ASYMPTOTIC NORMALITY IN CRUMP-MODE-JAGERS
PROCESSES: THE LATTICE CASE

SVANTE JANSON

ABSTRACT. Consider a supercritical Crump—Mode—Jagers process such
that all births are at integer times (the lattice case). We show that under
a certain condition on the intensity of the offspring process, the second-
order fluctuations of the age distribution are asymptotically normal;
the condition is essential and not just a technicality. This extends to
populations counted by a random characteristic.

1. INTRODUCTION

Consider a Crump—Mode—Jagers branching process, starting with a single
individual born at time 0, where an individual has N < oo children born
at the times when the parent has age & < & < .... Here N and (§;); are
random, and different individuals have independent copies of these random
variables. Technically, it is convenient to regard {&}} as a point process
E on [0,00), and give each individual z an independent copy E; of =. For
further details, see e.g. Jagers [5].

We consider the supercritical case, when the population grows to infin-
ity (at least with positive probability). As is well-known, under weak as-
sumptions, the population grows exponentially, like e®* for some constant
a > 0 known as the Malthusian parameter, see e.g. [5, Theorems (6.3.3) and
(6.8.1)]; in particular, the population size properly normalized converges
to some positive random variable, and the age distribution stabilizes. Our
purpose is to study the second-order fluctuations of the age distribution, or
more generally, of the population counted with a random characteristic.

We consider in this paper the lattice case; we thus assume that the &; are
integer-valued and thus all births occur at integer times a.s., but there is no
d > 1 such that all birth times a.s. are divisible by d.

Our setting can, for example, be considered as a model for the (female)
population of some animal that is fertile several years and gets one or several
children once every year, with the numbers of children different years random
and dependent.
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Our main result (Theorem 2.1) shows that under the condition (A7) be-
low on the intensity measure E = of the offspring process, fluctuations are
asymptotically normal, and with only a short-range dependence between
different times. In a companion paper [8], we show that if (A7) does not
hold, then the fluctuations behave differently.

Similar results are proved for multi-type Markov branching processes by
Asmussen and Hering [1, Section VIIL.3]. Their setting includes the single-
type non-Markov case studied here, by taking the type of an individual to
be its entire life history until present. However, the assumptions of [1] will
in general not be satisfied by our processes.

Remark 1.1. Our setup includes the Galton—Watson case, where all births
occur when the mother has age 1 (Example 2.3), but this case is much
simpler than the general case and can be treated by simpler methods; see
Jagers [5, Section 2.10], where results closely related to the ones below are
given.

2. ASSUMPTIONS AND MAIN RESULT

Let p := E = be the intensity measure of the offspring process; thus p :=
Z;O:o 10, where uy is the expected number of children that an individual
bears at age k (and 0y is the Dirac delta, i.e., a point mass at k). Let
Ny, := E{k} be the number of children born to an individual at age k. Thus
N =372, N and p, = E Ny

We make the following standing assumptions, valid throughout the paper.
The first assumption (supercriticality) is essential; otherwise there is no as-
ymptotic behaviour to analyse. The assumptions (A2)—(A4) are simplifying
and convenient but presumably not essential. ((A4) can be eliminated by
using Theorem 6.1 to count only the living.)

(A1) The process is supercritical, i.e., p([0,00]) = > 22 i =EN > 1.

(A2) No children are born instantaneously, i.e., o = 0.

(A3) N > 1 ass. Thus the process a.s. survives.

(A4) There are no deaths.

Define, for all complex z such that either z > 0 or the sums or expectations
below converge absolutely,

o0 o0 N
fi(z) =Y ke =) E[N]F =E) 2" (2.1)
k=0 k=0 =1

and the complex-valued random variable

o N )
(z) = / FdE(x) =) M=) N (2.2)
0 i=1 k=0

Thus fi(z) = EZ(2).
We make two other standing assumptions:
(A5) fi(m~!') =1 for some m > 1.

[11)



ASYMPTOTIC NORMALITY IN CRUMP-MODE-JAGERS PROCESSES 3

Thus « := log m satisfies > 5 | ure " = fi(e™®) = 1, so « is the Malthu-
sian parameter, and the population grows roughly with a factor e = m for
each generation.

(A6) E[E(r)?] < oo for some r > m~1/2,

We fix in the sequel some r > m~1/? satisfying (A6). We assume for
convenience r < 1. Note that (A6) implies

fi(r) =EE(r) < oo. (2.3)
Hence fi(z) and Z(z) are defined, and analytic, at least for |z| < r. Since
7i(z) is a strictly increasing function on [0,00), m~! in (A5) is the unique
positive root of i(z) = 1. However, i(z) = 1 may have other complex roots.
The crucial condition in the present paper is:

(A7) Ji(z) # 1 for every complex z # m ™" with |z| < m~/2,

Let Z,, be the total number of individuals at time n. We define Z,, for
all integers n by letting Z, := 0 for n < 0. By assumption, Zy = 1. It is
well-known that the number of individuals Z,, grows asymptotically like m”

as n — 0o. For example, see e.g. [5, Theorem (6.3.3)] (and remember that
we here consider the lattice case),

EZ, ~ cim”, as n — o9, (2.4)

~

—_
—

—

with some ¢; > 0. Moreover, since (A6) implies E[Z(m™1)?] < oo,
Zn/m" 2% Z, as n — oo, (2.5)

for some random variable Z > 0, see e.g. Nerman [9]. In particular, it follows
that for any fixed k > 1

Zn—e)Zn 2= m™F, (2.6)

The number of individuals of age > k at time n is Z,,_. For large n, we
expect this to be roughly m™*Z,, see (2.6), and to study the fluctuations,
we define

Xk = Zpx —m FZ,, k=0,1,... (2.7)
Note that X, o = 0. Our main result (Theorem 2.1) yields asymptotic nor-
mality of X, ;, when (A7) holds; this is extended to random characteristics
in Theorem 6.1. For the case when (A7) does not hold, the asymptotic
behaviour is different, see [8].

By the assumption (A6) and (2.2), EN? < oo for every k > 1. Define,
for j,k > 1,

oji = Cov(Nj, Ni) (2.8)

and, at least for |z| < r,

NOEDIIEE Cov(Z NiZ', Y szj) —E|Z() - (=) (2.9)
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Let, for R > 0, f% be the Hilbert space of infinite vectors
o
Gri= {0 I@)F I =Y B*an? < 0of.  (210)
k=0

Then the following holds. The proof is given in Section 5.
Theorem 2.1. Assume (A1)—(AT7). Then, as n — oo,

d
X/ NV Zn — (2.11)
jointly for all k > 0, for some jointly normal random variables (j, with mean
(r = 0 and covariance matrixz given by, for any finite sequence aq, . ..,ax of
real numbers,
Var (Z aka) =
k
2
-1 apz® — apm™F d
== 2 DL 5o Z_|1/2. (2.12)
m o Ja=m-2 (1= 21— [(2)] 2Tm

The convergence (2.11) holds also in the stronger sense that (Z;1/2Xn7k)k N

(k) in the Hilbert space EZR, for any R < mY?. The limit variables (. are
non-degenerate unless = s deterministic, i.e., Ny = puy a.s. for each k > 0.

Recall that joint convergence of an infinite number of variables means
joint convergence of any finite set. (This is convergence in the product
space R*, see [2].) Note that trivially (o = 0 (included for completeness).

Remark 2.2. We consider above X, ;. for k > 0, i.e., the age distribution
of the population at time n. We can define X, ; by (2.7) also for k& < 0;
this means looking into the future and can be interpreted as predicting the
future population. As shown in [8], Theorem 2.1 implies its own extension:
(2.11)—(2.12) hold for all k£ € Z (still jointly). This enables us, for example,
to obtain (by standard linear algebra) the best linear predictor of Z,,;1 based
on the observed Z,, ..., Z,_k for any fixed K.

Example 2.3 (Galton—Watson). The simplest example is a Galton—Watson
process, where all children are born in a single litter at age 1 of the parent,
so N = 0 for £ > 2. (But all individuals live for ever in our setting. In
the traditional setting, only the newborns are counted, i.e., Z,, — Z,,_1; the
results are easily transferred to this version.) Then N = Nj, m = u; and
fi(z) = mz. Hence Assumption (A7) holds. We assume EN? < oo; then
(A6) holds for any r; we also assume N > 1 a.s. and P(N > 1) > 0; then
(A1)—(A7) hold.

Thus Theorem 2.1 applies. The integral in (2.12) can easily be evaluated,
and we obtain, for example, Var((l) = Uflm_3. This can, of course, be
shown in a much simpler and more straightforward way; see [5, Theorem
(2.10.1)], which is essentially equivalent to our Theorem 2.1 in the Galton—
Watson case (without assuming (A3)).
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Example 2.4. Suppose that all children are born when the mother has age
one or two, i.e., Ny = 0 for k > 2. Then 7i(z) = p12z + pu22%, where by
assumption g1 + po > 1 and gy > 0. (A5) yields m? = pym + po, and thus

2
— vg1+4ﬂ2. (2.13)

The equation ji(z) = 1 has one other root, viz. v; with

1 _ i+ 4pg —
71 - 9 N

The condition (A7) is thus equivalent to |y| > m~2, or v72 < m, which
after some elementary algebra is equivalent to, for example,

(2.14)

2

u$ + 3uyug + ug — ui > 0. (2.15)
Thus, Theorem 2.1 applies when (2.15) holds. See further [8].

2.1. More notation. For a random variable X in a Banach space B, we
define || X||2(5) = (E | X11%)"/2, when B =R or C abbreviated to || X||2.

For infinite vectors ¥ = ()52, and § = (y;)72¢, let (7, %) :== 2272, 55,
assuming that the sum converges absolutely.

C denotes different constants that may depend on the distribution of the
branching process (i.e., on the distribution of N and (&;)), but not on n and
similar parameters; the constant may change from one occurrence to the
next.

All unspecified limits are as n — oo.

3. PRELIMINARIES

Let
By o= Zn — Zn_1 (3.1)
be the number of individuals born at time n (with By = Zy). Thus,
n
Zy=Zn1+By=Y B;, n>0. (3.2)
=0

Let By, i, be the number of individuals born at time n 4 k by parents that
are themselves born at time n, and thus are of age k. Thus, recalling (A2),

n
B, = ZB,H,,C, n>1. (3.3)
k=1

Let F,, be the o-field generated by the life histories of all individuals born
up to time n. (With F_; trivial.) Then B, ) is Fp-measurable, and B, is
Fn—1-measurable by (3.3). Furthermore,

E(Bug | Fo-1) = peBn, 1> 0. (3.4)
For k > 1, let
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(Thus W, = 0 if n < 0.) Then W, j, is F,-measurable with

E(Wyk | Fuo1) = 0. (3.6)
Let further
n [e'¢)
W, =B, — Z ,Uanfk =B, — Z :U'an*k' (37)
k=1 k=1

Thus Wy = By = Zp, and for n > 1, by (3.7), (3.3) and (3.5),

W= Wn gk (3.8)
k=1
Lemma 3.1. Assume (A1)—(A6). Then, for alln > 1 and k > [ng] <

Cr=%m" and E[W?2] < Cm".

Proof. Recall that Nj is the number of children born at age k£ of an in-
dividual, and that ENy = pug. Furthermore, by (2.2), Z(r) > Nir* and
thus

Var Ny, < ENZ <1 *E[E(r)?] = Cr 2%, (3.9)

<
Let n > 0 and k > 1. Given F,,_1, B, is the sum of B,, independent
copies of Ny, and thus, see (3.5), (3.4) and (3.9),

E(W2,, | Fa1) = By Var(Ny,) < Cr =2 B,,. (3.10)
Taking the expectation and using (2.4) we find
EW?, < Cr *EB, < Cr *E Z, < Cr *m", (3.11)

as asserted. Consequently ||W,, x|l2 < Cr~*m™/% and, by (3.8) and Minkowski’s
inequality, using rm/2 > 1,

Wallz <D 1Wackgllz < Cm™2 Y (rm!/2)7F < Cm/2, (3.12)
k=1 k=1

O

Forn >0 and k > 1, by (2.7),

Xn+1,k =Zny1—k — mian—&—l = Xn,k—l + mlian - mian—&—l
= Xpp1+m *(mZ, — Zny1). (3.13)

Furthermore, by (3.1) and (2.7), we have, for k > 0

But=Znt—Znt1=Xnk— Xpgr1+(m—1)m* 12, (3.14)
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By (3.2), (3.7) and (3.14), recalling that X,, 0 =0 by (2.7) and fi(m™1) =1
by (A5), for n > 0,

mZn - Zn+1 = (m - 1)Zn - Bn+1 = (m - 1)Zn - Zﬂan—l—l—k - Wn+1
k=1

o0
=(m =120 =Y k(X1 — Xng + (m = 1)m ¥ 2Z,) = Wi
k=1

= (m - 1)Zn - Zﬂk (Xn,k:fl - Xn,k:) - (m - 1)ﬁ(m71)Zn - Wn+1
k=1

(o)
= > (Xnk = Xngo1) = Wapr. (8.15)
k=1
Consequently, (3.13) yields, for n > 0 and k£ > 1,

Xos1p = Xng1+m* (Z toe (X — Xng—1) — Wn+1)- (3.16)
=1

We write this in vector form. Let X,, := (X k)32 Furthermore, let

—

7= (0,m '\ m2 )= (m " 1{k>0})" (3.17)
and let

U((ye)5) == D ik — vr—1), (3.18)
k=1

for vectors (yi)§° such that the sum converges; finally, let S be the shift
operator S((yx)3°) = (yr—1)§° with y_; := 0.
Then (3.16) can be written, again recalling X, o =0,

X1 = S(X,) + (U(X,,) = Wiir)T = T(X,,) — Wi, (3.19)
where T is the linear operator
() = S() + W(H)7. (3.20)
The recursion (3.19) leads to the following formula.

Lemma 3.2. For everyn > 0,
n
Xn ==Y WukTH7). (3.21)
k=0

Proof. For the initial value X;, we have by (2.7) Xop = —m~*Z for k >
1, and thus by (3.17) Xo = —Zot = —Wpt, recalling that Wy = By =
Zy. This verifies (3.21) for n = 0. The general case follows by (3.19) and
induction. (|
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We shall consider T defined in (3.20) as an operator on the complex
Hilbert space (% defined in (2.10) for a suitable R > 0. Recall that the
spectrum o(T) of a linear operator in a complex Hilbert (or Banach) space
is the set of complex numbers A such that A — T is not invertible; see e.g.

[3, Section VIL.3].

Lemma 3.3. Suppose that 1 < R < m and that i( R~1) < co. Then ¥ € 6%3,
U is a bounded linear functional on K%% and T is a bounded linear operator
on (%. Furthermore, if X\ € C with |\| > R, then X\ € o(T) if and only if
A#m and (A7) = 1.

Proof. We have, by (3.17) and (2.10),
2 2%, —2k
19117, = ;R m~2* < o0, (3.22)

because R < m. Next, it is clear from (2.10) that the shift operator S is
bounded on ¢% (with norm R). Furthermore, by (2.1) and assumption,

ZR k2 <A(R™Y)? < o0 (3.23)

and it follows by the Cauchy—Schwarz inequality that ¥4 ((ak)go) =) ey Mk
defines a bounded linear functional ¥y on f%. Since ¥ can be written
U =T, — U5, ¥ too is bounded. It now follows from (3.20) that 7' is
a bounded linear operator on E%.

For the final statement we note that the mapping (ax)§® — > ro arz®
is an isometry of E%{ onto the Hardy space Hj%2 consisting of all analytic
functions f(z) in the disc {z : |z| < R} such that

1 2m )
1 = sup o [ 17 (re) P < oc. (3:24)

(See e.g. [4].) In particular, ¥ corresponds to the function

Zm om =z (3.25)

1—z/m m—z

We use the same notations \IJ, S and T for the corresponding linear functional
and operators on H}%, and note that the shift operator S on E% corresponds
to the multiplication operator Sf(z) = zf(z) on Hz. The definition (3.20)
thus translates to

Tf(z) =zf(z)+¥(f)v(z). (3.26)
Consequently, for any h € H%, the equation (A —T')f = h is equivalent to
(A= 2)f(z) = ¥(f)v(z) = h(2). (3.27)
Any solution to (3.27) has to be of the form
_v(z) | h(z)
f(z)—c)\_z+)\_z, (3.28)
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where . h)
v(z z
c=w(f) =cu(7 ) +u(2). (3.29)
Suppose |A| > R; then 1/(A—z) is a bounded analytic function on the domain
{|z] < R}, so it follows from (3.24) and v,h € H that v(z)/(\ — z) € H},
and h(z)/(A — z) € Hj. If U(v(2)/(A—2)) # 1, then (3.29) has a unique
solution ¢ for any h € Hﬁ, and thus (3.27) has a unique solution f € H}%,
given by (3.28). In other words, then A — 7' is invertible on H% and \ ¢
o(T). (Continuity of (A —T)~! is automatic, by the closed graph theorem.)
Conversely, if U(v(z)/(X — z)) = 1, then (3.27) has either no solution or
infinitely many solutions f for any given h € H%, and thus A € o(T).
We have shown that for |A| > R,

Neo(T) < q/(;(_z)z) = 1. (3.30)

We analyse the condition in (3.30) further. If |[A\| > R and A\ # m, then,
by (3.25),

;(_Z)Z:()‘_z)z(m—z):ml—)\()\iz_mniz)' (3.31)

Furthermore, \/(A — 2) = Y 3oy A™*2* and thus by (3.18) and (2.1),

‘I'(A i z) - ;;kak(l N = (1= Na(). (3.32)

Hence, (3.31) yields, recalling 7i(m~1) = 1 by (A5),

— (1= VA — (= m)(m )
_ %((1 — NANTY +m - 1). (3.33)

m —

Consequently, for |A\| > R with A # m, by (3.30) and (3.33),

Neo(T) <= \IJ(M> =1

A—z
= 1-NaA H+m—-1=m—\
= 1-NaAH=1-\
= oA\ hH =1 (3.34)

In the special case A = m, we find by continuity, letting A\ — m in (3.33),

() - (1) = (- v

m—z A—
=a(m™) = (m—=)m™? @ (m™") <A(m™) =1 (3.35)
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since /(z) > 0 for z > 0. Hence m ¢ o(T). O

Remark 3.4. It is easily seen that A € o(T") for every A with |A\| < R, e.g.
by taking h = v in (3.27)-(3.28) and noting that v(z)/(\ — z) ¢ Hz. Thus
we have a complete description of the spectrum o(7') on 5%.

Lemma 3.5. Suppose that 1 < R < m and that i(R™') < co. Suppose
furthermore that 1i(z) # 1 for every compler z # m~! with |z| < R™!.
Then, for every Ry > R, there exists C = C(Ry) such that

1T, < CRY,  n20. (3.36)

Proof. By Lemma 3.3, T is a bounded linear operator on ¢4 and if A € o(T’)
with [A] > R, then i(A™!) = 1 and A~! # m~!. By assumption, there is
no such A, and thus o(7) C {\ : |A] < R}. (Actually, equality holds by
Remark 3.4.) In other words, the spectral radius

r(T):= sup |A <R. (3.37)

Xeo(T)

By the spectral radius formula [3, Lemma VIL3.4], 7(T) = lim,, oo ||T7]|"/"
and thus (3.37) implies that, for any Ry > R, ||T"||'/" < Ry for large n,
which yields (3.36). O

4. A FIRST NORMAL CONVERGENCE RESULT

Let 77 :== (10, M1, 12, - . . ), where (1)§° are jointly normal random variables
with means En, = 0 and covariances

COV(?]j,nk) = O'jk = COV(N]‘, Nk), (4.1)

see (2.8). Note that ny = 0 since Ny = 0.
Lemma 4.1. Assume (A1)~(A6), and let ij*) = (n](k))z?io, k=1,2,..., be
independent copies of the random wvector n. Then, as n — 0o,

Z7 Wy = (1= 1/m)Y 22y, (4.2)
jointly for all (4,k) with j > 0 and k > 0.

Proof. Consider first a fixed & > 0. Given B,_j, the vector En_k =
(Bn—k,j)?io is the sum of B,_j independent copies of the random vector

N, and by (3.5), the vector Wy_p = (Wn—k,j)j.io is the sum of B,_j in-

dependent copies of the centered random vector N —EN. By (3.1) and

(2.6),
Bn anl a.s. —1
— =1- 51— > 0. 4.3
7 Z m (4.3)
In particular, B, — oo a.s., and thus B,,_; — oco. Consequently, by the
central limit theorem for i.i.d. finite-dimensional vector-valued random vari-

ables, and the definition of 7;,

Y d.d (k
B W, g -5y & 77]( ) (4.4)
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jointly for any finite set of j > 0.
Moreover, by (4.3) and (2.6),

B/ Zn 25 (1 —1/m)m™*, (4.5)

and thus (4.2) for a fixed k follows from (4.3) and (4.4).

To extend this to several k, the problem is that W,,_j, ; for different k are,
in general, dependent. (For example, conditioned on Z, 1 and By, 1, Wy,_11
determines B,,_1,1 which contributes to B, and thus influences W, ;.) We
therefore approximate W,,_ ; as follows.

We may assume that for each k, we have an infinite sequence (]\7 (k9,1 of
independent copies of N , such that W,,_, is the sum Zf:"l_k N®D of the first
B,,_i. vectors; furthermore, these sequences for different k are independent.

Fix J, K > 1 and consider only j < J and k£ < K. Let, for 0 < k < K,

B_i = |m* "B, k| (4.6)
and let
En—k )
Wk = Y N, (4.7)
=1

Then by the central limit theorem, exactly as for (4.4),

B, Wiy 5, (4.8)

jointly for all 7 < J and k < K; note that now, if we condition on B,,_f,
the left-hand sides for different & are independent. Furthermore, by (4.3)

and (2.6), By_/Bn_i ~ 1 for every k. Hence (4.8) yields, jointly,

B Wiy —5 . (4.9)

Moreover, using (4.7),

E((Wotj — W) | Buts Bn-t) = |Bn — Bp_y| VarN;  (4.10)
and, consequently, for every fixed 7 > 0, £k > 0 and € > 0,
IP)(|Wn—l<:,j_I/Vn—k,j| > 53711/,2k | Bn—kzaén—k) < ‘1_§n—k/Bn—k‘0'jj5_2 ﬁ) 0.

Taking the expectation, we obtain by dominated convergence that for every

7 and k, ]P’(\Wn,m — Wik j| > 53711/—214;) — 0 for every € > 0, and thus

B MWy — B MEW, s 25 0. (4.11)
Combining (4.9) and (4.11) yields
- d. (k
B Wiy 5 0, (4.12)

still jointly for all j < J and k < K. The result follows by this and (4.5),
since J and K are arbitrary. O
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5. PROOF oF THEOREM 2.1

In this section we assume (A1)—(A7). Note that (2.3) implies that fi(2)
is analytic in the disc D, := {|z| < r}, and thus the points z there with
fi(z) = 1 form a discrete set. By (A7), they all satisfy |z| > m~/? except
the root z = m™!. Hence we may decrease 7 so that the disc D, contains
no roots of fi(z) = 1 except m~', and still » > m~/2. Thus, assuming
(A1)-(A6), and with R := 1/r, (A7) is equivalent to

(A7) There exists R with 1 < R < m'/? such that f#(R~!) < oo and,
furthermore, 7i(z) # 1 for every complex z # m~! with |z| < R™%.

We fix an R such that (A7) holds, and (A6) holds with » = 1/R. Note that

R may be chosen arbitrarily close to m!'/2. Furthermore, we fix R; with

R < Ry < m'2. Then (A7) and Lemma 3.5 show that (3.36) holds, i.e.,

1T . = O(RY)-
Lemma 5.1. Assume (A1)-(A7). If R < m'/?, then
B[ Xl < Cm" (5.1)

and thus
EX] ), < CR*m" (5.2)
for allm, k > 0.

Proof. By (3.21), Lemma 3.1, (3.36) and Minkowski’s inequality,

1Xall 22y < S IWaskllr2 [ TH@) e, < €Y m™—H/2R}
k=0

k=0
= Cm"?Y (Ry/m'?)F = cm™/2, (5.3)
k=0
This yields (5.1), and (5.2) follows by (2.10). O
Define for convenience W, ; also for n < 0 by W_q 1 := Wy and W, ; =0
forn < —1and j > 1 with (n,j) # (—1,1). Then (3.8) holds also for n <0,
provided the sum is extended to oo, and (3.21) can be written
(o olNe o)
Xo==> ) WuyjT*(®). (5.4)
k=0 j=1
For each finite M define also the truncated sum
M M
Xn,M == Z Z Wn—k—jJTk(ﬁ)‘ (55)

k=0 j=1
Lemma 4.1 implies that for any fixed M, as n — oo,

M M
2 2% 0 5 =303 (1 m ) 2 2Dk (5.6)
k=0 j=1
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in ¢%. Furthermore, by (5.4)—(5.5), Minkowski’s inequality, Lemma 3.1 and

(3.36), regarding X,, and Xn M as elements of LQ(E%), the space of E%—valued
random variables with square integrable norm,

1Xn = Xonllzzzy < D IWakjsl 2T @) e,
k>M or j>M
<Cc S pimoked/2gk
k>M or j>M
=Ccm™? " (R/m!?Y(Ry/m' ) (5.7)
k>M or j>M

Since the sum on the right-hand side of (5.7) converges, it tends to 0 as M —
o0, and thus m~"/2 (Xn — XnM) — 0 in L2(€2R), and thus in probability,
uniformly in n. Since Z,/m" %% Z > 0, see (2.5), sup,, m"/Z, is an a.s.
finite random variable; hence also

272K~ Koar) = () P (R - Boat) B0 G8)
n

as M — oo, uniformly in n.
Moreover, the right-hand side of (5.6) converges as M — oo in L?({%),
and thus in distribution, since by (3.9)

E[(n{")?] = Var N; < Cr~% = CRY, (5.9)
and thus, using also (3.36),

00 00 B ) et k =
S m EED 2 DTG e sz D20 | T4 ()

k=0 j=1 k=0 j=1
< CZ Zm_(k+j)/2Rlef < 00.
k=0 j=1
(5.10)
It follows, see [2, Theorem 4.2], that (5.6) extends to M = oo, i.e.,
/2 (k+3) ke (=
1/2X ZZ 1/2 (k+])/277](' J)Tk:(,u) (5.11)

k=0 j=1

in Z% as n — o0o. The right-hand side is obviously a Gaussian random vector

in ¢%, which we write as ¢ =(¢o,C1,-..). Then (5.11) yields (2.11).
It remains to calculate the covariances of (;. Let @ = (ag,a1,...) be a
(real) vector with only finitely many non-zero elements. Then, by (5.11),

N anGe = (@.0) = (1 —m HY2S" ST 2 k(7)) (5.12)
£=0 k=0 j=1

with the sum converging absolutely in L? by (5.10).
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By the definition of nj(.k) in (4.1) and Lemma 4.1,

“kj2, (k) /2 (O _ . (k+b)/2 o ke |dwl
Cov(mt/2nm~20) = m gy = | outats CE
(5.13)
Hence, (5.12) yields
(1 —m™") " Var((@,())

_ ki =\l = ki 0+ |dw|
- ZZZ<T (v), @) (T (U)va>7§ me1/2 G Wy T

k=0 £=0 i=1 j=1 |w
" Jdul
w
= o' ! w Tk ay| ————. 5.14
fo oSS Srtmal oy

Furthermore, if |w| = m~/2, then 72, Hwka(ﬁ)Hg% < oo by (3.36), and
thus

Zwka (1 —wT)~ (7). (5.15)

Let A := w™! so [\ = ml/2 > R. We use as in the proof of Lemma 3.3
the standard isometry (% — H#%, and let f(z) € H% be the function corre-
sponding to (1 — wT) (%) = A(A\ — T)~1(%). Thus, see (3.26)—(3.27),

(A =2)f(z) = ¥(f)o(z) = (A =T)[f(2) = dv(z) (5.16)
and thus, cf. (3.27)—(3.29),

v(z)

=} 5.17
f2) =2 (5.17)

for a constant b such that b = W(f) + \. This yields by (3.33)

b
b—A=V =—((1=X)puA™ —1 5.18
(H=—25 (- DA +m=1) (519
with the solution

Hence, using (3.31), for |z| < R,

u(z) A A m
e T VTR Te | el
_ A R AW
=@ va o =2 =
_ 1 > (w£ _m_é)zf' (520)
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Thus, (1—-wT)~Y(?) = (((w—1)(1—ﬁ(w)))_1(w€—m_£))g and, using (5.15),

Oowk F(7),d) = —wT)~ YD), d) = L OOawefm_Z
D AT = (10 T) ™00 = [y e )
(5.21)

Hence (2.12) follows from (5.14).

Finally, by (2.12), the variable (j is degenerate only if 3(z) = 0 for every
z with |z] = m~Y2, and thus, by (2.9), é(z) = 1i(z) a.s. for every such z,
which by (2.1)—(2.2) implies Ny = py a.s. for every k. O

6. RANDOM CHARACTERISTICS

A random characteristic is a random function x(¢) : [0,00) — R defined
on the same probability space as the prototype offspring process =; we as-
sume that each individual x has an independent copy (=, x) of (Z, x), and
interpret x,(t) as the characteristic of z at age t. We consider as above the
lattice case, and define, denoting the birth time of x by 7.,

ZX =" Xaln—Ta), (6.1)
T:Tr <N

the total characteristic of all individuals at time n. See further Jagers [5].
We assume:

(A8) There exists Ry < m'/? such that E[y(k)?] < CR3* for some C' < oo
and all k > 0.

We define

X = Ex(k), (6.2)
AX(z) = Z AR (6.3)

k=0
M= (1- m_l)AX (m_l) = Z(m_k — m_k_l))\?g, (6.4)

k=0

Kk = Cov(x(4), Nk). (6.5)

Note that (A8) implies
XX =Ex(k)| < CR5. (6.6)

Hence, the sum in (6.3) converges absolutely at least for |z| < m~1/2.
We extend Theorem 2.1 (which is the deterministic case x(k) = >, a;)-

Theorem 6.1. Assume (A1)—(A8). Then, as n — oo,

772 (72X = N} 2,) <L ¢x, (6.7)

n
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for some normal random variable (X with mean (X = 0 and variance

Var(¢X) = mT—l <Z m~* Var (x(k))
k=0

(1 — Z AX ] _k ’dz’
- jlam-l/z (= — 1)( Z Z s T—yF]

k=0 j=1

[(1—2)AX(z /\X| ;o lde]
+ﬁ:m—1/2 |172|2|17 Zngz 2rm—1/2"
(6.8)

Joint asymptotic normality for several characteristics, with a correspond-
ing formula for asymptotic covariances, follow by the proof, or by the Cramér—
Wold device.

Proof. We use results from Section 5, and assume as we may that R is chosen
with Ry < R < m!/2. We define

V5= (xe(B) = X) = Y xa(k) = XY B (6.9)

Then, (6.1) implies
ZX = (Vo T N Bak) = > (Vi p + A Buk) (6.10)
k=0 k=0
and, recalling (6.4), (3.1) and (2.7),
_ )\XZn - Z(an—kykz + )\Z( (Bn—k _ (m—k _ m_k_l)Zn))
k=0
= > (Vs + X (X — Xnis1))
k=0
- Z Vrz(—k,k; + <XTL7 AXX>7 (611)
k=0

where AXX is the vector (A — AY_ e (with XX, :=0).
Given B,,_g, V " kk is the sum of B,,_j independent copies of x(k) — )\g =
x(k) — Ex(k). Hence using (A8), (2.4) and B, < Zp_k,

E(ngk,k)z = E(E(Vriik,k)z | Bn—k) = Var(X(k)) E B,_ < Cm" *R2*
(6.12)
and, using (6.6) and Lemma 5.1,

E(\ (Xok — Xnjs1))” S CRF(EX2, +EX2,,,) < Cm"™(Ry/R)*
(6.13)
Since we assume Ry < R < m!/2, it follows by standard arguments that if
we replace x by the truncated characteristic x g (k) := x(k)1{k < K}, then
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the error Z;1/2 (Z,’f — NZ,, — (ZxE — \Xx Zn)) tends to 0 in probability as
K — oo, uniformly in n, and as a consequence, see [2, Theorem 4.2], it
suffices to prove Theorem 6.1 for the truncated characteristic x x. Hence we
may in the sequel assume (changing notation) that x(k) = 0 for £ > K, for
some K < oo. .

Let ¢ = (9,71, ...) be a random vector such that (¢, 7) is jointly normal
with mean 0 and covariances given by (4.1) and

Cov(9;,9;) = Cov(x(j), x(k)), (6.14)
Cov (¥, m) = kjk := Cov(x(4), Ni)- (6.15)

Let (5(’“),77(’“)) be independent copies of (5, 7).
The proof of Lemma 4.1 extends to show that (4.2) holds jointly with

2RV = (= m ) P g > 0, (6.16)

Hence, by the proof in Section 5, (5.11) holds jointly with (6.16) for all .
Consequently, by (6.11) (where we only have to sum for k£ < K),

(1—m™) Pz 12 (2% — 7 )
o0
S k2 SO S 2y ) k) AR, (6.17)
k=0 k=0 j=1
Write the right-hand side as A; — A2, and note that A; and As are jointly
normal with means 0. It remains to calculate Var(A; — As).
Var(As) was calculated in Section 5, see (5.14) and (2.12), which yields
the last term in (6.8), using >, (AY — AX_;)2* = (1 — 2)AX(2) and (6.4).
Since the terms in the sum A; are independent,

Var(A;) Zm " Var (95, Zm FVar(x(k)). (6.18)
k=0

Finally, using (6.15) and (5.21),

Cov (A1, Az) sz B0 kg (T(0), AXX)

k=0 j=1
:;O; (TH(T), ANX) A:m—l/z k+]§%zéﬁ J%Ii»ill/z
= f @, A% i iu%ﬁl/
g e S
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The result (6.8) follows by combining (6.18), (6.19) and (2.12), recalling
(6.4). O
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comments.
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