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We consider a random permutation drawn from the set of 132-avoiding permutations
of length n and show that the number of occurrences of another pattern ¢ has a limit
distribution, after scaling by n*?)/2, where A(c) is the length of ¢ plus the number of
descents. The limit is not normal, and can be expressed as a functional of a Brownian
excursion. Moments can be found by recursion.
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Secondary 05A05, 60F05

1. Introduction

We say that two sequences (of the same length) xq---x; and y;---yx of real numbers
have the same order if x; < x; <= y; <y, for all i, j € [k].
Let &, be the set of permutations of [n] := {1,...,n}. If

c=01""06,€6, and nw=m -7, G,

then an occurrence of ¢ in © is a subsequence m;, « - m;,, with 1 <i} <--+ <i, < n, that
has the same order as 6. We let n, () be the number of occurrences of ¢ in 7, and note
that

3 no(n) = (Z) (1.1)

geSy

for every n € &,,.
We say that © avoids o if ny(n) = 0; otherwise, © contains o. Let

Gu(o) :=={n € &, : ny,(n) =0}, (1.2)

T Partly supported by the Knut and Alice Wallenberg Foundation.
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the set of permutations of length n that avoid . We also let &.(a) = |J,_; Su(0) be the
set of g-avoiding permutations of arbitrary length.

Remark 1.1. For later use, note that n,-1(n~') = n,(n). Similarly, for the reverse
ol i=0p...o1, ngi(nl) =ny(n),
and for the complement

G=(k+1—01) - (k+1—0x), ns(T)=ne(n)

1

In particular, the maps 7+ n~!, 7+ n' and 7+ 7 are bijections,

Gu(0) = G,(c7"), G,(0) > G,(cT) and G,(0) — &,(7).

The general problem that we are interested in here is to take a fixed permutation T,
and let ., be a uniformly random t-avoiding permutation, that is, a uniformly random
element of G,(t), and then study the distribution of the random variable n,(r.,) for some
other fixed permutation o. More precisely, we are mainly interested in asymptotics of the
distribution as n — oo (though our methods also yield exact formulas for finite n). The
present paper is only a partial contribution to this general problem, and we will soon
concentrate on the single case 1 = 132.

Remark 1.2. It is well known that if 7 is a uniformly random permutation in &,
without any restriction, and ¢ is a fixed permutation, then n,(n) has an asymptotic
normal distribution as n — oo; moreover, this holds jointly for several ¢. See Bona [9, 11]
and Janson, Nakamura and Zeilberger [26]. We shall see that the restricted case is
different.

Remark 1.3. The simplest non-trivial cases are the cases |t| = 3. There are 6 permutations
T € &3, but by the symmetries in Remark 1.1, it suffices to consider the two cases 1 = 123
and 132.

As background, note first that it is a classical problem to enumerate the sets G,(t), either
exactly or asymptotically, and to study various properties of the generating function; see
Bona [8, Chapters 4-5]. In particular, two permutations ¢ and 7 are said to be Wilf-
equivalent if |&,(c)| = |6,(7)| for all n. It is known that all permutations of length 3 are
Wilf-equivalent, with |G,(z)| = (*')/(n + 1), the nth Catalan number C,, when |z| = 3; see
e.g. [28, Exercises 2.2.1-4], [41], [42, Exercise 6.19¢e.ff], [8, Corollary 4.7]. In contrast, not
all permutations of length 4 are Wilf-equivalent. (The classification of Wilf-equivalent
permutations of length 4 was quite difficult: see [8] and the references given there.)

A simpler version of the general problem above is to find (at least asymptotically) the
expectation En,(r.,). (If the number |S,(t)| is known, this is equivalent to finding the
total number of occurrences of ¢ in all t-avoiding permutations of length n.) This version
of the problem was posed by Cooper [16], and has been studied by Bona [10] (r = 132,
c=1--kand o =k---1), [12] (r =132, |o| = 3 and certain longer ¢), and Homberger
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[22] (r =123, |o| < 3). Furthermore, Cheng, Eu and Fu [14] studied the case t = 321,
o =21 (or equivalently T = 123, ¢ = 12). These papers concentrate on exact formulas
and generating functions; asymptotics are derived as corollaries. Rudolph [40] studied the
problem when E ng, (%, ,) = Eng,(%.,) (in the case v = 132).

In particular, for t = 132, by [10], [12] and straightforward singularity analysis (see [20,
Chapter VI]), or by Examples 5.8 and 5.11 below, as n — oo,

Enipa(mi300) ~ 4”3/2, (1.3)
L,
Enia3(mizan) ~ PR (1.4)
T
Eni3(m132,) = Enozi(m132,) = Enzp(mi3n,) ~ %nS/Z’ (1.5)
n 1
Ensi (i) ~ (3> ~ gn3, (1.6)
and, for any fixed k > 1, generalizing (1.3)—(1.4),
21k /n
Enyon(miany) ~ Nt 1.7
k(T 132,) T/2) n (1.7)

Note that in (1.5), the three expectations are equal for any n; the equality of the latter two
is trivial because na31(mi32,) and n31a(mi32,) have the same distribution, as a consequence
of the first symmetry in Remark 1.1. The first equality is non-trivial and more surprising;
in fact myi3(m32,) and mna31(mi32,,) do not have the same distribution, in general. (They
already have different variances for n = 5, as is shown by an enumeration, by hand or by
computer.)

The more general problem of studying the distribution, not just the expectation, of
ne(m.,) was raised in [26], where higher moments (and mixed moments) are calculated
(using computer algebra) for small n for several cases (t = 132, 123 and 1234; several ¢
with |a] = 3).

The main result of the present paper (Section 2) is that the formulas above for the
expectation generalize to arbitrary ¢ € &.(132), always with growth as a half-integer
power of n, and that, moreover, the random variables after normalization by this power
of n converge to some positive limit random variables, with convergence of all moments.

Remark 1.4. The case of forbidding T = 123, as mentioned above, has been studied by
Cheng, Eu and Fu [14] (¢ = 12) and Homberger [22] (|o| < 3); their results yield (after
simple calculations and correction of several typos in [22]), as n — oo,

T
Eni(miazn) ~ %nm, (1.8)
1
Eni3a(mi3n) = Engz(mizg) ~ 2”2, (1.9)
T
Enp1(m123,0) = Enzia(mi23,) ~ %ns/z’ (1.10)
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and, which also follows from these and (1.1),

n 1
Enzi(mi23n) ~ <3) ~ 8”3' (1.11)

See (1.3)—(1.6). Moreover, Homberger [22] shows that also Eny3i(®mi23,) = Enazi(mi32)
for any n; however, the distribution of ny31(m123,,) differs (in general) from the distribution
of any of the variables in (1.5). (They already have different variances for n = 4.)

The equivalence given by [14] between nj»(mi23,) and the number of certain squares
under a Catalan path (or equivalently a Dyck path) implies by standard results that

1
0 () ~ 272 / e(x) dx, (1.12)
0

where e is a Brownian excursion; this is, except for a factor 1/2, the same limit as for
ni2(m132,,) (see Example 7.6). For the other cases above (excluding the trivial n3;;), we do
not know any asymptotic distribution, not even asymptotic second moments. It seems
likely that methods similar to the present paper could be useful in this case too, using a
suitable bijection between &,(123) and binary trees (see Remark 4.3), but we have not
yet attempted it.

It seems much more difficult to show results for longer .

Remark 1.5. A special case of the distribution of ns(z.,) is the probability P(n,(n.,) = 0)
that a t-avoiding permutation also avoids ¢; this is equivalent to enumerating the set
G,(o,7) of permutations that avoid both ¢ and 7 (given that we know |G,(t)|). This
problem has been studied by various authors (with exact results, generating functions
and asymptotics): see e.g. [1], [2], [6], [15], [29], [31], [32], [33], [39], [41], [43]. Some
of these also consider the number of t-avoiding permutations with exactly r occurrences
of ¢, which is equivalent to P(n,(rn.,) = r). Formally, this is the same as our problem
of the distribution of n,(r.,), but the emphasis in these papers is on exact formulas for
constant r, whereas we are interested in asymptotic results, with r increasing. It would be
interesting to derive asymptotic distributions from these algebraic results, but this seems
difficult.

Remark 1.6. We have considered avoiding a single pattern 7. Of course, the same
questions can be asked for a set ty,...,7) of two or more forbidden patterns; see
the references in Remark 1.5 where such sets S,(ty,...,7)) are studied. For a simple
example, there are exactly 2"~! permutations in &,(123,132), and they have a simple
structure [41] which makes it easy to see that the number n;, of non-inversions has a
binomial distribution Bi(n — 1,1/2); in this case, nj> thus has an asymptotically normal
distribution.

2. Main results

From now on we consider only t = 132. Note that n,(n32,) = 0 if ¢ contains a copy of
7; hence we only consider ¢ that themselves avoid .

http://journals.cambridge.org Downloaded: 19 May 2016 IP address: 130.238.58.123



http://journals.cambridge.org

Patterns in Random Permutations Avoiding the Pattern 132 5

Recall that a descent in a permutation ¢;---o, is an index i € [k — 1] such that
a; > ai+1; we also define the last index k to be a descent. (Tradition varies about the latter
case; we find this version convenient for our purposes.) We let D(o) be the number of
descents in o. (Note that with our definition 1 < D(0) < |o].) We define

Ma) :=|a| + D(o) (2.1)
and note that
lo| +1 < A(o) < 2o, (2.2)

with the extreme values A(c) = ||+ 1 if and only if ¢ =1---k, and A(g) = 2|o| if and
only if ¢ = k---1, where k = |g]|.

Theorem 2.1. There exist strictly positive random variables A, such that
o (misa) 1V =5 A, (23)

as n — oo, jointly for all ¢ € &.(132). Moreover, this holds with convergence of all moments,
with all moments of A, finite, that is, for any sequence ¢V, ...,c™ € &.(132), possibly with
repetitions,

E(n[,m T N (717132’")) ~ }’lZ v o™/ E(AU(D o 'AO_(M)). (2.4)
In particular, for every o € G.(132), there exists a positive constant A, = E A, such that
E na(n132,n) ~ Aani(a)/% (25)

For a monotone decreasing permutation k- -+ 1, Ag... = 1/k! is deterministic, but not for
any other ¢.

Remark 2.2. Since A, > 0, the limit distributions are not normal; thus n,(m132,) iS not
asymptotically normal. (For ¢ =k---1, use (2.12) below.) This was conjectured (for
o = 312) in [26] based on calculation of the moments for small n; our theorem verifies
this, but it should be noted that the numerical values in [26, Table 3] for n < 20 are still
far from their limits. A calculation using Theorem 6.2 shows that the normalized third
moment

E(XX —EX)?/ Var(X)? ~ 0.76384
for the limit X = Ajjp, while for n = 20, [26] yields 0.44906.

The proof of Theorem 2.1 will occupy the rest of the paper. We will use two completely
different methods that complement each other and prove different parts of the theorem;
both use a bijection with binary trees described in Section 4. One method (Section 7
and Theorem 7.5) uses this to show the convergence in distribution (2.3); this proof also
shows that the limit random variables A, can be expressed as functionals of a Brownian
excursion e(x). In particular (Example 7.6), A, = ﬁfol e(x)dx. This is (except for the
factor \/E) the well-known Brownian excursion area, which appears as a limit in various
combinatorial problems (for instance for the total path length in a random conditioned
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Galton—Watson tree [3, 4]); for this distribution see also the survey [24] and the references
there (it is sometimes called the Airy distribution). More generally (Example 7.8), for the
monotone pattern 1-- -k,

1
Apk = i / e(x)Tdx with ¢, =25 D2/(k — 1)1,
0

However, in general, the description as a Brownian excursion functional is rather
complicated, and it is not easy to even compute its mean.

As a complement, in Section 5 we use another method to give formulas yielding (by
recursion) the constants 4, = E A, (see (5.19) and (5.8)). Further, in Section 6 we describe
how one can similarly find limits for higher moments (possibly mixed). This method
uses a recursion for the numbers n,(7) that is given in Section 3, and a probabilistic
argument using subcritical Galton—Watson trees. As examples, we give (Theorem 6.2)
explicit recursion relations for the moments of A, for |¢| < 3 (and joint moments of A
and A, with |¢| = 3, needed for the recursions). In particular, Theorem 6.2 yields for the
second moments (where (2.6) is well known: see [30], [24])

10 —3=n

5
EA%z = g, VarAlz = 2 5 (2-6)
19 1
2 Y -
EA123 = 60, Var A123 15, (27)
7 56 — 15n
2 —_— —_ —
EAz;3 = 120’ Var Aji3 %60 (2.8)
43 344 — 105%
EA%M = EA%D = m, VarA231 = Var /\312 = W (29)
For mixed moments we find from Theorem 6.2, for example,
E(A1pA213) = E (2.10)
12h213) = o5 .
1
E(A12A21) = E(AnAsp) = 3 (211)

The matrix of second moments of (A3, Az31, Asi2) is given in (6.7).

Remark 2.3. For a given |g| = k, we see that the order of En, (732, is smallest (n*+1/2)
for ¢ = 1---k and largest (n*) for ¢ = k---1. Compare the related result by Bona [10]
that for every n,

Enpi(mi320) < Eng(mi32,) < Eng..1(m132,) for every o € 6,(132)
(see Section 9).
Remark 2.4. In particular, (2.5) implies that E n,(n3,,,)/n* — 0 for every ¢ € & except

k-1, which by (1.1) implies Eng..(m132,) ~ () and mg.;(m132,) — 1/k!, which is the
case ¢ = k-1 of Theorem 2.1 with Ay..; = 1/k! deterministic as asserted in the theorem.
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For a non-degenerate limit law in this case (for kK > 1), note that the same argument
yields

n*(kfl/z) ((Z) - ”k---l(ﬂm,n)) —d’ ZAG» (2.12)

summing over all ¢ € &;(132) with A(c) =2k — 1 (i.e, D(o) =k —1).

Remark 2.5. Although the exponent in (2.5) depends only on A(o), that is, on |o| and the
number of descents in o, the constant 4, does not. For example, it follows by (5.19) and
(5.8) (see also [25, Example 5.11]) that

T T
En3214 ~ 3£2n7/2 and En3241 ~ %l’l”z.

Remark 2.6. Apart from the relation (1.1), there are also simple relations between the
counts n,(n) for ¢ of different lengths. For example,

(n — 2)npa(m) = 3ni23(m) + 2n132(m) + 2n213(7) + nazi(m) + n3pa(m), (2.13)

since the left-hand side counts the number of distinct i, j,k such that i < j and m; < =,
and if ¢ € &3, then each occurrence of ¢ in © contributes ny;(a) such triples.

For n € &,(132), the term n;3,(n) vanishes, and if we divide by n°/> and take the limit,
another term disappears asymptotically, and we find for the limit variables the relation

A2 =2A013 + Aozt + Aszin. (2.14)

Similar relations enable each A, to be expressed as a linear combination of A, for some
set of ¢’ with |¢'| = |o| + 1.

Remark 2.7. The limit Ay;3 and the sum As3; 4+ As; appeared earlier as distribution
limits in [23]: see Remark 7.12.

3. A basic recursion

If x; -+ x, is any sequence of distinct numbers, let I1(x; - - - x,) be the permutation in &,
that has the same order as xy - --x,. We extend the notation n,(n) in the trivial way to
arbitrary sequences of distinct numbers x; -+ - x, and y; - y; by

nylu.yk(xl T Xn) = nH(yl'“yk)(H(xl T Xn)).

(We may similarly extend other notation when convenient.) We also define ng(x; - - - x,) = 1
for an empty string 0 (i.e., the case k = 0), and let S = {0}.

If 1 € &, and 7 is the index of the maximal element n, thatis, n, = n, let ny, =7 - -7/
and ng = my41 - 7w, be the (possibly empty) parts of = before and after the maximal
element. Using the operator IT above, we can regard them as permutations n;, € &,_; and
R € 6,_4.

We begin with a well-known characterization of the 132-avoiding permutations; see e.g.
Bona [10].

http://journals.cambridge.org Downloaded: 19 May 2016 IP address: 130.238.58.123



http://journals.cambridge.org

8 S. Janson

Lemma 3.1. With notation as above, a permutation © avoids 132 if and only if n;, and mg
both avoid 132, and furthermore n; > m; whenever i < ¢ and j > /.

Proof. Although this is well known and easy, we sketch the proof for completeness.

If = avoids 132 then so do n;, and wg. Furthermore, if the final condition in the lemma
is violated, then m; < m; < m, for some i and j with i </ < j, and thus mm,7; is an
occurrence of 132.

The converse is just as easy, by considering the possible positions of an occurrence of
132 in relation to /; we omit the details. ]

This leads to a basic recursion for n, (7).

Lemma 3.2. Let 0 € 6(132) with k > 1. Define m by a,, =k and let

A= {q € [k —1] : min ¢; > max oj}.
1<i<q q<j<k

Then, for any permutation n € &,(132) with n > 1,

1o (1) = no(RL) + 16 (TR) + D Moo, (R, (FR) + Mgy (FL g (TR)- (3:1)
qeA

Proof. Consider first an occurrence w,, - - - m,, of ¢ that does not include n,. Then, for
some g € {0,....k}, vi < <y </ <vgy1 <0 < W

The cases ¢ = k and g = 0 give the n,(ny) and n,(ng) occurrences in 7y, and 7.

If 1 < g <k—1, we note that by Lemma 3.1, if i < g and j > ¢, then &,, > 7, and thus
g; > d;; hence g € A. Furthermore, for every g € A, we have exactly one such occurrence
o in 7 for every pair of occurrences of ¢; -0, in ny and o441 -0k in mg. The total
number of such occurrences is thus the sum in (3.1).

Finally, if an occurrence =, ‘- - m, of ¢ contains n, = n, then m, must correspond to
the largest element ¢, in o, that is, v,, = /. It follows in the same way as above that the
number of such occurrences is Hg,--q,_,(TL)Mg,,,,a, (TR)- U

The set A is empty if m = k; otherwise m € A by Lemma 3.1, so A # (. The extreme
case is ¢ = k---1 when A = [k — 1]. Note that every element of A is a descent in ¢ (but
not conversely, in general).

4. Binary trees

Out proofs are based on a well-known bijection between &,(132) and the set B, of binary
trees of order n; see e.g. [12]. It can be defined as follows.

Recall that a binary tree T consists of a root and two subtrees T and Ty (the left and
right subtree) which are either empty or themselves binary trees. Using the notation of
Section 3, we define recursively, for any permutation = € G,(132) with n > 1, a binary tree
T = T(n) € B, such that its left subtree Ty = T(n.) and its right subtree Tr = T(7Rr);
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furthermore, T(0) is the empty tree. It is easy to see that this yields a bijection between
6,(132) and B,.

If T is a binary tree, and ¢ is a permutation, let X;(T) := n,(n7), where ny € &(132) is
the permutation corresponding to T by the bijection above. Moreover, let X; 1, = X,(TL)
and X, r := X,(Tr), where L and R are the left and right subtrees of T.

We can translate the recursion Lemma 3.2 to recursive relations for the variables
X, = X,(T) as follows. (We usually omit the argument T for notational convenience.)

Lemma 4.1. Let 0 € 6,(132) with k > 1 and define m and A as in Lemma 3.2. Then, for
any binary tree T,

XO' = Xa',L + Xri,R + Z Xm‘“(iq,LX(qu“-ak,R + Xal~-(im,1,LXa'm+1-"Jk,R~ (41)
qeA

O

Note also that X; = 0 unless ¢ € &.(132) and, by (1.1),

Y X, = <Z) (4.2)

eSSy

As an illustration and for later use, we write the recursion (4.1) explicitly for some small
g. For (notational) convenience, we define N = N(T) := X((T)=|T|and Y =Y(T) =
X12(T), and define Ny, Ng, Y., Yg correspondingly. Note that then, by (4.2),

o= (V) o= (3) v @

Example 4.2. Taking ¢ = 1, 12, 123, 213, 231, 312 in Lemma 4.1 we find the following
recursions, noting that in these cases A = A, is empty except Ay = {2} and Azp = {1}
(for (4.7) we also use (4.3)):

N=Np+ Nr+1, (4.4)

Y==Y.+ Yr+ Ny, 4.5)

X123 = X3 + X3 + Y1, (4.6)
N

Xo13 = X131 + Xoi3r + ( 2L> - Y, (4.7)

X031 = Xo31,L. + X031 + YL.NR + N1 Ng, (4.8)

X310 = X3101, + X3108 + NLYR + Yk (4.9)

(These recursions can also easily be verified directly, and (4.4) is utterly trivial.)

Let T, be a uniformly random binary tree in 3,. Note that by the bijection above,
T, corresponds to a uniformly random permutation in &,(132), that is, we can identify
T, = T(m132,,). With this identification and the notation above, we have

Xa(Tn) = nzr(”132,n)- (410)
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From now on we will use this without comment, and study the random variables X,(T,)
when proving Theorem 2.1.

Remark 4.3. The bijection with B, is equivalent to a bijection with the set of Dyck
paths of length 2n, by the well-known standard bijection between the latter and B,. This
is equivalent to the bijection by Knuth [28, Exercises 2.2.1-3,5] between 312-avoiding
permutations and Dyck paths. Another bijection with Dyck paths is given by [29]. For
similar bijections of &,(123) and Dyck paths, see e.g. [6], [29], [14]. See also the many
bijections with various objects in Stanley [42, Exercise 6.19 (and its solution)].

5. Expectations

We next use an idea from [23] and consider the functionals X, above for another random
binary tree T; defined as follows, for 0 < § < 1. Note that this random tree, unlike T,
has a random size.

We start with the root; we then add each of the two possible children of the root
with probability p := (1 — J)/2 each, and we continue in the same way with the possible
children of any node that we add to the tree, with all random choices independent. Thus
Ts is a random Galton—Watson tree with offspring distribution Bi(2, p). Since this offspring
distribution has expectation 2p = 1 — ¢ < 1, the Galton—Watson tree T; is subcritical and
thus a.s. finite.

The construction implies that if T = Ty, then the subtrees T and Ty are independent
random trees; furthermore, each of them is empty with probability 1 —p = (1 + 0)/2 and
otherwise it has the same distribution as T. (This can be used as an alternative, recursive
definition of Tj.)

Remark 5.1. The argument in [23] uses full binary trees, which makes the details a little
different although the main idea is the same. We thus present the argument in detail
below, and refer the interested reader to [23] for comparisons.

We let Es denote expectation of random variables defined for the random tree T = Tj.
These expectations are generating functions in disguise. In fact, let Z = Z(T) be an
arbitrary functional such that |Z(T)| < C|T|" for some constants C and m. (This
guarantees that all expectations and sums below converge, and is satisfied by the
functionals that we consider, i.e. X, and products of these.) We write z, :=EZ(T),).

Lemma 5.2. Let Z and z, :=EZ(T,) be as above. Then

1+0 1—0%\"
EaZ = H;Z;:,C,,( 4 ) . (51)

Proof. There are C, = (Zn")/(n + 1) trees in B,. If T € B,, then T has n nodes, with 2
potential children each. Of these 2n potential children, n — 1 exist and n + 1 do not exist.
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The probability that Ts equals a given tree T € B, is thus
P(Ts = T) =p" (1 —p)' =272"(1 = 6)" 1(1 + 5)"*". (5.2)

This probability is the same for all T € B,, and since |B,| = C,, it follows that the
probability that Ts has order n is

—2n n—1 n+1 140 (1 52 "
Moreover, since (5.2) does not depend on the choice of T € B,, we see that conditioned
on |Ts| = n, T is uniformly distributed in B, ; in other words (T | | Ts| = n) 4 T,. Hence,
E(Z | |Ts| =n)=EZ(T,) = z, and, using (5.3),

BsZ = S P(To = ) EZ | |Tol =) = 3 PATy| = )z,

n=1 n=1

- 1406 (1—6%\"
—Zzncnl_5<4> . D

n=1

By Lemma 5.2, E; Z is, except for the factor (1 +)/(1 — d), the ordinary generating
function of the sequence C,z,, evaluated at (1 — §%)/4. Conversely, by taking § = /1 — 4x
in (5.1), we obtain, for 0 < x < 1/4,

S LoV e TR,y
n=1 " 1+m Vi 2x \/m : .

Note that Z = 1 yields the well-known generating function for the Catalan numbers (see
e.g. [20, p. 35]).

Remark 5.3. For the variables Z that we study below (products of X,), Es Z turns out
to be a polynomial in 6~'; in this case (5.4) yields the generating function >_,”, C,z,x" as
a rational function of /1 — 4x. By analytic continuation, the resulting formula is valid for
all complex x with |x| < 1/4, and the generating function extends to an analytic function
in C\ [1/4,00).

We can now apply singularity analysis and obtain asymptotics of z, from asymptotics
of E5 Z as 6 v 0. (Note that although we can define the random tree Ty for 6 = 0, which
will be a critical Galton—Watson tree and thus a.s. finite, the expectations that we are
interested in will all be infinite and of no use to us; hence we consider 6 > 0 and take
asymptotics.) We state a simple case that is enough for our purposes. In this section and
the next, we let O,(6™™) denote an arbitrary polynomial in 5= of degree at most m.

Lemma 54. If EsZ =ad™"™ + Op(é_(m_l)), where m > 1 and a # 0, then

EZ(T,) ~ an0l2 i1y

F(m/2) as n — oo.

http://journals.cambridge.org Downloaded: 19 May 2016 IP address: 130.238.58.123


http://journals.cambridge.org

12 S. Janson

Proof. By Remark 5.3, the generating function >, C,z,x" extends to an analytic
function in C\ [1/4,0), and as x — 1/4, by assumption and (5.4),

\/ —4x —m/2 _ —m/2
E CnzpX" —————(1 —4x) ~ a(l —4x) .
1 + /1 —4x

By standard singularlty analysis (see [20, Corollary VI.1]), this implies

/21
‘nZn 4" .
CnZn ~ 04" & )
The result follows by this and the standard asymptotic expression C, ~ 4"//nn? for the
Catalan numbers [20, p. 38]. ]
For later use, we also show the following, recalling N(T') :=|T|.
Lemma 5.5.

(i) Let f(0) =Es Z. Then
1
Es(NZ) = =371 = 0)f'(6) +67'1(9). (55)
(ii) In particular, if BE5Z = ad™ + Op(5’(’”*1)) where m > 1 and a € R, then

1
Es(NZ) = Ema(5—<m+2> + 0p(57" D).

Proof. (i) Differentiate (5.1). Using (5.1) for NZ, this gives
d 1 1 1496 —26n (1 —=06*\"
—EsZ = Es Z Es Z
AR I U g R +1—5Z w7 "5 ( 4 )
2 20
=1l 5 Be(NZ).
The formula (5.5) follows.

(ii) An immediate consequence of (5.5). ]

As an example, taking Z = 1 yields f(d) = 1, and thus (5.5) yields

Es N =01 (5.6)
Taking Z = N in (5.5) now yields
1 1
N2 ts=3 .y s—2_ Lol
Es N = 2() +0 25 , (5.7)

and we can continue and find explicit expressions for Es N for any desired m. (One can
check that Lemma 5.4 is correct but trivial in these cases.)

After these preliminaries, we now consider the variables X,, and begin with their
expectations for Ts. Recall that A(o) is defined by (2.1).
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Lemma 5.6. Let o € G;(132) with k = |o| > 1 and define m and A as in Lemma 3.2. Then
Es X, is a polynomial in 5~ of degree i(c) — 1 given by the recursion Es X = 6! and,
for k > 1,

1—
Es X, =0 1( ZE5X01 gq Jq+1 -0y
qeA
%( - 1)E5 XUz“‘o'ka m = 1,
+ 55 Y1 = 6)Es Xoyooyy  Bs Xopiyor 1 <m <Kk,
%( -1 I)EO Xalmo'k,l: m=k.

The polynomial Es X, has leading term B,0~“=V and vanishing constant term, where
B, > 0 satisfies the recursion By = 1 and, for k > 1,

1 g . m=k
B, =-> By s Bs. s 2o ’ 5.8
4 quA oy Boga {0, m < k. (8

Proof. We use induction on A(c). We use the recursion in Lemma 4.1 and take
expectations, considering the terms on the right-hand side of (4.1) separately.

Since T}, is a copy of T = T with probability p = (1 — §)/2 and empty with probability
1—p=(1—-0)/2, and the same holds for T, we have

1—-96
E5 XG,L =E5 XO',R =PE5 Xa = TEO Xa- (59)

Furthermore, Ty and Tg are independent, and thus, for g € A,

Es(Xoy 0L X011 0.R) = Eo(Xg,6,L) Es(Xo,.10,.R)

1—5\° (5.10)
= (57 ) Es(Xo0) EsXe,iya)

By the induction hypothesis, this is a polynomial in 6~! of degree
Hor++0g) — 1+ Moy o) — 1
=q+D(o1-0y)—14+k—qg+D(ogq1-0k)— 1 (5.11)
=k+D(o1--0r)—2=/i0o)—
recalling that ¢ € A implies that g is a descent in ¢, which implies
D(o1--0q) + D(6g41 - 0r) = D(oy - 0k)

by our definition of D. (Note that the induction assumption that the expectations are
polynomials with vanishing constant term is used to guarantee that the right-hand side
of (5.10) is a polynomial in ~!, even though it contains the factor (1 —J)?; the same
applies below.)
For the final term in (4.1), we consider four different cases. First, if 1 < m < k, then as
n (5.10)
1-9

2
Es (X600 1.LXomp100.R) = (2) Es(Xo, 0,1 ) Es(Xops101)s (5.12)
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and this is a polynomial in 6~! of degree
Moy omat) =1+ Aomer o) — 1
=m—14+D(o; 0om1)—1+k—m+D(ops1- o) —1 (5.13)
= o) —3.
If m =1 <k, then the final term of (4.1) is simply X,,..4, g, With an expectation that
by induction is a polynomial in 6! of degree

Moy rox)—1=k—14+D(oy - 0r)—1=Ao)—3, (5.14)

since 1 is a descent.
If m = k > 1, then the final term of (4.1) is similarly X,,..,,_, 1, With an expectation that
by induction is a polynomial in 5~! of degree

Moy o) —1=k—14D(o1 - 0_1)— 1 = i(o) — 2, (5.15)

since k — 1 is not a descent in .

Finally, if m = k = 1, that is, if ¢ = 1, the final term is simply 1, again a polynomial of
degree A(o) — 2.

Collecting the terms above, we thus obtain from (4.1)

Es Xg =2pEs X5 + f(0) = (1 —0)Es X5 + f(9), (5.16)
where () is shorthand for a polynomial in 6! of degree (at most) A(¢) — 2, which yields
Es Xo = 67'f(0), (5.17)

a polynomial in 5~! of degree (at most) A(c) — 1 and without constant term. Writing f(J)
explicitly, this yields the recursion stated in the lemma. For ¢ = 1 we have f(6) =1 and
(5.17) yields E; X; = 6!, as was found by another route in (5.6).

Moreover, an inspection of the leading terms above shows that the leading coefficient
of f(d) is B, given by (5.8) when |o| > 1, and B; = 1. Thus, by induction, B, > 0. (Recall
that A # @ if m < k, so the right-hand side of (5.8) contains at least one non-zero term.)

This completes the induction step. ]

It is now easy to show (2.5).

Corollary 5.7. For every o € 6.(132),
Ena(nISZ,n) = EXJ(Tn) ~ Aan/i(zr)/2, (518)

where

T

A= Fio) - 12 1)

with B, given by the recursion (5.8).

Proof. Immediate from Lemmas 5.6 and 5.4, together with (4.10). ]
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Example 5.8. For |6| = 1, we have Es N = Es X; = 67, as stated in (5.6).
For |o| = 2, we have two cases. For X, = Y we obtain (see (4.5))

Loy
307" (5.20)

Similarly, by Lemma 5.6 (with A = {1}) and a quick calculation, or by (4.3), (5.6)—(5.7)
and (5.20),

1 1
Es X12 = 5(5_1 —DE; Xy = 55_2 -

| -
— 21
20 (521)

For |o| = 3, we obtain from Lemma 5.6, or similarly from the explicit recursions in
Example 4.2, by simple calculations,

1
Es X5 = Z(5—3 —

_ Sl 1o, 1o

Es X123 = 45 25 =+ 45 N (522)

By Xors = ~o—4— Lo _ 152 Lo 5.23

o X213 = 3 3 3 + g0 > (5.23)
1 1 1 1

E5 X23] = §574 - §573 - §672 + géil, (524)
1 1 1 1

Es X315 = ga—“ — §5—3 — ga—z + gé_l, (5.25)
1 1 1 1

Es X321 = §5*5 — §5*4 — §5*3 + géfz. (5.26)

Note that E5 X513 = Es X231 = Es X312, which by Lemma 5.2 is equivalent to the result by
Bona [12],

Enyi3(mi32,0) = Enasi(mi32,) = Enzia(mizon),

as mentioned earlier in (1.5).

The asymptotics (1.3)—(1.6) follow from Corollary 5.7 and (5.8). Alternatively, we can
obtain these from the explicit formulas (5.20)—(5.26) and Lemma 5.4.

Similar formulas for the C4, = 14 permutations ¢ € &4 are given in [25, Example 5.11];
again there are several coincidences, some following by Bona [12] and all by Rudolph
[40].

Remark 5.9. When Z = X, = n,(%1324), 2z, 15 the expected number of occurrences of ¢
in a random permutation in &,(132), and C,z, is thus the total number of occurrences of
o in all permutations in &,(132). Generating functions for the latter numbers have been
given for the cases in Example 5.8 (although not explicitly for 321) by Bona [10] and [12];
by Lemma 5.2 and Remark 5.3, the formulas (5.20)—(5.25) are equivalent to his results.

Remark 5.10. As mentioned in Section 1, np31(m132,,) and n3zi2(mi32,,) have the same
distribution by symmetry, and thus Es X»3; = E5 X315 is obvious. It is interesting that
the proof above obtains these coincident expectations by different routes, using the
different recursions (4.8) and (4.9). The same applies to the higher moments treated
below: E; X4, = Es XX, for any k, but that is difficult to see from our recursions.
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Example 5.11. For o =1---k, k > 1, we have A = (), and by induction in k, Lemma 5.6
yields

Es Xy = 217507 — 11~ (5.27)

By Lemma 5.2 and Remark 5.3, this is equivalent to the generating function given for this
case by Bona [10].
Lemma 5.4 and (5.27) yield (1.7).

Example 5.12. Foro =k---1,k > 1, we have the opposite extreme A = [k — 1]. Writing
fr(0) = Es Xi..1, Lemma 5.6 ylelds the recursion

e

—1

fr(0) = 30711 =0 > fo(0)fi—q() + 507" = D)fi—1(d), (5.28)

q=1

which by (5.4) is equivalent to the recursion given for the corresponding generating
functions in Bona [10].

The leading term By..;6 =1 is given by the recursion (5.8), but it is simpler to argue
backwards and note that Ay..; = 1/k! by Theorem 2.1 (see also Remark 2.4), and thus
(5.19) yields

Tk—1/2) (k=3 G,

By = = = . 5.29
T /2)k ! 2h—Tg1 T D%k2 (5.29)
See the examples in (5.21) and (5.26).
6. Higher moments
We can compute higher moments in the same way.
Lemma 6.1. For any permutations ¢\,...,¢"") € &.(132), not necessarily distinct, the ex-

pectation Bs(X,) -+~ Xo0) is a polynomial in 5~ of degree 37_; Ma') — 1, with positive
leading coefficient By, and vanishing constant term.

Proof. We argue as in the proof of Lemma 5.6, using induction on E;=1 (o). Replace
each X with the corresponding expression in (4.1), expand the product of these, and
take the expectation. Among the many terms that this produces, the two special terms
Es(X,mp, - Xom ) and Es(X,0 g - - - X0 g) are both equal to pEs(X, am X,m). All other
terms are by induction polynomials in 6~ 1 , of degree at most Z oD ) 2 (by arguing
similarly to the proof of Lemma 5.6 for each c)). Moreover, there is at least one term
of exactly this degree and all polynomials have positive leading coefficients. The result
follows as in Lemma 5.6. L]

By the argument in this proof, we can recursively obtain any mixed moment of the
variables X, as an explicit polynomial in ! (see [25, Example 6.2] for an example).

We are mainly interested in moment asymptotics for T,, which by Lemma 5.4 can
be obtained from the leading terms of these polynomials. A recursion for the leading
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.....

seems a bit messy. As examples illustrating the general behaviour, we consider the cases
of a single X, with |o| < 3; for the recursion, we have to consider mixed moments of X,
and Y = X,. Explicit recursions for the leading coefficients of the polynomials Es(X¥Y)
are given in [25, Lemma 6.3]. As a consequence, the following moment asymptotics for
T, are obtained; for the proof we again refer to [25].

Theorem 6.2. The following hold as n — o, for any integers k > 0 and 1 > 0
(@)
k' /m

7(4k+31)/2]EX T kY T ! 1
n ( 123( n) ( n) ) - 24k+31-2 F((4k 43— 1)/2)‘xkl (6 )
for some numbers oy satisfying ogo = —1/2, a9 = g1 = 1 and the recursion relation
o = (4 Doty 1+ 208k + 30— Doy 1+ > > orjonisj. (6.2)
0<i+j<k+l
(i)
k! \/E
—(5k+31)/2 k I
n E(X2l3(’Tn) Y(Tn) ) - 25k+3l—2 F((Sk + 3] — 1)/2)ﬁk1 (63)
Jfor some numbers Py satisfying poo = —1/2, Bio = o1 = 1 and the recursion relation
Bri = 2(5k + 31 — 6)(5k + 31 — 4)Bi_11 + 2(5k + 31 — 4) 11
+ YD BiiBrois-i (6.4)
O<i4j<k+l
(iii)
SRR E(X o3 (T Y (T)) = n™ S EQXG (T Y (T)))
k' /m
TSI (5k + 31— 1)/2) M (6:5)
for some numbers yy; satisfying yo0 = —1/2, y10 = yo1 = 1 and the recursion relation

Vil = 2(5k + 31— )ykl 1 (6.6)
52 DG+ 3j = 1)/2+m) (1= j+m
+ Z Z Z (51 + 3] )/2)) ( m >'))i,j'))kim,lj+m.

(i,j.m)#(0,0,0),(k,1,0)

Note that when we have proved Theorem 2.1, it follows that the limits in (6.1), (6.3),
(6.5) are equal to the moments E(A% 23/\12) etc.

Remark 6.3. The numbers f; in Theorem 6.2(ii) satisfy the same recursion as w;, in
[23], and thus By, = w;;. Indeed they both appear in similar moment formulas, and the
equality is explained by the identities in Remark 7.12 below.

http://journals.cambridge.org Downloaded: 19 May 2016 IP address: 130.238.58.123



http://journals.cambridge.org

18 S. Janson

In the same way it is possible to find mixed moments of these variables, first for T;
and then (asymptotically, or exact) for T,,. We give only one example.

Example 6.4. Let (Vy, V5, V3) = (X213(Ty), X231(Ty), X312(Ty,)) be the three random vari-
ables in (1.5); recall that these have equal mean. Using the recursions (4.7)—(4.9), the
method in the proof of Lemma 6.1 yields Es(V;V;) as polynomials in 0~ of degree 9.
After calculating the leading coefficients (we omit the details), we obtain from Lemma 5.4,
in matrix notation,

49 42 0
o —— |42 43 a1]. (6.7)
42 41 43

N3
ij=

7. Brownian functionals

Given a binary tree T, let h(v) = h(v; T) be the height (also called the depth) of a vertex
v € T, defined as the distance to the root. Thus h(v) is the number of ancestors of v. We
also define the left height h;(v) as the number of ancestors w of v such that v belongs
to the left subtree of w, and similarly the right height hg(v). Equivalently, h;(v) is the
number of left steps in the path to v.

Recall that the inorder of the vertices of a binary tree T is defined recursively by taking
first the vertices of T, then the root and then the vertices of T [28, Section 2.3.1].
Define the profile of a binary tree T as the sequence h(vy),...,h(v,), where vy,...,v, are
the vertices of T in inorder. We write h(i) = h(v;) and regard h as a function both on the
vertex set of T and on [n]. We further define, for 1 <i < j <n,

(i, j)) = min h(l). (7.1)
€li,j]

It is well known that for the random binary tree T, the height h(v) is typically of order
n'/2. For example, if H(T,) := max,cr, h(v) is the height of T,, then H(T,)/n'/?> converges
in distribution as n — oo (e.g., as a consequence of Lemma 7.1 below: see [3]). Moreover,
if we normalize the profile by defining

h(x) = h(x; T,) == n""2h(|nx| +1;T,) (7.2)

(with h(1) = 0), which is a function [0,1] — [0,00), then the random function h(x;T,)
converges in distribution to the standard normalized Brownian excursion e(x), up to
a constant factor, as stated in the following lemma, in principle due to Aldous [4].
(Informally, e can be seen as Brownian motion on [0, 1] conditioned on e(x) > 0 and
e(1) = e(0) = 0. For formal treatments, see e.g. [18] and [37].)

Lemma 7.1. As n — oo, h(x; T),) R 23/%¢(x).
Remark 7.2. The convergence in Lemma 7.1 is in the space D[0, 1] of right-continuous

functions with left limits. (We could have defined & as a continuous function instead, using
linear interpolation of h(i) between integers, with no other essential differences below, and
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then the convergence would have been in C[0,1].) For a full technical discussion of
convergence in distribution in D[0, 1] or C[0, 1], see [7], for example. For our purposes,
we may avoid technicalities by the Skorokhod representation theorem [27, Theorem 4.30],
which shows that we may assume that the random trees T, for different n, and e, are

coupled such that the conclusion h(x; T}) <, 23/2¢(x) holds a.s., uniformly for x € [0, 1],
that is,

sup |h(x; T,) — 2% %e(x)] - 0 as.
xe[0,1]

Proof. As mentioned above, this is in principle due to Aldous [4]. More precisely, Aldous
considered the depth-first walk on T,, which is the sequence of vertices wy,..., Wy—2
obtained by walking along the ‘outside of the tree’, with wy = w»,_» = o, the root, and
beginning with the left subtree (if any); see e.g. [17, Section 4.1.1]. Define (i) := h(w;) and
the normalized version f(x) := n~'/2f(|2nx]) for x € [0, 1] (with f(2n — 1) = f(2n) = 0 for
completeness). Aldous [4, Theorem 23] proved (in greater generality) that then f(x) 4,
23/%¢(x).

Some variations (and a new proof) were given by Marckert and Mokkadem [35],
including a version with the heights of the vertices taken in depth-first order (first the
root, then Ty, then Tg). In the present paper we instead use the inorder, but the argument
in [35] is easily adapted to this case too, as follows.

Consider a vertex v in a binary tree T. Let T.(v) and Tg(v) denote the left and right
subtrees of v, and let P, be the set of the ancestors of v (i.e., the path from the root to v,
except v itself). It is easily seen that the vertices that come before i in the inorder are

(i) the set P, :={w € P, : v € Tr(w)} and
(11) Lv = UWG’PU’RU{U} TL(W)~
Hence v = v;, where

i=1+hp(v) + |Lo]. (1.3)

Similarly, since it takes the depth-first walk 2m steps to visit a subtree of size m, it is easily
seen that if

J = h)+ 2[L,], (7.4)
then w; = v = v;. Note that
|2i — j| = |2+ 2hr(v) — h(v)| = |2 + hg(v) — hp(v)] < 2+ H. (7.5)

Now consider again T,. Let x € [0,1) and let i := |nx| 4+ 1. Find the corresponding
vertex v; € T, and define j as above, and y := j/(2n). Then

h(x) = n~"2h(v;) = nh(w)) = 0= Ph(way) = F() (7.6)
and, by (7.5),

|x—J’|<’X_:l |21—]|<4+H.

+2n\2n

(7.7)
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By the result by Aldous [4] and Remark 7.2, we may assume that sup |f(x) — 2%/2e(x)| — 0
a.s. as n — oo. By (7.6) and (7.7),

h(x) — 2%%e(x)| = [F(y) — 2%/%e(x)|
< F () — 23 e(y) + 23 le(y) — e(x)|

<sup|f(y) —2%e(y)| +22  sup  le(y) —e(x)|.
y [x—y|<(H+4)/2n

The right-hand side does not depend on x and tends to 0 a.s., by the result of Aldous [4],
its immediate consequence H/n — 0, and the continuity of e. L]

In fact we need the corresponding result for the left height h;. In analogy with (7.2),
we define

hu(x) = h(l; T,) = n~"hy(lnx] + 15 T,). (7.8)

The following version of Lemma 7.1 is in principle due to Marckert [34].
Lemma 7.3. As n — oo, hy(x; T,) LN 2172¢(x).

Proof. Marckert [34] proved this for the depth-first order, and moreover that

n1/2 max |y (v) — hg(v)] = n1/2 max 2. (v) — h(o) 20 (7.9)
vely, VELy
The result follows by Lemma 7.1 and (7.9). ]

Remark 7.4. It is known that the maxima in (7.9) are actually of the order n'/*; see e.g.
[34] and [13] for further results.

We return to permutations. Let 7 € G,(132) be a 132-avoiding permutation and let T be
the corresponding binary tree defined in Section 4. Label the vertices by the corresponding
elements of 7. (Thus the root is labelled by the maximum element 7, = n.) The inorder on
T corresponds to the standard order on the index set [n]; thus, the permutation 7 can be
recovered by taking the labels of T in inorder. (This is why we need the inorder above.)

Define a partial order on the vertices of T by v < w if v is an ancestor of w, that is, it
lies on the path from the root to w. For two vertices v and w, we let v A w be their last
common ancestor (which is their greatest lower bound in this order).

As above, let vy,...,v, be the vertices of T in inorder; thus v; is labelled by n;. Consider
a pair of distinct i, j € [n]. It follows from the construction of T that if v; < v;, then
m; > nj. Symmetrically, if v; < v;, then m; < =;. If neither holds, and i < j, then there exists
a last common ancestor v; and then i <[ < j and m; > m; > n;. Consequently, assuming
i < j, we have

< mj < v; <. (7.10)
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Theorem 7.5. Let o € &, (132) with k > 1. Then there exists a continuous functional ¥,

on C[0,1] such that n=“?/n (w13, LN Y,(e) as n — oo, furthermore, ¥;(e) > 0 a.s.
Moreover, this holds jointly for all o.

Proof. We say that an index i € [k] is black if eitheri=1 or g,_y > 0; (i.e,i—11is 0 or
a descent). Otherwise, i is white. Let B be the set of black indices, and W the set of white
indices. Thus |B| = D(¢) and |W| = |a| — D(o).

Observation. If i < j and j is a black index, so gj_; > ¢}, then o; > ¢}, since otherwise
oioj—10; would be an occurrence of 132 in o.

Let v - - - v, be a sequence with 1 < v; <--- < v, < n and let us investigate if «,, - - 7,,
is an occurrence of ¢ in n. For convenience, write o; = v,,, the vertex in T with label =,,.
We say that v;, or 7;, is black or white if i is.

We first consider v;, or equivalently 7;, for the black indices i. By the observation above,
if i and j are black indices with i < j, then g; > ¢; and thus we require m,, > m,;, which
by (7.10) is equivalent to #; £ 7;. The only condition for the black vertices o; is thus that
they are in increasing inorder and none is an ancestor of a previous one.

We then consider v; for the white indices, in order from left to right. For each white j the
conditions are as follows, by (7.10) and the observation above. Let U; := {i < j : g; < g}
and note that j — 1 € U; since j is white.

(1) Vi >V for i <]
(11) 17]' <7 forie Uj.
(i) o; £ v; for i e [j — 1]\ U;.
(iv) v; < v; and 7; £ 0; for every black i > j.

Furthermore, let b = b(j) be the largest black index in [j — 1].

The index b € U; so by (ii), U; < ¥, that is, T; is on the path from the root to .
Moreover, by (i), v; > v;, so U; comes after 7}, in the inorder; this means that the next
step from o; on the path to 7, is to the left. The number of such 7; (ignoring the other
conditions) is hy (7). For such o}, the condition (ii) that 7; < v; for i € U, is equivalent to
U; < D; Ay, and thus, if i < b, equivalent to

hp(vj) = hi(vj) < ho(0i ATy) = he([vi, vi]). (7.11)
If i > b, so 3; is also on the path to 7y, the condition is simply
he(vj) < he(vi). (7.12)
For i € [j — 1] \ U;, which implies i < b, (iii) conversely requires
hp(vi) = he([vi, vol). (7.13)

In (iv), for black i > j, the condition ; £ 7; is redundant, since we already know 7; < 7
and 7; £ 7 (both b and i are black). Since #; < 7, and v, < v, we also see that v; <
implies v; > o, AD;. (If B; < U, AT, then §, and ¥; are on the same side of ©;.) This means

hp(vi) = hp([ve, vil). (7.14)
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Conversely, (7.11)—(7.14) are also sufficient for (i)—(iv). (Note that (7.14) implies that
vj € TL(0p AT;) U {Bp AU} and T; € Tr(Tp AT;), and thus v; < v;. Similarly, (i) follows from
(7.11)—(7.13).)

Consequently, having chosen the black vertices, we have to choose v; for the white
indices j such that 7; is on the path from the root to 7y, with a left step next, and
(7.11)—(7.14) hold.

Let us count. We first choose the black vertices, one by one. There are (D:’G)) choices of
{vi :i € B}. Of these, the condition 7; £ 7; for i < j forbids only O(H) choices for each j
(where H = H(T) is the height), and thus O(n”®)~'H) choices of the black vertices. We
will simply ignore this restriction, introducing an error that will be negligible.

For each choice of black vertices, we then choose the white vertices 7;. By the conditions
above, there are at most H choices for each white 7;, and thus at most H!"! = H*D(0)
choices for {t; : i € W}. More precisely, this number is a polynomial ® = ®, of degree
k —D(c) in the numbers hy(v;) and hp([vi,v;]), i,j € B. We will not attempt to give an
exact description of this polynomial in general, but after the proof we give a few examples
that will illustrate the construction, and it should be clear that similar constructions hold

in general.
Let B = {by,...,bp}, where D = D(5). We regard @ as a functional of the left profile
hr, and the black indices vp,,...,vp,, and obtain
ne(m) =Y O(hLivp....vb,) + 0P H - HP), (7.15)
\'hl<"'<vbD

where the error term comes from also including forbidden sets of black vertices.

We now use Lemma 7.3. By the Skorokhod representation theorem (see Remark 7.2),
we may assume that i (x) — 2'/2e(x) uniformly on [0,1] as n — co. In particular, this
implies that

—1/2

n~Y2maxhy (i) = sup hy(x) = O(1).

xe[0,1]

(The implicit constant is random but does not depend on n.) Similarly, by Lemma 7.1, we
may assume n~"/2H = n~'/? max; h(i) = O(1), that is, H = O(n'/?).

Letting @ be the leading terms in ®, which are homogeneous of degree |W| =k — D,
and letting ® be the corresponding functional for functions on [0,1], we then obtain from
(7.15)

16 (T132,0)

= Y V(hivp....v,) + 0P HSPT) 4 0P HITEP)

Vb, <.“<th

= plk=D)/2 S @hzi/n,....ip/n) + OmPTH2)

0<ip<<ip<n—1

= n(k“))/z/ O(hy;x1,...,xp)dxy - dxp + O(nPH=1/2),
0<xy<<xp<l1
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For a function f on [0,1], we define

W, (f) = 2(k*D>/2/ ®(f;x1,...,xp)dx; -+ dxp, (7.16)
0<x1 <<xp<1
and thus, by the uniform convergence h, — 2'/2e, we have
n D 2 (m130,) = Wa(272hL) + o(1) — Wo(e). (7.17)
It is obvious that W (e) > 0 a.s. This completes the proof. U]

Example 7.6. ¢ = 12, B = {1}. For every choice of the black vy, there are h.(v;) choices of
the white v,. Hence (7.15) is simply n,(n) = Y . _; hp(v) and ®(hr;v) = hy(v). Consequently
®(f;x) = f(x) and (7.16) yields

1
A = Xo(T) = Pia(e) = 2 /0 e(x) dx. (1.18)

As mentioned in Section 2, this is, except for the factor \/Z the well-known Brownian
excursion area.

Example 7.7. ¢ = 123, B = {1}. Both #, and 75 are on the path to 7;, both with the next
step left, and with 3 < 7,. There are (hL(z"l)) choices of them for each v;. Hence,

st = xin(m) = 3 (M), (1.19)

v=1

which leads to ®(f;x) = 1f(x)> and
1
A2z = Pios(e) = / e(x)* dx. (7.20)
0

The joint distribution of the random variables fol e (see Example 7.6) and fol ¢’ has been
studied by Nguyen The [36], who found a recursion for mixed moments equivalent to
Theorem 6.2(i). He also found the Laplace transform

3/2
sinh(+/2t)

which shows that Aj»3 has the distribution denoted S3/, in Biane, Pitman and Yor [5]; see

in particular [5, Section 4.4] (and recall that e can be seen as a three-dimensional Bessel

bridge). Equivalently, A{,3 has the moment generating function

3 3/2 5
| e — ( Ve ) . Ret< ™. (7.21)
sin(~/2t) 2

Example 7.8. More generally, for 6 =1---k, and any k > 1,

nea(m) = Xpa(T) = Y (ZL_(VD (7.22)

v=1

http://journals.cambridge.org Downloaded: 19 May 2016 IP address: 130.238.58.123



http://journals.cambridge.org

24 S. Janson

and

H(k=1)/2  r1 o
Almk = \lek(e) = m/o e(.x) dx. (723)
Thus, if Z; = fol e(x)¥, the average of the kth power of the Brownian excursion, then
Atk = cxZr— with ¢x = 2%=D/2/(k — 1)!. The random variables Z; have been studied by
Richard [38]; in particular, [38] gives a recursion formula for the mixed moments, which
is equivalent to our recursion implicit in the proof of Lemma 6.1 for this case.

Note that, by Holder’s inequality, Z, > Z{ for every k. Hence, by the known asymptotics
for moments of the Brownian excursion area Z; (see e.g. [24]), as r — o0,

kr/2
EZ] >EZM ~ 3ﬁkr(1k2r> . (7.24)
e

More precisely, it follows from [19, Theorem 2.1] (applied to Zk1 / k) that for every fixed
k>1,asr — oo,

EZHY" ~ zrk/2, (7.25)

where z;, > 0 is a constant given by

k)2
5= (’;) max{ /0 F(0F £ £(0) = £(1) = 0 and /O 1<f’(>c>>2<1}.

(We have z; = 1/\/@ and z, = 2/(en?); we do not know z; for k > 2.)

It follows from (7.24)~(7.25) that the moment generating function Ee'%* of Z; is an
entire function for k = 1 (see further [24]), but has a finite radius of convergence for k = 2
and diverges for all t > 0 when k > 3. (The claim in [38, Theorem 1.2] that Zy,...,Zy
have an entire moment generating function is thus incorrect. For Z; this is also seen by
the explicit formula (7.21).)

Moreover, the Carleman condition (in its weaker form for non-negative random
variables: see e.g. [21, Section 4.10])

Z(]E Z[T)_l/zm = o0
m

holds by (7.25) for k < 4 but not for k > 5. Although the Carleman condition is only
sufficient for a distribution to be determined by its moments, this strongly suggests that
the distribution of Zj, and thus A;_y+1), is not determined by its moments if k is large
enough.

Example 7.9. ¢ =213, B = {1,2}. Given 7; and 7, the white vertex 73 has to be on the
path to 7y AT,. There are hy (t; AD2) = hr([v1,v2]) choices, and thus

mu3(m) = Xoi3(T) = Y _ he([vi,v2]) + O(nH?), (7.26)
vi<vy
which leads to
Aot = Pars(e) = 42 / / e([x,y]) dx dy. (7.27)
0<x<y<l1
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Example 7.10. ¢ =231, B ={1,3}. Given 7; and 73, the white vertex 7, has to be on the
path to #; but not to 73. There are hy(7;) — hp(5; AT3) — 1 choices, and thus

nyi(n) = Xo31(T) = > (hi(B1) — hi([vi, v3]) — 1) + O(nH?), (7.28)

v <vy

which leads to

Avsi = Wasi(€) = 2 / /0 (e —e(lxaD)dxdy, (7.29)
<x<y<

Example 7.11. ¢ = 312, B = {1,2}. Given 7; and 7, the white vertex 73 has to be on the
path to 7, but not to 7;. Thus

n3(n) = X312(T) = Z (hp(2) — hi([vi,v2]) — 1) + O(nH?), (7.30)

vi<vy

which leads to

Astz = Waa(e) = 2 / /0 (e —e(lnaDydxdy, (7.31)
<x<y<

Note that the equality in distribution Aj3; 4 Aspp here is immediate by (7.29), (7.31) and
the symmetry e(x) 4 e(1 — x) of the Brownian excursion. However, we see also that Ajs;
and Ajp, differ as random variables, which means that the joint distribution of ny3; and
ns1p does not have degenerate (one-dimensional) asymptotic distribution; c¢f. the second
moments in (6.7).

Furthermore, note that the identity (2.14) can also be seen from (7.18), (7.27), (7.29),
(7.31).

Remark 7.12. Janson [23] studied some functionals of random trees and found as limits
in distribution three functionals of Brownian excursion, there denoted &, n, {. Here & is
simply twice the Brownian excursion area, so by (7.18), £ = \/§A12. Furthermore, # is four
times the integral in (7.27), and thus n = 23/2A5 3. Finally, { = & —n = 22(Aa31 + Azp),
by (2.14) or by comparing the formula in [23] to (7.29) and (7.31).

Example 7.13. ¢ = k---1. This is the trivial case when all vertices are black, so ® =1 is
constant. Thus also ® = 1 and (7.16) yields W.., = 1/k!, in accordance with Theorem 2.1
and Remark 2.4.

Although the expressions become increasingly more complicated, it is clear that they
are of the same nature for every ¢. In particular, except for the case ¢ =k---1 (see
Example 7.13), ¥, (e) is non-degenerate, that is, not a.s. constant.
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8. Proof of Theorem 2.1

Theorem 7.5 shows the existence of limits A, = ¥,(e) such that (2.3) holds, jointly for
all ¢ € 6.(132). Furthermore, A, > 0 a.s. and A, is non-degenerate except in the case
c=k---1.

On the other hand, Lemmas 6.1 and 5.4 show that for any ¢, ..., ¢,

— (V)
n 2, He™)/2 E(na.(l) © o RgM) (71132’,,)) e Ag(l)wg(m (8.1)

for some constant A, 0 < oo. As is well known, convergence of all moments implies
that all products ng « - ngon(mi32,) are uniformly integrable, and thus the limits of the
moments are the moments of the limits A, [21, Theorems 5.4.2 and 5.5.9].

Remark 8.1. Note that we cannot use (8.1) to show the existence of limits A, in (2.3),
since we cannot show that the limit distributions are determined by their moments; on
the contrary, we believe that in general they are not: see Example 7.8. This is one reason
for using two different methods in the proof above, one for the existence of limits in
distribution and another for the limits of moments.

9. Further comments
As mentioned in Remark 2.3, Bona [10] has shown that for every n and any ¢ € &,(132),

Enj(mi320) < Eng(m132,) < Engeq(m132,0)- 9.1)

Here we use the recursion Lemma 3.2 to show a more general result.
Define a partial order on each G;(132) by

0<d <= {(i,j):i<jand g;>0;} < {(i,j) :i<jand g; > 7}

Theorem 9.1. If || =|0'| and o < o', then Engy(ni320) < Eng (m132,) for every n > 1.

Note that 1---k is minimal and k - - - 1 is maximal in the partial order <, so (9.1) follows
immediately.

Proof. We use induction on n. The case n = 1 is trivial.

Condition on the value of the maximal index 7 in 7 = m33,. Given /, n;, and ng
are independent uniformly random elements of &,_1(132) and &,_,(132) respectively.
Furthermore, ¢ < ¢’ implies that gy - g4 < 0} -+~ a; and o441 op < a(’Hl -+ g, for every
q € [k], and also A, = A,.

Using (3.1) for both ¢ and ¢’ and taking the conditional expectations, it follows, by
this and the induction hypothesis, that

E(ns(m132,) | £) < Eng (m130) | £) 9.2)

for every value of / € [n]. Taking the expectation, we obtain En,(m132,) < Engy(m132,),
completing the induction step. L]
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Rudolph [40] has a general result, and a conjecture, for the related problem of when
there is equality E ny(%132,) = E ng(m132,) for all n. It seems possible that Lemma 3.2 can
be used to prove, and perhaps improve, her results too, but we have not attempted this.
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