
Quotient topologies in constructive

set theory and type theory

Hajime Ishihara∗ Erik Palmgren†

April 29, 2005

Abstract

The standard construction of quotient spaces in topology uses full
separation and power sets. We show how to make this construction
using only the (generalised) predicative methods available in construc-
tive type theory and constructive set theory.
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1 Introduction

We consider the problem of constructing a neighborhood base for a quotient
space X/∼ given a base for the underlying space X. There is a trivial
solution to this problem. Take the topology on the quotient space to be the
base. The standard construction is to declare that

U ⊂ X/∼ is open ⇐⇒ q−1(U) is open in X. (1)

Here q : X → X/∼ is the quotient map, taking an element to the equivalence
class it represents.
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This solution is unsatisfactory from the predicative point of view, since
the base is defined in terms of all subsets of a given set. In particular, this
simple solution is not a priori possible to formalize in constructive set theory
or constructive type theory. Below we present two different constructions
which are formalizable in those respective theories. The first one (Section
2) uses the type-theoretic choice principle (every set has a projective cover)
often used in Bishop’s work [2, 3, 6], and a restricted power set operation
which is valid in Martin-Löf type theory [5]. The second one (Section 3)
employs, apart from standard axioms of CZF, only relativized dependent
choice [1]. Lastly, Section 4 shows that the existence of final, or coinduced,
topologies follows from the construction of quotient spaces and coproduct
spaces, much in the same way as in the classical setting.

2 Construction of bases in type theory

We assume that each set A has a projective cover, that is a projective set A
and surjective function ιA : A → A. Recall [6] that one, of several equivalent,
definitions of a projective set P is that the axiom of choice is valid on the
set. This means that P has the property that if for any x ∈ P there is some
y ∈ B satisfying the relation R(x, y), then there is a function f : P → B so
that for all x ∈ P , R(x, f(x)).

Next we introduce the notion of strongly regular family of subsets. Con-
sider a family of F = {Fs}s∈S of subsets of X, indexed by a set S. For a
subset A ⊂ X, write A ∈ F if there is some s ∈ S so that A = Fs. The
family is I-closed if for any function g : I → S, the union ∪a∈IFg(a) ∈ F .
The family F is strongly regular if it is A-closed for each A ∈ F .

Regularization Axiom (RA). For any family B of subsets of
X, and any family of sets {Ik}k∈K there exists a strongly regular
family F of subsets of X, that includes B, and which is Ik-closed
for each k ∈ K.

RA can be justified using the notion of regular universe operator in type
theory, see [7].

Remark 2.1. It is clear that the full power set axiom implies RA. Conversely,
assuming the principle of excluded middle, and then applying RA to a family
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B including ∅, X and all singletons {x} where x ∈ X, we get that F =
Pow(X).

Theorem 2.2. Let X be a topological space with a set-indexed neighborhood

base. Then each quotient space X/∼ by an equivalence relation ∼ has a

set-indexed neighborhood base as well.

Proof. Let {Ui}i∈I be a set-indexed neighborhood base for X. For an equiv-
alence relation ∼ on X, let q : X → X/∼ be its quotient map. For a subset
A of X, let

Ã = q−1(q[A]). (2)

For any projective cover ι : A → A note that

Ã =
⋃

a∈A

{̃ι(a)}. (3)

Suppose now, by the Strong Regularity Axiom, that F = {Fs}s∈S is an
N-closed, strongly regular family of subsets of X that includes

Ui, {x}, {̃x} (4)

for every i ∈ I and x ∈ X. Note that by (3) and the axiom we have

A ∈ F =⇒ Ã ∈ F . (5)

Let T be the set of s ∈ S such that Fs is open in X and F̃s = Fs. We
claim that

{q[Fs]}s∈T

is a base for X/∼.

Since q−1(q[Fs]) = F̃s = Fs and Fs is open, for any s ∈ T , it is clear that
the base sets are open in the quotient topology. Conversely, assume that
q−1(V ) is open in X. Let q(x) ∈ V , i.e. x ∈ q−1(V ). Put Z0 = {x}. Then
Z0 ∈ F and Z0 ⊂ q−1(V ).

Suppose that subsets of q−1(V )

Z0 ⊂ Z1 ⊂ · · · ⊂ Zn (6)

have been constructed in F such that Z1, . . . , Zn are open and

Z̃k ⊂ Zk+1 (k = 0, . . . , n − 1).
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Then by (5) Z̃n ∈ F and clearly Z̃n ⊂ q−1(V ). Let A = Z̃n and let ι : A → A
be its projective cover. For each a ∈ A there is s ∈ S such that Fs is a
basic neighborhood and a ∈ Fs and Fs ⊂ q−1(V ). Thus there is g : A → S
choosing this s ∈ S given a. Hence

A ⊂
⋃

a∈A

Fg(a) ⊂ q−1(V ).

Denote the large union by Zn+1. It is open and belongs to F by the strong
regularity axiom. The chain (6) has thus been prolonged successfully.

By dependent choice we may form

Zω =
∞⋃

n=0

Zn.

Clearly it is a subset of q−1(V ) and it contains x. Since the chain of sets
Zn is increasing, and every Zn is open in X for n ≥ 1, it clear that Zω is
open as well. Moreover, Zω ∈ F as F is N-closed. Finally, Z̃ω = Zω since
Z̃n ⊂ Zn+1 for each n. By definition of T there is some t ∈ T with Zω = Ft

and q(x) ∈ q[Ft] ⊂ V .
Note that for V = q[Fs1

]∩ q[Fs2
] this shows F to be a neighborhood base

as well.

3 A construction of quotient topology in con-

structive set theory

In topology one often defines abstractly a quotient map to be a continuous,
onto map f : X → Y which is such that, for any topological space Z, a
function h : Y → Z is continuous iff h◦f is continuous. In this case Y is said
to have the quotient topology. The map q of (1) satisfies this condition. Also
given any onto function f : X → Y we may define an equivalence relation
∼f by

x ∼f y =⇒ f(x) = f(y).

Then Y ∼= X/∼f , as sets, and the quotient topology on X/∼f determines a
topology on Y so that f is a quotient map.

Definition 3.1. A neighborhood space is a pair (X, τ) of a set X and a set
τ ⊂ Pow(X) such that
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NS1 ∀x ∈ X∃u ∈ τ(x ∈ u),

NS2 ∀x ∈ X∀u ∈ τ∀v ∈ τ [x ∈ u ∩ v⇒∃w ∈ τ(x ∈ w ⊂ u ∩ v)].

We say that τ is an open base on X.

Definition 3.2. Let (X, τ) be a neighborhood space. Then a set a ⊂ X is
open if

∀x ∈ a∃u ∈ τ(x ∈ u ⊂ a).

Note that ∅, X and u ∈ τ are open, if a and b are open, then a ∩ b is open,
and if U is a set of open sets, then

⋃
U is open.

Definition 3.3. A function f between neighborhood spaces (X, τ) and (Y, τ ′)
is continuous if

∀x ∈ X∀v ∈ τ ′[f(x) ∈ v⇒∃u ∈ τ(x ∈ u ⊂ f−1(v))].

Note that f is a continuous if and only if f−1(a) is open for all open sets a.

In the following, we assume that (X, τ) is a neighborhood space, Y a set,
and f is a function from X onto Y . For a ⊂ X, let

r ∈ cov(a) ⇔ r ∈ mv(a, τ) ∧ ∀x ∈ a∀u ∈ τ((x, u) ∈ r⇒x ∈ u),

Fullcov(a, c) ⇔ c ⊂ cov(a) ∧ ∀r ∈ cov(a)∃s ∈ c(s ⊂ r),

where r ∈ mv(a, τ)
def
⇔ ∀x ∈ a∃u ∈ τ((x, u) ∈ r). Note that if r ∈ cov(a),

then, letting ran(r) = {u | ∃x ∈ a((x, u) ∈ r)}, we have a ⊂
⋃

ran(r).

Lemma 3.4. For each subset a of X, there exists a set c such that Fullcov(a, c).

Proof. For each a ⊂ X, by Fullness there exists d such that d ⊂ mv(a, τ) ∧
∀r ∈ mv(a, τ)∃s ∈ d(s ⊂ r). Letting

c = {r ∈ d | ∀x ∈ a∀u ∈ τ((x, u) ∈ r⇒x ∈ u)},

by Restricted Separation, we have c ⊂ cov(a). For each r ∈ cov(a), since
r ∈ mv(a, τ), there exists s ∈ mv(a, τ) such that s ⊂ r, and, since if (x, u) ∈ s
then (x, u) ∈ r and hence x ∈ u, we have s ∈ c.

Let D be a class defined by

D = {(U, c) | U ⊂ τ ∧ Fullcov (f−1 (f (
⋃

U)) , c)} .

Note that if (U, c) ∈ D and r ∈ c, then f−1(f(
⋃

U)) ⊂
⋃

ran(r).
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Proposition 3.5. There exists a set D ⊂ D such that

1. ∀u ∈ τ∃c(({u}, c) ∈ D),

2. ∀(U, c) ∈ D∀r ∈ c∃(U ′, c′) ∈ D(ran(r) = U ′).

Proof. Let

φ(A, B) ⇔ ∀(U, c) ∈ A∀r ∈ c∃(U ′, c′) ∈ B (ran(r) = U ′) .

We show that ∀A ⊂ D∃B ⊂ Dφ(A, B). To this end, suppose that A is a set
with A ⊂ D. Then for each (U, c) ∈ A and r ∈ c, letting U ′ = ran(r) and
constructing a set c′ such that Fullcov (f−1 (f (

⋃
U ′)) , c′), by Lemma 3.4, we

have (U ′, c′) ∈ D. Therefore

∀r ∈ c∃(U ′, c′) ((U ′, c′) ∈ D ∧ ran(r) = U ′) ,

and hence
∃b′ ⊂ D∀r ∈ c∃(U ′, c′) ∈ b′ (ran(r) = U ′)

by Strong Collection. Since (U, c) ∈ A is arbitrary, we have

∀(U, c) ∈ A∃b′ ⊂ D∀r ∈ c∃(U ′, c′) ∈ b′ (ran(r) = U ′) ,

and hence by Strong Collection, there exists a set B ′ such that

∀(U, c) ∈ A∃b′ ∈ B′ [b′ ⊂ D ∧ ∀r ∈ c∃(U ′, c′) ∈ b′ (ran(r) = U ′)] .

Thus letting B =
⋃

B′, we have B ⊂ D and φ(A, B).
Since ∀u ∈ τ∃cFullcov(f

−1(f(u)), c), by Lemma 3.4, there exists a set
A0 ⊂ D such that ∀u ∈ τ∃c(({u}, c) ∈ A0) by Strong Collection. Applying
RDC to ∀A ⊂ D∃B ⊂ Dφ(A, B) and A0, we have a function α with domain
ω such that α(0) = A0 and

∀n ∈ ω[α(n) ⊂ D ∧ φ(α(n), α(n + 1))].

Let D =
⋃

n∈ω α(n). Then it is straightforward to see (1) and (2).

Using Exponentiation, Restricted Separation and Strong Collection, de-
fine sets H and S by

H = {〈(Un, cn)〉n∈ω ∈ Dω | ∀n ∈ ω∃r ∈ cn (ran(r) = Un+1))} .

S =
{⋃⋃

n∈ω Un | 〈(Un, cn)〉n∈ω ∈ H
}

.
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Lemma 3.6. For each a ∈ S, a is open and f−1(f(a)) = a.

Proof. Let a ∈ S. Then there exists 〈(Un, cn)〉n∈ω ∈ H such that a =⋃⋃
n∈ω Un. Suppose that x ∈ a. Then there exist n ∈ ω and u ∈ Un ⊂ τ

such that x ∈ u ⊂
⋃

Un ⊂ a. Therefore a is open.
Suppose that x ∈ f−1(f(a)). Then there exist n ∈ ω and u ∈ Un such

that x ∈ f−1(f(u)) ⊂ f−1(f(
⋃

Un)). Since there exists r ∈ cn such that
ran(r) = Un+1, we have

x ∈ f−1(f(u)) ⊂ f−1(f(
⋃

Un)) ⊂
⋃

ran(r) =
⋃

Un+1 ⊂ a.

Therefore f−1(f(a)) ⊂ a.

Proposition 3.7. Let u ∈ τ , and let b ⊂ X be an open set such that u ⊂ b
and b = f−1(f(b)). Then there exists a ∈ S such that u ⊂ a ⊂ b.

Proof. Let Db = {(U, c) ∈ D |
⋃

U ⊂ b} . We show that

∀(U, c) ∈ Db∃(U ′, c′) ∈ Db∃s ∈ c(ran(s) = U ′).

To this end, suppose that (U, c) ∈ Db. Define a set

r = {(x, u′) ∈ f−1 (f (
⋃

U)) × τ | x ∈ u′ ⊂ b}

by Restricted Separation. Then, since b is open, for each x ∈ f−1 (f (
⋃

U)) ⊂
f−1(f(b)) = b, there exists u′ ∈ τ such that x ∈ u′ ⊂ b, and hence
r ∈ cov (f−1 (f (

⋃
U)) , τ). Therefore, since Fullcov (f−1 (f (

⋃
U)) , c), there

exists s ∈ c such that s ⊂ r, and hence there exists (U ′, c′) ∈ D such that
ran(s) = U ′, by Proposition 3.5 (2). Since

⋃
U ′ =

⋃
ran(s) ⊂

⋃
ran(r) ⊂ b,

we have (U ′, c′) ∈ Db.
By Proposition 3.5 (1), there exists c such that ({u}, c) ∈ Db. Applying

DC, we have a function h : n 7→ (Un, cn) with domain ω and range Db such
that (U0, c0) = ({u}, c) and ∀n ∈ ω∃s ∈ cn(ran(s) = Un+1). Therefore, since
h ∈ H, we have a =def

⋃ ⋃
n∈ω Un ∈ S and u ⊂ a ⊂ b.

Theorem 3.8. There exists an open base τ̂ on Y such that for each neigh-

borhood space (Z, σ) and a function g : Y → Z, g is continuous if and only

if g ◦ f is continuous.
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Proof. Let

τ̂ = {f(a1) ∩ . . . ∩ f(an) | a1, . . . , an ∈ S, n ≥ 0}).

Then τ̂ clearly satisfies (NS1) and (NS2).
Let (Z, σ) be a neighborhood space and g a function form Y to Z. Suppose

that g is continuous. Let x ∈ X and w ∈ σ with g(f(x)) ∈ w. Then, since
g is continuous, there exists v ∈ τ̂ such that f(x) ∈ v ⊂ g−1(w). Since
v = f(a1) ∩ . . . ∩ f(an) for some a1, . . . , an ∈ S and n ≥ 0, we have

x ∈ f−1(v) = f−1(f(a1) ∩ . . . ∩ f(an))

= f−1(f(a1)) ∩ . . . ∩ f−1(f(an))

= a1 ∩ . . . ∩ an ⊂ f−1(g−1(w)).

Therefore, since a1 ∩ . . . ∩ an is open, there exists u ∈ τ such that x ∈ u ⊂
a1 ∩ . . . ∩ an ⊂ f−1(g−1(w)). Thus g ◦ f is continuous.

Conversely suppose that g ◦ f is continuous. Let y ∈ Y and w ∈ σ
with g(y) ∈ w. Then, since f is surjective, there exists x ∈ X such that
y = f(x), that is g(f(x)) ∈ w. Therefore since g ◦ f is continuous, there
exists u ∈ τ such that x ∈ u ⊂ b =def f−1(g−1(w)). Noting that b is open
and f−1(f(b)) = b, there exists a ∈ S such that u ⊂ a ⊂ b, by Proposition
3.7, and hence f(a) ∈ τ̂ and y = f(x) ∈ f(u) ⊂ f(a) ⊂ f(b) = g−1(w). Thus
g is continuous.

4 Final topologies

A generalisation of the quotient topology is that of a final topology [4] (which
is sometimes called a coinduced topology).

Let X be a set. Let (Yi, τi), i ∈ I, be a family of neighborhood spaces
and let fi : Yi → X, i ∈ I, be a family of functions. An open base σ on X is
final for the family (fi) if for any function g : X → Z and any open base η on
Z, g : (X, σ) → (Z, η) is continuous iff for each i, g ◦ fi : (Yi, τi) → (Z, η) is
continuous. Note that if σ′ is another final open base on X for the same family
of functions, then the identity function (X, σ) → (X, σ′) is a homeomorphism,
and hence the neighborhood bases give the same open sets, i.e. have the same
topology.

Example 4.1. For an onto map f : Y → X, and an open base τ on Y , the
final topology on X for f is the quotient topology.
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Next we show that final topologies for disjoint sums exists.

Lemma 4.2. Suppose that (Yi, τi), i ∈ I, is a family of neighborhood spaces.

Let

X = ∪̇i∈IYi =def {(i, y) : i ∈ I, y ∈ Yi},

and let the canonical injections κi : Yi → X be given by κi(y) = (i, y). Then

there is a final open base σ on X for the family (κi).

Proof. If τi is the open base {Uij}j∈Ji
, then σ may be constructed as

{{i} × Uij}(i,j)∈S

where S = {(i, j) : i ∈ I, j ∈ Ji}. We leave the verification that this is indeed
a final open base for (κi)i to the reader.

We can now prove the general existence theorem for final topologies.

Theorem 4.3. Let X be a set. Let (Yi, τi), i ∈ I, be a family of neighborhood

spaces and let fi : Yi → X be a family of functions. Then there exists a final

open base φ on X for the family (fi)i.

Proof. The base φ will be constructed as quotient topology of a certain sum
topology.

Equip X with the discrete open base δX . Then form a new index set
J = I ∪̇ {?} = {(0, i) : i ∈ I} ∪ {(1, ?)}, and define a new family of
neighborhood spaces Aj, j ∈ J , by

A(0,i) = (Yi, τi), A(1,?) = (X, δX).

Form the sum neighborhood space as in Lemma 4.2,

S = (∪̇j∈JAj, σ)

and where κj(x) = (j, x). Next, let ∼ be the smallest equivalence relation
on S so that

((0, i), y) ∼ ((1, ?), fi(y))

for all i ∈ I and y ∈ Ai. Form the quotient topology (S/∼, ρ) with respect
to this equivalence relation, and write q : S → S/∼ for the quotient map.
We remark that ρ is a final open base on S/∼ for the family (q ◦ κj)j. The
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function h : S → X defined by h((0, i), y) = fi(y) and h((1, ?), y) = y gives
a bijection of sets h : (S/∼) → X. Thus there is an open base ρ′ on X so
that h is a homeomorphism. We let φ = ρ′ and verify that it is final for the
family (fi).

Consider the composition tj = h ◦ q ◦ κj. It is clearly continuous, and for
j = (0, i)

tj(x) = h(q(j, x)) = h(j, x) = fi(x).

Hence fi is continuous.
Let g : X → Z be a function. Let η be an open base on Z. Suppose first

that g : (X, φ) → (Z, η) is continuous. Since fi is continuous, g ◦ fi is indeed
continuous.

Conversely, suppose that g ◦ fi is continuous for each i ∈ I. Since fi =
t(0,i), also g ◦ t(0,i) is continuous for i ∈ I. The domain of g ◦ t(1,?) has the
discrete topology, so g◦t(1,?) is trivially continuous. Hence g◦tj is continuous
for all j ∈ J . The open base ρ′ on X is final for the family (tj)j∈J , so g is
continuous.
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[5] P. Martin-Löf. Intuitionistic Type Theory. Notes by G. Sambin of a
series of lectures given in Padua, June 1980. Studies in Proof Theory 1,
Bibliopolis, Naples (1984).

[6] Ray Mines, Fred Richman and Wim Ruitenburg, A Course in Construc-

tive Algebra, Springer 1988.

10



[7] Erik Palmgren, Regular universes and formal spaces, Ann. Pure Appl.

Logic, to appear.

Hajime Ishihara

School of Information Science

Japan Advanced Institute of Science and Technology

Nomi, Ishikawa 923-1292, Japan

E-mail: ishihara@jaist.ac.jp

Erik Palmgren

Department of Mathematics

Uppsala University

PO Box 480, SE-751 06 Uppsala, Sweden

E-mail: palmgren@math.uu.se

11


