COMPLEX INTERPOLATION OF COMPACT OPERATORS
MAPPING INTO THE COUPLE (FL®, FL%).

MICHAEL CWIKEL AND SVANTE JANSON

ABSTRACT. If (Ag, A1) and (Bo, B1) are Banach couples and a linear operator
T :Ap+ A1 — Bo+ B1 maps Ap compactly into Bg and maps A; boundedly
into Bi, does T necessarily also map [Ag, A1]p compactly into [Bo, Bi]g for
0 € (0,1)7

After 42 years this question is still not answered, not even in the case where
T : Ay — Bj is also compact. But affirmative answers are known for many
special choices of (Ag, A1) and (B, B1). Furthermore it is known that it
would suffice to resolve this question in the special case where (Bg, B1) is the
special couple (£>°(FL),£>°(FL$®)). Here FL is the space of all sequences
{An}nez which are Fourier coeflicients of essentially bounded functions, and
FL$° is the weighted space of all sequences {An}nez such that {e"Ap}pez €
FL*°.

We provide an affirmative answer to this question in the related but simpler
case where (By, B1) is the special couple (FL*, FL{°).

1. INTRODUCTION

This paper deals with the following question, which originated with Alberto
Calder6n’s study [3] of complex interpolation spaces, and has been open for the 42
years which have elapsed since the writing of [3].

Question C: Suppose that Ay and Ay are compatible Banach spaces, i.e., they
form a Banach pair, and that so are By and By. Suppose that T : Ag + A1 —
By + By is a linear operator such that T : Ag — By compactly and T : Ay — B
boundedly. Does it follow that T maps the complex interpolation space [Ag, A1lg
into the compact interpolation space [By, B1]g compactly for each 6 € (0,1)7

Affirmative answers have been obtained over the years for a considerable number
of particular cases of Question C. See, for example, [3], [16], [17], [5], [6], [9], and
[11]. More recent studies of other aspects of this question can be found in [4], [12],
[13] and [19]. We also refer to [10] and the website [7] for some general remarks and
further details about this question and related questions, including a remarkable
“almost counterexample” found by Fedor Nazarov.

Although we still cannot answer Question C, we can, apparently for the first
time in nearly thirteen years, i.e., since the submission of [11], further enlarge the
family of partial affirmative answers.
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Our main result in this paper, Theorem 14, immediately and obviously im-
plies that the answer to Question C is yes in one more particular case, namely
where (A4g, A1) is an arbitrary Banach couple, and (By, By) is the special couple
of sequence spaces (F'L*, F'L§°) of Fourier coefficients which was introduced and
studied in [14].

To the best of our knowledge, this particular case of Calderén’s problem cannot
be resolved via any other methods or cases treated in previous partial solutions of
the problem.

Our main motivation for considering this particular case is that a correspond-
ing affirmative (or negative!) result for the apparently related couple (By, B1) =
(£>°(FL>),¢>°(FL§°)) would resolve Calderén’s problem in complete generality.
(See [6], [9] and [12].) It would apparently also be sufficient to consider the couple
of spaces of distributions (Bg, B1) = (FL>®(R), FL{*(R)). As shown in [12], it
would also be sufficient to consider the couple (By, By) = ({*°(FC),{>°(FCh)).

We believe that there ought to be a simpler proof of Theorem 14 than the one
given here. One of the main underlying ideas is the use of Lusin’s theorem, which
leads us to the intermediate result Theorem 4. Intuitively it seems rather clear that
Theorem 4 implies Theorem 14. But, unfortunately, we have not found any way
so far to bypass the lengthy explanation which we need for the technical details of
this implication.

We thank Fedor Nazarov for many interesting discussions and enlightening com-
ments about Question C in general.

2. SOME PRELIMINARIES

As usual we let T denote the torus {z € C : |z| = 1}. Define the o-algebra T of
measurable subsets of T to consist of all images of Lebesgue measurable subsets of
[0,27) under the bijection ¢(t) = e and define u to be the measure on these sets
defined by taking u(E) to be the Lebesgue measure of ¢~1(E). In other words, u
is simply arc length measure on T.

The distance d(z1, z3) between two points z1 and 2z of T will be taken to be the
length of the shortest arc in T joining them, i.e., d(z1, z2) = d(1, 22/21) = |t| where
t is the unique number in (—, 7] which satisfies z5/21 = e'’.

For each z € T and each r € (0, 7], we let I'(z, ) be the closed arc in T of length
2r centred at z, i.e., I'(z,7) = {ze' : [t| <r} ={w € T:d(w,2) <r}.

Let LY(T) =LY(T,7,pn) and L>®(T) =L>(T, 7, u) denote the usual Lebesgue
spaces of (equivalence classes of) measurable functions f : T — C normed by

27r . .
£l = Jelfldn = [57|f(e)][dt and |[f]| = = ess supie( om) [ f(e™)] respec-
tively. For each r € (0,7] and z € T the formula

dp= [ fet)d
1) [ sin= [ st

obviously holds whenever f = yg and E € 7, and therefore it also holds for all
f € LY(T).

We conclude this section by recalling some standard facts related to the Lebesgue
differentiation theorem, and expressing them in ways that will be convenient for
our purposes here.
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Definition 1. For each p-integrable function f : T — C, let Qf denote the set of
all points z € T for which the limit lim,_,q 2—1T f_TT f(zet)dt emists. Let f©: T — C
denote the function defined by f°(z) = lim, g 5 [ f(ze")dt-xq,(2) forall z € T.
It will be convenient to refer to the points of Q¢ as the weak canonical Lebesgue
points of f.

If two p-integrable functions f and g coincide almost everywhere on T, then
of course Qy = Q, and so f°(z) = ¢°(2) for all z € T. Thus our definitions
of 2 and f° extend unambiguously to the case where f is an element of L'(T)
rather than a single function. It will be convenient to refer to the function f° as
the canonical representative of the element f. It is an obvious consequence of the
Lebesgue differentiation theorem that Q; € 7 with u(T\Qf) = 0 and that f(z) =
f°(z) for almost every 2z € T. This in turn implies that ess sup;c(g o) |f(e)| =

SUP¢e[0,2) |fo(€it)’-

Definition 2. For each set E € T, let EY denote the set of all points of density
of E, i.e., the points z in T for which the limit lim, o 5 [ xE(ze™)dt exists and
is equal to 1, i.e.,
ENT
L W(EATG )

=1.
r—0 2r

It is of course a classical result, deduced by applying the Lebesgue differentiation
theorem to the function x gz, that E(4 € 7 and u(ED\E) = u(E\E@¥) = 0. Since
E = (EnEYW)UE\E@, this implies in turn that u(F N E@®) = 4(E) and so, of

course,
(2) p(T\(E N ED)) = u(T\E).
3. THE MAIN INGREDIENT

Our goal in this section is to prove Theorem 4 which will subsequently be the
principal tool in the proof of our main result. But first we need the following lemma:

Lemma 3. Let K be a relatively compact subset of L°°(T). Then, for each € > 0,
there exists a number § = 0(€) and a set U = U, C T such that
(3) W(T\D) < e
and, for each f € K,
ess sup {|f(z1) — f(22)] : 21,22 € U, d(21,22) <0} <.
More precisely,

(4) sup {|f°(21) = f°(22)| : 21,22 € UNQy,d(21,22) < 3} < e.

Proof. Since K is relatively compact, there exists some integer N and a collection of
N elements {f1, fa,..., fn} C K, such that K C ququl B(fj,€/3). (Here of course
B(f,r) denotes the set {g € L>(T) : [[f — gl poe(p) < 7})

The o-algebra 7 contains all the Borel sets in T, and the measure p is finite,
regular and complete on 7, i.e., it satisfies conditions (b), (c¢) and (d) of Theorem
2.14 of [18] pp. 40-41. Thus we can apply Lusin’s Theorem ([18] Theorem 2.24 p.
55) to obtain, for each j € {1,2,..., N}, a continuous function g; : T — C such that
the set G; = {z € T : f7(2) # g;(2)} has measure ;(G;) < ¢/N. Since each g; is
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uniformly continuous, we can choose § = d(¢) to be a number with the property
that

21,22 € T,d(21,22) < § = max {|gj(z1) — g;(22)] : j=1,2,.., N} < ¢/3.
Let E be the set E = T\ Uévzl Gj. Then we will choose the set U to be
U= FENE®Y. Clearly T\E = U;V:1 G; has measure p (U;V:1 Gj) not exceed-

ing Zjvzl 1(G;) < e, and so (3) follows immediately from (2).
For each point z € T and each r € (0, 7] and each j € {1,2,..., N}, we have

[ 15w = gstw)] du(w)
I'(z,r)

/ |£5 (w) = g;(w)| du(w) + / |£2(w) — gj(w)] dp(w)
T'(z,r)NE D(z,r)\E

o /M)\E |5 (w) = g;(w)| dps(w)

(2 r\E) (1 £l e + 1951 1)

If z € U, and is therefore a point of density of E, then the preceding estimates
show that

1
limsupi/
r—0 ,U,(F(Z,T‘)) L (z,r)

B
< (Ifill e + sl 1) lim

IN

I3 (w) = gj(w)| dp(w)

(U(z, 7)) = u(C(z,7) N E))
u(I'(z,r))

In other words (cf. (1), we have

s
(5) lim —/ |f;-’(zeit) —gj(ze")|dt =0 forall z € U and all j € {1,2,...,N}.

Now suppose that f is some arbitrary element of K. Then there exists some
integer j depending on f such that

(6) J € B(f,e/3).

Suppose that z; and 2z, are arbitrary points in U N Qy satisfying d(z1, 22) < 0.
For each w € T we have

(7)  |f°(wz1) — fo(wz)| < [ fo(wz1) — f5 (wz1)] + | f5 (wz1) — g;(wz1)]
+ g (wz1) — gj(wz)| + |gj(wza) — f7 (wza)| + | f5 (wa2) — f(wz2)].

Since d(wz1,wz2) < 6, we have |g;(wz1) — g;(wz2)| < €/3 for each w € T. In view

of (6) we also have | f°(wz) — f]‘-’(wzl){ < ¢/3 and |f°(w22) — f;(U}ZQ)’ < ¢/3 for

every w € T. So, for each r € (0, 7], we can set w = e’ and integrate the inequality
(7) with respect to t on the interval [—r,r] to obtain that
1 /" . ,
o |f°(e”zl) — fo(e”zz)| dt
A
T

1 r B ) 1 ) .
<e/3+g / |15 (e"21) — g 21) | di+e/3+ / |gj(¢"22) — 5 (€ 20)| dt+e/3.
—r T



COMPLEX INTERPOLATION OF COMPACT OPERATORS 5

In view of (5) both of the integrals in the preceding line tend to 0 as r tends to 0,
and so we have shown that

(8) lim sup 2—/ ‘f e'z) f(e”zg)‘ dt < e.

r—0

Finally, since z; and z» are both in Qf, we see that

LT N T Ao
}%5/_rf(e zl)dt—lli% o /_Tf(e Zg)dt‘

% /T (fle"z1) — f(@itZQ))dt‘

1£°(z1) = f2(z2)| =

lim
r—0

< hmsup?/ |f e'z) f(eitz2)|dt-

r—0

This, combined with (8) establishes (4) and completes the proof of Lemma 3. O

In order to be able to conveniently apply the next theorem later in the proof
of our main result, we will have to distinguish, more pedantically than is usually
necessary, between elements of L>°(T) and the functions that represent them. So
here we will use bold lower case letters for elements (equivalent classes of complex
valued functions) in L*°(T) and usual italic lower case letters for the complex valued
functions in those equivalence classes.

Theorem 4. Let K be a subset of L®°(T). Let Ex be the set of all functions
u: T x T — C which are finite sums of the form

M
(9) u(Cw)= Y ("vn(w)
n=—M

where each function v, : T — C is essentially bounded and where the elements
v, € L®°(T), which are represented by v, respectively for each integer n € [—M, M],
satisfy

M
(10) > ("va€K foreach(€T.
n=—M

For each § > 0, define
(11)
px () :=sup {/ |u(w, z1w) — w(w, zow)| dp(w) : u € Ex, 21,22 € T,d(21, 22) < 5} .
T

If K is a relatively compact subset of L>°(T) then
(12) lim pic(9) = 0.

Proof. Let us begin by checking the almost obvious fact that the integral
Jp lu(w, z1w) — u(w, zpw)| dpu(w) does not depend on our particular choices of the
representatives v, of v,, in the formula (9).

More explicitly, we claim that if ¢({,w) = ZflVI:_M C" fu(w) where f(w) =
vp(w) for a.e. w € T and for each n, then

(13 /|u (w, z1w) — u(w, zow)| du(w /|(;5 (w, z1w) — d(w, zow)| dp(w).
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To establish (13) we first observe that, for each fixed z € T,

M

/T 16 (w, 1) — u(w, zw)| du(w) = / 3w (fuew) — va(2w)) | da(u)

T n=—M

M

< ,FZ_M /T |w" (fn(2w) = vn (20))] dpa(w)
M

_ n;M /TF | f(20) — v (20)| dps(w)

M
(14) - 3 / () = v ()] dps(aw) = 0.

Next we note that, for each fixed z; and zo,

[p(w, 21w) = P(w, 22w)| < |P(w, z1w) — u(w, 21w)| +

[u(w, z1w) = u(w, zgw)| + |u(w, 22w) = (w, 22w)| .

Integrating, and using (14), we obtain that

(15) /T $(w, 21w) — B, z2)] dp(w) < /T ju(w, 210) — (w0, 20)| djs(u).

The reverse inequality to (15) is obtained exactly analogously and so indeed we
obtain (13).

We will use the usual notation nG = {nw : w € G} for each n € C and for each
subset G of some complex vector space W (which will often also be simply C).

Obviously the sets £x and the quantities px(6) satisfy E,x = 1n€x and so
pni(0) = npx(6) for each n > 0. So we can suppose, without loss of general-
ity, that the given relatively compact set K is contained in the unit ball of L*°(T).

Choose a positive number € and let U = U, and § = §(¢) be a set and a number
with the properties listed in the statement of Lemma 3, corresponding to our current
choices of € and of the relatively compact set K. We will show that, for this choice
of 9,

(16)

sup {/ lu(w, z1w) — w(w, zow)| du(w) : u € Ex, 21, 22 € T,d(21, 22) < 5} < (27 +4)e.
T

Since € can be chosen arbitrarily small, this will of course suffice to establish (12).
Let u(¢,w) = ET]\L/[:7M ¢"vp(w) be an arbitrary element of Ex. In view of (13)
we may assume without loss of generality that it is in fact given by the formula

M

(17) u(w) = > ("vp(w)

n=—M

where, for each n, v, is the canonical representative of v,,, and of v,, the element
of L>°(T) represented by v,,).



COMPLEX INTERPOLATION OF COMPACT OPERATORS 7

Let Q=L _,, Q.. Clearly

(18) u(T\Q) = p ( U T\Qvn> =0,

and, for each fixed ( € T , every point in €2 is a weak canonical Lebesgue point for
the function w — u({,w). (Of course the set of all weak canonical Lebesgue points
for this function may be strictly larger than (2.)

In view of (10) and the fact that K is a subset of the unit ball of L*>°(T), it
follows that for each fixed ¢ € T, we have |u(¢,w)| < 1 for almost every w € T.
The exceptional null set may depend on (, but the next simple lemma shows that
the exceptional null sets for different ¢ are contained in a common null set.

Lemma 5. Suppose that u(¢,w) = Zf\f:_M "y, (w) for some fized integer M and

all (,w € T, where v,, are some measurable functions on T, and suppose that, for
each fired ¢ € T, |u(¢,w)| < 1 for almost all w € T. Then, for almost all w € T,
|u(¢,w)| <1 holds for all ¢ € T.

Proof. Let, for ¢ € T, N¢ be the null set {w : |u(¢,w)| > 1}. Let @ be a countable
dense subset of T (for example, the set of points with rational argument), and let
N = U¢eq Ne- The p(N) =0, and if w ¢ N, then |u((,w)| < 1 for all ( € Q.
However, for fixed w, u(¢,w) is a continuous function of ¢, so the inequality holds
for all ( € T. O

In particular, for every z € T, |u(w, zw)| < 1 for a.e. w, and thus
(19) / |u(w, zw)| dp(w) < w(F) for every set F € T and z € T.
F

Obviously u(nG) = p(G) for every measurable set G C T and every n € T. Let
z1 and 29 be arbitrary points in T satisfying

(20) d(z1,29) < 6

and consider the set F = 27 /(U N Q) N 2, ' (U N Q). Whenever w € F, both the
points zyw and zow are in U N Q. In view of (20) we also have d(zjw, zow) < 4.
Furthermore, (by (10) and (17)), for any fixed value of w in F', the function f(z) :=
u(w, z) is a representative of an element of K, the points z;w and zew are both
in Qf, and f°(z1w) = f(z1w), f°(22w) = f(z2w). Consequently, applying (4), we
have

(21) lu(w, z1w) — w(w, zow)| = |f(z1w) — f(z2w)| < e for all w € F.

Now we need to estimate the measure of the complement of the set F'. We write
F = FiNF,, where F; = z;l(UﬂQ) for j = 1,2 First, since U = (UNQ)U(U\Q),
we deduce from (18) that pu(U N Q) = p(U). Therefore, p(Fy) = p(Fz) = w(U)
and p(T\Fy) = p(T\Fs) = p(T\U). We also recall that the properties listed in the
statement of Lemma 3, which U must satisfy, include the condition u(T\U) < e.
From these remarks, and the fact that T\ (Fy N Fy) = (T\F1) U (T\F2), we can now
see that

(22) 1 (T\F) < 2.
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Finally, by (21), (19) and (22), we obtain that
[ tutw,z10) — utw, z20)| du(w)
T

= /F |u(w, z1w) — u(w, zow)| dp(w) + /T\F lu(w, z1w) — u(w, zow)| dp(w)

< [ eutw)+ [ ] du) + / ) )
< pu(F)e+2u(T\F) < (2m + 4)e.

Since the element u of £k and the points z; and 22 in T satisfying d(z1,22) <
were chosen arbitrarily, this establishes (16) and so completes the proof of Theo-
rem 4. (]

4. SOME MORE PRELIMINARIES

Next we recall some standard things about Alberto Calderén’s complex inter-
polation spaces. We choose versions of the notation and definitions to suit our
particular purposes. Some of the facts that we prove are implicit or even some-
times explicit in Calderén’s fundamental paper [3] about these spaces, or in other
papers. But we prefer to give rather full explanations here. We will assume some
familiarity with the basic notions and terminology of interpolation space theory as
presented, for example, in the early chapters of [1] or of [2].

Let S be the “unit strip”, i.e., S = {z€C:0<Rez <1} and let A denote
the “unit annulus”, A = {z € C:1 < |z| <e}. Calderén constructed his complex
interpolation spaces in [3] via certain analytic vector valued functions defined on S.
Most of the time here we prefer to use an alternative construction (cf. [8]) where S
is replaced by A.

Let B = (Bo, B1) be an arbitrarily Banach couple of complex Banach spaces.
Let fA(é) = Fa(Bo, B1) be the space of all continuous functions f : A — By + By
such that

(23) f is analytic in the interior A° of A

and
(24)
for j = 0,1, the restriction of f to the circle ¢/T is a continuous map of e/T into B; .

—

We norm Fu(B) by ||fll £, 5 = SUP{Hf(@th)HBj tef0,2m),j = 0,1} .

—,

For each 0 € (0, 1), let [B]y.a denote the space of all elements in By + B; of the
form b = f(e?), for some f € Fu(B). It is normed by

16151, = inf {1z, 5 : € FalB), S(") = b}

As shown in [8], the space [Blg.a, coincides, to within equivalence of norms, with
Calderén’s complex interpolation space [E]g.

Each function f € F,(B), can be expressed as a Laurent series f(z) = 3.0 z”f(n),

n=—oo

which converges absolutely and uniformly in By+ B1 norm on every compact subset
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~

of A°. The coefficients f(n) are given by the formulee
~ 1 1

25 = _ d

(25) fn) = 5z §_ e S 2)

where here, and in what follows, (cf. [15] p. 10 and pp. 257-8) we are using Riemann
integrals of continuous Banach space valued functions. Here 3 is a number in the

interval (1,e) and the value of f(n) is of course independent of its particular value
n (1,e). We can of course rewrite (25) as

- 1 [27 . )
(26) f(n) = Py / et £ty it where o = In 3 € (0, 1).
T Jo
For each fixed n the function o — 5= 027'r e~metit) f(eatit)dt is also defined for

a=0and a = 1, and is a continuous map of the closed interval [0, 1] into By + Bj.

Consequently, the formula (26) also holds for « = 0 and o = 1. For these two

values, the integral ;- f027r e~matit) featitydt defines an element of By or of B

o~

respectively. Thus we see that f(n) € By N Bj for each n € Z.

For each f € fA(E) and each N € N, we define the Nth Fejér mean of f to be
the function on(f) : A — By + B; given by the formula

, 1 [ .
on(f)(e*t™) = %/o kn(t —s)f(e*™)ds for each a € [0,1] and ¢ € [0, 27),

sin M1 2 .
where ky is the usual Fejér kernel, ky(t) = ﬁ ( 2 f) . Since (cf. [15] p.

int
sin 5

12) kn(t) = 20 (1 - %) e it follows immediately that ox(f)(e®™™) =

S (1= 35 et fn), e on(£)(z) = Sy (1= {25 ) 2 F(n) for
all z € A. It follows obviously from (24) that f|_;; : e/T —B; is in fact uniformly
continuous for j = 0, 1. This combined with the fact that {sy} y ¢y is @ summability
kernel ([15] p. 9) readily implies, using standard estimates like those in the proof of
[15] Lemma 2.2 p. 10, that limx sup{HaN(f)(ej+”) - f(ej'*‘“)HB‘ 1t €0, 277)} =
0 for j =0,1. Thus we have that limy . |lon(f) — f||ﬂ(§) = 0 and consequently
also

(27) Jim |on (£)(e?) — f(e")H[ém =0 for each 6 € (0,1).

—

Let Ga(B) denote the subspace of Fu(B) consisting of all functions g : A —
By N By which are finite sums of the form ¢(z) = Zi\[:_zv z"b,,, for elements b,, €
By N By. The remarks in the preceding paragraph show that on(f) € Ga(B) for
every f € Fu(B), and that hence Gy (B) is dense in Fy(B).

Definition 6. For any given subsets Ko of By and K1 C By, we let Fy (Ko, K1) de-
note the subset of functions f € fA(B) with the additional property that f(e/T%)
K; for allt €[0,2m) and j =0, 1.

Fact 7. Let K; be an arbitrary subset of B; for j = 0,1. Let I?; denote the closure
in Bj of the convezr hull of K; and let K denote the closure in Bj of the absolutely
convex hull of K;. Let f be an arbitrary element of Fy (Ko, K1). Then

~

(i) f(n) € K§ N KT for eachn € Z, and
(i) the function on(f) is in Fa(Ko, K1) for each N € N.
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Proof of Fact 7. Perhaps the quickest and easiest way to see (ii) is to consider the
function fps : A — By defined by, for each ¢ € [0,27) and each « € [0, 1].

M

) 1 27m/M )
faur(e®tt)y = — / kn(t — s)f(ea“%m/M) ds.
2m me1J2m(m—1)/M

Since kx > 0 and % 2%:1 22:(7:;/_1\{)/1\/[ kn(t—s)ds = 1, it is clear that, for j = 0,1,

the element f3/(e’ ) is a convex combination of elements of K;. Furthermore, the

uniform continuity of f[,;q : €/T — B; ensures that limy o || far(e/ %) — oN(f)(ej“‘“)HB,0

0. So indeed o (f)(e? 1) € K.

Analogously, for (i), for each fixed n € Z and each M € N, we consider the
element

1 M 27tm/M o o
far(n.j) = 5 > / e~ natmm/M) g (oiti2mm/Myqe for each j € {0,1}.
T T/ 2n(m=1)/M

Since far(n,j) = 57 Zf\le e nlgti2mm/M) g (ei+i2mm/M) “it ig clear that faz(n,j) €
K7 for j = 0,1. The uniform continuity of the function g : T —B; defined by

gleit) = e—n(j-‘rit)f(ej-i-it) ensures that limps_, HfM(n’j) — i 027r e—n(j+it)f(ej+it)dt‘
0. Since = OQW e+t f(eitit)dt = F(n) for j = 0 and also for j = 1 we deduce
that f(n) € K3 N K. 0

Let FL' be the space of complex sequences A\ = {An},cz which are Fourier
coefficients of functions in L!(T), i.e., such that, for some function u = uy € L(T),

1

T o

27
An / ety (e)dt  for all n € Z.
0

We norm FL' by setting |\ ppe = [uall 1 (py- Analogously, we let F'L> be the
space of complex sequences A = {\,}, o, which are Fourier coefficients of functions
in L>°(T), i.e., such that the above function uy is also in L>°(T). Here we use the
norm [[All pree = |[urllpo(r)- Let F'C be the closed subspace of F'L* consisting of
those sequences {A, },,., which are the Fourier coefficients of a continuous function
on T, i.e., a function in C(T).

We will use the following basic properties of Fourier series ([15], 1.2 and 1.3):

Fact 8. (i) for each sequence X = {An},c; € FL' the (Laurent or trigonomet-

ric) polynomials Py(e') = ij:_N( - J\LL+|1) e\, converge to the associated

function u(e™) for a.e. t € [0,2n], and also in the norm of L*(T).
(ii) If, furthermore, A € FIL*, then sup;c(g ox) |PN(6”)| < ||u>\||Loo(T).
(iii) If A € FC, then the convergence of the above sequence {PN (e”)}NGN occurs

for every t € [0, 2n] and furthermore it is uniform on T, i.e., the sequence converges
in L*°(T) norm.

For p = 1,00 and each fixed a € R let FL? be the space of complex se-
quences {A,},, ¢ such that {e*" A}, o, € FLP. It is normed by [[{An}, ezl o0

||{ean)\n}n€Z||FLp' We also define F'C,, to be the closed subspace of FIL® of se-
quences {\,}, 5 such that {e*"\,}, ., € FC.

B;
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These spaces are used extensively in [14], in particular to define the complex
interpolation method as both a minimal and as a maximal method.

Obviously FL* C FL' C (> and both these inclusions are continuous. So,
for 7 = 0,1 we have the continuous inclusions FL;?C C FL; C Z;fin{l’en} =
{{M}nez  SUP, ez min{l,e"} [A,| < co}. Consequently, FL? = (FL},FLY) is a
Banach couple for p =1, and for p = co.

The continuous inclusion FL} C [F El]g was shown in [14], and it is not difficult
to also obtain the reverse continuous inclusion. As explained in [12], the formula

(28) [FL*]y = FCy to within equivalence of norms

can be deduced from [FL!]y = FL} with the help of a duality argument. We need
(28) crucially in this paper, and since existing proofs of it in the literature are not
completely explicit, we provide a new proof below, in Appendix A. In fact there
we prove the following slightly stronger result:

Proposition 9. For each 6 € (0,1) the three spaces [FL>®)g, [FL>]g and FCy
coincide isometrically.

Recall that the equality [/_1']9,,& = [A]y holds for all Banach couples A [8], but in
general the norms are equivalent only and not identical. (At least, this is proven
for thick annuli in [8]; it is undoubtedly true for all annuli, but it seems that no-one
has published a proof of this.)

We next consider some special and natural maps on the spaces F'LP and FC,.

Definition 10. For each fized s € R, let M be the “multiplier” map on sequences
defined by Ms{ n},cp, = {ems)‘n}nez and for each fized m € Z let Sy, be the

“shift” map on sequences defined by Spm{An},cz = {An—mtnez-

Lemma 11. For each s € R and each m € Z both M, and S,, are bounded maps
of FL? onto itself and of FCy onto itself, for each fized o and for p =1, co. In
fact My is an isometry, and S,, has norm e*™ on each of these spaces.

Proof. This is obvious from the following simple observation: Whenever {e®"\,, }
is the sequence of Fourier coefficients of the function v(e®) € L(T), then

(i) {e™ e Ay nez = {e*™ (M{\n}),,} is the sequence of Fourier coefficients of
the “rotated” function e s v(e!**+2)) and

(ii) {e*M=™ N, tnez = e {e*" (S {Mn}),,} is the sequence of Fourier co-
efficients of the function e — ety (et). O

ne”Z

The results in the following theorem and proposition are slight reformulations of
straightforward and classical properties of analytic functions. But it seems prefer-
able to state them explicitly in the notation needed for our purposes, and to provide
explicit proofs.

Theorem 12. Suppose that the sequence A = {\,},, o, € FL' is also an element
of FL}. Then X\ € FCy for all 6 € (0,1). Furthermore, the limit

N
2 =1 1— n
(29) v(2) Jim N( N.1)? An

n=—

exists for every z € A° and almost every z € T and almost every z € €T, and the
complex valued function v which it defines has the following properties:
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(i) v(e™) = ur(e) for a.e. t € [0,27),
(ii) the function € — v(e' ™) is in L'(T) and 5= OQW e~ My (et dt = em )\,
foralln € Z,
(iii) for each 0 € (0,1), the function e — wv(e’*¥) is in C(T) and
L [T o—inty(e0+it)qt = ¢\, for alln € Z, and

2r Jo
(iv) for each 6 € (0,1),
0

(30) ()] < Cy (/02W|v(e“)|dt> (/O2W’v(el+it)|dt) ,

where the constant Cy depends only on 6.

Proof. Since A € FL' N FL}, it follows that
(31)

1 )
Al < 5 min{1, ey max { Al o

1-6

{en)\n}nGZHFLl(’]I‘)} for each m € Z.
So, for each fixed 6 € (0, 1), the sequence {e(e‘”t)"/\n}n€Z satisfies

(32) sup e(9+it)"/\n‘ = ‘ean)ml < const. min{e(m7 6(0*1)"} for each n € Z.
teR

For each N € N we define the function (Laurent polynomial) Py : C\{0} — C
by

(33) Py(z) = i (1—N|"+|1)zm.

n=—N

In view of Fact 8 (i), the sequence {Pn (™)}, converges a.c. to uy(e) for
a.e. t € [0,27) and also in the norm of L(T). For exactly the same reason, the se-

auence {6 Pu(e ) o = {e = Sy (1 ) €00} con
S

verges a.e. on T, and also in L!(T) norm, to a function, (which we shall temporarily
call uy 1(e")) whose Fourier coefficients are {e"\,,}.

For each fixed 6 € (0,1) we see from (32) that the sequence of functions e
Py (e?1%) converges absolutely and uniformly on T to a continuous function on T
(which we shall temporarily call uy g(e’’)) whose Fourier coefficients are {e?"\,}.

In view of the preceding remarks, it is clear that A € F'Cy for each 6 € (0,1). It
is also clear that the function v defined as in (29) i.e., by v(z) := limy_.00 Pn(2),
exists for all z € A° and for almost every z on each of the circles T and eT,
and it satisfies v(e’) = uy(e") and v(e!*®) = wuy 1(e?) for a.e. t € [0,27) and
v(efT) = uy p(e') for all t € [0,27) and all 6 € (0,1). So parts (i), (ii) and (iii) of
Theorem 12 have been established.

It still remains to prove part (iv). For this let us first remark that all continuous
functions f : A — C which are analytic in the interior of A satisfy

(34) el <a 1R ) o (/ L) )

for each 6 € (0,1), where the constant Cy depends only on §. We can show this
via classical results. Or we can deduce it as a very very special case (where Xy =
X1 = C) of the estimate (1) of part (i) of Lemma 2 of [11] p. 265. (Note that in the
proof of part (i) of Lemma 2 of [11, p. 265], there is a small misprint: the function

it

0
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F(z) = f(e*)e*" should of course be F(z) = f(e*)e* . Cf. also the proof of the
related estimate () on p. 363 of [12].)
Applying (34) to the analytic polynomials Py, we have

=n

Finally we use the fact that the above-mentioned convergence of { Py (e/+

1-6 0

(35) |Pn(e”)] < Co (/027r | P (e)| dt)

)}NEN
to v(e/T%) in L*(T) implies that limy _ o fo% | Py (e7 )| dt = f027r |v(e™)| dt for
j =0,1. Thus we obtain (30) from (35) by taking the limit as N tends to co. This
completes the proof of Theorem 12. O

‘We conclude this section with a proposition which paraphrases and expands upon
some of the things in the statements and the proofs of Theorem 12 and Lemma
11. Since in our application of these things in the next section we will only need to
deal with sequences \ in the smaller space FL>® N FL$ instead of in FL' N FL},
we only consider such sequences here. Also, it will be convenient for us to use a
slightly exotic variant (see (36)) of the formula (29) so that all the functions that
we have to deal with will be defined unambiguously at every point of A

Proposition 13. For each element A = {\,} of the sequence space FL* N

neZ
FL3, let TA be the function defined by
(36)
VR LI S (1= ) 2 A this limat exists
z =
0 if the above limit does not exist

for each z € A.
Then:

(i) The formula (36) defines a map T from FL®NFLS into a certain class of
functions on A, which is “linear almost everywhere”. ILe., for each \ and
&in FL*® N FL$ and each o and 3 in C,
(37)
T(aX+ BE)(z) = aTA(z) + BTE(2) for all z € A° and for almost all z € T U €T.

Furthermore, for each A € FL* N FLY°, the function v = TX has the
following properties:
(ii) For each a € [0, 1], v satisfies
(38) [All pro = ess sup lv(e*t™)].
te[0,27)
(iil) When a = 6 € (0,1) the function v(e®**) depends continuously on t and
(38) can be rewritten as
(39) ”/\”FLgC = ”)‘HFCQ = Sup ‘U(ee+it)|~
te(0,2m)
(iv) v is analytic in A°.
(v) The function T(MN) coincides with the function z — v(e**z) for each fized
seR.
(vi) Ezcept possibly on some null subset of TUeT, the function T(S;,\) coincides
with the function z — 2™v(z) for each fixed m € Z.
(vii) The function v satisfies the estimate (30).



14 M. CWIKEL AND S. JANSON

Proof. From Theorem 12 and its proof it is immediately clear that the right sides
of (29) and of (36) coincide for all z € A° and for almost all z € T U eT and that
(keeping in mind the definitions of the spaces FILY® and FC,) properties (i), (i),
(iii) and (vii) all hold.

To show property (iv) we note that, for any a and § satisfying 0 < a < 8 < 1,
and for all z in the closed annulus {z : e < |z| < €}, the sequence {2\, },,c;, sat-
isfies (cf. (31)) |z"A,| < const. min{1, e~"} max{e®”, e’"} = const. min {", =1},
Consequently the sequence of Laurent polynomials { Px(2)} ycy (cf. (33)) converges
uniformly on each such annulus and so the function v = TA = limy ., Py is indeed
analytic in A°.

Property (v) is an immediate consequence of the definitions of T and of M (cf.
Definition 10).

To show (vi), we choose an arbitrary m € Z and let w = T'(S,,A). We have to
show that

(40) w(z) = zMv(z) for all z € A° and almost all z € T U eT.
This is obvious for each z € A°, since, when 1 < |z| < e, we have
limpy oo Z,ﬂv}N( — %) 2"\, = EZO:?OO z"\, and this series is absolutely

convergent. It remains to deal with z € T U eT. When z € T, we apply part

(i) of Theorem 12 to the sequence Sy, A, and see that the function w = T'(S,,\)

27

must satisfy % e‘mtw(eit)dt = A—m for each n € Z. Since we also have

0
4 0% e~ mtlemty(et)|dt = A\y_m for all n € Z, it follows from the uniqueness

theorem for Fourier series that
(41) w(e™) = e™ty(e™)  for ae. t € [0,2m).
Similarly, from part (ii) of Theorem 12 applied to both S, A and A, we have

2m 27
i e—intw(el-i-it)dt — en)\nim — i 6—int [e(1+it)mv<el+it)]dt
2T 0 21 0
for all n € Z. So another application of the uniqueness theorem gives us that
(42) w(e Ty = A+ DMy (1+) for ae. ¢ e [0,2n).
In view of (41) and (42) we have now established (40). This completes the proof of
Proposition 13. U

5. THE MAIN RESULT
We are finally ready to state and prove our main result.

Theorem 14. Let B = (Bo, B1) be the couple FL>. Let Ky be a relatively compact
subset of the unit ball of FL* and let Ky be the unit ball ofF[_:CfC. Let 6 be a constant
satisfying 0 < 6 < 1 and let Ky be the set of all sequences X € FL*™ + FL$° of
the form X\ = f(e?) for f € Fa(Ko, K1). Then Ky is a relatively compact subset of
FCy.

Remark 15. As stated in the introduction, Theorem 14 immediately applies an
affirmative answer to Question C in the case where (By, By ) is the couple of sequence
spaces (F'L*, F'L{®). This is because of (28) (cf. also Proposition 9). We will also
use (28) in the proof of Theorem 14.
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Proof. K, is of course closed and convex, and, since the closed convex hull of a
relatively compact subset of a normed linear space is compact, we may also suppose
without loss of generality that K is closed and convex. It then follows from Fact 7
and (27) that the set of sequences

Kog:={\=f(e"): f € Fu(Ko, K1) N Gu(FL>)}

is a dense subset of Ky in the norm of [FEOO]QA = FCy. Thus we have reduced the
proof of the theorem to showing that the set Ky ¢ is relatively compact in F'Cp.

Obviously Ky g C FL* N FL°. Let T be the map defined in (36) and let
T(Ky,g) be the collection of all functions v = T'X obtained as A ranges over Ky g.
Let T(Kg,g)|,op denote the collection of all functions on the circle eT which are
restrictions to that circle of functions in T'(Ky g). It follows from (39) and the fact
that T¢(2) — TA(z) = T(€ — A)(z) for all z € €T and all £,\ € FL® N FL$°
(cf. (37)) that, in order to show that Ky ¢ is relatively compact in F'Cy, it suffices
to show that T'(Kjp,g)| e is a relatively compact subset of C(e’T). By definition,
Kp,g is contained in the unit ball of [FL>®]g 4 and so T(Ky,g)|,op is a bounded set
of functions in C(e?T). So, by the Arzela-Ascoli theorem, it remains only to show
that T'(Kg,g)| ep is an equicontinuous set of functions. Intuitively at least, this is a
rather obvious consequence of Theorem 4 and Theorem 12, in particular (30). But
let us carefully go through all the steps to show it:

Consider some fixed but arbitrary element ¢ of T'(Kp g)| ep. It must be a con-
tinuous function v : e?T — C which is the restriction to e’T of some function T'A
where the sequence A is a fixed element of Ky g. It must, by the definition of Gy,
be of the form

M

(43) A= D e

n=—M

for some M € N, where A" € FL* N FL$® for each n. (Here we are using a
superscript index in A™ to avoid confusion with the previous notation A, for indi-
vidual terms of the sequence X.) Furthermore, we have Y2 eUt+itinyn ¢ K
for j = 0,1 and for each fixed t € [0,27). In fact, for these values of j and ¢, we
have

M
(44) D Ut € KN FL® N FLYS.
n=—M

Let K, = T(KoNFL>® N FL{)|p, i.e., K, is the set of all functions defined on T
which are the restrictions to T of functions of the form T°¢ for € € KoNFL*®NF LS.
Let K be the set of all elements (i.e., equivalence classes of functions) in L>°(T)
which have a representative in K,. In view of (38) for & = 0 and the fact that
TE(z) —TA(z) =T(€ — N)(2) for a.e. z € T and all £, A € FL® N FLS® (cf. (37)),
we can assert that K is a relatively compact subset of the unit ball of L>°(T). We
now set v, = T'(A\") for each n € [-M, M], (where A" are the elements appearing
in (43)) and, for each ¢ € A, we define u(¢) = Zﬁi_M ¢™v,,. Correspondingly, we

define u({, w) = ZT]\L/[:_M " vy, (w) for each ¢ and w in A.
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The following property of u(¢,w) is an obvious consequence of (37):
(45)
M (i) for a.e. w € T.
For each fixed ¢ € A, w((,w) =T ( Z C”A”) (w) < (ii) for a.e. w € eT.
n=—M (iii) for all w € A°.

Using part (i) of (45) we see that, for each fixed ¢ € T, we can write ( = et
for some fixed real ¢ and apply (44) for the case where j = 0 to deduce that the
restriction of the function w — wu(e',w) to the circle T coincides for a.e. w € T
with a function in K, (namely T (Z%:_M e””)\”) (w) restricted to T). In other
words, if we let v,, denote the equivalence class in L*>°(T) containing v, | for each
n, then, for each fixed ¢ € [0,27), the equivalence class 224:71\/1 ey, in L>2(T),
which contains the restriction of u(e’*, w) to T, is an element of K.

This last condition means exactly that the restriction of u(¢,w) to T x T is an

element of the class £k defined in Theorem 4. Thus, if pg is the function defined
by (11), it follows from that definition that

27
/ lu(e, z1e™) — u(e, z0e™)| dt
0

(46) = / [u(w, 21w) — u(w, zgw)|du(w) < pre (d(z1,22)) for all 21,29 € T.
T

Next, we consider the properties of the function w +— u(¢, w), when w is restricted
to eT and for each constant ¢ € eT. This time we use part (ii) of (45) to obtain

that this function coincides, for a.e. w € €T, with T' (Zi/lsz C”A") (w). By (44)

for j = 1, we know that ZTI\;I:_M ¢™A™ is in the unit ball of FL{°. In turn this
implies, using (38) for o = 1, that |u(¢,w)| <1 for a.e. w € €T.

Consider the function U(¢,w) defined for all (,w € T by U({,w) = u(e, ew).
Clearly U(¢,w) = ansz ("Vp(w) where V,(w) := e™v,(ew). We also have, for
each fixed ¢ € T, that |[U(¢,w)| < 1 for a.e. w € T. Thus Lemma 5 implies that
for a.e. w € €T, |u(¢,w)| < 1 for all ¢ € eT. It follows that for every z € T,
|u(w, zw)| <1 for a.e. w € eT, and thus

2
(47) / ‘u(el+it, ze' | dt < 2m.
0
The reason that we need (47) is that it immediately implies that

27
(48) / ‘u(el+it, z1e!t T — (e zgel'”t)’ dt <4m, for all 21,29 € T.
0

Now we will use part (iii) of (45) with ¢ = e?. Tt gives us that
M
(49) Y(w) = u(e?,w) = Z e v, (w) for all w € €T.
n=—M

Let s and o be two arbitrary fixed real numbers and consider the sequence
¢ =M u Sn (Mg — M) A" where the A\"’s are the same fixed sequences in

n=—

FL* N FL$ which were introduced in (43). It follows from Lemma 11 that £ €
FL>*NFL$e.
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In view of parts (i), (v) and (vi) of Proposition 13 and the definitions of v,, and
u(¢, w) given above, we can assert that the following sequence of equalities hold for
all w € A° and for almost all w € T U eT.

T¢(w) = Z T (Sn (Ms — Mg) A") (w)
n=—M
M M
= D T(SaMA) (w) = Y T(SpMoA") (w)
n=—M n=—M
M M
= > w'T (M) (w)— Y w"T (MoA") (w)
n=—M n=—M
M ' M ,
_ Z wnT)\n(ezsw)_ Z wnT)\n(ezaw)
n=—M n=—M
M _ M }
= Z wvy (e w) — Z w" vy (e"7w)
n=—M n=—M
(50) = u(w,ew) — u(w, e w).

We now apply part (vii) of Proposition 13 to the function T¢(w). In view of
(50), this gives us that

‘u(ee, e*e?) —u(e?, ei”e‘g)‘

2m
< CG </ |u(eit’eiseit) o u(eit’eioeit” dt)
0

1-6

0

2
(/ Tr |u(el+it7 eiselJrit) o u(61+it, eiaelJrit)} dt)
0

In view of (49), the first term in the preceding inequality is [i(ef %) — @[J(e‘g"’w)’.
So, using (46) and (48), we deduce that

(51) (i) — ()| < Cy (prc(d(e™, )

The relative compactness of K implies, via Theorem 4, that lims_o px (6) = 0. Thus
the inequality (51) establishes the equicontinuity of the set of functions T'(Ky g)| o7
As explained earlier, this suffices to complete the proof of Theorem 14.

= (4m)?  for all 5,0 € R.

APPENDIX A. A PROOF OF PROPOSITION 9.

Until now we have not related very explicitly to Calderén’s original definition
of his spaces [Ag, A1]gp. We shall assume that the reader is familiar with their
construction via a certain space F(Ag, A1) of functions f : S — Ay + A;, where
S={z € C:0<Rez < 1}, and with the convenient dense subspace G(Ag, A1). We
refer to [3] for the details.

We will begin our proof of Proposition 9, by establishing the inclusion

(52) FCy C [FL™,FL{]
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and the two norm inequalities

(53) ||/\||[FLOC,FL;>°]9 < [Mlpe, forall A € FCy,
and
(54) lpge iz, < Wleg, for all A € FCp.

In fact it suffices to show that (53) and (54) each hold for all finitely supported
sequences A. Since these form a dense subset of F'Cy, this immediately implies that
they both hold for all A € F'Cyp and also establishes (52).

We use essentially the same simple reasoning as was used in [14] to show that
FLj C [FL',FLi]s. Given an arbitrary sequence A = {\, }, ., with finite support,
we introduce the sequence valued function f(z) = {e"?=*)), } Clearly f(0) =

A, and for all real ¢ and j = 0,1 we have

nezr’

{enj+n(9—j—it))\n}

I+ Dl = 176+ O = |

[l =

= ”{/\n}neZHFCG :

Since f(z) is an entire function taking values in a finite dimensional subspace
of FIL*® N FLY° and is bounded on S, it is clear that, for each § > 0, the function
f5(z) = e9G=9 f(2) is an element of Calderén’s space F(FL*®,FL$®). So A =
£5(0) € [FL>, FL®]y. By (55) we have

FC
(55)

e

Ml pree prsey, < ol zrroe, pre)

= sup {e O £ 4 i)l pr = 0,15 ¢ €R)

< max {6592765(170)2} H{)\n}neZHFCéa .

Since § can be chosen arbitrarily small, this gives (53).

Let us also consider the function g : A — FL*® N FL{ defined by ¢(¢) =
{e"f’g—")\n}nez. Since g(e*) = f(z) we of course have g(e’) = \ and also g €
Fa(FL*>®, FLY®) with norm

HgHFA(FLN,FLTO) = SUP{HQ(@”H)HFL;C 1J=0,1te [0’2”)} = ||{/\n}nez||pcg :

This immediately gives us (54).
We now know that (53) and (54) hold for all finitely supported sequences and
so, as already explained, this establishes all of (52), (53) and (54).

Now we turn to proving the inclusion and inequalities which are the reverse of
(52), (53) and (54) respectively. Again we will use density properties, more explic-
itly, the facts that G(F L, FL$°) is dense in F(FL*>, FL§°) and Gy (FL*>, FL$°)
is dense in Fy(FL*>,FL$®). Our main step will be to show that, for each g €
G(FL*>,FLS$°), we have g(8) € FCy and

(56) ||9(9)||ch < HgH]-‘(FLOC,FL‘fO)’
Analogously, for every g € Go(FL>, FL$®) we will show that g(e?) € FCp and

(57) H9(69)||F09 <9l g, (Lo, pre) -
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If g € G(FL*™,FL$°) then g(z) is a finite sum g(z) = 27]\5:1 Om(z)a™ where
each a™ = {a;'}, ., is a sequence in the space F'L> N FL° and each ¢y, is a
scalar valued entire function which is bounded on S. Applying Theorem 12 to each
sequence a™, we see that a™ € FCy for each m. (Note that FLS® C FL; and
that the proof of Theorem 12 does not use Proposition 9. In fact, we only need the
simple argument at the beginning of the proof.) So obviously also g(6) € FCp.

Given any sequence A = {\,}, ., € FL* and any other sequence o = {0y},
whose support Z, = {n € Z: o, # 0} is a finite set, we of course have that the
finite sum Y-, ) Anon = 3 ez AnOn = L+ 027T fr(e®) fo(e~)dt, where fy and f,
are the functions whose sequences of Fourier coefficients are respectively A and o.
In particular this means that

1
(58) Z/\nUn < o M Fre lollpr
nez
and that
(59) [All o = sup Z)‘nan
oc nez

where @ is the set of all finitely supported sequences o such that |o||p;. =

fOQW ‘Znezg Unemt’ dt = 2m.
For each o € ), we define the function 1, : C — C by

M
(60) Ve(z) = Z Om(2) Z aro,e™”.

NELy

This is an entire function which is bounded on S. So, by the Phragmeén-Lindel6f
theorem, we have that

(61) o (0)] < sup{|¢os(j +it)| : j = 0,1,t € R}.
Applying (58), we see that, for j = 0,1 and for all t € R,

M
o (G + )] < % {Z bm (j + z‘t)ai?e”(j*”)} ol s
m=1 n€Zl proo
M M
= ‘ {Z b (j + it)a?e"j} = {Z b (j + u)aii‘}
m=1 neZll ppoo m=1 neLllFre

(62) = [lg(j + it)HFL;o <9l zpre Free) -

By (59) we have that

M M
sup [¢o(0)| = {Z ¢m(9)a2"€"9} = H{Z ¢m(9)a§7}

(63) oc@ m=1 nezll pree m=1 nezllprge

= Hg(9)||FLg°'

Since g(#) € FCy we have ||9(9)||FL3<> = [|g(9)| ¢, and so (56) follows from (63),

(61) and (62). The proof of (57) is almost the same. The only differences are
that this time the functions ¢,, are each of the form ¢,,(z) = zkm for some k,, €
Z, and we have to use the function v¢,(z) = Z]\m4=1 Om(2) Xpnez, Ononz". By
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the maximum modulus principle for functions which are analytic on A, we have
[vo(€”)| < max {|v,(e7T)|:j =0,1,t € [0,2m)}. Analogously to (62) this last
expression is bounded from above by ||g||fA(FLm7FLi,O), and we obtain (57).

Finally, if f is an arbitrary element of F(F L%, F'L§°) then we approximate it
in F(FL*>, FL$®) norm by a sequence {gn}, oy in G(FL*, FL®). Thus, by (56),
{gn(0)},,cn is a Cauchy sequence in F'Cy. Since it converges to f(f) in the norm
of FL> + FL$° it follows that f(0) € FCp and | f(0)|pc, < ||fH]:(FLoc’FL§O)~
Consequently [F'L>, FL°lg C FCy and [|A| 5o, < ||)\||[FLOO’FL?O]9 for all A €
[FL>®, FL$°)g. Since Ga(F L™, FL°) is dense in Fy (F L, FL{°), an exactly anal-
ogous argument using (57) shows that ||| po, < ||)‘||[FL°C,FL<1>°]9,A' (Alternatively,

—.

one could use the first case and the general fact that the inclusion [A]s s — [Al
has norm 1, see [8].)
This completes the proof of Proposition 9.
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