THE HIRING PROBLEM WITH RANK-BASED
STRATEGIES

SVANTE JANSON

ABSTRACT. The hiring problem is studied for general strategies based
only on the relative ranking of the candidates; this includes some well
known strategies studied before such as hiring above the median. We
give general limit theorems for the number of hired candidates and some
other properties, extending previous results. The results exhibit a di-
chotomy between two classes of rank-based strategies: either the asymp-
totics of the process are determined by the early events, with a.s. con-
vergence of suitably normalized random variables, or there is a mixing
behaviour without long-term memory and with asymptotic normality.

1. INTRODUCTION

The hiring problem is a variant of the well-known secretary problem, in
which we want to hire many good applicants and not just the best. An
informal formulation is that a large number of candidates are examined (in-
terviewed) one by one; immediately after each interview we decide whether
to hire the candidate or not, based on the value of the candidate (which
is assumed to be revealed during the interview) and of the values of the
candidates seen earlier. This is thus an on-line type of decision problem.
The mathematical model assumes that the values of the candidates are i.i.d.
random variables, with some continuous distribution (which prevents ties).
See below and Section 3 for formal details.

There are two conflicting aims in the hiring problem: we want to hire
(rather) many candidates but we also want them to be good. Thus there
is no single goal in the hiring problem, and thus we cannot talk about an
optimal solution. Instead, the mathematical problem is to analyse properties
of various proposed strategies. The property that has been most studied
is the number of accepted candidates among the first n examined, here
denoted M,,. We will also study the inverse function N,,, the number of
candidates examined until m are accepted. Some other properties, such as
the distribution of the value of the accepted candidates, are discussed in
Sections 9-11.

The hiring problem seems to have been studied first by Preater [18], and
later (independently) by Broder et al [4], who also invented the name ‘hir-
ing problem’. Further papers studying the hiring problem under various
strategies are Krieger, Pollak and Samuel-Cahn [14, 15, 16], Archibald and
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Martinez [2], Gaither and Ward [6], Helmi and Panholzer [10, 11], Helmi,
Martinez and Panholzer [8, 9]; see [9] for a more detailed history.

There are two main groups of strategies. In the present paper we study
only rank-based strategies, i.e., strategies that depend only on the rank of the
candidate among the ones seen so far; in other words, on the relative order of
the values of the candidates. A typical example is ‘hiring above the median’,
see below; see also [14; 4; 2; 6; 10; 8; 11; 9]. In statistical terms, the values
of the candidates are regarded as on an ordinal scale. Thus, the distribution
of the value of a candidate does not matter, and can freely be chosen as
e.g. uniform (an obvious standard choice used by some previous authors)
or exponential (used in the analysis in the present paper). Furthermore,
for rank-based strategies, it is equivalent (for a fixed n) to assume that the
values of the first n candidates form a uniformly random permutation of
{1,...,n} [14; 2; 6; 10; 8; 11; 9].

The alternative is to use a strategy depending on the actual values; a typi-
cal example is ‘hiring above the mean’ [18; 4; 15; 16]. For such strategies, the
results depend on the given distribution of the value of a candidate; several
different distributions have been investigated in the papers just mention.
Such strategies will not be considered in the present paper.

In the present paper we thus study rank-based strategies. More precisely,
following Krieger, Pollak and Samuel-Cahn [14], we consider strategies of the
following form (which seems to include all reasonable rank-based strategies).
We assume throughout the paper that we are given a sequence of integers
r(m), m > 0, such that

r(0)=1 and r(m)<r(m+1)<r(m)+1, m=0. (1.1)

Note that this implies 1 < 7(m) < m+1 for every m > 0. Then the strategy
is that if so far m > 0 candidates have been accepted, then (if r(m) < m)
the next candidate is accepted if her value is above the r(m)-th best value
of the ones already accepted. If r(m) = m + 1, we always accept the next
candidate.

Remark 1.1. Some authors have chosen to define smaller values as better.
This is obviously equivalent, but some care has to be taken when comparing
definitions and results. (In the discussion here, we have when necessary
translated to our setting.)

One basic example is ‘hiring above the median’, where we hire every can-
didate that is better than the median of the ones seen so far. For m odd,
this means taking r(m) = (m+ 1)/2, but for m even, there are two possible
values of the median. Tradition established by previous authors [4; 2; 11]
says that we choose the smaller value as the threshold. (This is thus the less
restrictive policy of the two possibilities.) This means taking r(m) = m/2+1
when m is even, so we can summarize the strategy ‘hiring above the median’
by

r(m):=|m/2] +1=[(m+1)/2], m = 0. (1.2)

The sequence (starting with r(0)) thus is 1,1,2,2,3,3...
The alternative interpretation of ‘median’ when m is even is instead a
special case of the strategy known as ‘the a-percentile rule’, which, again by
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tradition [14; 11], is defined by

r(m) := [am], m > 1. (1.3)

In the case o = 1, we thus take r(m) = m/2 when m > 2 is even, meaning a

smaller r(m) and thus a larger threshold than in ‘hiring above the median’;
the sequence (starting with r(0)) is 1,1,1,2,2,3,...

A third simple example is ‘hiring above the r-th best’, where r > 1 is a
fixed number [2; 8; 9]. This means r(m) = r when m > r; we always hire
the r first candidates, so the complete definition in accordance with (1.1) is

r(m) := min{r,m + 1}, m > 0. (1.4)

Note that the case r = 1 gives the strategy of hiring only the candidates
that are better than everyone seen earlier, i.e., the records.

The present paper gives a general analysis of strategies of the type above,
with an arbitrary sequence r(m) satisfying (1.1). Our main results give the
asymptotic distribution of Ny, (in general) and M,, (under weak regularity
assumptions on 7(m)), see in particular Theorems 4.6, 7.5, 1.2 and 1.3. In
particular, this gives new proofs of known results (and some new) for the
examples above.

It turns out that there is a dichotomy: the general results are of two
different types, depending on whether > r(m)™2 < oo or Y, r(m)™2 =
oo; we will call these two cases large r(m) and small r(m), respectively. Note
that the strategies ‘hiring above the median’ and ‘the a-percentile rule’ have
large 7(m), while ‘hiring above the r-th best’ has small 7(m); indeed, the
limit theorems found by previous researchers for these cases are of different
types, compare e.g. [11] and [9].

The main differences between the two cases can be summarized as follows,
at least assuming some further regularity of r(m). For simplicity, we consider
here only M,; the same types of results hold for N,,.

large r(m), >, 7(m)™2? < co: M,/ E M, converges to a non-degenerate
distribution on [0, 00). (Thus, the limit is not normal.) Furthermore,
M, /E M, converges a.s. Hence, the limit and the asymptotic be-
haviour are essentially determined by what happens very early, i.e.,
by the values of the first few candidates. This also means a strong
long-range dependence in the sequence M,,.

small r(m), > r(m)~? = co: Asymptotic normality of M,. There is
no long-range dependency; instead M, is asymptotically independent
of what happened with the first ng candidates, for any fixed ng. In
particular, there is no a.s. convergence.

Intuitively, the reason for the difference between the two cases is that
when r(m) is small, each accepted candidate has (typically) a rather large
influence on the threshold, and thus on the future of the process, and these
influences add up and eventually dominate over the influences of the values
of the first candidates, while if r(m) is large, then the influences of later
candidates are small, and the effects of the first few candidates dominate.

We state here two theorems that exemplify our main results, one for large
r(m) and one for small. In both cases, we assume a regularity condition
on r(m) yielding simpler results; proofs and more general results are given
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in Sections 4-5 and 7. See also the examples in Section &, including the
counterexample Example 8.9.

First, consider the case r(m) = am + O(1), where 0 < o < 1; note that
this includes ‘hiring above the median’ (with a@ = 5) and ‘the a-percentile
rule’, and that such r(m) are large.

Theorem 1.2. Suppose that r(m) = am + O(1), where 0 < a < 1. Then,
M, /n® 2% W, (1.5)

for a random variable W, which can be represented as in (5.8) below. Fur-
thermore, all moments converge in (1.5), and, for every s > 0,

[e.e]

1+ s/k
E M? /n*® EWS— . 1.6
n/n% = 3a+2 U1+sa/r <00 (16)

The moments in (1.6) can be explicitly computed in many cases, see [6],
Theorem 6.1 and Examples 8.1-8.2.

For our example result in the case of small r(m), we assume that the
sequence 1(m) is regularly varying. (See e.g. [3, p. 52] for definition, and [1]
for definition of a mixing limit theorem.)

Theorem 1.3. Assume that r(m) is a reqularly varying sequence such that
> r(m)™2 =o0. Let u(n), n > 1, be a sequence of real numbers such that

oy
(k)

=

=logn + O(1), (1.7)

b
Il

and let

Bom)? = (Y s = > T (1.9

k=1 k=1

Then, as n — o0,
N(0,1). (1.10)
Furthermore, (1.10) is mizing.

Section 3 contain some basic general results. Then Theorem 1.2 and re-
lated results for large r(m) are proved in Sections 4-6, while Theorem 1.3
and related results for small r(m) are proved in Section 7. Section 8 contains
some examples. The remaining sections consider some additional properties
that have been considered by previous authors. Section 9 consider results
conditioned on the value of the first candidate. Section 10 treat the proba-
bility of accepting the next candidate, and also the number of unsuccessful
candidates since the last accepted one. Section 11 studies the distribution
of the accepted values.

Remark 1.4. Some previous papers, in particular [11; 9], contain also in-
teresting exact results on the exact distribution of M, for finite n. We do
not consider such results here.
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2. NOTATION

Exp(a) denotes the exponential distribution with rate a. In other words,
if X € Exp(a), then P(X > z) = e~ %" for x > 0; equivalently, aX € Exp(1).
Hence, EX = 1/a.

Ge(p) denotes the Geometric distribution started at 1 (also called First
Success distribution), with P(X =n) =p(1 —p)"~ 1, n > 1.

E, E;, E; and so on will always denote Exp(1) variables, independent of
each other.

~ is Euler’s constant.

25 2y and 45 denote convergence almost surely (a.s.), in probability
and in distribution, respectively, for random variables.

am, ~ by, where a,, and b, are real numbers, means a,,/b,, — 1 as
m — oo. Furthermore, assuming b,, > 0, a,,, = O(by,) means sup,, |am|/bm <
oo and a,, = o(by) means an,/b, — 0 as m — oco. Moreover, if X,,
are random variables and b,, > 0 are real numbers, then X,, = O, (by)
means that the sequence |X,,|/b,, is stochastically bounded (tight), i.e.,
sup,, P(| Xy |/bm > K) = 0as K — oo, and X, = 0p(by,) means X,,, /by, P
0 as m — oo. We sometimes omit ‘as m — oo’ when clear from the context.

With high probability (w.h.p.) means with probability 1 — o(1) (as, e.g.,
n — 00).

C and c are used for unspecified constants, which may vary from one
ocurrence to another. For constants that depend on some parameter (but
not on other variables such as m or n), we similarly use e.g. Cx and ¢(9).

Ifx € R, then |z| :=max{n € Z:n < z}and [z] :=min{n € Z:n > z}.

3. GENERAL LIMIT THEOREMS

We begin by formalising the hiring strategy discussed in Section 1, at the
same time introducing some further notation. Recall that for a rank-based
strategy, the result does not depend on the (continuous) distribution of the
values of the candidates. We choose this distribution to be exponential.

Thus, let X1, Xs,... be i.i.d. random variables with X; € Exp(1), repre-
senting the values of the candidates. We assume without further mention
that these values are distinct (which happens a.s.), so we ignore the possi-
bility of ties below. For convenience we identify a candidate and her value;
we will thus say both ’candidate n is accepted’ and ’'value X, is accepted’.

Let N, be the index of the m-th accepted candidate, and denote the
m-th accepted value by X := Xy, . Conversely, let M,, be the number of

m
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candidates accepted among 1,...,n. Thus,
M, >m <= N,, <n. (3.1)

The hiring strategy is defined by a given function r : Z>g — Z~¢ satisfying
(1.1), and thus, in particular, 1 < r(m) < m+ 1.

The basic rule of the strategy is that if m > 0 values have been accepted
so far, then the next value is accepted if and only if it exceeds a threshold
Yin, which is the r(m)-th largest value among the m values already accepted,
interpreted as Yy, := 0 when r(m) = m + 1. (In particular, Yy = 0.)

Remark 3.1. It is easy to see [14] that this threshold Y, is the same as the
r(m)-th best value of all candidates seen so far, since all previous candidates
with values at or above Y;,, were accepted. If (m) < m, then the strategy is
thus to accept a candidate if her value is among the r(m) best of all values
seen so far (including her own). It follows by symmetry that conditioned on
M,, = m, and on everything else that has happened earlier, the probability
that candidate n + 1 is accepted equals r(m)/(n + 1), see [14].

The threshold Y, is thus updated when a new value is accepted. This is
described by the following lemma which is simple but basic for our analysis.
In particular, note that Y;,, never decreases.

Lemma 3.2. (i) If r(m+1) =r(m)+ 1, then Y41 = Y.
(ii) If r(m+1) =r(m), then Y11 is the smallest of the r(m) values that
are larger than Yy, among the selected values X7, ..., X} ..

Proof. Let m be fixed and order the accepted values X7, ..., X} in decreas-
ing order as X(*l) > XEE) > > X(*m); define further XE“erl) := 0. Then
Y,, = X(*T(m)). By assumption, X ,; > Y. Thus there are in the set
{XT,..., X}, 1} exactly r(m) values that are larger than Y, = X{my) Viz.
{X(*i) (1 <i<r(m)}U{X} 1} Hence, if r(m + 1) = r(m), then Yy, 11 is
the smallest of these values, while if r(m+1) = r(m), then Y,,,11 is the next
smaller accepted value (or 0), which is X (r(m)) = Ym- O

So far, the argument has been deterministic. We now use our assumption
that the values X; are i.i.d. random variables as above; this is where the
choice of exponential distribution is convenient and greatly simplifies the
argument.

Lemma 3.3. Assume as above that X1, Xs, ... are i.i.d. and Exp(1). Then,
the increments Yim+1 — Ym, m = 0, are independent random variables with

Exp(r(m)), r(m+1) =r(m),

0, r(m+1) =r(m)+1. (32)

Ym+1 — Ym S {

Proof. Run the hiring process as above, but keep the values X,, secret as
long as possible, revealing only enough to determine whether to accept X,
or not, and to determine the next threshold Y;,,. To be precise, when a new
candidate n is examined, reveal first only whether her value X, is larger
than the current threshold Y, or not. If not, we forget this candidate and
move on to the next. Suppose instead that X,, > Y,,, so that we accept
n. Then we also have to update Y,,. By Lemma 3.2, this is trivial if
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r(m+ 1) = r(m) + 1. However, if r(m + 1) = r(m), then there are r(m)
accepted candidates (including the latest recruit, n) that have values > Y,,,.
We now reveal the minimum of these values, giving Y;,+1, but we do not
reveal the remaining r(m) — 1 of them.

Claim. Conditioned on Y,,, = y and on everything else that has been revealed
so far, the r(m) — 1 (still hidden) accepted values that are larger than Y;,
have the distribution of r(m)—1 i.i.d. random variables with the distribution
LX]|X>y).

To show the claim, we use induction on m. We condition on Y,,, = y and
everything else that has been revealed so far, and note that when we accept
the next X,, we know just that X,, > y, so X,, too has the distribution
L(X | X > y). Hence, by the induction hypothesis, the r(m) accepted
values that are larger than Y, = y are r(m) (conditionally) independent
random variables with this distribution. By Lemma 3.2, this completes
the induction step when r(m + 1) = r(m) + 1; otherwise we reveal the
minimum Y,y of them, and note that conditioned on Y11 = %' > y, the
remaining r(m) — 1 = r(m + 1) — 1 variables are i.i.d. with the distribution
LIX]X>Y).

This proves the claim. Furthermore, since X € Exp(1), this distribution
L(X | X > y) is the same as the distribution of X + y. (The standard
lack-of-memory property of exponential distributions.) Hence, if r(m+1) =
r(m), then the claim and its proof yield that, conditioned on Y,, = y and
everything else revealed so far,

Y, 1= min (E; -y in E. 3.3
1 anif(‘m)( it y)=Ym + un B (3.3)

where Fy, Ea, ... are i.i.d. and Exp(1). In particular, Y41 — Y,, is inde-

pendent of Y1,...,Y,,. Furthermore, (3.2) holds, since min;j<, () F; €
Exp(r(m)).
Let
6m :=1{r(m)=r(m—-1)} =1+r(m—1) —r(m). (3.4)
Lemma 3.3 yields the following representation of Y,,.
Lemma 3.4. There exists a sequence Ey, FEs,... of i.i.d. Exp(l) random
variables such that
m
0
Z—’“ e om > 0. (3.5)
r(k)
k=1

Proof. An immediate consequence of Lemma 3.3, with
E = T(k)(Yk — kal) = T(k — 1)(Yk — kal) € EXp(l) (36)

when 0, = 1, and Ej € Exp(1) arbitrary but independent of everything else
when 6, = 0. O

We are now prepared for a theorem giving an exact representation of the
sequence N,.
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Theorem 3.5. The sequence N,,, m = 0, is given by
m—1

New=Y_ Vi, (3.7)
k=0

where, conditioned on the sequence (Y,)° given by Lemma 3.4, the random
variables Vi, are independent with Vi, € Ge(e™Y*).

Proof. Fix m and condition on Yi,...,Y,, and Ny,...,N,,. Each new can-
didate after N,, has probability P(X,, > Y, | Y;) = e Y™ of exceeding the
threshold Y;,, and these events are independent. Hence, still conditioned on
the past,
Npy1 — Ny, € Ge(e™™). (3.8)
Furthermore, still conditioned on the past, this waiting time Ny,+1 — Ny, is
independent of the value of the next accepted candidate X}, ;. Hence, the
argument in the proof of Lemma 3.3 extends and shows that conditioned on
Yi,...,Y, and Ny,..., Ny, the increments Y,,+1 — Y,, and N;,4+1 — N, are
independent, with the (conditional) distributions given by (3.2) and (3.8).
This implies that conditioned on (Y;,)$°, the increments Vi := Nj11 — Ni,
are independent, with (conditionally) Vj € Ge(e_yk). O

Remark 3.6. As said above, our choice X,, € Exp(1) simplifies the argu-
ment, but it is not really essential. An equivalent argument has been used
by e.g. [4] with values X,, € U(0,1); then one considers the gap 1 — Y,
and shows that these gaps can be written as products of independent ran-
dom variables. Taking (minus) the logarithm of the gap yields a sum of
independent random variables (which is more convenient than a product for
limit theorems), and that is equivalent to our version with exponentially
distributed values X,,.

So far we have given exact formulas, but now we start to approximate
in order to obtain simpler formulas. First we approximate the geometric
distributions in (3.7) by exponential distributions.

Theorem 3.7. As m — oo, a.s.
m—1
k=0

where Yy, are given by (3.5) and Ej, € Exp(1) are independent of each other
and of (Yx)$°.

Proof. We use continuous time, and assume that candidate n is examined
at time 7,,, where the waiting times 7, — 7,1 (with 79 = 0) are i.i.d. Exp(1).
In other words, the candidates arrive according to a Poisson process on
[0, 00) with intensity 1. Note that by the law of large numbers, 7, /n = 1
as n — o0o. We assume that the times (7,), are independent of the values
(X )

Let T,, := 7n,, be the time the m-th candidate is accepted. Then, as

m — oo and thus N,, — oo,
T TNy, a.s,

- Om 1. 3.10
N, N, (3.10)
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We argue as in the proof of Theorem 3.5. Condition on Yi,...,Y;, and
T1,...,T,, for some m. Then, after T},, candidates arrive according to a
Poisson process with intensity 1, and thus candidates with a value > Y,
arrive as a Poisson process with intensity e Y. Consequently, conditioned
on the past, the waiting time 7},,+1 — 7T, has an exponential waiting time

Tns1 — T € Exp(e ™). (3.11)

By the same argument as in the proof of Theorem 3.5, this implies that
conditioned on (Y%)$°, the increments Vj, := Ty — T} are independent with
Vi, € Exp(e™¥*). Define E}, := e "*V}, € Exp(1). Then

m—1

m—1
=Y V=) %E. (3.12)

k=0 k=0

Furthermore, conditioned on (Y%)$°, the variables Ej are i.i.d. Exp(1); hence,
(Y%)$° and (E;)g° are independent.

Finally, the exact continuous-time representation (3.12) implies the ap-
proximation (3.9) by (3.10). O

The results above are valid for any sequence r(m) fulfilling the conditions
(1.1). For further approximations, we treat the cases of large and small (m)
separately, in Sections 4-6 and Section 7, respectively.

We define, recalling (3.5),

U Ok LR | 1
= RY, =S o _ Ok N - N2 1
Y D 2 T 2w o B13)
k=1 1<k<m: k=1 =2
r(k)=r(k—-1)

where the final equality follows because each ¢ € {2,...,r(m)} equals (k)
for exactly one k € {1,...,m} with r(k) > r(k —1).

4. LARGE 7(m)

In this section we assume that r(m) is large, i.e.,

< 00. (4.1)

3

Lemma 4.1. Suppose that > °o_ r(m)™2 < co. Then Y, — Ym N A
m — oo, where

)
=y 7 Ep —1), (4.2)
k=1
with, as always, (Ey)$° are i.i.d. Exp(1).

Proof. By (3.5) and (3.13),

m

Y — Ym = Z ’I“?]Z:)(Ek - 1)7 (43)

k=1
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0 Y, — ym converges to Z given by (4.2) whenever the latter sum converges.
Furthermore, this occurs a.s., since the summands in (4.2) are independent
random variables with mean 0 and sum of variances

ZE(T(EZ)(Ek _ 1))2 S r(}{y < . (4.4)
k=1 k=1

O

We let Z denote the sum in (4.2) whenever (4.1) holds.

Remark 4.2. Since the Exp(1) distribution is infinitely divisible with Lévy
measure z~le~%dz, it follows from (4.2) that Z is infinitely divisible with
Lévy measure, arguing as in (3.13),

1
Z(Ske_T(k <Z e " (k)z _ _em) %, x> 0. (45)

Theorem 4.3. Suppose that Y oo_, r(m)™? < co. Then, as m — o0, a.s.
m—1
Ny ~ % Z eV E, (4.6)

where Z and yi, are given by (4.2) a d (3.13), and E;. € Exp(1) are inde-
pendent of each other and of Z.

Proof. Let e := Yy, — yp — Z; then a.s. ¢ — 0 as k — oo by Lemma 4.1.
Furthermore, Y, = yi + Z + €, and thus

m—1 m—1
Z eVl = Z ekeVk F . (4.7)
k=0 k=0
Hence, the result (4.6) follows from (3.9) and the simple deterministic Lemma
4.4 below, noting that > 22 eV E; > S 7°  E} = o0 a.s. O

Lemma 4.4. Suppose that a > 0, > 72 qap = o0 and €, — 0 as k — oo.
Then, as m — oo,

m
1
Lizoll +ep)ar
Zk:o ag
Proof. Let n > 0. Then there exists K such that if & > K, then |eg| < 7.
Consequently, for m > K,

g €kag

which is less than 27 Z heo ar if m is large enough. This implies (4.8). [

(4.8)

Z|Ek\ak+ﬁ Z Ak (4.9)

k=0 k=K+1

Lemma 4.5. Suppose that

i 7’(7:711)2 < 00. (4.10)
Then
< 0. (4.11)
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Proof. Let m > 0 and let a(m) :=r(|m/2]) < |m/2] +1. If 0 < i < a(m),
then i < a(m) — 1 < m/2, and thus m — ¢ > m/2. Hence,
9 i i
j
Ym — Ym—i = — < < < 1. (4.12)
= 2 S S D < am
Consequently,
a(m)—1 a(m)—1

Zey"> Z eym—i > Z eVm~ = a(m)evym~! (4.13)

and thus

U
Define, with y; given by (3.13)
m—1
Ami= Y €%, m>0. (4.15)
k=0

Theorem 4.6. Suppose that Y oc_, r(m)~2? < co. Then, as m — oo,
Non/Am 225 €2 (4.16)
where Z and Ay, are given by (4.2) and (4.15).

Proof. Let W,,, := e¥m(E! — 1) and by, := Apy1. Then EW,, = 0 and
Lemma 4.5 shows that Y oc_; Var(W,,)/b?, < oco. Consequently, see [5,
Theorem VIL8.3], b1 S°1 Wi = 0. Hence,

1 -1 -1
oo M Ej, _ - ko € (B —1) 14 ko Wi A5 (4.17)
)\m )\m bmfl
and the result follows from (4.6). O

Equivalently, a.s. N,,, ~ A\npe? as m — co. Hence, N, grows as the de-
terministic sequence A, with a random factor (asymptotically independent
of m) given by .

Theorem 4.6 gives the asymptotics (and in particular the asymptotic dis-
tribution) of N,,, the number of candidates examined until m have been
accepted. By inversion, we obtain corresponding asymptotic results for M,,,
the number of accepted candidates when n have been examined. We state
one general result as the next theorem. More explicit results require inver-
sion of the function m +— A,,, which easily is done under further assumptions;
we study an important case in Section 5 below.

Note first that M,, == co as n — oo, since for every m, a.s. some future
candidate n > N, will satisfy X,, > Y,, and thus be accepted.

Theorem 4.7. Suppose that Y oc_, r(m)~2 < co. Then, as n — oo,
Mg, /n 22 e=2, (4.18)
where Z and Ay, are given by (4.2) and (4.15).
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Proof. Since M,, — oo a.s. as n — 0o, (4.16) and Lemma 4.8 below imply

that a.s. Nag, /A, —> eZ and Ny, 11/ v, — eZ. Furthermore, the
definitions imply Nz, < n < Nag, 1. Hence, n/Ayr, ~23 eZ. U

Lemma 4.8. If r(m) — oo as m — 0o, then Apt1/Am — 1.

Proof. By (4.15) and (4.13),

e - e
Amtl — Am = €™ < Yo = ——— Apt1- 4.19
+1 € a(m) kz_:oe a(m) +1 ( )
Since a(m) = r(|m/2]) — oo as m — oo by assumption, it follows that
()\m+1 — )\m)/)\m+1 — O7 and thus )\m/)\m+1 — 1. |

5. ROUGHLY LINEAR RANK THRESHOLDS

As said in the introduction, the strategies ‘hiring above the median’ and
‘the a-percentile rule’ satisfy 7(m) = am + O(1) for some constant a > 0,
and we stated Theorem 1.2 for this case. Note that r(m) = am + O(1)
implies 7(m)~! = (am)~! + O(1/m?), and thus

o0
> |rm) ™t = (am) ™| < o (5.1)
m=1
In fact, by the proof below, Theorem 1.2 holds under the weaker assumption

(5.1). (For example, if r(m) = am + O(m!~") for some 1 > 0.)
We assume throughout this section that (5.1) holds, with 0 < o < 1. We

then define
/1 1
= Z_l(r(m) B %) € R. (5:2)

Note that (5.1) implies

r(m) ~ am as m — oo. (5.3)

This is an easy exercise, but for the reader’s convenience we give a proof in
Appendix A. Note also that (5.3) implies Y oc_; r(m)™2 < oo, so r(m) is
large and we can use the results of Section 4; our goal in this section is to
use the assumption (5.1) to make the results more explicit.

Lemma 5.1. Suppose that (5.1) holds for some o € (0,1]. Then, as
m — 0o,

Ym = (a7t —1)logm+ (™' = 1)y —loga + p+ 1+ o(1). (5.4)
Proof. Let Hy, := » {"1/k, the m-th harmonic number, and recall that
H,, =logm + v+ o(1). Hence, by (3.13) and (5.2),

G 1 1
m = — = — |+ —Hp — (Hym) — 1
4 ;(Mk) ozk:) + « (Hrimy = 1)
:p+of1(logm+7) —logr(m) —~v+1+o0(1). (5.5)

The result (5.4) follows since log(r(m)) = log(am) + o(1) = logm + log o +
o(1) by (5.3). O
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Lemma 5.2. Suppose that (5.1) holds for some « € (0,1]. Then, as
m — 0o,
A ~ el = vtetip /e (5.6)

Proof. Lemma 5.1 implies, where o(1) — 0 as k — o0,

m—1 m—1
)\m = Z eyk — e(Oé_l_l)'y‘i‘P“Fla—l Z ka_l_l (1 + 0(1))’ (57)
k=0 k=0
and the result (5.6) follows. O

We are prepared to prove the convergence (1.5) in Theorem 1.2.
Lemma 5.3. Suppose that (5.1) holds for some « € (0,1]. Then, asn — oo,
My, /n® 225 W = elomtrmapmagmaZ, (5.8)
with p and Z given by (5.2) and (4.2).
Proof. Theorem 4.7 and Lemma 5.2 imply that a.s.
MY /n — em(@ =)y=p1=Z (5.9)
and thus (5.8) follows. O
We proceed to compute moments of W.

Lemma 5.4. Suppose that (5.1) holds for some a € (0,1]. If —oc0 < u < a,
then

up— o (1 —u/a) ¥4 1—u/ak
F wZ _ —up—utu(l-a L)y ) 1
e e T2 - ) 1;[1 ) > 510

Hence, at least for —1 < s < oo,

s I(s+1) =~ 1+s/k
EW = et 2) kHl 15 sa/r(k) (5.11)

Proof. Tt is elementary that Ee"“* = 1/(1 — u) for u < 1. Hence, (4.2)

implies
—u/r(k)
e
Eet? = | | —_—.
ksiibeet LT u/r(k)
Arguing as in (3.13), this can be written
= emu/r) 22—yl
e u
Ee"” = 5.13
g I )

where the products are absolutely convergent as a consequence of (5.3) and
simple estimates. Using (5.2), we rewrite this as

ew/ak 2 1—u/ak 1—u/t
et = eTup . 14

The standard product formula for the Gamma function [17, (5.8.2)] can be
written [[32, e*/*/(1+2/k) = 2e7°T(2) = €7*T(2+1), and thus (5.14) yields

(5.12)

—u )

wZ _ —up, —ua”ly o € U —1 1- U/Oék‘
Ee"” = e "Pe r( u/a)l_u I'(1 Hl—u/r
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which simplifies to (5.10).
Finally, (5.11) follows from (5.8) and (5.10), with u = —as. O

Remark 5.5. Let r, := inf{r(k) : 6 = 1} > 1 be the first repeated value
in the sequence r(0),7(1),.... Then the proof shows that (5.10) holds for
a < u < 7y too, with the right hand side interpreted by continuity when
necessary, and that Ee*? = oo for v > .. Consequently, (5.11) holds for
s = —ry/a. Furthermore, by analytic continuation, or by the proof above,
(5.11) extends to complex s with Res > —r,/a. However, EW~"/% = oo,

Next we bound moments of M,,, using a series of lemmas. Recall T, :=
TN,, from the proof of Theorem 3.7. We tacitly continue to assume (5.1).

Lemma 5.6. For every integer K > 1 there exists a constant Cg such that
ifm>2K + 2, then

(T /m"/*) " < C. (5.15)
Proof. For convenience, we first consider T5,,. By (3.12),
2m—1 2m—1
Tom > Y e*E =€ Y B =", (5.16)
k=m k=m

where U := ZZZL;II Ej}. has a Gamma distribution I'(m) and is independent
of Y,,. Consequently,

ETyK < EeKVm—ym)e=Kym g =K, (5.17)

We estimate the three factors on the right-hand side separately.
For the first factor, by (4.3) and (5.12), for any real u,

—u/r(k
]Eeu(ym_ym) — H € / ( )
k<m: =1 1- U/?”(k')

since each factor in (5.12) is > 1 (by the explicit form or by Jensen’s in-
equality). In particular,

Ee KOm=ym) < B~ K2 = O, (5.19)
using (5.10) to see that Ee 5% < oo.
For the second factor in (5.17), Lemma 5.1 yields
e Kym — m_K(O‘_l_l)C’Keo(l) < m_K(a_l_l)CK. (5.20)
Finally, for the third factor, we use the fact that U € I'(m) and compute
1 e I'(m-K
EUK = / e Kgmlem dy = Lim = K)
I'(m) Jo I'(m)

form> K + 1.
Combining (5.19), (5.20) and (5.21) with (5.17), we find that if m > K+1,
then

< Eev?, (5.18)

<Cxgm ™, (5.21)

ET; K < Cpm™ 5/, (5.22)

This proves (5.15) for even m > 2K + 2, and the case of odd m follows
because Topm+1 = Tom. O
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Lemma 5.7. For every K > 0 there exists a constant Cx such that
E(Np/mY) ™" <0k, m21. (5.23)

Proof. We may assume that K is an integer (by Lyapunov’s inequality).
Furthermore, N,, > m > 1, and thus EN_X < 1. Tt follows that (5.23)
holds trivially for m < 4K + 2, so we may assume m > 4K + 2. In this case,
we use the Cauchy—Schwarz inequality and obtain by Lemma 5.6

N, \ K\ 2 T,y \—2K _ /N, \ 2K T, \ 2K
(=) ") <m(tie) " B(qe) " <o) G2
Furthermore, conditioned on N,,, = n, 1}, = 7, is the sum of n i.i.d. wait-
ing times E! € Exp(1l). Since E; have moments of all orders, the law of
large numbers holds with moment convergence [7, Theorem 6.10.2], and thus
E72K /2K — 1 as n — oo, and therefore E 725 /n?K < Ck for all n > 1.
Consequently,

()" ) =S sor o
and thus

E(]j\;’:)QK - ]E((JI\ZYK ’ Nm> < Ok. (5.26)
The result follows by (5.24) and (5.26). O

Lemma 5.8. For every K > 0 there exists a constant Cx such that
E(M,/n®)" <Cx, n>1. (5.27)

Proof. Let x > 0 and n > 1, and let m := [zn®]|. If M, > an®, then
M, > m, and thus, by (3.1), N,, < n < z~"/*m!/®. Consequently, for any
L > 0, by Markov’s inequality and Lemma 5.7,

IP’(Mn > :nna) < IE”(Nm < x_l/o‘ml/o‘) < :L'_L/O‘E(Nm/ml/o‘)_L <Ozl

(5.28)
Choosing L := (K + 1)a, we obtain P(M, > zn®) < Cra~E+D | which
implies (5.27). O

Proof of Theorem 1.2. We have shown the a.s. convergence (1.5) in Lemma
5.3, and moment convergence follows from this and the uniform estimate in
Lemma 5.8. Finally, the moments of W are computed in Lemma 5.4. U

Although perhaps of less interest, we show further that the moment con-
vergence in Theorem 1.2 holds also for some, but not all, s < 0. Let r, > 1
be as in Remark 5.5.

Lemma 5.9. For every real u < 7y, there exists a constant C, such that
E(Ny/mY)" < Cyy,  m>1. (5.29)

Proof. The case u < 0 is Lemma 5.7, and u = 0 is trivial, so we may assume
u > 0. We consider again first T}, = 7n;,,.

Assume first that r(1) = 2, so that 7, > 2. It then suffices to prove
(5.29) for 1 < u < 7y, so we assume this. Recall from Remark 5.5 that then
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Ee'? < co. Hence, (3.12), Minkowski’s inequality, (5.18), (4.15) and (5.6)
yield, with || X, := (E|X|*)"/*,

m—1 m—1
||Tm||u < HeYkEl/fHu - Z eYk (Eeu(yk_yk))l/uHE;gHu (5_30)
k=0 k=0
m—1
< Cu ()" ST e = Cyhy < Cum/e. (5.31)
k=0
In other words,
ETY < Cym™®,  m>1. (5.32)

The argument above fails if 7(1) = 1, since then 7, = 1 and Ee%? = oo
for every u > 1, see again Remark 5.5. (And we need u > 1 in order to
use Minkowski’s inequality.) In this case, let ko := min{k : r(k) = 2} and
consider

m—1
Topi= Y " E,  m>L (5.33)
k=Fko
We have, cf. (4.3) and (5.12),

—1/r(5) © —1/r()
EeYk—YkO—(yk—yko) — H € — < H — < 00,
bo<i<mi gyt L T 1r@G) = g 1=1/r0)
(5.34)
and thus, using (4.15) and (5.6) as above,

_ m—1 m—1

ETy =Y Ee Y <O et o < O\ < CmH. (5.35)
k'ZkJ() k:kO

Consequently, for 0 < v < 1 = ry, using Tp, = T}, + eY’“Ofm and the
subadditivity of x — z“,

ko—1
ETY <ETy +EeoETE < Y EeFE(E)" + Ee"ho (ET,,)"
k=0
< Oy + Cym™. (5.36)

Hence, (5.32) holds in this case too.
Finally, by the law of large numbers, P(7, > n/2) — 1 as n — oo, and
thus P(7, > n/2) > ¢ for every n > 1. Hence,

E(TY | Nim) = c(Nm/2)" = cuNy% (5.37)

and thus
ET" > c,ENY. (5.38)
Consequently, (5.29) follows from (5.32). O

Lemma 5.10. For every s > —r./a,

E(M,/n*)" < Cs. (5.39)
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Proof. By Lemma 5.8, it suffices to consider s < 0. Then, let —r./a <t < s
and u := —at € (0,7,). We argue as in the proof of Lemma 5.8 with minor
modifications. Let > 0 and let m := [zn®|. Then, by Lemma 5.9,

P(M, +1 < an®) <P(M, <m) =P(Ny, >n) <n “EN,

< Cym™n~" < Cpa™® = Cpa . (5.40)

It follows that, since trivially 1+ M,, < 2M,,
EM; <27°E(M, +1)° < Csn®*. (5.41)
O

Theorem 5.11. The moment convergence (1.6) holds for every real s >
—ry/a, and more generally for every compler s with Res > —r./a, with a
finite limit. On the other hand, if s < —ry/a, then E M — co.

Proof. Note that the right-hand side of (1.6) is finite for Res > —r,/a and
an analytic function of s in that half-plane, see Remark 5.5.

Lemma 5.10 implies uniform integrability of (M, /n®)* for every s €
(=r+«/a,0), and thus by Theorem 1.2 for every real s > —r,/«, which implies
(1.6) for Res > —r,/a. On the other hand, if s < —r,/a, then EW?* = oo,
see Remark 5.5, and thus E M*/n®® — oo by (1.5) and Fatou’s lemma. O

6. LINEAR-PERIODIC RANK THRESHOLDS

In this section we restrict r(m) further to an important case where we
can evaluate the moments in (5.11) explicitly. We assume that

r(m+q) =r(m)+v, m > 1, (6.1)

for some integers v and ¢ with 1 < v < ¢. Hence, with a := v/q € (0, 1],
r(m) — am is periodic. In particular, r(m) = am + O(1), and thus the
results of Sections 4-5 apply. Moreover, it is obivious from (1.2)-(1.3) that
‘hiring above the median’ satisfies (6.1) with v = 1, ¢ = 2, and that ‘the
a-percentile rule’ satisfies (6.1) whenever o = v/q is rational.

When (6.1) holds, the asymptotic moments can be evaluated explicitly;
for convenience in applications, we give several equivalent formulas.

Theorem 6.1. Suppose that (6.1) holds, with 1 < v < ¢, and let o :=v/q.
Then, for 0 < s < 00, as n — 00,

- (6.2)

I(s + 1
EMS/n 5 EWs = L0 D T

¢ TG+
I(sa+ 2) 11:11 I’(T—VZ)) (6:3)
IR Rk | RAC) 6
Ve i F(@) j=2 T(§ + %) .
__ ﬁF(ZJ’TVZ)) 7 _T() (6.5)
vivs+a) iy T(H) T+ L)
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Proof. Theorem 1.2 applies and shows (1.6), and it remains only to compute
the infinite product there. Standard manipulations yield, for every s > 0,
writing k = jq + i and noting that r(jq + i) = jv + r(3),

ﬁ 1+s/k ﬁ k:+s ﬁﬁ jq—l—H—s r(jq +1)
k:11+sa/r k) Pt —i—sa Pt (g +1)(r(jg+ i) + sa)

:ﬁﬁ (jg+i+s)(jv+r(i) ﬁlo—o[ j+z+8)(j+r())
=0 (JQ+Z)(]'1/+7“ —|—sa el o ( (j+ﬁ+§)

)T (’"“ )
DT (n+ 570 +7)

12[1' P(n+=E)T(n+2) (L
= 11m .

e N N IR G
(4) (7)_,_2)

UW()‘

The result (6.2) follows. Furthermore, by the Gauss multiplication formula
for the Gamma function [17, (5.5.6)],

q—1
D(s+1) = (2m)170/245+1/2 H r(g + (11 + ’;), (6.6)
(1-1)/2, 50+3/2 2k
D(sa+2) = (2) H r( +o+ ) (6.7)

which together with the special case s = 0 in (6.6) and (6.7) easily yield
(6.3)-(6.5). 0

See Examples 8.1, 8.2 and 8.5.

Example 6.2. Taking s = ¢ in (6.3), we see that the ¢-th moment has the
rational value

. Q—L : r(i
EW _F(V+2)£[1 v _Vq(u-f—l)!il;Il (9)- (6:8)

Remark 6.3. The result extends to all complex s such that Res > —¢q/v
(and more generally to Res > —r,/a); in particular to imaginary s, which
gives the characteristic function of log W, see Remark 5.5 and Theorem 5.11.

Remark 6.4. Positive random variables with moments that can be ex-
pressed as a fraction of products of Gamma functions as in (6.2) are studied
in e.g. [12]. In particular, [12, Theorems 5.4 and 6.1] imply that W has an
infinitely differentiable density dunction fy (z) on [0,00), with the asymp-

totic
1/(1-a)

fw (z) ~ Coxcr—leme2® , (6.9)
where the positive constants Co, ¢1, co can be expressed explicitly in v, ¢ and
r(1),...,7(q). This density fi is of a type known as H-function, see [12,
Addendum].
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7. SMALL 7(m)

In this section we develop the results in the case of small r(m), i.e.,
>, r(m)~? = co. However, we begin with some results holding in general,
although their main interest is for the case of small r(m).

Let, recalling (3.5),

)
2 = Ym = k
o Var ; r(k)2

and, as a simpler approximation,

=62 —0(1). (7.3)

Hence, the condition that r(m) is small can be written in three equivalent
forms:
Zr(m)_Q:oo = 62 500 <= 02, =00 (7.4)
m
Furthermore, when this holds, then o, ~ &y,.
For convenience, define

A =) ey, (7.5)
k=0

By =Y €', (7.6)
k=0

Hence, Theorem 3.7 says that a.s. Ny, ~ A1 as n — oo.

Lemma 7.1. For any sequence r(m),

By, = r(m)e¥Ym o) m>1, (7.7)
i.e.,
log By, — logr(m) — Yy, = Op(1). (7.8)
Proof. Let m > 1 and let m; := m — [r(m)/2] > 0. Then, by (7.6),
Bpe Ym > Z Ve Ym > (m — my)e¥Ym TYm > r(m) eYmi—Ym — (7.9)
2
k=m1
If i <m—my = [r(m)/2], then i < |r(m)/2] and thus
r(m—1i) = r(m)—i>=r(m)—|r(m)/2] = [r(m)/2]. (7.10)
Hence,

E Y = Y| = E(Vio = Yin)) = Y = o = D,
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m—mi—1 S ) 1
= — < (m-my) ———=—==1.  (7.11)
D - [r(m)/2]
Thus Y, — Y;,, = Op(1), which by (7.9) yields the lower bound
Bme_Ym > T(m)e—(ym—le)—log2 = T(m)eop(l). (712)

In the other direction, we note that d; = 0 for exactly r(m) — 1 values of
k < m. Hence, if r(m) < j < m, then 0; = 1 for more that 7 — r(m) values
of k € [m — j + 1,m]. For each such k,

Ee Be/m0) — (1 4+ 1/r(k))"' < (1 +1/r(m))~% (7.13)
Consequently, by (3.5),
1 j—r(m)
Yin—j—Ym _ —Bp/r(k) < (—_—
E ¢¥m—i H Ee < <1+1/7“(m)) . (7.14)
m—(5j<kl<m
i

In other words, if r(m) < j < m, then

Ee¥m-i—Ym L (14 1/7‘(m))r(m)7j <e(l+ l/r(m))fj, (7.15)
and the same estimate holds trivially if 0 < j < r(m) too. Consequently,
e}
E(Bpne ") <Y e(1+1/r(m)) ™~ =e(r(m)+1) < 2er(m)  (7.16)
j=0
and thus, noting that log, Oy (1) = Op(1),
Bpe Ym = r(m)0,(1) < r(m)e»W, (7.17)
The result follows by combining (7.12) and (7.17). O

Lemma 7.2. For any sequence r(m),
Ap = B = p(m)e¥m+0p(1), (7.18)
Proof. First condition on the entire sequence (Y%)$°. Then, by (7.5)—(7.6),

E((4n = B | 00F) = B((2 (5 - 1) | o)

IR S R AT)
k=0 k=0
and thus
A 2
E((Bl - 1) ‘ (Yk)‘f") < Bole¥m, (7.20)

Using (7.9), with m; := m—[r(m)/2] as above, and taking the expectation,
we obtain

A 2 2
E(—m _ 1) <E(Ble¥m) < E eYm—Ym 7.21
Bm ( m e ) r(m) e ( )
Furthermore, by (3.5) and (7.10), if (m) > 3,
oYY, M BBk < (1 1 ~(m=m1)
m— Imy < k < ( _ )
€ H € r(mi + 1)

k=mi+1
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1 —[r(m)/2]
<(1- ) T < (7.22)
[r(m)/2]

Consequently, if r(m) — oo as m — oo, then (7.21) and (7.22) imply E (A, /By —
1)2 — 0, and thus A,,/B,, — 1, which is the same as log( A,/ Bm) = 0p(1),
or A,, = By,e®®V) . In particular, A,, = B,,e?*®), and (7.18) follows in this
case by Lemma 7.1.

On the other hand, if sup,, 7(m) < oo, we note that the right-hand side
of (7.20) is < 1, and thus taking the expectation yields

]E(‘;: = 1)2 <E(Bple™) <1, (7.23)
which implies that A,,/B,, = Op(1) and thus, using (7.7),
Ay < Bpre??W = p(m)e¥m+0p(1), (7.24)
Furthermore, assuming r(m) = O(1) and thus logr(m) = O(1),
Ay = e¥mE! = ¥mtOp(l) — (1) e¥m+0p(1), (7.25)
The result in this case (bounded r(m)) follows from (7.24) and (7.25), to-
gether with (7.7) again. O

Theorem 7.3. For any sequence r(m),
Ny = r(m)e¥m T, (7.26)
Proof. Theorem 3.7 yields Ny, /A1 =2 1, and thus Ny, /A1 2,
which is the same as log(Ny,/Am—1) = 0p(1). Hence, Lemma 7.2 yields
log Ny, =log A1 + 0p(1) =logr(m — 1) + Yy, -1 + Op(1). (7.27)

Furthermore, logr(m — 1) = logr(m) + O(1) and Yy, — Yy, = SnE! =

r(m)

Op(1). Hence, (7.26) follows from (7.27). O

Theorem 7.3 holds for any sequence r(m), but if r(m) is large, then The-
orem 4.6 gives a sharper result. In the remainder of this secion we assume
that r(m) is small.

-2

Lemma 7.4. Suppose that ), r(m)~* =oco. Then, as m — 0o,

Y., —

Im = Ym 4y w0, 1). (7.28)
Om

Proof. An immediate consequence of (4.3) and the central limit theorem

with Lyapounov’s condition [7, Theorem 7.2.2], using the estimate

Ok 2 3
< = . .
RPER Coz, = o(o;) (7.29)

m m

ZE‘T((SZ)(Ek ' =c
k=1 k=1

‘3

U
Theorem 7.5. Suppose that Y., r(m)~2 = oco. Then

log Non — (ym +logr(m)) o N0, 1), (7.30)

Om
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Proof. Since &,, — oo by the assumption and (7.4), Theorem 7.3 yields
log Ny, — (ym + logr(m)) =Y+ Op(1) = Ym = Yin — Ym + 0p(6m)
and thus
log N,,, — +lo Y., —

Om Om Om

Since (7.3) implies 0,,/6,, — 1, the result follows from Lemma 7.4 and the
standard Cramér—Slutsky theorem [7, Theorem 5.11.4]. O

The asymptotic distribution of NV, is thus log-normal, for any small se-
quence r(m). Under weak regularity assumptions, this can be inverted to
yield asymptotic normality of M,,. For convenience, we will assume that the
sequence 1(m) is regularly varying, see e.g. [3, §1.9]. We define,

1
TRES — .32
k=1
and see by (3.13) that
rm)
I = Ym =Y 7 =logr(m) +0(1). (7.33)
(=2
Lemma 7.6. Suppose that >, r(m)~% = oo, and that r(m) is reqularly
varying.
(i) Let B(m) :=r(m)oy, as in (1.8). Then, for allm > 1,
B(m) = m'/?, (7.34)
B(m) < Cm® = o(m). (7.35)

(ii) Suppose further that m = m, and m = m, are two sequences such
that, as n — oo, m ~m. Then,

r(m) ~r(m), (7.36)

G ~ Om. (7.37)

Proof. Suppose that r(m) is regularly varying of index x. Then r(m) =

m" o) as a consequence of [3, Theorem 1.9.7 or Theorem 1.5.4]. Hence, the

assumption Y, r(m)~2 = oo implies £ < 0.5. Hence, r(m) = O(m0'5+0(1)),
and in particular,

r(m) = O(m%*) = o(m). (7.38)
Since x < 0.51, we have r(m)/r(k) < C(m/k)*®! whenever 1 < k < m;
this is another consequence of [3, Theorem 1.9.7, or Theorem 1.5.6]. Hence,

m
m1.02

B(m)Q _ Z T(m)z < i C < Om 102 (7 39)
ot T(k,)z = P 102 = ’ ’

which yields (7.35). In the opposite direction, trivially
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(ii): Since r(m) is regularly varying, if m ~ m then r(m) ~ r(m), as a
consequence of [3, Theorem 1.9.7 or Theorem 1.5.2].

Furthermore, r(m)~2 is regularly varying of index —2k, and it follows,
using the assumption Y r(m)™? = oo when x = 1/2, that 62, defined
by (7.2) is regularly varying of index 1 — 2k, see [3, Theorem 1.9.5(ii) and
Propositions 1.5.8 and 1.5.9b]. Hence 6% ~ 62,. O
Proof of Theorem 1.3. Note first that (1.7) implies that u(n) — co asn — co.
We may thus assume p(n) > 1. Furthermore, (7.34) yields y(n) = B(|p(n)]) —
oo as n — co. We may thus also replace p(n) by [p(n)], and thus in the
sequel assume that p(n) is an integer.

Fix z € R and let m := [u(n) + xy(n)]. By (1.9) and (7.35), as n — oo,
v(n) = B(u(n)) = o(p(n)) (7.41)

and thus m ~ u(n). In particular, m — oo as n — oo and m > 1 for all
large n; consider only such n. Then, using (3.1),

P(M, > p(n) + zy(n)) = P(M, = m) =P(Ny < n)
— P <10g Ny — (ym + logr(m)) < logn — (ym + logr(m))> . (7_42)

om Om

In the last line, the random variable on the left of '<’ is asymptotically
normal by (7.30); we turn to the term on the right. By (1.7) and (7.32),
Yu(n) = logn + O(1), and by (7.33) this yields

logn — (ym +log7(m)) = Jum) — Im + O(1). (7.43)
Write m := p(n). Since m ~ m, it follows by (7.36) that r(k) ~ r(m)
uniformly for all & with m < k < m or m < k < m. Consequently, by
(3.13),

m—m

Jim — Jm ~ : 7.44
Ym — 9 () (7.44)

Furthermore, by (7.36)—(7.37),
v(n) = B(m) = r(m)om ~ r(m)om,, (7.45)
and hence, using (7.36)—(7.37) again,

m—m _ —xy(n)+O0(1)  —zr(m)is
) rm) om0
= —26m (14 0(1)) + O(1). (7.46)
Since &y, — o0 by (7.4), it follows from (7.46) that
NESE. — —x (7.47)

and thus (7.43) and (7.44) yield
logn — (ym +logr(m)) _ Jm — gm

- = — +o(1) = —x. (7.48)
Om Om
Consequently (7.42) and Theorem 7.5 imply, with ( € N(0,1),
P(M, > p(n) + 27(n) > P(C < —2) =P(CZ2)  (7.49)

for every x € R, which proves (1.10).
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Finally, the limit (7.28) is evidently mixing, i.e., it holds also conditioned
on any fixed set Y1, ..., Yk of the variables. (See [1, Proposition 2].) Using
the argument in the proof of Lemma 3.3, (7.28) holds also conditioned on
the sequence of indicators 1{X}} is accepted, k < Ng, which is equivalent

to conditioning on M, ..., My, . It follows that the results above, including
(7.49) and (1.10), hold also conditioned on My, ..., My, , and thus a fortiori
also conditioned on My, ..., Mg. Hence (1.10) is mixing. O

Remark 7.7. It can be seen from the proof that the assumption that r(m)
be regularly varying may be replaced by the weaker

if m=m+O(B(m)), then r(m)~r(m). (7.50)

8. EXAMPLES

Example 8.1. Consider ‘hiring above the median’. By (1.2), this is the
case r(m) = |m/2] + 1. Hence, (6.1) holds with v =1 and ¢ = 2, and thus
Theorem 6.1 applies and yields

EW* = 25F<§ + 1), (8.1)

which shows that (W/2)? € Exp(1) and that W thus has a Rayleigh distri-
bution with density function

%xe_x2/4, x> 0. (8.2)

Consequently, Theorem 1.2 shows that M,/ n'/2 converges in distribution to

this Rayleigh distribution, as shown by Helmi and Panholzer [11]; moreover,
Theorem 1.2 shows a.s. convergence, and convergence of all moments. ([11]
treated only the mean.)

Furthermore, the definition (3.4) yields 0y = 1{m odd}, and consequently,
(4.2) yields

= 1 1 d o= 1
Z=) (B —1)=) —(Ey1—1) =) ~(Ej—1). (83)
—r(2j—1) — — ]
J Jj= Jj=
It is well-known that this sum yields a centered Gumbel distribution:
P(Z<z)=e* """, (8.4)

(Recall that by definition, EZ = 0.) This can be seen in several ways, for
example by computing the moment generating function E e? = e~ 7I"(1—s),
Re s < 1, by arguments similar to the proof of Theorem 6.1, or directly from
(5.8) and the identification of W as a Rayleigh distribution; we omit the
details.

Example 8.2. Let 0 < a < 1 and consider ‘the a-percentile rule’, i.e.
r(m) = [am] by (1.3). Theorem 1.2 applies and shows convergence M, /n® —
W, a.s., in distribution, and with all moments, to some positive random
variable W, with moments given by (1.6). In particular, when « is rational,
the moments can be calculated (in terms of the Gamma function) by Theo-
rem 6.1. We give a few examples in Table 1. (The expectations were given in
[6], see below. Note that the results can be written in different forms, using
standard Gamma functions identities; cf. the partly different but equivalent
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a E W, EW?2
1 2 3

A = 2
5ArG)’ 2r(3)°
% 22/33.51_‘(%) 21?3.7F(%)
iowr@)’ s/
% 33/44.711(% 331/(25.5”1/2
Bloel(3) 2
21 2FT(HN() | Fer ()T (3)
3| 50(:)0(5) L0L(75)0(2)
P I VO I )
5 28/5.9 5) 211/5.13F(§)

FIGURE 1. Some values of the asymptotic first and second
moments for ‘the a-percentile rule’.

formulas for the expectations given here and in [6].) In particular, note that
(6.5) yields for the special case v =1 (where (i) =1 for 1 < i < q)
s+1 q—1 s+2—qoq—1 q—1
EWy, =1—r(2+1)" =L—1r(2)
T s+q \q s+4q q
and for v =q—1 (where r(i) =ifor 1 <i<g—1landr(q) =v=q—1)

(8.5)

s+1 s
q S sq s
EW! =-—H+——T(-+1)= —————T 7>. 8.6
v/q Vus/q(ys+q) <q + ) VVS/Q(y5+q) <q ( )
The expectations ¢, := EW, = lim,_,o E M,,/n® have been considered
before. Krieger, Pollak and Samuel-Cahn [14] found that W; ~ U(0, 1) and

thus ¢; = 1/2, but otherwise showed only existence of the limit ¢,. Gaither
and Ward [6] computed ¢, (our EW,) as

[ak]—ak 1k 1
. V43 o “arr =1 tra7mar]
“ (a4 DD (a+1)
In the case @ = v/q rational, they showed further how this can be trans-
formed into a form that they could evaluate symbolically; as examples they

gave explicit values for all cases with ¢ < 6. The formula (8.7) must agree
with (1.6) for s =1, i.e.,

B 1 1+1/k
ca =EWo =579 k[[l [+ o/ [ak]’ (88)

but we do not see any direct proof of this. The explicit values for « rational
are obtained more easily from (6.2)-(6.5); in particular, for the cases v =1
and v = ¢ — 1, we can take s =1 in (8.5)—(8.6).

Gaither and Ward [6] gave a graph of the function a — ¢,, and con-
jectured that it is continuous at all irrational a but only left-continuous
at rational «. This is easily verified from our form (8.8), since the infinite
product converges unifomly on each interval [a, 1], and each factor in it is

(8.7)
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continuous at irrational « and left-continuous everywhere, but for each ra-
tional « there are factors that have jumps; furthermore, the jumps in the
factors are always positive. Hence, ¢, has a positive jump at each rational
ac (0,1).

Let us consider the case @ = 1/2 in more detail. For comparisons, let
Wineda denote the limit variable for ‘hiring above the median’ in Example 8.1.
Then (6.3) and (8.1) yield

2% S 1
EW/y=——T(=41)=———EW; .
Wip =17 <2+ ) s/2+1  med (8.9)
and thus
d
Wijo < UY*Wined, (8.10)

where U ~ U(0, 1) is independent of Wiyeq. In particular, EW, /5 = 2/7/3 =
%E Wined, as shown by Helmi and Panholzer [11], who also gave a formula
for the density function of W, o which is equivalent to (8.10).

The relation between W; /2 and Wineq is studied further in Example 8.3
and Example 8.4.

Example 8.3. One way to regard the difference between ‘hiring above
the median’ and ‘the 3-percentile rule’ is that their sequences (r(m))g° are
1,1,2,2,... and 1,1,1,2,2, ..., respectively, and thus differ only by an extra
1 in the latter case.

We can study this in general. Given a sequence r(m) satisfying (1.1),
define a new sequence 7(m) by inserting an extra 1 first, i.e., let #(m) :=
r(m — 1), m > 1. We use” to denote variables for the new sequence. It
follows from (4.2) that

Z7474+E-1 (8.11)

with £ € Exp(1) independent of Z. Suppose now that r(m) = am+0(1), or
more generally that (5.1) holds. Then the same is true for #(m); furthermore
it is easy to see from (5.2) that p = p+1, and thus (5.8) yields, using (8.11),

W L By = yew (8.12)
where U = e~ € U(0,1) is independent of W. Equivalently,
— 1
EW?® = EW?, (8.13)
1+as

which also follows from (1.6).

In fact, this has a simple probabilistic explanation. In the modified strat-
egy, the first candidate is, as always, accepted, and because 7(1) = 1, the
threshold for the next candidate is }71 = Xj. Since the threshold never de-
creases (see Lemma 3.3), this means that only candidates better than X;
have a chance of being considered. Moreover, it is easy to see that if we
consider only the subsequence of candidates with values X,, > X, then
the ones hired by the modified strategy are precisely those that would have
been hired by the original strategy applied to this subsequence of candidates.
Conditioning on X; = z1, the values in the subsequence will be indepen-
dent with the conditional distribution £(E + z1), and subtracting z; from
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all values, we obtain the original problem for the original sequence. How-
ever, still conditioned on X7, if we start with a sequence of n candidates,
the subsequence will contain only Bin(n — 1,e~*1) candidates. Note that
U :=e X1 € U(0,1). It follows, using the law of large numbers, that if
Theorem 1.2 applies to the original strategy, then it holds for the modified
one too, with

w L uew, (8.14)
where U € U(0,1) is independent of .

Example 8.4. Another way to view the difference between ‘hiring above
the median’ and ‘the %—percentile rule’ is that 7(m) has been decreased by 1
for every even m > 2. Let us consider, in general, the effect of decreasing a
single value r(m) by 1, assuming that this is possible (i.e., that r(m — 1) <
r(m) = r(m + 1)). Assume also for simplicity that Theorem 1.2 applies.
Then (1.6) shows that W is modified such that E W?# is multiplied by

1+ sa/r(m) _ r(m) —1 1/r(m) — | ysa/(r(m)=1)
1+ sa/(r(m)—1) r(m) L+ sa/(r(m)—1) 7
(8.15

where V' has density 1/r(m) on (0,1) and a point mass P(V = 1) =

1 — 1/r(m). Hence, the modified limit W 4 yo/rm=DY This can be
repeated for several changes.

In particular, looking just at the expectation, decreasing r(2) from 2 to 1
in ‘hiring above the median’ multiplies EW by (1+ 1)/(1+ 1) =5/6. As
seen above, EW decreases by a factor 2/3 if we change ‘hiring above the
median’ to ‘the 1/2-percentile rule’, and we now see that half of the decrease
is due to the decrease of r(2). This illustrates that, as said in Section 1, in
the case of large r(m), the asymptotic behaviour is heavily influenced by
the effects of the first candidates.

Example 8.5. Another variation of ‘hiring above the median’ is to take the
sequence 1,22.33...., i.e.,

r(m) = [m/2] +1, m > 0. (8.16)
Theorem 6.1 applies and yields, e.g. by (6.3),
EWS = 28r(§ v 2). (8.17)

This follows also from Example 8.3, since if we insert an extra 1 first in this
sequence 1(m), we obtain ‘hiring above the median’ as in Example 8.1, and
thus by (8.13) and (8.1),

s 1
2T(5+1) = 5 EW", 8.18
2 + s/241 (8.18)
It follows from (8.17) that W?/4 € T'(2), and thus W has the density
3
fw(z) = %e*ﬁ/‘*, z > 0. (8.19)

Equivalently, W/v/2 ~ x(4), a chi distribution.
We return to the significance of this example in Section 9.
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Example 8.6. The extreme case of small #(m) is r(m) = 1, m > 0. This
means the we only accept candidates that are better than all previous can-
didates, i.e., the record values in the sequence (X,).
Theorem 1.3 applies with p(n) = logn, 8(m)? = m and y(n)? = |logn| ~
log n, which yields
Mn—logn a1y, (8.20)
logl/ Zn
This is a well-known result for the number of records, see e.g. [7, The-
orem 7.4.2], and is easily proved directly by the central limit theorem, ob-
serving that the indicators I := 1{X} is a record} are independent with
I, ~ Be(1/k). See further the next example. (This connection between
records and the hiring problem was noted by [4].)

Example 8.7. More generally, consider ‘hiring above the r-th best’ for a
fixed r > 1, with r(m) given by (1.4). Thus Example 8.6 is the case r = 1.
This strategy was studied by Archibald and Martinez [2] and, in great detail,
by Helmi, Martinez and Panholzer [9]. A value X, is accepted if it is an
r-record, in the sense that it is one of the r best values seen so far. (In
particular, the first r values X}, are always accepted.)

Theorem 1.3 applies with p(n) = rlogn, 3(m)? ~m and v(n)? ~ rlogn,
which yields

M, —rlogn 4

as shown by [9] (who also gave many other results, including for fixed
n, and for the case when both n,r — o0). Again, this is easily shown
directly by the central limit theorem, using the fact that the indicators
I, := 1{X}, is an r-record} are independent with I ~ Be(r/k) for k > r,
which is noted in [9], see also the furthern references given there.

Example 8.8. Let r(m) := |y/m], m > 1. This is an example of small
r(m). (But rather large among the small ones.) We have
1

m

VR oW - ;;+0(1) — logm + O(1)

NE

02 =62 4+0(1) =

k=
and
m Vm) .
) 1 2j +1
ymzzwzz I 4 0(1) =2v/m + Llogm + 0(1).  (8.22)
= WE o

It follows that Theorem 1.3 applies with
wu(n) = %log2 n— %lognlog logn, (8.23)
B(m)? = r(m)262, ~ mlogm and
v(n)? ~ p(n)log p(n) ~ & log? nloglogn. (8.24)

Hence, Theorem 1.3 yields

M, — (% log®n — 3 lognloglogn) i>N(0 1)

—. 8.25
log n(loglogn)'/2 2 (8.25)
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Example 8.9. We give an example showing how Theorem 1.3 can fail when
the sequence r(m) is too irregular.

Let r(m) be such that r(8%) = 2¢, r(m) increases linearly on each interval
[8%, 8% + 2], and is constant between these intervals; i.e.,

2 +m—8, 8<m<8+2, i>0
r(m) := {2i+1, 842 <m < 8L >0 (8:26)
Thus r(m) =< m!/3 (meaning that em'/3 < r(m) < Cm!/3 for some constants

¢ and C), and thus (7.2)(7.3) yield 02, ~ 2, < m'/?. Hence B(m)? =
r(m)262, < m so B(m) = = m!/2. We see also that m ~ m implies 65 ~ Gp,.

Deﬁne m; = 8" and n; := |exp(fgi)], i = 1. Consider only the subse-
quence (n;);. We have chosen n; such that (1.7) holds with n = n; and
u(n) = 8, so we may choose u(n) such that u(n;) = 8 = m; for i > 1.
Then ~(n;) = B(8%) < 2%/2,

Now argue as in the proof of Theorem 1.3 for n = n;. Thus m = u(n;) =
m; = 8. Suppose first that x < 0. Then m < m, and r(k) = 2¢ = r(m;) for
every k € [m,m] (at least if ¢ is large); hence, as i — oo,

R R m—m  —xzy(n;) —xL(my) R
Yiw = Ym r(m;) r(m;) r(m;) Lomi ( )
and since 0y, ~ O,
Y —Ym 4. (8.28)

Om

On the other hand, if > 0, then m > m, and for most k € [m,m],
r(k) = 201 = 2r(m;). Hence, as i — oo, similarly,

N m—m zy(n;) T,
G~ ~— =L, 2
Ym =Y 2r(m;) 2r(m;) 9 Tmi (8.29)
and
Um — Um z
s g (8.30)
Instead of (7.49), we thus obtain
P(¢ < x):IP’( x), x <0,
P(M,. > u(n;)+xy(ng)) — 8.31

Consequently, along the sequence (n;), M, after normalization as in (1.10)
converges to the non-normal random variable

)¢ ¢<0,
1= {2@ e 0, (8.32)

where ¢ € N(0,1).
On the other hand, for many other subsequences there is asymptotic nor-
mality (by the same proof), for example for |exp(ys.gi)]-
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9. CONDITIONING ON THE FIRST VALUE

We have seen above that in the case of large r(m), the asymptotics depend
heavily on the first values Xj, and thus in particular on the first value X;.
Furthermore, as have been remarked by [4], assuming (1) = 1, so that the
second accepted candidate is the first one with X, > X;, the waiting time
No — Np until the second candidate is accepted has, conditioned on X7y, the
distribution Ge(ein) with expectation

E(Ny — Ny | Xp) = e = 1/U, (9.1)

where U := e=%1 € U(0,1). Consequently, E(Ny — N;) = EU™! = oo, and
thus E N,, = oo for every m > 2.

These effects led [4] to consider ‘hiring above the median’ conditioned on
X1. We can do this in general. We assume that r(m) is large, since for
small r(m), conditioning on X; has no effect on the asymptotics, see e.g.
the mixing property in Theorem 1.3.

Theorem 9.1. Suppose that r(m) is large and that r(1) = 1, and define
7(m) :=r(m+ 1), m > 0. Conditioned on X; = x1, the results in The-
orem 1.2 and Sections 4—6 hold, mutatis mutandis, with r(m) replaced by
7(m) and n replaced by pn, where p :=P(Xy > x1) = e 1.

In particular, when Theorem 1.2 applies, (1.5) extends to

M, /n® 25 W = p°W = e X111, (9.2)

where W is independent of X1 and has moments as in (1.6) for the sequence

For a different distribution of the values X,,, e.g. uniform, p is of course
given by the corresponding tail probability.

Proof. This was explained already in Example 8.3, although we here modify
in the opposite direction, so the original sequence here is the modified one
there. As explained in Example 8.3, of the first n candidates, the ones ac-
cepted are the first one and then the candidates accepted using the strategy
given by 7(m) on the candidates that pass the test X > x1. For asymp-
totics, we can ignore the first accepted candidate, and thus the results are
the same as for 7*(m) with n replaced by N, the (random) number of values
X, 2 < k < n, such that X; > x1. By the law of large numbers, a.s.
N,, ~ pn, and the result follows. We omit the details. U

Example 9.2. Consider again ‘hiring above the median’ as in Example 8.1,
but condition on Xj. The sequence 7(m) := r(m—+1) then is the one studied
in Example 8.5; thus we find, for example, see (9.2), that conditioned on
Xl = T,

M, /n'/? 22 p12y (9.3)

where p = e~ and W has the distribution with density (8.19). This (and
more) has been shown by Helmi and Panholzer [11, Theorem 5]. Moment
convergence holds too, and thus, using (8.17), for —2 < s < oo,

E(Mi | Xl — xl) ~ e—sx1/2EWsns/2 _ e—sx1/22sr(§ + 2)ns/2_ (9'4)
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Problem 9.3. What happens if we condition on X7 in a case with (1) = 27

10. PROBABILITY OF ACCEPTING AND LENGTH OF GAPS

Let I, := 1{X,, is accepted} and p, := EI, be the indicator and the
probability that candidate n is accepted; thus M, = > }_, I and EM,, =
> w1 pPk. Let Y;¥ be the current threshold when candidate n is examined.
We then have accepted M,, 1 candidates, and thus

Y=Y, . (10.1)

Furthermore, if P, is the conditional probability that X, is accepted given
the past,

P,:= E(In ’ Xi,... 7Xn—1) = e*YJ = e_YMn_1 (102)
and thus
pn=EP, = EE_YM"*1 . (103)

We return to a more explicit asymptotic result in the case (5.1) in Theo-
rem 10.5 below.

Conditioned on Y,, or equivalently on P, the waiting time until the next
candidate is accepted is Ge(P,). We will see that asymptotically, the same
holds if we go back in time from n to the last acceptance. The next lemma
excludes some extreme cases.

Lemma 10.1. If

i j’“ = 0, (10.4)

k=1

then Yy, =5 0o as m — 0o, and thus P, =3 0 and p, — 0 as n — oo.
Conwersely, if the sum in (10.4) converges, then Yy, 23 Yoo < 00.

Proof. Tt follows from (3.5) that

o
Ok
Y — Yoo i= Z mEk < 0. (10.5)
m=1

Note that the sum in (10.4) is E Y. Hence, if the sum is finite, then Y5, < oo

a.s.
Conversely, assume that (10.4) holds. Then the a.s. divergence of the sum
in (10.5) follows by the Kolmogorov three series theorem [7, Theorem 6.5.5],
or by Lemma 4.1 in the case of large r(m) and otherwise by Lemma 7.4,
which implies first y,, /0, — oo and then Y, /ym L1 Furthermore,
M,_1 25 oo, and thus Yu, . 2% 50 as n — oo; hence P, =% 0 by (10.2)
and p, — 0 by (10.3) and dominated convergence. O

Theorem 10.2. Suppose that (10.4) holds and that r(m) — oo as m — oo.
Then there exists a sequence a, — 00, such that on the interval J, =
[n —an, Pt n], the stochastic process (Iy,)re7, w.h.p. agrees with a sequence

(I;.)keg, of indicator variables that conditioned on P, are i.i.d. with I}, €
Be(FP,).
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Proof. Fix an integer K > 0, and define the stopping time v, := min{k :
My_1 > M1 — K}. Thus v, < n and, assuming n is so large that M,,_; >
K

?

K

Y, =Yy, -k 2 Yy, — (M, 1 —K)
o

=Y, +o(1) =Y +o0(1)
(10.6)

a.s. as n — oo, since M,, — oo and thus r(M,_1 — K) — oo a.s. Conse-
quently, a.s. as n — o0,

P, ~P,. (10.7)

By definition, K candidates are accepted in the interval J* := [v,,n)
(provided v, > 1), and, conditioned on P, , each candidate in J* is accepted
with probability at most P, .

Let a be a fixed large number and define ny := [n — aP,jnl}. If v, > nq,
then | 7*| <n—ny <aP, !, and thus at least K candidates are accepted in
the interval [vp, v, + [aP,, 1]). Hence, using Markov’s inequality,

P(vn =2 m | P, =p) < P(Bin({ap_lj,p) > K) < a/K. (10.8)

Consequently, given any ¢ > 0, we may by choosing K > a/¢ make this
probability < e, uniformly in p > 0. Hence, we may in the rest of the
proof assume that v, < mji. This means that for every k£ in the interval
[n1,n], vn, < k < n, and thus P,, > Py > P,. It follows that, conditioned
on P, , we may couple the Markov process (Ij)kejn,n) With a sequence of
(conditionally) i.i.d. variables (I})ie[n,n With P(I}]) = P, , with an error
probability at most, using (10.7),

(n—ny+1)(P, — P,) ~aP, (P, — P,) = 0. (10.9)

We now uncondition, and see (using (10.9) and dominated convergence) that
we may couple (I1.)kefn,n and (I})keln,,n) With error probability o(1). We
may then instead couple with (I})gec[n, ) Where I} are conditionally i.i.d.
with P(I}) = P, introducing an additional error o(1) by an estimate similar
to (10.9).

Furthermore, a.s. P, ~ P, by (10.7), and thus aP, ' > (a — 1)P, ! for
large n. Thus, we may as well couple (Ij,) and (I}) on [n — (a — 1)P; 1, n],
for any fixed a.

We may here replace a by a+ 1. Moreover, by a simple general argument,
since this coupling with error probability o(1) is possible for every fixed
a > 0, it is also possible for some sequence a,, — o0; this follows by the
following elementary lemma, taking x(a,n) to be the total variation distance
between the two sequences, which completes the proof. O

Lemma 10.3. Suppose that z(a,n), a,n € N, are real numbers such that for
every fized a, x(a,n) — 0 as n — oco. Then there erists a sequence a, — 0o
such that x(an,n) — 0.

Proof. Let ng = 1. For every k > 1, choose ny > ni_1 such that |z(k,n)| <
1/k when n > ny. Define a,, = k when ng < n < ng4q. O
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Let L, :=n — Ny, be the number of candidates examined after the last
accepted one. Let dpy(X,Y) denote the total variation distance between
two distributions or random variables.

Corollary 10.4. Suppose that (10.4) holds and that r(m) — oo as m — oo.
Then, conditioned on P, drvy (Ln,Ge(Pn)) — 0 as n — oo. Consequently,
still conditioned on Py,

PoLy -5 Exp(1). (10.10)

Proof. Immediate from Theorem 10.2 and the fact that P, == 0 by Lemma
10.1. O

We can also find the unconditional distribution of L,,. For convenience,
and in order to obtain more explicit results, we consider only the case in
Section 5, and we assume « < 1, which implies (10.4). We first study P,.

Theorem 10.5. Suppose that (5.1) holds for some oo € (0,1). Then, a.s.,
P, ~ aM,/n ~ aWn*!, (10.11)
where W is as in Theorem 1.2.

Proof. Let, for convenience £ := (ofl — 1)7 +p+1,50 W = e %722 by
(5.8). Then, by Lemma 4.1 and (5.4), a.s.,

Yoo =tym+Z+0(1)=(a' —1)logm —loga+ &+ Z+0o(1) (10.12)
and thus, by (5.8),
Vi=(a"'—1)logM, —loga+ ¢+ Z +o(1)
=(1—a)logn + (of1 —1)logW —loga+ £+ Z + o(1)
=(1—a)logn —loga+ af +aZ + o(1). (10.13)
Hence, by (10.2),
P, ~ ae" 2ol — qypat, (10.14)
O
Theorem 10.6. Suppose that (5.1) holds for some o € (0,1). Then
Lo/nt™ -4 1= o'W E, (10.15)
where W is as in Theorem 1.2 and E € Exp(1) is independent of W.
Proof. A consequence of Corollary 10.4 and Theorem 10.5. U
Remark 10.7. The moments
EL=aE[W]E[E*] =a (s + )EW™,  s>-1, (10.16)

follow from (1.6). Note that for real s, E L* < 0o if —1 < s < 7./, but not
outside this interval, see Remark 5.5.

Example 10.8. For ‘hiring above the median’, W has the density function
(8.2), and thus L = 2W~!E has the density function

fZ(x) :/0 fW(y)ny—lE(I‘) dy:/o %6792/4%6*91/2dy
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e 2
= 2/ t2e~ "t e, (10.17)
0
as found by [11, Theorem 3|. Furthermore, (10.16) and (8.1) yield
EL* =T(s + 1)F<1 - g) “1<s<2 (10.18)

In particular, EL = /. [11] proved convergence of E L, /n'/2 to this limit.

Remark 10.9. Theorem 10.2 implies also the same limit results for, e.g.,
the distance between the last two accepted. See [11, Theorem 4] for ‘hiring
above the median’.

11. THE DISTRIBUTION OF ACCEPTED VALUES

Finally, we study the distribution of the accepted values. For simplicity we
consider again only the situation in Section 5. We also assume for simplicity
that a < 1, leaving the case a = 1 to the reader.

Let, for a real number z, M be the number of values X, with k& < n that
are accepted and furthermore satisfy X; < x. Define M* = M, — M$*
similarly.

Theorem 11.1. Suppose that (5.1) holds for some o € (0,1). Then, a.s.,
for every u € R,

<Y 4u _ au/(l—a)
M, {(1 a)e , u<0, (11.1)

F =
m, W 0.

1—ae™, U

A\VAV/N

In other words, the empirical distribution function of the differences Xy —
Y for the M, accepted candidates converges a.s. to the distribution with
distribution function F(u). Hence, if X, is the value of one of the M,
accepted candidates, chosen uniformly at random, then,

X, -v:-Lv, (11.2)
where V' has the distribution F(u).
The proof is given later. Note that V has density

{aea“/(la), u < 0,

11.3
ae ", u > 0. ( )

Thus, V' has an asymmetric double exponential distribution (Laplace distri-
bution); if & = 1/2, V' has the usual Laplace distribution.

In order to prove Theorem 11.1, we introduce a simpler strategy. Fix a
real number z and define

Tn = xn(z) := (1 —a)logn + az — log«a (11.4)
and, for later convenience,
w=w(z):=e *€l0,00). (11.5)

Define the strategy H(z) as ’accept if X,, > x,,’. (Thus H(z) is not a rank-
based strategy.)
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Lemma 11.2. For the strategy H(z), a.s.,
M, ~ wn® (11.6)
and, for every real u,
MSentu
M,

(1 _ a)eozu/(l—a), 0,

u <
1—ae™ u = 0. (11.7)

— F(u) := {

Proof. Consider first a fixed u > 0. Then every value X > =z, + u with
k < n will have Xj, > x, > xj, and thus be accepted. Hence, M *nT% is
the number of all such values, and since the indicators 1{ Xy > z,, + u} are
iid. with P(Xy > zp, +u) = e ¥4,

M;# % € Bi(n,e”™7"). (11.8)

Tp—U U,y

This binomial random variable has mean ne™ = awe “n®%, recalling
(11.4) and (11.5). A standard Chernoff bound, see e.g. [13, Corollary 2.3],
shows that for every € > 0,
P(|M7*n ) E My ™+ — 1] > €) < 2exp(—c(e,u)n®). (11.9)
It follows, by the Borel-Cantelli lemma, that a.s. M %% /E M onte — 1
ie.,
M7t B M T = qwn®e . (11.10)
Consider next M,. This too is a sum of independent indicators I :=
1{ X} > x1}. Furthermore, for k large enough so that xy > 0,

pr =Bl =e ™ = ae” k1 = quk® . (11.11)
Since M, = Y ,_, I, we have
n n
E M, = Zpk = anka_l +O(1) = wn® + O(1). (11.12)
k=1 k=1

The random variables I are not identically distributed, but the Chernoff
bound holds for sums of arbitrary independent indicator variables [13, The-
orem 2.8], and thus (11.9) holds for M,, too, and we obtain as above

M,/ E M, %% 1, (11.13)

which together with (11.12) yields (11.6).
Furthermore, (11.6) and (11.10) show that for every fixed u > 0,

Mot N, 25 qe (11.14)

and thus (11.7) holds for u > 0.

Finally, consider a fixed v < 0. Similarly as above, we write M %+ as
a sum of independent indicators I} := 1{z}; < X} < z, + u}. Note that
I}, = 0 unless zj, < , + u, which by (11.4) is equivalent to

(1—-a)logk < (1 —a)logn+u (11.15)
or
k< e¥/(1=p, (11.16)
For such k, except possibly for some small k& with z;, < 0,

EI, := e % — e~ (nF%) — quk®! — qwe "n!, (11.17)
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Hence,
eu/(1—a)
E MSonte = Z (awkafl — Ozwefunafl) +0(1)
k=1
= w(eu/(l_a)n)a — awe %1% 4+ 0(1)
= wn®e 171 —a) + 0(1). (11.18)
The Chernoff argument applies again, and yields
MSTntu /| STt 25 (11.19)
and thus, using (11.18) and (11.6), a.s.,
M2+ (1 — @)wn®e®™/(1=2) (11.20)
and
MS#nHU ML — (1 — )™/ (179 = F(u). (11.21)

We have proved that (11.7) holds a.s. for every fixed v € R. Hence, it holds
a.s. for every rational u, but this implies that it holds for all u simultane-
ously, since the left-hand side is monotone in v and the right-hand side is
continuous; we omit the details. O

Proof of Theorem 11.1. Consider the rank-based strategy (as in the rest of
the paper), which we denote by R, together with the strategies H(z) for all
rational z € R, acting on the same sequence X,,. We indicate quantities for
the strategy #H(z) with an extra argument z; for example, M,(z) for the
number of accepted values of the n first ones.

Recall that the strategy R is to accept X, if X,, > ¥,*. By (10.13) and
(11.4), if z < Z + ¢, then a.s. Y, > x,(2) for all large n, and thus (for large
n) every value accepted by R is also accepted by H(z). Consequently, a.s.

M, < M,(z)+ O(1). (11.22)
Similarly, for every fixed real u, a.s.,
MYt < ppen@4e 2y 4 O(1). (11.23)

For every rational z > Z + ¢, (11.22) and (11.23) hold a.s. with the inequal-
ities in the opposite direction.
Consequently, with G(u) := 1 — F(u), a.s., for every rational z < Z 4+ £
and 2’ > Z + ¢, using (11.6), (11.5), and (11.7),
M M) 1 0() _ M) +0() M)

M, —  My(z)+0(1) M, (2) M, (") + O(1)
’U)(Z) a(z'—z
— G(u)w(zl) = G(u)e*# ), (11.24)
Hence, a.s.,
>SY 4u ( )
li < a(z'—2 11.2
17rlr1_>5£p A G(u)e (11.25)
for every rational z and 2’ with 2 < Z + £ < 2/. Consequently, a.s.
>SY X 4u
limsup —=——— < G(u) = 1 — F(u). (11.26)

n—oo M’VL
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A lower bound follows in the same way, now comparing in the opposite
directions with z > Z 4+ ¢ > 2/. This proves (11.1) a.s. for a fixed u, and
thus for all rational u simultaneously, which again implies the result for all
real u simultaneously by monotonicity and continuity. U

Corollary 11.3. Suppose that (5.1) holds for some a € (0,1). Then, the
fraction of the accepted values that are larger than the current threshold, and
thus would have been accepted now, converges a.s. to a.

Proof. This fraction is M /M, so the result is the case u = 0 of Theo-
rem 11.1. U

APPENDIX A. PROOF OF (5.3)

Lemma A.1l. Suppose that (5.1) holds for some a € (0,1]. Then (5.3)
holds.

Proof. Fix § > 0 and suppose that m is such that r(m) > (146)2am. Then,
for every k with m < k < (14 §)m, we have r(k) > r(m) and thus

(k)™ —r(E)P > (1 +6)Ham)™ — (1 +6)2(am)™t =c(0)m™. (A1)
Hence,
o0 L(1+6)m]
Dlrt) T =(ak) = > ed)mt = e(0). (A.2)
k=m k=m
Since the sum in (5.1) converges, (A.2) cannot hold for arbitrarily large m,

and thus 7(m) < (1 + §)2am for large m. Similarly, if 0 < § < 1, then
r(m) > (1 — 6)%am for large m. This proves (5.3). O
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