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Fredagen den 4 november 2005 holls ett symposium pé Matematiska institutionen vid
Uppsala universitet med anledning av att det detta ar var 100 ar sedan Arne Beurling
foddes. (Symposiet holls av praktiska skél inte p& Beurlings fodelsedag; ddremot var det
exakt 82 ar sedan hans disputation den 4 november 1933.)

Vid symposiet avtdckte universitetets prorektor Lena Marcusson en byst av Arne Beur-
ling, skulpterad av konstnérerna Ylva Lindgren och Jan-Erik Bjork som ockséa var nérva-
rande.

Fyra foredrag holls om Beurlings verksamhet, bdde som matematiker och som kodknéc-
kare. Foredragen éterges i redigerad form i denna skrift. En av foredragshéllarna var Be-
urlings elev och eftertrddare Lennart Carleson. Vid symposiet deltog ocksa ytterligare tva
av Beurlings elever: Yngve Domar och Sonja Lyttkens.

Anders Oberg ~ Svante Janson  Anders Killstrom






A mathematical genius

Lennart Carleson

Let me begin with a few biographical facts.
Arne Beurling was born in Gothenburg on
February 3, 1905 and died in Princeton,
N.J. on November 20, 1986. He studied in
Uppsala. He recognized Wiman and Holm-
gren as his teachers but he was very in-
dependent. The main result of his thesis
— the proof of the Denjoy conjecture con-
cerning asymptotic values of an entire fun-
ction — was obtained in 1929. Instead of \
publishing he went crocodile hunting with [
his father and in this way left to Lars Ahl-
fors to be the first to prove the conjectu-
re (1929). The thesis was submitted on-
ly 1933, actually on today’s date. He was
professor in Uppsala 1937-1954 and was
then permanent member of the Institute
for Advanced Study in Princeton.

Among his honors I should mention
that Vetenskapssocieteten in Uppsala awar- #
ded him its first Celsius medal in mathematics 1961.

Somewhere in his collected papers Lars Ahlfors writes about Beurling: “there was a streak of
genius in everything he did”. 1 support this statement strongly. I would not use the word genius
for many mathematicians that I met but Beurling is one of them.

When we do mathematics most of us use only the intellectual 50% of the brain and keep the
emotional side idle. For Arne Beurling the world of mathematics was somehow integrated with
the real world and with life itself and his brain was 100% active. This seemed to give him access
to information that was hidden for the rest of us and this can only be described as related to
mysticism. You will hear about his work on the German cipher-machine during World War II
and you can form your own opinion. If this gives you the impression of a dreamer and a person
removed from everyday life this is completely wrong. Arne Beurling was physically very strong,
had a decisive manner and was quite practical. I like to think of him as very Swedish, as part
of Swedish nature with its deep forests, lakes and mountains, in which you also find fairies and
trolls. This emotional relation to mathematics explains why he judged mathematical results in
terms of beauty rather than, or even opposed to, complexity. He wrote his papers as pieces of
art and was anxious to hide as well as possible how he found his results. If you would ask him
he would say: “a magician does not reveal his secrets”. A favorite anecdote of mine concerns a
very involved proof I had found and showed him. I knew of course that he would never read it
but I was a little proud. He came back a few day later and said: “This reminds me of a cartoon
(and I have to tell the rest in Swedish). Kolingen stér i Katarinahissen och tittar ner pa Slussen
och sdger: den som hittade pa detta maste ha tarmar i hjarnan.”




This emotional attitude to his mathematics created a very complicated relation to a num-
ber of fellow mathematicians concerning their presumed misuse of his results. Reading about
Newton one is struck by the similarities in attitude. Like Newton, Beurling had a period of extre-
me productivity. In his case, it was during the late part of the 1930’s, but he certainly continued
to produce outstanding results all through his life. The famous Beurling-Malliavin theorem on
closure of exponentials is from a later period as is the theory of Dirichlet spaces.

Towards us as his students he was always extremely generous and helpful. Here is a list of
his Ph.D. students:

Carl-Gustav Esseen 1944;
Goran Borg 1945;

Arne Broman 1947;

Bo Kjellberg 1948;
Lennart Carleson 1950;
Tord Hall 1950;

Bertil Nyman 1950;

John Wermer 1951;
Sonja Lyttkens 1956;
Yngve Domar 1956.

I have included John Wermer although he defended his thesis at Harvard and Yngve Domar
and Sonja Lyttkens defended theirs after Beurling left Sweden. He gave the general topic to us,
usually related to his own work, but then interfered only once in a while. Folklore has it that
he kept a finished version of his own in his drawer but I am sure this is not right. Two of the
theses, by Esseen and by Borg, have been very influential in their respective fields, probability
and inverse spectral theory, but I don’'t know which credit is due to Beurling. I should also like
to mention Bo Kjellberg in a special way. Bo was totally loyal and devoted to Beurling. Through
the years he made every effort to support Beurling and to remove obstacles for him.

We learned much on mathematical research through Beurling’s seminars. They took place
every second Tuesday, 6-8 PM, when Beurling invariably would talk about his own work (he
did not read much). The department was at Tridgardsgatan 18 and he would usually work at
home in number 12 and at night. One should not believe that it all came by divine inspiration.
His neighbors would tell how he walked back and forth (the worst being that he sometimes
stopped)).

Arne Beurling has had a tremendous influence on modern analysis as Paul Malliavin will
no doubt explain. On the practical side: in Sweden he took the initiative to the Swedish mat-
hematical Society. He was offered the directorship of the Mittag-Leffler institute but turned it
down (the institute was then in a very discouraging shape) and his reply to the offer is a classic
in our circles: “If I want to drink myself to death, I want to choose time and place myself.” He
left for the US in 1954 for the very prestigious position at IAS in Princeton. He was then very
disappointed with Sweden and felt that he was not appreciated here. He could also see signs of
the approaching bureaucratization of the university system. A large part of his heart remained
here and all through his life he took an interest (usually not with very positive comments) in
what went on here. I interpret what we do here today as an overdue “Thank you for what you
have done for Sweden and for Uppsala University in particular”.



Arne Beurling - a visionary mathemati-
cian
Paul Malliavin

It is for me a moving experience to be in-
vited to the commemoration of a man who,
in 1946, influenced deeply the choice of
my field in Mathematics, who, when I met
him in 1954, gave me a magnificent ex-
ample of scientific integrity by his entire
commitment to Mathematics and finally
who has been kind enough to honor me
during thirty years by his unfailing confi-
dence.

I will try to let Beurling’s monumen-
tal work speak to us. As I would be in-
competent for considering all his remark-
able contributions, I shall emphasize the
Beurling papers on which I have directly
worked along my career.

From Nancy to Princeton

I had my first contact with Arne Beurling
in 1946, in the library of the Institut Henri
Poincaré by reading his eight pages paper
in Acta Mathematica 1945 which had just
arrived in Paris. This paper combines in a very clever way two branches of mathematical Analy-
sis: real and complex Analysis; by this mixture are obtained striking results, in particular a new
proof of the Tauberian theorem of Norbert Wiener.

I was so enthusiastic that I decided to stay some time in Uppsala in order to benefit from
the Master teaching.

I'went to an international conference in the french town Nancy in 1947, organized by Szolem
Mandelbrojt. Arne Beurling delivered a talk which was an elaboration of the 1945 Acta paper:
his conference talk started by these words

In Harmonic Analysis of functions there exist two main procedures: the Analysis and the
Synthesis. Analysis has the purpose to discover the frequencies of complex exponentials which
are hidden in the given function, these frequencies constitute the spectrum of the function.

The Synthesis means a procedure to reconstruct the function using only the frequencies appearing
in the spectrum.

Beurling’s talk realizes this program for a new class of functions rapidly increasing at infin-
ity; the methodology was a marvelous mixture of complex and real analysis. At the end of the
Beurling talk I thought that I must go to Uppsala and work on spectral Synthesis!




But international travel was at this postwar time quite impossible and I stayed in Paris
where I defended in 1954 my Thesis which had been kindly accepted for publication by Acta
Mathematica; at the same time Jean Leray proposed my name to Marston Morse, Director of
the School of Mathematics of the Institute for Advanced Study in Princeton for an invitation
to the Institute for the academic year 1954-1955. Beurling, who had just been appointed Per-
manent Professor at the Institute, arrived in Princeton in the beginning of september; my old
dream was realized after eight years!

Princeton was at this time the world wide gathering place of mathematicians. The Direc-
tor, Robert Oppenheimer was conducting a seminar in theoretical physics, being at the same
time Chairman of the American Atomic Energy Commission. The 1954 Nobel prize in Physics
has been awarded to two young princetonians. A distinguished group of japanese mathemati-
cians including Kunito Kodaira, Fields medalist 1954, and Kiyosi It6 was hosted by the Institute;
everybody was extremly careful to avoid any remark recalling the end of the war where Oppen-
heimer had played a decisive role.

Exceptional sets

Let us begin by the Beurling paper on Exceptional sets, published in 1935. Given a holomor-
phic function in the unit disk, with finite Dirichlet integral, that is such that the image of the
disk covers a finite area, what can be said of the exceptional set of points of the circle where
this function becomes infinite? By the 1905 Fatou classical result this exceptional set has zero
length. Beurling got the definitive result that this exceptional set has a zero logarithmic capac-
ity, which means that it does not carry any measure of finite electrostatic energy. This paper
gives rise in the fifties to the memorable works of Lennart Carleson on exceptional sets on the
circle.

I started in the fall 1954 with Beurling to work on the problem: What is the set of zeroes
of a holomorphic function in D, with a finite Dirichlet integral. We obtained necessary and
sufficient conditions solving the problem; Beurling was not fully satisfied with the depth of the
paper; he urged me to publish it by myself; I waited ten years, hoping that he wpuld change his
mind; finally I published it in an Alta Matematica Conference book in Roma, 1977.

The Beurling Therem has an equivalent statement in terms of Sobolev spaces: a function
on the circle belonging to the Sobolev space of order % is finite outside a set of zero capacity.
Now replace the circle by a euclidean space of dimension d and ask a similar question for any
Sobolev exponent, we get a problem which has been studied by many, including for instance
the Saint Petersburg school, in the sixties.

In the eighties the same problem appears in Probability Theory for the construction of con-
ditional laws.

In the every day life a man who is facing an uncertain situation is very pleased to get any
supplementary information which will decrease the risk of his position. This evidence becomes
false in the context of abstract probability theory: supplementary information can increase the
risk! Indeed supplementary information leads to conditional law computing; conditional law
depends in a non continuous way on the numerical value carrying the new information: as
this new information cannot be known with all its decimals, this leads to the impossibility to
compute numerical approximation of the needed conditional law.

To reconciliate abstract probability and common sense it is needed to construct regular
desintegration of probability law under conditioning; I called this procedure quasi-sure anal-
ysis; it depends on the study of exceptional sets for Sobolev spaces constructed on the infinite
dimensional space constituted by the probability space.

Quasi-sure analysis has been applied to a class of infinite dimensional group of mathemat-
ical physics: the Loop Groups.
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Dirichlet spaces

Beurling-Deny introduced in two short papers in 1958 and 1959 a fundamental new concept,
the Dirichlet space. Their objective is to get a general axiomatized theory of classical potential
theory. They call contraction a map of the complex plane which preserves zero and which di-
minishes the distances. They make the key observation that the classical Dirichlet integral is
diminished by the non linear map constituted by composition with contraction:

D(P) = f VIR0 du(o);
D(T(P) < D(P)

Beurling-Deny consider an abstract measure space; they suppose given on a dense subset
of L? a quadratic form 2 called the Dirichlet form satisfying the following hypotheses

1) The Dirichlet form is closable in L?;

ii) The Dirichlet form decreases under the action of contraction.

Under this very simple qualitative assumptions they proved the existence of an associated
Markov process and of a fullfledged potential theory, including balayage. This miraculous con-
struction relies on the fact that the hypothesis on the action of contractions implies the posi-
tivity of kernels for the associated semi-group.

Arne Beurling showed me the example on the real line of the Douglas integral, which de-
fines the Sobolev norm of order one half:

u(x) —u(y)\?
D(u) = —~ | dxd
(u) /R/R( =y ) xdy

The closure and the action of contractions are both obvious. What is the underlying Markov
process, which is perfectly constructed by the Dirichlet space theory: it is the Markov process
defined by the excursions of the brownian motion, a theory which needed thirtyfive years of
efforts of distinguished probabilists including Paul Lévy and Kiyosi Itd to be established! Yes,
indeed the Dirichlet spaces theory has been a revolution in the theory of Markov processes! Let
us give some other examples.

The theory of diffusion processes associated to an elliptic operator on R” in divergence
form was established in the seventies in a famous book by Stroock-Varadhan, based on PDE
estimates. The 1980 Fukushima book on Dirichlet spaces provides an alternative approach,
completely autonomous and working under weaker regularity assumptions.

An advantage of the theory of Dirichlet form is the big flexibility in the choice of the un-
derlying space; for instance a fractal set defined by a regular dissection procedure carries a
canonical Dirichlet form and by consequence a canonical Markov process.

Holomorphic functions of several complex variables are not governed by a unique potential
theory as in the one complex variable case. Fukushima-Okada (Acta 1986) associated to any
bounded plurisubharmonic function a Dirichlet space; for the associated Markov process any
holomorphic function gives rise to a martingale; because any pseudo-convex domain can be
defined as the set where a well chosen plurisubharmonic function is negative, the Fukushima-
Okada process gives a construction of harmonic measures carried by the Shilov boundary.

Remarkable applications of Dirichlet forms appeared in infinite dimensional analysis; in
infinite dimension elliptic PDE theory is no more available and Dirichlet space is the only the-
ory available.

In a preprint of Mittag-Leffler Institute, summary of my lectures at “Beurling year” in 1976,
printed in Japan in 1978, I constructed a canonical Dirichlet form on the Wiener space (that is
the probability space of the Brownian motion) giving rise to the Stochastic Calculus of Varia-
tions. The book of Bouleau-Hirsch (1991) gives, along these lines, a minimal condition under
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which a random variable defined on the Wiener space has a density absolutely continuous rel-
atively to the Lebesgue measure.

Tauberian Theorem with remainder term

In his 1938 paper at the Scandinavian Mathematical Congress, Beurling started, one year before
the Doklady Notes of Israel Gelfand, the theory of Banach algebras. He developed the theory
in the context of algebras of Fourier transforms of functions integrable for non quasi-analytic
weights. He proved in this context the key equality between the spectral radius and the supre-
mum norm. The whole paper culminates in a Tauberian theorem with a remainder term.

I was back in Princeton in the fall 1960. I discussed with Beurling the possibility of revis-
iting his theory of generalized primes numbers (1937) in the light of Tauberian theorems with
remainder which was at this time actively developed in Uppsala by former Beurling students;
as a result I published alone in Acta 1961 a paper giving for generalized primes a remainder
term almost as good as the best estimate known by specialists in analytic number theory.

Spectral synthesis

In his Acta 1949 paper On the spectral synthesis of bounded functions, Beurling raises the ques-
tion to find the integrable positive weights for which the Spectral Synthesis holds true for a
function in L™ relatively to the topology defined by the L' norm for the weighted Lebesgue
measure. Beurling obtained the following very simple result that any weight which is even and
decreasing is admissible. The main ingredient of the proof is the use of contractions inside the
Wiener algebra of Fourier transforms of functions of L!. It is for me a mystery the intellectual
process which lead Beurling to introduce in spectral synthesis the concept of contraction, ten
years before its use by Beurling-Deny in potential Theory.

The problem of Spectral Synthesis can be traced back to the 1933 seminal paper of Wiener
on Tauberian theorems; after having established the key fact that a never vanishing function
belonging to the Wiener algebra A of absolutely convergent Fourier series has an inverse which
belongs to A, Wiener mentions in a two lines remark that “it is obvious that every closed ideal of
A is determined by its zeros”.

I disproved this Wiener statement in the Spring 1959; a basic point was to use strongly la-
cunar series in order to avoid the positive result proved by Beurling in 1949.

Beurling was very pleased with my result; he invited me to deliver a talk in Princeton on my
way back from Stanford at the fall 1959.

Spectral Analysis, Spectral Synthesis became a new paradigm in Fourier analysis; it is a
modern avatar of the expansion in Fourier series: the values of a Fourier coefficient are for-
gotten, the only remaining information is the non vanishing of a Fourier coefficient; the con-
vergence of Fourier series is replaced by a weak limit process. It is remarkable that with a so
little corpus of hypothesis, it is possible to build a beautiful theory. The advantage of this little
corpus of hypothesis is the wide range of applications that they cover.

For instance Spectral Synthesis can be transfered to Potential Theory: Spectral Synthesis
means there is the possibility to approximate any distribution of finite energy by a sequence of
Radon measures having the same support.

The impact in the litterature of these concepts is considerable: the database Math Sci Net
gives on the words “Spectral Synthesis” more than five hundred papers; many of these papers
do not mention Beurling’s name; these omissions indicate that the concepts introduced by
Beurling have now become fully classical.
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Prediction theory

Beurling published in 1949 a memorable paper on the spectral decomposition of the multipli-
cation by z operating on the Hilbert space of square integrable holomorphic functions on the
unit disk. Beurling considers the algebra A of operators generated by the multiplication opera-
tor. He characterizes the invertible elements of A, the outer functions. Then any closed spectral
variety of A has a generator which is unique modulo multiplication by an outer function; he
constructs preferred generators which are the inner functions. Finally he obtains the remark-
able fact that the inner function is an algebraic generator in the sense that every element of the
spectral manifold factorizes exactly through the generating inner function.

This paper had a tremendous impact; a whole body theory of research for such factoriza-
tion in algebras coming either from harmonic analysis either from several complex variables ;
another direction has been the developement of the harmonic analysis of a contraction opera-
tor on an abstract Hilbert space.

Quasi-conformal maps

The Beurling 1956 paper with Lars Ahlfors: On the boundary correspondance under quasi-
conformal map, characterizes the boundary values on the circle of quasi-conformal diffeomor-
phisms of the disk; it seems incredible that such a characterization could exist: it exists and
it is very simple: there are quasi-symmetric maps which means maps preserving the order of
magnitude of the anharmonic ratio of any set of four points on the circle; the quasi-symmetric
maps forms a group under the composition, which contains as subgroup the group of Mébius
transformations; the corresponding quotient space is nowadays denoted T'(1).

Teichmiiller have associated to a compact Riemann surface the set of its complex structure
classified up to an isotopy. Riemann modular space is the quotient of the Teimiiller space by
a discrete group, the modular group. It has been realized in the seventies that T'(1) contains
all Teichmidiller spaces of all compact Riemann surfaces. For this reason T'(1) is now called the
Universal Teichmiiller space.

From the nineties the universal Teichmdiller space plays a key role in the string theory in
mathematical physics: the elementary object in string theory are no more material points as in
the Galileo dynamic, but a closed curve; a natural group of symmetries appears, the group of
change of parametrization of the curve, that is the homemorphism group of the circle; as this
group is too large, it is replaced by the Beurling-Ahlfors group of quasi-symmetric homemo-
phisms.

In a recent work ( JMPA 2004), developed in the context of representation of Virasoro alge-
bra and percolation theory , we construct a canonical Brownian motion on the space of Jordan
curves; in this work the Beurling—Ahlfors construction plays a key role: it allows us to construct
a prolongation Z to the disk of a random vector field z defined on the circle and not differen-
tiable such that 6Z stays bounded in the disk.

Entire functions of exponential type

We published two common papers in Acta 1962 and 1967.

In his 1933 book with Paley, Norbert Wiener introduced the concept of generalized har-
monic Analysis which can be roughly summarized in replacing on an interval J, the classical
Fourier series by an arbitrary sequence S of complex exponentials; Norman Levinson devoted
a large part of his 1940 book to discussion of this problem; nevertheless in 1960 remained open
the effective calculation of R(S), the radius of totality, that is the upper bound of the lengths
of the intervals J for which the sequence S of complex exponentials spans the space of square
integrable functions on J.
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We obtained a fully explicit computation of the radius of totality which settled the problem.
The preliminary paper of 1962 solves a division problem in the convolution algebra of mea-
sures with compact support: up to the convolution by a measure of arbitrarily small support,
divisibility in the ring of analytic functions where Laplace transforms are sitting is identical to
the divisibility in the convolution algebra.

The generalized harmonic Analysis appeared recently in the controllability of a system
driven by an hyperbolic PDE, the sequence S being specialized into the eigenvalues sequence
of the evolution operator.

We devoted half of the academic year 1960-1961 to this problem; very often I stayed at
Beurling’s house for a full night of common work. I was quite welcome there by Mrs Beurling,
a former distinguished Phd student at Uppsala University, where she has been president of
the association of graduate students. Mrs Beurling worked in a Chemistry lab at Princeton
University. Although very occupied by her scientific work, she was kind enough to prepare a
supper for our half night break.

We obtained in June 1961 all our results. I presented mimeographed notes of their proofs
at the summer school in Harmonic Analysis, organized by Peter Lax at Stanford University in
August 1961. Nevertheless Beurling was not “esthetically” satisfied with these proofs. It took us
the fall quarter 1966 at the Institute to write the final version which appeared in Acta 1967.

I recall this personal story in order to emphasize how much Arne Beurling was very exigent
on the quality of his publications; only a part of what he knew has been printed: several thou-
sand pages of manuscripts written all around the years were left at his death in his Princeton
home.

Beurling Legacy

Lars Ahlfors and Lennart Carleson started their Acta paper “Arne Beurling in memoriam” by
these words: Arne Beurling legacy will influence mathematicians for many years to come, maybe
even for generations. | hope that my talk has been able to convince you how their prediction is
becoming more and more reality.

In my youth Beurling appeared to me more as a mathematician working on hard concrete
problems than an abstract theory builder. Sixty years later Beurling appears now to me more as
the key initiator of important theories than a problem solver. How can we explain this paradox?

After having got sharp results, Beurling waited for their publication until he reached a proof
which quoting his own words must be “elementary and transparent”. This, sometimes stren-
uous, search for beauty in the proofs explains why, starting from concrete problems, Beurling
reached basic general principles of universal applicability. The far reaching consequences of
this Beurling’s quest for Beauty illustrate magnificently the Unity of Mathematics and, by con-
sequence, its transcendental Truth.
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Beurling, CGE och CGS

Allan Gut

En av Arne Beurlings elever var Carl-Gustav
Esseen. Han foddes i Linkdping 1918, kom
till Uppsala 1936, disputerade i oktober
1944, varefter han blev professor i tillam-
pad matematik vid KTH 1949, senare, ef-
ter uppdelningen av professuren, i mate-
matisk statistik 1962. Han blev 1967 fors-
te innehavare av den da nyinrittade pro-
fessuren i matematisk statistik vid hérva-
rande universitet, en tjanst han inneha-
de till sin pensionering vid utgdngen av
1984. Carl-Gustav Esseen avled i novem-
ber 2001.

Ung och synnerligen begavad blevhan
snart en av Beurlings doktorander inom
sannolikhetsteorin, ett av Fourieranalysens
viktigaste (viktigare) tillimpningsomraden — Fourieranalys 4r som bekant ett omrade dar Be-
urling gjort manga och banbrytande insatser, &ven om resultaten manga ganger bara presen-
terades vid seminarier och/eller hamnade i hans skrivbordslador.

Precis som Fouriertransformer och Fourierserier inom den sa kallade rena matematiken
entydigt bestimmer den funktion som transformeras sd giller inom sannolikhetsteorin att
motsvarande transform, hér kallad karakteristisk funktion, entydigt bestimmer en sannolik-
hetsteoretisk fordelning, alltsd sannolikhetsférdelningen foér den motsvarande stokastiska va-
riabeln.

Det finns tvé stora, centrala resultat inom den klassiska sannolikhetsteorin — egentligen
finns det tre. Det forsta dr stora talens lag som i sin enklaste form sédger att om Xj, X, ... ar
oberoende, likaférdelade stokastiska variabler med vintevirde u och partialsummor S, n=1,
sa giller att

Sn a.s. o
— =y da n-—oo.
n

Hir star 2 for “almost surely”, dvs konvergens med sannolikhet 1.

Lite 16sligare uttryckt innebér det att
S
L ~pu danir “stort”.
n
En naturlig fraga som instéller sig dr “hur ungefar lika ar de?”.
Svaret péd den fragan ges av det andra huvudresultatet, ndmligen den centrala grinsvdrdes-
satsen, CGS, enligt vilken

S
\/ﬁ(gn ~w) 2 N©O,0% da n—oo,
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alltsa att skillnaden mellan det aritmetiska medelviardet och vinteviardet uppblast med en fak-
tor /n konvergerar i fordelning mot en normalférdelning vars varians d&r densamma som den
féor summanderna som ddrmed antas vara dndlig (och positiv). Den l6sligare CGS-versionen
blir tydligen

S
vn(—= -p) = N@©,0%) danar “stort”,
n

och motsvarande naturliga “hur ungefér lika 4r de?” besvaras av restermsuppskattningen, vil-
ken blev temat for Carl-Gustav Esseens doktorsavhandling, som inte bara behandlade fallet
med likaférdelning utan dven mer generella och dven vektorvirda fall.

Den i mdnga sammanhang vilkénde Aleksander Michailovitch Ljapounov fann kring f6r-
ra sekelskiftet en likformig uppskattning av skillnaden mellan férdelningsfunktionerna fér det
uppblésta medelvardet och normalférdelningen [12, 13], dar han visade att

y3logn
odvn’
dér C dr en numerisk konstant och y3 4r tredje momentet som nu forutsitts existera — for varje

ytterligare precision behévs ytterligare ett moment, vilket ju inte dr sdrdeles onaturligt; man far
inte veta mer om man inte bjuder pa nédgot mer.

sup Fsp-nu (x) — FN(O,I) x)|=C-
X avn

Logaritmen avldgsnas

Esseens “uppdrag” blev nu att gora sig av med den extra logaritmen. Vilket han ocksa gjorde.
Redan hésten 1940, vid blott 22 ars &lder, hade han sammanstllt sitt resultat [5] som publice-
rades i Arkiv for Matematik, Astronomi och Fysik 1942, dér han allts& bevisade att

,},3

odvyn’

Manga pannor har stangats blodiga i avsikt att finna s& bra uppskattningar som mojligt pa kon-
stanten C. D4 detta skrives dr basta uppskattningen uppat 0.7655 av Shiganov [15] fran 1986.

Vad betriffar uppskattningar nedat sa ar det létt att se att om summanderna véljes som +1
med sannolikheten 1/2 i vardera punkten sa géller det att

sup |Fsuy-nu (x) — Fn(o,1)(x)| = C- (1)
X avn

1
lim vnsup|Fs, (x) — ®(x)| = — = 0.3989.
n—oo X vn 21

I [7] visar Esseen att om man i stéllet vdljer tvapunktsfordelningen

10-2
P(X:—[(4—\/E)/2]h)=\/_2 :
4—-4/10
P(X =[(V10-2)/2]h) = 2\/_
dar h > 0, sa erhalles
V10+3
lim vnrsup|Fs,-nu (x) —D(x)| = ~ (0.4097.
Hrg, Voup Fu = v

Resultatet (1) kallas for Berry-Esseens sats, vilket gor att man undrar vem Berry &r eller var. A.C.
Berry visade samma resultat i sin publikation [2] vilken utkom redan 1941, alltsa aret fore [5].
Gatans 16sning finner man i en fotnot i den senare artikeln:
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While the present paper — a summary of an earlier work, which was completed in the
autumn of 1940 — has been at the press, I have found in a review in Mathematical Reviews,
2, (1941), p. 228, that the relation (29) [dvs. (1)] has been proved by A.C. BERRY, Trans. Amer.
Math. Soc. 49, (1941), p. 122-136. This work is not yet accessible in Sweden.

Skalet till att forfattarna inte kidnde till varandra var alltsd andra varldskriget, vilket hindrade
vetenskapliga tidskrifter att fardas fritt.

Esseens lemma

Ett av manga verktyg inom matematiken dr transformer. Finessen med dem &r att

* det finns en omviandbart entydig avbildning mellan de objekt man vill undersdka och
transformerna av desamma;

 transformerna dr mer ldtthanterliga.

I skolan ldrde man sig (forr) att anvénda logaritmtabeller for att 6verféra multiplikation (svart)
till addition (l4att). Entydigheten gavs av relationen

x=10'810" respektive x = e'%8*,

I vart fall géller en-entydigheten, som inledningsvis noterades, mellan karakteristiska funktio-
ner och stokastiska variabler eller deras fordelningar. I analogi med det forhallandet som sédger
att motsvarande objekt dr lika pa bégge sidor kan man tinka sig att tva transformer &r ndstan
lika om och endast om motsvarande férdelningar dr néstan lika, vilket mera formellt blir till
en konvergenssats, kallad kontinuitetssats. Sdlunda kan man visa konvergens i fordelning mot
standardnormal-férdelningen (exempelvis) genom att visa att motsvarande foljd av karakte-
ristiska funktioner konvergerar mot ¢y, 1) (£) = e~""/2, dar alltsa bokstaven ¢ anvands for att
beteckna en karakteristisk funktion.

Nésta logiska steg dr att tdnka sig en motsvarande diskrepanssats som innebér att man kan
“oversitta” diskrepans mellan transformer till motsvarande f6r férdelningar.

Och det &r just detta som &r knuten till den Esseenska metoden, manifesterad i f6ljande
resultat som kallas Esseens lemma.

Lemma 1 Ldt U och V vara stokastiska variabler och antag att

sup Fj, (x) < A.

xeR

Da giiller

1T () —v(D) 24A
sup| Fyy (x) - Fy ()] < —f |u dr+ 22 @)
X TJ-T t nT

Beviset bygger pa synnerligen intrikat matematisk analys.

For att bevisa huvudresultatet appliceras dérefter Esseens lemma med

_Sp—nu
- ovn

For det andamalet behovs det emellertid forst en uppskattning av skillnaden mellan de i in-
tegranden ingdende karakteristiska funktionerna.

U=U, och VeN(,1).
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Lemma?2 For|t| < U ‘F

géller

r? 2
|(Ps,17\—/y¢(t) e 2| <16—— e 113,

odvn

Beviset avslutas genom att man kombinerar de bdgge lemmorna med

1 o3vn © 3
A=—, T=T,= \é_ och f tze_t2/3dt:—\/3n.
V2on 47/ —00 2
For detaljerna hédnvisas till Esseens ursprungliga arbeten [5, 6] alternativt till [9], Kapitel 6.
Tva kommentarer:

 Bevisskissen hér ar i sjdlva verket adapterad frén fallet med oberoende men inte identiskt
férdelade summander.

o Aterigen kan man naturligtvis fraga sig hur ungefirligen detta resultat géller, vilket leder
till sd kallade Edgeworth-utvecklingar:

EX _“)3 2y ,—x212
Fsy-nu (x) =®(x )+—(1 x9e 4o,
gaﬁp 603V2nn

dédr Hermite polynomen kommer in som en ytterligare ingrediens.

Momentproblemet

Momentproblemet handlar om i vad mén en given f6ljd moment, {m,,, n = 1}, bestimmer mot-
svarande sannolikhetsférdelning entydigt eller ej; se t.ex. [16] for en dversikt.

Ett trivialt tillrdckligt villkor &r att den momentgenererande funktionen existerar. Ett mer
sofistikerat dylikt &r Carleman-villkoret [4], enligt vilket svaret &r jakande om

Z m2 -1/2k _

For icke-negativa stokastiska variabler dr motsvarande villkor

Z m—1/2k

Motexempel hittar man nédvéandigtvis bland fordelningar som har moment av alla ordningar,
men inte ndgon momentgenererande funktion. Ett sddant exempel dr lognormalférdelningen,
ett annat dr klassen av vissa generaliserade gammaférdelningar. De dr dessutom exempel pa
férdelningar ddr momenten inte entydigt bestimmer den bakomliggande férdelningen.

Ett specialfall 4r nér fordelningen &r absolutkontinuerlig. D4 &r ett nédvandigt (men inte
tillrackligt) villkor fér entydighet att Krein-integralen 4r divergent:

.

1+x2

med andra ord, om integralen dr konvergent sa dr svaret negativt. For en sannolikhetsteoretiker
ar detintressant att notera att samma integral forekommer i teorin for stokastiska processer och
fysiskt realiserbara filter.

Namligen, for att en stationér stokastisk process {X(¢), t € R} skall kunna representeras pa
formen

X() = fooa(s)dY(s),
0
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ddr {Y (1), t € R} dr integrerat vitt brus och {a(t), t € R} dr ett kvadratiskt integrerbart fysiskt
realiserbart filter, sd dr det n6dvéndigt och tillréckligt att spektrum &r absolutkontinuerligt och
att spektraltdtheten har en dndlig Krein-integral (se t.ex. [8], Theorem 4, sid. 226).

Bakom detta resultat ligger det férhallandet att spektraltdtheten skall kunna representeras
pa formen f(y) =|h(iy) |2, dar funktionen h dr Laplacetransform till en kvadratiskt integrerbar
process {b(t), t € R"}. Men da giller enligt det s kallade Paley-Wiener kriteriet att den klass av
funktioner h som &r sa beskaffad sammanfaller med klassen H? av funktioner k som 4r analy-
tiska i hogra halvplanet och s&dana att

o0
f Ih(x+iy)?dy<C foralla x,
—0o0

se t.ex. [14], sidan 372. For vart vidkommande innebir detta att de spektraltitheter som kan
representeras pa det 6nskade sittet — alltsd s att motsvarande h € H> — ir precis de som har
en dndlig Krein-integral.

En koppling till Beurling

Av speciellt intresse i detta sammanhang dr forstas att det dessutom finns kopplingar till, bland
annat, kvasianalyticitet och ddrmed till Arne Beurling.
Lat ndmligen {C(My,), n = 0} vara klassen av odndligt deriverbara funktioner f sddana att

If™lloo < CrBf My for n=0,1,23,...,

dér Cr och By dr numeriska funktionsspecifika konstanter. Klassen {C(Mj,), n = 0} kallas kvasi-
analytisk om
feCMy,), f™O=0 forala n = f=0.

Eller, mer generellt, for att citera frdn inledningen till Beurlings arbete [3]:

Let y be a Jordan arc in the plane and let C(y) be a linear class of continuous functions on
Y- [...]1 C(y) is quasianalytic if the only function f(z) in C(y) that vanishes on a subarc is the
function f(z) =0.

En analytisk funktion &r ju entydigt bestimd av sina derivator. A andra sidan existerar det oand-
ligt deriverbara funktioner som dr lika med 0 pd ett intervall utan att vara identiskt lika med noll.
Generaliseringen till kvasianalyticitet bestar sdlunda i att man far motsvarande entydighet om
man péaldgger begransningsvillkor pa derivatorna.

Ett forsta exempel pa en kvasianalytisk klass dr klassen {C(n!), n = 0}, vilket for en sannolik-
hetsteoretiker inte kommer som nagon 6verraskning. Lat ndmligen v; och y, vara momentge-
nererande funktioner och 1at 1 beteckna skillnaden. Om nu y uppfyller villkoren i definitionen
sd innebdr det att de stokastiska variabler som svarar mot v respektive ¥ har sammanfallan-
de moment av alla ordningar och ddrmed samma fordelning, vilket innebér att ¢ = 0.

Fo6ljande (delar av en) sats av Carleman och Denjoy visar pa sambandet mellan kvasiana-
lyticitet och Krein-integralen (med omvint tecken) och Carleman-villkoret; se t.ex. [14], Sats
19.11, sidan 380.

Sats: Lat {M,, n = 0} vara en log-konvex féljd med My = 1, och sétt g(x) =377, ])\‘4—’; for x > 0. Da
ar foljande utsagor ekvivalenta:

(i) {C(My), n =0} dr inte kvasianalytisk;

. logg(x)
(i) o~ =EEF dx < oo;

19



oo -1/n .
(iii) >0, M, " <oo;

3 (e} Mnfl
(iv) X505 7 <oo.

Vi noterar forst att om speciellt M, = n! s blir summan i (iv) den harmoniska serien som &r
divergent, vilket veriferar att klassen {C(n!), n = 0} dr kvasianalytisk.

Vidare ser vi hur (i) och (ii) sammanldnkar Krein-integralen och kvasianalyticitet, och hur
(iii) sammanfaller med Carleman-villkoret for X% om X ir en stokastisk variabel med jaimna
moment My, n = 1. Mellan raderna kan vi, fran [3], sidan 420, dven utldsa en samhorighet mel-
lan kvasianalyticitet och momentproblemet:

If C is a quasianalytic class of C* functions on and interval (a, b), a function f is deter-
mined by its derivatives at a fixed point, 0 say, in (a, b). It is an interesting and important
problem to recover f(x) from the formal Taylor series at 0 and to describe the properties of
these formal series.

Om néamligen ¢ (i stéllet for f) dr en karakteristisk funktion sa vet vi att koefficienterna i po-
tensserieutvecklingen dr momenten till motsvarande stokastiska variabel (som alltsd antas ha
moment av alla ordningar). Det intressanta och viktiga problemet som det talas om i citatet dr
det omvinda, ndmligen att identifiera den karakteristiska funktionen — och ddrmed sannolik-
hetsférdelningen — utgédende frain momenten; alltsé just momentproblemet.

Avrundning

Mot bakgrund av foreliggande artikelforfattares bakgrund uppehaller sig dessa rader till stérsta
delen kring en av de tva Beurlingska “outstanding students in Uppsala” som omnidmns allra
sist i Lars Ahlfors och Lennart Carlesons nekrolog [1]. I ett avslutande avsnitt antyds och bely-
ses flyktigt sambandet mellan ett av Beurlings verksamhetsomraden, ndmligen kvasianalytiska
funktioner och sannolikhetsteori, enkannerligen momentproblemet, ett samband som det tor-
de I6na sig att analysera ytterligare.

Vi noterar dven att Krein-integralen dr involverad vid ett flertal tillfdllen. Svante Janson har
uppmirksammat mig pa att Paul Koosis har skrivit tva volymer [10, 11] om sammanlagt nédstan
1200 sidor om denna integral som han kallar den logaritmiska integralen.
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Sa gjorde Beurling — kanske

Bengt Beckman

Det dr ménga faktorer som spelar in om man vill siga vad
som kdnnetecknar en bra forcor: Den analytiska forma-
gan - skarpsinnet, naturligtvis. Iakttagelseférméga. Dra
dom rétta slutsatserna. Respektloshet, fricka chansning-

ar. Ha tur.

Man sdger ofta: En bra malvakt har tur. Det samma
kan sdgas om en bra forcor. Jag har sett manga forcorer.
De som dr bra har tur. Beurling 16ste den komplicerade G-
skrivaren pa ett par veckor. Det &r klart att han hade tur.
Det giller ocksé att inse att man har tur och satsa ritt. Jag

ska visa hur Beurling kan ha gatt tillviga.

Situationen dr féljande: Beurling sitter ute pa
det vackra Elfviks udde pa Liding6. Det kallas
RABO f6r att man dir bearbetar Roda Armén
och Beurling har gjort betydande insatser pa
ryska overchiffrerade system. Det dr nu slutet
av maj 1940. Tyskarna hade ockuperat Nor-
ge den 9 april. Beurling far sig “tillskyfflat”,
som han séger, ett oként material. Bakgrun-
den till att detta material fanns kdnde Beur-
ling till att borja med inte till. Historien var
foljande. Svenska UD hade samma dag som
tyskarna gickin i Norge fatt deras begdran om
att hyra véstkustkabeln. “Protestera som fan
men tacka Gud fér mojligheten” hade signal-
tjdnstavdelningens chef Eric Anderberg sagt
d& OB Thornell bad om rdd vad man skul-
le svara tyskarna. Telegrafverket hade daref-
ter snarast mojligt kopplat in sig pa kabeln.
Redan efter ndgra dagar kunde man registre-
ra den tontelegrafi som tyskarna sinde. Man
byggde om mottagarutrustning sa att alla tec-
ken — dven typografiska — registrerades och
skrevs ut pa pappersremsa pa telegrafverkets
Creedteleprintrar. Det férekom 32 tecken en-

pulsordning

bokstavssidan
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Bild 0

ligt den internationella teleprinteralfabetet CCITT nr 2 (bild 0). Genom operatdrernas klartex-
trafik fick man reda pa att den olésliga text som nu ymnigt borjade forekomma hérrérde fran
den maskin tyskarna kallade Geheimschreiber. Det fanns i bérjan en sddan “G-skrivare” i Oslo
och en i Berlin, senare tillkom flera. De kunde arbeta i dialog och trafiken registrerades i Sverige

péa tva teleprintrar, en for vardera riktningen.
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Den 21 maj var mottagningen installerad i det ruffiga huset Karlaplan 4 dédr den svenska
forceringsverksamheten hade sina lokaler.

13 HIER3ZMBZISGRYS4B3S

‘ Bild 1. Tva texter fran G-skrivare i dialog. Det for-
- bryllade forst Beurling, som letade efter parallella
texter, att upprepningar “pd plats” (dvs lika l&ngt
fran telegrammens bdrjan) saknades. Det fanns gott

=t

1 3535UMUM3S RDDE»{SFNMBQIJMDI.GE};;\JQJQ_@G\_QSSxE,F_‘N‘JHGR Om upprepningar, men de var sprldda. Forklarlngen

: VEvES " var att de bdda korresponderande sindarnas tex-
ter klistrades upp pa skilda blanketter medan de
ur kryptosynpunkt var att betrakta som ett medde-

e - omee zemm-— . lande. Sedan b&da korrespondenterna kopplats till

- GFH..... . . .
z ) — samma teleprinter kunde Beurling snabbt hitta an-
a: HEYBF4NEBHBYEKF TWEVDF 1 HFGJSNDREFGRYHTNSD

greppspunkter.

MJIHB6&GEBIFMGOUHNFDFZ45...
GROUMARALJITTAR L@MHIIEGTVYVFWROI 3 &5 Koo
LY ZGJIJLORYYDROHKNHJINSIARKFDEUVCLCERLUWRUV...

Bild 3. Klartexter viktigt att stude-
ra. Det vimlar av 35 och 53. 3=bok-
stavsskift och 5=mellanslag. Stor-
ningar pa linjen gjorde att maskinen
ofta halkade 6ver p& siffersidan och

5336361a351ct353666te35353uc
s &
usquszzsdaaeuwpucze1etzfstabeas11vt»tsu;rs»sﬁvemnvt3636“’“”36"'J

e s

4
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it bkl e
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eZbiSSBZﬁSEdoctBE(icit56k1an3653h18?555&k®e555m1st55kz5§dm55-

v!angSSSEa]desSﬁﬁklar55ich5nosphd355blossSSwAsslmﬁﬁﬁ asBSda51

Zwischenﬁlcsﬁa*stSSAZa:3535hler35ghb255ich5335b1n3535351t553“
53525Unser35kl$1t55535\ﬁI‘D553Ewoh11§5010h0

i5verm353535als03535 o
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texten blev olaslig. Operatdrerna tog
darfor for vana att mellan orden inte
bara sitta in mellanslag utan &ven
bokstavsskift. Eftersom det enbart
var pa den svenska mottagarappa-
raturen som alla teckenkombinatio-
ner registrerades sdg aldrig de tyska
operatorerna hur dominerande “bok-
stavsskift” och “mellanslag” blev.



ALZBJIMGBUHSHJIFI
3535
POS 4
NFIUMWFZILINMYK ————e
3535 U - 3
G - 5
GREUMAAGITAFLG
25
LYZGJMORYYDRIK FOS S
3Is3s5 e
J - 3
LEZGKVYRVANBUWES®G M- 5
35
BOTA3WFZ310DARE POS &
z5 ——
W - 3
YEY ZL42DYDSLMH M-S
RKZGBWFLTIXG6AZE
385

3 = 11111
S = 00100
U = 11100
G = (8] a1 1
Jo= 11 010
M = oo 111
W = 11 001
M = oo 111

Bild 4. Beurling gissar att 35 finns i de underliggande texterna p3 platser
dar bigram ar upprepade under varandra.

Om man studerar texten kolumnvis ser man att i samma kolumn upptrider ibland bade det
som gissats vara 3 och det som gissats vara 5. 3 och 5 stdllda under varandra ser i fjarrskriftsko-
den ut sd har 3=11111 5=00100 H&r kan man gora iakttagelsen att en bit &r gemensam. Nu ser vi
pé de gissade krypterade motsvarigheterna nir de star i samma kolumn - dvs samma position
i texten — och alltsa &r chiffrerade pa samma sitt:

Pos.4. U 11100
G 01011
Pos. 5. ] 11010
M 00111
Pos.6. W 11001
1 00010

Har kan man gora upptédckten att en bit fortfarande 4r gemensam men att den skiftar plats
beroende péa position! P4 sddana iakttagelser byggde Beurling sdkert sin hypotes.

Beurling har sjidlvsagt om sin hypotes: Ett fem-bitstecken kan inte manipuleras pa sd ménga
sédtt. Man kan overlagra det pé vanligt sdtt. Men ska man géra ndgot mer har man inte s mycket
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mer att vélja pa dn att flytta om bitarna. Det betyder i de exemplifierade fallen: om man forst
dndrar tecknets utseende genom en 6verlagring med fem godtyckliga bitar och darefter kastar
om bitarna i resultatet, s& maste ju en overensstimmelse som den mellan 3 och 5 f6lja med,
eftersom tecknen genomgatt samma procedur.

ALZGJIMBUHA4HJIPRL
35353535
NPIUMWFZ3I1INMYHK
3535QRV
GREUMAARSL4 I TOEFLDAOQG
350 RV 4B
LYZGBGJIMORYYVYDRRRK
3535 0RV 4B
LEZGKVRUVANDBWES®G
35 BRV 3S
Bild 5. Har har man hunnit lingre och
T L o gissat pd andra vanliga inslag i klar-
textingresserna, t.ex qrv4? (uppfattat?).
10010111 Samtidigt har man bdrjat kunna rekon-
C O0O0OO01 101 t .. | . (XOR) h t
H 1001001 1 struera Sverlagring och permuta-
1 11100001 tion.
01101011
F 21155315
E 132241582
R 4 24 3222 3
M 353134231
54541544
a 47 53 59 61 64 65 67 69 71 73
=T
T
=
b 0/ |10
c L
Bild 6. S& smaningom helt klarlagd funk-
1 0 0 1 ‘ 0 1| tion. Fem hjul utfér addition (XOR) och
d ® 01 01 0 ! : fem hjul permuterar.
e 000 1 1
¢ l |
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Bild 7. Sarskilda dechiffreringsapparater byggs. De stills in efter de
nycklar de matematiska forcorerna tagit fram under morgonen.
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Bild 8. Krytext fran teleprintrarna
skrivs in . Den dechiffreras i “appar-
na" och kommer ater i klartext pd
teleprintrarna. Det blev en stor in-
dustri. Ndra 300000 telegram force-
rades under tiden fram tom 1943.



Hur kunde Beurling knédcka G-skrivaren sa snabbt?
1. Klartexterna avsldjade 35-dominansen.

2. Instruktionerna foljdes ej. Det blev ménga parallella med snarlikt innehall. Basta mojliga
utgangslige for forcoren.

3. Langa storda linjer och mojligheten for operatérerna att med spaken “Langsam drehen”
stdlla alla 10 hjulen i utgdngsldage. Denna mojlighet avslojades efter kriget da man fick se
autentiska G-skrivare.
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