THE PROBABILITY THAT A RANDOM MULTIGRAPH IS
SIMPLE, II

SVANTE JANSON

ABSTRACT. Consider a random multigraph G* with given vertex de-
grees di, . .., dn, constructed by the configuration model. We give a new
proof of the fact that, asymptotically for a sequence of such multigraphs
with the number of edges % >, di — 0o, the probability that the multi-
graph is simple stays away from 0 if and only if >, d? = O(ZZ di). The
new proof uses the method of moments, which makes it possible to use
it in some applications concerning convergence in distribution.
Corresponding results for bipartite graphs are included.

1. INTRODUCTION

Let G(n,(d;)}) be the random (simple) graph with vertex set [n] :=
{1,...,n} and vertex degrees di,...,d,, uniformly chosen among all such
graphs. (We assume that there are any such graphs at all; in particular,
>, d; has to be even.) A standard method to study G(n,(d;)T) is to con-
sider the related random labelled multigraph G*(n, (d;)}) defined by taking
a set of d; half-edges at each vertex ¢ and then joining the half-edges into
edges by taking a random partition of the set of all half-edges into pairs.
This is known as the configuration model, and was introduced by Bollobas
[4], see also [5, Section I1.4]. (See Bender and Canfield [2] and Wormald
[17; 18] for related constructions.) Note that G*(n, (d;)}) is defined for all
n > 1 and all sequences (d;)} such that ), d; is even (we tacitly assume
this throughout the paper), and that we obtain G(n, (d;)}) if we condition
G*(n, (d;)T) on being a simple graph.

It is then important to estimate the probability that G*(n, (d;)}) is simple,
and in particular to decide whether

lirr_l)ianP’(G*(n, (d;)}) is simple) > 0 (1.1)

for given sequences (d;)} = (dgn) )7 (We assume throughout that we consider
a sequence of instances, and consider asymptotics as n — oo. Thus our
degree sequence (d;)7 depends on n, and so do other quantities introduced
below; for simplicity, we omit this from the notation.) Note that (1.1)
implies that any statement holding for G*(n, (d;)}) with probability tending
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to 1 as m — oo does so for G(n, (d;)}) too. (However, note also that Bollobas
and Riordan [6] have recently shown that the method may be applied even
when (1.1) does not hold; in the problem they study, the probability that
G*(n, (d;)7) is simple may be almost exponentially small, but they show
that the error probability for the studied properties are even smaller.)

Various sufficient conditions for (1.1) have been given by several authors,
see Bender and Canfield [2] Bollobés [4; 5], McKay [14] and McKay and
Wormald [15]. The final result was proved in [10], where, in particular, the
following was shown. We will throughout the paper let

N:=> d, (1.2)

the total number of half-edges; thus N is even and the number of edges
in G(n,(d;)}) or G*(n,(d;)}) is N/2. (The reader that makes a detailed
comparison with [10] should note that the notation differs slightly.)

Theorem 1.1 ([10]). Assume that N — co. Then
hnrr_lgcgfIP’(G (n, (d;)T) is simple) > 0 <= Zdl O(N).

(2

Remark 1.2. For simplicity, the graphs and the degree sequences (d;)} =

(dl(n))’f in Theorem 1.1 are indexed by n, and thus N = N(n) depends on
n too. We could, with only notational changes, instead use an independent
index v as in [10], assuming that n = n, — oc.

Note also that if we assume n = O(N), which always may be achieved by
ignoring all isolated vertices, then the condition Y, d? = O(N) is equivalent
to >, d? = O(n), see [10, Remark 1].

Let X; be the number of loops at vertex ¢ in G*(n, (d;)}) and X;; the

number of edges between ¢ and j. Moreover, let Y;; := (X2” ) be the number
of pairs of parallel edges between ¢ and j. We define

Z:=> Xi+ > Yy (1.3)
i=1 i<j
thus G*(n, (d;)}) is simple <— Z = 0.

As shown in [10], in the case max;d; = o(N'/?), it is not difficult to
show Theorem 1.1 by the method used by Bollobés [4; 5], proving a Poisson
approximation of Z by the method of moments. In general, however, max; d;
may be of the order N'/2 even when Y, d? = O(N), and in this case, Z
may have a non-Poisson asymptotic distribution. The proof in [10] therefore
used a more complicated method with switchings.

The purpose of this paper is to give a new proof of Theorem 1.1, and of
the more precise Theorem 1.3 below, using Poisson approximations of X;
and X;; to find the asymptotic distribution of Z. The new proof uses the
method of moments. (In [10], we were pessimistic about the possibility of
this; our pessimism was thus unfounded.) The new proof presented here
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is conceptually simpler than the proof in [10], but it is not much shorter.
The main reason for the new proof is that it enables us to transfer not only
results on convergence in probability but also some results on convergence
in distribution from the random multigraph G(n, (d;)}) to the simple graph
G*(n, (d;)T) by conditioning on the existence of specific loops or pairs of
parallel edges, see Section 5 and [12] for an application (which was the
motivation for the present paper) and [11] for an earlier example of this
method in a case where >, d? = o(N) and the results of [10] are enough.
We define (with some hindsight)

d;\ 1 di(d; — 1)
A\ = — = 7/ 1.4
() =" 19
and, for ¢ # j,
di(d; — 1)d;(d; — 1
Aij 1= Vil )d;(d; ), (1.5)
N
and let X@ and )A(ij be independent Poisson random variables with
In analogy with (1.3), we further define }A/Z-j = ()?2” ) and
~ LN N noo. X
7 =) X; Yii=) X; 7). 1.
LITR-LAE(Y)

We shall show that the distribution of Z is well approximated by 7 , see
Lemma 4.1, which yields our new proof of the following estimate. Theo-
rem 1.1 is a simple corollary.

Theorem 1.3 ([10]). Assume that n — co and N — oco. Then

~

P(G*(n, (d;)}) is simple) = P(Z =0) =P(Z = 0) + o(1)
— exp(— D A= (M —log(1+ Az-j))> +0(1).
i i<j
As said above, our proof uses the method of moments, and most of the
work lies in showing the following estimate, proved in Section 3. This is

done by combinatorial calculations that are straightforward in principle,
but nevertheless rather long.

Lemma 1.4. Suppose that Y, d? = O(N). Then, for every fized m > 1,
EZ™ =EZ™+O(N~Y?). (1.8)

The statement means, more explicitly, that for every C < oo and m > 1,
there is a constant C' = C’(C,m) such that if }_,d? < CN, then |EZ™ —
EZ™ < C'N-/2,
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Remark 1.5. The proof shows that the error term O(N~'/2) in (1.8) may
be replaced by O(max; d;/N), which always is at least as good by (3.1).

In Section 6, we give some remarks on the corresponding, but somewhat
different, result for bipartite graphs due to Blanchet and Stauffer [3].

Acknowledgement. I thank Malwina Luczak for helpful comments.

2. PRELIMINARIES
We denote falling factorials by (n)g :==n(n—1)---(n —k+1).

Lemma 2.1. Let X € Po(\) and let Y = ()2() Then, for every m > 1,

E(Y)m = him(X) for a polynomial hy,,(X) of degree 2m. Furthermore, hy, has
a double root at 0, so hy,(\) = O(|A\?) for |\ < 1, and if m > 2, then hy,
has a triple Toot at 0, s0 hy(A) = O(IA]?) for [N < 1.

Proof. (Y),, is a polynomial in X of degree 2m, and it is well-known (and
easy to see from the moment generating function) that E X* is a polynomial
in A of degree k for every k > 0.

Suppose that m > 2. If X < 2, then Y < 1 and thus (Y),, = 0. Hence,

B (V) = g (@)m ;\je_)‘ — 00 (2.1)

as A — 0, and thus h,, has a triple root at 0. The same argument shows
that hy has a double root at 0; this is also seen from the explicit formula

m(A) =EY = E(X(X —1)/2) = 3% (2.2)
O

Lemma 2.2. Let Z be given by (1.7) and assume that Xij = O(1).
(i) For every fixred t > 0,

Eexp (t\@) = exp (O (Z I A%)). (2.3)

1<J
(i) For every C' < oo, if 3, N+, )\?j < C, then
(EZ™Y™ = 0(m?), (2.4)

uniformly in all such Z and m > 1.
Proof. (i): By (1.7),
\/Eé Z \/ XﬂrZ\/ 2;’ < Z)A(Z+Z)A(ml{)?m > 2}, (2.5)
7 1<j i 1<J
where the terms on the right hand side are independent. Furthermore,

EetXi = exp ((e' = 1)A;) = exp(O(N\)) (2.6)
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and, since t is fixed and \;; = O(1),
E exp (tXUl{XU }) =B % - P(X;; = 1)(e! — 1)
— e =Dy _ (e — 1))\17-6_&7
=1+ (" = DA (1 —e ) + O(N})
=1+ O()\2 ) < exp(O()\?j)). (2.7)
Consequently, (2.3) follows from (2.5)—(2.7).

(ii): Takingt = 1, (i) yields exp(\/?) < (] for some (. Since exp(\/?) >
Z™/(2m)!, this implies

EZ™ < (2m'Eexp(\F) (2.8)

and thus E(Zm) L/m < 4Cym? for all m > 1. O

3. PROOF OF LEMMA 1.4

Our proof of Lemma 1.4 is rather long, although based on simple cal-
culations, and we will formulate a couple of intermediate steps as separate
lemmas. We begin by noting that the assumption Y, d? = O(N) implies

max d; = O(Nl/Q) (3.1)
and thus, see (1.4)—(1.5),
)\z‘ = 0(1) and /\ij = O(l), (3.2)

uniformly in all ¢ and j. Furthermore, for any fixed m > 1,

;AZH = O(; )\1') = O<ZJZVd’2> — 0(1).

Similarly, for any fixed m > 2,

>y = 0(X0) <0 (levcfdg )= o

1<j 1<j

Z)\ +Y A= (3.3)

1<j

In particular,

However, note that there is no general bound on ) _,_. \;j, as is shown by

1<j
the case of regular graphs with all d; = d > 2 and all (Z) Aij equal to
d(d—1)/N = (d —1)/n, so their sum is (d — 1)(n — 1)/2. This complicates
the proof, since it forces us to obtain error estimates involving )\?j.

Let H; be the set of the half-edges at vertex i; thus |H;| = d;. Further,
let H := J; H; be the set of all half-edges. For convenience, we order H (by

any linear order).
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For a,8 € H, let I,3 be the indicator that the half-edges o and 3 are
joined to an edge in our random pairing. (Thus I,3 = Ig,.) Note that

Xi= > I, (3.4)
a,BEH;: a<lf

Xy= Y L (35)
OéE'Hi,,BE’Hj

We have E I, = 1/(N — 1) for any distinct o, 8 € H. More generally,

1
E(, o T = — N1 N-L
(alﬁl azﬁz) (N—1)(N—=3)---(N—20+1) ( +O( ))
(3.6)
for any fixed ¢ and any distinct half-edges a1, 51, ..., ayp, B¢. Furthermore,

the expectation in (3.6) vanishes if two pairs {c;,5;} and {¢;,;} have
exactly one common half-edge.
We consider first, as a warm-up, EXf for a single vertex 1.

Lemma 3.1. Suppose that >, d? = O(N). Then, for every fized £ > 1 and
all 7,

EX!=EX/+O(N"12)). (3.7)

Proof. We may assume that d; > 2, since the case d; < 1 is trivial with

Since there are (%) possible loops at i, (3.6) yields
d; I 1
IEXl_(2>N_1_)\Z(1+O(N ). (3.8)
Similarly, for any fixed £ > 2, there are 27(d;)2, ways to select a sequence

of ¢ disjoint (unordered) pairs of half-edges at ¢, and thus by (3.6), using
(1.4), (3.1), (3.2) and (1.6),

(di)2e - (di(di = 1))" + O ) _
E(Xi)e = Sy (1+O(N h) = ST (1+O0(N7h)
d.

=\ -1 a1

= N(1+0(NT) +O(TA)

=X +O(N"IM) +O(N12A)

=M +O(NT2N)

= E(X;) +O(N~V2N). (3.9)
The conclusion (3.7) now follows from (3.8)—(3.9) and the standard relations
between moments and factorial moments, together with (3.2). g

We next consider moments of Y;;, where ¢ # j.

Lemma 3.2. Suppose that y_.d? = O(N). Then, for every fized £ > 1 and
all i # j, R
EY) =EY}+O(NV2)2). (3.10)
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Proof. We may assume d;, d; > 2 since otherwise \;; = 0 and Y;; = }//\;j =0.
An unordered pair of two disjoint pairs from H; x H; can be chosen in
3d;d;(d; — 1)(d; — 1) ways, and thus, by (3.6), (1.5) and (2.2),

_ didj(d; = 1)(dj — 1)
BY:; = 2(N — 1)(N — 3)

2
— A2ij(1 +ON)) =EY; (1+0(NY).

(3.11)
Let £ > 2. Then (Y;;), is a sum

> ﬁ (Iakﬁkfa;cﬁ,;) (3.12)

ag,ap €EMHiap<aj k=1
Br>BrLEH;

where we only sum over terms such that the ¢ pairs of pairs {{os, B}, {a}., 5, }}
are distinct. R
We approximate E(Y;;), in several steps. First, let I,g, for a € H; and

B € Hj, be independent indicator variables with P(I,s = 1) = 1/N. (In

other words, I, are i.i.d. Be(1/N).) Let, in analogy with (3.5),

)A(:ij = Z faﬁ, (313)
aEHinBE’Hj

and let }N/ij = (Xz”) Then, (zj)g is a sum similar to (3.12), with I, replaced
by I.5. Note that (3.12) is a sum of terms that are products of 2¢ indicators;
however, there may be repetitions among the indicators, so each term is a
product of r distinct indicators where r < 2¢. Since we assume £ > 2, and
the pairs {{ow, Bk}, {a}, B} }} are distinct, r > 3 for each term.

Taking expectations and using (3.6), we see that the terms in (3.12) where
all occuring pairs {ay, B} are distinct yield the same contributions to E(Y;;),
and E(?Z‘j)g, apart from a factor (1+ O(N™1)).

However, there are also terms containing factors I,z and I, 3 where o =
o or B =/ (but not both). Such terms vanish identically for (Y;;)¢, but

the corresponding terms for (ﬁj)g do not. The number of such terms for a
given r < 2/ is O(d;fldg + d{d;fl) and thus their contribution to E(Yj;), is,

using (3.6) and (3.1),

A ldr 4+ drdn Tt d;: + d;
i j i T \r—1 —1/2yr—1
0( j )—o(f )\ij)—0<N /)\ij). (3.14)

N7 N

Summing over 3 < r < 2/, this yields, using (3.2), a total contribution
O (N -1/ 2)%). Consequently, we have

E(Yij)e = E(Vig)e(1+ O(N7Y) +0 (N7 (3.15)
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Next, replace the i.i.d. indicators Izag by i.i.d. Poisson variables J,g ~
Po(1/N) with the same mean, and let, in analogy with (3.5) and (3.13),

y d;d;
Xiji= > Jag~Po < NJ> , (3.16)
aE’Hi,,BE%j
and let Yj; := (X2”) Then, (Y;;)¢ can be expanded as a sum similar to

(3.12), with I, replaced by Jas. We take the expectation and note that

the only difference from E( ”)g is for terms where some J,g is repeated.
We have, for any fixed k£ > 1,

1 1
k
EJﬁ_N+O( 2y = N(1+O( ), (3.17)
while )
— S 1
Elfs=Elp= N (3.18)

Hence, for each term, the difference, if any, is by a factor 1+ O(N~!), and
thus § _
E(Yij)e = E(Vy)e (1 + O(N ). (3.19)
Note that we here use Y;; = ( ”), where X;; ~ Po(d;dj/N) has a mean
5\¢j :=d;dj/N that differs from IEXU = \i; given by (1.5). We have
< (di—1)(d; —1) _ « d; + d;j
Aij Z Nij =2 NJ >Nj = o
We use Lemma 2.1 and note that the lemma implies that hj(\) = O(A?) for
each ¢ > 2 and A = O(1). Hence, by (3.20) and (3.1)-(3.2),

E(Vij)e — E(Yij)e = he(hij) — ho(Nij) = O(A%(Aij — Aij))

(3.20)

di +dj o ~1/22
Finally, (3.15), (3.19) and (3.21) yield, for each ¢ > 2
E(Yij)e = E(Yij)e(1+O(NTY) + 0<N—1/2A§.). (3.22)

By (3.11), this holds for £ = 1 too. By (3.2) and Lemma 2.1, for each ¢ >
% 2
E(Yij)e = O();;), and thus (3.22) can be written
E(Yij)e = E(Vy)e + O(NTV2), (3.23)

for each fixed ¢ > 1. The conclusion now follows, as in Lemma 3.1, by the
relations between moments and factorial moments, again using the bound

(3.2). O

In particular, note that Lemmas 3.1 and 3.2 together with Lemma 2.1
and (3.2) imply the bounds, for every fixed ¢ > 1,

EX! +EX! =0\ + X +N12)) =0\). (3.24)
EYi+EYS =00 + 2+ N7V22) = 0(\). (3.25)

)



THE PROBABILITY THAT A RANDOM MULTIGRAPH IS SIMPLE, II 9

Proof of Lemma 1.4. We uncouple the terms in (1.3) by letting (Igéj))aﬁ

be independent copies of (I53)q,3, for 1 <4,j < n, and defining, in analogy
with (3.4)-(3.5) and (1.3),
Xo= Y 1Y (3.26)
a,BEH,;: a<pf
Xy= Y 1% (3.27)
a€H,BEH;
_ X
Y= < J>, (3.28)
2
i=1 i<j

Note that the summands in (3.26) are not independent; they have the same
structure as (Ing)a, gen, and thus X; 4 X;, and similarly X;; 4 X;j. How-
ever, different sums X; and X;; are independent (unlike X; and Xj;).

We begin by comparing EZ" and E Z™. Since the terms in (3.29) are
independent, the moment EZ" can be written as a certain polynomial

m(EXf,EYé t4,j € [n], £ < m) in the moments E(X;)’ = EX/ and

E(Xi) =E X[ for 1 <£<mandi,j € [n].

By (1.7), E Z™ can be expressed in the same way as g, (IE )?f,ElA/é 1i,j €
[n], £ < m) for the same polynomial g,,. It follows that

EZ ZZ (EX{-EX}) R&Jrzz (EY{~EYY)Ru; (3.30)

=1 i<y

for some polynomials Ry; and Ry;; in the moments E X k, EX; Xk EYJ; , IEY/; ,
for k < m; it is easily seen from (3.24)—(3.25) and (3.3) that

Ri, Rijj = O Z(Z)\ %)) =om (3.31)

1<J

uniformly in 4,5 € [n] and ¢ < m. Hence, (3.30) yields, together with (3.7),
(3.10) and (3.3),

EZ" -EZ™ =0 (ZN VN 4+ ONT 1/2)\2> =O(N"'%).  (3.32)
1<j

It remains to compare E Z™ and EZ™. By (1.3) and (3.4)—(3.5), Z™ can
be expanded as a sum of certain products

Iong, - 1oy, (3.33)

where 1 < £ < 2m and we may assume that the pairs {a1, 81},...,{a, Be}
are distinct. (Some products (3.33) may be repeated in Z™, but only O(1)
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times.) Furthermore, by (3.26)-(3.29), Z™"
products

is the sum of the corresponding

Talﬁl e 'Iaeﬁz’ (3-34)

where 1,5 := IS[;]) when o € H; and B € H;.

We say that a product (3.33) or (3.34) is bad if it contains two factors
Io,p, and I,,p, such that the pairs {a, (3, } and {a,f,} contain a common
index, say o, = o, and furthermore the two remaining indices, 8, and S,
say, are half-edges belonging to different vertices, i.e., 8, € H; and 3, € H;
with ¢ # j. Otherwise we say that the product is good. (Note that a good
product may contain factors I,, g, and In,s, with a,, = o, as long as 3,
and (3, belong to the same vertex.) It follows from (3.6) that for each good
product, the corresponding contributions to E Z™ and EZ"" differ only by
a factor (1 + O(N~1)). For a bad product, however, the contribution to
E Z™ is 0. We thus have to estimate the contribution to EZ" of the bad
products.

We define the support of a product (3.34) as the multigraph with vertex
set [n] and edge set {a,B, : 1 < v < /}, i.e., the multigraph obtained
by forming edges from the pairs of half-edges appearing as indices in the
product. If F' is the support of (3.34), then F' thus has ¢ edges (possibly
including loops). Furthermore, it follows from (3.26)—(3.29) that every edge
in F' that is not a loop has at least one edge parallel to it. Hence, a vertex i
in F' with non-zero degree has degree at least 2. In other words, if we denote
the vertex degrees in F' by 61,...,0,, then §; = 0 or §; > 2. Moreover, if
(3.34) is bad with, say, a, = «,, € H;, then there are edges in F from i to at
least two vertices j and k (one of which may equal i), and thus the degree
0; = 4.

Let F be a multigraph with vertex set [n] and ¢ edges, and denote again
its vertex degrees by 01, ..., 0,. Thus ), 6; = 2(. Let Sp be the contribution
to EZ" from bad products (3.33) with support F. A bad product has some

half-edge repeated, and if this belongs to H;, there are O(alfr1 H#i df-j)
choices for the product. Furthermore, as just shown, this can only occur for
i with &; > 4. Since each product yields a contribution O(N~¢) by (3.6), we

have, using 2¢ = ). 6; and (3.1) together with the fact that 0; # 1,

Sp=0 (NS @ [y

i:5;>4 i
d. %1 di \%
_ ~1/2 i j
—o(v Y () ()
1:0;,>4 j#i

) 2
—o (N2 ] (ﬁ/z) . (3.35)
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Summing over all possible F', and recalling that ¢ < 2m, it follows that
the total contribution to EZ"" from bad products is

2
> Sp=0 N2> T] jlé : (3.36)
r

F j:5j>0

For each support F, the set {j : §; > 0} = {j : §; > 2} has size at most
¢ < 2m, and for each choice of this set, there are O(1) possible F'. Hence,

d2 2m k d2 2m n g2 k
S v-oX X %) -o(X(XF) ) -on
F j:5;>0 k=1 j1<-<ji i=1 k=1 \j=1
and (3.36) yields
> Sp=0(N"1?). (3.37)
F

Summarizing, the argument above yields
EZ"=EZ"(1+O0NY)+O(NV?) =EZ"™ + O(N~?), (3.38)

since EZ™ = O(1), e.g. by (3.32) and Lemma 2.2. (Or by arguing similarly
as above, summing over supports.)

The lemma follows from (3.32) and (3.38). O

4. PROOF OF THEOREMS 1.1 AND 1.3

We first assume that >, d? = O(N) and prove the following, more precise,
statement.

Lemma 4.1. Suppose that Y, d? = O(N) and N — co. Then drv(Z, Z) —
0.

Proof. Note that the assumption Y, d? = O(N) implies that (3.3) holds.
By Lemma 2.2(ii) and (3.3), EZ™ = O(1) for each m. In particular,

the sequence 7 is tight, and by considering a suitable subsequence we may

assume that Z —%s Z~ for some random variable Z,,. Furthermore, the

estimate E Z™ = O(1) for each m implies that Z™ is uniformly integrable
for each m > 1, and thus

EZ™ — Z™, (4.1)
see e.g. [9, Theorems 5.4.2 and 5.5.9]. By Lemma 1.4, we thus also have
EZ™ — Z™ (4.2)

for each m > 1. Furthermore, by (2.4) and (4.1),

1/m

(EZZ)"™ = O0(m?). (4.3)
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We can now apply the method of moments and conclude from (4.2) that

z -4 Zso. We justify the use by the method of moments by (4.3), which
implies that

S (EBz) VP = oo (4.4)

m

since Zo 2= 0, this weaker form of the usual Carleman criterion shows that
the distribution of Z, is determined (among all distributions on [0, 00)) by
its moments, and thus (since also Z > 0) the method of moment applies,
see e.g. [9, Section 4.10].

Hence Z i) Zoo and Z i) Zso, and thus
doy(Z,2) < doy(Z, Zoo) + dov(Z, Zeo) — 0. (4.5)

This shows that the desired result (4.5) holds for some subsequence. The
same argument shows that for every subsequence of n — oo, (4.5) holds for
some subsubsequence; as is well-known, this implies that (4.5) holds for the
original sequence. ([

Remark 4.2. Note that Eet¥i = oo for every t > 0 when \;; > 0. Hence, Z
does not have a finite moment generating function. Similarly, it is possible
that Eel%> = oo; consider, for example, the case di = dy ~ N2 when
A2 — 1 and Z > ()2() with X ~ Po(1). In this case, furthermore, by
Minkowski’s inequality,

1

(B22)/" > LER? - X)) > LEX™ - (@ Em)
1/ 2m 2 2m?
N 5(elogm) = g (4.6)

using simple estimates for the moments EX™ when X ~ Po(1), which are
the Bell numbers. (Or by more precise asymptotics in e.g. [7, Proposition

VIIL3] and [16, §26.7].) Hence, in this case, 3, (B Zm) /™

words, Zs does not satisfy the usual Carleman criterion ) (IE zZm)
= oo for the distribution of to be determined by its moments. However,
since we here deal with non-negative random variables, we can use the
weaker condition (4.4). (This weaker version is well-known, and follows
from the standard version by considering the square root +Z,, with ran-
dom sign, independent of Z.,. Alternatively, we may observe that (4.2)
implies E(+vZ)F — E(+vZ)* for all k > 0, where the moments trivially
vanish when k is odd; since +v/Z, has a finite moment generating function
by (2.3) and Fatou’s lemma, the usual sufficient condition for the method

of moments yields +v/Z 4, +v/Zs, and thus Z N Zso-)

< 00; in other
—1/m
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Proof of Theorems 1.1 and 1.3. In the case > ,d? = O(N), Theorem 1.3
follows from Lemma 4.1, since

P(Z=0)=P(X;=Y; =0forallij)=][P(X;=0)][P(X;; <1)
i i<j
= H e_Ai H(l + )\ij)e_kij . (47)
i i<j
Furthermore, \;; — log(1 + A;j) = O()\%j), so it follows from this and (3.3)
that lim inf,, o P(G*(n, (d;)}) is simple) > 0, verifying Theorem 1.1 in this
case.

It remains (by considering subsequences) only to consider the case when
>, d?/N — occ. Since then

ZA,_Zidf—Zidi_Zidf 1
~" 2 a 2

I SN 5 — 00, (4.8)

it follows from (4.7) that ]P’(Z = 0) — 0, and it remains to show that
P(Z = 0) — 0. We do this by the method used in [10] for this case. We fix
A > 1 and split vertices by replacing some d; by d; —1 and a new vertex n+1
with d,,11 = 1, repeating until the new degree sequence, (d;)} say, satisfies
>=;d? < AN. (Note that the number N of half-edges is unchanged.) Then,
as N — oo, see [10] for details, >, d? ~ AN and, denoting the new random
multigraph by G and using Lemma 4.1 together with (4.7) and (4.8) on G,
ny e s — di(d; — 1)
P(G(n, (d;)}) is simple) < P(G is simple) < exp(— Z T) +o0(1)

S d? 1) ( A— 1)
—exp( &1 4 1 B
exp< an T3 +o0(1) = exp 5
Since A is arbitrary, it follows that P(G(n, (d;)}) is simple) = P(Z = 0) — 0
in this case, which completes the proof. ([l

Remark 4.3. The proof of Lemma 4.1 shows that if Y, d? = O(N) and

N — 00, and furthermore 74 Z oo for some random variable Z, (which
is a kind of regularity property of the degree sequences (d;)7), then also

74 Z~o, With convergence of all moments.

5. AN APPLICATION

We sketch here an application of our results, see [12] for details. (We
believe that similar arguments can be used for other problems too.) We
consider a certain random infection process on the (multi)graph, under cer-
tain assumptions, and we let £ be the event that at most log n vertices will be
infected. It is shown in [12] that for the multigraph G*(n, (d;)}), P(L) — »
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for some » > 0, and we want to conclude that, assuming >, d? = O(N),
the same is true for the simple random graph G(n, (d;)}), i.e., that

P(L|Z=0)— x, (5.1)
where as above Z is the number of loops and pairs of parallel edges. By
o d

considering a subsequence, we may assume that Z — Z, for some random

variable Z, see Remark 4.3. Then, using P(£) — s > 0 and liminf P(Z =

0) > 0 (Theorem 1.1), (5.1) is equivalent to P(£ and Z = 0) = % P(Zs = 0)
and thus to

P(Z=0|L)—P(Zy =0). (5.2)

Furthermore, the distribution of Z, is determined by its moments (at least

among non-negative distributions), see the proof of Lemma 4.1. Conse-
quently, it suffices to show that, for every fixed m > 0,

E(Z™| L) —» EZ7. (5.3)

Actually, for technical reasons, we show a modification of (5.3): we split
Z = Z1 + Zy, where Z3 is the number of loops and pairs of parallel edges
that include an initially infected vertex. It is easily shown that E Zy; — 0,
and thus it suffices to show that

E(Z!" | L) = EZ™. (5.4)

In order to do this, we write Z" = Zv I, where I, is the indicator that a
certain m-tuple of loops and pairs of parallel edges exists in the configuration
model yielding G*(n, (d;)}). For each ~, if we condition on I, = 1, we have
another instance of the configuration model, with the degrees at the vertices
involved in v reduced, plus some extra edges giving ~y, and it is easy to see
that the result P(L£) — s applies to this modification too, and thus

P(L|I,=1)=2x+0(1) (5.5)
uniformly for all v. We invert the conditioning again and obtain
P(L|I,=1)P(I,=1)

P(£)

E(L | £) = = (L+o()E(L,).  (56)

Consequently,
E(ZM | L) =) E(,|£)~> E(,)=REZ", (5.7)
vy vy

and since E Z]" — E Z72, this yields the desired (5.4).

6. BIPARTITE GRAPHS

A similar result for bipartite graphs has been proved by Blanchet and
Stauffer [3]; see e.g. [1], [13], [8] for earlier results. (These results are of-
ten stated in an equivalent form about 0-1 matrices.) We suppose we are
given degree sequences (s;)} and (t;)}" for the two parts, with N := ", s; =

’

Zj tj, and consider a random bipartite simple graph G(n, (si)t, (tj)’f“) with
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these degree sequences as well as the corresponding random bipartite multi-
graph G* = G*(n, (57, (tj)?”) constructed by the configuration model.
(These have N edges.) We order the two degree sequences in decreasing
order as s(1y = ... 2 Sy and (1) = ... = (), and let s := 51y = max; s;
and t := t(;) = max; t;. Label the vertices in the two parts vy, ..., v, and
w1, . . ., Wy, in order of decreasing degrees; thus v; [w;] has degree s(;) [t(;)]-

Theorem 6.1 (Blanchet and Stauffer [3]). Assume that N — oo. Then
liminf, o ]P(G* (n, (Si)?,, (tj)?”) 18 simple) > 0 if and only if the following
two conditions hold:
(i)
DD silsi— Dty — 1) = O(N?). (6.1)
(]

(ii) For any fized m > 1,

j=min{s,m}

(We have reformulated and simplified (ii) from [3]. Recall that = = Q(V)
means that liminf z/N > 0.)

Remark 6.2. Here (i) corresponds to the condition Y, d? = O(N) in The-
orem 1.1, while (ii) is an additional complication. Note that if s = o(N)
then (6.2) holds, because the sum is > N — (m — 1)s; similarly, if t = o(N)
then (6.3) holds. Hence (ii) is satisfied, and (i) is sufficient, unless for some
subsequence either s = Q(N) or t = Q(N). Note also that both these
cannot occur when (6.1) holds; in fact, if s = Q(N), then (6.1) implies
>_;ti(t; —1) = O(1) and thus t = O(1). On the other hand, in such cases,
(i) is not enough, as pointed out by Blanchet and Stauffer [3]. For example,
if st =N —0(N), t1 =2 and t; =1 for j > 2, then (i) holds but (6.2) fails
for m = 2. Indeed, in this example, there is w.h.p. (i.e., with probability
1 —o0(1)) a double edge viwy, and thus G* is w.h.p. not simple.

We can prove Theorem 6.1 too by the methods of this paper. (The proof
by Blanchet and Stauffer [3] is different.) There are no loops, and thus no
X, but we define X;; and Y;; as above (with the original labelling) and let

Z:=5", Z?; Y;;. Similarly, we define, for ¢ € [n/] and j € [n"],

\/Si(Si — 1)t'(t' — 1)
Nij = N A : (6.4)
let X}j ~ Po()\;j) and }A’ij = (XQU) be as above and let Z := Z?;l Z?; }7;]
Note that (6.1) is >, ; )\?j = O(1).
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Theorem 6.3. Assume that N — oo and that s,t = o(N). Then
P(G*(n, ()7, (tj)’f”) is simple) =P(Z =0) = P(Z = 0) + o(1)

= eXP<— > (hij —log(1+ Az’j))) +o(1).
0.

Proof (sketch). This is proved as Theorem 1.3, using analogues of Lemmas
1.4 and 4.1, with only minor differences. Instead of (3.1) we use the as-
sumption s,t = o(N), which leads to error terms of the order O((s+t)/N),
cf. Remark 1.5. Furthermore, (3.35) has to be modifed. Say that the vertex
with a repeated half-edge is bad, and suppose that the bad vertex is in the
first part. Let the non-zero vertex degrees in F be a1, ao, ... in the first part
and by, ba, ... in the second part, in any order with the bad vertex having
degree a;. Thus 3, a, = >2, b, = . The contribution from all F' with
given (a,) and (b,) is, using Hélder’s inequality and (6.1),

o(v ¢ e TI(X ) II(X &)

1:8; =22 v>22 4:8;>2 p=l git; 22
(a1—1)/24>" ay /2 >, bu/2
_ —L 2 v>2 AR
=o(v (X <) (X 4)
1:8; =22 Jit;>2

_ O(N‘e (S sisi - D) (S titts - 1))6/2>
= O<N‘1 (Z ti(t; — 1))1/2> = O<t1/2/N1/2).

Summing over the finitely many (a,) and (b,), and adding the case with the
bad vertex in the second part, we obtain O((s + t)l/Q/Nl/Q) =o(1). O

Proof of Theorem 6.1. The case s,t = o(N) (when (ii) is automatic) follows
from Theorem 6.3; note that

=3 (A —log(1+Aij)) =0(1) <= > N =0(1) < (6.1).
,J 2Y)

By considering subsequences, and symmetry, it remains only to consider
the case s = Q(N). It is easy to see that (i) is necessary in this case too so
we may assume (i). As said above, this implies t = O(1), and furthermore,
that only O(1) degrees t; are > 1. By taking a further subsequence, we
may assume that ¢ is constant. Then (6.3) always holds, and it suffices to
consider the case m =t in (6.2), i.e.,

nl

> s = QN). (6.5)

i=t
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If (6.5) does not hold, then (at least for a subsequence), w.h.p. Zit () =
o(N), and then w.h.p. the ¢ edges from w; go only to {v; : i < t}, so by the
pigeonhole principle, there is a double edge.

Conversely, if (6.5) holds, it is easy to see that if we first match the half-
edges from wy, wy, ..., in this order, there is (for large n) for each half-edge
a probability at least € for some € > 0 to not create a double edge; since
there are only O(1) such vertices with ¢; > 1, it follows that P(G* is simple)
is bounded below. (]
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