CYCLES AND UNICYCLIC COMPONENTS IN RANDOM
GRAPHS

SVANTE JANSON

ABSTRACT. The sizes of the cycles and unicyclic components in the ran-
dom graph G(n,n/2 + s), where n?/? < s < n, are studied using the
language of point processes. This refines several earlier results by different
authors. Asymptotic distributions of various random variables are given;
these distributions include the gamma distributions with parameters 1/4,
1/2 and 3/4, as well as the Poisson—Dirichlet and GEM distributions with
parameters 1/4 and 1/2.

1. INTRODUCTION AND RESULTS

Luczak [16] studied the cycles in the random graph G(n, m) for m = n/2+s,
where n?/® <« s < n. One of his results is that the longest cycle outside the
giant component and the shortest cycle inside the giant, both have lengths of
order n/s; more precisely, both these cycle lengths divided by n/s converge in
distribution to strictly positive random variables, and he gave formulae for the
limit distributions.

In the present paper, we make a further study of the cycles in G(n,m), in
particular the cycles with lengths about n/s, always taking assuming m =
n/24+ s, n*? < s < n.

Let C1,Cs,...,Cx be the cycles in G(n,m) that belong to unicyclic com-
ponents, and let C},C5, ..., C}+« be the remaining cycles, i.e. the cycles that
belong to multicyclic components. (The ordering is arbitrary except when
specified below.)

It is well-known (see e.g. [5, 15, 9, 10]) that for m = n/2 — s, a.a.s. there are
no multicyclic components, and thus {C;} is the set of all cycles in G(n,m)
while {C} = 0; for m = n/2+s, there exists a.a.s. one multicyclic component,
the giant component, and thus {C;} is the set of cycles outside the giant and
{Cr} is the set of cycles inside the giant. (In this paper, ‘a.a.s.” (asymptotically
almost surely) means ‘with probability tending to 1 as n — 00’; in contrast,
‘a.s.” (almost surely) has the standard probabilistic meaning ‘with probability
1)

We will use the language of point processes to study the cycle lengths. We
regard a point process as a random (multi)set of points in some fixed space, for
example (0, 00); see Section 4 for technical details, including the definition of
the vague topology used in the results below, and a discussion of the difference
between e.g. (0,00), (0, 00], etc. as ground spaces.
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The following theorem is implicit in [16]. (A proof is given in Section 5,
where also the other result stated below are proved.) All unspecified limits
here and below are as n — oo.

Theorem 1. Consider G(n,m) with m = n/2 £ s, n?/® < s < n. Then
the two sets of cycle lengths, in unicyclic and in multicyclic components resp.,
converge after normalization by n/s to two independent Poisson processes as
follows.

1) {2[Cil} < = as point processes on (0, 0], where Z is a Poisson process

with intensity 5-e~>*, 0 < x < co.

(ii) {2|C; |} < =* as point processes on [0,00), where =* is a Poisson
process with intensity 5-(e** — e™2*) = sinh(2z)/z, 0 < x < oo, for
m = n/2 + s, while Z* = () (a Poisson process with intensity 0) for
m=n/2—s.

(iii) The limits in (i) and (ii) hold jointly, i.e.

(e {2y ==

(as point processes on (0,00] and [0, 00), respectively), with = and =*
as above and independent.

Note that the total intensity of the Poisson process Z is fooo ie_% dx = 00,
so = is a.s. an infinite set of points. On the other hand, the intensity for any
interval [a,00) with a > 0 is finite, and thus = has only a finite number of
points in each such interval. Consequently, we may write = = {&, &, ... },
where £ > & > ---. Similarly, Z* = {£},&5,...}, where 0 < & < & < ---.
By Lemma 4 in Section 4, Theorem 1 can be reformulated as follows.

Theorem 2. Consider G(n,m) with m =n/2+ s, n?? < s < n.

(i) If the cycles C; in unicyclic components are ordered such that their

lengths are in decreasing order, i.e. |Cy| > |Cs| > ..., then
s s d
(e, 2ical, ) S (s e, ),
n n
where & > & > ... are the points of the Poisson process = with

intensity ie‘zx, arranged in decreasing order.

(i) If m = n/2 4+ s and the cycles C; not in unicyclic components are
ordered such that their lengths are in increasing order, then

S * f * i) * *
(Zicil, 2icsl, ) S € &),

where & < & < ... are the points of the Poisson process =* with
intensity i(e%c — €72, arranged in increasing order.
(iii) The limits in (i) and (ii) hold jointly, with = and Z* independent.

In particular, for each fixed k& we have 2|Cy| <4 &, where &, (by a standard
calculation) has a distribution with the density function

6_2x © q k—1 0 q
eV — —e Vd 0. 1
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Similarly, if m =n/2 + s, 2|Cj| 4 &, where & has the density function

sinh 2z / % sinh y ) kot ( / 2 sinh y )
SR AT d exp [ — dy), x>0 (2
(k—lﬂx(o y UL T Y @

For k = 1 we recover (and simplify) the result by Luczak [16, Theorem 3],
giving the asymptotic distributions of the lengths of the longest cycle outside
the giant and the shortest inside it:

Corollary 3. Consider G(n,m) with m =n/2 + s, n*® < s < n. For every
a>0,

P(max{|C;|} < an/s) — P(& < a) = exp (—/ %e‘y dy) ,
2a Y
and, if m =n/2 + s,

Mmmwm}Smﬁ%HMGSaﬁﬂfﬁm(—A%Q?y@)-

We can also employ the joint convergence in Theorem 2.

Corollary 4. Consider G(n,m) with m = n/2 + s, n?/*> < s < n. The
probability that every cycle inside the giant component is longer than every
cycle outside converges to

P& > &) /me% ( /xw_eﬂd /meﬂd)d 0.752
= ex — _— — —_— Tr ~ U. .
i>a)= | grew(= | —p—dy— [ Sody

We have nothing more to add to [16] about the cycles inside the giant. For
the cycles outside it, however, we note that if we scale all points in the Poisson
process = by 2, we obtain a Poisson process with intensity %e‘x, which is
a well-known object, see Section 2. It follows from Section 2 that 2 = =
2>, & has the standard I'(1/2) distribution, and thus the sum Y ZE =", &
of all points in = has the gamma distribution I'(1/2,1/2), the normalized
sequence &/ > = has a Poisson—Dirichlet distribution PD(1/2), and if the
sequence is randomly rearranged in size-biased order, its distribution is known
as GEM(1/2).

Theorem 1 does not immediately imply results for the sum ) |Cy| of the
cycle lengths (the vague topology is too weak for that), but the theorem can
be augmented as follows. The ‘order of appearance’ in (iii) below is defined
by inspecting the vertices of G(n,m) in a given order and for each of them
checking whether the vertex belongs to a cycle in a unicyclic component; the
first cycle found in this way is C}, the second Cj, etc. In other words, the
cycles are ordered according to their smallest vertex labels. Similarly, in The-
orem 7, we list the unicyclic components in order of appearance, i.e. according
to their smallest vertex labels; note that this in general differs from listing the
components according to the order of appearance of their cycles.

Theorem 5. Consider G(n,m) with m = n/2 + s, n?* < s < n. Let
L =%, |Cy| be the total length of all cycles in unicyclic components. Then
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the limit in Theorem 1(i) extends to joint convergence

(el 7r) = (2. 22)

in particular, the following holds.

(i) The total cycle length L has an asymptotic gamma distribution,
221 4 1(1/2).
n

(i) If the cycles are ordered such that their lengths are in decreasing order,
then the sequence of relative lengths converges to a Poisson—Dirichlet
distribution,

(IC1|/L, |Cal/L, ...) % PD(1/2).

(iii) If the cycles are listed in order of appearance, then the sequence of
relative lengths converges to a GEM distribution,

(IC1|/L, |Cal/L, ...) S GEM(1/2).

We next turn to the sizes of the unicyclic components. Let U; be the com-
ponent containg C;, and let V' = >.|U;| be the total size of the unicyclic
components.

We have the following counterparts of the theorems above. Theorem 6 has
earlier been proved by Luczak [15] (in a different, slighly weaker form). For
m =n/2—s, Kolchin [14] has found the limit law in Theorem 7(i), and a limit
distribution for s?n~2|U;| in Theorem 6, which, however, is more complicated
than the one given here; as remarked in [16], these results extend to m = n/2+s
by the symmetry rule (cf. Section 8).

Theorem 6. Consider G(n,m) with m = n/2 +s, n?? < s < n. Then

{%’Uz’} L = as point processes on (0, 00|, where Z/

intensity te‘zﬂﬁ, 0<z<oo0.
In other words, if the unicyclic components are ordered with decreasing sizes,
then

15 a Poisson process with

82 82 d
<E|Ul|7 EIUQL ) - (517 §é7 )7

where £ > &, > ... are the points of the Poisson process =
decreasing order.

" arranged in

Theorem 7. Consider G(n,m) with m = n/2 + s, n?? < s < n. Let
V=", |Uk| be the total size of all unicyclic components. Then the limit in
Theorem 6 extends to joint convergence

2 2

(Laltdy oY) = (2. 22):

i particular, the following holds.

(i) The total size V' has an asymptotic gamma distribution,

82 d
251 = I'(1/4).
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(ii) If the unicyclic components are ordered such that their lengths are in
decreasing order, then the sequence of relative lengths converges to a
Poisson—Dirichlet distribution,

(\UL|/V, |Us|/V, ...) S PD(1/4).

(iii) If the unicyclic components are listed in order of appearance, then the
sequence of relative lengths converges to a GEM distribution,

(\ULI/V, |Us) )V, ) S GEM(1/4).

We further study the joint distribution of the sizes of the unicyclic compo-
nents and the length of the cycles in them. This has interesting relations to
Brownian motion, more precisely to the hitting time for Brownian motion with

drift defined by

Top = inf{t : B, + bt = a}, (3)
where B; is a standard Brownian motion and a > 0, —oo < b < oco. Note that
if b > 0, then 0 < T, < oo a.s., but if b < 0, then with positive probability
B,+bt < aforallt > 0, in which case we set T, ;, = +00. Some basic properties
of these random variables are collected in Section 3 below.

Theorem 8. Consider G(n,m) with m = n/2 £ s, n*® < s < n. Then
{(2]c], Z—Z|Uz|)} <L 2 as point processes on [0, 00] x [0,00] \ {(0,0)}, where =
18 a Poisson process with intensity
1
==Y
V8w
Theorem 9. Consider G(n,m) with m = n/2+s, n?/®> < s < n. Then, with

2

L and V' as above, (3L, 25V) N (X,Y), where (X,Y) has the density

2
327222y 0<ax,y < oo.

1 1/2

—x y_3/26_””2/2y_2y, x,y > 0.

Moreover, the distribution of (X,Y) is characterized by either of:
(i) X € I'(1/2,1/2) and the conditional distribution of Y given X = x is
the distribution of T, 5.
(i) Y € '(1/4,1/2) and X?/2Y € T'(3/4,1), with Y and X?/2Y indepen-
dent.
In particular, it follows that L?/2V RN ['(3/4).

Furthermore, we can combine this with the result in Theorem 1 for cycles
in the giant component. For a real number A, let =, = {(&,n;)}° be the
point process on (0,00) x [0,00] defined as follows. Let {&;}7° be a Poisson
process on (0,00) with intensity ie“, and given {¢;}5°, choose n; randomly
with the distribution of T¢, _,, independently for different ¢. Thus EA is a
Poisson process which has an intensity measure given on (0,00) x [0,00) by,
see (7),

1

1
—eMf () drdy = ——y /2 —2%/2y — N2y /2) dx d 4
3¢ fo-a(y) dz dy 7Y exp(—z~/2y y/2) dx dy, (4)
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and on (0,00) x {oco} by, see Section 3,

1 (M —e M) dr, A>0
T P(T, s = = ’ ’
52" PTay =o0)du {o, A<0. (5)

Note that if @ > 0, and we rescale Z, by defining 2" = {(a&;, a?y;)}, then

(a) 4z, Ja- Note further that =, equals = in Theorem 8.

We then have the following result; note that unlike in the other theorems, s
may here be negative and that we thus consider the cases m < n/2 and m >
n/2 together, the difference between the cases corresponding to the different

behaviour at infinity of 7, _\ and EA for positive and negative \.

Theorem 10. Consider G(n,m) with m = n/2 + s, n*® < |s| < n. Let

{C:} = {CYU{CrY be the collection v of all cycles in G(n,m), and let U; be the
component containing C;. Then {(|Cy],|U:|)} is approzimated by = Eos/n, N the

sense that if a, > 0 are such that a;'s/n — a # 0, then {(a,|Cy|,a2|U;|)} 4,
Eoa on (0,00) x [0, 00].

The points (£, 7) in Zs with 7 < co correspond (as a limit) to unicyclic
components, while the points with 1 = oo correspond to cycles in the giant
component.

Remark 1. In the studied ranges of m, the asymptotic distributions above do
not depend on s except through the scaling.

Remark 2. Corresponding results for m = n/2 + O(n*?) are much more com-
plicated, and we do not obtain Poisson process limits in that case. See [1], [18],
[17], or [10]. For the other endpoint, some results for s = ©(n) are given in
[5]; here we still obtain Poisson limits, but the results are somewhat different.

Remark 3. All results above hold for the random graph G(n,p) too, with
p=1/n+2s/n% ie when n %3 < |p—n~'| < n~!. This follows easily by
conditioning on the number of edges, or by simple modifications of the proofs
below.

Remark 4. As is witnessed by the y? distribution, the standard normalizations
of the normal and gamma distributions do not match. As a consequence, the
scaling factors chosen above are not always the most convenient ones. For
example, normalizing by 2s/n and 2s?/n? instead in Theorem 9, we obtain
convergence to the standard gamma distributions I'(1/2) and I'(1/4), but we
would get T,/ 5 5 in (i).

Remark 5. In this paper we consider only G(n, m) for a single m (depending on
n). It would be interesting to study the random graph process {G(n, m)},>0
and find asymptotic descriptions of how the various variables and point pro-
cesses above behave as functions of m (in a suitable range).

Finally we remark that it should not be inferred, however, that all properties
of the family of cycles in unicyclic components are reflected in the Poisson pro-
cesses defined above; by the nature of the convergence in the vague topology,
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the asymptotics in this paper really only describe cycles of lengths of the order
n/s. A concrete counterexample is provided by the following simple result,
which contrasts with the fact that the Poisson process = has no double points.

Theorem 11. Consider G(n,m) with m = n/2 + s, n?* < s < n. The
probability that G(n,m) has two cycles of the same length, both belonging to
unicyclic components, converges to

[e.o]

1 —1/2k 16, —1/2 3/4—~v/2
1—H(1+ﬁ)e [Pk =1 — L6771/2e3/47712 0,045,
k=3

Some preliminaries are given in Sections 2-4. The theorems above are
proved, using the standard method of moments, in Section 5. The final sections
contain heuristic arguments using instead Brownian motion and branching pro-
cesses. These arguments could probably be made rigorous, although we have
not attempted that; in any case, we find them conceptually useful.

2. GAMMA, POI1SSON—DIRICHLET AND GEM DISTRIBUTIONS

We let, for a,b > 0, I'(«r, ) denote the gamma distribution with density
function b~'g,(x/b), where

go(z) = T(a) 12 e, (6)

Thus b is a scale factor only; the distribution I'(«, 1) with density function g,
is called standard gamma and is also denoted by I'(«).

It is well-known that if « > 0 and = = {£, &, ... } is a Poisson process on
(0, 00) with intensity az~te™*, then the sum ¥ = 3 {°& of all points in = is
a.s. finite, and has the gamma distribution I'(«r). Moreover [12, 13, 2], if we
normalize by this sum ¥ and consider the sequence (& /%, &/, ... ), with the
terms in decreasing order, the distribution of this random sequence is known
as Poisson—Dirichlet and denoted by PD(«). If we reorder this sequence by
size-biased sampling, we instead obtain the GEM distribution GEM(«).

More generally, if a, b > 0 and = is a Poisson process with intensity az~te=*/°
a simple rescaling shows that b='X € I'(«), and thus ¥ € T'(a,b), while the
sequence (&/%,& /%, ...), with the two orderings above, still has the distri-
butions PD(«) and GEM(«), respectively.

3. A HITTING TIME DISTRIBUTION

We collect here some useful facts about the distributions of the hitting times
T, defined in (3).

The case b = 0 is well-known; T, o has a stable(1/2) distribution, see e.g. [19,
Propositions I1.(3.7), I11.(3.10)]. The general case is similar. By [19, Exercises
I1.(3.14), II1.(3.28) and VIIIL.(1.21)] for b > 0, and the same arguments (op-
tional stopping of exponential martingales or the Girsanov—Cameron—Martin
theorem) for b < 0, T, has the density function

fao(t) = ———=t=32exp(—a?/2t — V*t/2 +ab), O<t<oo, ()

V2r



8 SVANTE JANSON

and the Laplace transform

Ee Mot = alb=VEH2Y) ) 5 (8)

For b < 0 this means that P(7,;, < co) = e~2 cf. [19, Exercise I1.(3.12)], and
that the conditional distribution of 7}, given T}, < oo equals the distribution
of Ta7|b|'

Note that if b > 0 is fixed, then the strong Markov property of Brownian
motion implies that a — T}, is an increasing stochastic process with indepen-
dent, stationary increments. In particular, if ay,as > 0, and TC’L%b denotes a
copy of T, that is independent of Ty, , then

Tal,b + Tég,b g Ta1+a2,b' (9>
(This follows also from (8).) It follows also that (for b > 0) T, has an infinitely
divisible distribution. Although we will not need it, we remark that its Lévy
measure has the density a(27)1/2273/2e¥"%/2 () < 2 < oo; in other words, T,
is distributed as the sum of all points in a Poisson process with this density,
cf. the corresponding result for gamma distributions in Section 2.

4. POINT PROCESSES

We give here some technical remarks on point processes; see e.g. [11] for
further details and proofs.

Let & be a ‘nice’ topological space; more precisely, a locally compact Polish
space. (In this paper we only consider intervals in R = [—o00, co] and some sim-

ple subsets of RQ.) Although we regard a point process as a random (multi)set
{&}: C G, it is technically convenient to formally define it as a random mea-
sure ) . 0. Hence, if = denotes the point process {;}, we write Z(A) for the
number of points & that belong to a subset A C &; similarly, for suitable
functions f on &, [ fd=E=Y", f(&).

Thus, let 9 = MN(S) be the class of all Borel measures 1 on & such that
p(A) is a (finite) integer 0,1, ... for every compact Borel set A; this coincides
with the class of all finite or countably infinite sums of the type . d,,, where
xr; € G and each compact subset of & contains only a finite number of z;, and
we identify such a sum with the (multi)set {z;}.

The standard topology on 9t (known as the vague topology) is defined such
that, for p, pu1, po, -+ € N, p, — p if and only if [ fdu, — [ fdu for every
f € C.(6), the space of real-valued continuous functions on & with compact
support.

A point process on G is a random element of 91. The vague topology is
metrizable, so the general theory in [4] of convergence in distribution applies.

If =, and = are point processes on &, then =, 4= (w.r.t. the vague topology
just defined) if and only if [ fd=, KR [ f d= (as real-valued random variables)
for every f € C.(6). It is also true that =, < = if and only if =n(A) <, =(A)
for every relatively compact Borel set A C & such that Z(0A) = 0 a.s., and
moreover joint convergence holds for every finite collection of such sets A.
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Note that the definitions of both point processes and convergence of them
are sensitive to the choice of G, since a point process is not allowed to have any
cluster point in &. Hence, for subsets of R, say, it matters whether boundary
points are included. For example, if & is a closed interval (or any compact
set), then every point process is finite. If, instead, & is a half-open interval
(a,b], then an element p € N is finite on every interval [¢,b], a < ¢ < b, and
thus every point process may be written as a (finite or infinite) set {&;} with
& > & > ... and, if the set is infinite, §; — a as ¢ — oo. If & = [a,b)
we may similarly write a point process as {§;} with & < & < ... and, if
the set is infinite, & — b as ¢ — oo. Finally, a point process on an open
interval (a,b) may have both a and b as cluster points. By including one or
both endpoints, we thus get stronger conditions; similarly, as is shown more
generally in the following lemma, we get a stronger mode of convergence. It
may thus be advantageous to consider (when possible) a random set of points
in (a,b) as a point process on [a, b), (a,b] or [a,b].

Lemma 1. Suppose that &' is a locally compact subset of & and that =, =
are point processes on & that a.s. have all their points in &'.

(i) If =, LEZon®, then=, 5= on &

(i) If =, L= on &', and for each compact K C & and e > 0, there exists
a compact K. C &' such that limsup,,_ . P(Z,(K\K.) # 0) < ¢, then

— d —
=, — = on 6.

Proof. For the first part, suppose that f € C.(&'). Fix a metric on &. Since
supp f is compact, f is uniformly continuous, and may thus be extended to
a continuous function on the closure & C & [6, Theorem 4.3.17], which by
the Tietze-Urysohn extension theorem [6, Theorem 2.1.8 or Exercise 4.1.F]
may be further extended to a continuous function f; on &. Moreover, since
supp f is compact and & is locally compact, there exists a continuous function

g € C.(6) that equals 1 on supp f. Thus fo = gf1 € C.(6) and fo = f on &'.

Hence
den:/deEni/fd:: fd=,
& S (G (G4

and by the criterion above, =, L=on&.

For (ii), let f € C.(6), take K = supp f and let, for N > 1, Ky/y be as in
the assumption with ¢ = 1/N. We may assume that Ky C Ky C ---, and
that |Jy K1/v = &'. There exists a function gy € C.(&) with 0 < gy <1
and gy(z) =1 for € Ky/n. Thus fy = gnf € C.(&') and

[ raz.- [ iz =)
& & &
since f(1 —gn) =0 off K\ Ky, and thus

f(l—gn)d=,| < E71([(\[(1/N) sup | f1,

lim 1imsup19>( FndE, # / den> —0.
& S

N—oo poeo
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Moreover, [, fnd=Z, — |, 5 fn d= as n — oo for each fixed N, and, denoting
the finite set of points in = that belong to K by {{’},

d= = ! ' d= N — oc.
RESWCTLEDS §= [ 1= avox

It now follows [4, Theorem 4.2] that fG fd=Z, — [sfdZ asn — oo. O

In Lemma 1 we assumed that all points that occurs in the point processes
lie in the subspace &’, so that the processes can be regarded as point processes
on & too. More generally, we can ignore points outside &": if u € N(S),
we define the restriction e to be the measure A — p(A N &'); regarded as
(multi)sets we have puleg = pN &'

Lemma 2. Suppose that &' is a locally compact subset of &. The mapping
p— e is a measurable map N(S) — N(S') which is continuous at every
€ N(S) such that 1(06") = 0. Consequently, if =, and = are point processes

on & such that =, > =, and further 2(06') =0 a.s., then Z,|& RN Sle -

Proof. The claim about measurability follows immediately, since the Borel o-
fields are generated by the mappings p — u(A), where A ranges over the Borel
sets in G and &', respectively [11, Lemma 4.1]; note that &’ is o-compact and
thus a Borel subset of &.

Suppose g, — g in N(S), with x(06") = 0, and let f € C.(&'). As in
the proof of Lemma 1, f can be extended to a function fy € C.(&). Let
A = supp(f2) N OG&’; this is a closed subset of supp(fs) and is thus compact.
Moreover, p(A) = 0, and thus ANsupp(u) = @, and there exists a non-negative
function g € C.(&) such that g = 1 in a neighbourhood U of A but g =0 on
supp(p) and thus [ gdp = 0. Since then [ gdu, — [gdp =0 as n — oo, for
some ng and all n > ng we have [ gdp, <1 and thus u,(U) = 0.

There exists a non-negative function h € C.(&) with supp(h) C U and
h =1on A. The function f3 = fo(1—h) € C.(&) then vanishes on 0&’. Thus,
if we define fy by fi(z) = f3(x) for x € & and fy(x) = 0 for x ¢ &, f, is
continuous, and f; € C.(&). Moreover, if n > ng, then supp(h)Nsupp(u,) = 0
and thus on supp(p,) N &' we have h = 0 and f; = f3 = fo = f; the same
holds on supp(u) N &’. Consequently, for large n,

f dyin = f4dun=/f4dun—>/f4du= fedp= | fp.
& (G4 S S (G4 &

and pi,|e — p|e follows.
The final assertion on convergence in distribution follows by [4, Theorem 5.1].

[

The next lemma follows easily from the definitions above.
Lemma 3. If ¢ : & — &' is continuous and proper, i.e. o~ (K) is compact
for every compact K C &', then for every point process = = {&;} on &, the
image p(Z) = {@(&)} is a point process on &'. Moreover, if =, 4= on S,
then o(Z,) > o(Z) on & O
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For point processes on a closed or half-open interval, with the points ordered
as above, convergence in distribution is equivalent to joint convergence of the
individual points. We state this for the two cases we are interested in.

Lemma 4. Suppose that =,, 1 < n < oo, are point processes on the interval
(0, 00|, and write =, = {&u zN:"1 with &1 > &g > ... and 0 < N, < co. If
some N, < oo, define further &,; = 0 for i > N,. Then =, 4, Zwo if and
only if (§n1,&n2,---) 4, (€oo1,€c02, - - - ), in the standard sense that all finite
dimensional distributions converge.

The same holds for point processes on [0,00), now with £,1 < & < ..., and

& = o0 fori > N,.

Proof. Tt suffices to prove this for non-random sets, i.e. (for (0,00]) that the
one-to-one correspondence between 1 and the set X of all non-increasing se-
quences {x;}; € [0,00]* such that lim; .., z; = 0, is a homomorphism when
[0, 00]* is given the product topology and X the corresponding subspace topol-
ogy. This is a simple consequence of the definition of the vague topology, and
we omit the details. 0

A Poisson process on & with intensity measure v is a point process = such
that =(A) has a Poisson distribution with parameter v(A) for every Borel set
A, and Z(Ay),...,Z(Ax) are independent for disjoint Borel sets Ay, ..., Ay.
Here v may be any Borel measure on & that is finite on compact sets; we will
mainly consider absolutely continuous measures (w.r.t. Lebesgue measure on
R or R?), and the density of v is then called the intensity of =.

5. PROOFS

Let Z(k,l) be the number of cycles in G(n, m) that have size k and lie in a
unicyclic component of order I and let Z(k) be the total number of cycles of
length k. (Here 3 <k <1<m.)

Denote the corresponding expectations by z(k,l) = EZ(k,l) and Z(k) =
E Z(k). When necessary, we indicate n and m by subscripts and write z, , (k, 1)
ete.

As numerous authors before us, we make the straightforward calculations

w-QEOE) -

where nE =n(n —1)---(n —k+1), and

o= (e (2
- B
R
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As n — oo, (10) implies, for k = O(n/s),
ko k 1
k)= "
2k (3)
Similarly, (11) implies, by a standard calculation using Stirling’s formula and
Taylor expansions of logarithms which we omit, that if £ = O(n/s) and [ =

O(n?/s?), then

ers/n—i—o(l)

-(1+O0(K*/n)) = — 1+§ k(1+0(1)):—. (12)
2k n 2k

K 2s? 3

~ (’713)—1/2 B SN S (ki
(k1) ~ (871%) exp< 5 n2l> = (k:n,ln2> (13)
with )
1 T
x,y) = expl—— — 2y ). 14
Y(2,y) N p( % y) (14)

Moreover, similar calculations, which we also omit, show that for some con-
stants ¢ and ¢ > 0, and all k£ and [,

2 82

2(k,1) < 1732 exp(—g—l — cﬁl) (15)

Proof of Theorem 8. We begin by proving convergence on (0, 00) x (0,00). Let
j— S 52
En ={GICil, =IUD}-

By [11, Theorem 4.2], it suffices to prove that for any finite family of rectan-
glesRi: [ai,bi)x[ci,di) Wlth0<al <bl <o00,0<c¢ <dl < OO,i: 1,...,N,
we have =, (R;) LR g(Ri), jointly for all . By subdividing the rectangles, if
necessary, it suffices to prove this for a disjoint family of rectangles, i.e. to prove
that if Ry,..., Ry are disjoint rectangles, then =, (R;) RN Po(u(R;)), jointly
and with independent limits, where y is the measure with density ¢ (x,y) given
by (14).

We show this by the method of moments in the traditional way. First, define
for £ C R? 7,,(E) = {(zn/s, yn®/s?) : (z,y) € E}. Then

(R = > Z(k1),
(k,1)ETn(Ry)
and thus, letting 7,(R;) = [[ain/s], [bin/s] + 1) x [[e;n?/s*], [din?/s*| + 1)
-1

/

be 7,,(R;) rounded off to integer coordinates and Ry, = 7, ' (7 (R;)), we have

n n

by (13) and dominated convergence, using (15),

B (R)= Y z(k,Z)://(R_)z(LuJ,M)dudv

(k,l)ern(R;)

:/ z(an/sJ,Lyn2/82J)%d$d?J
Rin

~ [ .y drdy = u(R).

It is similarly shown that all mixed factorial moments converge, using the fact
that conditioned on the existence of a specific unicyclic component on [ given
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vertices, the rest of G(n,m) is a random graph G(n — [,m — [). Hence, for
example, using | = O(n?/s?) = o(s), by dominated convergence as above,

E(En(R1) (En(Rl) - 1)En(R2)>

= Z Zn m(kla ll)znfll,mfll (k2> ZZ)znfllflg,mfllflg (kz, 13)

(kl l1)€Tn(R1)
(k‘z ZQ)ETn(Rl)
(kg lg)ETn(R2)

— p(R1)*u(Ry).
By the method of moments, this implies the required joint convergence =,,(R;) LR
Po(u(R;)).

This completes the proof that =, - = on &' = (0,00) x (0,00). In order
to extend this to & = [0, c0] x [0, ] \ {(0,0)}, we use Lemma 1. If K C &
is compact, then ([0,7] x [0,7]) N ) for some r > 0. Taking K; =
771 7] x [771, 7] and writing (E)s = {x :d(z,E) < ¢} for E C R? we have,
using (15), for some ¢, ¢; > 0 and large n,

ES.(K\K)= z(k,l)g/( oy A D dui
(K\K})) /3

(kD) ETn (K\K;)

3
</ 2([an/s], Lyn?/s*)) % dz dy
(K\K)2s/n §
2

< cl/ y 3?2 exp(—x— — cy) dx dy.
(K\Kj)Qs/n 2y

Since ' (z,y) = y~3/? exp(—x? /2y — cy) is integrable over (0,00)2 \ (0,7)?, we
obtain by dominated convergence first

limsupP(Z,(K \ K;) #0) <limsupEZE,(K \ K;) < 01/ V' (z,y) de dy
K\K;

and then
lim limsup P(Z,(K \ K;) #0) = 0.
J=00 pooo
The theorem now follows by Lemma 1(ii). O

Proof of Theorems 1(i), 2(i) and 6. By Lemma 1(i), the convergence in The-
orem 8 holds also on the subset (0,00] x [0,00], and since the projection
7 : (x,y) — x is continuous and proper (0,00] x [0,00] — (0,00], Lemma 3
shows that {£]C;[} < () on (0, 00).

Moreover, since = is a Poisson process with intensity

_ 2 1
Y(a,y) = (8my®) eXp(—@ — 2y) = ¢ faaly),

see (14) and (7), and [~ fo2(y) dy = 1, 7(Z) is a Poisson process with intensity

/0 (a,y) dy = e
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This proves Theorem 1(i), and Theorem 2(i) follows by Lemma 4.
Similarly, we obtain Theorem 6 by projecting on the second coordinate
[0, 00] x (0,00] — (0, 00] and integrating
o0 oo 1
/ Y(z,y)de = (87ry3)1/262y/ e Wy = —e . O
0 0 4y
Proof of Theorem 5. Let, for N > 1, fy be a function in C,(0, c0) such that
0 < fn(z) < z for all z and fy(x) = x when 1/N < x < N, and further
fN 2 fN—l when N 2 2. Let LN = Zz fN(§]C'Z|)

Since the mapping v +— (v, [ fx dv) is continuous M(R) — MN(R) x R,
the convergence {=|C;|} 4 Z implies the joint convergence ({2]Cil}, L) <
(E, [ fnd=), as n — oo, for each fixed N, cf. [4, Section 5]. By monotone

convergence,fdengxdE:§ = as N — oo. Moreover,
s s s
Ly <-L<L — Ci|112|Ci| < 1/N| + — C;112|C;| > N
v 3L Iy T IEIC)< 1N+ 2 STIGREC] > N

=Ly + 51+ 9,

say. Now, for some ¢ > 0,
E S, < - Z kz(k) <c¢/N
"< n -1
by (12), and thus
P(|Ly — 2L > ) <P(S) + 5, > ¢) <P(S; > ¢) +P(S2 #0)
< c¢/Ne+ P(miax 2|Ci| > N).

Consequently, by Theorem 2(i),

limsupP(|Ly — 2L| > ¢) <¢/Ne +P(§ > N),

n—oo

which tends to 0 as N — oo. Thus, by [4, Theorem 4.2}, ({2|Ci|}, 2L) <,
(2,3 5), as n — 0.

The assertions (i) and (ii) now follow by Section 2 and Lemma 4; for (iii)
we observe that taking the cycles in order of appearence gives a size-biased
distribution of the sequence of their lengths. OJ

Proof of Theorem 7. By Theorem 6 and similar arguments as in the proof of
Theorem 5, using (15) to obtain the estimate (with ¢ = 1/N)

en?/s2+1
E Z Z—lzkl <c1—/ / 20~ 52 gy o

I<en?/s? k
2e 00 )
< Cl/ / y71/2€7x /2yfcydx dy
0 0

2e
= 02/ e “Ydy = 0O(e). O
0
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Proof of Theorem 9. It follows as in the proofs of Theorems 5 and 7, using
the estimates obtained there, that we can sum all points in Theorem 8 and
obtain (2L, fl—zV) N > Z. The theorem now follows as the case o = 1/4 of
the following more general result. ([

o~

—_
—

—

Lemma 5. Let o > 0 and let
ntensity

be a Poisson process in (0,00) x (0, 00) with

a/2/my 3% exp(—a? /2y — 2y).

Then (X,Y) = " Z has a distribution that can be characterized by any of the
three following properties.

(i) (X,Y) has a density
22012 (20) Mty T P exp(—a® 2y — 2y), 0 <,y < oo

(ii) X has a gamma distribution T'(2a,3), and given X = x, Y is dis-
tributed as Ty .
(ili) Y € D(ev, 5) and X?/2Y € I'(a+3,1), withY and X?/2Y independent.

Proof. Let h(x,y) denote the intensity of = and write the points of = as (&1,m),
(&2,m2), -... Since h(z,y) = hi(x)fep(y) with hy(z) = 2027 e and f,
given by (7), and thus the marginal intensity [ h(z,y)dy = hi(x), the Poisson

~

process = can be constructed by first taking a Poisson process = = {;,&, ... }
on (0, 00) with intensity h(z), and then for each &; randomly choosing 7; with
the distribution of T¢, » (independently for all 7). Conditional on (&1,&,...)

we thus have by (9), for any finite N, Ziv n; 4 Ts-v ¢, 5, and letting N — oo,

Y = Zm 4 Tx. (16)
1

Moreover, by Section 2, X € I'(2cv, 3), which yields (ii).

Consequently, X has the density 2¢s,(27), and the conditional density of ¥
given X = x is by (16) f.2(y). Thus (X,Y) has the density 2ga2,(22) f2(y),
which by (6) and (7) yields (i).

Finally, denoting the density just obtained by p(x,y) and letting Z =
X?/2Y, the density of (Z,Y) is

(22) 72y 2p(\/2yz,y) = cy® 22T = 20,,(2y) Gt 2(2),

for some constant ¢, which shows (iii). (It is easy to calculate ¢, and verify the
formula just given by the duplication formula for the gamma function, but it is
easier to ignore the constants and just note that a density function integrates
to one, so the constants have to match.) 0

In order to treat the cycles in the giant component (and in other multicyclic
components, in the unlikely event that such exist), we first show that the
method of moment applies when we count all cycles.
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Lemma 6. Consider G(n,m) withm =n/2+s, n?® < s < n. Let I = [a,b)
be an interval with 0 < a < b < oo, and let Z,(I) be the number of cy-
cles in G(n,m) with lengths in [an/s,bn/s). Then, for every integer r > 0,
E Z,(I)" — XI)", where M(I) = [, £¢* dx. The result extends to joint facto-
rial moments of several Zn( l) for dzsyomt ntervals I;.

Proof. Z,(I) = D an/s<k<bn/s Z(k) and thus, by (12),

E Z,(I) = z H/ MI). (17)

cm/s<k<bn/s

In order to treat higher moments, we observe that Z,(I) is the number of
r-tuples (C1, ..., C,) of distinct cycles with the correct lengths. The expected
number of such r-tuples with all cycles disjoint is easily shown to converge
to A(I)" by a straight-forward generalization of the calculation (17) for the
expectation. This extends to the case of several intervals too.

It thus remains to show that the expected number of such r-tuples (C1, ..., C,)
with at least two cycles intersecting tends to zero. Consider for simplicity the
case when the union C; U --- U C, is connected, and let u; be the expected
number of such r-tuples (C1, ..., C,); the general case follows in the same way
by considering the components of the union C; U --- U C). separately. Up to a
factor of at most r!, we may further assume that the cycles are ordered such
that C; N (CLU---UC;_1) # 0 for 2 < i < r. Then C; Uy is obtained by
adding to €} some number wy > 1 of paths Py, ..., Py,,, each having two,
not necessarily distinct, endpoints in C4. Similarly, C; U Cy U Cj5 is obtained
by adding some further paths Ps, ..., Ps,, with endpoints in C; U Cy, where
ws > 0, and so on. Let k; = |C;] and let [;; > 0 be the number of new ver-
tices in P;; thus P; contains [;; + 1 edges. Further, let W = "', w; and

L= Zi:z jz;‘“ 1 i lj\Iote that C; U---UC, has k; + L vertices and ky + L+ W
edges; in particular ky + L+ W < >0 k; <rbn/s.

We estimate the expected number of such r-tuples with given ky, (w;); and
(Lij)i;. First, the cycle C; may be chosen in n*o- 1 < ky'n* ways. Next, for
t > 2 and each choice of C,...,C;_q, the endpomts of P;; may be chosen in
|Cy U -+~ UCi_1]? < (rbn/s)? ways, and the [;; internal points in at most ni
ways. Hence the total number of choices of C, ..., C, is at most

1
k—nk1+L(7’bn/s)2W. (18)
1

For each such choice, the probability that the k; + L + W edges in the union
C1 U ---UC, belong to G(n,m) is at most

<%>k1+L+W _ nfklfoW <1 n 2s +11>k1+L+W < n*kl (1 n 35)7‘1771/5.
n _
2

(19)
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By (18) and (19), the expected number of r-tuples with given ky, (w;); and
(1;)i; is at most
in_W(7“671/3)21/‘/,
ka1

for some constant ¢ (depending on b and r).

Moreover, l;; < k; < bn/s, so given ws, ..., w,, there are at most (bn/s)"
choices of (I;;);;. Consequently, the expected number p' is at most, for large
n,

bn/s 23,2 23,2
b>n= w2t twr brb’n
| -1 r A _
7!l E cky E ( = ) <c e o(1). O
ki=an/s wz>1
wW3,...,wr >0
Proof of Theorem 10. For simplicity we assume that a, = |s|/n, and thus

a = =*1; the general case follows by a simple rescaling argument. If s < 0,
there is a.a.s. no multicyclic component and the result follows by restricting
Theorem 8 to (0, 00) x [0, 00|, using Lemma 1(i).

Thus assume s > 0 and a, = s/n, which implies @« = 1. Let =/ =
{(§|a\, Z_i’sz’)}a let = be the claimed limit process Zsq = =5 and let z denote
its intensity measure. By (4), the restriction of u to (0,00)? equals the inten-

sity measure of = in Theorem 8; note further that, by the construction of =),
for I C (0, 00),

u(I % [0, 00]) = /1 %ezx da. (20)

Let R be the family of all rectangles in & = (0, 00) x [0, 00] of the form
[a,b) x [¢,d) or [a,b) X [c,00] with 0 <a <b<ooand 0 <c¢<d<oo. Asin
the proof of Theorem 8, it follows from [11, Theorem 4.2] that it suffices to show
that = (Ry) N E(Rk), jointly, for any finite family of rectangles R, € R. By
subdividing the rectangles, and perhaps adding some, it suffices to consider the
case {Rk} = {]z X Jj}lfiS}LlSjS(ﬁ‘l? where P and q are integers, ]z = [ai_l, CLZ‘),
i=1,...,p,and J; = [bj_1,b;), j = 1,...,q, while J,41 = [by, 0], for some
numbers 0 < ap < a;--- < a, < oo and 0 = by < by --- < b; < oo. We thus
want to show that then

(@ ) S G < )0 (21)

i=1, j=1 i=1,j=1"

Writing R;; = I; x J; and R} = Ujg R;j = I; x [0,00], (21) is equivalent to
- , 11 ok d (= , =/ %
(:Z<Rij))f:q1,j:1 U (:Z(Rz‘))le - (:(Rij))f:ijﬂ U (:(Ri))le‘

We make one further preliminary modification. Let, as in the proof of Theo-

rem 8, =, be defined as = but counting cycles in unicyclic components only.

A.a.s. there is only one multicyclic component and it has order at least s (in-

deed, the order is 454 0,(s)) [15], [10, Theorem 5.12]. Since s > n?/® and thus

s > byn?*/s* for large n, it follows that P(Z!(R;;) # En(Rij)) — 0 for every i

and j < ¢q. Consequently, it suffices to show that

(Bn(Ri))7 UGB, = (B(Ry))S L UERD),. (22)
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We prove (22) using an unusual version of the method of moments. Define,

for non-negative integers rq, ..., 7,7, the polynomial

q
_n rq Z =
prl,..,,rq,r(xlw"7'Tq7y) =y - Tg \Y — ).

=1

We will show that, for any non-negative integers r;; and r;,

p
E Hpril,.,.,n-q,n- (En(Rzl)v cety En(qu)a EZ(R;))

i=1

p
S E]]Prarr ERa), .. E(Rig), Z(R])). (23)
i=1

Since the polynomials p,, ., , form a basis of the linear space of all polyno-

mials in xq, ..., 24, y, it then follows that all mixed moments of (En(Rij))f’(i U

(E;IL(R;‘))}; converge to the corresponding moments for =, and (22) follows by
the method of moments.

To show (23), we observe that the product on the left hand side equals
cycles, such that each Cjjy, lies in a unicyclic component Uiji, and 2|Cij| € 1,
82 S ~
E|Ulﬂk| < Jj, ;|Ozk’ E’V]i.

First, ignoring the Cj, the expected number of such families (C;jx)qj, con-
verges by the proof of Theorem 8 (extended to include the case ¢; = 0) to

p a (Ryj)"i

i=1 1 1j=1 #\I5)

Next, suppose we are given a family (U;;x)ijx of disjoint unicyclic subgraphs
of K, such that 2|Cj;;| € I; and Z—Z|Uijk| € J;, where C;j; is the unique cycle
in U;ji. Conditioned on the event that each Uy, is a component of G(n,m),
the expected number of families (Cj)7"} ,_, of cycles that are distinct from
each other and from all Cjjj, and with §|6’lk| € I;, equals the expected number
of families (Ci)j-} ,—, of distinct cycles with such sizes in G(n — L,m — L),
where L = 7. |Ug|. Since L = O(n?/s%) = o(s), it follows from Lemma 6
that, uniformly over all choices of (Ui )ijx with given p, ¢ and r;;, the expected

number of (Cy )i is [T}_, ML) + o(1), where by (20) X(I;) = [} 5,¢*" do =
p(RY).
Consequently,

p
E Hpml,...,nq,n (En(Rzl)> R En(qu)a EZ(R;'())

It remains to verify that the right hand sides of (23) and (24) coincide. Since
the variables =(R;;) are independent, it suffices to consider a single ¢ and show,
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changing the notation, that if X; ~ Po(u;), j =1,...,¢+ 1, are independent
Poisson random variables and r,...,7r,,7 > 0, then

q+1 q+1

EXit-- (ZX Zm) = it (ZM)- (25)

This can be verified by taking the derivative (0/0u)"|,—o H‘f“(@/atj)”hj:o,
with 7,41 = 0, of the generating function

g+1 g+1
EH 1+t +u) J—exp(ZuZt +u)>
7j=1

(Alternatively, (25) is easily verified using the binomial theorem for fractional
powers [8, Exercise 5.37], or by interpreting the left hand side combinatorically
and using simple Poisson process properties.) This completes the proof of (23),
and thus of the theorem. O

Proof of Theorem 1(ii),(iii). In the case m = n/2 — s, the set {C;} is a.a.s.
empty, and there is nothing to prove.
Thus assume m = n/2 —|— s, and let, as in the proof of Theorem 10, =/ =

{(%|5’1|, fTi’ﬁzD} and Z = Z,; Theorem 10 shows =/ 42

Further, let =,, = {(%|C’l|, E|U'|> U; is unicyclic} and 2% = {(%\C |, n2|U ) :
U; is multicyclic}; thus =/ = =, U :*

We will separate the pomts in E, and =’ from each other using the sizes
of the corresponding components. Thus, for any v < oo, define the re-

strictions Z,y = Z](0,00)x[0,0] and Zf, = ”’T’L| (0,00)x[uoo]-  Similarly, define
Eu = El(0,00)x[0,u]s S = E|(0,00)x[u,00] A0 Z = E|(0,00)x[0,00), = = =
We regard all these as point processes on (0, 00) x [0, 00].

By Lemma 2, the mapping ® : v — (V|(0,00)x[0,u]: ¥|(0,00)x[u,00]) 1S @ measur-

able map 9((0, 00) x [0, 00]) — N((0, 00) x [0, u]) x N((0, 00) x [u, o0]) which
is continuous at every v with v((0,00) x {u}) = 0. Since the embeddings
(0,00) x [0,u] — (0,00) x [0,00] and (0,00) X [u, 0] — (0,00) x [0, 00] are
proper, Lemma 3 shows that the same holds if we regard ® as a mapping into
M((0, 00) x [0,00])".

For any fixed u < oo, ((0 00) X {u}) = 0 a.s., since the intensity measure
is absolutely continuous on (0,00)? by (4). Consequently, ® is a.s. continuous
at =, and Theorem 10 implies, see [4, Theorem 5.1],

—_ —_ d = =
(CZo) & (EnEl)  asn— o, (26)

for any fixed u < oo.
Moreover, cf. the proof of Theorem 6,

- < q
EZ=((0,00) x (1,00)) :/ 4—6_2:8 < 00
L Az



20 SVANTE JANSON

and thus a.s. = has only a finite number of points in ((0,00) x (1,00)); hence,

for all large v we have Z, = = and =} = =*. In particular, as u — oo,

(EwE) — (EE) (27)

Zuy S
a.s., and thus in distribution.
Furthermore, let U; be the largest unicyclic component and let V' be the
smallest multicyclic component (i.e., a.a.s. the unique giant component). If
|Uy| < un?/s*> < |V|, then Z,, = =, and 2%, = =:. Thus, using Theorem 6

and the fact that a.a.s. |V| > s > un?/s?, see the proof of Theorem 10,
i sup P((Su, i) # (ErZ2))
n—oo

< limsup P(|U;| > un?/s*) + limsup P(|V| < un?/s?)

n—0o0 n—oo

= P(&} > u) +0, (28)

which tends to 0 as u — oo. Hence, (26), (27) and (28) imply, see [4, Theorem
4.2],

En =) S (E,E)  asn— oo (29)
Next we project the processes onto (0,00), using the map n(x,y) = z. By
(29) and Lemma 3 we have

({Z1e}. {21es1}) = (wEm(E) & (=), m(E).

as pairs of processes on (0, 00). By construction, = = W(é) and Z* = W(é*) are
independent Poisson processes with the intensities 3= 2" and 5-(e** — e~ %)
respectively, see (4) and (5), as asserted in the theorem.

We have shown the asserted joint convergence, but only as processes on
(0,00). To extend this to (0,00] and [0,00), we use Lemma 1. Observe that
for any two disjoint sets &1 and &,, there is a natural homeomorphism MN(S;) x
MN(S2) = N(G1UG,); hence the claimed joint convergence can be regarded as
convergence of point processes on the disjoint union of (0, oc] and [0, ), i.e.
on & = (0,00] x {0} U[0,00) x {1}. We have shown convergence on the subset
S’ = (0,00) x {0,1}, and it is easily seen that the additional assumption in
Lemma 1 follows from the two conditions

Y

hmOO limsup P(7(Z,,) (N, o] # 0) = 0, (30)
lim lim sup P((Z7) [0, 2) # 0) = 0. (31)
or, equivalently, if the cycles are ordered as in Theorem 2,
lgnmlli{s;}pp<—|01| > N> =0, (32)
lim 115LS£pP<—|C*| < a) — 0. (33)

The statement (32) is implicitly verified in the proof of Theorem 8, and follows
directly from Theorem 2(i). Similarly, (33) follows from the fact that 2C7
converges in distribution to a strictly positive random variable, as follows from
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the not yet proved Theorem 2(ii). This fact is proved by Luczak [16], and our
proof is complete. Alternatively, in order to obtain a self-contained proof, we
use Lemma 7 below and estimate, for some ¢ > 0 and 0 < e < 1,

E(r(E)0,9) = Y (k) <es,
k<en/s
which proves (31). O
Lemma 7. Consider G(n,m) with m =n/2 + s, n*? < s < n. Let z*(k) =

Z(k) — >, 2(k,1) be the expected number of cycles of length k in multicyclic
components. Then, uniformly for k <n/s, z*(k) = O(s/n).

Proof. First, for the total number of cycles of length k£ < n/s, (10) easily yields
ko K
1

< 2 L1 20 = L 0(5)) = w0 (2).

For the cycles in unicyclic components we sum z(k,[) given by (11). If [ <
n?/s% it is easy to verify that (11) yields

lkll 1

z(k, 1) = 35T

where

exp(—1 — O(1s*/n?)) = a(k,l)e " exp(—O(l1s*/n%)),  (35)

lk ll_l ll—k—l
a(k,l) = =—.
2 20— k)
Then Fi(z) = Y2, a(k,l)2" is the exponential generating function for con-
nected unicyclic graphs with a k-cycle, and Fy(z) = 5:T(2)*, where T(z) =
> ll, 2! is the tree function. In particular, >°,°, a(k,l)e”" = Fy(e™!) = 1/2k,
since T(e™!) = 1. Moreover, Stirlings formula yields a(k,1) < ["=1/1! < [73/2¢!
for all [. Consequently, (35) yields

1 -l
75~ 250D =2 (ke = <(.D)
2/8
< Z (k,D)e c— - Z (k,1)e
n2/s2
2 n?/s? 00 s
<2 1/2 -3/2 ~ 45
Cn Z =+ Z l <c -
=1 n2/s?
The result follows by combining this and (34). O

Remark 6. The limit (29) (and another application of Lemma 1) shows joint
convergence for the results in Theorem 8 and Theorem 1(ii).

Proof of Theorem 2(ii),(iii). This is an immediate consequence of Theorem 1
and Lemma 4. O
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Proof of Corollary 3. Directly from Theorem 2(i)(ii); for example,

P(& < a) =P(E(a,00) = 0) = exp(— /aoo ie_h d:z:>

which by a change of variable yields the stated formula. OJ
The calculation of the densities (1) and (2) is similar and left to the reader.

Proof of Corollary 4. By (1) or Corollary 3, & has the density

f(x) = 6;:” exp (— Jon %e‘y dy) . Hence, by the second formula in Corollary 3,

and the independence in Theorem 2,

P& > €)= / TP > 1) f(x) da

oo —2x 00 1 2r h
:/ ¢ exp(—/ —e_ydy—/ S ydy),
0o 2 2 2Y 0 Y

which yields the stated formula by a change of variable. The integral was
numerically evaluated by Maple. ([l

Proof of Theorem 11. This is an easy consequence of another Poisson limit
result for cycles, which is well-known and goes back to the fundamental paper
by Erdds and Rényi [7]: For each fixed k& > 3 (and m as in this paper), the

cycle count Z (k) 4, Po(1/2k); moreover, the convergence holds jointly for any
finite family £k =3,..., V.

Let p,[a, b] be the probability that for some k with a < k < b, G(n, m) has
two cycles of the same length & in unicyclic components. If N is fixed, there are
a.a.s. no cycles of length < NV outside unicyclic components, see Theorem 2(ii).
Hence, the joint Poisson convergence of the cycle counts implies that, with
Wy, € Po(1/2k) independent,

al 1

I3, N] — P Wy>2)=1-J[PW,<1)=1— (1 —> ~1/2k

pnl3, N] — (max A H & ) = H +2k€

3<k<N
k=3 k=3
(36)
Next, let B be a positive constant. Then, if C is the longest cycle in a
unicyclic component, by Theorem 2(i),
pn|Bn/s,n] < P(|Cy| > Bn/s) — P(§ > B).
Furthermore, for k < Bn/s, the expected number of ordered pairs of disjoint
cycles of length k is at most, using (12),

e4ks/n+0(1)

gn,m(k)gn—k,m—k (k:) = T7

and thus, for n large,

Bn/s © 4B 4B

~ ~ e e
pn[N + 17Bn/5] < Z Zn,m<k>zn—k,m—k(k> < Z ? < W

k=N+1 N+1
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Consequently,
lim sup |p,[3, n] — pn[3, N]| < limsupp,[N + 1, Bn/s] + limsup p,[Bn/s,n|
<N P(E > B). (37)

Let, for 3 <k < oo, g =1 — [[}_s(1 + & )e~/?*. Then, by (36) and (37),
lim sup [pn[3, n] = ool < lgn — ool + " N7' +P(&1 > B),
for every positive N and B. Letting first N — oo and then B — oo, we see
that the left hand side vanishes, and thus p,[3, n] converges to ¢, as asserted.
Finally, to find ¢, explicitly, we note that
l !

1\ yrk+1/2 TA+3/2)/TB+1/2) . TB) 16 .,
]Q(H%) - g k. Tl+1/r3) v I(7/2) it
while

%) = exp(?l — %(lnl + v+ 0(1)))

MN

!
3 1
~1/2k _ 2 4
I exp<4 :
k=3

and thus

>
Il

1

l 1 16 3 4
_ _ SN2k 20 12 <_ _ _>
L= 4o zliI?ok1213<1+ 2k:>6 15 P\ 9) =

6. BRANCHING PROCESSES

In this and the following section, we give some heuristic arguments that
at least suggest some of the results above. We have not attempted to make
the arguments rigorous, and we will not try to justify any approximations.
For simplicity, we consider instead of G(n, m) the random graph G(n,p) with
p = 1/n + 2s/n?, where s is positive or negative with n*? < |s| = o(n), cf.
Remark 3.

We begin with the well-known branching process approximation for compo-
nent sizes, cf. [10, Section 5.2].

Condition on the existence of a specific k-cycle C. We explore the component
containing C' step by step as follows. First, we mark the k vertices in C as
found. Next, we expose all remaining edges incident to any of them, and mark
the other endpoint of each of these edges as found. We continue this process
repeatedly, until the entire component is found.

When [ vertices are found, the number of new vertices found when exposing
the edges at the next vertex has a binomial distribution Bi(n — [,p), with
expectation (n — )p = 1+ 2s/n + O(l/n). We approximate this binomial
distribution by a Poisson distribution Po(142s/n). Hence, the number of new
vertices found at each step is approximated by a (Galton—Watson) branching
process, with k initial individuals and the offspring distribution Po(1 + 2s/n).
The component size is approximated by the total progeny of this branching
process.
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If s > 0, this is a supercritical branching process, which has a positive prob-
ability of growing for ever. Of course, the component containing C' cannot be
larger than n, and the approximation above breaks down when a large number
of vertices are found, but indefinite growth of the branching process corre-
sponde to C' belonging to a very large component, i.e. to the giant component,
while extinction corresponds to C' belonging to a relatively small component,
which then is unicyclic (since a.a.s. only the giant component is multicyclic).

The probability ¢ of extinction of the branching process with offspring dis-
tribution Po(1 + 2s/n) and one initial individual is given by the standard

equation
25
q= exp((q - 1)(1 + g))

see e.g. [3, Theorem 1.5.1], which yields
2s
a=1=(=D(1+ =)+ =1 +o((a - 1?).

1= (1—1—%) +3(g—1)+o(qg—1),
and, finally,
1—q= %(1 +0(1)).
With £ initial points, as above, the extinction probability is, for k = O(n/s),
¢ =(1-¢4+ 0(1))5/71)’~C — g 4ks/no(l), (38)

The expected number of cycles of length k = an/s is by (12) ~ 5-¢?*, and
by (38) we expect that the expected number in unicyclic components is e~
times that, i.e. ~ ﬁe_%, and consequently that the expected number in the
giant component is ~ 5 (¢2* — ¢77), in accordance with Theorem 1.

Turning to the sizes of the unicyclic components, consider first the case
s < 0. Then the branching process is subcritical and a.s. dies out. The
expected total progeny of a single initial individual is

> 25\ 2|s|\i  n

;<1+n) _;< n) - 2ls]”
Consequently, we expect that a unicyclic component with a cycle of length
k= ©(n/s) has O(kn/s) = ©(n?/s?) vertices.

In the supercritical case s > 0, we obtain the same result if we conditionthe
branching process on extinction, since a branching process with offspring distri-
bution Po(1+ 2s/n) conditioned on extinction is a branching process with off-
spring distribution Po(g(1+2s/n)), with ¢ as above, and ¢(142s/n) ~ 1-2s/n.

Hence, for both positive and negative s we expect that the largest unicyclic
components should be of order n?/s?, as shown in detail in Theorem 6.

For the distribution of the sizes of the unicyclic components, one could
similarly study the distribution of the total progeny in the branching processes,
but the method in the next section seems more instructive and we do not pursue
this further.
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7. BROWNIAN MOTION HEURISTICS

As in Section 6, we condition on the existence of a specific k-cycle and explore
the component it belongs to, but this time we expose the edges incident to one
vertex at a time, and will use a Brownian motion approximation. Note that
similar arguments have been used in a rigorous way by Aldous [1] to study
components in the critical case s = O(nQ/ 3); presumably similar methods could
be used to make our argument too rigorous.

Thus, let Xq = k£ and let X; be the number of vertices found to belong to
the component when the neighbourhoods of 7 vertices have been exposed, for
1 =1,..., M, where M is the component size. Thus X; > i for i < M while
Xy = M. As above, we approximate X; — X;_; by independent Po(1 + 2s/n)
variables. These have mean 1 + 2s/n and variance 1 4+ 2s/n ~ 1, and thus,
given some positive scaling factors a, — 0, we may approximate

—an (X 42y — Xo — a,t(1 + 2s/n))

by a standard Brownian motion By, cf. Donsker’s theorem [4].
We thus approximate X, (defined for integers u < M) by

X, =k+ (1+2s/n)u—a, Bz,
(defined for all real u > 0); hence we approximate the component size
M =min{i : X; =i}
by
min{u : X, = u} = min{u : a,, ' Buz, = k + 2us/n}
=a*min{t:a 'B, =k + 2a,%*ts/n}
=a?min{t : B, = a,k + 2a; 'ts/n}.
Assuming a,'s/n — a # 0 and a,k = =z, we thus approximate a?M by
min{t : B, = x + 2at} = T, a4, cf. (3). This approximation is in accordance
with Theorem 10, including the case T} 2, = 00 (possible when s > 0), which

is interpreted as a?M being ‘large’, which means that C' belongs to the giant
component.

8. THREE SYMMETRY RULES

Finally, we remark that the arguments in the two preceding sections show
that there are close connections between the following three well-known ‘sym-
metry rules’:

Random graph symmetry rule. If n?/? < s < n, then G(n,n/2 + s) with
its giant component deleted looks roughly the same as G(n,n/2 — s). (For a
precise formulation, see e.g. [15, 10].) In the present paper this is reflected in
that the asymptotic results for m = n/2 + s and m = n/2 — s coincide for the
unicyclic components and the cycles in them.
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Branching process symmetry rule. A supercritical Galton-Watson branch-
ing process with offspring distribution Po(\), A > 1, conditioned on extinc-
tion, coincides with a subcritical branching process with offspring distribution
Po(X), where ) < 1 satisfies N'e ™ = Xe™*. More generally, every supercrit-
ical branching process conditioned on extinction is equivalent to a subcriti-
cal branching process with a suitable offspring distribution, see [3, Theorem
1.12.3].

Brownian motion symmetry rule. If a,b > 0, then the hitting time 7 _,
conditioned on being finite, has the same distribution as 7, ;. (An easy conse-
quence of the Cameron—-Martin formula; see further Section 3.)
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