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ABSTRACT. We give a survey of a number of simple applications of
renewal theory to problems on random strings and tries: insertion depth,
size, insertion mode and imbalance of tries; variations for b-tries and
Patricia tries; Khodak and Tunstall codes.

1. INTRODUCTION

Although it long has been realized that renewal theory is a useful tool
in the study of random strings and related structures, it has not always
been used to its full potential. The purpose of the present paper is to give
a survey presenting in a unified way some simple applications of renewal
theory to a number of problems involving random strings, in particular
several problems on tries, which are tree structures constructed from strings.
(Other applications of renewal theory to problems on random trees are given
in, e.g., [4], [8], [9], [17], [22], [32], [33].)

Since our purpose is to illustrate a method rather than to prove new
results, we present a number of problems in a simple form without trying
to be as general as possible. In particular, for simplicity we exclusively
consider random strings in the alphabet {0, 1}, and assume that the “letters”
(bits) &; in the strings are i.i.d. (i.e., memoryless sources). Note, however,
that the methods below are much more widely applicable and extend in a
straightforward way to larger alphabets. The methods also, extend to, for
example, Markov sources where &; is a Markov chain; see e.g. Savari and
Gallager [39] for a pioneering study of Tunstall codes for Markov sources
using renewal theory, and Savari [38] for some related coding problems. (See
further e.g. Szpankowski [41, Section 2.1] and Clément, Flajolet and Vallée
[7] for various interesting probability models of random strings. Renewal
theory for Markov chains is treated for example by Kesten [25] and Athreya,
McDonald and Ney [2].) Indeed, one of the purposes of this paper is to make
propaganda for the use of renewal theory to study e.g. Markov models, even
if we do not do this in the present paper.
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The results below are (mostly) not new; they have earlier been proved by
other methods, in particular Mellin transforms. (We try to give proper ref-
erences for the theorems, but we do not attempt to cover the large literature
on random tries and strings in any completeness.) Indeed, such methods of-
ten provide sharper results, with better error bounds or higher order terms,
and these methods too certainly are important. Nevertheless, we believe
that renewal theory often is a valuable method that yields the leading terms
in a simple and intuitive way, and that it ought to be more widely used
for this type of problems. Moreover, as said above, this method may be
easier to extend to other situations. (Further, it gives one explanation for
the oscillatory terms that often appear, as an instance of the arithmetic case
in renewal theory. Note that oscillatory terms become much less common
for larger alphabets, except when all letters are equiprobable, because it is
more difficult to be arithmetic, see Appendix A.)

We treat a number of problems on random tries in Sections 3-5 and 8
(insertion depth, imbalance, size, insertion mode). We consider b-tries in
Section 6 and Patricia tries in Section 7. Tunstall and Khodak codes are
studied in Section 9. A random walk in a region bounded by two crossing
lines is studied in Section 10, where we give a (partial) extension of a result
by Drmota and Szpankowski [12]. The standard results from renewal theory
that we use are for convenience collected in Appendix A.

Notation. We use — and - for convergence in probability and in dis-
tribution, respectively.

If Z, is a sequence of random variables and p,, and o2 are sequences of
real numbers with 02 > 0 (for large n, at least), then Z,, ~ AsN(p,,02)
means that (Z,, — pn)/on <4, N(0,1).

We denote the fractional part of a real number x by {z} :=z — [z].

Acknowledgement. I thank Allan Gut and Wojciech Szpankowski for in-
spiration and helpful discussions.

2. PRELIMINARIES

Suppose that 21, 2 is an i.i.d. sequence of random infinite strings
=) = g§”’§§") .-+, with letters 52-(") in an alphabet A. (When the superscript
n does not matter we drop it; we thus write = = £1&s - - - for a generic string
in the sequence.) For simplicity, we consider only the case A = {0,1}, and
further assume that the individual letters & are i.i.d. with & ~ Be(p) for
some fixed p € (0,1),i.e.,P(§; =1)=pand P(§; =0)=q:=1—p.

Given a finite string oy ---«a,, € A", let P(ay---ay) be the probability
that the random string = begins with a7 - - - . In particular, for a single
letter, P(0) = ¢ and P(1) = p, and in general

n n
Play o) = [[ Plas) = []p™a" . (2.1)
i=1

=1
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Given a random string £1&s - - -, we define
X;:=-InP(&) = -In(pbig %) = {:EZ: g: i (1), (2.2)
Note that X7, Xo,... is an i.i.d. sequence of positive random variables with
EX;,=H:=—plnp—qlng, (2.3)
the usual entropy of each letter &;, and
EX? = Hy :=pln®p+ ¢qln?q, (2.4)
Var X; = Hy — H? = pg(Inp — In¢)? = pqln®(p/q). (2.5)

The variance (2.5) is in data compression known as the minimal coding
variance, see [27].

Note that the case p = ¢ = 1/2 is special; in this case X; = In2 is
deterministic and Var X; = 0; for all other p € (0,1), 0 < Var X; < oo.

By (2.2), X; is supported on {In(1/p),In(1/q)}. It is well-known, both
in renewal theory and in the analysis of tries, that one frequently has to
distinguish between two cases: the arithmetic (or lattice) case when the
support is a subset of dZ for some d > 0, and the non-arithmetic (or non-
lattice) case when it is not, see further Appendix A. For X; given by (2.2),

this yields the following cases:
arithmetic: The ratio Inp/In ¢ is rational. More precisely, X; then is
d-arithmetic, where d equals ged(Inp,Ing), the largest positive real
number such that Inp and Ing both are integer multiples of d. If
Inp/Ing = a/b, where a and b are relatively prime positive integers,
then | |
d=ged(Inp,Ing) = M = |Ill)q (2.6)
a
non-arithmetic: The ratio Inp/Inq is irrational.

We let S,, denote the partial sums of X;: S,, := 2?21 X;. Thus

P& =[]P& =][e ¥ =5 (2.7)
=1 =1

(This is a random variable, since it depends on the random string &; - - - &,; it
can be interpreted as the probability that another random string £() begins
with the same n letters as observed.)
We introduce the standard renewal theory notations (see e.g. Gut [16,
Chapter 2)), for t > 0 and n > 1,
v(t) := min{n : S, > t}, (2.8)
Fo(t) :=P(S, <t)=P(v(t) > n),

U(t) == Ev(t) = iFn(t). (2.10)
n=0
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Note that (2.10) means that, for any function g > 0,

/ Tymavn =Y / Ty R =Y Eg(S)). (211)
0 n=0 0 n=0

We also allow the summation to start with an initial random variable Xy,
which is independent of X1, Xs,..., but may have an arbitrary real-valued
distribution. We then define

§n = ZXZ :X0+ZXi7 (212)
=0 =1
D(t) := min{n : S, > t}. (2.13)

3. INSERTION DEPTH IN A TRIE

A trie is a binary tree structure designed to store a set of strings. It is
constructed from the strings by the following recursive procedure, see further
e.g. Knuth [26, Section 6.3], Mahmoud [30, Chapter 5] or Szpankowski [41,
Section 1.1]: If the set of strings is empty, then the trie is empty; if there is
only one string, then the trie consists of a single node (the root), and the
string is stored there; if there is more than one string, then the trie begins
with a root, without any string stored, all strings that begin with 0 are
passed to the left subtree of the root, and all strings that begin with 1 are
passed to the right subtree. In the latter case, the subtrees are constructed
recursively by the same procedure, with the only difference that at the kth
level, the strings are partitioned according to the kth letter. We assume that
the strings are distinct (in our random model, this holds with probability
1), and then the procedure terminates. Note that one string is stored in
each leaf of the trie, and that no strings are stored in the remaining nodes.
The leaves are also called external nodes and the remaining nodes are called
internal nodes; note that every internal node has one or two children.

The trie is a finite subtree of the complete infinite binary tree 7., where
the nodes can be labelled by finite strings & = a -y € A* == 5oy AF
(the root is the empty string). It is easily seen that a node «; -+ oy in T
is an internal node of the trie if and only if there are at least 2 strings (in
the given set) that start with «; ---ag, and (for £ > 1) that o - -y is an
external node if and only if there is exactly one such string, and there is at
least one other string beginning with ay ---ap_1.

Let D,, be the depth (= path length) of the node containing a given
string, for example the first, in the trie constructed from n random strings
=0, ... 250 (By symmetry, any of the n strings will have a depth with
the same distribution.) Denoting the chosen string by = = &;&2---, the
depth D, is thus at most k if and only if no other of the strings begins with
& -+ &. Conditioning on the string =, each of the other strings has this
beginning with probability P(; - - - &), and thus by independence, recalling
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(27),
P(Dy <k|E)=(1=P&--&)" = (1—e )" (31)

Let Xy = X(()n) be a random variable, independent of =, with the distri-
bution

]P’(Xén) >x)=(1- ex/n):ifl =(1- ex_ln")ifl, x € (—00,00). (3.2)

As n — oo, this converges to exp(—e?), and thus Xén) 4, X, where — X

has the Gumbel distribution with P(—X§ < x) = exp(—exp(—x)).

Remark 3.1. It is easily seen that Xén) 4 Inn—max{Zi,...,Z,_1}, where
Z1,Zs, ... are ii.d. Exp(1) random variables. Cf. Leadbetter, Lindgren and
Rootzén [28, Example 1.7.2].

Using (3.2), we can rewrite (3.1) as
P(D, <k |Z) =P(X{" > Inn— 8| ) (3.3)
and thus, recalling (2.12) and (2.13),
P(D, < k) =P(Xo>1Inn—S;) = P(Sy > Inn) =P(d(lnn) < k). (3.4)
Since k > 1 is arbitrary, this shows that

D, £ 5(nn). (3.5)

In the case p = 1/2, Sy = k1n 2 is non-random, and the only randomness
in 7(Inn) comes from Xp; in fact, it is easy to see that P(D, < k) —
P(—X§ <t)if kK — oo and n — oo along sequences such that kIn2 —Inn —
t € (—o00,00), see [18], [35], [30, Theorem 5.7], [29]. This result can also be
expressed as dpy(Dp, [(Inn—XF)/In2]) — 0 as n — oo, where dpy denotes
the total variation distance of the distributions, see [23, Example 4.5].

However, if p # 1/2, then each X is truly random, which leads to larger
dispersion of D,. We can apply standard renewal theory theorems, see
Theorems A.1-A.4 in the appendix, and immediately obtain the following.
For other, earlier proofs see Knuth [26, Sections 6.3 and 5.2], Pittel [34, 35]
and Mahmoud [30, Section 5.5]. The Markov case is treated by Jacquet
and Szpankowski [21], ergodic strings by Pittel [34], and a class of general
dynamical sources by Clément, Flajolet and Vallée [7].

Theorem 3.2. For every p € (0,1),
D, p 1
on (3.6)

with H the entropy given by (2.3). Moreover, the convergence holds in every
L™, r < oo, too. Hence, all moments converge in (3.6) and

ED; ~ H "(lnn)", 0<r<oo. (3.7)
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Theorem 3.3. More precisely:
(i) If Inp/lIngq is irrational, then, as n — oo,
Inn  Hp ol
ED,=—+4+ — + — 1). .
(i1) If Inp/Ingq is rational, then, as n — oo,
Inn  Hs 0%
EDy = — + 55 + g T ¥1(lnn) +o(1), (3.9)

where ¥1(t) is a small continuous function, with period d = ged(lnp,Ingq) in
t, given by

D (t) = —% S D(—2rike/d)e2m R/, (3.10)
k40
Proof. The non-arithmetic case (3.8) follows directly from (3.5) and (A.4);
we can replace Xo(n) by the limit X§, and since the Gumbel variable —X
has characteristic function E e~ X0 = I'(1 —it), we have E X§ = I'"(1) = —.
In the arithmetic case, we use (A.6), together with Lemma A.5 which
yields

*

E{E_XO } _ E_Z D(1 = 27ik/d) srineya _ Lr% ST (-~ 2rike/d)e2mk/A,

d d 2 2mki 2
k#£0
([l
Theorem 3.4. Suppose that p € (0,1). Then, as n — oo,
D,—H 'lnn 4 o?
e L —>N(0, —) 3.11
Vinn H3 ( )

with 0® = Hy — H? = pg(lnp — Ingq)?. If p # 1/2, then o® > 0 and this can
be written as

Dy, ~ AsN(H 'Inn, H ?0*Inn). (3.12)
Moreover,
2
o
Var D,, = e Inn + o(Inn). (3.13)

Remark 3.5. In the argument above, Xy depends on n. This is a nuisance,
although no real problem, see Theorem A.4. An alternative that avoids this
problem is to Poissonize by considering a random number of strings. In this
case it is simplest to consider 1 + Po(\) strings, so that a selected string
E is compared to a Poisson number Po(\) of other strings, for a parameter
A — o00. Conditioned on =, the number of other strings beginning with
&1 -+ - & then has the Poisson distribution Po(AP(&; - - - &)). Thus we obtain
instead of (3.3)~(3.4), now denoting the depth by Dy,

P(Dy < k | 5) = e~ PE-6) Z g=de Sk _ e (Skolo)

=P(—X{ < Sy —InA|2) =P(Sp + X; >In\|E)
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and
P(Dy < k) = P(S + X¢ > In\) = P(9(In \) < k),

where Xy := X{j now is independent of n, and consequently Dy 4 v(ln \).
We obtain the same asymptotics as for D,, above, directly from Theorems
A.1-A.3. It is in this case easy to depoissonize, by noting that D,, is stochas-
tically monotone in n, and derive the results for D,, from the results for D)
by choosing A = n & n?/3. More precisely, we find first, by Theorem A.3,

Dy—H 'ln)\ 4 o2
N(0. =—
Vo — (0’ H3)’

and thus taking A = n +n?/3, since In A — Inn = O(n=/3),
D, 23— H llnn d, (0’ 023>
Vinn H
Since P(Po(n+n%?) > n) — 1 and P(Po(n—n*?) < n) — 1, we can couple
the variables such that with probability 1 — o(1),

D, _p23 < Dy < D, ags, (3.14)

and (3.11) follows. For (3.13) it then suffices to show uniform square integra-
bility of (D, — H~'Inn)/v/Inn, which easily follows from the corresponding
result for ﬁnin2/3 by conditioning on Po(n+n%?) > n and Po(n — n??) < n
and sandwiching as in (3.14).

4. IMBALANCE IN TRIES

Mahmoud [31] studied the imbalance factor of a string in a trie, defined
as the number of steps to the right minus the number of steps to the left in
the path from the root to the leaf where the string is stored. We define

_17 51 :07

Y, =26 —-1=
7 gz {+17 51:17

and denote the corresponding partial sums by Vi := ZleYi. Thus the
imbalance factor A,, of the string = in a random trie with n strings is Vp,,
with D, as in Section 3 the depth of the string.

It follows immediately from (3.3) that (3.4) holds also conditioned on the
sequence (Y7, Ya,...). As a consequence, for any k and v,

which shows that
d /~
In particular,

A, = Vﬁ(ln n)-
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We may apply Theorem A.8 (and Remark A.9). A simple calculation yields
Var(ux Y1 — py X1) = pg(Inp+1n¢q)? = pgln®(pq), and we obtain the central
limit theorem by Mahmoud [30]:

Theorem 4.1. Asn — oo,

p—gq pqIn®(pq)
AnNASN( I Inn, 73 Inn | .

5. THE EXPECTED SIZE OF A TRIE

A trie built of n strings as in Section 3 has n external nodes, since each
external node contains exactly one string. However, the number of internal
nodes, W,,, say, is random. We will study its expectation. For simplicity we
Poissonize directly and consider a trie constructed from Po(\) strings; we let
’Wv)\ be the number of internal nodes. Results for a given number of strings
then follow by comparison as in Remark 3.5. The results below have previ-
ously been found by other methods, in particular, more precise asymptotics
have been found using Mellin transforms; see Knuth [26], Mahmoud [30],
Fayolle, Flajolet, Hofri and Jacquet [13], and, in particular, Jacquet and
Régnier [19, 20]. The Markov case is studied by Régnier [37] and dynamical
sources by Clément, Flajolet and Vallée [7].

If a = a1 -+« is a finite string, let I(a) be the indicator of the event
that a is an internal node in the trie. We found above that this event occurs
if and only if there are at least two strings beginning with «.. In our Poisson

model, the number of strings beginning with « has a Poisson distribution
Po(AP(a)), and thus

EWy= Y EI(a)= Y P(Po(\P(a)) >2) = > f(\P(a)), (5.1)
acA* acA* acA*
where
f(z) :=P(Po(z) >2) =1— (1+z)e ™. (5.2)
Sums of the type in (5.1) are often studied using Mellin transform inver-
sion and residue calculus. Renewal theory presents an alternative. As said
in the introduction, this opens the way to straightforward generalizations,

e.g. to Markov sources, although we consider only memoryless sources in the
present paper.

Theorem 5.1. Suppose that f is a non-negative function on (0,00), and
that F(A) = > e J(AP(a0)), with P(a) given by (2.1). Assume further

that f is a.e. continuous and satisfies the estimates
fz)=0(=%), 0<z<l, and flz)=0(1), 1<z<oo. (5.3)
Let g(t) := el f(e™).
(i) If Inp/lInq is irrational, then, as A — oo,

A ;I/Z o(t) dt = ;I/OOO f(@)22 da. (5.4)



RENEWAL THEORY IN ANALYSIS OF TRIES AND STRINGS 9

(ii) If Inp/Ingq is rational, then, as A — oo,
F(X) 1
— 2 = — (1 1 .
) = Ly ) +o(1), (55
where, with d := ged(lnp,Ilnq) given by (2.6), ¥ is a bounded d-periodic
function having the Fourier series

[e.9]

P(t) ~ Z J(m)emmt/d (5.6)

with -

@(m) = §(—27rm/d) = / 627rimt/dg(t) dt = / f(x>m72727rim/d de.
—00 0
(5.7)
Furthermore,
=d Z (kd —t). (5.8)
k=—o00

If f is continuous, then v is too.

Proof. If fy() is any non-negative function on A*, then, using (2.7), for
each k > 0,

Z folar o) = Z Wp(al...ak)

Q1 yeeey O Q1 gy O ak)
Jo(& - &) _ Sk
EP(&” ) =E(e’* fo(&1 - &),
and thus,
> fola) =D E(e% fo(&r--- &) (5.9)
acA* k=0

With fo(a) = f(AP(v)), we hav_e fo(&1--- &) = f(Ae™®*) and thus (5.9)
yields, recalling (2.10),

= > f(\P(a) ZE (e f(Xe / f(xe™®)e® dU (z).
acA*
Define further fi(x) := (:c)/x, thus g(t) = fi(e™?). Then,

o0

PO = /0 A=) dU () = A /0 g@—mNdU(@).  (5.10)

We can now apply the key renewal theorem, Theorem A.7. The function
g is a.e. continuous and it follows from (5.3) that g(t) < Ce~ "l for some
C'; hence g is directly Riemann integrable on (—o0,00) by Lemma A.6. In
the non-arithmetic case (i) we obtain (5.4) from (5.10) and (A.11), since
p=EX; =H by (2.3) and, with z = e,

/(:Q(t)dt:/t;etf(et)dt:/ooof@)xzdlu' (5.11)
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Similarly, the aritmetic case (ii) follows from (A.13) and (A.15)-(A.17)
together with the calculation, generalizing (5.11),

9= [ egyar= [ pear= [T i@
—00 —o0 0
(This equals the Mellin transform f(—l +1is).) [

Remark 5.2. The assumptions on f may be weakened (with the same
proof); it suffices that f(z) = O(z'~%) and f(z) = O(z'*?) for z € (0, 00)
and some & > 0. If f is continuous, it is obviously sufficient that these
estimates hold for small and large z, respectively.

Returning to W)\, we obtain the following for the expected number of
internal nodes in the Poisson trie.

Theorem 5.3. (i) If Inp/Ingq is irrational, then, as A\ — oo,

EW, 1
—. 12
(ii) If Inp/Ingq is rational, then, as A — oo,
EWy _ L

where, with d = ged(Inp,Inq), e is a continuous d-periodic function with
average 0 and Fourier expansion

_ Pl —27ik/d) onipesa 2mik 2mikN orikt/d
W(’f)_kgo 1+ 2nik/d © =27 F( = )6 '

k£0
Proof. We apply Theorem 5.1 to (5.1). It follows from (5.2) that f'(z) =
xe~®. Thus, by an integration by parts, since f(z)/z — 0 as z — 0 and
T — 00,

/000 f(z)z?de = /000 fl(x)z ™ de = /000 e ¥dx=1. (5.14)

Consequently, (5.12) follows from (5.4).
Similarly, (5.13) follows from (5.5), and the calculation, generalizing (5.14),

/ f(z)z= 2 dz = (1 — is) / f(z)z 115 da

I'(1+1is)
—ﬁ——lr( 1+13) D

The case of a fixed number n of strings is easily handled by comparison,
and (5.12) and (5.13) imply the corresponding results for W,:
Theorem 5.4. (i) If Inp/Ingq is irrational, then, as n — oo,
EW, . 1

n H
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(ii) If Inp/lIngq is rational, then, as n — oo, with ¥o as in Theorem 5.3,

EwW, 1

=g E¢2(1H n) + o(1).

Proof. EW is increasing in n. Thus, first, because P(Po(2n) > n) > 1/2,
EWgn > = EWn, and thus EW,, < 2EWQn = O(n). Secondly, using this
estimate, the standard Chernoff concentration bounds for the Poisson dis-
tribution easily implies, with A+ = n 4+ n?/3, say, EWL +o(n) <EW, <
E Wy . +o(n). The results then follow from Theorem 5.3. O

Remark 5.5. It is well-known that the periodic function 12 above, as in
many similar results, fluctuates very little from its mean. In fact, the largest
d is obtained for p = ¢ = 1/2, when d = In 2. Since I'(1+1is) decreases rapidly
as s — +o00, the Fourier coefficients of 19(t) are very small; the largest (in
absolute value) are \@(il)] = [I'(1 + 271/ In2)|/|1 — 27i/In2| ~ 0.542 -
1079, so |[¢2(Inn)| is at most about 1076, and the oscillations o (Inn)/H of
E W,,/n are bounded by 1.6-1075. (See for example [30, pp. 23-28].) Other
choices of p yield even smaller oscillations.

6. b-TRIES

As a variation, consider a b-trie, where each node can store b strings, for
some fixed integer b > 1; as before, the internal nodes do not contain any
string. A finite string a now is an internal node if and only if at least b+ 1
of the strings start with a. In the argument above we only have to replace
(5.2) by

f(z) :==P(Po(z) > b+ 1); (6.1)
thus f/(z) = P(Po(z) = b) = z%~%/bl and (5.11) yields, with an integra-
tion by parts as in (5.14), [*_ g(¢)dt = 1/b. Hence, in the non-arithmetic
case when Inp/Inq is irrational, the expected number of internal nodes is

EW)@ ~ A/(HD), as found by Jacquet and Régnier [19, 20]. In the arith-
metic case, we obtain a periodic function v, now with Fourier expansion

b — ZWlk/d) 27r1kt/d
] Z 1 2mik/d ©

We can also analyze the external nodes. Let Z; be the number of nodes
where exactly j strings are stored, j = 1,...,b. A finite string « is one
of these nodes if exactly j of the stored strings begin with a, and at least
b — j + 1 other strings begin with o/, the sibling of a obtained by flipping
the last letter. (We assume that there are at least b strings, so we can ignore
the root.)

Consider again the Poisson model. In the case when « ends with 1, i.e.,
a = (1 for some 3, the probability of this event is, with x = AP(3), by
independence in the Poisson model, P(Po(pz) = j) P(Po(qz) > b — j). If
a = 30, we similarly have the probability IP’(Po(qJ:) = j) P(Po(p:c) > b—j).
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Summing over 8 € A*, we thus obtain a sum of the type in Theorem 5.1
with f replaced by

filx) = (PO(paf)—J)IF’( o(qz) > b— j) + P(Po(gz) = j) P(Po(pz) > b— j)
b— 2k

o k b—
= pji-xj e P 1— q + —qjmj e 1 — p e_px
4! ! J! k!
k=0 k=0

o o b—j , ) )
Pl e P g (P + 'ttt

1 1 ] !

We let g;(t) := €' f;(e”") and argue as above. The crucial constant in (5.4)

and (5.11) is
¢j = /oo gj(t)dt = /OOO fi(z)r™?da. (6.2)

For 2 < 5 < b, this gives

[ j oo igh oo
cj = p—: 27 2e PP dx + q'/ 2079 dg — ijq'—i-'q/ pIk=2=2 40

= (3—2)‘+ (7 —2)! Z]+k_2 P ¢" +¢'p"). (6.3)

For j = 1, we treat the terms with £ > 1 in the same way, but the term
with k£ = 0 is combined with the first two terms to

(o.9]
/ (pxe_pz +qre ¥ — (p+ q):L"e_‘B)x_2 dz
0

= p/ z! (e —e ") dax + q/ ! (e —e ) dzx (6.4)
0 0

To evaluate these integrals, we note that if Rz > 0, then
/ 7 e ™ —e ) dz = (p7F — 1)[(2). (6.5)
0

Since |e P* —e~*| < |1 — p|z, the left-hand side converges and is an analytic
function of z for complex z with Rz > —1; hence (6.5) holds for Rz > —1
by analytic continuation. In particular, taking the limit as z — 0,

/ z! (e™ —e ) dz = In(1/p). (6.6)
0
Consequently, we obtain, by (6.3)—(6.6),

. pln(l/p>+q1n<1/q> Vgt aph), =1,
! Zk; j+{€k|2 (qu +qj ) 2<j<b.

J(J 1)
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Alternatively, using

Pl e 4 e PV e N
o =P S D S

L
J: k=b—j+1 ’ k=b—j+1
S ETU
N Gl k! '
k=b—j+1
we find
oo .
J+E=2) ; ,
g= 3 T "+, 1<j<b (6.8)
k=b—j+1

More generally (except when (7, s) = (1,0)),
/ f] (.’E —2-+tis dz
b—j

I'(j—1+is F'j+k—1+is
]' )(pl 1s+q1 15 Z 'k' )(p] +q3 )
! = LE!

(6.9)

If we use the notation Zj, for the trie with a fixed number n of strings

and ZjA for the Poisson model with Po()) strings, we obtain as above the
following result for the number of external nodes that store j strings.

Theorem 6.1. (i) If Inp/Ingq is irrational, then, as n — oo, for j =
1,....b,
EZjn Cj
— 4 o= L
M= g
with ¢; given by (6.7)(6.8).
(ii) If Inp/Ingq is rational, then, as n — oo, for j =1,...,b,

Ein _ py(nn) + o(1),

where y; is a continuous d-periodic function, with d as in Theorem 5.3; 1y,
has average m; and Fourier expansion

1/1b](t) = H—1 Z aj(*2ﬂik/d)€2ﬂ—ikt/d =7, +H—1 Z@}'(*Zﬂ'ik/d)62ﬂikt/d,
h=—o0 kA0

with g; given by (6.9). The same results (with n replaced by X) hold for
Zjx i the Poisson model.

Proof. As just said, the Poisson case follows from Theorem 5.1, and it re-
mains only to depoissonize. To do this, choose A = n, and let N ~ Po(n)
be the number of strings in the Poisson model. We couple the trie with
n strings and the Poisson trie with N strings by starting with min(n, N)
common strings. If we add a new string to the trie, it is either stored
in an existing leaf or it converts a leaf to an internal node and adds two
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new leafs (and possibly a chain of further internal nodes). Thus at most
3 leaves are affected, and each Z; changes by at most 3. Since we add

max(n, N)—min(n, N) = |N —n| new strings, we have |Zj>\—Zjn| < 3|N —n|
for each j, and thus |E Z;y —E Z;,| < 3E|N —n| = O(y/n). O

For example, for b = 2,3,4 we have the following limits in the non-
aritmetic case, and up to small oscillations also in the aritmetic case:

b ‘ ™ ‘ D) ‘ 3 ‘ T4

2 1— Zpq #q

3 1— 5%pq P4 3P4

411 = ghpa+ 555 (p0)* | 5gpa — 7(00)? | 57pa + 57 P0)? | 57p0 — 557 (Pa)?

Note that Zl{ jmj = 1, or equivalently Zl{ jej = H, since the total number
of strings in the leaves is n; this can also be verified from (6.7).

7. PATRICIA TRIES

Another version of the trie is the Patricia trie, where the trie is compressed
by eliminating all internal nodes with only one child. (We use the notations
above with a superscript P for the Patricia case.) Since each internal node
in the Patricia trie thus has exactly 2 children, the number of internal nodes
is one less than the number of external nodes, i.e. W, = n—1 for a Patricia
trie with n strings.

As another illustration of Theorem 5.1, we note that this trivial result, to
the first order at least, also can be derived as above. The condition for a finite
string ¢ to be an internal node of the Patricia trie is that there is at least one
string beginning with a0 and at least one string beginning with a1. In the
Poisson model, the number of strings with these beginnings are independent
Poisson random variables with means AP(a0) = A¢P(a) and AP(al) =
ApP(a), and we can argue as above with f(z) = (1 — e P*)(1 — e %). In
this case, [* g(t)dt = [;° f(z)2™? = —plnp — qlng = H, which implies
EW){D ~ X and EW} ~ n in the non-arithmetic case. Moreover, we know
that this holds in the arithmetic case too, without oscillations, which means
that ¥(m) = 0 for m # 0 in (5.6)—(5.7). Indeed, for example by integration
by parts,

g(s) = / fz)z=2Tsdz = / 721 — PP — o7 4 o7 dr
0 0
— (1 _pl—is _ ql_is)F(—l + iS),

and thus @E(m) = g(—2mm/d) = 0 for m # 0.

We can also consider a Patricia b-trie, and obtain the asymptotics of the
expected number of internal nodes in a similar way, but it is simpler to use
the result in Theorem 6.1 and the fact that the number of internal nodes
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is ZJ " ZP —-1= 2221 Zjn — 1; in the non-arithmetic case this yields the
asymptotics (Z;’-:l ™i)n.

The number of internal nodes in the Patricia trie is reduced to n — 1 from
about n/H in the trie (see Theorem 5.4, and ignore the small oscillations
in the arithmetic case); this is a reduction by a factor H which is at most
In2 ~ 0.693, in other words a reduction with at least 30%. Nevertheless,
the reduction in the path length to a given string is negligible. In fact, if we
for simplicity, as in Section 3, consider 1 4+ Po()\) strings, with one selected
string =, then a string « is an internal node on the path in the trie from
the root to = such that a does not appear in the Patricia trie if and only if
= begins with a, and further, either = begins with a0, there is at least one
other such string, and there is no string beginning with a1, or, conversely,

= and at least one other string begins with a1l but no string begins with
0. The probability of this is A\™! f(z) with 2 = AP(«) and

f(z) =2q(1 —e 1) P + ap(1l — e P¥)e 9%, (7.1)

Hence, if ADy := D, — Df is difference between the path lengths to =
in the trie and in the Patricia trie, then EADy = A1 Y f(AP(a)) and
Theorem 5.1 yields

EAD) — 1/ f(x)z 2 da

H/ dx+H/ dx

_ —qlnp— plnq

= = )
This holds also in the arithmetic case, since (7.1) and (6.5) show that the
Fourier coefficients 1(m) in (5.7) are given by

&(m) _ q/ $—1—27rim/d(e—px . e—x) dz +p/ x—l—?ﬂ'im/d(e—qx _ e—x) dz
0 0
= q(p27rim/d — 1)T(—2mim/d) +p(q2”im/d —1)T(—27im/d) = 0,

for integer m # 0, since p?™m/d = 2miminp/d — | — g2mim/d by (2 .6). (This
is an interesting example of cancellation in an arithmetic case where we
would expect oscillations.) Hence the expected saving is 1 for p = 1/2, and
O(1) for any fixed p. (This is o(E D)) and thus asymptotically negligible.)

Again, we can depoissonize by considering A = n4+n?/3, and we obtain the
same result for a fixed number n of strings. Together with Theorem 3.3, we
obtain the following, earlier found by Szpankowski [40], see also Knuth [26,
Section 6.3] (p = 1/2) and Rais, Jacquet and Szpankowski [36]. (Dynamical
sources are considered by Bourdon [5].)

Theorem 7.1. For the expected depth E DY in a Patricia trie:
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(i) If Inp/lIngq is irrational, then, as n — oo,

Inn  Hs ~v+gqlnp+plng

— 1).
H 22 o +oll)
(ii) If Inp/Ingq is rational, then, as n — oo,

ED? =

Inn Hy ~v+glhp+plng
" Tt H +i(lnn) +o(l),

where P1(t) is a small continuous function, with period d in t, given by

(3.10).

E DY =

8. INSERTION IN A TRIE

When a new string is inserted in a trie, it becomes a new external node;
it may also create one or several new internal nodes. Let N > 0 be the
number of new internal nodes.

Theorem 8.1. Asn — oo,

MNEJD:1—¥?—¢Amm+mﬂ%
POV =) = (22t usnm))2pa(1 — 20" +0(1), 21,

where Y3 = 0 in the non-arithmetic case, while in the d-arithmetic case

2 ortik, o
Ws(t) = % Yor(i- %)e%’“/d.
k0

Further,
1 1

EN = E—F%wg(lnn)—i—o(l). (8.1)
The same results hold in the Poisson case (with n replaced by \).

Proof. Consider first the Poisson case, with insertion of = in a trie with
Po(A) other strings.

Let K be the length of the longest prefix of = that is shared with at
least two strings already existing in the trie; this is the depth of the last
internal node (in the existing trie) that the new string encounters while
being inserted.

There is either no existing string with the same K + 1 first letters as =,
or exactly one such string. In the first case, = is inserted at depth K + 1
without creating any new internal nodes, so N = 0.

In the second case, we have reached an external node, which is converted
into an internal node, and the string that was stored there is displaced and
instead stored, together with the new string, at the end of a sequence of
N > 1 new internal nodes, where N is the number of common letters, after
the K first, in these two strings.

Thus, conditioned on N > 1, N has a geometric distribution:

P(N=j)=P(N>1)p*+¢*)’ " -2pq, j>1 (8:2)
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Since further P(N = 0) =1 —P(N > 1), it suffices to find P(N > 1).

For a given k, the event N > 1, K = k and, say, {x+1 = 1, happens
if and only if {411 = 1 and there is exactly one existing string beginning
with &1 --- &1 and at least one beginning with & ---&;0. The conditional
probability of this given o := & -+ & is

P(¢i1 = 1) P(Po(AP(a)q) > 1) P(Po(AP(a)p) = 1) = fi(AP(a)).
with
fi(x) = p(1 — %) (pwe P7) = p*we P — pPwe™".
Thus,
P(N>1,K=kand {gp1=1) =Ef1(AP(& -+ &) =E fi(Ae™F)
= E f; (e~ (Se-1nN)

and, summing over k and using (2.11),

P(N >1and égra=1) =) Efi(e” V) = / (e Y ().
k=0 0

The function ¢i(z) := fi(e™*) is directly Riemann integrable on (—oo, c0)
by Lemma A.6 (because fi(z) = O(z A 71)), and thus the key renewal
theorem Theorem A.7 yields

1 o0
P(N > 1 and g = 1) = H/ g1 (x) dz + v (lnN) +o(1).  (8:3)
where 131(¢) = 0 in the non-arithmetic case and
1 -~ mim
vait) = 5 > Gi(—2mm/d)e*mmt/ (8.4)

m7#0

in the arithmetic case.
Routine integrations yield

/_ gi(z)dz = /O fi (y)(ijy = /O (pPe ™™ —p*e V) dy =p—p* = pq
(8.5)

and, more generally,

Gis) = / T e g (@) de = /0 T Ry dy = (0 - D 4 is);

—00

2mim/d

thus in the arithmetic case, since p = 1 for integers m,

g1(—2mm/d) = pql'(1 — 2wmi/d). (8.6)
By symmetry, (8.3) implies, for similarly defined gy and vy,

POV 2 1 and a1 =0) = 57 [ gola)dot d(InX) +of1), (87

where, noting that (8.5) and (8.6) are symmetric in p and ¢, [*°_go(x)dz =
pq and 30 = P31
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Consequently, summing (8.3) and (8.7), with 13 := 130 + 131 = 231,
2
P(N >1) = % +13(In ) + o(1). (8.8)

The result in the Poisson case now follows from (8.2), (8.4), (8.6) and (8.8).
For the mean we have by (8.2) and (8.8),

> 1 1 1
EN=Y jP(N=j)=-—P(N>1)=—+ —1s3(ln\) +o(1).
jz_(:) ( ) 2pq( ) 7 9pg 3(InA) +o(1)

To depoissonize, consider first adding = to a trie with Po(n—n?/3) strings,
and then increase the family by adding Po(n?/?) further strings; it is easily
seen that with probability 1 — O(A\~'/3) = 1 — o(1), this does not change
the place where Z is inserted, and thus not N. The same holds for all
intermediate tries, in particular for the one with exactly n strings if there is
one, which there is w.h.p. because P(Po(n — n?/3) < n) — 1 and P(Po(n +
n?/3) > n) — 1. Hence the variable N is w.h.p. the same for n strings and
for Po(n) strings. O

It is easily verified that, at least if we ignore the error terms, the expected
number of new internal nodes added for each new string given by (8.1)
coincides with the derivative of EW) = % + %1/}2(111 A) + o(\) given by
(5.13), as it should.

Remark 8.2. Christophi and Mahmoud [6] studied random climbing in
random tries, taking (in one version) steps left or right with probabilities
p and ¢; this is like inserting a new node but without moving any old one.
The length of the climb is thus D,, when N =0 or 1 but D,, — (N —1) when
N >1.

The average climb length found by Christophi and Mahmoud [6] for this
version thus follows from Theorems 3.3 and 8.1.

9. TUNSTALL AND KHODAK CODES

Tunstall and Khodak codes are variable-to-fixed length codes that are
used in data compression. We give a brief description here. We refer to
Savari and Gallager [39] for a treatment of Markov sources by similar meth-
ods. See [10], [11] and the survey [42] for more details and references, as
well as for an analysis using Mellin transforms.

We recall first the general situation. The idea is that an infinite string
can be parsed as a unique sequence of nonoverlapping phrases belonging to
a certain (finite) dictionary D. (For simplicity, we do not consider plurally
parsable dictionaries, see Savari [38].) Each phrase in the dictionary then
can be represented by a binary number of fixed length ¢; if there are M
phrases in the dictionary we take ¢ := [lg M.

Note first that a set of phrases is a dictionary allowing a unique parsing
in the way just described if and only if every infinite string has exactly one
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prefix in the dictionary. Equivalently, the phrases in the dictionary have to
be the external nodes of a trie where every internal node has two children
(so the Patricia trie is the same); this trie is the parsing tree.

By a random phrase we mean a phrase distributed as the unique initial
phrase in a random infinite string =. Thus a phrase « in the dictionary D is
chosen with probability P(a). We let the random variable L be the length
of a random phrase.

If we parse an infinite i.i.d. string =, the successive phrases will be inde-
pendent with this distributions. Hence, if Ky is the (random) number of
phrases required to code the N first letters & - - - &y, then, see Appendix A
and (2.8), Kny = v(N — 1) for a renewal process where the increments X;
are independent copies of L. Consequently, as N — oo, by Theorem A.1,

@ 25 L and % — i
N EL N EL
We obtain also convergence of higher moments and, by Theorem A.3, a
central limit theorem for K. The expected number of bits required to code

a string of length N is thus

(9.1)

(N [lg M]

{EKnN ~ EL- EL N

For simplicity, we consider the ratio x :=1g M/ E L, and call it the compres-
sion rate. (One objective of the code is to make this ratio small.)

In Khodak’s construction of such a dictionary, we fix a threshold r € (0,1)
and construct a parsing tree as the subtree of the complete infinite binary
tree such that the internal nodes are the strings a = g - - - oy, with P(ax) > 75
the external nodes are thus the strings « such that P(a) < r but the parent,
o' say, has P(a’) > r. The phrases in the Khodak code are the external
nodes in this tree. For convenience, we let R =1/r > 1. Let M = M(R) be
the number of phrases in the Khodak code.

In Tunstall’s construction, we are instead given a number M. We start
with the empty phrase and then iteratively M — 1 times replace a phrase a
having maximal P(a) by its two children a0 and al.

It is easily seen that Khodak’s construction with some r > 0 gives the
same result as Tunstall’s with M = M(R). Conversely, a Tunstall code is
almost a Khodak code, with r chosen as the smallest P(«) for a proper prefix
« of a phrase; the difference is that Tunstall’s construction handles ties more
flexibly; there may be some phrases too with P(a) = r. Thus, Tunstall’s
construction may give any desired number M of phrases, while Khodak’s
does not. We will see that in the non-arithmetic case, this difference is
asymptotically negligible, while it is important in the arithmetic case. (This
is very obvious if p = ¢ = 1/2, when Khodak’s code always gives a dictionary
size M that is a power of 2.)

Let us first consider the number of phrases, M = M(R), in Khodak’s con-
struction with a threshold » = 1/R. This is a purely deterministic problem,
but we may nevertheless apply our probabilistic renewal theory arguments.
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In fact, M, the number of leafs in the parsing tree, equals 1 + the number
of internal nodes. Thus, M =1+ f(RP(«)) with f(z) := 1[z > 1], and
we may apply Theorem 5.1.

Theorem 9.1. Consider the Khodak code with threshold r = 1/R.
(i) If Inp/Ingq is irrational, then, as R — oo,

M(R) 1
R H
(ii) If Inp/Ingq is rational, then, as R — oo,
M(R) 1 d
R H 1—ed
Proof. The non-arithmetic case follows directly from Theorem 5.1(i), since
IS f@)a~tde = [[Fam?de = 1.
In the arithmetic case, we use (5.8). Since g(t) = e'1[t < 0], the sum in
(5.8) is a geometric series that can be summed directly:

_ d _ d _
w(t) —d Z ekd t — = eidedtt/dj t — - eide d{t/d}' 0
kd<t

e—d{(ln R)/d} + 0(1).

Remark 9.2. In the arithmetic case (ii), In P(«) is a multiple of d for any
string a. Hence M(R) jumps only when R € {e*® : k > 0}, and it suffices
to consider such R. For these R, the result can be written

1 d
M(R) ~ =——R In R € dZ. 9.2
(R)~ "R, Re (92)
Next, consider the length L of a random phrase. We will use the notation
LL for a Tunstall code with M phrases and L]'gb for a Khodak code with
threshold r = 1/R.

Consider first the Khodak code. By construction, given a random string

2 =¢&& -, the first phrase in it is & - - - &, where n is the smallest integer
such that P(&;---&,) = e < r = e "%, Hence, by (2.8),
LY =v(InR). (9.3)

Hence, Theorems A.1-A.3 immediately yield the following (as well as con-
vergence of higher moments).

Theorem 9.3. For the Khodak code, the following holds as R — oo, with
o = Hy — H? = pqIn*(p/q):

LR as. 1
DR as 2 4
mR  H (94)
InR o2
K P R—
X AsN( 7 lnR), (9.5)

0.2
Var L ~ R (9.6)
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If Inp/Inq is irrational, then

In R Ho
ELK = —— 4+ == 1). .
k=~ T oz to) (9.7)
If Inp/Inq is rational, then, with d := ged(Inp,Inq) given by (2.6),
InR H, d /1 InR
prg= M M 41 Ry

In the arithmetic case, as said in Remark 9.2, it suffices to consider thresh-
olds such that —In7 = In R is a multiple of d; in this case (9.8) becomes

InR H d

EL§:?+ﬁ+ﬁ+o(l). (9.9)
We analyze the Tunstall code by comparing it to the Khodak code. Thus,
suppose that M is given, and increase R (decrease r) until we find a Kho-
dak code with M(R) > M phrases. (By our definitions, M(R) is right-
continuous, so a smallest such R exists.) Let My := M(R) > M and M_ :=
M(R—) < M. Thus, there are M, — 1 strings o with P(a) > 7 = R™!, and
M_ — 1 strings with P(«) > r; consequently there are M, — M_ strings
with P(a) = r. The strings with P(a) = r are not parsing phrases in the
Khodak code (while all their children are), but we use some of them in the
Tunstall code to achieve exactly M parsing phrases. Since each of these
strings replaces two parsing phrases in the Khodak code, the total number
of parsing phrases decreases by 1 for each used string with P(«) = r, and
thus the Tunstall code uses M(R) — M = M, — M parsing phrases with
P(a) = r. The length L-]\r/[ of a random phrase, realized as the first phrase
in Z, equals L}K2 unless = begins with one of the phrases « in the Tunstall
code with P(a) = 7, in which case L], = LX — 1. The probability of the
latter event is evidently P(a)) = r for each such «, and is thus (M (R) —M)r.

Consequently, with R as above,

LY, = L% — Ay, (9.10)

where Ay € {0,1} and P(Ay = 1) = (M(R) — M)/R. We can now find
the results for L]:

Theorem 9.4. For the Tunstall code, the following holds as M — oo, with
02 = Hy — H? = pqIn®(p/q):

LI, as 1
M as 11
WM H (9-11)
InM o2
L], ~ AsN(n?, %th), (9.12)
2
Var L1, ~ %lnM. (9.13)

If Inp/Ingq is irrational, then
In M 4 In H H,
H H 2H?

EL}, = + o(1). (9.14)
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If Inp/Inq is rational, then, with d := ged(Inp,Inq) given by (2.6),

InM InH H 1 . sinh(d/2)
EL), = -
=g T Tam TE T an

d In M +In(H(1 —e~%)/d)
+ 2 ({ ; }) +o). (9.15)
where
] edr — 1
Ya(z) = —g— = (9.16)
Note that 14 is continuous, with 14(0) = 94(1) = 0. )4 is convex and
thus ¥4 < 0 on [0,1]. In the symmetric case p=¢ =1/2,d=H =1n2 and

Py(x) = 2% — 1 — z, with a minimum —0.086071....

Proof. Let as above R be the smallest number with M(R) > M; thus
M(R) > M > M(R—). By Theorem 9.1, InR = In M + O(1), so (9.11)—
(9.13) follow from (9.4)—(9.6) and the fact that |L}, — L'| < 1, see (9.10).
If Inp/ In ¢ irrational, Theorem 9.1 yields M (R)/R — 1/H, and thus also
M(R—)/R — 1/H. Since M(R) > M > M(R—), also
M 1
7w (9.17)
and further M (R)/M — 1. Consequently,
M(R)— M M(R) M
7 (o YR oo
and thus, by (9.10), EL], = ELX —EAy = ELX + o(1). Since also, by
(9.17) again, n R =1In M +In H + o(1), (9.14) follows from (9.7).
In the case when Inp/Ingq is rational, we argue similarly, but we have
to be more careful. First, necessarily R = eV¢ for some integer N, see
Remark 9.2. Further, (9.2) applies. Let, for convenience,

1—ed sinh(d/2) _q.

EAp =

thus (9.2) can be written M(R) ~ 37'R as R — oo. Let
1 1. BM
zi=SI(BM) - N+1= -l +1. (9.19)

Then, by these definitions and (9.2),

M = g ledN-1+2) (9.20)

M(R) = 8'R(1 + o(1)) = g~ LedN+e(), (9.21)

M(R=) = M(Re~%) = 7Y (Re™)(1 + 0(1)) = B~ LedWV=D+e() (9 .92)

Since M(R—) < M < M(R), we see that o(1) <z < 1+ o(1). We define
also, using (9.20),

- {ln(gM)} _ {lned(]:llﬂ”)} ) (9.23)
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Typically, 0 < x < 1, and then xy = x, but it may happen that x is slightly
below 0 and zg = « + 1, or that z is slightly above 1 and then zg = x — 1.
By (9.19), In R = In(SM) + d(1 — z), and thus (9.9) yields, using (9.18),
In(BM)  H, d d
ELR = (- 1
R= g Top tag tptotel)

InM InH 1 inh(d/2 H d
== +L+Elnsm (d/)+ 2 4 (1—x)+o(1).

H H d/2 2H2  H
Furthermore, by R = eV, (9.20), (9.21) and (9.18),
M(R) — M
EAy = (R;g =B (1 =™ Y) +0(1)

d 1—evid d e — 1
7 1o o= E(l_ ed 1 ) +oll).
Combining these, we find by (9.10) and (9.16),
ELl, =ELYX —EAy
InM InH 1 sinh(d/2) Ho d
- nE L2 e 1).
7t a tah e Tame T pte@ ol
This is almost (9.15), except that there vy(x) is replaced by ¥4(xg) =
Ya({In(BM)/d}), see (9.23). However, as noted above, x # xo can happen
only when one of z and zg is o(1) and the other is 1+0(1). Since the function
)4 is continuous and ¥4(0) = 14(1), we see that in this case ¥4 (x) —4(xg) =
(1a(1) — 4(0)) + (1) = o(1). Hence, ths(x) = tha(z0) + (1) in all cases,
and (9.15) follows. O

Remark 9.5. We have chosen to derive Theorem 9.4 from the corresponding
result Theorem 9.3 for the Khodak code. An alternative is to note that in
the Tunstall code, we obtain the random phrase length LL by stopping
= at My — M of the My — M_ strings o with P(«) = r, and all strings
with smaller P(«). By symmetry, we obtain the same distribution of the
length if we stop randomly with probability (M;—M) /(M4 —M_) whenever
P(a) = e~ = r; equivalently, we stop when e~ ~%0 < where Xj is a
random variable, independent of =, with values 0 and ¢, for some very small
positive e = ¢(M), and P(Xg =¢) = (My — M) /(M4 — M_). Consequently,
we have L], 4 v(In R), with R and X as above, and we can apply Theorems
A.1-A.3 (and A.4) directly.

Corollary 9.6. The compression rate for the Tunstall code is

lg M H InH + Hy/2H +6 _1
_ _ _ In M
"TELT ln2< n M Fo(nan™)

where § = 0 when Inp/Inq is irrational while when Inp/1nq is rational,

5= In singic;ﬂ) N dz/)4<{lnM + ln(Hd(l —e %) /d) })7
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with d given by (2.6) and 14 by (9.16).

For the Khodak code, the compression rate 1g(M(R))/E LY is asymptoti-
cally given by the same formula, with In M replaced by In R, except that the
Py term does not appear in 6.

The reason that the 14 term does not appear for the Khodak code is that

LIK% = LL( R) and in the arithmetic case, we may assume that R = eV,

and then for LL(R), the argument z of ¢ is {In(BM(R))/d} = {In(R)/d +
o(1)} = {N +0(1)} and thus close to 0 or 1, where 14 vanishes.

10. A STOPPED RANDOM WALK

Drmota and Szpankowski [12] consider (motivated by the study of Tun-
stall and Khodak codes) walks in a region in the first quadrant bounded by
two crossing lines. Their first result, on the number of possible paths, seems
to require a longer comment, and will not be considered here. Their second
result is about a random walk in the plane taking only unit steps north or
east, which is stopped when it exits the region; the probability of an east
step is p each time. Coding steps east by 1 and north by 0, this is the same
as taking our random string Z. Drmota and Szpankowski [12] study, in our
notation, the exit time

Dgy :=min{n:n > K or S, > VIn2}
for given numbers K and V, with K integer. We thus have
DK,V = (K + 1) A\ I/(V 1112). (10.1)

We have here kept the notations K and V from [12], but for convenience
we in the sequel write Vo := VIn2. We assume p # ¢, since otherwise
Diyv = (K A |V]) +1is deterministic.

We need a little more notation. Let as usual ¢(z) := (2m)~1/2e~2"/2
and ®(z) := [*__ ¢(y)dy be the density and distribution functions of the

standard normal distribution. Further, let
xr

U(zx):= / O(y)dy = 2®(x) + ¢(x). (10.2)

—00

This definition is motivated by the following lemma.

Lemma 10.1. If Z ~ N(0,1), then for every real t, E(Z vV t) = U(t) and
E(Z Nt) = =VU(—t). Further, ¥(t) — ¥(—t) =t.

Proof. Since E Z = 0,
IE(Z\/t):IE(Z\/t—Z):/ P(Z\/t—Z>m)dx:/ O(t — z)dx
0 0
= U(t).

Further, since —Z 4z ,

—E(ZAt)=E((=2)V(-t)) =E(ZV (-t)) = ¥(-1).
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Finally, U(t) — ¥(—t) = E((ZVt) + (Z At)) = E(Z +t) = t. (This also
follows from (10.2) and ®(t) + ®(—t) =1, ¢(—t) = ¢(t).) O

We can now state our version of the result by Drmota and Szpankowski
[12]. We do not obtain as sharp error estimates as they do (although our
bounds easily can be improved when |K — Va/H| is large enough). On the
other hand, our result is more general and includes the transition region
when V5 /H ~ K and both stopping conditions are important.

Theorem 10.2. Suppose that p # q and that V, K — oo. Let Vo := VIn2
and % := (Hy — H?)/H3 > 0.
(i) If (K —Va/H)/\/Va — 400, then Dk v is asymptotically normal:

Vo o
Dy ~ AsN(ﬁQ, 0—2V2). (10.3)
Further, Var(Dg y) ~ 52 Va.
(i) If (K—Va/H)/\/Va = —o0, then Dk v is asymptotically degenerate:

Further, Var D = o(V3).
(iii) If (K—=Va/H)/\/Va = a € (—00,+00), then D v is asymptotically
truncated normal:

Vy, 2(Dgy —Va/H) -5 (6Z) Na = 5(Z A (a)5)). (10.5)
with Z ~ N(0,1). Further,
Var(Dg y) ~ Vo Var(6Z A a) = Vo5 Var(Z A (a/7)).

(iv) In every case,

EDy.y = % _F Vﬂ/(%) +o(y/Ta) (10.6)
—K—-5 %m(l(;\/‘%/H) +o(y/Va). (10.7)

(v) If (K —Va/H)/\/Va > InVy, then
EDicy = 22+ ot + Us(Va) +o(1), (10.8)

where ¥5 = 0 in the non-arithmetic case and ¥5(t) = & (1/2— {t/d}) in the
d-arithmetic case.
(vi) If (K —Va/H)/\/Va < —InVa, then

ED}QV =K+1+ 0(1). (10.9)
Proof. Let
[ Dgy —Va/H S v(Va) —Vo/H
VAZR VAZ R
I?::iK_%/H, K ::—K+1_V2/H=k+o(l)
V¥ V¥
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Thus, by (10.1), D = 7 A K. By Theorem A.3,

- v(Va) - Va/H d,

U= 7 N(0,52). (10.10)

The results on convergence in distribution in (i)—(iii) follow immediately:

In (i), K — oo and K| — 0o so (10.10) implies that w.h.p. ¥ < K; and
thus v(V2) < K + 1; hence w.h.p. Dgy = v(V3) and (10.3) follows from
(10.10).

In (ii), similarly w.h.p. 7 > K and v(Va) > K + 1 so Dgy =K+1.

In (iii), we have K, — a and thus (10.10) implies (7, K1) —— (67, a);
hence (10.5) follows by applying the continuous mapping theorem [3, Section
5] to A : R? - R.

For (iv), note first that the two expressions in (10.6) and (10.7) are the
same by Lemma 10.1. We may by considering subsequences assume that
one of the cases (i)—(iii) occurs.

Next, (A.9) can be written E(7%) — &2, which together with (10.10) im-
plies that 72 is uniformly integrable. (See e.g. [15, Theorem 5.5.9].) In
case (iii), when K| converges, this implies that D? = (¥ A K1)? also is uni-
formly integrable, and thus the convergence in distribution already proved
for (iii) implies ED — E(5(Z A (a/5))) = —5¥(—a/5), which yields (10.6)
when K — a € R; further, the uniform square integrability of D2 implies
Var D — Var(5Z A a) as asserted in (iii).

If instead K| — +o00, case (i), we may assume K; > 0; then D2 = (7 A
I~(1)2 < 7% and thus D? is uniformly integrable in this case too. Hence (10.3)
implies both Var(ﬁ) ~ 2, or equivalently Var Dk ~ 52Va as asserted in
(i), and E D — 0, which yields (10.6) in this case because \I/(—I?) — 0.

Finally, if K1 — —o0, case (ii), we may assume that Ky < 0; then K —
D = (K| — )4 < |D| is uniformly square integrable, and K; — D - 0 by
(10.4). Hence K, —ED = E(K; — D) — 0, and thus (10.7) holds, since
U(K) — 0 and 1 = o(y/V3). Further, Var D = Var(K; — D) — 0, which
yields Var D = o(V3).

This completes the proof of (iv).

For (v), we have Dg v < v(V2) and thus, by the Cauchy—Schwarz inequal-
ity and Theorem A.1,

E|Dky —v(Va)| < E(v(Va)1[Dgy # v(Va)])
(Ev(Va)?) " P(Dicv # v(Va))
= O(Va) P(Dicy # v(Vi)) /2.

1/2

IN

(10.11)
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For K > In Vs, Chernoff’s bound [24, Theorem 2.1] implies, because Sk 41
is a linear transformation of a binomial Bi(K + 1,p) random variable,

P(Dryv #v(V2)) =Pv(V2) > K +1) =P(Sk41 < V2)
=P(Sk11 — ESks1 < —HE1\/V3)
K2V, )
K+1+KiVV,
< exp(—co ln2(Vg)).

< eXp<—01

for some c1,co > 0 (depending on p); the last inequality is perhaps most
easily seen by considering the case K +1 < 2V, /H (when K + 1 =< V3) and
K 41> 2V,/H (when K, = K/\/V3) separately. Hence, the right-hand
side of (10.11) tends to 0, and thus E Dg y = Ev(V3) 4 o(1). Consequently,
(v) follows from the formulas (A.3) and (A.5) for Ev(V2) provided by The-
orem A.2.

The argument for (vi) is very similar. The Chernoff bound for Sk implies

P(Dgyv # K +1) =P (V) < K + 1) = P(Skg > V) < exp(—c3In?(13)),

and the Cauchy-Schwarz inequality then implies E |K + 1 — Dg y| = o(1),
proving (vi). O

APPENDIX A. SOME RENEWAL THEORY

For the readers’ (and our own) convenience, we collect here a few standard
results from renewal theory, sometimes in less standard versions. See e.g.
Asmussen [1], Feller [14] or Gut [16] for further details.

We suppose that Xi, Xs,... is an i.i.d. sequence of non-negative ran-
dom variables with finite mean p := EX > 0, and that S, := Y " | X;.
Moreover, we suppose that X is independent of X7, Xs,... (but Xy may
have a different distribution, and is not necessarily positive) and define
S, = Yoo 0 Xi = Sn + Xo. We further define the first passage times v(t)
and v(t) by (2.8) and (2.13) and the renewal function U by (2.10). (Recall
that v is a special case of  with Xy = 0. Hence the results stated below for
v hold for v too.)

For some theorems, we have to distinguish between the arithmetic (lattice)
and non-arithmetic (non-lattice) cases, in general defined as follows:

arithmetic (lattice): There is a positive real number d such that
X1/d always is an integer. We let d be the largest such number and
say that X is d-arithmetic. (This maximal d is called the span of
the distribution.)

non-arithmetic (non-lattice): No such d exists. (Then X; is not
supported on any proper closed subgroup of R.)
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Theorem A.1. Ast — oo,

v(t 1
) asy 1 (A1)
t e
If further 0 < r < oo and E|Xo|" < oo, then D(t)/t — p~ ' in L", i.e.,
E|D(t)/t — p~ " = 0, and thus

v)\" 1
E <V()> - —. (A.2)

t ur
Proof. See e.g. Gut [16, Theorem 2.5.1] for the case Xy = 0; the general case
follows by essentially the same proof. O

Theorem A.2. Suppose that E X? < oo and E|X;| < 0o.
(i) If the distribution of X1 is non-arithmetic, then, as t — oo,

t EX?
Ev(t)=—+ 21
po2p

and, more generally,

t EXZ2 EX,
ED(t) = — L 1). A4
v(t) u+ 22 p +o(1) (A.4)

(ii) If the distribution of X1 is d-arithmetic, then, as t — oo,

+o(1) (A.3)

t EX?2 dy/1 t
Ev(t) = — L —(Z2—{= 1). A.
v(t) u+ 22 +,u<2 {d})+o( ) (A-5)
and, more generally,
t EX? dy/1 t — Xo E X,
ED(t) = — L+ —(--E — 1). A6
o(t) u+ 242 +,u<2 { d }) i +o(1) (A-6)

Proof. See e.g. Gut [16, Theorem 2.5.2] for the case Xy = 0; the general
case follows easily by conditioning on Xy. In the arithmetic case, note
that D(t) = v(t — Xo) = v([(t — Xo)/d]d) and use E([(t — Xo)/d]d) =
t—EXo—dE{(t — Xo)/d}. O

Theorem A.3. Assume that 02 := Var X; < oco. Then, as t — 00,
v(t) —t 2
)t a, N(o, 13) (A7)
Vit [t
If further o® > 0, this can be written U ~ AsN(u~'t, 0?u=3t).
Moreover, if also EXg < 00, then

o2
Var(v(t)) = Et + o(t); (A.8)

and

02
E(5(t) —t/p)* = i o(t). (A.9)
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Proof. See e.g. Gut [16, Theorem 2.5.2] for the case Xy = 0, noting that
(A.8) and (A.9) are equivalent because Ev(t) —t/u = O(1) by Theorem A.2;
again, the case with a general Xg is similar, or follows by conditioning on
Xo. The case 02 = 0 is trivial. U

In some arguments above, we let Xy = X[()t) to depend on t; this is no

problem if we have some uniformity assumptions on Xét), for example the

following. (The proof shows that weaker assumptions suffice.)

Theorem A.4. We can allow Xy = Xo(t) to depend on t in Theorems A.1-
A.3 provided 22 is weakened to = in (A.1) and we add the following
assumptions: X(()t) is tight; for L" convergence and (A.2) we further assume
that sup, E |X(§t)|r < 00; for Theorem A.2 we assume that Xét) are uniformly

integrable; for (A.8) and (A.9) we assume that sup, E |Xét)|2 < 00.

Proof. This can be seen by conditioning on Xét), noting that v(t) = v(t —
X(()t)). First, if Xét) is tight, then X(gt)/t 25 0and t—Xét) L5 0 ast — oo,
and thus by conditioning on X[gt) we obtain from (A.1) for v

o) vt-x) t-x vit-x3) w1

t t t f— x y

I

showing (A.1) with X(()t). If Var X; < oo, then (A.7) follows similarly.

Similarly, if we define
O\ 7
t l/(t — X, ) t
Xé)>:IE<<t 0 ) X(())>,

(%)

then (A.2) and (¢t — Xét))/t 25 1 yield ¥; 2 p~". Moreover, (A.2) also
implies Ev(t)" = O(1 +t"), and thus, for ¢t > 1,

Y= O((1+ [t = X'1")/t7) = 0(1+|X""t7).

Hence, E(Ytl[\Xét)\ < t]) = w " as t — oo by dominated convergence,
while, assuming sup, E ]Xét)]T < 00, E(Ytl[\X(()t)\ >t]) =0(E |Xét)\’”t*’") —
0, s0 E(D(t)/t)" = EY; — u~", showing (A.2). E|v(t)/t — =" — 0 follows
similarly.

If we denote the error term in (A.3) or (A.5) by r(¢), then r(t) — 0 as
t — oo and r(t) = O(1+t_), where t_ := max(—t,0); hence ]Er(t—Xét)) —0
by dominated convergence, and (A.4) and (A.6) follow.

For (A.8) and (A.9) we use the standard decomposition

Var(5(t)) = E(Var(5(t) | X§")) + Var (E(0(1)| X$")). (A.10)

Let Var(v(t)) = o2u=3t + ra(t), where by (A.8) ra(t) = o(t) as t — oo, and
thus r2(t) = O(1 + |t|). Then

Var(9(t) | X§9) = o2u73(t — x) +ra(t — X )
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and dominated convergence yields
E(t_l Var (D(t) ‘ X(()t))) — o?u3,
For the last term in (A.10), we note that (A.4) and (A.6) show that
~ t
E@EOIX) =Bt - X)I%") =+ 00X +1)

and thus the variance is 0(1) = o(t). Hence, (A.10) yields (A.8). Finally,
(A.9) follows by (A.8) and (A.4) or (A.6). O

For the evaluation of (A.6) when X is non-trivial, we note the following
formula.

Lemma A.5. Suppose that X has a continuous distribution with finite
mean, and a characteristic function @(t) := Ee'™ that satisfies p(t) =
O([t|=%) for some § > 0. Then, for any real u,

1 ©(2mn) 9
E{X == - g e
X +u) 2 " omni
n

Proof. Let X, := | X +u] —u+ 1. Then {X +u} = X — X, + 1, and the
result follows from the formula for E X, in [23, Theorem 2.3]. O

For the next theorem (known as the key renewal theorem), we say that a
function f > 0 on (—o0,00) is directly Riemann integrable if the upper and
lower Riemann sums 3 72 hsupjg_1ypen) [ and D52 hinfig_1ynn) f
are finite and converge to the same limit as h — 0. (See further Feller
[14, Section XI.1]; Feller considers functions on [0,00), but this makes no
difference.) For most purposes, the following sufficient condition suffices.
(Usually, one can take F' = f.)

Lemma A.6. Suppose that f is a non-negative function on (—oo,00). If f is
bounded and a.e. continuous, and there exists an integrable function F with
0 < f < F such that F is non-decreasing on (—oo, —A) and non-increasing
on (A, 00) for some A, then f is directly Riemann integrable.

Proof. Let fpi(x) 1= supj_1ynkn) [ and fo—(z) = inf{g_1ypen) [ for = €
[(k — 1)h, kh); thus the upper and lower Riemann sums are [*_ fpy(z)dax
and [% fr—(z)dz. As h — 0, fay(x) = f(x) and fr—(x) — f(x) at every
continuity point of f, and thus a.e. Moreover, if we define g(z) := F(x + 1)
foro < —-A—-1, g(x) :=F(x—1) forz > A+ 1, and g(x) :=sup f < oo for
|z| < A+ 1, then g is integrable and for 0 < h <1, 0 < f,_(z) < fry(z) <
g(z). Hence dominated convergence applies and shows ffooo fne — f_oooo f
and [%° fn— — [ f as h — 0, as we wanted to show. O

Theorem A.7. Let f be any non-negative directly Riemann integrable func-
tion on (—o00,00).
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(i) If the distribution of X1 is non-arithmetic, then, as t — oo,

/OOO F(s— £)dU(s) — ‘1‘/55 7(s) ds, (A11)
/0 F(t—5)dU(s) — ;/_w £(s)ds. (A.12)
(i) If the distribution of X, is d-arithmetic, then, as ¢ — .
/OOO F(s— ) dU(s) = ;@Z)(t) 1 o(1), (A.13)
/OOO F(t—s)dU(s) = ;w(—t) +o(1), (A.14)
where (1) is the bounded d-periodic function
vlt) = dki fkd — 1) (A15)

¥ has the Fourier series

Yty ~ Y d(m)ermmi/ (A.16)
with
O(m) = f(—2rm/d) = /_ = aeimt/d F(t)dt. (A.17)

In particular, the average of i is @Z(O) = ffooo f. The series (A.15) con-
verges uniformly on [0,d]; thus v is continuous if f is. Further, if f is
sufficiently smooth (an integrable second derivative is enough), then the
Fourier series (A.16) converges uniformly.

Proof. The two formulas (A.11) and (A.12) are equivalent by the substitu-
tion f(x) — f(—x). The theorem is usually stated in the form (A.12) for
functions f supported on [0, 00); then the integral is fg f(t—s)dU(s). How-
ever, the proof in Feller [14, Section XI.1] applies to the more general form
above as well. (The proof is based on approximations with step functions
and the special case when f(z) is an indicator fuction of an interval; the
latter case is known as Blackwell’s renewal theorem.) In fact, a substan-
tially more general version of (A.12), where also the increments Xj may
take negative values, is given in [2, Theorem 4.2].

Part (ii) follows similarly (and more easily) from the fact that the mea-
sure dU is concentrated on {kd : k > 0}, and thus [ f(s — ) dU(s) —
%1/1(15) = po o f(kd —t)(dU{kd} — d/p) together with the renewal the-
orem dU{kd} —d/u — 0 as k — oo. The Fourier coefficient calculation in
(A.17) is straightforward and standard. O
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Finally, we consider a situation where we are given also another sequence
Y1,Ys, ... of random variables such that the pairs (X;,Y;), i > 1, are i.i.d.,
while Y; and X; may be (and typically are) dependent on each other. (Y;
need not be positive.) We denote the means by px := EX; and py :=
EYi; thus px = p in the earlier notation, and we assume as above that
0 < px < 0o. We also suppose that X is independent of all (X;,Y;), i > 1.
Let V,, :=>1", Y.

Theorem A.8. Suppose that Ug( := Var X7 < oo and 032, ;= VarY; < oo,
and let
5% = Var(uxY) — py X1).

Then B
AP ) ~
K ()
Vit 125°¢

If 52 >0, this can also be written as
~2
Vg(t) ~ AsN <'uyt, U3t> .
nx Py
Note that the special case Y; = 1 yields (A.7).
Proof. For Xy = 0, and thus v(t) = v(t), this is Gut [16, Theorem 4.2.3].
The general case follows by the same proof, or by conditioning on Xy. U

Remark A.9. Again, we can allow Xy = Xén)

the X(()n) is tight.

to depend on n, as long as
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