FUNCTIONAL LIMIT THEOREMS FOR MULTITYPE
BRANCHING PROCESSES AND GENERALIZED POLYA
URNS

SVANTE JANSON

ABSTRACT. A functional limit theorem is proved for multitype continu-
ous time Markov branching processes. As consequences, we obtain limit
theorems for the branching process stopped by some stopping rule, for
example when the total number of particles reaches a given level.

Using the Athreya—Karlin embedding, these results yield asymptotic
results for generalized Pélya urns. We investigate such results in detail
and obtain explicit formulas for the asymptotic variances and covari-
ances. The general formulas involve integrals of matrix functions; we
show how they can be evaluated and simplified in important special
cases. We also consider the numbers of drawn balls of different types
and functional limit theorems for the urns.

We illustrate our results by some examples, including several appli-
cations to random trees where our theorems and variance formulas give
simple proofs of some known results; we also give some new results.

1. INTRODUCTION

Consider a generalized Pdlya urn process (X))o, defined as follows.
(This process is also known as a generalized Pdlya-Eggenberger urn or a
generalized Friedman urn, cf. [17], [47], [19].) There are balls of ¢ types (or
colours) 1,...,¢q, and each X, is a vector (Xp1,...,X,4), where X,,; > 0 is
the number of balls of type ¢ in the urn at time n. The urn starts with a given
vector X, random or not. We are further given, for each type ¢, an activity
(or weight) a; > 0 (typically a; = 1, but sometimes different a; are useful
[2]; we will even find use for a; = 0), and a random ¢-dimensional vector
& = (&1, ..., &q) with integer coordinates. (Actually, only the distribution
of & matters.) We usually further assume that, almost surely,

§ij >0, J# 1 (1.1)
i > —1. (1.2)

(Relaxation of these requirements, allowing further negative values, will be
discussed in Remark 4.2.) The urn evolves according to a Markov pro-
cess. At each time n > 1, one of the balls in the urn is drawn at random
such that the probability of drawing a particular ball of type i is propor-
tional to the activity a;, i.e. the probability of drawing a ball of type ¢
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18 aan,M/Zj a;Xn—1,;. (In particular, if every a; = 1, a ball is drawn
uniformly at random.) The drawn ball is returned to the urn together with
AX,,; balls of type j, foreach j = 1,...,¢q, where AX,, = (AX,1,...,AXy,)
is a random vector such that if the drawn ball has type ¢, then AX,, has
the same distribution as & and is independent of everything else that has
happened so far. (In many applications, the replacement vectors ; are deter-
ministic and the randomness enters solely through the the random draws.)

Note that (1.1) means that we may add but never remove balls of other
types than the drawn one, while (1.2) means that AX,; = —1 is allowed
when i is drawn, meaning that the drawn ball is removed (with or without
addition of balls of other types). Indeed, the rule above may also be stated
as: The drawn ball is removed and, if it had type i, we add a number
of new balls with the distribution of (&;; + 5Z-j)?:1. This is often a more
natural formulation, and explains (1.2) better. Note that, in both versions,
&; describes the change in the composition of the urn when a ball of type i
is drawn.

If the urn ever becomes empty, or, more generally, there are no balls with
non-zero activity left, the process stops (extinction). We are only interested
in urns where there is a positive probability of non-extinction, and our main
goal is to describe the asymptotics of the urn conditioned on non-extinction.
Indeed, in typical applications extinction cannot occur at all.

For some specific examples and applications, see Section 7.

Urn models of this type have been studied by many authors, including
113], [14], [49], [19], [18], [8], (9], [30], [10], [20], [51], [11], [3], [12].

We will use the method of Athreya and Karlin [8], see also [9, §V.9], and
study the urn process by embedding it into a multitype continuous time
Markov branching process X (t) = (Xi(t), ..., X (t)). This process is defined
using the same data a; and &;, i = 1,...,q, as above and an initial vector
X (0) = Xo. In this process we assume that a ball (particle) of type i lives an
exponentially distributed time with mean a; 1 ie. it dies with intensity a;,
and when it dies, it is replaced by a set of balls with the distribution given
by (&5 + 5ij);1»:1, all life times and offspring compositions being independent.
Alternatively, when &; > 0 a.s., the ball lives for ever and at random times
according to a Poisson process with intensity a;, it gives birth to a new litter
of balls with the distribution given by &;. (Unfortunately, the embedding is
exemplified in [8] and [9] only with urn processes where the drawn ball is
returned, which in our notation means &; > 0. It is clear from [8], [9] that
the results hold also when the drawn ball is removed, as observed in e.g.
[10], [2], but some authors have overlooked this.) We assume throughout
that all variables & have finite mean (and variance, see (A2) below); this is
sufficient to prevent explosion and guarantees that the process X (t) exists
for all t > 0 [9, §V.7]. We define X (¢) to be right-continuous.

Let 79 = 0, and let 7,, n > 1, be the n:th time a ball dies (splits). It
is easily shown [8], [9] that the process (X(7,))52, equals (in distribution)
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(Xn)22 o; hence limit theorems for X,, can be derived from limit theorems
for X(t). The processes X (t), t > 0, and X,,, n > 0, are the same up to a
random time change (extending the parameter n to real values). However,
since X'(t) grows exponentially (Lemma 9.8), the time scales are different.

In several applications, see e.g. Examples 7.5 and 7.8, urn processes not
satisfying (1.1) and (1.2) appear. Although the embedding method by
Athreya and Karlin does not apply directly, it can be modified to handle
this case too, in at least two ways. First, in many cases, it is possible to
transform the urn process into a different urn process satisfying the condi-
tions above, using a “superball” argument, see Remark 4.2. Secondly, even
if &;; are arbitrary integers, but we for simplicity assume that they are such
that the process never gets stuck, it is possible to define the corresponding
continuous time process; this is a generalized branching process where the
death of one ball may force the removal of others (like the ancient practices
of sacrificing slaves or burning widows), and under appropriate conditions,
the results extend to this case too. For simplicity, we nevertheless assume
(1.1) and (1.2) in the main parts of the paper, and discuss these extensions
in Remark 4.2 and some examples.

Our main results are stated in Section 3; we first introduce some notation
and basic assumptions in Section 2. Some extensions, and problems for
future research, are discussed in Section 4. We aim at directly applicable
results where, in the case of normal limits, the asymptotic variances and
covariances are given explicitly, by formulas computable using linear algebra.
The formulas in Section 3 are given by integrals. Some simplifications and
evaluations of the formulas in important special cases are given in Section 5;
see also the examples in Section 7. We discuss how our results and methods
relate to some previous papers in Section 6.

In Section 7, we give some examples and applications of our results. In
particular, urn processes have been used by several authors to study various
classes of random trees, see e.g. the “fringe analysis” in [2]. We review
several such applications and show how some old (and a few new) results
follow easily from our theorems. See also [29], which may serve as an easier
introduction to such applications. Finally, the proofs of the main results are
given in Sections 8-10.

Acknowledgements. This research was begun more than ten years ago,
inspired by a talk by Hosam Mahmoud at a conference on Random Graphs in
Poznan 1991; I thank Hosam Mahmoud and others for interesting discussions
over the years. The research has partly been carried out during visits to
the Mittag-Leffler Institute in Djursholm, Sweden and the Isaac Newton
Institute for Mathematical Sciences in Cambridge, U.K.

2. PRELIMINARIES

We let A denote the ¢ x ¢ matrix
A= <ajE§ji)?,j:1' (21)
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The matrix A and its eigenvalues will play a central role.

Note our choice of notation; in the main case when a; = 1, A;; = E¢{;; and
the j:th column of A is the expected change when a ball of type j is drawn
(splits). It may seem more natural to consider the transpose A’, and this is
done by other authors (which should be remembered when comparing the
results). The reason for our choice is that we will use the standard notation
where a matrix is regarded as an operator acting on column vectors to the
right. (In contrast to the standard notation for Markov chains, where the
transition matrix acts on row vectors to the left.)

By (1.1), A 4+ al is a non-negative matrix if « is large enough, so by
the standard Perron—Frobenius theory, A has a largest real eigenvalue Ay
such that every other eigenvalue A satisfies Re A < A1 (see e.g. [50, Chapter
1 and Theorem 2.6] or [32, Appendix 2]). We order the eigenvalues with
decreasing real parts: A; > Redo > Reds > .. ..

We write ¢ > j if it is possible to find a ball of type j in an urn beginning
with a single ball of type i, i.e. if (A™);; > 0 for some n > 0. The relation >
is transitive and reflexive, so it partitions the set of all types into equivalence
classes Cq,...,C, such that ¢ and j belong to the same class if and only if
i > 7 and j > 4; moreover, > induces a partial order among the equivalence
classes. We say that a type i is dominating if i = j for every type j; similarly
a class C, is dominating if some (and then every) i € Cy is dominating.

Note that if we order the classes suitably, and take the types in this
order, A becomes a block triangular matrix, see [34] for a detailed treatment.
Hence the set of eigenvalues of A (with multiplicities) is the union of the
sets of eigenvalues of the restrictions of A to the classes Ci; we say that an
eigenvalue belongs to a class if it is an eigenvalue of the restriction of A to
this class.

The urn or branching process (or A) is irreducible (or positive regular,
which is equivalent in continuous time) if there is only one equivalence class,
i.e. if 4 = j for any types i and j; equivalently, every type is dominating.

We are mainly interested in the irreducible case, but for an important
technical reason, see for example the proof of Theorem 3.16, we will state
our results somewhat more generally.

Our basic assumptions are as follows (but see Remark 4.2):

(A1) (1.1) and (1.2) hold, i.e. &; + 6;; > 0 a.s. for all ¢ and j.

(A2) B¢ < ooforalli,j=1,...,q.

(A3) The largest real eigenvalue A\; of A is positive, A\; > 0.

(A4) The largest real eigenvalue A; is simple.

(A5) There exists a dominating type ¢ with Xo; > 0 (X(0); > 0), i.e. we
start with at least one ball of a dominating type.

(A6) A\ belongs to the dominating class.

We assume that the classes are ordered so that C; is the dominating class.
(A1) is already discussed. (A2) is essential since we use L? theory. (A3)
says that the branching process X (t) is supercritical, and implies that X'(¢),
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and thus X,,, has a positive probability of non-extinction. (Non-extinction
is also possible in some exceptional cases with A\; = 0, for example when
the balls always have exactly one child, and thus change type according to
a Markov chain. We do not treat these cases.)

Note that (A4), (A5) and (A6) hold when A is irreducible [32], [50]. In the
reducible case, (A5) is only a weak restriction; if we consider a case with a
single ball initially, we may ignore all types that cannot occur and then (A5)
holds. (A4) and (A6) are more significant restrictions; see [34] (which treats
the related case of multitype Galton—Watson processes in discrete time) or
[35] for some complications that otherwise can occur.

We say that the process becomes essentially extinct if at some time there
are no balls of any dominating type left. Note that if we restrict attention to
the balls of the dominating types, we have an irreducible multitype Galton—
Watson process, and essential extinction means that this restricted process
becomes extinct. For irreducible processes (our main concern), essential
extinction is thus the same as extinction.

For most applications, the following lemma yields convenient criteria (pos-
sibly combined with Remark 4.2).

Lemma 2.1. If A is irreducible, (Al) and (A2) hold, 3 ;E&; > 0 for
every i and Y ;E&; > 0 for some i, then (A1)-(A6) hold and (essential)
extinction is impossible.

Proof. The conditions imply that the total number of balls never decreases,
which guarantees non-extinction. Since the process is irreducible, this is the
same as essential non-extinction. We have already remarked that (A4)—(A6)
hold when A is irreducible. Finally, it is easy to see that the conditions imply
(A3), cf. [50, Theorem 1.1, Corollary 1]. O

We collect various facts and notations that will be used throughout the
paper, usually without further comment.

We will often regard A and other matrices as linear operators in R? or CY,
or in some invariant subspace thereof. In this context, vectors in C?, in par-
ticular X,, and X(t), are always regarded as column vectors. Consequently,
by an eigenvector of A we mean a right eigenvector; a left eigenvector is the
same as an eigenvector of the transpose matrix A’.

Note that if v and v are vectors in CY, then u/v is a scalar while uv’ is a
q X ¢ matrix. We also use the notation u - v for u'v.

We use | - | for the norm of both vectors and matrices. (The choice of
matrix norm is irrelevant.)
We let a denote the (column) vector (ay,...,aq) of activities, and let u;

and v; denote left and right eigenvectors of A corresponding to the largest
eigenvalue A1, i.e. vectors satisfying

uy A = \ul, Avy = A\,
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By (A4) u; and v; are unique up to scalar factors, and by the Perron—
Frobenius theory [32], [50], (applied to A + oI for suitable «/), they may be
chosen non-negative.

If the process is irreducible, all entries of w1 and vy are strictly positive
[32], [50]. In general, it follows easily from this result applied to the restric-
tion to the dominating class C; together with (A6) that v; > 0 for every 4
while uy; > 0 if i € C; (i.e., 7 is dominating) and uj; = 0 otherwise.

The scalar products u1 - v1 and a - v1 thus are both positive, and we may
assume that v; and u; are normalized such that

a-vy =dv =vja=1, (2.2)
uy - vy = ujvy = vjug = 1. (2.3)

This determines u; and v, and we fix this choice of u; and v; throughout
the paper. (Otherwise, obvious normalization factors would enter into some
formulas.)

We will use the Jordan decomposition of the matrix A in the following
form, see e.g. [46, Theorem 7.6]: There exists a decomposition of the complex
space C? as a direct sum € E), of generalized eigenspaces E}, such that A—\
is a nilpotent operator on Ey; here A ranges over the set A of eigenvalues
of A. (A — X denotes A — A\, where I is the identity matrix of appropriate
size.) In other words, there exist projections Py, A € A, that commute with
A and satisfy

Y po=1, (2.4)

A€A
APy, = P\A = AP\ + N,, (2.5)

where N, = P\N, = N, P, is nilpotent. Moreover, P\P, = 0 when \ #
u. We let dy > 0 be the integer such that Nf\lA # 0 but N/‘\Q‘{AJ“1 = 0.
(Equivalently, in the Jordan normal form of A, the largest Jordan block
with A on the diagonal has size d) 4+ 1.) Hence d) = 0 if and only if N =0,
and this happens for all A if and only if A is diagonalizable, i.e. if and only
if A has a complete set of ¢ linearly independent eigenvectors.

Note, by taking transposes in (2.4) and (2.5), that P and N} are the
corresponding projections and nilpotent operators for A’.

We define, for £k = 0,1,..., the quotient space E}), := EA/NiCHE)\ and
the projection @y : £\ — FE)j, noting that F) 4, = F) and Qyq4, = I.
Then N : Ey — E) induces a map Ny : E) — E) 41, and if 0 < j <k,

N{Q/\,kfj = Q)\,kNi t Ex — By (2.6)

Since we assume that \; is a simple eigenvalue, Ny, = 0 and dy, = 0, and
P, is the one-dimensional projection

Py, = viu]. (2.7)

In the sequel, A will always denote an eigenvalue of A. (Formally, the
results hold for other A too if we then set Py = Ny = 0.)
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We recall that matrix exponentials may be defined by power series; for
example et = Z;io t? A7/ j!. We have, using (2.5) and commutativity,

fo%e) .
tJ

P)\etA = etAP)\ = PA E 7(PA )] — P)\etPXA P eAtPA+tN>\
J:

§=0
(2.8)

— P )\tP)\etN)\ P e)\tz NJ

and thus, by (2.4),

= Z d M Py V. (2.9)

)\jO

Some immediate consequences are
|Pre| < C(1+ |t))PeReM, —oo <t < o0, (2.10)
and more generally, for 0 < k < d,

|QaxPre | < O+ [t])PeleN, —00 < t < 00, (2.11)

and, using (A4),
et < ceMt, 0 <t < oo, (2.12)

where, as sometimes later, C' denotes unspecified constants that may depend
on the data ¢, a;, &, Xo.

As is well-known since decades [33], [5], [6], the asymptotic behavior de-
pends on whether there is any eigenvalue beside \; with a real part > A;/2.
We thus define Ar := {A € A: ReX < \i/2}, Arp:={A € A:ReX =)\ /2},
Arrri={X € A: Re X > A\ /2}; hence A is the disjoint union A;UA;r UA;;.
We further define Py := 3", A, D, the projection onto the sum of the gen-
eralized eigenspaces with Re A < A1 /2.

For later use, we define the following matrices.

B; := E(&€)), (2.13)
q
B := th‘aiBi, (2.14)
=1
o0 !
Sy ::/ Pre*ABet Pre=18 s, (2.15)
0
Si= Y P\BP{= Y PBF, (2.16)
AEATT AEAT
1
EI[,d: m Z N)\P)\BP)\(N)\) 5 (217)

Arr

where * denotes Hermite conjugation and d = 0,1,...; thus X770 = Xy;.
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Remark 2.2. Let & be the random vector obtained by choosing &; for
a random type i, with the probability a;vi; for type 7. It follows from
Theorem 3.21 below that this is the asymptotic distribution of the drawn
types; thus &, is the asymptotic distribution of the added balls.
Then (2.14) says B = E&.£,. Since, E&, = > 7 | vi;a; E; and, by (2.1),
q

ZvuaiEfi = (;: vliaz‘E&j)jzl = (;: UliAji>j:1 = Avy = Ay,

i=1
(2.18)
the covariance matrix of &, is given by
B:=E&E —E&LEE = B — Mo,
Not surprisingly, this quantity will appear below. Indeed, since Pyv; =

0 when A # A;, we may replace B by B in (2.15)—(2.17); this might be
conceptually better, but we prefer B for computations.

We state our results on convergence of stochastic processes using the usual
function space D of right-continuous functions with left-hand limits, always
equipped with the Skorohod Ji-topology. Our processes will, however, be
defined on several different intervals, so we will use several versions of D; we
will also consider vector-valued processes. In general, for a finite-dimensional
vector space E and any (open, closed or half-open) interval J C [—o0, o],
we let D(J) = D(J, E) be the space of all right-continuous functions J — E
with left-hand limits. We say that f, — f in D if there exists strictly
increasing continuous maps A, of J onto itself such that \,, — ¢ (the identity
map) and f, o A\, — f uniformly on compact subsets of J. When f is
continuous, this is equivalent to f,, — f uniformly on compact subsets of .J.
It is well-known that this topology is Polish, i.e. defined by some complete
metric. (The case J = [0,1] is discussed in detail in [15], and the case
J =1]0,00) in [37], [24]. See also [27].) Note that both the space and the

topology are changed if we add or remove an endpoint of J. If Z, 4 Zin
D(J) for some processes Z,, and Z defined on J, and Z is a.s. continuous,
then the restrictions to any subinterval J' C J converge in D(J’).

3. RESULTS

The basis of all our results for the branching process and generalized
Pélya urns, is the following functional limit theorem for the branching pro-
cess. (For previously known results, including parts of this theorem, see
Section 6.) Since different normalizations (and different time scalings) are
required for different components of X(t), the result is stated in terms of
various projections of X'(¢); this is equivalent to stating results for scalar
products 7 - X(t), where the normalization depends on 7, as is done by
several other authors. The proof is given in Section 9.

Theorem 3.1. Assume (A1)-(A6). Then, as t — co, e MPX(t)
and, with joint convergence in distribution of all processes,

a.s

- Wvl,
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(i) e ME+D2p x(t 4 ) N WY2Ur () in D(—o0,00); equivalently,
e MP2Prx(t + 1) 4, W22 (1) in D(—o00, 00);
(ii) for every A\ € Arr and k =0,...,d),

i~ FH1/2) =20t P\ X (2t) S WUy (2)  in D0, 00);

(iii) for every N € Arrr and k = 0,...,dy, t_ke_AtQA,kP)\X(t) =y Wik
and thus

(wt)_ke_MtQA,kP)\X@t) it Wy in D(0,00).

Here, Ur and Uy, are continuous Gaussian vector-valued stochastic pro-
cesses, with Ur(x) defined for —oo < x < oo and Uy ,(x) defined for 0 <
x < oo, while W}, are vector-valued random variables, also regarded as con-
stant stochastic processes. Moreover, W is a non-negative random variable,
related to Wy, := Wy, 0 by W =wuy - Wy, and Wy, = Woy.

The process Uy is real, while the processes Uy and variables Wy i are
real for real A but complex otherwise, with Uy = U, and Wik = Wak-
Furthermore, a.s., Ur(x) € Er := EB,\GAI Ey\, Uxi(x) € Exg, and Wy, €
E)\,k-

The process Ur, the families {Uy i }to<k<d, for different X € Arr with
ImA > 0, and the family {Wx i} rea, ;. k<dy, U{W} are independent of each
other.

The processes Ur and Uy are characterized by being (jointly) Gaussian
with mean 0 and covariances, for 0 < x <y,

E(Ui(2)U;(y)) = Bt =2/2), (3.1)

and

E(Uni(2)Upi(y)) = c(k, 1, 2,9)Qxx Ny PAS 1Py, (N))' Q) (3.2)

(which vanishes unless = \), where

T

1
c(k,l,z,y) == w sF(y — x4 ) ds

_1213 I (- 2y phH+1—] (3-3)
BCIE=AY Y k+i+1—j

The results above holds also if we condition X and W, Wy, on W > 0, or
(which is a.s. the same) on essential non-extinction.

Remark 3.2. When z = y, (3.3) simplifies to

R+

klx,r) = ————.
kb, 2) = T T D

Remark 3.3. Taking k£ = d) in (ii) or (iii), we have @y, = I and we

thus find the limit of P\X under appropriate normalization. The point

of the variable k is that, when dy > 0 (i.e., when the nilpotent part N
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does not vanish), some linear combinations of the components of P\X have
smaller asymptotic variance than others, and thus they disappear in the
normalization required for P\X. More precisely, if n € E) is such that
(N/’\)kﬂn = 0, then 7 can be regarded as a linear functional on E) j, and if,
for example, A € Azy, (ii) shows that t=#=1/2¢=M/2y . X (xt) converges to a
Gaussian process.

Remark 3.4. If A € A;; and dy, = 0, (ii) simplifies to t~%/2e = P\ X (xt) 4
W1/2Uy(x), with, from (3.2) and (3.3), for 0 < z <,

E(Ux(z)Ux(y)) = xP\X1 1 PY = xP\BP;.
In this case, U, is a process with independent increments.

Remark 3.5. By (3.1), U is a stationary Gaussian process. It can be
regarded as a multi-dimensional Ornstein—Uhlenbeck process.

Remark 3.6. If A € A;; with Im A # 0, it follows from (3.2) and (2.16) that
E(Uxx(z)Uxk(z)") = 0. Hence Uy k(z) is a vector-valued symmetric com-

plex Gaussian random variable, i.e. wUy i (x) 4 Uy i (z) for every complex
number w with |w| = 1, see [28, Proposition 1.31].
Consequently, Uy, is either real (when X is real) or symmetric complex.

Remark 3.7. We have no general description of the distributions of W) ;, for
A € Ajr, and there seems to be no reason to expect any. They are (typically,
at least) not normal, and not independent of each other. Moreover, their
distributions (typically) depend on the initial state X'(0), unlike Uy and U .

Taking x = 0 in (i) and = = 1 in (ii) and (iii), we obtain as a corollary
some standard results, cf. [9].

Corollary 3.8. Assume (A1)—(A6). Then, as t — oo, with joint conver-
gence,

(i) e M2Px(t) S WUy
(ii) for every N € Arr and k =0,...,d),

t_(k“me_MQ,\,kP/\X(t) < WI/QUM“;

(iii) for every A € Arrr and k = 0,...,d), t_ke_)‘tQA,kPAX(t) 4, Wk
(and a—s>)

Here, Uy, Uy and Wy are vector-valued random variables with Uy and
Ux i jointly Gaussian. The vector Ur is real, while Uy and Wy are real
for real X but complex otherwise, with Uy ) = Uy and Wik = Wik Fur-
thermore, a.s., Ur € By := @)\EAI E,, U)\’k S E)\Jm and W)\’k S E)\,k'

The random vector Ur, the families {Uy i }o<k<a, for different X\ € Apr
with Im X > 0, and the family {Wy k}ren,,, k<d, U{W} are independent of
each other.
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The Gaussian random vectors Uy and Uy, are characterized by mean 0
and covariances

E(UU;) =%,
1
E(UxiUp) = mQA,kaPAEHPL(Nﬂ)ZQL,Z
(which vanishes unless p = \). O

Limits at stopping times. The main interest in the functional limit the-
orem above is that it enables us to study X(¢) at random times ¢. Our
main interest is to let ¢ be the n:th splitting time 7,,; as mentioned in the
introduction, this yields results for the urn process X,,. As a preparation
for this, we will first study another important example where we stop the
process when we reach a given total number of balls, or a given number of
balls of a given type. Somewhat more generally, let b € R? be a fixed vector
and define for z > 0
Tp(2) ;=min{t >0:b- X(t) > z} (with min () = +00).

We assume b-v; > 0, which means that typically b- X (t) — oo, as is shown
by the following lemma. A more precise result is given in Lemma 10.1. The
proof of this lemma and the following results are given in Section 10.

Lemma 3.9. Assume b-vy > 0. Conditioned on essential non-extinction,
we have a.s. b+ X(t) — oo as t — oo and thus 0 < 7,(z) < oo for all z > 0.
Moreover, Tp(z) — 00 as z — o0.

Theorem 3.10. Assume (A1)—(A6) and let b € R? with b- vy > 0. Condi-
tioned on essential non-extinction we have as z — 00,

z_lX(Tb(z)) 2 (b vy) oy, (3.4)
and, with joint convergence in distribution of all random vectors,

(i) 271/2P[X(Tb(z)) g (b . 1)1)71/2‘/];
(ii) for every A\ € Arr and k =0,...,d),

(Z InZk+1 Z)fl/zQ,\ka)\X(Tb(z)) i, (b . 01)71/2‘/,\,]@;
(iii) for every A € Arrr and k=0,...,d),

(ln Z)szfA/)‘l Q)\7kP)\X(Tb(Z)) % (b . ’Ul)i)\//\IW)\’k;
(iv)

b- P\X a.s.
2_1/2 P)\IX(Tb(Z)) — .Z’U V1 + Z le - 0;
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Here, Vi, Vi and WA,k are vector-valued random variables with Vi and
Vi jointly Gaussian. The vector Vi is real, while the vectors Vy . and Wy,

are real for real A but complex otherwise, with V5 j, = Vix and WX,k = Wik
Furthermore, a.s., Vi € Ef := @)\GAI Ey, VA € E\i, and WA,k € Eyy.
The random wvector Vi, the families {Vy i }o<k<a, for different X € Ajr
with Im X > 0, and the family {W i }ren,,, k<d, are independent of each
other.
The Gaussian vectors Vi and V) are characterized by mean 0 and co-
variances

E(ViVi) = %1, (3.5)
)\1—k—l—1
(k+1+1)kH!

(which vanishes unless ju = \).
The same results hold for X, .y in the urn process.

E(VaiVi,) = Q NV PL(N))'Q,,,  (3.6)

We specialize to some important cases.

Corollary 3.11. Assume (A1)—(A6) and let b € R? with b-vy > 0. Suppose
further Re Ao < %Al. Conditioned on essential non-extinction we have as
Z — 00,

—-1/2 ( X _ %
z (m(2) = - o
where the covariance matrix Xy is given by

= o) (- 2 (1= )

[e’e] / !/
=(b- vl)‘l/ (I - %)eSABeSA/ (I - %)e_’\lsds.
0 U1 * U1

Ul) i) N(07 Zb)a

(3.7)

The same result holds for X, .y in the urn process.

Corollary 3.12. Assume (A1)-(A6) and let b € RY with b-v; > 0. Suppose
further Re Ao = %/\1, and let d :== max{d) : Re\ = %)\1}. Conditioned on
essential non-extinction we have as z — o0,

(2 In2d+t z)_1/2 (X(Tb(z)) ~3 : vl) q N(0,%y),
. /l)l
where the covariance matrix Xy is given by
)\—Qd—l Ulb/ b,U/
Sy = 2L (I— )z (I— 1). 3.8
b b-v b-v Id b-v ( )

The same result holds for X, .y in the urn process.

Corollary 3.13. Assume (A1)—(A6) and let b € R? with b-vy > 0. Suppose
further Re Ao > %/\1, and let d := max{dy : ReA = Re\a}. Conditioned on
essential non-extinction, the family of random variables

Yy(z) 1= (n2) e RN (X (n(2) — ).
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for z > 2, say, is tight. More precisely, there exist complex random vectors
Wi, A€ A :={X:ReX =ReXy, ImA > 0 and dy = d}, such that, as
z — 00,
Yy(z) —Re Y erimA iz, 2% (3.9)
XeA

In particular, if Ao is real and Ay, = {A2}, then as z — oo, Yy(2) — W, 2290

for some random vector Wy, and thus
Yy(2) S W (3.10)
The same results hold for X, .y in the urn process.

Remark 3.14. Unless all & a.s. belong to some fixed subspace of R, the
matrix B has full rank ¢, and thus the covariance matrix in (3.7) has rank
g — 1; hence the limit distribution is concentrated on the hyperplane {v :
b-v =0} but not on any smaller subspace.

In contrast, the limits in Corollaries 3.12 and 3.13 are typically concen-
trated on a subspace of R? of low dimension (commonly 1 or 2).

Remark 3.15. Suppose that Re Ao > %)\1 with Im Ay > 0, and that, for
simplicity, A};; = {A2}. In that case, the sum in (3.9) contains only one
term, and we see that Y;(z) converges in distribution when z — oo along a
subsequence where the fractional part of (Im Ag/27A1)In 2z converges. The
subsequence limits are of the form Re (eiaWb) for a complex random vector

W and real a. Hence, a limit distribution as in (3.10) exists only if wW} 4
Wy, whenever |w| = 1, i.e. if W}, is symmetric complex. This seems highly
unlikely, and we conjecture that it never happens, so we do not expect that Y}
converges in distribution in this case (or, more generally, when A/, contains
a non-real \). Unfortunately, we have not been able to show this conjecture
in general, but in some particular cases [25], [16], non-convergence of Y;(2)
has been shown by computations of the first moments, showing that the
moments oscillate.

Similarly, we conjecture that the (subsequence) limits in Corollary 3.13
never are normal; again we cannot prove this, but it can be verified in some
particular cases by computations of moments [14], [49], [25], [16].

Limits for urns. In some urn processes we add a fixed number of balls
each time (with varying types), say m; assuming as we may that we start
with a non-random number of balls [, the total number of balls at time n
then is deterministic mn + [ and 7, equals 7,(mn +1) with b = (1,1,...,1)
(or 7y(n +1/m) with b =m~1(1,1,...,1)"). In this case, Theorem 3.10 and
its corollaries thus yield results for X'(7,,) and thus for X,,.

In general, we can change the setup by adding a dummy type ¢ + 1 such
that ag+1 = 0 (the dummy balls never split) and a dummy ball is added
whenever a ball splits (see Section 10 for details). The dummy balls then
count the number of splits, and Theorem 3.10 yields a description of the
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asymptotics of X,,. In order to give explicit expressions for the asymptotic
variances, we define, for s > 0,

o = ﬁ n—1 _ ’ tA
B(s, A) := ; AT = /0 etdt, (3.11)
(s, A) := e — \uid (s, A). (3.12)

The first result below is in [9, Section V.9.3] (under slightly different
hypotheses), and is included for completeness.

Theorem 3.16. Assume (A1)—(A6). Conditioned on essential non-extinc-
tion, n~1 X, 23 \v1 as n — oo.
Theorem 3.17. Assume (A1)~(A6). Suppose further Re Ay < $A1. Condi-
tioned on essential non-extinction we have as n — o0,

nV2(X, — nhor) S N0, %),

where the covariance matrix ¥ is given by
Y = / U(s, A)Bi(s, A) e 5\ ds — Avyv). (3.13)
0

Theorem 3.18. Assume (A1)~(A6). Suppose further Re Ao = A1, and let
d := max{dy : Re\ = %)\1}. Conditioned on essential non-extinction we
have as z — o0,

(nIn?*H! n)_1/2 (X, — nAjvr) 4 N(0,%),
where the covariance matrix ¥ is given by
Y=\ = T)S 41 =T, (3.14)
with T = Y 5cr,, A Awid’ Py If a € Tm(A') and a = A'a, T can be
replaced by Ty := \jvia’.
Theorem 3.19. Assume (A1)—(A6). Suppose further Re Ao > %/\1, and let

d := max{dy : ReA = Re\a}. Conditioned on essential non-extinction, the
family of random variables

Y(n) := (nln? n)_1/2 (X — nAiv1), n> 2,

is tight, and we have the same type of asymptotic behaviour as described in
Corollary 3.13 and Remark 3.15. In particular, if Ao is real and Re A3 < Ao,

or more generally when Ay, = {$\1}, then Y(n) 4w, for some random
vector Wy, but we conjecture that this fails otherwise.

Remark 3.20. In Theorem 3.18, the limit is typically concentrated on a
subspace L of low dimension (as in Remark 3.14). For some vectors n € R?
with n L L (and thus n¥n’ = 0) it is possible to obtain a non-degenerate
limit in distribution of n - X,, with a different normalization from Theo-
rem 3.10(i) or (ii); we leave the details to the reader. The same applies to
Theorem 3.19 (and subsequence limits). Cf. [8], [9].
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The drawn balls. Let N,; be the number of drawn balls of type 7 in the
first n draws, and let N,, := (Np1,...,Npq). (In the branching process, we
would similarly study N;(¢), the number of deaths of balls of type i up to
time ¢. We leave this case to the reader.)

If each &; is deterministic and, for notational simplicity, each a; = 1,
then X,, = Xo + AN, so if further A is invertible, asymptotics for N,, =
A~Y(X,, — Xo) follow from Theorems 3.16-3.19. In general, we can argue
with dummy balls again, this time using ¢ dummy types ¢ + 1,...,2q and
adding a dummy ball of type ¢ + ¢ each time a ball of type ¢ is drawn. This
leads to the following theorem. (Explicit expressions when some a; # 1 can
be found by this method too, but are left to the reader.)

Theorem 3.21. Assume (A1)—(A6). Conditioned on essential non-extinction
we have, as n — 00, N Ny, 22 = ay and, furthermore,
(i) if Re A2 < A\1/2, then

n~1/2 (Xn —nAvy, N, — nv) 4, (V, ‘7),

where (V, V) is vector-valued Gaussian random variable with mean
0; if for simplicity each a; = 1, and D,, is the diagonal matriz with
entries Dj; = vy;,

EVT = /0 1 - o) (65, A)Bo(s, A) (3.15)
+e*AD, + DyetA — Dv> (I — avy)e M*A; ds.

EVV' = /O " (s, 4) <B¢(s, A) + ADU> (I —av))e™ A ds.  (3.16)

(ii) if Re Ao = A1/2 and d := max{dy : Re A = $)\1}, then

(n In2d+1 n)_1/2 (Xn —n\v1, N, — nl/) 4, (V, ‘/}),
where (V, ‘7) s a vector-valued Gaussian mndgm variable with mean
0. If, for simplicity, each a; =1, then V. = AV and
B(UT7) = A-20F5,, /7,
with T = (I — via’) D xeAss APy
In the case of random &;, the dummy ball method also shows asymptotic

normality when Ay < A;/2 of the number of draws of a ball of type i leading
to a specific set of balls being added. We leave the details to the reader.

Functional limit theorems for stopped processes and urns.

Theorem 3.22. Assume (A1l)—(A6) and let b € R? with b-v; > 0. Con-
ditioned on essential non-extinction we have as z — 0o, with joint conver-
gence,

() 27 2PX (y(22)) S (b~ 01)"Y2Vi(2) in D0, 00);
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(ii) for every A\ € Ay and k =0,...,dy, in DI]0,0),

(ln Z)fk71/2(zm)fl/2film/\/A1Q>\’kPAX(Tb(zx)) g (b.vl)71/2A;(k+1/2)U)\7k(x).

Here Vi and Uy j, are continuous Gaussian vector-valued stochastic processes,
defined on [0,00). Uy i(z) is as in Theorem 3.1, Vi(0) =0, EVi(z) =0 and

ATtar
EVi(z)Vi(y) = le(%) YT o<a<y (3.17)

The process Vi and the families {Uy i }o<k<a, for different X € Arp with
Im A > 0 are independent.
The same results hold for Xz, ;) and X7, .=y in the urn process.

Corollary 3.23. Assume (A1)—(A6) and let b € R? with b-v; > 0. Let
z — o0 and condition on essential non-extinction.

(i) If Re Ao < $1, then, in D[0, 00),

(% b/

b'Ul

,1/2 (X(Tb($z)) — b:'ril )V[(x)

(ii) If Ao = %)\1 and Ar; = {2}, then, with d := dy,, in D]0,c0),

vl) q Vi(x) = (b-vy) /2 (I -

(1nz)7d71/227x/2(X(Tb<zx))_ Zx v1>3>

Cd— _ nb
%(:C) = Ald 1/2(b.2}1) 1/2(]— b-lvl)U/\Q’d(m)'

The limit processes are Gaussian, vanish at 0, and have means 0 and co-
variances given by (3.17) for (i) and, using (3.3), for (ii)
EU)\27d($)U)\27d(y)/ = C(d, d,x,y)(2d + 1)d!22[[7d, 0<x<y. (318)

The same results holds for the urn process.

With dummy balls as above, Corollary 3.23 leads to the corresponding
result for urns.

Theorem 3.24. Assume (A1)—(A6). Let n — oo and condition on essential

non-extinction.
(i) If ReXa < 2y, then, in D0, 00),

n~1/? (X |2n) — znA101) 4 V(z),

where V(x) is a continuous Gaussian vector-valued process with V(0) =
0, mean EV(x) =0 and, for 0 < x <y,

[e.e]
EV(z)V'(y) = / V(s + A\t nz, A)Bp(s + A7 ny, A)'e M\ ds

—)\1_1 Inz

— xAvv). (3.19)
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(ii) If Ao = %)\1 and Arr = {2}, then, with d := dy,, in D]0,c0),

(Inn)~4"1/2p=2/2 (X pz) — n"Ao1) L Vi),

where V(x) is a continuous Gaussian vector-valued process with
V(0) =0, mean EV(z) =0 and, for 0 < x <y,

EV(x)V(y) = &d,z,y)A\72UT — 2v1d’ Py,)Sr1.a(l — 2P av}), (3.20)

where
d

G 2d+1 d . »
é(d,z,y) = (2d + 1)d!20(d7 d,z,y) = Z m (j) (y — x)]x2d+1 J
7=0

Remark 3.25. If Re\y = %)\1 and Im Ao # 0 we obtain a more compli-
cated behaviour. If, for simplicity, Ao and Ay are the only eigenvalues with
real part %)\1, it follows from Theorem 3.22 that (XLn””J — n‘”)\lful) will,
asymptotically, oscillate deterministically as a sine function with frequency
(Im A2/27A1) Inn, but with amplitude and phase drifting stochastically at
a slower rate.

4. SOME REMARKS, EXTENSIONS AND OPEN PROBLEMS

Remark 4.1. We assume throughout that the set of types is finite. How-
ever, in Examples 7.6 and 7.7 we consider two applications where the natural
urn models have an infinite number of types (in this case N); luckily it is
possible in those applications to consider only a finite number of types at a
time.

Another example where the results extend to an infinite space of types
(in that case a compact group, for example T) is described in Example 7.10.

These examples suggest the possibility of (and desire for) an extension of
the results in this paper to infinite sets of types (with suitable assumptions).
Our matrix A would then be replaced by an operator acting in a suitable
space, such as ¢1(N) or L?(T). It is far from clear how such an extension
should be formulated, and we have not pursued this.

Remark 4.2. In several applications, the assumptions (1.1), (1.2) are too
restrictive; we want to allow the possibility of removing other balls than the
drawn one. Several authors, following Bagchi and Pal [10], have studied the
so-called tenable urn models where &;; may be an arbitrary negative integer
—d;, but it is assumed that d;|&;; for all j and d;| Xo;; hence X,,; is always
a multiple of d; and we can never be required to remove balls that do not
exist. (We still assume &;; > 0 when j #i. We let d; =1 if &; > 0.)

Note that the corresponding continuous time process X () is well-defined,
but (if some d; > 2) it is not a branching process because the balls do not
evolve independently.

Tenable urns can, nevertheless, easily be reduced to the Athreya—Karlin
setting, and thus studied by the results above, by replacing the balls with
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“superballs”; each superball of type i being equivalent to d; ordinary balls
and having activity d;a;. If D denotes tl@e diagonal matrix with D;; = d;,
this means that we consider the process X, := D~'X,,, which s of the type
treated above with & = D¢ and A = D7'AD. Note that A and A have
the same eigenvalues. If (A2)—(A6) hold, we can thus apply Theorem 3.1
and its consequences in Section 3 to the superball process. Returning to the
original process (by multiplying with D), it can easily be verified that all
results in Section 3 (including the variance formulas) hold for tenable urns
too. See Example 7.5 for an example.

As mentioned in the introduction, the results can be extended even fur-
ther. Let &; be arbitrary integers (or even real numbers), but assume that
they are such that the urn process never can require the removal of balls
that do not exist. (An example, from [39], is given in Example 7.8.) The
corresponding continuous time process then is well-defined; it is a general-
ized branching process where the death of one ball may force the removal
of others. In this case, we cannot use the Perron—Frobenius theory, so we
add the assumption that A has a real eigenvalue A1 > 0 with Re A < A1 for
every other eigenvalue A, and that there exist corresponding left and right
eigenvectors w; and vy such that vy; > 0 for every ¢ and wy; > 0 if ¢ is
dominating while u;; = 0 otherwise; we also assume (A2)—(A6). Finally, we
assume that Lemma 9.7(iii) holds (we have not been able to prove this in the
present generality), for example because P(W = 0) = 0. It may then be ver-
ified that the proofs in Sections 9 and 10 hold without modification; hence
all results in Section 3 hold for such urn models and generalized branching
processes too. (We conjecture that the results hold also if it is possible that
the process stops by requiring some X,,; to become negative, provided that
we condition on this not happening, but we have not pursued this.)

Remark 4.3. Assume for simplicity that essential extinction is impossible,
so W > 0. By Theorem 3.1 or Corollary 3.8, the different sets of projections
of X(t) in parts (i), (i) and (iii) of these results, divided by the normalizing
factor W1/2, form three asymptotically independent families. This may
seem surprising at first sight, but is explained by the three families being
essentially determined by what happens in the end, the middle, and the
beginning of the process, respectively. More formally, let £(¢) — 0 and
w(t) — oo ast — oco. By Theorem 3.1 (and its proof), dividing everything by
W12 and ignoring terms that are asymptotically negligible, the projections
in (i) depend only on the random splits after time ¢t —w(t), the projections in
(ii) depend only on the random splits in [(¢)t, (1—&(t))¢], and the projections
in (iii) depend only on the random splits before w(t).

For the urn process in Theorems 3.17-3.19 we find, by the exponential re-
lation between n and t, that the variables asymptotically depend only on the
draws after en, the draws in [n°,n'~¢] and the draws before w, respectively.
The same holds if we consider the different cases together as in Remark 3.20.
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Remark 4.4. It would be interesting to extend the results to cases where
(A4) or (A6) does not hold. A typical case is when A is triangular: if, for
example, ¢ =2 and A = (%) with 8 > 0, the conditions hold if & > ¢ but
not otherwise. It might be possible to handle this case by combining the
methods here with the ones in [34], where a detailed study is made in the
related case of multitype Galton—Watson processes in discrete time. Some
new phenomena will arise, however, see [34], [20] and [35].

Remark 4.5. Mahmoud [40] has initiated the study of urn models where
several, say 2, balls are drawn at the same time, and balls are added de-
pending on the drawn combination of types. It may be possible to study
such models too by the methods of this paper, first considering the corre-
sponding continuous time model, but we have not pursued this. (This case
is substantially more complicated than the standard case treated here; for
example, the continuous time model will explode in finite time.)

Remark 4.6. Asmussen [3] has proved laws of iterated logarithm for X'(¢) in
the irreducible case. (The results in the cases Re Ay < %Re A1 and Re Ay =
% Re A; are different.) By the Athreya—Karlin embedding, this yields laws of
iterated logarithm for the urn process X, complementing the results above;
we leave the details to the reader. Such laws for the urn process have been
proved in a special case by Bai, Hu and Zhang [12].

Remark 4.7. Our methods give no information on the rate of convergence.
Using other methods, Hwang [23] has found the rate of convergence to the
limiting normal distribution for a specific variable in Example 7.9 below:
the rate is n™7 where v = min(%, 3(% — Re )\2/)\1)). It is tempting to guess
that this might hold rather generally.

5. VARIANCE CALCULATIONS

In several of the theorems in Section 3, the variances and covariances
of the limits are given as integrals of matrix functions. In any specific
application, these integrals can be evaluated by first transforming the matrix
A to Jordan normal form. (A computer algebra package is helpful, and can
do the integration directly if ¢ is not too large.) We will here give some
simplifications in important special cases. We concentrate on the main cases;
the reader may add further similar results. See the examples in Section 7 and
for various applications of these results. See also [29] for more complicated
applications.

First we consider the case when the replacement vectors &; are determin-
istic. Let D be the diagonal ¢ x ¢ matrix with entries

Dn’ = vh/al’ @i ?é ’ (51)
0, a; = 0.

Lemma 5.1. (i) If each &; is deterministic, then B = ADA’.
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(ii) If furthermore Re Ag < %)\1, then the covariance matriz X in Theo-
rem 8.17 is given by

Y= / (A— Alvla’)eSADeSA/(A — Alvla/)lef)‘ls)\l ds. (5.2)
0
Equivalently, if gi(s) := (A — Avia’)e®46;, where (03); = 05, then
Y = / Z a;  v1igi(5)gi(s) e Mo\ ds. (5.3)
0 a; #0
If further uy = a, then g;(s) = AesA(I — viu))d; = AetA(6; — upvr).
Proof. We now have, by (2.13) and (2.1), when a; # 0,
(Bi)jk = E&; B & = a; 2 AjiA,
and then by (2.14)
q
Bjr =Y _aivii(Bi)jr = Y a;i 'viiAjiAp = (ADA) i,
i=1 ai#0

which proves (i).
For (i), we have by (3.11) and (3.12) ¢(s, A)A = ¢4 — 1 and

(s, A)A = A — \ud (e84 — 1) = (A — \vrd)e* + Avid.
Hence (i) now yields
W(s, A)BY(s, A) = (A — Avid)e** De*Y (A — Avrd’)
1+ \vid DesY (A= X\via') + M\ (A - Alvla’)eSADavi
+Mvid’ Davy.

It follows from (5.1) that (Da); = vy; when a; # 0, and thus ’Da = a’vy = 1
and ADa = Av; = \jvy. It follows that (A — A\jv1a’)e’*(Da — vy) = 0, and
thus (A — \via)e’4Da = (A — Ajvia)e**v; = 0. Hence, the second and
third terms in the sum vanish. The fourth equals A2v;v}, and thus (5.2)
follows from (3.13). Since D =Y, D;;0;0;, (5.3) follows from (5.2).

In the special case u; = a, we have (A — \jvia’)esd = AesA(I — viuh),
and the alternative formulas for g; follow. ([

Remark 5.2. In general, the argument above shows that if B is the co-
variance matrix E(§; —E&)(§ —E§) and B° := Y7 | a;v1; By, then

¥ = / W(s, A)BY(s, A) e M\ ds
0
+ / (A— )\wla’)eSADeSA/ (A— )\wla')’e_)‘ls)\l ds,
0

which separates the contributions to the asymptotic variance coming from
the randomness in the & and the randomness in the draws.
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Another simplifying case is when A is diagonalizable. In that case, there
exist dual bases {u;}7_; and {v;}?_; of left and right eigenvectors of A, i.e.
vectors such that u;A = Aju;, Av; = \jv; and u; - v; = 055 (where the \;,
i =1,...,q do not have to be distinct; we assume that the bases are ordered
such that A\; > Re g > ... as elsewhere).

Lemma 5.3. (i) If A is diagonalizable and {u;}{_, and {v;}!_; are dual
bases of eigenvectors, then, with Ly := {i : \; € A;} and Ly := {i :

Arr},
u; Buy

= ) 5T aet od Bu= ) (BTG
jkel; JE€LIr
(ii) If further each & is deterministic, then
Aj)\ku’-Duk 2 YT *
Y = Z ﬁvﬂ;ﬁ and Y= Z 1A (UQ'DUJ')UJ'”J“

JkELT JELIs

(iii) If further ReXy < ZA1, then the covariance matriz ¥ in Theo-
rem 8.17 is given by, with w; == \ju; — A\ (a - vj)vi,

d A1 Du;C

Z )\ — )\kw]wﬁg

(iv) If the assumptions in (i) and (ii) hold and ReXy = 31, then the
covariance matriz ¥ in Theorem 3.18 is given by, with w; as in (iii),

Y= Z (ujDuj)wjwy.
JEAIT

Proof. We have Py =37, vju} and Pre’d = > jeL;s es’\jvju;-. Hence the
first equality in (i) follows from the definition (2.15). The second follows
similarly from (2.16).

For (ii) we use (i) and B = ADA’ from Lemma 5.1, recalling that u;A =
)\]u;

In case (iii), when Ly = {2,...,q}, the result follows from (5.2) and

(A— )\wla’)eSA = Z(A Avrd)e Zw] Ju]
j>1 §>2

Finally, since A is diagonalizable, d = 0 and (iv) follows from (3.14) and
(i)- O

A third common simplifying case is when a fixed number of balls is added

each time, i.e. each Ej &ij = m is deterministic and independent of ¢, and
further each a; = 1. We state the result somewhat more generally.

Lemma 5.4. Suppose that a - & = m for some m > 0 and every i.
(For example, this holds if exactly m balls are added each time, and each
a; = 1.) Then \y = m and uwy = a. The covariance matriz (3.13) in
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Theorem 3.17 equals mXy. The covariance matriz (3.14) in Theorem 3.18
equals )\IZdEILd.

Proof. We have, by (2.1) and assumption,

q q
(a,A)k = ZGJA]]C = ZajakEgk] = ara - Egk = mag
j=1 j=1

so a’A = ma’ and a is a non-negative left eigenvector of A. This implies
that m = A; and that a is a multiple of u1; by our normalizations (2.2) and
(2.3), a = u;.

It follows that a’Py, = o’ and a'Py = a'Py, Py = 0 when X\ # \y; thus
T = 0 in Theorem 3.18, which shows the claim about (3.14).

For (3.13), we may use algebraic manipulations as in the lemmas above,
but it seems easier to proceed as follows. Conditioning on Xy, we may
assume that Xg is fixed. Then a - X,, = mn + [, where [ := a - Xy. Thus
we can obtain X,, by stopping at 7,(n + I/m), where b = m~'a. We thus
obtain the conclusion of Theorem 3.17 directly from Corollary 3.11, with X
given by (3.7). Furthermore, since b’Py = m~'a’Py = 0 for every A # A1,
we have V' Py = 0 and Pjb = 0. Moreover, b-v; = m~ta-v; = m~!. Since
Y; = PrX;P; by (2.15), Y31 = 0 and X7b = 0, and the middle expression
in (3.7) equals mXy. O

If further m = 1, we have in addition the following.

Lemma 5.5. If each |§| = 1, i.e. exactly one ball is added each time, and
each a; =1, then B = D.

Proof. Since only one &;; is non-zero at a time, B; in (2.13) is diagonal, with
(Bi)j; =P(&; =1) =E&; . Thus B is diagonal with, see (2.18),

q
Bj; = ZvliaiEflj = (Av1); = vij. O
i=1

We also give a calculation of the variances and covariances in Theo-
rem 3.21.

Lemma 5.6. Suppose that a; =1 and E Z]- &ij = m for every i, and that A
is diagonalizable with dual bases of eigenvectors {u;}7_; and {v;}’_,. Then
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A1 =m and, if ReXy < A\1/2, the limit in Theorem 3.21 satisfies

q

N 1 1 u’. Buy,
]:E /: J
V= <<)\1—)\j+)\1—)\k>)\1—)\j—)\k

Ji,k=2
A — Nk , )
+ u; Duy, |vjvy, (5.4
B — ) — a2 ot 50
q
_ A AN
EVV' = "B "D
j%;z((/\l P IEYED VD VS D VD Vi uk>%vk

B
+Z“1 "k vl (5.5)

Proof. By Lemma 5.4, A\ = m and u; = a. Thus, [ —vid =1 — vlu’l =

Z] QU]uJ, and it follows from (3.15) that, with ¢(s, ) fs et

EVV = Z vj/ d(s,A;) B (s, \r,)

7,k=2

+ e D 4 De?M — D) upe M\ ds v},

By the definition of ¢(s, A) and changes of order of integration,

/ B(5, X)) (s, Ar)e M\  ds = /// MM\ s du dt
0

0<t,u<s
= // Mt =ADw gy qp 4 // MUt =Mt g gy
0<t<u O<u<t
1 1 1 1

D VIS Vi VRS iy T A=A — A
The integrals of the other terms are easily computed and a summation yields
(5.4).
Similarly, since (3.12) and a = u; imply uj¥(s, A) = u] and ujy(s, A) =
es’\fu; for j # 1, (3.16) yields

EVV' = Z v]/ uje’ (qu(s i) + AjD)uge” M\ ds o),
7,k=2

+Zvl/ uy (Bé(s, \i) + A\ D)upe™ M ds o),
k=2

Again, the integrals are easily computed, and (5.5) follows; note that u} Duy, =
viug = 0 for k # 1. O
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Remark 5.7. These results can be extended to the covariances in the pro-
cess limits. For example, under the assumptions of Lemma 5.3(iii), an ar-
gument as in the proofs of Lemmas 5.1 and 5.3 shows that in (3.19)
)\1 u’-Duk
EV V r_ 1—)\k/)\1 )\k/)\l J

Jk>2

ij;, 0<x<y.

Similarly, under the assumptions of Lemma 5.4 and with Re Ao < %)\1, we
have in (3.19), by Corollary 3.23 with b := m~'a and (3.17),

EV(2)V(y) =maS(y/z)™ 4,  0<z<y. (5.6)
6. RELATIONS TO PREVIOUSLY KNOWN RESULTS

Large parts of Theorem 3.1 are known since Athreya’s thesis, at least in
the irreducible case: the a.s. convergence is in [4] and [9, Theorem V.7.2],
and the limits in Corollary 3.8 are proved in [5], [6], see also [9, §V.8].
Our results give more explicit formulas for the asymptotic variances and
covariances, and the extension to stochastic processes. The independence
between the limit processes in (i) and (ii) seems new too.

Also Theorems 3.16-3.19 for urn models are basically due to Athreya and
Karlin [8], see also [9, §V.9], but it is not evident how to obtain explicit
formulas for asymptotic variances from their paper.

One of the purposes of this paper is to draw attention to the embedding
method in [8], adding some details and making the results simpler to ap-
ply. In our opinion, this method has been neglected for too long. Several
authors have, however, derived similar results for Pélya urns, in more or
less general situations, either by calculating moments by recursion formulas
or by martingale methods. (Of course, the embedding method uses mar-
tingales too, for the branching process. It is thus not really a question of
using martingales or not; the main difference is rather whether to use dis-
crete time martingales directly or to first randomize the splitting times by
the continuous time branching process and then use continuous time mar-
tingales.) It seems that the (discrete time) martingale methods works fine
when the number of added balls is fixed, but the extra randomization in the
embedding method makes it much easier to handle the general case.

Some important papers with general limit theorems for urn processes that
contain special cases of our results are the following. (Our description is
brief; for exact conditions and results, see the cited papers. See also further
references in these papers.)

Bagchi and Pal [10] gave, using the method of moments, limit theorems
when ¢ = 2 and the number of added balls is fixed, see Example 7.3 be-
low. Gouet [20] gave functional limit theorems in the same case, using a
martingale central limit theorem.

Smythe [51] used martingale methods to establish asymptotic normality
of X, and joint asymptotic normality of X,, and N, (thus inspiring our
Theorem 3.21) when Ay < £);, allowing removals (in the tenable case) and
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assuming that the expected number of added balls does not depend on the
type of the drawn ball, i.e. that the column sums of A are the same, and thus
equal to A;. (He also assumed some technical simplifications, for example
that A is diagonalizable). However, no general variance formulas were given,
although some examples are given and it is stated that asymptotic variances
and covariances in principle can be computed more generally. (See also the
special case in [44] where asymptotic variances are given.) It is noteworthy
that only the expected number of added balls is assumed constant in [51];
most papers applying martingale methods use the stronger assumption that
the actual number of added balls is constant.

Bai and Hu [11] used similar martingale methods to establish asymptotic
normality of X,,. They assumed that the number of added balls is constant,
usually 1, and that Redy < 301 = 1. A new feature of [11] is that they
allow time-dependent transition probabilities (converging to a limit), a case
not studied in this paper.

Bai, Hu and Zhang [12] studied the case of two types in more detail,
using martingale methods and the Skorohod embedding theorem. Again
they allow some time-dependency, and assume that the number of added
balls is 1 (with some randomness allowed in the time dependent case), and
that Re Ay < %)\1 = % They results include functional limit theorems, laws
of iterated logarithm, and estimates of rates of convergence.

Remark 6.1. A method that has, as far as we know, not yet been used to
study this type of urn models is to use a general limit theorem for Markov
processes such as [31, Theorem 19.28]. This seems to have the potential of
giving comparatively simple proofs of several results in this paper, and could
probably be used to attack some of the extensions mentioned in Section 4.

7. EXAMPLES AND APPLICATIONS TO RANDOM TREES

We give several examples of urn models that illustrate the results above.
We concentrate on already studied models and show how several previosly
known results follow from our theorems by routine calculations; we encour-
age the reader to compare the methods. We also give some new results.

Unless otherwise stated, all activities a; = 1, the urn is irreducible, (A1)-
(A6) hold, and (essential) extinction is impossible; this can in each case
easily be verified using Lemma 2.1. We sometimes omit minor details, such
as specifying Xo; similarly, when convenient we shift the indices and start
the process with Xj.

Example 7.1. First a trivial example. If &1,...,§, are random with the
same distribution, the drawn types do not matter and X,, — Xy is a sum of
n i.i.d. random vectors. Thus X, is asymptotically normal by the central
limit theorem. In this case, A has rank 1 so Ao = 0 with multiplicity ¢ — 1,
and there are no further eigenvalues. It can be verified that Theorem 3.17
indeed yields the normal limit given by the central limit theorem. Similarly,
Theorem 3.24 yields the same result as Donsker’s theorem.
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If b =61 = (1,0,...,0), then X_ . is the vector obtained by summing
i.i.d. copies of & until the first component is at least z. Corollary 3.11 yields
asymptotic normality, as shown in [22], [21].

Example 7.2 (Friedman’s urn). A classic example is Friedman’s urn [19],
[18] (studied already by Bernstein [13], [14] and Savkevitch [49]), where
q=2,& = (o, 0) and & = (B, )’ for some integers o and (3. We assume
a+ 3 > 0. If § =0, we have the original Pélya urn [17], [47] which is
reducible; (A4), (A5), (A6) fail so our results do not apply, and it is well
known that X,,/n converges to a Beta distribution instead of a constant [47],
[30].

If 8 > 0, our assumptions hold. We have A\; = a+ § and \s = a — (3,
S0 A2 < %)\1 is equivalent to a < 303; in this case Theorem 3.17 yields by
Lemma 5.3(iii), with vy = 1(1,1), va = (1, -1), uy = (1,1)/, ug = (1, -1/,

(-t () A (0t ()

as shown by Bernstein [13], [14] and Freedman [18].
Similarly, if & = 33 > 0, Theorem 3.18 and Lemma 5.3(iv) yield [13, 18]

(nlnn)~1/2 (Xn - na;ﬁ G)) 4N (0, (0‘745)2 <_} ﬂ)) .

Example 7.3 (general 2-type urn). More generally, consider the case ¢ = 2
with nonrandom & = («,3)" and & = (v,0). We assume that 3,7 > 0
so that the urn is irreducible, and that Ay > 0. If a,6 > —1, (A1)-(A6)
hold and extinction is impossible; by Remark 4.2 we can also allow other
negative values for a and ¢ under suitable conditions, for example in the
tenable case.

The case a + 8 = v 4+ § has been studied by several authors, including
Bernstein [13], [14] and (also for the tenable case) Bagchi and Pal [10], who
proved asymptotic normality when Ao < A1/2. Gouet [20] gave functional
limit theorems.

We extend their results as follows. We write, for notational convenience,

ki=(a+9)/2,e:=(a—=0)/2, p:=+/e2+ By >0. Thus

(o v\ [(k+e vy
a=(53)=("57 .20

Simple calculations yield the eigenvalues Ay = k £ p (the indices +, — are
more convenient than 1, 2 in this example) and the dual bases of eigenvectors
(vy,v-) and (uy,u—_) with

y _C_1<€j:p> . — ct <5j:p>
=) s )

where c4 are normalization constants. We take c; = 8+ p + ¢ so that
a-v4+ =1, and choose c_ = 1.
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If A_ < %)\+, or, equivalently, x < 3p, Theorem 3.17 yields n_l/Q(Xn —
n(k + p)vyt) 4 N(0,%), where Lemma 5.3(iii) yields

A
Y= ﬁ(ul,Du_)ww',

with w := A\_v_ — A, (a-v_)v,. By elementary calculations, using (p—¢)?+
By =2p(p—c)and (p—e)(B+p+e)=p0(y+p—c¢), we find

/ =1 I
ujDu__‘lPQ(P—@ and w_ﬁ+p+e<5—ﬁ>
and
_ (k+p)By (’y—a) B B
2= Gt o \s—g) (T -8 (@D

(It is easy to see that X,; and X, are linearly dependent, which explains
why ¥ has rank 1. It is thus sufficient to study only X,;.)

In the special case a+ 3 = v+ § = m studied in [10] this simplifies: now
A =k+p=m,p=(B+7)/2and 3p—k=m+2p—2k =m+2(y— «),
SO

_ mpBy (v — a)? < 1 —1)

(m+2(y — @) (B +17)? -1 1
in accordance with [10].

When £ = 3p, A- = 3\ and Theorem 3.18 yields (n Inn)~1/2 (X, —

n(k+p)vy) 4 N(0,%), where by Lemma 5.3(iv) and the calculations above

By v -«
T Barate-o (5—5> r=e 3-6). (72)
In the special case a + 3 = v+ 0 (when a = 3+ 27, § = 20 + ) this
simplifies to By (_1 71) as given by [10].
Theorem 3.24 yields functional convergence in D[0,00) to a Gaussian
process when x < 3p. (In the special case a + 3 = v+ 0, this was proved by
Gouet [20].) If k < 3p, then

n~1/2 (X |zn) — 2n(s + p)vg) LV(a),
where EV(z) = 0 and, by Remark 5.7, with ¥ given in (7.1),
EV(z)V'(y) = a' /A=y, 0<z<y.
If kK = 3p, then, instead,
(Inn) 20 =2(X o) — n®(k + p)vy) L V(a),
where EV (z) = 0 and, with ¥ given in (7.2),
EV(z)V'(y) = 2%, 0<z<uy.
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Example 7.4 (randomized play-the-winner). The calculations in Exam-
ple 7.3 can be extended to random &; and &. We consider for simplicity
only the case when exactly one ball is added each time. This gives the
randomized play-the-winner rule for clinical trials introduced by Wei and
Durham [53], see also [54]: If the drawn ball has type i (i = 1 or 2), we add
a ball with the same type with probability p; and a ball with the opposite
type with probability ¢; = 1 — p;. Here p; and po are given numbers with

0 < p; < 1. We have
A= P11 Q2
q p2)°

It is easily seen that, see Lemma 5.4, A1 =1, Ao = p1 +p2 — 1 = p1 — g9,

() v (@) = () i ()
Uy = , UVl = — , Ug = , Vg = .
1 q1+q2 \N1 —q2 a1 +q \—1

Lemma 5.5 yields
B=D= <‘I2 0) .
n+@e\0 @

When Ay < 1/2, Theorem 3.17 applies with, by Lemmas 5.4 and 5.3(i),
—y, = Mvzvé _ Q192 < 1 —1> '
1—2X (I=2X)(q1 +¢q2)? \ -1 1
(Note that ¢ + g2 = 1 — A2.) Moreover, by Theorem 3.21(i), we have joint
asymptotic normality of the numbers of balls of different types after n draws

and the numbers of drawn balls of different types. Considering, as we may,
only type 1, we have

- d
nV2( X1 — g2/ (g1 + @), Not — ngo/(q1 + q2)) = N(0,31),
where Lemma 5.6 easily gives
N, — q192 1 142X
LT Ao 20 (@ )2 \1+20 3420/

Similarly, when Ao = 1/2, Theorem 3.18 applies with d = 0 and, by
Lemmas 5.4 and 5.3(i),

q192 1 -1 1 -1
Y =Xra=%1= 7((11 ) (_1 1) = 4q1q2 (_1 1> )

Furthermore, Theorem 3.21(ii) applies, and V=A"1v=2vV.
For earlier proofs of these results and some extensions, see [52], [51], [11],
[12].

Example 7.5 (random 2-3 trees). Bagchi and Pal [10] applied their general
result to random 2-3 trees. In such trees, all internal nodes have 2 or 3
children, and all external nodes (leaves) are at the same distance from the
root. Keys are associated either with the leaves or with the internal nodes
[10], [2]. We define, following [10], the type of an internal node to be W
if it has 2 children and B if it has 3; an external node has the same type
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as its parent. When the tree is grown randomly, a new external node is
inserted adjacent to a randomly chosen old one; this either transforms a
W-type node at the lowest level to B, or splits a B-type node at the lowest
level into two nodes of type W (possibly inducing further splits higher up).
Bagchi and Pal [10] study the types of the external nodes as an urn process,
with & = (—2,3)" and & = (4,—3)". This does not satisfy (1.2) so, as
noted in [10], the Athreya—Karlin embedding is not immediately available.
However, this example is of the “tenable” type described in Remark 4.2,
where we can use the superball trick. In this case, the superball method
is very natural; it means that we consider the lowest level internal nodes
instead of the external nodes. This “internal” urn model for 2-3 trees was
one of the examples considered by Aldous, Flannery and Palacios [2], who
noted that the Athreya—Karlin embedding works.

For the internal version, we have the urn model with §& = (—1,1)" and
& = (2,—1)" and the activities a; = 2, ag = 3; hence A = (_g 7g). Straight-

forward calculations yield Ay = 1, A, = —6 and, by Theorem 3.17 and
Lemma 5.3(iii), for example n~"/2(W,, — Zn) 4 N(0, £82), if W, is the num-

ber of W-type internal nodes in the lowest level when we have n nodes. For
Wp, the number of W-type external nodes, we have w, = 2W,, and thus

n"12(w, — in) N N(0, £32), (7.3)
as shown by other methods in [10].

Alternatively, we can obtain this directly by using Theorem 3.17 on the
external version in [10], although (A1) is not satisfied; as remarked in Re-
mark 4.2, this is allowed for tenable urns (and for some other urns too). In
this direct approach, A = (_g _g), and (7.3) follows by simple computa-
tions using Lemma 5.3(iii), or directly by (7.1). Note that, as always with
the superball trick, A differs for the two versions, but the eigenvalues are
the same, see Remark 4.2.

Example 7.6 (random recursive trees). Mahmoud and Smythe [43] used
a generalized Pdlya urn to study random recursive trees and obtained the
asymptotic normal distribution of the nodes of outdegrees 0, 1 and 2. They
indicated that the results in principle extend to higher degrees; we can now
do this.

The distribution of outdegrees is the same as the distribution of types in
a generalized Pdélya urn with infinitely many types {0,1,2,...} and the rule
that if a ball with type ¢ is drawn, it is removed and replaced by a ball of type
i+ 1 and a ball of type 0, see [43]. In our notation, &; = —d;; + doj + diy1,;-
Our theorems assume that the number of types is finite, but luckily we can
in this application truncate and lump all high degrees together. Thus, let
M > 1 be an integer and use the types {0,1,..., M} only (thus ¢ = M +1),
where now type M represents all outdegrees > M. The replacement vectors
&; are as in the infinite model when i < M, while now &y = (1,0,...,0)".
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/

Exactly one ball is added each time, so Ay =1 and uy =a = (1,1,...,1)
by Lemma 5.4. It is easily verified that vy = (1/2,1/4,...,2=M 27MY) je,
vi; =277 for 0 < i< M and vip = 2~M. In particular, Theorem 3.16
shows that X,;/n %5 271 for every i > 0 (by taking M > i); the weaker
statement X,,;/n > 2771 was shown by Meir and Moon [45].

It can be shown, see [29], that A has besides A\; = 1 only the eigenvalue
—1 (with multiplicity ¢ — 1 = M). (Moreover, d_1 = M — 1, so A is not
diagonalizable when M > 2.) Since thus A2 = —1, Theorem 3.17 applies for
every M, and the vector (nil/ Q(Xm;—2*i*1n))?ig converges in distribution
to a Gaussian vector. Since M is arbitrary, this is the same as convergence of
the infinite vector (n™1/2(X,; — 2_i_1n));>io in R*, see [15, p. 19]. In other

words, n=/2(X,; — 27" 1n) 9, V;, jointly for all ¢ > 0, as n — oo, where the
Vi are jointly Gaussian variables with means EV; = 0. The (co)variances
Yk = Cov(V}, V}) are calculated in [29] using Lemma 5.1.

Similarly, Theorem 3.24 yields a functional limit theorem: n~/ 2(Xx len]i —

27 trn) 4, Vi(z) in D[0,00), where the Vj(z) are continuous Gaussian
processes with E V;(x) = 0. Again, see [29] for covariances.

Example 7.7 (random plane recursive trees). Mahmoud, Smythe and Szy-
marnski [44] studied random plane recursive trees and obtained (among other
results) the asymptotic normal distribution of the number of nodes of outde-
grees 0, 1 and 2. The outdegrees can be modelled using a generalized Pdlya
urn with infinitely many colours as in Example 7.6; the &; are the same,
but now the activity a; = ¢ + 1. In this case it is advantageous to use the
reverse of the superball trick: we replace each ball of type ¢ by ¢ + 1 balls of
the same type. (The new balls can be interpreted as external vertices as in
[44].) This yields a new generalized Pélya urn with infinitely many types,
all activities 1, and the transitions given by

&ij=—(J+1)0i5 +00; + (J+1)diy1,; = —(i 4+ 1)di5 + 605 + (i +2)0i11,5-

Again we truncate and use the M +1 types 0, ..., M only, with §)7; changed
to dg; + 0arj. (Note that such truncation does not work in the original urn
model representing internal nodes.)

In this case the eigenvalues are \y = 2 and —1,-2,...,—M, see [29].
Theorem 3.17 applies for every M, and extends the joint asymptotic nor-
mality found by Mahmoud, Smythe and Szymanski [44] to all degrees. Theo-
rem 3.24 yields a functional limit theorem. The (co)variances are computed,
using Lemmas 5.4 and 5.3, in [29].

Example 7.8 (rotations in a binary tree). Mahmoud [39] modelled rotations
in the construction of a fringe-balanced binary tree by a generalized Pdlya
urn with three types, with Xy = (2,0,0)" and & = (—2,1,2), & = &3 =
(4,—1,-2)'. The number R, of rotations in the n first insertions in the
binary tree then equals the number of times a ball of type 3 is drawn, i.e.
Ry = Nys.
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Note that 23,832 < 0, so (1.1) is violated.

Nevertheless, Mahmoud [39] observed that the proof of asymptotic nor-
mality in Smythe [51] holds for this urn too, and after finding exact formulas
for the mean and variance he obtained

nV2(R, - 2n) S N (0, ). (7.4)

Although (1.1), and thus (A1), does not hold, we can derive this result
from our theorems in several ways; since these methods may be useful in
other applications where some &;; are negative, we sketch three different
approaches, leaving simple calculations to the reader. (It is instructive to
compare the different calculations leading to the same result.)

First, note that in this urn, X,,; is even and X,,3 = 2X,,2, which guaran-
tees that we are never required to remove balls that do not exist. Moreover,
A1 = 1 with eigenvectors u; = (1,1,1) and vy = %(4,1,2)’. Thus, as as-
serted in Remark 4.2, our theorems hold for this urn too, and (7.4) follows
by Theorem 3.21 and Lemma 5.6.

Secondly, since & = &3, we may combine types 2 and 3 and consider
the urn with two types and & = (—2,3)', & = (4, —-3)’; to obtain R,, we
add a dummy ball with probability 2/3 each time we draw a ball of type
2. This is a tenable urn (the same as in Example 7.5), and the result can
be obtained by applying Corollary 3.11 and Lemma 5.3(i) to this urn (with
dummy balls), stopping when X,; + X,2 = n + 2.

Thirdly, consider the same 2-type urn again, but instead of adding dummy
balls at random, observe that given the number N3 of type 2 draws, R, ~
Bi(Np2,2/3). By Theorem 3.21, or by Example 7.5 and N,y = %(Sn —
an) = %(Zn + wy, — wo),

— d
n 2 (Na2 — 3n) S N(0, 22). (7.5)

In particular, N,2/n 23 /7. Hence, the central limit theorem for the bino-

mial distribution implies n~1/2 (Rn — %Nng) 9 N(0, % . % . é), moreover, this

holds jointly with (7.5), with independent limits. Thus

nV2(Ry=2n) = n V2 (Ry—2Nyo)+2n V2 (Nyo—3n) S N(0, 2+(2)%22).

This also shows that of the variance in (7.4), only a fraction (%)2% =3
comes from the random variation in the urn, i.e. from the shape of the tree.

In the second and third methods, we reduce to the tenable urn for external
nodes in Example 7.5. We can replace this urn by the urn for internal nodes
in Example 7.5, thus reducing the problem further to an urn that satisfies
(A1). This is equivalent to reducing the original 3-type urn by an extension
of the superball trick, where the superballs may combine balls of different
types. In this case we have two types of superballs: the first represents two
balls of type 1, while the second represents 3 balls, 1 of type 2 and 2 of type

3. (This yields two further ways of deriving (7.4).)
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Example 7.9 (random m-ary search tree). In an m-ary search tree, where
m > 2 is a fixed integer, a node may contain up to m — 1 keys. The tree is
constructed recursively, starting with an empty root node. Incoming keys
are added to the root node until it is full; it then get m daughters, initially
empty, and further keys are passed on to one of the daughters, where the
procedure repeats. See e.g. [38, Chapter 3].

Let us say that a node containing ¢ keys has type ¢. With random input,
the number of nodes of different types is modelled by a generalized Pdlya
urn with m types 0,...,m — 1. A ball of type ¢ with i < m — 2 has activity
1+ 1; if drawn, it is removed and replaced by a ball of type ¢ + 1. A ball
of type m — 2 has activity m — 1; if drawn, it is removed and replaced by a
ball of type m — 1 and m balls of type 0. A ball of type m — 1 has activity
0. (Since balls of type m — 1 are dead, we can ignore them when studying
the other types.)

Alternatively, we can study external vertices; each (internal) vertex of
type ¢ < m — 2 has ¢ + 1 external vertices, which we label with the same

type ¢. The external vertices evolve as an urn with m —1 types 0,...,m—2,
all activities 1, and the replacement rules & = —(i 4+ 1)d; + (i + 2)d;41,
0<i<m-—3,and &,—2 = —(m — 1)d;,—2 + mdy. For example, for m = 4
the external version has the matrix
-1 0 4
A= 2 =2 0
0o 3 -3

For the external version, it is easily seen that A has the characteristic
polynomial ¢,,(A) := 7 (A 4 i) — m!; the largest real root is A\; = 1, see
Lemma 5.4. (For the internal version, we have A¢,,(\) with an additional
root A =0.)

A detailed study [42] shows that Re Ao — 1 = A; as m — oo, and that
Re Xy < % for m > 26, but Re Xy > % for m > 26. Hence, the numbers
of nodes of different types have an asymptotic normal distribution when
m < 26, but, as rigorously shown by Chern and Hwang [16], not for larger
m. This has earlier been shown by other methods [42], [36], [16], and by

urns as here by [41].

Example 7.10 (a branched random walk). Let G be a finite group and £ a
random element of GG, with some distribution p. We define an urn process
where the types are the elements of G and {5, = d4¢,,. We thus draw a ball,
replace it and add a new ball with a type shifted according to p. This is a
special type of a branching random walk on G.

Since exactly one ball is added each time, \; = 1. By the symmetry, u; =
(1,...,1) and v; = ¢~ (1,...,1)". The matrix A operates by convolution on
G: Av = vxpforv € C7 = (?(G). Hence, if G is commutative, the characters
of G are eigenvectors of A and the eigenvalues are the Fourier coefficients
of u: Ax = a(x)x, x € G. In particular, we see that n~12(X, — nvy)
converges to a Gaussian limit N (0,3) if and only if Re i(x) < 1/2 for all
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X # 1. Lemma 5.5 yields B = ¢~ 'I (for any p). Hence, Lemmas 5.4
and 5.3(i) together with the orthogonality of the characters yield

—/

1
Y=Y, =q2 S v
1=q ;1—2Reﬂ(x)xx

For a concrete example, let G' be the cyclic group Z, and suppose that
only nearest-neighbour shifts are allowed, i.e. u is supported on +1. (For
example, we may always shift one step forward, or make a symmetric random
choice each time.) Then Rej(xi) = cos(27k/q), k = 0,...,¢ — 1, and
Re Ao = cos(27/q). Hence, if ¢ < 5, Re Ay < 1/2 and X, is asymptotically
normal with variance of the order n; if ¢ = 6, X, is still asymptotically
normal (but more degenerate) but the variance is of order nlogn, and if
q > 6, the variance is of larger order and X, is not asymptotically normal.

For non-commutative G, we obtain similar results by considering the ir-
reducible representations of G.

These results were proved in [25] by a different method (moment calcu-
lations). Moreover, [25] treats also infinite compact groups, obtaining the
same results there. This suggests that the results in this paper may have
generalizations to infinite sets of types, see Remark 4.1.

8. A LEMMA

We will later use a lemma on joint convergence in distribution. The lemma
is a simple exercise in measure theory, but since we do not know any good
reference, and the notation makes it look more complicated than it really is,
we give a detailed statement and proof. We begin with a simpler version.

Lemma 8.1. Suppose that (0, () are pairs of random variables with values
in 81 X Sy for some separable metric spaces Sy and Sz, and that n and ¢ are
random vartables with values in 81 and Sy, respectively. Suppose further:

(i) 7 <51 asn — oo;
(ii) for every measurable set A C Sy such that liminf, ... P(n, € A) >0,
it holds that, conditioned on n, € A, (, 4 C.

Then we have joint convergence (N, Cy) 4 (n',¢") as n — oo, with ' and ¢’
independent copies of n and (, respectively.

Proof. Suppose that A and B are measurable sets in S; and Sy with P(n €
0A) = P(¢ € 9B) = 0. Then, by (i), P(n, € A) — P(n € A), see e.g. [15,
Theorem 2.1]. If P(n € A) > 0, we thus have by (ii) that, conditioned on
m € A, ¢ 9, ¢, and thus P(¢, € B | n, € A) — P({ € B). Consequently,
when P(n € A) > 0,

P((nn,¢n) € AX B) =P((y € B my € A)P(ny, € A)

. (8.1)
—P(CeB)P(ne A)=P((1,{') € Ax B).
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The same holds trivially if P(n € A) = 0, and (9, Cn) (n', ") follows by
[15, Theorem 3.1]. O

We will need the following extension. (The index n may be replaced by
a continuous parameter ¢, since it suffices to consider sequences t,, — 00.)

Lemma 8.2. Suppose that n,, G., 1, ¢, S1 and Ss are as in Lemma 8.1.
Let further E1 C Ey C ... be an increasing sequence of measurable subsets
of S1, let E =7 Em, and suppose that:

(1)nnﬂnasnﬂoo

(ii) P(n € OEy,) =0 for every m =1,2,.

(iii) (nnEE)—>IP’(n€E)>Oasn—>oo
)

(iv) for every m = 1,2,... and every measurable set A C E,, such that
liminf, o P(n, € A) > 0, it holds that, conditioned on n, € A,
d

Then, conditioned on n, € E, we have (, N ¢ and joint convergence

d
L((0n,Ca) | mn € B) = L((n',¢) | 0 € E),
with ' and ¢’ independent copies of n and ¢, respectively.
Proof. Suppose again that A and B are measurable sets in §; and Sy with

P(n € 0A) = P(¢ € 0B) = 0. Let € > 0 and choose m such that P(n €
E\ E,,) <e. By (i), (ii) and (iii) we have
P(n, € E\ Ey) =P(n, € E) —P(n, € En)
— P e E) =P c En) =P(n € E\ En),
and thus P(n, € E'\ En,) < € too for large n.

By (ii), P(n € 0(AN Ep,)) < P(n € 0A) + P(n € 0E,,) = 0. Hence, (iv)
implies as in (8.1)

P((0n, Cn) € (AN En) x B) = P((0/,¢) € (AN En) x B)
and thus
IP((n,¢n) € (ANE) x B) —=P((1/,¢') € (AN E) x B)|
= P((nnaCn) € (A N (E \ Em)) X B)
+P((n,¢n) € (AN Ey) x B) —=P((/,¢') € (AN Ey,) x B)
—P((7.¢) € (AN (E\ Ep)) x B)]
<P, € E\ En)
+|P((1,¢n) € (AN Ey) x B) —=P((0/,{') € (AN Ey,) x B
+P(neE\ Ep)
< 3e,

provided n is large enough. Consequently, as n — oo,

P((1n,Cn) € (ANE) x B) = P((1,{') € (AN E) x B).
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Dividing by P(n, € E) — P(n € E) = P(1 € E), we find
P((0n,Cn) € Ax B |1n € E) = P((,{') € Ax B |1 € E),
and the result follows by [15, Theorem 3.1]. O

Note that (iii) follows from (i) if P(n € OF) = 0. However, this stronger
condition does not always hold in our applications.

9. PROOF OF THEOREM 3.1

The proof of Theorem 3.1 is based on martingale theory, in particular a
martingale convergence theorem by Jacod and Shiryaev [24]. The theorem
uses the quadratic variation [X,X]; of a martingale X defined on [0, o),
and its bilinear extension [X, Y]; to two martingales X and Y. For a general
definition see e.g. [24] or [48]; for us it will suffice to know that, if X and Y
are (real or complex) martingales of finite variation, then

(X, Y] = ) AX(s)AY(s), (9.1)

0<s<t

where AX(s) := X(s) — X(s—) is the jump of X at s and, similarly,
AY (s) ==Y (s) — Y(s—). (A martingale X is said to be of finite variation
if it is so pathwise, i.e. if ¢ — X(¢) a.s. has bounded variation on each finite
interval.) The sum in (9.1) is formally uncountable, but in reality countable
since there is only a countable number of jumps; in the applications below,
the sum will be finite. (There is some disagreement in the literature on the
definition of [X, Y] in the case X (0)Y (0) # 0; we have chosen the version
with [X,Y]p = 0.) For martingales of infinite variation (such as Brownian
motion), (9.1) fails, but we have always the inequality

> 1AX(s) < [X, X, (9.2)
0<s<t

For vector-valued martingales X = (X;);2; and Y = (¥;)7_;, we define
the square bracket [X,Y] to be the m x n matrix ([X;, Yj])”

For a real-valued martingale X, the quadratic variation [X, X]; is a non-
negative and non-decreasing process. A real-valued martingale X (s) on [0, ¢]
is an L?-martingale if and only if E[X, X]; < oo and E|X(0)> < oo, and
then

E|X(t)]> =E[X, X] +E|X(0)]. (9.3)
(For complex-valued martingales one has to consider [X, X];.) There is also

a corresponding bilinear formula, which extends to (real or complex) vector-
valued L?-martingales in the form

EX(H)Y'(t) = E[X,Y]; + E X (0)Y’(0). (9.4)

We will use the following general result based on [24]; see [26] and [27] for
similar versions. Again, n may be replaced by a continuous parameter t.
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Proposition 9.1. (i) Assume that for each n, My(z) = (Myi(x))i_, is a
real q-dimensional martingale on [0,00) with M,(0) = 0, and that X(z),
x >0, s a (non-random) continuous matriz-valued function such that for
every fized x > 0,

(M, My LN Y(x) asn — oo,

supE | M,,(z)|? < oco. (9.6)
n

Then M, Y Masn — oo, in D[0,00), where M is a continuous q-
dimensional Gaussian process with E M (x) =0 and covariances

EM(z)M'(y) =%(z), 0<z<y< . (9.7)

(ii) The same holds for complex M, (with M complex), provided (9.5) is
supplemented by

[M,, M), 2 SN(x) asn — oo, (9.8)

for some continuous matriz-valued function X1 (x), and then further
EM(2)M (y) = Xi(x), 0<z<y<oo.

Proof. (i): Note first that (9.5) implies that if x < y, then X(y) — 3(z) is
positive semidefinite, so there exists a ¢-dimensional Gaussian process M
with independent increments such that EM(x) = 0 and EM (x)M'(y) =
Y(z), x < y, see e.g. [24, Theorem I1.5.2]. M is a martingale, and it is
continuous because each component is a (deterministic) time change of a
Brownian motion.

Since, by (9.2) and (9.3),
Esup |[AMyi(y)]> <EY |AMyi(y)]* < E[Mps, Myile = E [ My (),
y<z

y<z

it follows from (9.6) that, for each fixed z > 0, the sequence sup, <, |AMy;(y)|
is uniformly integrable for each 4, and thus sup, <, |AM,(s)| is uniformly in-
tegrable. The result now follows from [24, Theorem VIIL.3.12, (ii)=(i)].
(ii): This follows from (i) by considering the real 2¢-dimensional mar-
tingales (Re M,,,Im M,,). Note that (9.5) for these (with the appropriate
right-hand sides) follows from (9.5) and (9.8). O

In order to apply this result to our process X'(t), we have to first define a
suitable martingale, and then estimate its quadratic variation. The martin-
gale is a standard one in branching process theory, and the estimates will be
derived by standard methods too, although the details will take some time.
We proceed with a series of lemmas. (Some of these are known, but included
here for completeness and because our conditions are slightly more general
than the standard ones; see also Remark 4.2.) We make the definition

V(t) = e AX(1t) (9.9)

and begin with a fundamental well-known result, cf. [9, Theorem V.8.1].
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Lemma 9.2. Y(t) is a martingale for t > 0. In particular,
EX(t) = ¢ E X(0) (9.10)

and thus
EX(t) = O(eM?). (9.11)

Proof. Tt follows from the definitions of X and A that
d q
2 EAi(0) ZZ;GiEXi(t)E&j = (AEX(1)), (9.12)

and hence % EX(t) = AEX(t). This yields (9.10) by integration, and the
martingale property follows from (9.10) and the Markov property. Finally,
(2.12) implies (9.11). O

Let 0 < 741 < T2 < ... denote the times a ball of type ¢ splits, and let
N;(t) := #{k : Ty <t} be the number of such splits up to time ¢. Since the
martingale Y(t) := e~*4X(t) has finite variation, its quadratic variation is
by (9.1) given by its jumps

q

V=3 AV AY ()

i=1 ki <t

q
=3 > eTHEAAX (1) AX (1 e Tk A

=1 k:Tik St

(9.13)

The main part of the proof consists of estimating this sum, and components
of it. It will be convenient to state a general lemma for sums of this type,
for simplicity considering a single 7.

Lemma 9.3. Fizi € {1,...,q}. Let f1 and fo be continuous matriz-valued
functions defined on [0,00) and let g be a matriz-valued function on R? such
that E|g(&;)| < oo. Suppose further that the dimensions of fi1, g, and fa are
such that the product f1gfo is defined. Let

Z(t) = Z fl(Tik)g(AX(Tz‘k))fZ(Tik):/0 f1()g(AX (s)) fa(s) dNy(s)

ki <t
(9.14)
and

Z(t) = Z(t) —/0 S1(s)(Eg(&)) fa(s)aiXi(s) ds. (9.15)

Then Z(t), t > 0, is a (matriz-valued) martingale; in particular

EZ(t):/O fi(s)Eg(&) fa(s)a; E X;(s) ds. (9.16)
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Proof. In the special case when fi = fo = g = 1, Z(t) = Ni(t) and Z(t) =
Ni(t) :== N;(t) — fg a;X;(s) ds. The fact that N;(t) is a martingale is a well-
known simple consequence of the assumption that the balls have independent
exponential lifetimes. The present extension can be proved in the same
way, because AX (7;;) is independent of the previous history; for example, a
straightforward calculation shows that Z(¢t A7) — Z(t A7,_1) (with 79 := 0)
is a martingale for each n, and the result follows by summing over n. We
omit the details. O

Note that (9.16) with | f1|, | f2| and |g|, implies, using (9.11), that E|Z(¢)| <

oo and that Z(¢) is a uniformly integrable martingale on any finite interval
[0,T].
From (9.4), (9.13), (2.13) and Lemma 9.3 follows

EY®)Y'(t) = EY, V] + EY(0)Y'(0)
— zq: /0 t e *ABie Y a; E X;(s) ds + E Y(0)Y'(0). (0.17)
By (9.9), this yield: ihe following formula from [9, §V.7.3].
E X (t)X'(t) = i /0 t et =)AB =94 4, B X;(s) ds + e B X (0)X(0)e! .

(9.18)

We apply the generalized eigenspace decomposition given by {P\} to
(9.17) and obtain the following estimate. (See also Lemma 10.6 below.)

Lemma 9.4. (i) If ReX < \;/2, then
E|PY0)]? =0((1+ t)Qd)\+le()\1—2Re>\)t)'
(ii) If ReA > A1/2, then
E[PY(®) = O(1).
Proof. By (9.17), (9.11) and (2.10),

t
IE(RY#)Y (t)P})] < 01/ | Pre™4| eM® |e ™4 Py | ds + Oy
0

t
< 03/ (].+S)2d)‘€()\1_2Re>\)SdS—|—CQ.
0

The result follows by integration. ([

An immediate consequence of Lemmas 9.2 and 9.4(ii) and the martin-
gale convergence theorem for L?-bounded martingales is the following [9,
Theorem V.8.2]. We let F; denote the o-field generated by X'(s), 0 < s < .

Lemma 9.5. If Re A > A\ /2, then there exists a random vector W)\ e E,
such that P\Y(t) — W) as t — oo, a.s. and in L?. Moreover, P\Y(t) =
E(Wy [ ). O
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We can now prove part (iii) of Theorem 3.1. By (9.9) and (2.8),
k .
- - 4 .
e P QurPAX (1) = e P Qu e Pre V() = ) ﬁQA,kNiPAy(t)~
=07

The first part of (iii) of Theorem 3.1 now follows from Lemma 9.5, with
Wik = (k!)_lQ,\’kaWA. The second part (convergence in distribution to a
constant process) follows because the first part implies uniform convergence
a.s. for a < x < b, on every compact interval [a,b] C (0, c0).

Before proving parts (i) and (ii), we observe that the limit in (iii) is non-
trivial.

Lemma 9.6. If A € Arrr and 0 < k < dy, then Wy, is non-degenerate.
More precisely, P(Wy , =0) <1 and P(Wy = w) =0 for every w # 0.

Proof. If Wy, = 0 a.s., then N/’\“W,\ € N;f‘HE)\ and thus Nf\l*WA =0 a.s,;
hence, by Lemma 9.5, for any t,

NAPY() = E(NAW, | F) =0 as.
and thus

NAPX(t) = ANPPY() =0 as. (9.19)
Considering first rational ¢ and using the right-continuity, we see that (9.19)
a.s. holds for all t > 0. It follows that a.s. NgAP,\AX(t) =0 for all t > 0,
and thus ka P & = 0 a.s. for every ¢ with a; > 0, since every such transition

occurs with positive probability. Taking the expectation we find, since a; E &;
equals the i:th column of A by definition, N;\i* PyA = 0. By (2.5) this yields

0= NPPA=ANPPy.

Since Nf\i*P,\ # 0 (it is P\ when d) = 0 and Nf* otherwise), this implies
X = 0, contradicting A € Ayrr. Consequently, P(W) , =0) < 1.

Next, let 7 be the time of the first death, and let X(t) := X (7 + ¢).
Then X is a branching process with the same transitions as X but a dif-
ferent (random) initial state X (0) = X'(7); moreover, X is independent of
7. Letting /VVMC denote the limit corresponding to W) for X , one easily
finds Wy, = e_)‘TWA’k a.s. Since 7 and ﬁ/\hk are independent and 7 has a
continuous distribution, P(W) , = w) = 0 follows for w # 0 by conditioning
on /W)\,k- O

Because A1 > 0 by our assumption (A3), Lemma 9.5 applies in particular

to A = A1. Note that Wy, = W), o = W),. We write W := uy- W), = v/ W),
and have by (2.7)

Wy, = P\,Wy, = viuf Wy, = vyW = Woy, (9.20)

as asserted in Theorem 3.1.
Some well-known properties of W are collected in the next lemma, see [9,
Theorems V.6.2 and V.7.2].
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Lemma 9.7. We have W >0 a.s., P(W > 0) > 0 and P(W = w) =0 for
every w # 0. Moreover,
(i) Ast — o0, ug - Y(t) = e Mauy - X(t) 23 W.
(i1) If uy - Y(t) =0 for some t then a.s. W = 0.
(iii) Conversely, P(uy - Y(t) >0 and W =0) — 0 as t — oo.
Consequently, a.s. W = 0 if and only if X becomes essentially extinct.

Proof. Since Py u1 = u1, we have by Lemma 9.5 and (9.20), (2.3)
up - Y(t) = Py ur - V() = up - Py V() 25 ug - Wy, = ug - oW = W.
Moreover, A’u; = A\ju; and thus
uy - V() =up - e X)) = ey - X(t) = e My - X (),

proving (i). Since u; - X(t) > 0, W > 0 follows. If W = 0 a.s., then
Wy, = 0 a.s. by (9.20), which contradicts Lemma 9.6. Similarly, if w # 0
and P(W = w) > 0, then P(W), = wv;) > 0, which again contradicts
Lemma 9.6.

For the second part, recall that uj; > 0 for i € C; and uy; = 0 for i ¢ C;.
Hence, u - Y(t) = e My - X(t) = 0 if and only if &X;(t) = 0 for all i € C;.
(In other words, X is essentially extinct by time ¢.) Letting X denote the
branching process obtained from X" by ignoring all balls of types not in (i,
this means that X'(t) = 0. As a consequence, for all x > ¢, X(x) = 0 and
thus uy - Y(x) = 0; hence the limit W = 0.

For the converse, we again consider the process X (t). This is an ir-
reducible continuous time branching process, and by [9, Theorem V.7.2],
W = 0 a.s. implies extinction, X(t) = 0 for large ¢, and thus u; - Y(t) = 0
for large ¢. The result follows. O

We may further improve this result to the first claim in Theorem 3.1.
Lemma 9.8. Ast — oo, e M X (1) 23 Wy,

Proof. This is Theorem V.7.2 in [9], see also [4], but since our setting is
somewhat more general, we give a complete proof.

Fix an eigenvalue A # A; and let § := A\ —ReA > 0. Let € > 0 and let
En be the event sup;cp,_1 ) le™MEPX(t)] > e.

If &, occurs, then, by (2.10), for some ¢ € [n — 1, n],

eeMt < |P\X(1)] = | Pre PAY(t)| < OnPre! =9 Py (1)
and thus |P\Y(t)| > cen~®e?. Consequently, using Doob’s inequality and
Lemma 9.4,

P&,) < IF’(sup |P\Y(t)] > cen_dke("_l)‘s)
t<n

< 0672n2d>\672n5 E |P>\y(n)|2
< C€—2n4d,\+le—2n5emax(0,26—)\1)n‘
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Hence )2 | P(€,) < 0o, so by the Borel-Cantelli lemma a.s.
limsup, ., |e " *PyX(t)| < e. In other words,

e MPX(t) — 0 as., A # A1 (9.21)

Moreover, Py,e 4 = e~ Py and thus, by Lemma 9.5 and (9.20),
e NPy X (1) = Py, V(1) 23 Wy, = Wy, = Wy, (9.22)
The result follows by (9.21), (9.22) and (2.4). O

Lemma 9.9. Let, for t,y > 0, Z,(t) be defined as in Lemma 9.3 using
matriz functions fiy, foy and g. Suppose further that, as t — oo and for
any fized T,

t
sup/ | f1¢(5)] | far (s)]e™* ds < oo, (9.23)
t>1Jo
t
[ 1P (o) M ds o (9.24)
T
| 1o s —o. (9.25)

Then, ast — oo,
t
Zy(t) — “"””W/ F1e(s)E (&) far(s)e™* ds 2 0.
0

Proof. We begin by showing that, defining Z; as in (9.15),
E|Z(t)| — 0. (9.26)

By considering the components separately, and taking real and imaginary
parts, we may assume that fi,, f2y, g and Z, are real-valued; we write

fy = Jiyfoy- ~
Assume first that E |g(¢;)[> < co. Since the martingale Z,(¢), t > 0, has
finite variation, its quadratic variation is by (9.1) given by

Zy. 2yl = > (AZ,(0)" = Y fylrae)*g(AX (7r)”.
s<t ki <t

This is a sum of the same type as Z, with fi, ¢ and fs> replaced by fyz, g°
and 1. Hence Lemma 9.3 yields, together with (9.3) and (9.11),

E Z,(t)? = E[Z,, Z,): :/0 fy(5)*Eg(&)*a; EXi(s) ds

t t
< C/O fy(s)ze/\ls ds = C/O fly(3)2f2y(3)26)‘13 ds

and thus, by (9.24), E|Z,(t)|> — 0, which proves (9.26).
In the case E |g(&;)]|?> = oo we truncate, defining g1(z) = g(2)1][|g(z)| <
M] and g2(x) = g(x) —g1(x) for a constant M. Thus g = g1 + g2 and there is
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a corresponding decomposition Zy(t) = Zly(t)+22y(t), where E | Z14(t)| — 0
by the case just proved. Applying Lemma 9.3 with | fi,], | foy| and |g2],

E |Z3,(t)] < E|Zay(t)] +/0 [ f1y ()| E g2(&) ] f2y (s)|ai E X (s) ds

< /0 1y () | E g2 Fay () 03 E Xi(s) .

Hence, by (9.11) and (9.23), for t > 1,

_ t
E|Zn(t)] < C1E lgs(&) /0 ()] [fau(s)[e* ds < Co E |92 (&)

and thus
limsupE | Z,(t)| = liinsupE]ZQt(t)] < CoE|ga(&)].
—0Q

t—o0
Since E |g2(&;)| can be made arbitrarily small by choosing M large, (9.26)
follows.
Next, for every € > 0, there is by Lemma 9.8 a.s. a random 7" such that
le=MEX; (1) — v;W| < e for t > T. Hence, for t > T, for some random K
independent of ¢ and again using (9.23),

‘/O J1¢(8) E (&) fae(s)as (Xi(s) — UliW(:’)‘lS)ds

T ¢
< 03/0 | Fre(8)[[ foe (5)| (Xi(s) + visWeM*)ds + 04/T | f10(5)|| far (5)|ee™® ds

T
<K / ()| far(s)| ds + Cie.

It follows by (9.25) and the arbitrariness of € that

/0 F16(8) Eg(&) far(s)ai(Xi(s) — vi,Wer®)ds — 0 aus., (9.27)

and thus in probability, as ¢ — oco. The result follows from (9.15), (9.26)
and (9.27). O

Lemma 9.9 and (9.13) will give us the estimates of [V, V], that we need in
order to apply Proposition 9.1. We begin with P;), the part corresponding
to eigenvalues A with Re A < A1/2. For convenience we set A := PrA—\;/2,
and note that each eigenvalue p of A satisfies Rep < 0. Hence, for some
6 > 0 and every t > 0,

let] = O(e7 ). (9.28)
Define, recalling (9.9),

V(1) == PP Y(t) = e Mv/2H-DAP x (1), (9.29)
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For fixed y, Vy(t) is a martingale by Lemma 9.2, and, by (9.13),

Yy V)i = e¥APL[Y, V] Ppevd = Z ST A () g (AX (7)) f52) (7in),
i=1 ki <
= (9.30)
where g(§) = &£ and

£ (s) = £V (s) = e¥Ape=A = e M3/24 A pp 9.31)

The inner sum in (9.30) is of the type studied in Lemmas 9.3 and 9.9. We
apply Lemma 9.9 for each ¢ separately. By (9.31) and (9.28),

1F2(s)] = |19 (s)] = O(e M1/ (=9)9) g <5<y, (9.32)

and the conditions (9.23)-(9.25) follow.
Moreover, E g(§) = B; by (2.13), and by (9.31)

t t ~ ~
[ 6B )0 ds = [ 9P Bipiet9 T as
0

0
t ~ ~, [e%¢) ~ ~,
=P / e"ABem dr P} — Py / e ABiem Y dr Py,
0 0

where the integral converges by (9.28). Consequently, (9.30) and Lemma 9.9
yield, as t — oo, see (2.15),

Ve, Vil 2 Z a;viW Py / eABesA ds P} = WY (9.33)
=1

For any fixed real x, Vi(s) = e mAny( ) and thus, as t — oo,

l

Vi, Vilera = € " WVita, Veraltrae ™ S We™ xAZ e . (9.34)
Moreover, by (9.30) and Lemma 9.3

4q t . .
E, Y=Y /0 £ ()£ (5)a: E Xis) dis
=1

which by (9.32) and (9.11) is bounded for ¢ > 0. Consequently, for t4+x > 0,

E[Ve, Vilt4a = €_IEE[yt+x, yt+:c]t+a:6_xgl = O(fe_xg|2)-
We have further - -
2:(0)] = |4 PrY(0)] = O(le*)).
and thus, using (9.3) on each component of ),
E[Vi(t + )2 = [D(0)2 + TrEYs, Vo = O(Je 42 4 e*A12). (9.35)
In particular, for any fixed z, by (9.28),
sup E |Vi(t + 2)|? < oo. (9.36)

t>—x
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We are close to applying Proposition 9.1, but we still have the obstacle that
the right-hand side of (9.34) is random. To simply divide Y; by vW would
destroy the martingale property, but we can do something similar: Let, for
t > 1, h = h(t) := t'/? (any function of ¢ that increases slowly to co would
do), and define (with the convention 0~/ = 0)

- {(m V(E—h) POt +Inz) -Vt —h), z>eh

Yi(z) == h

9.37
0, r<e " ( )

Clearly, Y; is a martingale on [0,00), and this is still true conditioned on
any event & € F;_p.
For fixed > 0 we have from (9.1), for ¢ so large that —h(t) < Inz,

Ve Yilo = (wn - Yt = 1))~ (1% Velewine — [V Vi) (9.38)
Further, using Doob’s inequality, (9.35) and (9.28),
E sup [Vi(z)]? 4BVt = h)P = O(e ™ +e ") =o(1),  (9.39)
z<t—h

as t — oo. It follows by (9.3) applied to the components )}; that, for i =
1,...,q, E[Y4i, Vii]t—n — 0. The same holds for the nondiagonal entries of
E[V:, Vi|t—n by the Cauchy—Schwarz inequality and the Kunita—Watanabe
inequality |[ Ve, Vijls| < [yti7yti]i/Q[ytjvytj];/z, which in this setting is the
Cauchy—Schwarz inequality applied to (9.1). Hence,

E[YV, Yile—n — 0. (9.40)

Since t — h — oo, Lemma 9.7 yields u; - Y(t — h) 3 W. Combined with
(9.38), (9.34) and (9.40), this implies that, on the event {W > 0}, for every
fixed = > 0,

[V, Vi) B e~ (n2)Ay o= (no)A" (9.41)

Now assume that € > 0 and that, for large ¢, & is any event in F;_p
with P(&) > e and u; - Y(t — h) > ¢ on &. Since P(& N {W =0}) — 0 by
Lemma 9.7, it follows from (9.41), (9.36) and (9.39) that Y; conditioned on &
satisfies the conditions of Proposition 9.1 with X(z) := e-(n®)Ax e~ (n2)A",
(3(0) = 0; note that X is continuous at 0 by (9.28).) Consequently, condi-
tioned on &, Y;(z) 4 U;(z) in D[0, 00) as t — oo, where Uy is the continuous
vector-valued Gaussian stochastic process with mean 0 and covariances

Eﬁj(x)fjj(y)' = Eﬁl(x)ﬁj(m)’ =¥(z) = e_(lnx)gﬁje_(lnx)g/, x <y.
B (9.42)
Next, from the definition of Y; and (9.39), on &,

sup| Y ()~ (ur-Y(t—h)) " 2Vi(t+na)| = (ur-V(t-h) "2 sup [W(y)] >0
x>0 y<t—h

so we may replace Y;(z) by (ur-Y(t— h))_1/2yt(t+ln x) in this limit result.
Changing variables  — €* we find, in D[—00,00) and thus in D(—o00, 00),
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conditioned on &, as t — oo,
(ur - V(t — h) "Vt +2) S Ty(e”).

Since, by (9.29), Wi(t + z) = e~ MU2=2ADL X (t + 1), we obtain by multipli-
cation by ¥4, as t — oo and conditioned on &, in D(—00,0),

(ug - Y(t — ) P MED2p (¢ 4 2) b Uy (2) = AT ().
Ur is a Gaussian process, and the covariances (3.1) follow from (9.42).

We now apply Lemma 8.2 taking n, = uy - Y(t — h), ¢ = (u1 -Vt —
) Pe MNP (4 x), = W, ( = Up, S = R, 8o = D(—o0, ),
E={reR:r>0}and E,,, ={reR:r>1/m}.

We have just proved assumption (iv) in Lemma 8.2, and assumptions (i),
(ii) and (iii) follow by Lemma 9.7. Hence Lemma 8.2 shows that, conditioned
onwuy-Y(t—h)>0, (n,G) 4 (W, Ur), where W has the distribution of W

conditioned on being positive and with Uj independent of w. Consequently,
conditioned on uy - Y(t — h) > 0,

—-1/2

e—Al(t+$)/2pfx(t +x) = 77151/2@ 4 W1/2U1(x) in D(—o0,00).  (9.43)

If P(W =0) =0, then W =W and uy - Y(t — h) > 0 a.s. by Lemma 9.7,

and part (i) of Theorem 3.1 is proved.
If P(W =0) > 0, we define the martingale

S t+Inz)—Y(t—h > el

Yt(l‘) — {yt( + nx) yt( )7 x_e_h7

0, T <e "

Since u; - Y(t — h) = 0 implies W = 0 a.s. by Lemma 9.7, (9.34) implies
that, conditioned on u;y - Y(t — h) =0,

Y2 ¥ile © 0
for every fixed z. Together with (9.36) and (9.39), this shows that we can
apply Proposition 9.1 to Y:(x) conditioned on u;j - Y(t — h) = 0, now with
Y(z) = 0 and thus M = 0. Hence, conditioned on u; - Y(t — h) = 0, we
find first Y;(x) 4 0in DJ0,0), then by (9.39) and a change of variable
Vi(t + x) 4 0in D(—00,00), and then, after multiplication by ewgl,

e M2 x (1 + 1) 4= WU (z)  in D(—o0,00).

This complements (9.43) and together they imply part (i) of Theorem 3.1,
with Ur independent of W.

A simple modification of the argument shows that (i) and (iii) hold jointly.
(When we talk about (iii) holding jointly with other assertions, here and
later in the proof, we only mean the part on convergence in distribution.)
Indeed, let YViyr+(xt) denote the collection of the left-hand sides of (iii) in
Theorem 3.1 (for A € Ajrrand 0 < k < d)), regarded as a large vector-valued
process, and let Wirr denote the corresponding collection of the right-hand
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sides. The a.s. convergence in (iii) implies that Yrrr(zt) — Vrrr,e(h) 2 0in
D(0,00) as functions of . Hence the convergence in distribution in (iii) is
equivalent to Yrrr¢(h) 4, Wirr.

By enlarging 7, (and S1) in the application of Lemma 8.2 above, changing
ne into (wq - V(¢ —h), Yirre(h)), it now follows that (i) and (iii) hold jointly,
with U independent of {W)vk})\GAIU,deA‘

For A\ € Aj;r we argue similarly, now putting

Vyak(t) =y F12QNk PAY(1), (9.44)

Again, this is a martingale (for fixed y, A, k). If also p € Arrand 0 <1 < d,,,
then [Vy sk, Yy,uile is by (9.13) given by a sum as in (9.30), where now by
(2.8)

M»

fl(;)(s) _ yfkfl/QQ)HkP)\efs —k—1/2 ,—sA

j=0
and similarly for fé;)(s) Instead of (9.32) we have by (2.11), for ¢ > 1,
FD(s)] = O(tF 12521 4 s)b) = O (¢ 2e%2), 0<s<t,

and similarly for fé;)(s). In this case too, (9.23)—(9.25) follow, so Lemma 9.9
applies for each .. We now have

/f1 VE g(€) £ ()€™ ds

k ! J+m
/ t_k -1 s)\l A—p) ZZ QAk;N P/\BP,(N,)mQ

j= =0
(9.45)

If 4y = A, then A\; — A — u = Ay — 2Re A = 0, and the integral (9.45) equals
tj+m+1 k—I—1

kool
ZZ 1)7+m GrmtDJ Q,\kN \P\Bi P, (N,)"Q),,
7=0m=0

(_1)k+l

TR TR AR AR

b
as t — oo. If 1 # A, then A\; — A\ — u is imaginary and nonzero. It is easily
seen, by integration by parts, that then fot esM=A=1) g ds = O(t") for each
r > 0, which implies that the integral (9.45) tends to 0.

Hence, in both cases, Lemma 9.9 and (2.16) imply that, as ¢t — oo,

(_1)k+l

P
[yt,k,k:ayt,u,l]t w (k‘ T+ 1) JANAl

Qe NYPAE1 PL(N))' Q)
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(with the right-hand side 0 by (2.16) unless = ). Consequently, for every
fixed z > 0,

D)t,)\,kv yt,,u,l]wt = xk+l+1 [y:rt,)\,kv yxt,,u,l]a:t
(_1)k+l
(k+ 1+ 1)k

Clearly, this holds for z = 0 too. Moreover, it follows easily from (9.44),
(9.17) and (2.11) that sup;~1 E |V, x(2t)|?> < oo for every z > 0.

Let Vi1 4(s) be the vector obtained by combining all vectors Y » x(s) for
A and k as in part (ii) of Theorem 3.1; we write this as Vrry = (Ve k) k-
We thus see from (9.46) that [Vrr: Vrrilse converges. Moreover, since
m = th, Vi1t equals YVrr; with a certain permutation of the com-

(9.46)

1Y
Lo . gkttt Qe NYPASPL(N))'Q),-

ponents. Hence [Vi1+, Vir+]st to0 converges.
We this time define, with h := ¢1/2 as above,

Yi(x) = {(ul 'y(h))ilﬂ(yll,t(l’t) —Yis(h)), x> h/t,
0, x < h/t.

Repeating the argument after (9.37) above (replacing t — h by t/h = h and
using Proposition 9.1(ii) if some A € Ay is non-real), we obtain, in D[0, c0),

Virelat) S W20 () (9.47)
or, jointly for all A € Ajr and 0 < k < d),
Virw(at) S W20, (), (9.48)

where U; = ((7)\7;€)>\7;~C is Gaussian and, for 0 < z < y,

E(Ur ()T (y)) = é(k, L, 2)Qru N PAS 1P (N)'Q), . (9.49)
with
- (_1)k+l k+1+1 (_1)k+l /x k+1
klz) =— 2 — ds. 9.50
ek bo) = G e i Sy 5" (9.50)

In the case dy = 0 for A € Ay, this completes the proof of (ii). In general,
we have by (9.9), (2.8), (2.6) and (9.44)

t_(k+1/2)€_>\$tQ)\7kP>\X($t) _ t_k_1/26_>\$tQ)\7/€P)\6$tAy($t)

E
o N L xt)’ j
= t7F12Q, e PV (at) = 7RV QZ(ﬂ)QMNiPAWﬂ
g=0

ko )
=Y SNk (),
=07’
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which by (9.48) yields part (ii) of the theorem with

Uni(x) = FNiﬁA,kz—j(Jﬂ)-
j=0 7"

k l §.m
Yy
C(kvlaxay) = Z ?Wc(k _jal m,x)
7=0 m=0
i PR : / Y(—g)ritiom g
= — —S s
I'm! — (] - |
2 2 Gl (k= )L~ m)! s
1 x
=g ), @9 v —s)ds

which yields (3.3) by a change of variable and the binomial theorem again.

Again, by Lemma 8.2 with an enlarged 7; as above, (ii) and (iii) hold
jointly, with {U)\,k’})\EAU,de)\ independent of {W)\,k})\el\lu,kﬁdx'

We have proved (i), (ii) and (iii) separately, but only partly proved the
joint convergence and the asserted independence.

First, note that the families {Uj;}o<k<d, for different A\ € A with
ImA > 0 are independent because they are jointly Gaussian and all co-
variances of real or imaginary parts vanish by (3.2) and (2.16).

Next, consider the stopped processes yITI’t(s) = Vr1+(sAT) and ﬁITI(m) =

Urr(z AT). Stopping at # = 1 we obtain from (9.47)

Viralat) S W0} (@), (9.51)
Moreover, we have shown that this holds jointly with (iii) and with U I
independent of {W) 1} xen,,;.k<d,- It is another consequence of (9.47) that

sup| Vi (at) = Vit at)| = sup [ Vira(wt) = Vira(t — h)[ 2 0. (9.52)
T 1-h/t<z<1

Hence (9.51) is equivalent to
_ d ~
i@ty S WU (). (9.53)

Next, redo the application above of Lemma 8.2 to (i) once again, now
further enlarging 7; (and S;) to contain also y};?(m) (which is F_p-
measurable). This shows that (9.53), (iii) and (i) hold jointly, with Uy,
U}, and {W) k}aen,,;.k<d, independent.

Finally, stop the left-hand side of (i) at © = h; this does not affect the
limit because h — oco. Consider again the argument for (9.47), but applied
to Vrre— yﬁﬁ Applying Lemma 8.2 as above but with 7; containing y};{; ,
Yrrre(h) and the left-hand side of (i) stopped at x = h, we find

Vire(at) = Vith(at) & WY2(Up(2) — Uly(2)) in D[0,00),  (9.54)
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jointly with (i), (iii) and (9.53), with Uy — (7}[ independent of Uy, ﬁ}l and
{Wik e k<dy-

By (9.52) and the analogous sup, |V ﬁi‘( t) — Vir(at)] 2.0, we can
replace yﬁ’; in (9.53) and (9.54) by ymt. Together, these yield (9.47), and
hence (ii), now with joint convergence with (i) and (iii) and the asserted
independence. O

10. REMAINING PROOFS
Proof of Lemma 3.9. By Lemma 9.8,
e M X(t) X (b v)W as t — 00, (10.1)

which shows that b- X' (t) — oo a.s. when W > 0. The remaining properties
are immediate, observing that sup,<p b- X'(t) < oo for every finite 7. O

The next lemma extends a result by Athreya and Karlin [7], [9, Theorem
V.7.3].

Lemma 10.1. Assume b-v; > 0. As z — oo, (with In0 = —o0)

Th(z) — —lnz % ——(an-i-ln(b v1)).
A1 A1
Proof. Let € be the event b- X(t) — oco. On &, 1(z) < oo for all z and
Tp(z) — 00 as z — oo. Hence (10.1) implies that, a.s. on &,
e~ M2 X(1(2)) = (b-v1)W as z — 00. (10.2)

By the right-continuity of X (t), b- X(7(z)) > z. On the other hand, if
£(z) = 1/z, say, and z is so large that 7,(2) > &(2), then b- X (7p(2) —e(2)) <
z, and, again by (10.1),

efAlTb(Z)b . X(Tb(z) _ 5(2)) — (b . Ul)W as z — 00. (10.3)
Combining (10.2) and (10.3) we find that, a.s. on &,
e—)\lTb(Z)z N (b . ’Ul)W as 2z — 00. (104)

On the complement of £, W = 0 a.s. by Lemma 3.9 and 7,(z) = oo for
large z; hence (10.4) holds trivially. In other words, (10.4) holds a.s. Taking
logarithms, we obtain the lemma. ([l

Lemma 10.2. Ast — oo, e Ait/2 SUPg<¢ |AX(S)| 0.
Proof. Let A*X(t) := SUP,< IAX(5)| and let M > 0. Define

Z > 1[|AX ()] > M), (10.5)

1=1 ki <t

the number of jumps larger than M until time t. Clearly,

P(A*X(t) > M) =P(Z(t) > 1) <E Z(¢).
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Moreover, applying Lemma 9.3 with fi(s) = fa(s) = 1 and g(z) = 1[|z| >
M] to the inner sum in (10.5) and using (9.11),

q

EZ(t) = Z/O P(|&] > M)a; EXi(s)ds = > P(|&] > M) - O(eM?).
i=1

i=1

Now let € > 0 and let &, be the event sup;c(, n1] e M2A*X(t) > e. Then,

taking M = eeM™/2,

q
P(E) <P(A*X(n+1)> M) <EZ(n+1) < CY P(&| > M)e ™
=1
q

=Y P(e?|g[* > ettt
=1

Summing over n we find

q q
Y PE) <Y EY MM < eGP < 0 Y Ee?g < oo,
n i=1 n =1

and the Borelli-Cantelli lemma completes the proof. O

a.s.

Lemma 10.3. Conditioned on W > 0, z~1/2 SUPs<r,(z) |AX(s)] = 0 a
z — 0.

»

Proof. Conditioned on W > 0, we have 7,(2) %3 oo by Lemma 3.9 and thus
e~ Mm(2)/2 SUP<r(z) |AX(5)] %% 0 by Lemma 10.2. Moreover, by Lemma 10.1
(or (10.4)), z=/2eMm(2)/2 25 (b ) ~1/2W =12 and the result follows by
multiplication. ([l

Proof of Theorem 3.10. We condition on W > 0, which by Lemma 9.7 is
the same as essential non-extinction, and let z — oo.

First, 75(z) — oo and thus by Lemma 9.8 e*)‘lTb(Z)X(Tb(z)) X% Woy.
Dividing by (10.4), we find (3.4).

Secondly, let ¢ = )\1_11112 and x = 7(2) — t. Then t — oo and, by
Lemma 10.1, £ — 20 := —A] " (InW +In(b - v1)) a.s. Thus Theorem 3.1(i)
yields

6_)\1t/2P[X(t + ﬂf) g 6A110/2W1/2U1(x0) = (b . ’Ul)_l/2UI(CL'0).

Here z( is random, but Us is a stationary process independent of W and
thus of z¢, and thus Ur(xo) 4 Ur(0). Hence (i) follows with Vi = Uy(0).

Next, let t = A7 'Inz and 2 = 7,(2)/t. Thus Lemma 10.1 yields xt — t —
~A\'(InW +In(b-v1)) and  — 1 a.s. Hence Theorem 3.1(ii) implies for
A € Agy, and thus Re A = A\ /2,

t—(k+1/2)€—)\1t/2—ilmAxtQA,kPAX(Tb(Z)) 4 (b- Ul)_l/ZUA,k‘(l)‘ (10.6)
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If A = \/2, (10.6) yields the limit in (i) with Vi = A;" 2 Uns(1). If
Im\ # 0, we have a further factor e 1™ 2% of modulus 1 on the left-hand
side of (10.6). In this case, however, the distribution of Uy ;(1) is symmetric
complex Gaussian (Remark 3.6), and it follows that (ii) follows in this case
too. (Consider subsequences where e~ "™ converges.)

Similarly, (iii) follows from Theorem 3.1(iii), with Wy y := A7 FW =MWy ;.

Next, |b-X (1(2)) —2| < [b]|AX (75(2))| and thus 2= Y/2(b-X (14(2)) —2) 25
0 by Lemma 10.3. We multiply this by (b - v1)~!v1, which yields (iv) if
we write X = >, PA\X and observe that for every v € Im Py, = Ej,,
(b-v/b-vi)vi =wv. (v) is a consequence of (iv) and X =), P\&X.

The result for urn processes follows by the embedding argument by Athreya
and Karlin [8] discussed in the introduction. O

Proof of Corollary 3.11. By assumption, A = A; U {A\1}. Hence Theo-
rem 3.10(v) yields, with some R(z) %% 0,

z /2 (X(Tb(z)) ~3 -zvl vl) = 1/? (I — ;}.IZ;)PIX(Tb(Z)) + R(2).

Theorem 3.10(i) shows that this converges to the Gaussian limit

_ v/
(b"l)l) 1/2([_ b.17}1>v[

with the covariance matrix (3.7), by (3.5) and (2.15); note that (I — (b -
vl)*lvlb’)P[ =TI — (b-v)) tvb because P = I — Py, = I — vju} and
(I — (b . vl)_lvlb’)vl =0. U

Proof of Corollary 3.12. This is similar to the proof of the preceding corol-
lary; we now use Theorem 3.10(v), (i) and (ii), and find the Gaussian limit

(5.01)71/2(1_ Ulb/) Z Vi

b-v
L7 NeArr

(where V) 4 = 0 when dy < d), which yields (3.8) by (3.6) and (2.17). O

Proof of Corollary 3.13. By Theorem 3.10(v),

b/ a.s.
bv}vl) )\; (In z)fdsze)Q/’\lP)\X(Tb(z)) = 0.
1

By Theorem 3.10(i), (ii) and (iii) (with k& = d)), the terms in the sum with
A ¢ A= {\:Rel = Rely, dy = d} tend to 0 in probability; this can
be improved to almost surely for A € Arrr by Theorem 3.10(iii) and for
A € A U Ajr by the argument in the proof of Lemma 9.8; we omit the
details. Moreover, for A € 1~\’I 17> Theorem 3.10(iii) implies

Yi(z) - (-

(ln Z)—dZ—Re)\z/)qP)\X(Tb(Z)) _ Zilm)\/)\l (b . /Ul)_A/)\lW)\’k as. 0.
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Hence,
Yi(z) = Y AV, o,
AeA),,
where Wb)\ = (I— Z}—;’;)(b-vl)_)‘/MWA’k, and (3.9) follows with W, \ = Wb,)\
when Im A = 0 and W, = 2Wb, » when Im A > 0. Tightness follows, as does
(3.10) in the special case when Arrr = {A2} with Ao real. O

Proof of Theorem 3.16. As said in Section 3, we change the rules and add
an additional dummy ball of a new type ¢+ 1 whenever a ball splits; dummy
balls have ag41 = 0 and §;4+1 = 0 and thus never split. This does not affect
the process of the balls of types 1,...,q, but adds a count of the number of
splits. Note that (A1)-(A6) hold for the modified process too. (However, it
is not irreducible even if the original process is; this is our main reason for
not assuming irreducibility in this paper.)

We write ~ over the symbols to denote the modified process and vari-
ous quantities defined for it. Writing vectors and matrices in block form,
corresponding to a split R? x R, we see that, for i =1,...,¢q,

() o) A0

Consequently, the eigenvalues A=AU {0}, in particular, A o= A\ Itis
easily verified that A has the corresponding eigenvectors

Uy = (%1> . U= (;51) . (10.7)

Finally, we choose b = (), which means that 7,(n) is the first time we have
n dummy balls, i.e. the n:th split time 7,,, and thus X, = X’(Tb(n)). By
(10.7), we have b-v; = A7 .

We may now apply Theorem 3.10 to X, = /’A\;(Tb(n)), and the result
follows from (3.4). O

Lemma 10.4. (i) We have ¥ (s, A)vy = v;.
(il) Fors>1 and X € A,

Py, A=Ay,
P(s, A)P\ = i%e/\s (I - )ﬁl)\lvla’)NfAPA +O0(s™~1er), 0 < Rel < Ay,
O(s™+1), Re ) <0.

Proof. By (3.11) and (3.12),

(s, A)vy = / ety dt = / Moy dt = /\f1 (GSAl — 1)1)1,
0 0

and thus
P(s, A)vy = SNy — Alvla’)\l_l(eS)‘l — 1)1}1 =My — vy (68)‘1 — 1) = 1.

Hence, (2.7) implies ¢ (s, A)Py, = P,.
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Similarly, by (2.8), when Re A > 0 and s > 1,

s dx Nj s
gb(s,A)P,\:/ etAPAdt:Zj'APA/ t1eM dt
0 : : 0
7=0

= (d\)) AT sB MNP P, + O(sB T TeM).

(10.8)
For Re A < 0, the same argument yields ¢(s, A)Py = O(s®*1). The result
follows from this, (3.12) and (2.8). O

Proof of Theorem 3.17. We continue the argument from the proof of Theo-
rem 3.16. We have, see (2.13) and (2.14), fori =1,...,q,

AN, = (& &\ _ (B E&
B=e() @ v=s(% §)= (s )

and thus, using (2.14), (2.18) and a - v =1,

~ q+1~ o~ 1 ~ B )\17)1
B = ZvliaiBi = Z?}h‘aiBi = >\1U/1 1 . (109)
1=1 =1

Further, Re Ay = max(Re A2, 0) < %5\1, so we may apply Corollary 3.11 to
X,, = X((n)), obtaining a Gaussian limit V;. Ignoring the dummy balls,
we obtain n~Y/2(X, — Ainvy) > V, with V = (I, 0)V.

The covariance matrix of V4 is given by (3.7), with ~ added everywhere.
We have, by induction,

~n A" 0
A —(a/An—l 0)7 nZl,

and thus
~ 0 n sA
SA i n _ € 0
e’ = > n!A = (a/gb(s,A) 1). (10.10)
Hence
(1- 51—b/)esf‘ —((F - (") 0 1))ed
b, —\\o 1 Pt
. I —)\11)1 €SA 0
N <0 0 )(a’qﬁ(s,A) 1) (10.11)
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and thus, from (3.7), (10.9) and Lemma 10.4(i),

EVV/ 1/ *)\11}1)@ (1/)(8,14), *)\11}1)/67)‘15018
0

A
0

)\1/ (s, A)B(s, A) — )\1111111) e M3ds,
0

which yields (3.13). O

8

(¥(s
(s, A)B(s, A) = Aoroi1(s, A) = Aab(s, Ayvivg

+ /\17)101) e Mds

We need another lemma, which expresses the covariance matrix in (3.8)
as a limit of the integral in (3.7) over finite intervals, suitably renormalized.

Lemma 10.5. If Re X2 = A\1/2 and d := max{dy : Re A = \1/2}, then, as

t — 00,
t
{241 / (I — Py)e* Be*Y (I — P§,)e ™% ds — 14, (10.12)
0

and thus, for any b with b- vy # 0,

4—2d—1 /t (I . bvlb/ >€sABesA/ (I . bbvll )67)\13 ds
0 - V1 - VU1

— (1- bv-lii)Z”’d(I_ bb_”il) (10.13)

Proof. The left-hand side of (10.12) equals

t
!
2 : t—2d—1 / P)\€8>\+SNAB65“+8N“Pl:€_>\18d5
A pFEAL 0

Y iy y / e s PANEB(N)E),

Mp#AN k=0 1=0

Here ReA\,Rep < A/2. For such A and g, the integral is O(t*?) unless
ReA = \1/2, p = A and k = [ = d, cf. the argument after (9.45). In the
remaining case, the integral is (2d + 1)~'d!=2t2?+1 and (10.12) follows.
Multiplying (10.12) to the left by (I — (b-v;)~'v1t’) and to the right by
the transpose, we obtain (10.13) because (I — (b-v1)~'vib') Py, = 0. O

Proof of Theorem 3.18. We argue as in the proof of Theorem 3.17, now ap-
plying Corollary 3.12. We have Re X2 = Re)y = ,)\1 Moreover, it follows
from (2.9) that |e4(I — Py,)| grows as sdeRed2s a5 5 — oo it follows easily
from (10.10) and (3.11) that \eSA(I Py,)| grows at the same rate, and thus
d=d.
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Hence, it follows from Corollary 3.12 that (nIn2+1 n)~1/2(X,, —nXjv1) 4
V = (I, 0)V4, where V} is Gaussian and, by (3.8) and Lemma 10.5,

— ~ 1/ ~ ~/
EVyVy = /\1_2d<f— o )Ell,d(I— by )

b- vy b- vy
t ~ - - o~
= )\1_2d lim ¢ 2471 (I — vlfbj )eSAEeSA/ (I — Lvi )e_)‘ls ds.
t—o0 0 b- V1 b- V1

(10.14)

This implies, using (10.11), (10.9) and Lemma 10.4(i),
t ~
EVV' = /\1_2dtlim t2d1/ (¥(s, A), —Awv1) B (v(s, A), —Alvl)/e*)‘lsds

t
=72 Jim #7201 /0 (zp(s,A)Bw(s,A)’ - Afm'l)e*mds.

We write (s, A) = >, ¥(s, A)Py and use Lemma 10.4(ii); (3.14) follows.
For the final claim, note that

TP\N{ = X" \w1d PAN{ = A\ jv1d’ AP\NY = Ty P\N{ O

Proof of Theorem 3.19. Follows directly by applying Corollary 3.13 to X,.
O

Proof of Theorem 3.21. We add dummy balls with a; =0,i=q+1,...,2q,
as described in Section 3, and argue as in the proofs of Theorems 3.16-3.18.
For the modified process we now have, with vectors and matrices in block
form corresponding to a split R? x RY,

v oo Xn s o gz ~ f[a T A 0
=) &= 6) =0) 1-(0)
where (0;); = d;; and (Dg)ij = aid;j. Again, the non-zero eigenvalues are

the same: A = AU {0}. A has the eigenvectors

~  f(u ~ U1
“= o) T W'D )

We take b = (), where 1 denotes the vector (1,...,1)’, and note that
b-v; = A{'a-v; = A\'. The a.s. convergence follows from (3.4) and the
Gaussian limits in (i) and (ii) follow by Corollaries 3.11 and 3.12.
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For the explicit forms of the covariance matrices in (i) we use (3.7) and
compute (omitting the details)

~ X n sA
esA: SAn:< € 0>7

70 n‘ Da¢(37 A) I
0y o (s, 4) A1’
(I - 5‘751)6 B (Da(I —v1d)p(s,A) T — Dyui1’')’ (10.15)
~ B AD,
b= <DUA’ DQDU>' (10.16)

Assuming a = 1, and thus D, = I, the result now follows from (3.7) by
simple calculations, using D,1 = v; and ¢(s, A)A = 4 — I.

For (ii), we use (3.8) and Lemma 10.5 and obtain (10.14) as in the proof
of Theorem 3.18. We extract the leading terms in the integral in (10.14)
using (10.15) and (10.16) together with Lemma 10.4 and (10.8), cf. the proof
of Lemma 10.5. In the case a = 1, this yields, after some calculations, with
T as in (3.14),

14 ~ _ I1-T ~
E<‘7> (V/ V/):)\12d< j"\ >2H,d(I—T/ T’).

This yields the (co)variances. Since ATP\NY = (I = T)P\N{, X\ € Apy, it
also implies that E(V — AV)(V — AV)' =0, and thus V = AV a.s. O
Lemma 10.6. For allt > 0,

Esup |PrX(s)> < CeMt

s<t
and, if X € Ajr and k >0,
Esup |QxxPrX ()2 < C(t + 1) 21N,

s<t
Proof. 1t follows easily from (9.18), (9.11), (2.10) and (2.11) that, for A € Ay,
BIPX (D) = O(M)
and, for A € Ajy,
E Qe PAX(t)]? = O((t + 1)*FFeMh).

For each u, A=t P\ X (t) = eA*P\)(t) is a martingale, and thus by Doob’s
inequality

E sup ]PAX(S)FSCHE sup \eA(“_S)PAX(s)lz§CQE\P)\X(U)\2,
u—1<s<u u—1<s<u

and similarly for Q)P X, and the results follows by summing over all
integers u less than ¢ + 1. O
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Proof of Theorem 3.22. We condition on W > 0.
(i): Let t = A\{ 'ln 2. By Lemma 10.1,

mp(x2) —t — d(x) == A\[ ! (Inz —InW —In(b- v1)) a.s.,

uniformly for z € K for any compact interval K C (0,00). This together
with Theorem 3.1(i) yields, in D(0, o0),

NP (ma2) S WM, (p(a) = 22 (b - 00) 72U (9(a)).

Since Uy is translation invariant and independent of W, the processes Ur(¢(x))
and Uy (¢(z) — ¢(1)) = Ur(A{ ' Inx) have the same distribution, and thus

zfl/QPIX(Tb(xz)) = e*)‘lt/QP[X(Tb(:cz)) 4, (b- vl)*l/QVI(x) in D(0, 00),

with Vi(z) := 2!/2U;(A\{ ' Inz). V7 is a continuous Gaussian process because
Ur is, and (3.1) implies (3.17).
It remains to improve the result to convergence in D[0, c0), with V;(0) =
0. For this, it suffices to show that for every ¢ > 0,
limsup P( sup 2_1/2]P[X(Tb(xz))] >e)—0
Z—00 0<z<h
as h — 0, see e.g. [27, Proposition 2.4], and this is an easy consequence of
Lemmas 10.6 and 10.1. Continuity of V; at 0 follows, or is proved directly
by standard methods [31, Theorem 3.23].

(ii): Convergence in D(0, c0) follows as in (i), now using Theorem 3.1(ii)
and Lemma 10.1, observing as in the proof of Theorem 3.10(ii) that the con-
stant factor (b-v; W)™ A A1 of modulus one can be ignored. The convergence
extends to D[0, 00) as in part (i), using Lemma 10.6(ii). O

Proof of Corollary 3.23. A simple consequence of Theorems 3.22 and 3.10(v);
(3.18) follows from (3.2) and (2.16)—(2.17). O

Proof of Theorem 3.24. This follows from Corollary 3.23 by the arguments
in the proofs of Theorems 3.17 and 3.18. In particular, the (co)variances
in (3.19) follow easily using (10.11) and a change of variables; for (3.20) we
observe that Corollary 3.23 shows that the covariance matrix depends on x
and y only through the numerical factor ¢(d, d, z,y), and the result follows
by comparison with (3.14) (the case x = y = 1), where now T' = 2v1a’Py,,
together with (3.3). O
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