-algebraic, then p

So let a polynomial P(z) be given. Then we take Q(z) = P(z)+ P(z)* (k+2). This
choice will be understood when we have constructed an appropriate B (satisfying (a’) -
(¢’)) for a given A (satisfying (a) - (b)).

Let A C N/ satisfy (a), (b) and (c). We construct B C N, as follows:

(1) fa € ANN/NN.,,, then put a into B.
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(2) For every D C A such that there is a € N/, ; — N{ such that acl(a) N N, = D,
we choose (any) distinct a1, ..., ap4n € N/ — N{ such that acl(a;) N N} = D, for
each 1 <¢ < k+n and put ay,...,ax, into B.

The set B contains only elements as specified by (1) and (2) above. Since acl N,y e(X) =
aclyr | (X) = X for every X C N/, it follows that B is algebraically closed in N, [L,
so (a’) holds. The construction implies that

n <|B| < |A| + |A[(k +n) < P(n) + P(n)*(k +n) = Q(n),

so (b’) holds. It remains to prove (c’).
Suppose that d € B, dimp;, | (d) < k and that p(z) € Sivs“ (d) is non-algebraic. Let
d = acl(d) N N,, sod € A. Let a € N, realize p. We consider two cases.

Case 1. a € N|.

By the choice of ki, dimp; (d’) < ky. Since A satisfies (c) there are distinct ay, ..., a, € A
such that for each i, tpy (a;d') = tpn: (ad') and hence tp(a;d’) = tp(ad’). Since in partic-
ular, tp(a;) = tp(a), we must have a; € ANN/ NN, ,s0 a,...,a, € B, by clause (1).
Since a, a;,d’ € N, our conclusion that tp(a;d') = tp(ad’) implies that a;d and ad satisfy
the same atomic formulas in £, for each i. As N/, ,[£ has elimination of quantifiers

(Lemma 5.24) it follows that tpN;Hr[;(aiJ) = tpN;Hm(ad) for each i, so all ay,...,a,
are realizations of p.

Case 2. a ¢ N|.

Recall that a realizes p(z) (so a € N/ ) and that d’ = acl(d) N N}, where rng(d) is the
domain of p. Let @’ = acl(a) N N.. We have two subcases.

First, assume that @’ C d’. Then, by clause (2) in the construction of B, there are
distinct ag,...,a, € B — aclNéH(J) such that acl(a;) N N, = acl(a) N N, = @’ for each i.
Hence, for each i, the sequences a;d and ad satisfy the same atomic £-formulas, so by
elimination of quantifiers for N/, [£ each a; realizes p.

Now assume that @’  d’. Let a; contain all elements in @ which belong to d’, and
let @y contain all elements in @ which do not belong to d’. (Our assumption implies
that @, is non-empty.) By the choice of k; we have |aad’| < k. Since every subset of
N/ is algebraically closed in N} and rng(az) Nrng(d’) = 0 it follows that tpy;(az/d’) is
non-algebraic. By (c), repeated times, there are distinct @i, ...,a} € A which realize
tpn:(az/d’). Since N is canonically embedded in M®1 we have

(¥) tp(asd') = tp(asd’) for each i.

In particular, tp(abai) = tp(asas) for each i, so there are ey,...,e, € N.,.; — N} with
acl(e;) N N! = @ba; for each i. By Clause (2) in the construction of B, there are distinct
ai,...,an € B—aclyr | (d) such that acl(a;) N N, = a4a; for each i. From () it follows
that the sequences a;d and ad satisfy the same atomic L-formulas, for every i. By
elimination of quantifiers for N/, [£, each a; realizes p. Now we have verified (¢’). O

Lemma 5.26 N/, satisfies the k-independence hypothesis over L for every k < Ry.
Proof. Recall that by the definitions of N/ ; and £ we have, for every A C N/,
aclyr, | ic(A) = aclyr, | (A) = acl(A)NN;,, = Aand hence dimpyy | ic(A) = dimNéH(A) =
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|A|. We verify that for arbitrary k < Ng, N/, satisfies the k-independence hypothesis

S

over L. Recall Notation 2.5. Let a = (ao, . .., aq—1) € (N} ;)% be such that dimp;, | (a) =
d < k, so no element occurs twice in a. Suppose that I = {i1,...,4,} C€{0,...,d — 1}
and that p(z;) € S (Th(N.,,)), where Z; = (2;,,...%;,,), is such that

(a) lar| <k, p(zr)N L= tpN;+1r£(dI) and for every proper subset J C I,
pH{z s} = tpny, (@)

We must show that there is b = (by, . ..,bs—1) € (N} 1) such that

(b) tonr, 12(b) = tony, 12(@), tonr, (br) = p(Z1) and, for every J C {0,. -1}
such that rng(as) Z rng(ay), tpN/ ay) = tpnr, ( J)-
By reordering if necessary, we may assume that a; = (ag, ..., am-1) and Zy = (zg, .. ., Tim—1)-

We assume that p(a’q) has at least one free variable and, as noted above, any
nonempty subset of N, ; has dimension at least one. Hence, we must have m > 0.
If m = d then I = {0,...,d — 1} and letting b = (bg,...,bq_1) realize p(z;) then,
trivially, all conditions in (b) are satisfied.

Now assume that 0 < m < d. If m = 1, then by the assumption that p(z;) N L =
tPN;+1r£(C_LI) in (a) and the definition of £, we find by that realizes p(zo) = p(zr) and
satisfies crd’(bg) = crd’(ag). If we take b = (bo, a1, .. .,aq) then (b) is satisfied.

In the rest of the proof we assume that 1 < m < d. Observe that, by the definition
of £, if ¢,d € N/, N N/ and tone, 12(6) = tpnr, w(a?), then tp(¢) = tp(d). Suppose
that for every i < m, a; € N (so a; € N[, ; NN ) Then the assumption that p(z;) N
L= tpNéHm(é[) implies that a; = (ao,...,am—1) realizes p(zr). Hence, if b = a =
(ag, . ..,aq—1) then (b) is trivially satisfied.

Now suppose that for some i < m, a; ¢ N.. By reordering if necessary, we may
assume that there is 0 < mg < m such that for every i < m, a; € N. if and only
if i > mg. Let aj,...,ay, € Niyy — {ao,...,aq-1} be distinct (and hence non-
interalgebraic) elements such that, for each 0 < i < myg, acl(a}) N N} = acl(a;) N N_..
Then let by = (bo,...,bm—1) realize p(Zr). Whenever w = {i1,...,i,} € P(m) and
i1 < ... <, let @y = (aiy, ..., a;,) and by = (biy,...,b;,).

From now on the proof consists of two steps. First we will find bg, ..., 05, _; such
that, for i < my, acl(bf) N N, = acl(b;) N N. and

for every w € P~ (m), tp((6.. by 1)bu) = tp((a5, .,y 1)aw). (1)

(This step is made for the purpose that the final tuple b that we are looking for will
have the same type as @ in N/, ,[£.) Then we will be able to find by,,...bg—1 € N,
such that

for every w € P~ (m),
(s - - - b3-1)buw (b5 - - -, by 1)) = tp((@m, - - @a—1)@w (g, - - - am, 1)), (2)

From (2), with u = {mq,...,m — 1} (so u =0 if mp = m), we get in particular that

tp((bmv ceey bd—l)g (b07 ) bmo 1)) = tp((ama e 7ad—1)au(a37 o 7(1:(710—1))7

and from this, and the definition of £, it follows that

tpNé+1 r[/(b(), “eey bd—l) = tpN;+1 r[’(ao, NN ,ad_l). (3)
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If we now take b = (bg,...,bq—1) then it follows from (2) and (3) that b satisfies the
requirements in (b) above. We start by finding b5, ..., by, ; € N, which satisfy (1).
Define

A= ﬂ {erd (@) : w € P~ (m), |w| =m — 1},
B= ﬂ {erd (by) : w € P~ (m), |w|=m—1}.
Since A C acl(@,)NC! and B C acl(by,) NCY if [w| = m — 1 and only finitely many sorts

are represented in C/ it follows that A and B are finite. Note that by the definition of
crd’ and Lemma 5.8, we have

A={a€eCl:3i,jem, i #j, a€crd (a;) Nerd (a))},
B={beCl:3i,jem, i#j, accd(b)ncd (b;)}.
Also observe that crd’(A4) = A and crd’ (B) = B. For every w € P~ (m) let
Ay = acl(ayA), By, = acl(b,B).
Now we will show that A = {4, : w € P~ (m)} and B = {B,, : w € P~ (m)} are

independent systems of algebraically closed sets with inclusion maps.

Claim 1. For all v,w € P~(m) the following holds:
(i) a, is independent from a,, over a,n,A, and hence A, L A,.

(ii) b, is independent from by, over byn, B, and hence B, £ B,.

Bvr‘]w

Proof of Claim 1. Let v,w € P~(m). Parts (i) and (ii) are proved in the same way
so we only prove (i). Suppose for a contradiction that a, is not independent from a,,
over aynwA. By the triviality of dependence (and symmetry) there are i € v — w and
J € w — v such that

a; is not independent from a; over aynwA. (%)

As noted above, we have crd'(4) = A and if i/,5" < m and ¢ # j' then crd’(ay) N
crd’(a;) € A. Tt follows (with the use of Lemmas 5.14 and 5.19) that

crd’(a;) Nerd’ (ajapnwA)
= (erd(a;) N erd(a;)) U ( U (erd'(as) ﬂcrd’(ai/))> U (cxd'(a;) N erd’(A))

i EvNw

C A.

Since {a;, a;} U rng(aynw) U A C C, it follows from Lemmas 5.16 and 5.19 that a; is
independent from a;a,nwA over crd’(a;) N (crd’(a;aunwA). But as shown above,

crd’(a;) Nerd (ajapnwAd) C A C ayrwA,

so by monotonicity, a; is independent from a;a,nwA over GynwA and hence a; is inde-
pendent from a; over a,n,A, which contradicts (). O

By Claim 1, A = {A, : w € P~ (m)} and B = {B,, : w € P~ (m)} are independent
systems of sets with inclusion maps. Let G4 = {{a;} : i € m} and Gg = {{b;} : i € m}.
Then A is generated by G4 over A, and B is generated by Gp over B.
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By assumption we have tp(a,) = tp(b,) for every w € P~(m) and if |w| = m — 1
then A C acl(@,) and B C acl(b,). Hence, for every w € P~ (m) with |w| = m — 1 there
is an elementary map f,, from A, = acl(a,A) = acl(@,) onto B, = acl(b,B) = acl(by)
such that fy (@) = by. For every v € P~(m) with |v] < m — 1 choose (arbitrary)
w € P~(m) such that |{w| = m —1 and v C w and let f, = fu[A,; then f, is an
elementary map from A, onto B, and f,(@,) = b,. From the definition it follows that
if v,w € P~(m) and v C w, then f,[U;c,{a:} extends f,[U;c,{ai}. It follows that
{fw:w € P~ (m)} is a system of elementary maps from (A,G4) onto (B,Gg). The next
claim shows that conditions (1) and (2) in the definition of the m-embedding of types

property (Definition 3.2) are satisfied for the sequence (ag,...,a;, ).

Claim 2. For every i < my,

a;¢ac1(({ag,...,a:no_1}_{a;f})u U Aw).

wEP~(m)

Proof of Claim 2. Suppose that i < mg and

a:Eac1<({ag,...,a;0,1}—{a;})u U Aw).

weP~(m)

By definition, A,, = acl(a,,A) and if |w| =m — 1 then A C acl(a,), so we get

a;eac1<({a3,...,a;0,l}—{a;f})u U aw).

weP~(m)
From the fact that every subset of N{, ; is algebraically closed in N, and that ag, ..., a5,
are distinct, it follows that there is j € {0,...,m — 1} such that a] = a;. But this con-
tradicts that each a was chosen so that it does not belong to {ao,...,aq—1}. O

By Claim 2 and the assumption that Th(M) has the m-embedding of types property
with respect to all generators (as M is a strongly independent structure), it follows that
there are by, ..., b}, 1 € M, where M is the monster model of Th(M), and, for every
w € P~(m), an elementary map g,, from {ag,...a;, i} U Ay, onto {bg,...by, 1} U By
such that, for i = 0,...,mo — 1, gw(aj) = b}, if w 2O v then g,[U,;c,{ai} extends

9vlUie @i}, and for every i = 0,...,m — 1, grp[{ai} = friy[{ai}. Hence
for every w € P™(m), tpagea((bgs -, by —1)bw) = toamgea ((ag, - 1)) (4)

Since M®? is Rp-homogeneous we may assume that g, ..., by, 1 € M and hence they
belong to N/, ;. Note that, by the choice of ag, ..., a), | and lemmas 5.8 and 5.19,

s

bt ¢ ad(({bg, b1t = {31 U {bo, - .,bm_l}), for every i < my.

Now we will find by,,,...,bg—1 € N_; such that (2) and (3) hold. For every w € P~ (m)
define

A, = acl(aw(ag, - - -, apy,—1)A),

mo—1
By, = acl(by(bg, - - -, by 1) B)-
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The next claim shows that A" = {A) : w € P~ (m)} and B’ = {B), : w € P~ (m)} are
independent systems of algebraically closed sets with inclusion maps.

Claim 3. For all v,w € P~ (m) the following hold:

(i) @, is independent from @, over Gyrw(ag, - - -, a,,_1)A, and hence Al \/L Al
_ _ _ Nw
(ii) by is independent from by, over bynw(bp, - - -, by, _1)B, and hence By, ;L B,

vNw

Proof of Claim 8. The proof is similar to the proof of Claim 1. Parts (i) and (ii) are
proved in the same way so we only prove (i). Let a* = (a, ..., ay,, ;). By the triviality
and symmetry of dependence it is sufficient to prove that if i € v —w and j € w — v
then a; is independent from a; over a,n,a*A.

Let i € v —w and j € w —v. By Lemma 5.16 and Lemma 5.19, a; is inde-
pendent from aja,n,a*A over crd'(a;) N crd’(ajdmwc_z*A). Since for any D C M®9,
crd'(D) C acl(D), it follows that a; is independent from a;a,ny,crd’ (a*)A over crd’(a;) N
crd’ (ajdmwcrd'(&*)A) )

As shown in the proof of Claim 1, we have

crd’(a;) N (erd’ (ajaunwA)) C A.

Note that crd’(crd’(D)) = crd’(D) for every D C M®4. Tt follows (using Lemma 5.14)
that

crd’(a;) Nerd (aj@ynwerd’ (@) A)
= (erd’(a;) N erd’(ajavnwA)) U (erd’(a;) Nerd’(a*))
C AUcrd (@)
C Gynw U crd’(a*) U A.
By monotonicity it now follows that a; is independent from a;a,ncrd’ (a*) A over aynycrd’(a*) A

and therefore a; is independent from a; over @y, crd’(a*) A and hence also over @yn,,a*A.
O

By Claim 3, A = {A], : w € P~ (m)} and B’ = {B], : w € P~ (m)} are independent
systems of algebraically closed sets with inclusion maps. For every i € m let

A? ={a;} U{ag,...,ap, 1} and E? = {bi} U{bgs -+ bypg—1}-

Then A is generated by G/, = {AV - i € m} over A, and B is generated by gp = {BY :
i € m} over B.

From (4) it follows that, for every w € P~ (m) with |w| = m—1, there is an elementary
map f!, from A!, onto B!, such that f! (@,) = by, and f.(a}) = b} fori =0,...,mg— 1.
For every v € P~(m) with |v| < m — 1 we choose (arbitrary) w € P~ (m) such that
lw| =m —1and v C w and let f| = f/,[A,; then f, is an elementary map from A,
onto B,,. It follows that whenever v,w € P~(m) and v C w, then f,[U,c, AY extends
FiUic, AY. Hence {f, : w € P~(m)} is a system of elementary maps from (A, G’,)
onto (B',G%).

The next claim show that conditions (1) and (2) from the defintion of m-embedding
of types property (Definition 3.2) hold for the sequence (an,...,aq-1)-
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Claim 4. If a € {ap,...,a4-1} then

ad acl(({am, coyag1}t—{ap) U U A’ )

weP—

Proof of Claim 4. Suppose for a contradiction that a € {an,,...,aq—1} and

a € acl(({am, coyaq-1}—{a}) U U A’ )

weP~
Since Ay, = acl(ay(ag, ..., ay,, 1)A) and |w| =m — 1 implies A C acl(ay), we get
a€acly,, (({am,- - aa1} —{a}) U{ag, a1 b0 | aw),

wEP~(m)

and as every subset of N, +1 is algebraically closed in N/ ; we get either a = a; for some

i€{0,...,d—1} or a = a} for some i € {0,...,mg — 1}. But in either case we have a
contradiction because all elements in a are distinct and ag, ..., ay, _; where chosen to
be different from all elements in a. O

Since Th(M) has the m-embedding of types property with respect to all generators,
Claim 4 implies that there are by,,...,bq_1 € M and, for every w € 73_( ), an
elementary map g, from {am, ..., ag—1}UA;, onto {bn, ..., bs—1}UB,, such that g,,(a;) =

b for i =m,...,d—1, ¢/yIU;e, A? extends g/, [U;c, A? if w 2 v, and g, }[A = f{; }ui?
fori=0,...,m—1. It follows that, for every w € P~(m), g},(Gw) = by and g, (a}) = b}
fori=0,...,mg — 1. Therefore,

for every w € P~ (m),

tpMeq((bm, . ,bdfl)b (bo, ey mo 1)) =

toamea ((am, - - -5 ag—1)aw(ag, - - amo 1)) (5)

By the Np-homogeneity of MY we may assume that by,,...,b5-1 € MY, 80 by, ..., b4-1 €
N.. ;. As N[, is canonically embedded in M®9 it follows from (5) that

for every w € P~ (m), tpny, (b, - -+ ba—1)bw) = ton,, ((am, ... a4-1)aw).  (6)

Let u = {mq,...,m — 1} (so u =0 if my = m). Since, by assumption, mg > 0, we have
u € P~(m), so from (5) we get

(s -+ -5 03-1)bu (b5, - - -, by —1)) = tp((@m, - - -, @a—1)aulag, - .. ap,—1)).  (7)

From the choice of ag, . .., ay, 1,65, - - -, b}, 1 and u (and lemmas 5.8 and 5.19) it follows
that

acl(ag, ..., aq4-1) NN, = acl((ap, ..., ay, _1)a,) N N;, and

acl(bo, ..., ba—1) N N, = acl((bg, - .., by, _1)bu) N N

The definition of £ and (7) now gives
tony, 1c(bo, - - ba—1) = tpn, elao, -5 ad—1). (8)
Let b = (bg,...,bq_1). Since by = (bo,...,bm_1) realizes p(Zs) it follows from (6) and

(8) that b satisfies the conditions in (b), so the lemma is proved. O
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Lemma 5.27 Né+1 is polynomially k-saturated for every k < Ng.

Proof. By the definition of L, aClN£+1 i and adNQH coincide. By Lemma 5.25, N} ;[L
is polynomially k-saturated for every k < ¥y. By Lemma 5.26, N, satisfies the k-
independence hypothesis over £ for every k < Ro. Hence, by Theorem 2.7, N/, is
polynomially k-saturated for every k < Ny. g

Corollary 5.28 N/ is polynomially k-saturated for every k < Rg.

Proof. This follows by induction, since N7 is polynomially k-saturated for every k < Ry,
as pointed out in the beginning of Section 5.2, and we have proved that N{_ is poly-
nomially k-saturated for every k < Wy under the assumption that N! is polynomially
k-saturated for every k < Ng. g

Now we can complete the proof of the main theorem:

Theorem 5.1 If M is a strongly independent structure then M has the finite submodel
property.

Proof. Under the assumption that M is a strongly independent structure we have
derived that M® has a canonically embedded structure N, which, by Corollary 5.28, is
polynomially k-saturated for every k < Wg. It follows (by Lemma 2.3) that N/ has the
finite submodel property. Since M is a strongly independent structure, there is a finite
bound on the arity of function symbols in the language of M, so Theorem 1.4 and the
fact that (by construction) M C aclpsea(N,) and only finitely many sorts are represented
in N/ implies that M has the finite submodel property. O

Remark 5.29 Recall that the difference between ’independent structure’ and ’strongly
independent structure’ is that in the latter case we assume the n-embedding of types
property with respect to all generators, while in the former case we only assume the
n-embedding of types property with respect to simple generators over the ”base sets”
Ay and By. By Theorem 3.4, all stable theories have the n-embedding of types property,
and from Theorem 4.3 it follows that every independent (not necesserarily strongly
independent) structure with SU-rank 1 has the finite submodel property. It would be
pleasing if one could show that every independent structure has the finite submodel
property, or show that the assumption on strong independence is necessary; an issue not
settled in this paper.

6 The n-amalgamation property

The n-amalgamation property was introduced and studied in [10] and generalizes an
earlier variant of it studied in [11]. Here we will prove a result which relates the n-
embedding of types property and the n-amalgamation of types property in the case
when the theory under consideration has SU-rank one.

We start by giving the definition of the n-amalgamation property as well as the
definition of a coherent system of types, a notion also comming from [10].

Definition 6.1 We say that T' has the n-amalgamation property if whenever

{As:seP (n)}, {nf:sCteP (n)})
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is an independent system of boundedly closed sets indexed by P~ (n), there exist a
boundedly closed A,, and elementary maps 7% : A, — A, for every u € P~ (n) such that
({As:s € P(n)}, {mf : s Ct € P(n)}) is an independent system of boundedly closed
sets indexed by P(n).

Definition 6.2 Let {A, : w € P~ (n)} be an independent system of boundedly closed
sets with inclusion maps. We say that {p,(Zy) : w € P~ (n)}, where py(Zy) € S(Aw)
for each w € P~ (n), is a coherent system of types over { Ay, : w € P~ (n)} if the following
hold:

(1) If C,, realizes p,, then Cy, D A, (S0 T, is an infinite sequence of variables).
(2) If w C v then Z,, C T, and py, C py.

(3) For every w € P~(n) there is a bijection f, : Cy — Z, such that if C? =
fu' © fo(Cy), then

(4) Cyp = bdd(4A, UC?) and Cg);l( A, (for every w € P~ (n)).
0

From [10] we have:

Theorem 6.3 Let T be simple and let n > 3. Then the following are equivalent:
(i) T has the k-amalgamation property for every k < n + 1.

(ii) For every k < n and coherent system of types {pw(Tw) : w € P~ (k)} over an
independent system of boundedly closed sets {Ay : w € P~(k)}, there is Cy which
realizes py, for every w € P~ (k) and C’qf)?l/ User Afiy-

0

Now we can use Theorem 6.3 to prove the following lemma which has the technical
content of the next theorem:

Lemma 6.4 Let T be simple with SU-rank 1 and with the k-amalgamation property for
every k < n+ 1, where n > 3. Suppose that A = {A, : w € P~ (k)} and B = {B,, :
w € P~(k)} are independent systems of algebraically closed sets with inclusion maps
and that, for every w € P~ (k), fw is an elementary map from A, onto By, and fy
extends f, whenever w D v. Let a be such that

(1) rng(a) N acl(Uwep,(k) Aw> = 0.

(i) If T has trivial dependence then there are b and, for every w € P~(k), an elementary

map from A, Urng(a) onto By, Urng(b) such that f,, extends gy,.
(#) If a is a real tuple which i addition to (1) also satisfies that

(2) ifa € rng(a) and a € acl((rng(&)—{a})uuwep,(k) Aw) then a € acl(rng(a)—{a}),

then there are b and, for every w € P~(k), an elementary map from A, Urng(a) onto

B, Urng(b) such that f,, extends g,. (Here we do not assume trivial dependence.)
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Proof. Let n > 3 and suppose that T is simple with SU-rank 1 and with the k-
amalgamation property for every k < n+ 1. Let & < n. We will prove (ii) and then
tell how to modify the proof so that it becomes a proof of (i). Let A, B and f,, for
w € P~(k), be as in the assumptions of the lemma. Then let a be a tuple of real
elements satisfying (1) and (2).

Since T has SU-rank 1, we have a.l A,, for every w € P~ (k). For every w € P~ (k),
let Cy, = acl(aAy). Since each f,, is an elementary map, there are, for every w € P~ (k),
b, and an elementary map fl, from Cy, onto D, = acl(l_)wa) such that f} extends f,
and f! (@) = by.

We now transform the above data into a coherent system of types over {B,, : w €
P~(k)}. For each w € P~ (k), let

pw(jw) = tp(Dw/Bw)a

SO T, is an infinite sequence of (distinct) variables of length |D,,|. The assumption that

fw extends f, if w O v implies that we may assume that if v C w then z, C Z,, and

Py C pw. For every w € P~ (k), let hy : Dy — Ty, be the bijection which is implicit in

the definition of p,, and let DY = h! o hy(Dy); it follows that D? = acl(b,By) and

hence b, C D?U. We need to verify that D,, = acl(Bw U D?U) and DQ’BJ/ B, for every
0

w € P (k).

Let w € P~ (k). Since D,, = acl(b,B,,) and D? = acl(b,By) we get D, = acl(By U

Dg]) We already noted that al A,, and hence d\}( A, and sincef], is an elementary
0
map it follows that l_)w\fl;a B,,; as Dg} = acl(EwB@) we get ng\ga By.

Now we have proved that {p,(Z,) : w € P~ (k)} is a coherent system of types
over {B,, : w € P~ (k)}. By assumption, T has the k-amalgamation property for every
k <n+1, so Theorem 6.3 implies that there is D which realizes p,, for every w € P~ (k).
But then there is a sequence of elements b € D and, for every w € P~(k), an elementary
map gy, : rng(a) U A, — rng(b) U By, such that g, extends f,. This completes the proof
of (ii).

Part (i) is proved essentially in the same way as (ii). Since we now assume that
T has trivial dependence, if @ is a real tuple which satisfies (1) then al A, for every
w € P~ (k). Then we can argue precisely as in the proof of (ii) to find b and elementary
maps g, from A, Urng(a) onto B, Urng(b) such that for each w, g, extends f,. But
by an analogous argument as in the proof of Lemma 3.3 it follows that the assumption
that a is a real tuple is not necessary. ]

Theorem 6.5 Suppose thatT is simple with SU-rank 1. Moreover, suppose that acl(A) =
dcl(A) for every A C MY, where M is the monster model of T'. Let n > 3.

(i) If T has the k-amalgamation property for every k < n+1, then T has the k-embedding
of types property for real types with respect to simple generators, for every 2 < k < n.
(ii) If T has trivial dependence and the k-amalgamation property for every k < n + 1,
then T has the strong k-embedding of types property with respect to simple generators,
for every 2 <k <mn.

Proof. Let n > 3 and suppose that T is simple with SU-rank 1. Then 7T is supersimple
and therefore it has elimination of hyperimaginaries, so we can replace the bounded clo-
sure by the algebraic closure in the definition of the n-amalgamation property. Moreover,
assume that the algebraic closure coincides with the definable closure.

By Lemma 6.4, it is sufficient to show the following for £ < n: Whenever
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(a) (A,G4) and (B,Gp) are independent systems of algebraically closed sets, indexed
by P~ (k) with inclusion maps and simple generators Ga, = {AY : i € k} over Ay
and Gp, = {B? .1 € k} over By, respectively, and

(b) {fw:w € P~ (k)} is a system of elementary maps from (A, Ga,) onto (B,Gp,),

then, for every w € P~(k), f, extends f, if w 2 v.

By the definitions of independent system of algebraically closed sets and of simple
generators (so Ag C A%, By C BY) and the assumption that acl coincides with decl we
have the following for every w € P~ (k):

Ay = acl( U A{i}) - acl( U (Ag U A?)) - acl( U A?) - dcl( U A?).

IS 1EW S 1EW

In the same way we get B, = dcl(UiEw BZQ) for every w € P~ (k). So for every

w € P~ (k), every elementary map from (J;,, AY onto Uicw BY can be extended to an
elementary map from A, onto B,, in one unique way. Since we assume that {f, : w €
P~(k)} is a system of elementary maps from (A,Ga,) onto (B,Gp,) it follows that f,
extends f, whenever w O v. O

7 Examples

In all examples, when passing from statements concerning real elements (those of sort
'=") to imaginary elements, we tacitly use the fact (see [14] or [15] for example) that
T°4 is determined by T in the sense that for every ¢(x1,...,zy) € L and (-definable
equivalence relations S;, ¢ = 1,...,m, on M?* (where M is the monster model of T')
with corresponding functions f; sending a € M?® to its S;-class, there is a formula
(Y1, ...,Ym) € L such that

T4 ): Vreal 47 .. gjm(¢(g1, c. ,ﬂm) — Sﬁ(fl(ﬂl% .- >fm(gm)))

When this needs to be used in the examples, 1 can be chosen to be quantifier free.

Example 7.1 The random graph: In [10] it is shown that the complete theory of the
random graph, denoted T},, has the n-amalgamation property for every n < Ry. By
Theorem 6.5 (ii) and Lemma 3.6, T, has the strong n-embedding of types property with
respect to all generators, for every 3 < n < Np; and one can verify ”by hand” that the
same holds for n = 2. Hence T, is strongly independent.

Example 7.2 The strong 4-embedding of types property with respect to simple gener-
ators does not imply the 4-amalgamation property: According to Theorem 3.4 every
stable theory has the strong n-embedding of types property with respect to simple gen-
erators for every 2 < n < Wg. In [4] an example is given of a stable theory without the
4-amalgamation property.

Example 7.3 A strongly independent structure with SU-rank k + 1, k > 0 arbitrary:
We have seen that random graph is an example of a strongly independent structure of
SU-rank 1. Another example, of SU-rank k + 1, for arbitrary k£ > 0, can be constructed
as follows. We use the basic theory of Fraissé-limits; see [8], Chapter 7 (in particular,
Theorems 7.1.2 and 7.4.1). Let the vocabulary of the language L be {=, Ey,..., Ex, R}
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and let IC be the class of all finite L-structures A such that Ey,..., E} are interpreted
as equivalence relations, where E;;1 refines E; for each ¢ < k, and R is interpreted as a
symmetric and irreflexive binary relation. It is easy to verify that I has the hereditary
property and amalgamation property, which implies that I has the joint embedding
property, so K has a so-called Fraissé-limit M. The Fraissé-limit M has the properties
that Th(M) eliminates quantifiers (so it is Ny-categorical) and

(1) every finite substructure of M belongs to C, and

(2) for every finite substructure A C M (where we may have A = ()) and B € K such
that A C B, there is an embedding f : B — M such that f[A is the identity map.

Let M be the monster model of Th(M) and for a € M, let [a]; denote the E;-class
to which a belongs, so [a]; € M®, and let f; be the function which sends a € M to its
E;-class. It follows that if a € M and A C B C M®4, then tp(a/B) forks over A if and
only if, for some a € rng(a),

EIbeB—A(b:a\/Hie {0,....k}
[(E,-(a,b) AV € A(-E;(a, a’))) v (fz-(a) = bAVd € A(fi(a) # a/))D.

From this, one can show that Th(M) is simple with SU-rank k + 1, that Th(M) is
1-based and has trivial dependence. From the definition of K and (2) it follows that
algebraic closure and definable closure always coincide (also when imaginary elements are
involved) and that the latter is trivial. In order to verify that Th(M) has the strong n-
embedding of types property with respect to all generators, it is, by Lemma 3.3 sufficient
to consider real types, and for n > 2 it is, by Lemma 3.6, sufficient to consider simple
generators.

Example 7.4 The random bipartite graph has the 2-embedding of types property with
respect to simple generators, but not with respect to all generators; this happens for trivial
reasons and the discrepancy disappears in a natural expansion of the random bipartite
graph: Let the language L have two binary relation symbols E and R. Let K., be
the class of all of all finite L-structures A in which E is interpreted as an equivalence
relation with exactly two classes and such that A = Vay(R(z,y) — —E(z,y)). We call
the Fraissé limit M, of IC,p the random bipartite graph and let Ty, = Th(M,). Then T}
has the (strong) 2-embedding of types property with respect to simple generators, but
not with respect to all generators. To see the latter, first observe that any two distinct
elements are independent of each other over () and then consider distinct elements ag, ay
in the same F-class, and distinct elements by, b; not in the same F-class. Then the
unique maps fg;) : {a;} — {b;}, for i = 0,1, are elementary and there exists a which
is adjacent (with respect to R) to both ag and aj, but there is no b which is adjacent
to both by and b1, since they are in different E-classes. This problem vanishes when we
consider the (strong) 2-embedding of types property with respect to simple generators
since in this case we must assume that a; has the same type as b; over acl(()) and this
puts a; and b; in the same E-class for i = 0, 1.

Now suppose that n > 3 and that A = {4, : w € P~ (n)} and B = {B,, : w €
P~ (n)} are systems of algebraically closed sets with (not necessarily simple) generators
Ga={AY :ien}and Gg = {BY : i € n} over A and B, respectively. Assume that
F =A{fw:w € P (n)}is a system of elementary maps from (A,G4) onto (B,Gp). If
a; € AY and a; € A? are in the same E-class then, since fy; ;1 is elementary, fi; ;y(a:)
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and f{; ;3(a;) are in the same E-class, and vice versa. So for n > 3 the problem that
appeared when n = 2 (with respect to all generators) does not appear. From this, one
can deduce that T,; has the strong n-embedding of types property with respect to all
generators for every n > 3.

Now consider the expansion M), of M,; obtained by adding a unary predicate which
is interpreted as (exactly) one of the E-classes and let T/, = Th(M/,). So if a and b
have the same type with respect to T),, then they are in the same E-class, and in fact
they have the same type over acl(()) where acl is taken in M® for a monster model M
of T/,. From this it follows that 77, has the strong n-embedding of types property with
respect to all generators for every 2 < n < Ng.

The author lacks an example of a complete theory T' such that, for some n, T has
the n-embedding of types property for simple generators, but not for all generators, and
there does not exist a theory 7" D T, in an expanded language, such that 7" has the
n-embedding of types property for all generators. In other words, I don’t know of an
example where a discrepancy between n-embedding of types property with respect to
simple generators, and with respect to all generators, appears and cannot be fixed by
just expanding the language in a way that preserves all other relevant properties of T'
(simplicity, No-categoricity, 1-basedness etc).

Example 7.5 Fuailure to extend generators and systems of elementary maps in general:
Here we construct a theory T' and systems of algebraically closed sets A = {4, : w €
P~(n)} and B = {By : w € P~(n)} with (nonsimple) generators G4 = {A4? : i € n}
and Gg = {BY : i € n} over A and B, respectively. It will easily follow that there
is a system of elementary maps from (A,G4) onto (B,Gp). However, we will show
that whenever g;,@ and %@ are simple generators for A and B, respectively, then there
is no elementary system of maps from from (A, Q/’%) onto (B, gjgw). The example T
will have very uncomplicated behaviour of forking and algebraic closure, but algebraic
and definable closures will not coincide. Since T' has the strong n-embedding of types
property for every 2 < n < Ny with respect to all generators, it does not show that
the assumptions on algebraic and definable closures in Lemma 3.6 are necessary, but
only that the method of ”extending” systems of elementary maps to simple generators,
applied in the proof of that lemma, may fail if algebraic and definable closures are
different.

Let the language Lo have unary relation symbols P, @, a ternary relation symbol R,
a binary relation symbol S and unary function symbols f; and fs. Let g consist of all
finite Lg-structures A which satisfy the following axioms:

A: Vz(P(z) vV Q()),

B: Vz(P(z) — —Q(z)),

C: Va(P(z) = (Q(f(2) A Q(f2(2)) A fi(@) # f2(2))),

D: Vz(Q(z) — (fi(2) —év/\fz(x) = ))

E: Yay(S(z,y) < (P(x) AQ) A (filz) =y V fa(z) =y))),
F: Vayz(R(z,y,2z) — (P ( ) Py) AQ(2)).

Then Ky is closed under substructures and has the amalgamation property, so the Fraissé
limit My of Kj exists and has elimination of quantifiers. Since My is uniformly locally
finite it is Ng-categorical. Note that, as My is the Fraissé limit of Ky, we have the
following: Whenever A is a substructure of B € Ky and f : A — My is an embedding,
then there is an embedding g : B — My which extends f; it follows that for any two
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ai,az € QMo there are infinitely many b € PMo such that fi1(b) = a; and f2(b) = as.
The theory Ty = Th(M)y) is simple with SU-rank 3, 1-based and with trivial dependence
and with the strong n-amalgamation of types property with respect to all generators,
for every 2 < n < Ny (left for the reader to verify).

Now let L C Ly be the language with the symbols P, @, R and S (but not f; and
f2). Then let M = My[L and T = Th(M). Note that, by axioms C and E, whenever
a € PM | then there are exactly two elements by, by such that (a,b;) € SM and both
these elements belong to QM. Let’s call a subset A C M closed if it is the universe
of a substructure of My, or equivalently, if it satisfies that whenever ¢ € AN PM and
(a,b) € SM then b € A. It follows (using properties of N) that every isomorphism
o : A — B where A and B are closed substructures of M can be extended to an
automorphism of M; hence the quantifier-free type of a tuple a € M such that rng(a) is
closed determines its type over (). Also, if K consists of all L-reducts of structures in Ky,
then it follows that whenever A € K and A is a substructure of B € K and f: A — M
is an embedding, then there is an embedding g : B — M which extends f.

Thus there are distinct ag, ar,as € PM and distinct afy, a} € QM such that the sub-
structure of M with universe {ao, a1, as, af), a}} satisfies the following atomic relations,
and no others:

S(ai,a;) for every i € {0, 1,2} and every j € {0,1}, and

R(ag, a1,ap) and R(ay,as, ay).

Then we can also find b, by, be € P and distinct bf), b € QM such that the substructure
of M with universe {bg,b1,ba,bf, |} satisfies the following atomic relations, and no
others:

S(bs, b;) for every i € {0,1,2} and every j € {0,1}, and

R(bo, bl, 66) and R(bl, bg, b,l)

Note that the with respect to the mapping a; — b;, a, — bl, the only difference is that
we have R(a1, ag, af) for the first set of elements and R(by, be, b}) for the other set. Also
observe that for all i,j € 3, (a;, aj,aq,a}) and (b;, bj, b, b)) are closed, and hence their
quantifier-free type determines their type over §). It follows that (a;,a;) has the same
type as (b;, b;) over (). But there does not exist elementary maps

gi0,.1} : {ao, a1, ap,ay} — {bo, b1, by, b1}, and

9,2yt a1, a2, ap,ah} — {b1, b2, by, by }

such that g 1y [{ag, a1} = gq1.2y[{ag, a1}, 90,1y maps (ao,a1) to (bo, b1) and g1 2y maps
(al, (12) to (bl, bg).

Now let M be the monster model in which M is elementarily embedded and let acl
the algebraic closure in M*®. From the above it follows that the claims made in the
beginning of this example about A, G4, B and Gp hold if we let n = 3, A = {qy,d}},

AY = {a;} for i € 3, and A, = acl(UiEw Ag) for w € P~ (3); and the same with b’ and
B’ in place of ’a’ and "A’.

One can also show that T has the strong n-embedding of types property with respect
to all generators for every 2 < n < Ny. The construction of M could have been carried
out in the same fashion with a k-ary relation R, for any £ > 3, and the requirement that
if R(x1,...,x)) holds then P(x;) holds for i = 1,...,k — 1 and Q(x) holds. Then the

assertions in the beginning of the example would follow for n = k.
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