DISTANCES BETWEEN PAIRS OF VERTICES AND
VERTICAL PROFILE IN CONDITIONED
GALTON-WATSON TREES

LUC DEVROYE AND SVANTE JANSON

ABSTRACT. We consider a conditioned Galton—Watson tree and prove
an estimate of the number of pairs of vertices with a given distance, or,
equivalently, the number of paths of a given length.

We give two proofs of this result, one probabilistic and the other
using generating functions and singularity analysis.

Moreover, the latter proof yields a more general estimate for gener-
ating functions, which is used to prove a conjecture by Bousquet—Mélou
and Janson [5], saying that the vertical profile of a randomly labelled
conditioned Galton-Watson tree converges in distribution, after suitable
normalization, to the density of ISE (Integrated Superbrownian Excur-
sion).

1. INTRODUCTION AND RESULTS

Let T}, be a conditioned Galton—Watson tree, i.e., the random rooted tree
T obtained as the family tree of a Galton—Watson process with some given
offspring distribution &, conditioned on the number of vertices |7| = n. We
will always assume that

E¢=1 and 0 < 0?:=Varé < oo. (1.1)

In other words, the Galton—Watson process is critical and with finite vari-
ance, and P(§ = 1) < 1. (Note that this entails 0 < P({ = 0) < 1.) It is
well-known that this assumption is without essential loss of generality, and
that the resulting random trees are essentially the same as the simply gen-
erated families of trees introduced by Meir and Moon [13]. The importance
of this construction lies in that many combinatorially interesting random
trees are of this type, for example (uniformly chosen) random plane (= or-
dered) trees, random unordered labelled trees (Cayley trees), random binary
trees, and (more generally) random d-ary trees. For further examples see
e.g. Aldous [1] and Devroye [6].
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We consider only n such that 7), exists, i.e., such that P(|7| = n) > 0.
The span of £ is defined to be the largest integer d such that & € dZ a.s. If
the span of ¢ is d, then T, exists only for n = 1 (mod d), and it exists for
all large such n.

For our main theorem, we assume that we are given a further random
variable n. Given a rooted tree 7, we take an independent copy 7. of n for
every edge e € 7. We give each vertex v the label L, obtained by summing
ne for all e in the path from the root o to v. (Thus, L, = 0.) We assume
that

En=0 and O<0,27 := Varn < oo. (1.2)
We further assume that
n is integer valued and with span 1; (1.3)

thus all labels are integers, and all integers are possible labels.

We let X (j;7) be the number of vertices in 7 with label j; the sequence
(X(J57))52 _ o is the vertical profile of the labelled tree.

For the random tree 7;,, we assume that the variables 7. are independent
of T),. The vertical profile (X(j;7,,)) then is a random function defined for
j € Z. We write X,,(j) := X(j;T»), and extend the domain of X,, to R by
linear interpolation between the integer points; thus X, is a random contin-
uous function on R. Our main theorem says that this function X,,, suitable
normalized, converges in distribution in the space Cy(R) of continuous func-
tions on R that tend to 0 at +oo; we equip Cy(R) with the usual uniform
topology defined by the supremum norm. Let, further, fisy denote the den-
sity of the random measure ISE introduced by Aldous [3]; fisp is a random
continuous function with (random) compact support, see Bousquet—Mélou
and Janson [5, Theorem 2.1].

Theorem 1.1. With the assumptions (1.1), (1.2), and (1.3), let v :=
0;101/2. Then, as n — o0,

1
E’7_1n1/4Xn(7_1n1/4') i) fise(+)s (1.4)

in the space Co(R) with the usual uniform topology. Equivalently,

n=34x, (n1/4,) N v fisn (7 +)- (1.5)

1/4

Hence, if n — oo and j,/n'/* — x, where —oo < x < 00, then

n73/4X(jn§ T,) < v fise(yT). (1.6)

Note that the random functions on the left and right hand sides of (1.4)
and (1.5) are density functions, i.e., non-negative functions with integral 1.
The limit law in (1.6) is characterized in [4] by a formula for its Laplace
transform.

Theorem 1.1 was conjectured in [5], and proved there in two special cases,
viz. when £ has the Geometric distribution Ge(1/2) and thus T;, is a random
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ordered tree, and 7 is uniformly distributed on either {—1,1} or {—1,0,1}.
Moreover, it was shown there [5, Remark 3.7] that the proof given in [5] ap-
plies generally under the assumptions above, provided the following estimate
holds. (We let in this paper Cy, Co, ... and c1, 2, ... denote various positive
constants that may depend on (the distribution of) £, and sometimes on 7,
but not on n, k and other variables unless explicitly stated.)

Lemma 1.2. Under the assumptions above, there exists a constant Cy such

that for alln >1 and t € [—m, 7],
1 alr O
El=Y X(j:T,)e"
\nz (:Te

< — 1.7
~ 14+ ntt (1.7)

We prove Lemma 1.2, and thus Theorem 1.1, in Section 3, using The-
orem 1.6 below. Before presenting that theorem, we consider a simpler
version, and further results that we prove by the same method.

For an arbitrary rooted tree 7, let Py(7), k > 1, be the number of (un-
ordered) pairs of vertices {v,w} in 7 such that the distance d(v,w) = k;
equivalently, Py (7) is the number of paths of length & in 7. Our next result
is an estimate, uniform in all £ and n, of the expectation of this number
Py (T),) for a conditioned Galton—Watson tree T),.

Recall that we tacitly assume (1.1). (But no stronger moment condition.)

Theorem 1.3. There exists a constant Co such that for allk > 1 andn > 1,
Epk<Tn) < Conk.

One way to interpret this result is that the expected number of vertices of
distance k from a randomly chosen vertex in T}, is O(k). In other words, if
T is T, randomly rerooted, and Zj(7) is the number of vertices of distance
k from the root in a rooted tree 7, then the following holds.

Corollary 1.4. E Z,(T) = O(k), uniformly in all k > 1 and n > 1.
This can be compared to [10, Theorem 1.13], which shows that
E Z4(T,) = O(k), (18)

again uniformly in £ and n. Note that in the special case when T, is a
random (unordered) labelled tree, T)¥ has the same distribution, so Corol-
lary 1.4 reduces to (1.8). However, in general, a randomly rerooted condi-
tioned Galton—Watson tree is not a conditioned Galton—Watson tree.

Remark. The emphasis is on uniformity in both k and n. If we, on the
contrary, fix k and consider limits as n — oo, we have E Z(T},) — 1 + ko?,
see Meir and Moon [13] and Janson [10; 11]. It is shown in [11] that the
sequence E Zx(T,,) is not always monotone in n.

We give a probabilistic proof of Theorem 1.3, and thus of Corollary 1.4
too, in Section 4.

We also give another proof by first proving a corresponding estimate for
the generating function. (We present two different proofs, since we find both
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methods interesting, and both methods yield as intermediary steps in the
proofs other results that we find interesting.) Let f,(z) be the generating
function defined by

fu(2) ==Y EPu(T) 2*.
k=1

We will use standard singularity analysis, see e.g. Flajolet and Sedgewick
[9], and define the domain, for 0 < 8 < w/2 and d > 0,

A(B,0):={z€C:|z| <1+, z#1, |arg(z —1)| > /2 — G}.
Note that |arg(z —1)| > 7/2 — (3 is equivalent to |arg(l — z)| < 7/2 + .

Theorem 1.5. For every £ there exist positive constants Cs, 3, § such that
for alln > 1, f, extends to an analytic function in A(S,0) with

| fa(2)] < O3n|1 — 2|72, z € A(S,6). (1.9)

By standard singularity analysis (i.e., estimate of the Taylor coefficients
of fn(z) using Cauchy’s formula and a suitable contour in A(/3,4)), (1.9)
implies E Py (T,,) = O(nk), see Flajolet and Sedgewick [9], Theorem VI.3
and (for the uniformity in n) Lemma IX.2 (applied to the family { f,(z)/n}).
Hence, Theorem 1.3 follows from Theorem 1.5.

For each pair of vertices v,w in a rooted tree, the path from v to w
consists of two (possibly empty) parts, one going from v towards the root,
ending at the last common ancestor v Aw of v and w, and another part going
from v A w to w in the direction away from the root. We will also prove
extensions of the results above for Py (T,,), where we consider separately the
lengths of these two parts. Define the corresponding bivariate generating
function (now considering ordered pairs v, w)

hn(z,y) =E Z xd(”’”Aw)yd(w’”/\w). (1.10)
v, wETH,

Theorem 1.6. For every £ there exist positive constants Cy, 3, § such that
foralln >1,

(@, )| < Canll =21 =y, 2,y € A(B,0).
Note that, by (1.10) and (1.9)

hn(z,2z) =E Z 210w — 4 9f,(2).

v,wEeT,

Hence Theorem 1.5 follows from Theorem 1.6, and thus Theorem 1.3 follows
too from it. We prove Theorem 1.6 in Section 2.

If we define Pp,,(7) := #{(v,w) € 7 : d(v,v Aw) = ¢, d(w,v ANw) = m},
then singularity analysis as above (but twice) shows that Theorem 1.6
implies the following. (Since P = %Z?:o f)g’k_g, this too implies Theo-
rem 1.3.)
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Theorem 1.7. There exists a constant Cs such that for all £,m > 0 and
n>1, Epgm< n) < Csn.

Acknowledgement. This research was mainly done during a workshop at
Bellairs Research Institute in Barbados, March 2006, and completed during
a visit of SJ to Centre de recherches mathématiques, Université de Montréal,
October 2008. We thank two anonymous referees for helpful suggestions.

2. PROOF OF THEOREM 1.6

We use some further generating functions. Recall that 7 is the (uncon-
ditioned) Galton—Watson tree with offspring distribution £, and define

®(z) :=E 25,
F(z) :=E:7!,
G(z,x):= E(zm Z $d(v,0))’
veT
H(z,x,y) ::IE<Z|T| Z d(v,vAw) dwv/\w) ZP T = n)h (2, )2
v,weT

These functions are defined and analytic at least for |z|, |z, |y| < 1.

Let us condition on the degree d, of the root of 7, recalling that d, 4 &.
If d, = ¢, then 7 has £ subtrees 77,...,7; at the root o, and conditioned
on d, = ¢, these are independent and with the same distribution as 7; we

denote their roots (the neighbours of o), by o1, ..., 0.

Assume d, = ¢, and let |z|, |z|,|y| < 1. First, |T| = 1+Zf:1 |7;| and thus
AT = z]_[le 2Tl Taking the expectation, we obtain, as is well-known,
first

)4
E(zm | do=1) = zEHleil = 2F(2)",

i=1
and then
o
F(z) =E(27) =2) P =0F(2)' = 20(F(2)).
=0
Similarly, separating the cases v € 7;, i =1,...,¢, and v = o,
l
Z 2 v.0) — Z Z gd@o)+1 | 1
veT i=1 veT;
Hence,
E(T1S " 2400) |, = EZ I | P E( Hzm)
veT veT; jF#i

= lzxG(z,2)F(2) 4 2F(2)*
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and

Z P(¢ = 0)0z2G(z,2)F(2) 14+ F(2) = 229 (F(2))G(z,2)+ F(2)
£=0
which gives
F(z)
1—z2®'(F(z)) (21)

G(z,x) =
Similarly,

E(Zm Z dvonw)ydwore) | g _£>
vweT

]EZZZ'T‘ Z - vv/\w) d(w,vAw) HZ|T\

v,weT; J#

+ES 22Tl ST 0ot 1T § gdwo) et TT A7

z;éj veT; weT; k#i,5

+EZzz‘T| Zx 01 +1Hzm|

veT; k#i
+EZZZ\TI Y ylwen+ T 2% +E< HZm)
weT; k#j

leading to
H(z,z,y) = 20" (F(2))H (2, z,y) + 22y®"(F(2))G(2,2)G(z,y)
+ 229 (F(2))G(z,x) + 2y®'(F(2))G(2,y) + F(2)
which gives
H(z,xz,y) =

zxy®” (F(2))G(z,2)G(z,y) + 29 (F(2)) (2G(z,2) + yG(z,y)) + F(z)
1—20/(F(2))

(2.2)

Assume now for simplicity that £ has span 1. (The case when the span
is d > 1 is treated similarly with the standard modification that we have to
give special treatment to neighbourhoods of the d:th unit roots.) Then, by
[10, Lemma A.2], for some 6 > 0 and 5 < 7w/4, F extends to an analytic
function in A(3,9) with |F(z)| < 1 for z € A(S,9) and

F(z)=1-V20"/1—2z+ of|z — 1]1/2), as z — 1 with z € A(S,0).
(2.3)
We will prove the following companion results.
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Lemma 2.1. If & has span 1, then there exists 3,0 > 0 such that F' extends
to an analytic function in A(B,9) and, for some c1,co > 0, if x,z € A(f,9),
then

11— 28" (F(2))] > 1|1 — 2|2, (2.4)
11— 229" (F(2))| > c2|1 — x| (2.5)

Consequently, G(z,x) and H(z,x,y) extend to analytic functions of x,y,z €
A(B,90), and, for all z,y,z € A(S,0),

|G(z,2)| < C|1 — |7, (2.6)

(2 2,)] < Call — 2 V(1 — | 11—y, (2.7)
Standard singularity analysis [9, Lemma IX.2] applied to (2.7) yields
IP(T| = n)hn(e,9)] < Con 2l1 — 2| 1=y ™Y, 2,y € AB,5),

which proves Theorem 1.6 because, as is well known, a singularity analysis
of (2.3) yields

P(|T| = n) ~ esn™%/2.
It thus remains only to prove Lemma 2.1.

Proof of Lemma 2.1. Since E£? < 0o, ® and ®” extend to continuous func-
tions on the closed unit disc with ®'(1) = E£=1and ®"(1) =E&((—1) =
o2. Hence, (2.3) yields, for z € A(3,0),
®'(F(2)) = @'(1) + ®"(1)(F(2) — 1) + o(|F'(2) — 1])
=1-v20V1— z+o(]z — 1\1/2)
and
2@ (F(2)) = ' (F(2)) + O(|2 —1]) =1 = V20T — z + o]z — 1]'/?). (2.8)

Let B(1,e) :={z: |z — 1] < €}, and take # < w/4. Since z € A(3,96) \ {1}
entails |arg(1l — 2)| < w/2+ [ and thus |argy/1 — 2| < w/4+ 3/2, it follows
from (2.8) that, for some small ¢ > 0, if z € A(B,6) N B(1,¢) with z # 1,
then (2.4) holds, [2®/(F(2)) — 1| = O(e'/?),
|arg (2@'(F(2)) — 1)| > |arg(—V1 — z)| — B/2
> w— (n/A+/2) - B2 =3n/A—B,  (29)
and consequently, since 3w/4 — 3 > /2, if ¢ is small enough,
|2®'(F(2))| < 1. (2.10)
Similarly, if x € A(8,9), then |arg(l —z)| < 7/2+ 3 and
rl=(1-(1-2)" =1+0-)+o(l—-a), 21,
so if € > 0 is small enough, then, for z € A(3,0) N B(1,¢),
larg(z™! — 1) < 7/2 + 2. (2.11)
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If we choose 3 < /16, it follows from (2.9) and (2.11) that the triangle with
vertices in 1, 27! and 2®'(F(z)) has an angle at least 7/4 — 33 > /16 at
1, and thus by elementary trigonometry (the sine theorem),

! = 20(P(2)] 2 el — 1,

and so (2.5) holds, when z,2 € A(8,) N B(1,¢), provided (3, 6,¢ are small
enough.

It remains to treat the case when x or z does not belong to B(1,¢), i.e.,
|x — 1| > € or |z — 1| > e. We do this by compactness arguments.

First, let

A:={20'(F(2)): 2z € A(B,0) N B(1,¢)}
B,:={z"':2 € A(B,p)\ B(1,¢), |z| > 1/2}.

Then B := (1,59 B, C {¢ : [¢| = 1} \ {1}, and it follows from (2.10) that

AN B =10. Since A and all B, are compact, it follows that AN B, =  for
some p > 0, and thus, if z € A(B,6) N B(1,¢) and x € A(B, p) \ B(1,¢) with
|z| > 1/2, then |z~! — 2®'(F(2))| > ¢5 for some c5 > 0, which implies (2.5)
for such z and z. Moreover, if z € A(3,9) N B(1,¢) and |z| < 1/2, (2.10)
shows that |1 —22®'(F(z))| > 1 — |z| > 1/2, so (2.5) then holds if co < 1/3.

Finally, if z € A(f,6), then |F(z)| < 1 [10, Lemma A.2] as stated above,
and thus [®'(F(z))| < 1. If 0 < 81 < B and 0 < §; < 4§, then A(B1,d1) C
A(B,9) U{1}, and thus by compactness

C. = sup{|®/(F(2)| : = € ABr,01) \ B(1,e)} < 1.
Consequently, if 02 < §; is small enough and =, z € A(f1, d2) with |z—1| > ¢,
then

l22®' (F(2))] < (14 62)%C. < 1.
Hence (2.5) holds in this case too for some ¢y > 0, and similarly (2.4) holds
for z € A(B1,92) \ B(1,¢).

This completes the proof of (2.4) and (2.5), for some new (3,0 > 0 (viz.,
B1 and min(dz, p)). G(z,z) now can be defined for all z, z € A(3, ) by (2.1),
and (2.6) holds by (2.5). Similarly, H(z,z,y) can be defined for all x,y, z €
A(fB,6) by (2.2), and (2.7) holds by (2.4), (2.6), and the fact that ®" and
®" are bounded on the unit disc. (Recall that |F(z)| < 1 for z € A(S,0).)

This completes the proof of Lemma 2.1, and thus of Theorem 1.6. As
said above, Theorems 1.5 and 1.3 follows. O

3. PROOF OF LEMMA 1.2 AND THEOREM 1.1

Denote the left hand side of (1.7) by ¥(n,t). Since ZjX(j;Tn)eijt =
>ver, €Fv, we have

2
=n’RE Z eftllv=Luw), (3.1)

v,weTh

U(n,t) =n"2E

§ eitL,U

veT,
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Condition on T, and consider two vertices v and w in T,,. If v A w is
the last common ancestor of v and w, then L, — Lyayw and Ly — Lypaw
are (conditionally, given T},) independent sums of d(v,v A w) and d(w,v A
w) copies of 7, respectively. Consequently, letting ¢, (t) := Ee be the
characteristic function of 7,

E(eit(Lv—Lw) | Tn) _ ]E(eit(Lv—LvAw) | Tn) E(e—it(Lw—Lu/\w) ’ Tn)
_ (pn(t)d(v,v/\w) g077(15)
Hence, by (3.1) and (1.10),

U(n,t) =n"*E Z ‘Pn(t)d(v’UAw)‘Pn<t)

v, wWETY

d(w,vAw)

d(w,vAw)

= n_th (‘Pn(t% ¥n (t))

and Theorem 1.6 yields
U(n, t) < Con 1 — gy (1) 2. (3.2)

Since En = 0 and En? = O'% < 00, we have ¢, (t) = exp(—%ath + o(t?))
for small |t|; moreover, since n has span 1, ¢,(t) # 1 for 0 < [t| < 7. It
follows that (t) := (1 — ¢,(t))/t* is a continuous non-zero function on
[—7, m] (with ¥(0) := %Ug); hence, by compactness, [1)(t)| > c¢¢ for some
c7 > 0, and thus

11— opt)] > crt®, |t <.
It now follows from (3.2), and the obvious fact that W(n,t) < 1, that
4

(14 ntHhWU(n,t) <1+ nt?¥(n,t) <14 Cy < Cy.

1 —en(®)]>
This proves Lemma 1.2, which as remarked in Section 1 implies Theo-
rem 1.1 by [5, Remark 3.7].

4. PROBABILISTIC PROOF OF THEOREM 1.3

In a rooted tree 7, let Qr(7), k > 1, denote the number of (unordered)
pairs of vertices at path distance k from each other such that the path
between them visits the root, and let @}.(7) be the number of such pairs
where the root cannot be one of the two vertices in the pair; thus Qi (1) =
Q,.(T) + Zi(7). Then, in the Galton-Watson tree 7, if £ is the number of
children of the root, and the subtrees rooted at these children are denoted
7—17 R 7-67

k—2
QT = D> > Zi(T) 72 i(T) (4.1)

(r,8):1<r<s<¢ j=0
and thus, since we assume 7 to be critical, i.e., E€ =1, so EZy(7) =1 for
every k,

/ £€-1) o
EQ(T) = EZ(T)+EQ4(T) = 1+E 25— (k—1) = 1+(k—1) 7. (42)



10 LUC DEVROYE AND SVANTE JANSON

Let fn denote the random subtree of T,, rooted at a uniformly selected
random vertex. (Note the difference from 7, in Corollary 1.4; in T we
keep all n vertices, but in Tn we keep only the vertices below the new root.)
Then, clearly,

E{Pi(Tn)} = nE{Qu(Th)}-
Consequently, Theorem 1.3 is equivalent to:

Theorem 4.1. There exists a constant Cig such that for all kK > 1 and

n>1, EQx(Ty) < Cuok.
In order to prove this, we will need a related, but different, estimate for
the conditioned Galton—Watson tree T5,.

Theorem 4.2. There exists a constant Cy1 such that for all k > 1 and
n>1, EQk(Tn) < Cllk\/ﬁ.

It is easy to see E Qy(T},) > cgn®/? when k ~ \/n, so the estimate in Theo-
rem 4.2 then is of the right order; in particular, the estimate in Theorem 4.1
for fn does not hold for T,,.

To prove these theorems we use a few more or less standard estimates.

Lemma 4.3. Assume, as above, (1.1), and let d be the span of §. Let
Sp = Yo &, where & are independent copies of §. Then, for n = 1
(mod d),

P(|T| = n) = %P(Sn 1)~ asn—oo.  (4.3)

d
o/ 2w n3/?
More generally, let Wy := Zle |7;| be the size of the union of ¢ inde-
pendent copies of T, or equivalently, the total progeny of a Galton—Watson

process started with £ individuals, with offspring distribution &. Then, for
all > 1 and n > 1,

P(Wy,=n)= éIF’(Sn =n—1{)< Choln=3/? exp(—col?/n). (4.4)

In particular,
P(W, =n) < Cizn~ L. (4.5)

Proof. The identity in (4.4) is well-known, see e.g., Dwass [8], Kolchin [12,
Lemma 2.1.3, p. 105] and Pitman [14]. The identity in (4.3) is the special
case ¢ = 1, and the well-known tail estimate in (4.3) then follows by the
local central limit theorem, see, e.g., Kolchin [12, Lemma 2.1.4, p. 105].
Similarly, the inequality in (4.4) follows by the estimate P(S, =n — /) <
Cian~ /2 exp(—cgl? /n) from [10, Lemma 2.1]. The inequality e™® < z~1/2
yields (4.5). O

Lemma 4.4. For every r > 0 there is a constant C14(r) such that for all
k>0 andn>1, EZ(T,)" < Cua(r)n'/?.
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Proof. For any rooted tree T, let T®) be the tree pruned at height k, i.e.,
the subtree consisting of all vertices of distance at most k from the root.
Let 7 be a given rooted tree of height k, and let m := Zi(7), the number
of leaves at maximal depth. Note that if 7 = T for some tree T, then
|T'| = n if and only if 7" has n — || vertices at greater depth than k, and
thus N := n — |7| + m vertices at depth k or greater. Hence, with W,, as
in Lemma 4.3 and using (4.3) and (4.4), for any r > 0 and assuming N > 0
(otherwise the probability is 0),

P(TW =1, |T|=n) PIT® =71)P(W,, = N)
B(T[=n) — B(T|=n)
< C15n?/? P(T(k) = T)mN_3/2e_°9m2/N
< Ci(r)n®PP(TW® = 1YmN=3/2(m? /N)~7/?
— Cho(r)n32NT/2-3/ 2 1= (T () — 7y,
If » > 3, this yields, since N < n, the estimate

P(T{" = 1) < Co(r)n*m' " B(TW = 1),

P(TM =7) =

n

and summing over all 7 of height k£ with Zi(7) = m we obtain
P(Zy(T,) = m) < Cie(r)n">m! =" B(Z(T) = m).

Consequently,

E Zp(To)" = Y m" P(Z(T,) = m)
m=1

< Cig(r)n™? Y - mP(Zy(T) = m)
m=1

= Cl6(7“)nr/2 E Zk (T) = 016<7")nr/2.

This proves the result for » > 3, and the result for 0 < r < 3 follows by
Lyapounov’s (or Holder’s) inequality. O

Lemma 4.5. For all k > 1 and n > 1, E Zy(T,) < Ci7(k A /n). Equiva-
lently, for allk >0 and n > 1, EZx(T,) < Cis((k+ 1) A y/n).

Proof. The estimate E Z;(T;,) < Ciok is (1.8), which is proved in [10, The-
orem 1.13]. The estimate E Zy(T,,) < Cao4/n is proved in Lemma 4.4. O

Remark. The estimate E Zy(7T),) < Ca1/n was proved by Drmota and Git-
tenberger [7], assuming that { has an exponential moment; in fact, they then
prove the stronger bound E Z;(T,) < Cozy/nexp(—ciok/y/n). The bound
in Lemma 4.5 can be further improved to E Zy(T},) < Cask exp(—c11k?/n),
but we do not know a reference for this estimate. (Details may appear
elsewhere.)
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Remark. Note that Lemma 4.4 yields an estimate O(n'/2) of the rth mo-
ment of Zy(T,) for an arbitrary r assuming only a second moment of &.
This is in contrast to the estimate (1.8), where the corresponding estimate
E Zy(T,,)" = O(k") is valid (for integer r > 1 at least) if £ has a finite 7+ 1:th
moment, but not otherwise (not even for a fixed k > 2); one direction is by
Theorem 1.13 in [10], and the converse follows from the discussion after
Lemma 2.1 in [10].

Proof of Theorem 4.2. We have Qi(T,) = Q). (T)+Zi(T},), and E Zy,(T},) <
Ci7k by Lemma 4.5, so it suffices to show that E Q}.(T,,) < Casky/n.

We use (4.1), condition on |7| = n and take expectations. Using the
symmetry and recalling that 7i,...,7¢ are independent and (7; | |7;| =
n;) 4 (T ||7T] =ny) 4 T, for any n;, we obtain, with p, := P({ = ¢) and
gm = P(|T] =m),

Eq1ie> 7T |=n Z <r<s< ZE;Q Zj(’ﬂ)Z - 7(7;)
E{Qi(Tn)} = Vamy I_IP{|;§| :Jn(}] 7]

B {1[|T|:n] (5) 258 Zj(Tl)Zk—2—j(T2)}
P{|T| = n}

00 L
ZQEIZ]%@) > qnlqu(ZIE:n—l—m—m)
=2 i=3

ni,na>1
k—2

X ZE {Zj(Tnl)} E {Zk—2—j(Tn2)} :

=0

We begin with the inner sum over j, ¥i(ni,n2) say. By symmetry, we
consider only n1 < ne, and then we obtain from Lemma 4.5 the estimates

E Zy—o_i(Tn,) < Chs((k — 1 — j) Ans/?) < Cis(k AnY/?) and

k—2 — .
S E{(2)(Tu)} < >2520 Cas(j +1) < Cigh?,
=0 S b Zjoio Zi(Tn,) = m.

Hence

S1(n1,na) < Cos (k2 Amy)(k And/?). (4.6)
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Let m := nq + n9 and sum over ni,ny with a given sum m. We have by
(4.6) and (4.3),

ZQ(m) = Z Qn1Qn221(n17n2)

ni1+na=m

m/2
<2 GnyGmn; Cos(K* Ana)(k A (m —np)'/?)
ni=1
m/2
< Cos > ny P (m = n) P2 ) (k A (m = 1))
ni=1

< Cor 3/2 3/2
ni=1 1
k A ml/? E2Am
< (g 32 (/ﬂ VAN 1/2) = Cog 32 (47)
We define further
n—1 0
Sa(0) = Y Ta(m)P(Y_ [Tl =n—1-m); (4.8)

m=2 i=3

thus

EQ(T,) = qﬁZm( ) ) < 029n3/2z pel?3(0).  (4.9)

=2

We will show that 33(¢) < Csok/n, uniformly in £ > 2, and the result follows
by (4.9), recalling that >, pf?> = E£? < co. (The proof can be simplified
in the case E ¢ < oo, when it suffices to show that Y3(¢) < C31kf/n.)

First, if ¢ = 2, the only non-zero term in (4.8) is for m = n — 1, which
yields, by (4.7),

k2 An ky/n
3(2) = Ya(n — 1) < Cg a7 ngi.
n3/2 n3/2
For ¢ > 2, we split the sum in (4.8) into two parts, with m < n/2 and
m > n/2. We have, by (4.7),

n—1 4 9 l
Z/ &(m)ﬁb(z; Tl =n—1-m)<Cp™ 0 P(E; T < n/2)
m=n/2 = =
< C'33k2 AL C'33E
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Similarly, using (4.7) and (4.5) (with ¢ replaced by ¢ — 2),

n/2

‘ E2Aam 1
ZEQ(m)P( |Z‘:n_1_m>§034ZW'ﬁ
m=1 =3 m=1
o0 1.2
< s g~ F g\m < Cs3 i
no = m /2
Thus X3(¢) < Csk/n, and the theorem follows by (4.9). O

Proof of Theorems 4.1 and 1.3. Aldous [2] has studied the behavior of a ran-
dom subtree fn in a conditional Galton—Watson tree T;,. In particular, he
has the following identity [2, p. 242], for any fixed ordered tree 7 of order at
most n (provided that the probabilities in the denominators are nonzero):

P{T, =71} _ (n—|r|+ )P{T|=n—|r[+1} ~
P{T =7} nP{|T| =n} po’

where v is the expected proportion of leaves in Tn—h\—l—l and pg = P{{ = 0}.
We will simply bound < 1, but it is well-known that as n — |7| + 1 — oo,
v — po, see e.g. Kolchin [12, Theorem 2.3.1, p. 113]. Thus, using the well-
known tail estimate (4.3), for all (permitted) n and 7

P{T, =7} (n—|r|+ DP{T|=n—|r| + 1} n

Un 77 oo < Cogy | —————.

P{T=r} =~ % nP{|T| =n} =B\ = +1
Hence,

E{Qu(To)} = Qr(r)P{T, =7}

<O Q[ BT =)
=CE (Qk(T)”n—’;-H-l)

< CyE{Qu(T)} +Cas Y \/n—LHl E{1)7—¢Qx(T)} -

n>{>n/2
We have E{Qx(7)} < Cyok by (4.2), and, using (4.3) and Theorem 4.2,

E{1i71—gQr(T)} = P{|T| = 3 E{Qx(T0)} < Cirt **kt*/* = Ciy /L.
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Consequently,
E < Cypk + C
{Qu(T0)} < Caok + Caz 2: ’/n——€+1
n>€>n/2

< Cyok + 043* Z \/7

< Cysk.
This proves Theorem 4.1, which by the argument at the beginning of the
section yields Theorem 1.3. O
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