GENERALIZED GALOIS NUMBERS, INVERSIONS,
LATTICE PATHS, FERRERS DIAGRAMS AND LIMIT
THEOREMS

SVANTE JANSON

ABSTRACT. Bliem and Kousidis recently considered a family of ran-
dom variables whose distributions are given by the generalized Galois
numbers (after normalization). We give probabilistic interpretations of
these random variables, using inversions in random words, random lat-
tice paths and random Ferrers diagrams, and use these to give new
proofs of limit theorems as well as some further limit results.

1. INTRODUCTION

The homogeneous multivariate Rogers—Szegd polynomial in m > 2 vari-
ables is defined by

~ n
Btet)= S (" Y deedes
yeeRm/ g

where (k1 " ) is the g-multinomial coefficient (or Gaussian multinomial
oikim/
coefficient)

n n]!y
=t form=ki + -+ km, 1.2
(kla 7km>q [kl]‘q e [km]'q ! ( )

where [k]!, := [1]4[2]4 - - - [k]g with [¢], == (1 — ¢*)/(1 — q). Equivalently, one
might consider the inhomogeneous multivariate Rogers—Szegd polynomial

Hn(tla---atm—l) = Hn(tl,...,tm_l,l). (13)

For these polynomials, see Rogers [13], Andrews [1] and Vinroot [17].
We concentrate here on the special value

G (q) = Ho(1,...,1) = Hy(1,...,1) = " 14
M@= )= A= Y (") )
k1 +km=n q
studied in Vinroot [17] and Bliem and Kousidis [2]. This is a polynomial in q.
In the special case m = 2, studied in e.g. Goldman and Rota [4], Nijenhuis,
Solow and Wilf [11], Kac and Cheung [10, Chapter 7] and Hitzemann and

Hochstéttler [6], these numbers P (q) are known as Galois numbers, and
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the numbers G{™ are therefore called generalized Galois numbers by [17]

and [2]. Note that

RIOEIED SR R B (15)

ki+-+km=n

by the multinomial theorem.

Bliem and Kousidis [2] noted that the polynomial Gim (¢) has non-negative
coefficients, and thus

(m)
o (g) = g(m)gfi = m ™G (g) (16)

can be interpreted as the probability generating function of a random vari-
able G, ;. We let G, ., denote the probability distribution with the prob-
ability generating function (1.6), and have thus Gy . ~ Gpm. (We use,
following [2], Gy m for an arbitrary random variable with this distribution.
In the next sections we will construct specific random variables of this type.)

The purpose of the present paper is to provide some probabilistic in-
terpretations of this random variable, see Sections 2—4, and to use these
interpretations to give new, and perhaps simpler, proofs of the following

results in [2]. We use 45 for convergence in distribution and (later) 4 for

equality in distribution. N(u,o?) is the normal distribution with mean

and variance o2.

Theorem 1.1 ([2]). The random variable Gy, ,,, has mean and variance

IEGmm:n(n—l)‘m—l’ (1.7)

4 m
n(n—1)2n+5) m? -1
72 m2
Theorem 1.2 ([2]). If m — oo with n > 1 fized, then

Var G, = (1.8)

Grm — G, (1.9)
where G, is the number of inversions in a random permutation of {1,...,n}.

Theorem 1.3 ([2]). If n — oo with m > 2 fized, then
Gn,m —E Gn,m d

Tnm — 2 Fnm 4L A, 1) 1.10
Var (G, m)/? (0.1) ( )
equivalently,
Gn,m - EGn,m d m2 —1
T R Uk (1.11)

Furthermore, we can also let both m and n tend to infinity; we show that
there are no surprises in this case.
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Theorem 1.4. If m,n — oo, then

Gn,m - EGn,m d
n,m

equivalently,
Gn,m -E Gn,m d 1
Moreover, we show a local limit theorem strengthening Theorems 1.3
and 1.4.

Theorem 1.5. Ifn — oo, then, with jin m = E Gy, and O',,%’m = VarG,m
given by Theorem 1.1,

1 —(k— o
On,m IP)(C;'n,m = k) = Ee (k—pim,m)? /2 %’m + 0(1), (114)
uniformly in all m > 2 and k € 7Z.
Equivalently, we can in (1.14) replace pin m and afl’m by the approxima-

m2—1, 3
36m?2

Proofs are given in Sections 5-6.

tions finm == 2-2n? and c‘f%m =

Remark 1.6. The name (generalized) Galois numbers comes from the fol-
lowing algebraic interpretation, see [4], [17], [10, Chapter 7], [15, Proposition
1.3.18] which, however, not will be important in the present paper.

If ¢ is a prime power and V an n-dimensional vector space over the Galois
field F, with ¢ elements, then it is not difficult to see that (kln km)q is the

number of flags {0} € V3 C .- C V,, = V, where V; is a subspace of
dimension ki + - - - + k;. Hence, G%m)(q) is the total number of such flags of

fixed length m in V' = F. In particular, the Galois number Gq(f)(q) is the
number of subspaces of Fj'.

2. INVERSIONS

If w=wi---w,is a word with letters from an ordered alphabet A, then
the number of inversions in w is the number of pairs (7, j) with i < j and
w; > wj; we denote this number by Inv(w). Using the notation 1{€} for
the indicator of an event &£, we thus have

Inv(w) = Z 1{w; > w;}. (2.1)

With the alphabet A = {1,...,m}, it is well-known (and not difficult to
see) that the g-multinomial coefficient (n " )q, where ny + - - - + ny, = n,

1yeeesTm
is the generating function of the number of inversions in words consisting of
ny s, ..., ny m’s, in the sense that if an, . n,,(¢) is the number of such

words with exactly ¢ inversions, then

n o
=Y a0 (0, 2.2
(o), = SO 22)
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see [1, Theorem 3.6].
Summing over all nq,...,n,, with ny + --- 4+ n,, = n, we immediately
obtain the following from (1.4) and (2.2).

Theorem 2.1. Gq(lm)(q) is the generating function of the number of inver-
sions in words of length n in the alphabet {1,...,m}, in the sense that if

Aﬁ{m (£) is the number of such words with exactly £ inversions, then

G (q) = i A ()" (2.3)
=0 ]

By the definition of the random variable Gy, ., (2.3) is equivalent to
P(Gpm =€) = AJ™(0)/n~™. (2.4)

n

This can be formulated as follows, yielding our first construction of a random
variable Gy, 1.

Theorem 2.2. Let W, ,,, be a uniformly random word of length n in the
alphabet {1,...,m}. Then the number of inversions Inv(W,, ) has the dis-

tribution Gy . In other words, Gpm 4 Inv(Wym). O

We can thus choose Gy, := Inv(W,, ). (Recall that we have defined
Gr,m to be an arbitrary random variable with the desired distribution.)

If we write the random word W, ,,, as X7 --- X,,, we have X1,..., X, i.i.d.
(independent and identically distributed) with the uniform distribution on
{1,...,m}, and using (2.1), Theorem 2.2 may be reformulated as follows.

Corollary 2.3. Let {X;}2, be i.i.d. random variables, with every X; uni-
formly distributed on {1,... ,m}, and let

Vo = > X, > X;}. (2.5)
1<i<j<n
Then Vi m ~ Gnm. In other words, Gy m 4 nm - O

Let Ny := #{i < n : X; = k} be the number of occurences of the
letter k in the random string Wy, ,, = X1 ---X,,. Then (Ny,...,Np,) has a
multinomial distribution with E Ny = n/m, and it is well known that if we
keep m fixed, n_l/Q(Nk—ENk)Zl:l 4, (Zy), asn — oo, where Z1, ..., Zy,
are jointly normal with means E Z;, = 0, variances Var Z; = (m—1)/m? and
covariances Cov(Zy, Z;) = —1/m? (k # 1). By Theorem 1.3, V,, 4 Gnm
has an asymptotic normal distribution, and this extends to joint asymptotic
normality of Vj, ,,, and Ny, ..., Ny,.

Theorem 2.4. For fized m, as n — oo,
(V—EVn,m N1 — ENy Ny, — EN,,

d
R >—>(Z,Zl,...,Zm),
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where Z*,Z1,...,Zm are jointly normal with means 0, Var Z* = (m? —
1)/36m? as in (1.11), Z1,..., Zm have the variances and covariances given
above and Z* is independent of Z1, ..., Zm.

The proof is given in Section 5.

3. A U-STATISTIC

Let {X;}3°, and {Y;}32; be independent random variables, with every

X, uniformly distributed on {1,...,m} and every Y; uniformly distributed

n [0,1]. (Any common continuous distribution of ¥; would yield the same
result.)

Fix n > 1. The values Y7, ...,Y, are a.s. distinct, and can thus be ordered
as Y, (1) < -+ < Yy for some (unique) permutation of {1,...,n}. Let Wy,
be the word X (1) -+ Xg(n). Since {X} * , and {Y;}!', are independent,
Wy, m has the same distribution as X - - - X,, and is thus a umformly random
word in {1,...,m}". Consequently, Theorem 2.2 yields Inv(W,, ) ~ Gp m.
Moreover, since i < j <= Y ;) < Y5,

n
InV(Wmm) = Z 1{Xa(i) > Xo(j)} = Z 1{Xa(i) > XUU) and i < ]}
1<i<j<n ij=1
n
= D HXow > Xo(5) and Yo < Yo}
ij=1
n

=) X > XJ1{Y, < Vi)
k=1

We have shown the following, yielding our second construction of Gy, 1.

Theorem 3.1. Let X; and Y; be as above, and define the random variable

n

Unam =Y 1{X; > X;}1{Y; < Y;}. (3.1)
i,j=1
Then Up ym ~ Gnm- In other words, Gy m 4 nm- O

Let Z; := (X;,Y;); this yields a sequence of i.i.d. random vectors taking
values in S := {1,...,m} x [0,1]. Define the functions h, h* : S* — R by

h((z1,01), (w2, 92)) = Vi > 25} 1{y; <y}, (3.2)
h*((l‘l,yl), (932,y2)) = h((xlayl)v (932a?/2)) + h(($2,y2)a (331,?/1))- (3.3)

Thus h* is symmetric and (3.1) can be written

Unm = Z Wz 2;)= > h*(2:.2;) (3.4)

i,j=1 1<i<j<n
which shows that Uy, , is (for fixed m) a U-statistic [7].
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4. LATTICE PATHS AND FERRERS DIAGRAMS

In this section we consider the special case m = 2. In this case, there
is an alternative combinatorial description of the Gaussian binomial coeffi-
cients using using lattice paths instead of inversions, see Pélya [12]. Indeed,
consider lattice paths in the first quadrant, starting at the origin and con-
taining n unit steps East or North. There are 2" such paths, and they may
be encoded by the 2" words of length n with the alphabet {E,N}. The area
under each horizontal step equals the number of previous vertical steps, so
by summing, we see that the area under the path equals the number of
inversions in the corresponding word, where we use the ordering E < N.

Consequently, Theorem 2.2 yields the following.

Theorem 4.1. Let 0(n) be the area under a uniformly random lattice path

(of the type above) of length n. Then 6(n) ~ Gy 2. In other words, Gy o 4

O(n).

The random variable 8(n) was studied by Takéacs [16], who found its mean
and variance and proved a central limit theorem and a local limit theorem
(our Theorems 1.1, 1.3 and 1.5 for m = 2).

By symmetry, we may instead consider the area 6'(n) between the path
and the y-axis. This area can be regarded as a Ferrers diagram; if the path
ends at (si,s2), then the height (number of non-empty rows) h and width
w of the Ferrers diagram satisfy h < sy and w < s1, and there is a bijection
between all paths ending at (si,s2) and all such Ferrers diagrams. (Note
the bijection between such Ferrers diagrams with a given area N and the
partitions of IV into at most sy parts, each at most s;; see [1, Theorem 3.5].)

Alternatively, by adding an extra row and column, we obtain a Ferrers
diagram with height so +1 and width s; 4 1; its right boundary consists of a
path from (—1,0) to (s1, s2+1), beginning with a horizontal step and ending
with a vertical. Moreover, there is a bijection between all paths ending at
(s1,s2) and all such Ferrers diagrams. We further see that the area of this
Ferrers diagram equals 6’ + s1 4+ so + 1, where €' is the area between the
(original) path and the y-axis.

The semiperimeter of a Ferrers diagram equals its height plus width,
and we thus have obtained a bijection between all Ferrers diagram with
semiperimeter n + 2 and all (north-east) lattice paths of length n. This
bijection gives a correspondence between uniformly random Ferrers diagrams
with semiperimeter n + 2 and uniformly random lattice paths of length n,
yielding the following theorem.

Theorem 4.2. Let A, be the area of a uniformly random Ferrers diagram

with semiperimeter n+2. Then A, —n —1~ G, 2. In other words, Gy 2 4

A, —n—1.
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Proof. If §'(n) is the area between the corresponding random lattice path
and the y-axis, then the arguments above show that

An:9’(n)+n—|—1ge(n)+n—|—1

and the result follows by Theorem 4.1. O
Corollary 4.3. The random variable A, has mean and variance
2
7 8
EAn:EGn,Q—i—n—i—l:%, (4.1)
—1)(2 5
Var A, = Var G, 2 = n(n ;é n ) (4.2)
Proof. By Theorems 4.2 and 1.1. O
Theorem 1.3 yields the central limit theorem
A,—EA, 4
T S5 N(0,1); 4.3
Var(An)l/Q ( ) ( )
by (4.1)—(4.2), this can also be written as
A, —n?/8 4 1
S LN (0.), (4.4)

which was proved by other methods by Schwerdtfeger [14]. Furthermore,
Schwerdtfeger [14] showed that if H,, is the height of the Ferrers diagram,
then there is joint convergence of the normalised variables

An_n2/8 Hn—n/Q d
(m Vit )HM% (45)

where (1,(2 are independent standard normal variables. The asymptotic
normality of H,, is immediate, since H,, — 1 is the y-coordinate of the end-
point of the corresponding lattice path, and thus H, — 1 has the binomial
distribution Bi(n, 1/2). The joint convergence follows by Theorem 2.4.

5. PROOFS OF THEOREMS 1.1-1.4 AND 2.4

We will base most of the proofs on the representation in (3.1)—(3.4). (It
is also possible to use (2.5), see Remark 5.3 and the proof of Theorem 2.4;
(2.5) is simpler in some ways, but we prefer the symmetry in (3.1)—(3.4).)
We use the notations, with Z, h, h* as in Section 3, see (3.2)—(3.3),

Lij == h(Zi, Z;) = H{X; > X;}1{Y; <Y}, (5.1)
Iz'*j = h*(Zi, Zj) = I;j + 1j;.
Thus (3.4) can be written

d *
Gn,m == n,m == Z IZ] (53)

1<i<j<n
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Proof of Theorem 1.1. By symmetry and the independence of I;; and Iy,
when {i, 7} and {k,[} are disjoint, (5.3) implies

E G = <Z> EI}, =n(n—1)E s, (5.4)

Var Gy, = <Z> Var If; +n(n — 1)(n — 2) Cov (I3, I{3). (5.5)

Clearly,
(5) 1 m-—1

Elj =P(Xi > Xj)P(Y; <Yj) = 5 5=~ (5.6)

and 1 1 1
m—
Ell;) =2E[;=— == — —; .
K Yo2m 2 2m) (5.7)
any of these yields (1.7) by (5.4).
Since I}; is 0/1-valued, it follows from (5.7) also that

Furthermore, again using symmetry,
E(IEII})) = 2E(112[13) + QE(Iglflg)
=2P(X; > Xo, X3) P(Y1 < Y2,Y3) + 2P(X2 > X1 > X3) P(Y2 < ¥ < V3)

:22?;1(1'—1)2.1+2@'1_m(m—1)(2m—1)+m(m—1)(m—2)

m3 3 m3 6 9m3 18m3
(m—1)Em—1)
B 18m?2
and hence
* * * T %\ 2 (m_l)(5m_4) (m_1)2
COV(Il2ajl3) = E(wals) - E(Ilz) = 18m2 T T Am2
m—1)(m+1
= ( 36)m2 ) (5.9)
The variance formula (1.8) follows from (5.5), (5.8) and (5.9). O

Proof of Theorem 1.2. Consider the random word W, ,,, = X - -- X, in The-
orem 2.2. If we condition on the letters X1, ..., X, being distinct, then the
number of inversions Inv(W,,,,) has the same distribution as the number
G, of inversions in a random permutation. Hence, for any set A C N,

P(Inv(Wym) € A | X1,..., X, distinct) = P(G,, € A)
and thus

|P(Inv(Wy,m) € A) = P(G,, € A)| <P(X1,..., X, not distinct)

n

<
—\2

>P(X1:X2):(;;2)—>0

Ry

as m — oo, and thus Gy, 4 Inv(We m) <

)
3

. O
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Remark 5.1. We have actually proved that the total variation distance
drv(Gnm,Gn) < (g) /m. Moreover, the bound can be improved to

drv(Gnm,Grn) <P(Xy,..., X, not distinct) = 1 — (m),,/m",
where (m), :=m!/(m —n)!.

Proof of Theorems 1.3 and 1.4. The two versions in each theorem are equiv-
alent by (1.8), so it suffices to prove, for example, (1.11) and (1.13).

The central limit theorem Theorem 1.3 follows immediately from Hoeffd-
ing’s central limit theorem for U-statistics [7] without any further calcu-
lations. Moreover, we shall see that the decomposition method used by
Hoeffding [7] yields also Theorem 1.4; we therefore do the decomposition
explicitly.

The idea is to decompose each term Ifj as

I = p+ & + & + niy, (5.10)

where p:=E I7;,

&G=E(Ij—pnl|Z)=E(L; | X;,Y;) — (5.11)
and 7;; is defined by (5.10). Then the random variables & (1 <i < n) and

nij (1 <i < j < n) have mean 0 and are orthogonal (in L?), so they are
uncorrelated. In particular,

1 > Var I, = Var§; + Var §; + Varn;. (5.12)

Moreover, & = g(Z;) for some function g, and thus the variables &; are i.i.d.
By summing (5.10), we obtain by (5.3) a corresponding decomposition of
Un,m:

Uin = (3)ut -0 6+ X e (513)
=1

1<i<j<n
Hence,
Upm —EU n—1 _ - _
n,mn3/2 nm _ - n 1/2251‘1‘” S/QR, (514)
i=1
where R := Zlgz‘ <j<n Mij- Since the variables 7;; are uncorrelated, and

Varn;; <1 by (5.12), we have
2 n 2
ER?=VarR = Z Var n;; < (2> <n? (5.15)
1<i<j<n

and thus E(n~%/2R)? — 0. Hence, the last term in (5.14) is a small remain-
der term that can be ignored when n — co. Furthermore, the decomposition
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(5.13) yields the variance decomposition

Var Uy, = (n — 1)? ZVar &+ Z Var 1;;

i=1 1<i<j<n
=n(n—1)2Var& + <Z> Var 712
~ n? Var £ (5.16)
as n — oo, and thus by (1.8),
1 1
Var € = %(1 - W) (5.17)

For fixed m (Theorem 1.3), the standard central limit theorem for sums
of i.i.d. random variables now shows that

Yic1i 4 m® —1
d, N(o, W) (5.18)

and thus (1.11) follows from (5.14).

For m — oo (Theorem 1.4), we have Var¢{; — 1/36 by (5.17); moreover,
the random variables &; are uniformly bounded (by 1), and thus the central
limit theorem with e.g. Lyapounov’s condition [5, Theorem 7.2.2] applies
and shows that

2ia i d 1
it S N(o, %), (5.19)
and thus (1.13) follows from (5.14). O

Remark 5.2. It is interesting to do the decomposition (5.10) explicitly.
Using the centred variables

m+1
1
Y/ ::Yi—]EYi:Yi—i, (5.21)
we have by (5.1)
X;—1 X/ +(m—-1)/2/1
E(L; | Xi,Y;) = 7Zm 1-Y)=—"—"— (5 - Y/>, (5.22)
m— X; (m—-1)/2 - X] 1
E(lj; | Xi,Y:) = e Y, = - . (Y;’ + 5), (5.23)
and thus, using (5.2) and (5.7),
2
§ 1= (I | X;,Y)) —E Iy = —— X}Y{. (5.24)
Hence, the decomposition is
m-—1 2 2

x AV Avel .
B = g~ XY (5:25)
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and

-1 2(n—-1) <«
Upm = (n> m-1_2(-1) SOXIY +R. (5.26)
=1

2 2m m

Note also that (5.17) follows from (5.24), and then (5.12) yields, using
(5.8),

. 1 1 2 1 7 1
Varn = Var I —2Vargi = 4 (1= 5 ) = 56(1-5) = 35(1-5).
(5.27)
which together with (5.17) and (5.16) yield another proof of (1.8).

Remark 5.3. It is also interesting to do the corresponding orthogonal de-
composition of Vj, , in (2.5). We have, similarly to (5.10),

1{X; > X-} = p' + &+ & 4 iy, (5.28)
where p/ :=P(X; > X;) = , and, with X/ as in (5.20),
X!
&=P(X;>X; | X;) —p = ot (5.29)
/
T=P(Xi > X | X;) - = —ﬁ, (5.30)
and ngj is defined by (5.28). Summing we get,
n n
Van =E Vo + ) _(n =G+ (=D& + Y
i=1 j=1 1<i<j<n
=EVpm+ — Zn+1—2z)X’+ > ol (5.31)
1<i<j<n
Straightforward calculations show that
1
Var X| = E(m2 -1, (5.32)
1 1
Var(1{X; > X;}) = Z(l - W) (5.33)

and, by (5.28),
Varn,, = Var(1{X; > X Var &, — Varé? = 1 1 1 5.34
arn;; = Var(1{X; > X;}) — Var§; — arfj*ﬁ —2) (5.34)

Hence, (5.31) yields

1
VarV,, m = p—" Z(n 41— 2i)? Var X + Z Varnm

i=1 1<i<j<n
R () R () 6

which gives yet another proof of (1.8).
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We can also prove Theorems 1.3 and 1.4 using (5.31) instead of (5.13);
again the final sum can be ignored since, using (5.34) and the fact that the
n;; are uncorrelated,

Var (n_3/2 Zn%-) =n3 (Z) %(1 - %) < ﬁ — 0 (5.36)

i<j

asn — 0o, cf. (5.15). The summandsin ) . ;(n+1—2i) X/ are not identically
distributed, but that does not matter since Lyapounov’s condition holds.
See [8, Corollary 11.20] for a general limit theorem for asymmetric sums like
(2.5), and note that the argument in Section 3 is an instance of a general
method to convert such sums into (symmetric) U-statistics by introducing
the auxiliary variables Y;, see [8, Remark 11.21].

In the case m = 2, one can check that 7;; = —X] X} and thus
1 /< 2 n
> o= (X)) + 5 (5.:37)
1<i<j<n i=1

which shows that the decomposition (5.31) then is essentially the same as
the decomposition used by Takécs [16].

Proof of Theorem 2.4. We use the decomposition (5.31) of V;, ,,, and N}, =
Yo, 1{X; = k}. The result follows by the central limit theorem with
Lyapounov’s condition applied to the random vector

S (n+1-2)X, N\—EN, N, —EN,,
n3/2 ’ nl/2 nl/2

o ((n+1-20)X] 1{X;=1}—-1/m 1{X; =m}—1/m
> )

n3/2 ’ nl/2 A nl/2

together with (5.31) and (5.36); the variances and covariances are easily
computed, noting that Cov(}7 (n+1—2i) X/, > ", 1{X; = k}) =0 for
each k since )" ;(n+1—2i) = 0. (This vector-valued central limit theorem
follows, as is well-known, from the real-valued version [5, Theorem 7.2.2] by
the Cramér-Wold device [5, Theorem 5.10.5].) O

6. PROOF OF THEOREM 1.5

To prove the local limit theorem Theorem 1.5, we need estimates of the
probability generating function gém) (q) = m—”GS”) (q) for ¢ = €% on the
unit circle. We derive these estimates from the corresponding estimates of

(,. " )q in [3] rather than from scratch. (We do not know whether the

N1y sm
estimates below are the best possible.)
Consider a random word W, ,, as in Section 2, let again Ni,...,N,, be
the number of occurrences of the different letters, and let N* := maxy<,, Vi
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and N, :=n — N*. Similarly, for given nq,...,n,, with ny + -+ 4+ n,, = n,
let n* := maxy<y, i and n, :=n —n*; let further

n n
F = /
n1,...,’nm(q) <n1"“’nm)q (nl,...,nm>

be the probability generating function of the number of inversions in a ran-
dom word consisting of n; 1’s, ..., ny, m’s, cf. (2.2). Thus F,, . n.(q)
is the probability generating function of V,, ,, = Inv(W), ,,,) conditioned on
Np=ng, k=1,...,m.

Lemma 6.1. There exists ¢ > 0 such that for all m > 2, n > 2 and real
0 € [—m,m,

g™ ()] <

—cn36?

0<9l<1
{e L 0o <1/n, 61)
(&

e, 1/n<|0| <.

Proof. We assume in the proof for simplicity that n is large enough; this
case is enough for our application in Theorem 1.5. It is easy (but not very
interesting) to complete the proof by verifying the estimates (6.1) for each
fixed n > 2 and some ¢ (that now might depend on n); we omit the details
but mention that the case when m is large follows using Theorem 1.2. We

let ¢1, co, ... denote some positive constants whose values are not important.
By [3, Lemma 4.1] there exists 7 € (0,1) such that if |#] < 7/n, then for
any ni, ...,y withny +---+n,, =n,

‘Fnl,...,nm (610)‘ < 6—0202/47

where o2 depends on ny,...,n,;, and by [3, Lemma 3.1] 02 > n?n,/36.
Furthermore, by [3, Lemma 4.4] there exists ¢; > 0 such that if 7/n < |0] <
m, then

| B (£9)] < 70

Hence, if n* < 3n/4 so that n, > n/4 we have the estimates

392

}Fnh,,.7nm(ei€)‘ < e @2n 10| < 7/n, (6.2)
and
‘Fm,“_mm(eie)‘ <e Bn, T/n < |0] <. (6.3)
We return to our string W, ,, with random numbers Ny, ..., Ny, of dif-
ferent letters. We can, for any m > 2, partition {1,...,m} into three sets
with at most m/2 elements each, and thus
P(N* > 3n/4) < 3P(Bi(n,1/2) > 3n/4) < 3e~“" (6.4)

by Chernoff’s inequality, see e.g. [9, Theorem 2.1].
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When [0| < 7/n, which implies n30?> = O(n), we obtain by (6.2) and
(6.4),

‘ggm)(eie)‘ _ }Eewv’%m}
- )E(eiev’“’" | N* < 3n/4) P(N* < 3n/4)
+E(eVm | N* > 3n/4) P(N* > 3n/4)
e~ 2" P(N* < 3n/4) + P(N* > 3n/4)

< €_C2n392 + 3e—can

IN

392

< e, (6.5)

This verifies (6.1) with some ¢ > 0 for cgn™%/2 < || < 7/n.
For |0] < cgn~3/2, we first note that P(N* < 3n/4) > ¢; > 0 for all
m,n > 2; this holds for all large n by (6.4) (and is easily seen for each fixed

n). Hence, by the calculations in (6.5),
1— [gi™ ()| > 1 — P(N* > 3n/4) — P(N* < 3n/4)e= 2"

=P(N* <3n/4)(1 - 6_62”392) > cregn’6?,

2

verifying (6.1) in this case too (for ¢ < crcg).
Finally, for 7/n < || < 7, we obtain by arguing as in (6.5), now using
(6.3) and (6.4),

g™ ()| < e " P(N* < 3n/4) + P(N* > 3n/4) < e™" + 3e~"
<e o,

provided n is large enough. This completes the proof (for large n) for the
cases 7/n < 10| <1/n and 1/n < |0| < 7. O

Proof of Theorem 1.5. Consider any sequence m = m(n) > 2. We will
show that (1.14) holds uniformly in k for any such sequence m(n); this is
equivalent to the asserted uniform convergence for all m > 2.

Denote the characteristic function of Gy, ., by ¢n (), and recall that it is
given by ¢, (0) = g,(lm)(eie), see (1.6). It follows from Theorems 1.3 and 1.4
that

Cran = Hnam_d g 9y (6.6)
On,m
as n — 0o. (To see this we may by considering subsequences assume that
m(n) converges to either a finite limit or to oo; then (6.6) is (1.10) or (1.12).)
Thus, by the continuity theorem, for any fixed 0 € R,

eiieﬂn’m/U”’mapn(Q/Un,m) e 0/2, (6.7)
Let
rp(0) = ¢ Ornm/onmp (00, 2 )1{|0] < wonm} — e 12, (6.8)



GENERALIZED GALOIS NUMBERS AND LIMIT THEOREMS 15

and note that r,(6) — 0 as n — oo for each fixed 6 by (6.7) since oy, , — 00
by (1.8).

By Fourier inversion we have

On.m ]P)(Gn,m = k) = Tn,m / €_ikt<,0(t) de

2

1 TOn,m .

=5 7ﬂannlefmaﬂnwnw(g/anﬂn)dg
1 S _ . _

= i ~ ei(“n,mfk)e/a'n’mr (9) do + L ei(un’mik)Q/QO%’m
27 J_ o " Ver 7

and thus, for all k € Z,

1
On,m ]P)(Gn,m = k) — e_(ﬂn,m—k)2/20'721!m

Ver

The result (1.14) follows since

/mmwmw%o

—00

g;/ﬂmmw

—00

as n — oo by dominated convergence, using Lemma 6.1; note that if || <
T0n.m, then |0] < n3/? since 7202, <n® by (1.8), and hence (6.1) yields

\%(G/Gn,mﬂ _ ‘gT(lm)(eiG/an,m)‘ < e—cn392/o'721’m +en < 6_092 + 6_092/3;
hence, for all n > 2 and 6 € R,
)] < 26 4 o~

The version with fi,, ,, and 6721,771 follows in exactly the same way, starting
with ~
G = Finm. 4 nrq 1), (6.9)
On,m
which is equivalent to (6.6) since 5,217m ~ afum and finm = fnm + 0(0nm)
as n — oo by Theorem 1.1. O
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