VOLATILITY TIME AND PROPERTIES OF OPTION PRICES: A SUMMARY

SVANTE JANSON AND JOHAN TYSK

Abstract. We use a notion of stochastic time, here called volatility time, to show convexity of option prices in the underlying asset if the contract function is convex as well as continuity and monotonicity of the option price in the volatility.

1. Introduction

In this article we will announce some of the results of [J-T]. Consider the spot price S of some asset following the risk neutral process dS = Sσ(S, t) dB, (1) with initial condition S_t = s, where B is a Brownian motion and σ is the volatility of S. We here compute the price with respect to some suitable numeraire process, for instance the price of a zero coupon bond, maturing at some future time T , to avoid the drift in the process for S associated with interest rates. We are interested in general properties of prices of simple contingent claims maturing at T . The arbitrage free price of a simple claim with contract function Φ is given by

F (s, t) = E_{s,t}[Φ(S_T ], (2)

according to [B-S]. In [B-G-W] it is shown that the price F (s, t) is a convex function of s if Φ is a convex function. From the Black–Scholes equation

F_t + 1 2 s^2σ^2(s, t)F_{ss} = 0, (3)

corresponding to (2) through the Feynman–Kac stochastic representation formula, it follows that the convexity of F in s is equivalent to F decaying with time when the price of the underlying asset is constant. In [B-G-W] it is also shown that the price F is monotonic in the volatility. However, the arguments presented in [B-G-W] for these results require the volatility to be a differentiable function of the underlying asset price.

Below we state the generalization of the results above to volatilities that are not even continuous in time and only satisfy a local Hölder(1/2) condition in s. We believe that these conditions, especially the lack of continuity assumption in t, are natural in applications as well as mathematically satisfying. To obtain these results, we use the standard fact that a local martingale can be represented as a time-change of a Brownian motion. In our context, this entails defining a notion of stochastic time for risky assets which we refer to as volatility time. Its aim is to reduce the study of price processes

Date: September 26, 2002. JEL Classification: G13, C60. 1

2 SVANTE JANSON AND JOHAN TYSK

modelled by local martingales in the form (1) to the study of Brownian motion. This stochastic time has also been used by D. Hobson in [Ho] in the same context. However, in [Ho], existence and uniqueness of volatility time, which is needed in these applications, is assumed to hold without further discussing conditions for this. In [J-T] we find very general conditions under which the volatility time exists uniquely. The methods used to prove these results are also very general in nature, and we believe they can be of independent interest in the study of stochastic differential equations. From these arguments we are also able to establish the continuity of the option price in the volatility, a result which we have not seen elsewhere. The question of the continuity of option prices under perturbations of the volatility is of obvious interest in applications. A related reference, where the relation between options prices and volatility is treated, especially in the context of hedging, is [K-J-S].

2. Applications to option pricing

Assume that σ(s, t) is measurable on (0, ∞) × [t_0, ∞) and that for some constant C and all s ∈ (0, ∞) and t ≥ t_0,

σ(s, t) ≤ C(1 + s^{−1}). (4)

We also assume that the following local Hölder(1/2) condition is satisfied: for every K > 0, there exists a constant C_K such that

|σ(s_1, t) − σ(s_2, t)| ≤ C_K |s_1 − s_2|^{1/2} (5)

when s_1, s_2 ∈ [K^{−1}, K] and |t| ≤ K.

In our first application we compare option prices at two different times.

Theorem 1. Let σ be as above and let t_0 ≤ t_1 ≤ t_2 ≤ T . Let S^{(1)}_t and S^{(2)}_t be solutions to dS_t = Sσ(S_t, t) dB_t, where B is a Brownian motion, with S^{(1)}_{t1} = s_0 = S^{(2)}_{t2} . Assume that 0 is an absorbing state for S^{(1)}_t and S^{(2)}_t . Finally, let Φ be a convex function. Then

EΦ(S^{(1)}_T ) ≥ EΦ(S^{(2)}_T ).

We note that interpreting S as a price process with volatility σ(S, t) we have, in view of equation (2), that option prices with convex contract functions decay with time, or in view of equation (3), that the price is convex as a function of the price of underlying asset. As noted above, this has earlier been proved by [B-G-W] and [Ho] under somewhat different conditions.

We also have the following result concerning the continuity of option prices under perturbation of the volatility.

Theorem 2. Suppose that σ and σ_1, σ_2, . . . , satisfy the conditions above uniformly and suppose that σ_n(s, t) → σ(s, t), as n → ∞ for all s > 0 and t. Let S_t and S^{(n)}_t be solutions to

dS_t = S_tσ(S_t, t) dB_t, dS^{(n)}_t = S^{(n)}_t σ_n(S^{(n)}_t , t) dB_t

VOLATILITY TIME AND OPTION PRICES 3

with S_{t0} = S^{(n)}_{t0} = s_0. Assume that 0 is an absorbing state for S_t and S^{(n)}_t . Let T ≥ t_0. Then S^{(n)}_T converges in distribution to S_T as n tends to infinity. Further, if Φ is a continuous function with |Φ(s)| ≤ C_1(1 + s)^k for some C_1 and k < ∞, then EΦ(S^{(n)}_T ) → EΦ(S_T ).

Using the results on volatility time we can also show the following monotonicity result for option prices in the volatility.

Theorem 3. Suppose that σ and σ̃ satisfy the conditions above and that σ(s, t) ≤ σ̃(s, t) for all s > 0 and t. Let S_t and S̃_t be solutions to dS_t = S_tσ(S_t, t) dB_t, dS̃_t = S̃σ̃(S̃_t, t) dB_t with S_0 = S̃_0 = s_0. If T ≥ t_0 and Φ is a convex function, then EΦ(S_T ) ≤ EΦ(S̃_T ).

References

[B-G-W] Bergman, Y., Grundy, B., Wiener, Z.: General properties of option prices. Journal of Finance 51 (1996), 1573–1610.

[B-S] Black, F., Scholes, M.: The pricing of options and and corporate liabilities. Journal of Political Economy 81 (1973), 659–683.

[Ha] Hajek, B.: Mean stochastic comparison of diffusions. Z. Wahrsch. Verw. Gebiete 68 (1985), 315–329.

[H-S] Heath, D., Schweizer, M.: Martingales versus PDEs in finance: an equivalence result with examples. J. Appl. Prob. 37 (2000), 947–957.

[Ho] Hobson, D.: Volatility misspecification, option pricing and superreplication via coupling. Ann. Appl. Prob. 8 (1998), 193–205.

[J-T] Janson, S., Tysk, J.: Volatility time and properties of option prices, to appear in Annals of Applied Probability.

[L-P] Liu, D.F., Porru, G.: Convexity and monotonicity of solutions to some second order parabolic equations. Rend. Sem. Fac. Sci. Univ. Cagliari 64 (1994), 43–53.

[K-J-S] El Karoui, N., Jeanblanc-Picqué, M., Shreve, S.: Robustness of the Black-Scholes formula. Math. Finance 8 (1998), 93–126.

[R-Y] Revuz, D., and Yor, M.: Continuous martingales and Brownian motion (Grundlehren Math. Wiss. 293), 3rd ed., Springer, Berlin, Heidelberg, New York, 1999.

Department of Mathematics, Uppsala University, PO Box 480, SE-751 06 Uppsala, Sweden

E-mail address: svante.janson@math.uu.se, johan.tysk@math.uu.se URL: http://www.math.uu.se/~svante/, http://www.math.uu.se/~johant/