ASYMPTOTIC NORMALITY IN RANDOM GRAPHS
WITH GIVEN VERTEX DEGREES

SVANTE JANSON

ABSTRACT. We consider random graphs with a given degree sequence
and show, under weak technical conditions, asymptotic normality of the
number of components isomorphic to a given tree, first for the random
multigraph given by the configuration model and then, by a conditioning
argument, for the simple uniform random graph with the given degree
sequence. Such conditioning is standard for convergence in probability,
but much less straightforward for convergence in distribution as here.
The proof uses the method of moments, and is based on a new estimate
of mixed cumulants in a case of weakly dependent variables.

The result on small components is applied to give a new proof of a
recent result by Barbour and Réllin on asymptotic normality of the size
of the giant component in the random multigraph; moreover, we extend
this to the random simple graph.

1. INTRODUCTION

Let G(n,d) be a random (simple) graph with n labelled vertices and a
given degree sequence d = (dl, e ,dn), chosen uniformly at random among
all such graphs. (We assume tacitly that d is such that some such graph
exists.) We will denote the vertices by v1, ..., v,; thus v; has by definition
degree d;.

The standard way to constuct a random graph G(n,d) is by the configu-
ration model, which was introduced by Bollobas [11]. As is well-known, this
method constructs first a random multigraph, which we denote by G*(n, d),
and then obtains G(n,d) by conditioning on the event that G*(n,d) is sim-
ple; see Section 4.

We are, as most papers in this field, interested in asymptotic results as
n — oo, where the degree sequence d,, = (dgn))’f depends on n and satis-
fies suitable conditions. The standard method is to first prove results for
the random multigraph G*(n,d,) and then obtain corresponding results
for G(n,d,) by conditioning as above. In the present paper, we make the
common assumption that the (asymptotic) degree distribution has a finite
second moment; see Section 2 for precise assumptions. Then, it is well-
known that P(G*(n,d,) is simple) > c for some ¢ > 0 (at least for large n),
see Remark 2.3, and as a consequence, any property that holds w.h.p. (i.e.,
with probability tending to 1) for G*(n,d,) holds w.h.p. also after condi-
tioning on G*(n,d,,) being simple. Hence, the transfer of such results from
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the multigraph G*(n,d,) to the simple graph G(n,d,) is trivial. (Cf. Bol-
lobds and Riordan [13], where transfer is made possible by far from trivial
arguments also when P(G*(n,d,) is simple) — 0.)

However, it has repeatedly been remarked that this simple method fails
for distributional results, for example that some random variable X,, defined
by the graph is asymptotically normal, since probabilities like P(X,, < z)
may be changed by the conditioning. Hence, although in many cases it
seems intuitively clear that a few loops or multiple edges should not affect
the asymptotic results, and we still expect the same asymptotic distribution
for G(n,d,) as for G*(n,d,,), it is typically difficult to prove this rigorously.
We know only two papers where this has been done for asymptotic normality
of some variables, in both cases by first proving a result for G*(n,d,) and
then showing that the proof can be modified to work for G(n,d,): Janson
and Luczak [24] showing asymptotic normality of the size of the k-core
(using a rather complicated extra argument for G(n,d,)) and Riordan [36]
showing asymptotic normality of the size of the giant component in the
weakly supercritical case (using a simple extra argument for G(n, d,) noting
that the proof only uses local explorations involving o(n) vertices).

The purpose of present paper is to do this in another case. Barbour and
Rollin [8] recently proved, for G*(n,d,,), a theorem on asymptotic normality
of a class of “local” statistics that include, for example, the number of small
components of a given type. They further used this to show asymptotic nor-
mality of the size of the giant component in the supercritical case. Our main
results show that the same results on small components and the size of the
giant hold for the random simple graph G(n,d;). (We also weaken some-
what the technical conditions for these results in [8].) Precise statements
are given in Section 3 below.

We achieve these results by the time-honoured method of moments. (Bar-
bour and Réllin [8] use Stein’s method.) Using the method of moments, we
show joint convergence of, e.g., the number of components of a given type
and the numbers of loops and pairs of parallel edges in G*(n,d,,); we may
then obtain the result for G(n,d,) by conditioning on the latter numbers
being 0. In order to do this, we thus show convergence of mixed moments.
Calculations of means and (co)variances are rather straightforward, and the
central part of the proof is to obtain bounds on higher-order cumulants.
This is similar to results by Féray [17, 18].

To describe the idea, consider as a simple case the covariance Cov (11, I2)
of two indicators, each indicating that a particular set of vertices (and half-
edges) form a copy of a given graph H. If the two sets of vertices are disjoint,
then I} and Iy are only weakly dependent; we exploit this by constructing

a modification I} of Iy that is independent of I;, and such that I} 4 I
and P(I}, # I | I) = O(EIy/N). This implies Cov(Iy,Is) = E(I112) —
E(I115) =E(L1(I2—15)) = O(ELL EI,/N). The general case is an extension
of this, although the details are quite technical, see Section 6. (The idea
to construct a suitable independent modification is used also in the Stein
coupling constructed by [8], although their modification is both constructed
and used differently from our modifications.)
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One feature of the construction that may be of independent interest is
that we in the proof use the bipartite version of the configuration model
to construct a random bipartite graph with the vertices [n] of G*(n,d,,) as
vertices on one side, and the edges of G*(n,d,,) as vertices on the other
side; equivalently, we construct first the random bipartite graph obtained
by bisecting each edge in G*(n,d,); see Section 4.

Remark 1.1. As remarked by Barbour and Réllin [8], there are not many
papers at all proving asymptotic normality for statistics of the multigraph
G*(n,d,); apart from [24], [36] and [8] just mentioned, we know of Angel,
van der Hofstad and Holmgren [1] (number of loops and multiple edges when
the second moment of the degree distribution is infinite; this is obviously
not relevant for simple graphs), KhudaBukhsh, Woroszylo, Rempata and
Koeppl [30] (an epidemic on the graph), Ball [4] (a more general epidemic
model, and the giant component in site or bond percolation), and Athreya
and Yogeshwaran [3] (certain statistics in a subcritical case).

Remark 1.2. The method of moments is a very old method. Applications
of it are typically messy and lead to long calculations using combinatorial
estimates of multiple sums, while other methods may give shorter and more
elegant proofs. Nevertheless, it is a powerful method that often works in
combinatorial problems. I have seen several cases where results first have
been proved by the method of moments and later reproved using other meth-
ods. It seems likely that the results here will be another example of this in
the future. For example, perhaps a combination of Stein’s method for normal
approximation and Stein—Chen’s method for Poisson approximation might
be used instead of the method of moments to show the joint convergence
used in our proofs below.

2. ASSUMPTIONS AND NOTATION

2.1. Some notation. [n] := {1,...,n}. N:={0,1,...}. &, is the set of
all permutations of [n].
(n)y :=nl/(n—r)! =n(n—1)---(n —r+ 1) is the descending factorial.
Similarly,
n!!

((n))y := m =

(x)+ := max(z,0). We interpret 0/0 := 0 and 0 - 0o := 0.
Unspecified limits are as n — oo; w.h.p. (with high probability) means

nn—2)-(n—2(r—1) =2"(n/2),. (2.1

with probability tending to 1 as n — oc. 9, and 25 denote convergence in
distribution and probability, respectively. C' and ¢ denote positive constants
that may be different at each occurrence.

If G is a (multi)graph, we let V(G) denote its vertex set and E(G) its edge
set; furthermore, v(G) := |[V(G)| and ¢(G) := |E(G)| are the numbers of
vertices and edges of G, and ¢(G) is its number of components. The number
of vertices of degree k is denoted by ny(G). For convenience, we often write
v e G for v € V(G) and |G| for |V(G)|.

The degree of a vertex v € G is denoted dg(v). (A loop in a multigraph
contributes 2 to the degree of its endpoint.) Thus ) .. dg(v) = 2¢(G).
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The component containing a vertex v € G is denoted C(v) = Cg(v). It
may be regarded as a rooted multigraph, i.e., a multigraph with a distin-
guished vertex, viz. v. We denote the components of G arranged in decreas-
ing order by C1(G),C2(G), - . ., Cyq)(G) (with ties resolved by any fixed rule,
e.g. lexicographically).

If X is a random variable and £ an event, then E(X; £) := E(X1{€}).

1/2

We may ignore obvious roundings and write e.g. n*/“ or en when we mean

the nearest larger or smaller integer.

2.2. Basic assumptions. As in the introduction, we assume that for each
n > 1, we are given a degree sequence d,, = (d;)}. Thus d; = dz(-n) depends on
n, as do many other quantities introduced below, but often we omit n from
the notation for convenience. Also as above, G(n,d,,) is the random simple
graph with degree sequence d,,, and G*(n,d,,) is the random multigraph
with degree sequence d,, given by the configuration model. (We assume
tacitly that d,, is such that a graph with these vertex degrees exists; in
particular, ) . d; is even.) Let

N = Zd (22)

Thus the random graph G*(n,d,,) has n vertices and N/2 edges.

Let ng = nk(dy) := [{i € [n] : d; = k}|, the number of vertices of degree
k in G*(n,d,). Further, let D, denote the degree of a uniformly random
vertex, i.e., D, is a random variable with the distribution

P(D,, = k) = ng/n, k>0. (2.3)
We will always assume the following.

(A1) D,, the degree of a randomly chosen vertex, converges in distribution
to a random variable D with a finite and positive mean p :=E D. In
other words, there exists a probability distribution (py);2, such that

% pe=P(D=k), k>0, (2.4)

and p = > 72 kpi € (0,00).
(A2) ED,, - ED = p. Assuming (Al), this is equivalent to D,, being
uniformly integrable.

(See e.g. [19, Theorem 5.5.9] for the equivalence with uniform integrabil-
ity.) Sometimes we will also use one or several of the following assumptions.

(A3) ED? — ED? < co. Assuming (A1), this is equivalent to D? being
uniformly integrable. (This will always be assumed when studying
G(n,dy).)

(A4) sup, ED;" < oo for every m < oo. This implies uniform integrability
of every powers D", and thus, assuming (A1), E D" — E D™ for every
m > 0; in particular (A2) and (A3). (We use this strong condition only
in a few results.)

(A5) ED(D —2) > 0. This is the supercritical case, when G*(n,d,,) w.h.p.
has a giant component of order O(n), see Molloy and Reed [32, 33]
with refinements in, e.g., [25], [13], [28].
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(A6) p1 > 0 and po + p1 < 1. This excludes some less interesting cases; see
Remark 3.5.

The degree sequences d,, will be fixed throughout the paper, and unspec-
ified constants may depend on them through (explicit or implicit) constants
in these assumptions, for example the distribution (p;).

Note that by (2.2), E D,, = N/n. Hence, (A2) is equivalent to

N/n — p. (2.5)

In particular, since 0 < g < oo by (Al), N = ©(n). Hence, in estimates
with unspecified constants, it does not matter whether we use e.g. O(n) or
O(N).

Remark 2.1. We assume that G(n,d,) has n vertices. This is customary,
but as always just for notational convenience. See [13], where the results
are formulated with the given d,, allowed to have arbitrary lengths — oc.

Remark 2.2. One common version of the configuration model uses random
vertex degrees d; that are i.i.d. copies of a random variable D (e.g. ignor-
ing one half-edge when the sum of degrees is odd). Then, (A1) holds a.s.,
and thus (with suitable assumptions on D), the results below apply condi-
tioned on the vertex degrees. However, unconditioned results are somewhat
different, see Section 12.

Let dpax := max;d;. The uniform integrability of D2 in (A3) means
that for any (deterministic) sequence w(n) — oo, ED21{D, > w(n)} =
15, d?1{d; > w(n)} — 0; this implies (choosing e.g. w(n) = n'/3) that

Amax = 0(n1/2). (2.6)
(A3) obviously also implies
ED? = 0(1). (2.7)
Remark 2.3. The condition (2.7) (together with e.g. (A1)) implies
lmng(G*(n, d,) is simple) > 0, (2.8)

see [21; 23]; hence (A1)—(A3) imply (2.8). The lower bound (2.8) is the basis
for most applications of the configuration models to the random simple graph
G(n,d,,), since if often allows simple conditioning as said in the introduction.

When also (2.6) holds, (2.8) can easily be shown using the method of
moments; this has been the standard method since the introduction of the
configuration model [11], see [21] for a proof with no further assumptions.
This method is also the basis of our proofs below.

Remark 2.4. We will assume (A3) for our results for the simple graph
G(n,dy). In fact, the main results really require only (2.6) and (2.7); by
considering subsequences we may then assume that E D2 — uy for some
po < oo, and the proofs then hold with E D? replaced by us in e.g. (7.7).
However, we prefer to state the results for the more natural condition (A3).
(An example satisfying (2.6) and (2.7) but not (A3) is obtained from any

example satisfying (A1)-(A3) by changing the degrees of n!/? vertices to
1/3 )
nt/s.
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As said above, it is shown in [21; 23] that (2.8) holds also without assuming
(2.6), but the proofs are then somewhat more complicated, and we do not
know whether they can be used to replace the assumption (A3) by (2.7) in
the theorems below. In fact, it seems likely that the results extend also to
cases without (2.7), but that would require completely different methods.

2.3. The corresponding branching process. The usual exploration pro-
cess reveals the edges (i.e., pairings of half-edges) in G*(n, d,,) one by one as
they are needed, starting with the half-edges at a vertex v and then continu-
ing with the unpaired half-edges at the neighbours of v, and so on, until the
component C(v) is fully explored. Let V' be a uniformly random vertex in
G*(n,dy). As is well-known, see e.g. [13, Lemma 4] for a formal statement,
assuming (A1)-(A2), the exploration process of C(V') may be approximated
by a branching process 7 (regarded as a rooted tree, finite or infinte), in
the sense that for any fixed K, the first K generations of the two processes
may be coupled such that they are isomorphic w.h.p. (In particular, if one
of the processes has only k£ < K non-empty generations, then so has the
other w.h.p.) The branching process T is a Galton—Watson process where
the root has offspring distribution D as in (A1), and all other vertices have

offspring distribution D — 1 where D has the size-biased distribution
kpx

P(D = k) := pp := 0 k>1. (2.9)
For a rooted unlabelled tree T', we define
pr:=P(T=T), (2.10)

with 2 meaning isomorphism (i.e., equality) as unlabelled rooted graphs.

Similarly, if 7" is an unrooted unlabelled tree, we define pr by (2.10), now

interpreting = as isomorphism (equality) of unlabelled unrooted graphs.
For random variables that are functionals g(7) of T, we write

Ef g(T) :=E(g(T); |T| < 00) =Y prg(T), (2.11)
T

summing over finite unlabelled (rooted or unrooted) trees T'. Obviously, it
here suffices that g is defined for finite trees.
We denote the probability generating function of D by

f(z)=Ez" Zpkz (2.12)

In the supercritical case (A5), let ¢ be the unique root in [0, 1) of

F1(©) = u¢. (2.13)

(If (A5) does not hold, we may take ¢ := 1, which always satisfies (2.13).)
As is well-known, then P(|7T| < co) = f(¢). See further Sections 3.3 and 11.

3. MAIN RESULTS

The main results are stated below. Proofs are given in later sections. We
begin with some notation for subgraph counts.

Let G and H be (multi)graphs. (Think of G as big and H small.) We often
regard the small graph H as unlabelled; in particular, when we talk about
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several distinct graphs H, we mean non-isomorphic. However, for formal
definitions it is convenient to regard both G and H as labelled, meaning
that both vertices and edges, and also half-edges, are labelled. (For simple
graphs it suffices to label vertices, since the edges are identified by their
endpoints. Similarly, half-edges need to be labelled only for loops.) We
count subgraphs of G isomorphic to H in four different ways:

Zp(G) is the number of labelled copies of H in G.

Z}(G) is the number of unlabelled copies of H in G.

Z 1 (G) is the number of labelled isolated copies of H in G.
Z3(G) is the number of unlabelled isolated copies of H in G.

Thus, Zi(G) can be defined as the number of injective maps H — G,
mapping vertices to vertices, edges to edges and half-edges to half-edges
such that the relations between them are preserved. Zpy(G) is the number
of such maps such that the vertices in the image H' of H have no other
edges than those in H’, i.e., the degrees are preserved. Furthermore,

1 —u 1
MZH(G)v ZH(G) - MZH(G)v (3-1)
where aut(H) = Zy(H) is the number of automorphisms of H. If H is
connected, then Z (@) is the number of components of G isomorphic to H.

The simple relations (3.1) shows that it is equivalent to study labelled or
unlabelled copies. Nevertheless we will consider both since it often is natural
to count unlabelled copies (for example when counting components), but
labelled copies often (but not always) are more convenient in our proofs.

We simplify the notation and write Zy := Zy (G(n, dn)) and 73, =
Zn (G* (n, dn)), and similarly for the other versions of subgraph counts.

Zj(G) =

Example 3.1. Let C; be a loop and Cy a double edge. Then a multigraph
G is simple if and only if Z¢ (G) = Z¢,(G) = 0. If particular, we obtain
G(n,dy) from G*(n,d,) by conditioning on the event Z¢7 = Z¢* = 0.

3.1. Small components. Our first theorem gives the asymptotic distribu-
tions for the number of small components of different types in G*(n,d,).
It is well-known that most small components are trees. More precisely, for
a tree T', there is typically a linear number of components T', and asymp-
totic normality was recently shown by Barbour and Réllin [8] using Stein’s
method. We give a new proof of this (under somewhat weaker conditions),
since this is the basis of our work below. We complement this with the easy
results that the number of components isomorphic to a given conneted uni-
cyclic graph has an asymptotic Poisson distribution, and that there w.h.p.
is no small (i.e. fixed size) component with more than one cycle. The latter
results follow by standard moment calculations and are presumably known,
although we do not know any specific reference.

Theorem 3.2 (Mainly [8]). Consider the random multigraph G*(n,d,,) and
assume (A1)—(A2) and (A6).
(i) If H is a tree, then
ZU* o E7u* d
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for some U%{ =opu >0 given by (3.7) below. Furthermore,

—ux Mfe(H) |
EZy/n— Mg = aut(H)ungdH(u)dH(u)- (3.3)
and, if v(H) > 1,
04 >0 < Ay >0 < dy(u) € {k:p, >0} Vuec H. (3.4)

Moreover, for every tree H,
Mg =pr/|H|, (3.5)
where py is given by (2.10) (for unrooted H ).
(ii) If H is a connected unicyclic multigraph, so e(H) = v(H), then
7y - Po(Ay), (3.6)

with g as in (3.3).
(iii) If H is a connected multigraph with more than one cycle, i.e., e(H) >
v(H), then Z3 = 0 w.h.p.
Moreover, the limits in (1)—(iii) hold jointly, for any finite number of distinct
connected multigraphs H;, with a joint limit N(O, E) for the trees, for a
covariance matriz X = (UHth) given by

(26(}¥1)€(}{2)

3 nk(Hl)nk:(H2)>

OHy,Hy = 5H1,H2>‘H1 + )‘Hl)‘Hz D
k

k>0
(3.7)

and with the Poisson limits in (ii) independent of each other and of the joint
normal limit in (1). Furthermore, this holds with convergence of all mized
moments. In particular, if H1 and Hs are trees, then

Cov(?ﬁl , 7;};) =om, H,n + o(n). (3.8)

Moreover, if each tree H; has v(H;) > 1 and satisfies the condition in (3.4),
then the covariance matrix ¥ s non-singular.

In (3.7), 0H, 1, is the Kronecker delta, equal to 1 when Hy = Ha (as
unlabelled graphs); furthermore, recall that 0/0 =0 and 0 - oo = 0.

Remark 3.3. The case v(H) = 1, i.e. v = Ky, has to be excepted in (3.4),
since trivially Zi7 = ng is deterministic, so Ual =0.

Remark 3.4. The moment convergence in (3.2) implies that if H is a tree
such that 0% > 0, then (3.2) can be written
ZU* o EZU*
Dol S N(0,1), (3.9)
uxy1/2
(Var Zp )

SO 7;; really is asymptotically normal. The same applies in other theorems
below, e.g. Theorem 3.9.

Remark 3.5. The assumption (A6) excludes the two extremal cases p; = 0
and pg + p1 = 1, which are less interesting in the present context; in these
cases, there are only a few (o(n)) small components except (possibly) isolated
vertices and edges. Theorem 3.2 hold also when (A6) fails, except that then
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0% = 0 for every tree H (and (3.4) may fail) and thus e.g. (3.2) says only that
the variable converges to 0 in probability; cf. Theorem 3.10 and Remark 7.11,
where (A6) is not assumed.

Remark 3.6. Cf. the similar results for Erdés—Rényi graphs G(n,p) and
G(n,m), shown by e.g. [16], [6], [7]; see Example 12.3.

Remark 3.7. In spite of (3.3), we cannot in general replace EZ?; by its
asymptotic value nAy in (3.2); the reason is that this would require E Zp =
nAg + 0(n1/2), and this rate of convergence in (3.3) does not hold without
further assumptions on the rate of convergence in (2.4). In particular, it does
not hold in the case of random vertex degrees mentioned in Remark 2.2, see
Section 12.

Remark 3.8. As said above, we reprove the result by Barbour and Réllin [§]
on tree components. We do not treat the more general class of local statistics
studied in [8], and leave it as an open problem whether our methods apply
to them in full generality. On the other hand, we include below results on
subgraph counts not covered by [8].

One of our main results is that Theorem 3.2 transfers to the simple random
graph G(n,d,,), under weak assumptions. Obviously, we have to consider
only simple graphs H, since Z}; = 0 if H contains a loop or a multiple edge.

Theorem 3.9. Assume (Al)-(A3) and (A6). Then, for simple graphs H,
the results in Theorem 3.2 hold also for the random simple graph G(n,dy,)
and variables 7;{, with the same A, U%{ and . Furthermore, if H is a
tree, then

EZy —EZ} = o(n'/?), (3.10)

and thus it does not matter whether we normalize Z gy as in (3.2) using E Z 5
or EZUH*.
3.2. Small subgraphs. With a stronger moment assumption on the de-
grees, we have similar results for the number of copies (not necessarily iso-
lated) of a given tree. We assume (A4), i.e., that every moment E D] is
bounded, and thus in particular that D has finite moments of all orders.
(This implies (A2)—(A3) as said above.)
Theorem 3.10. Assume (Al) and (A4).
(i) For every tree T there exists 5% > 0 such that
Zyr —EZ%*
NLD
Moreover, (3.11)~ holds jointly for any number 0~f such trees T, with
a joint limit N(0,%) for some covariance matriz 3. Furthermore, the
limits hold with convergence of all moments.
(ii) The results in (i) hold also for the random simple graph G(n,d,) and
variables Zy., with the same 6% and Y. Furthermore,

EZY — EZ¥ = o(n'/?), (3.12)

and thus it does not matter whether we normalize Z3. as in (3.11) using
EZy or EZ3*.

45 N(0,52). (3.11)
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Remark 3.11. We consider only trees in Theorem 3.10. If H is a cycle,
then the proofs below show that Z}; and Z}; are asymptotically Poisson
distributed. However, for general unicyclic H this is not true; this is similar
to the case for G(n,p), see e.g. [14] and [27, Example 3.21]. It can be shown
that for a general connected unicyclic H, Z}; and Z}; converge to a compund
Poisson distribution. This is besides the point of the present paper, so we
leave the details to the reader.

Remark 3.12. We leave explicit calculations of asymptotics of means and
variances in Theorem 3.10 to the reader. Note that (for the simple graph
G(n,d,)) there are further trivially deterministic cases: Zg = N/2, the

number of edges in G(n,d,); similarly, for any r > 1, Zg = 371", (Cf})
We do not know whether there also are further cases where the variance

(perhaps of some linear combination) is o(n) and thus vanishes in the limit
taken in (3.11).

Remark 3.13. The condition (A4) assumes that all moments of the degree
distribution are bounded. This is presumably stronger than necessary; it
seems likely that it is enough that sup, E DM < oo for some M depending
on T for convergence in distribution (3.11), although (A4) presumably is
required for moment convergence. Some condition of this type is necessary,
since otherwise Z;* may be dominated by a few vertices of high degrees, as
in the following example.

Example 3.14. Let d,, have one vertex vy of degree n%*, n%® vertices u;

of degree n!, n/2 vertices of degree 3 and the rest, about n/2, of degree 1.
Then (A1)-(A3) are satisfied, with p; = p3 = 1/2 and p = 2. Let H be the
tree with v(H) = 22 obtained by taking two disjoint stars Kj ;o and joining
their central vertices by an edge.

Let X,, be the number of edges in G*(n,d,,) between v; and a vertex of
degree n%!. Each such edge is the central edge in ~ 2n!0-0-4+100.1 — 95,5
labelled copies of H, while the O(n) other edges are central edges in at most
O(n?) copies of H each. Hence, Zj; = (2+0(1))n®+O(n?). Furthermore, it

is easy to see (e.g. by the method of moments) that X, 4 Po(1/2). Hence,
73/ (2n%) -5 Po(1/2). (3.13)

Thus, after suitable norming, Z7; and Z} are asymptotically Poisson dis-
tributed and not normal.

3.3. Giant component and susceptibility. It is well-known that in the
supercritical case when (A5) holds, there is w.h.p. a unique component C; of
order ©(n) in G*(n,dy,) or G(n,d,), known as the giant component; see Mol-
loy and Reed [32, 33] and, e.g., [25], [13], [28]; moreover, E [C1]/n — 1— f({),
which we recall from Section 2.3 is the survival probability of the branching
process 7. Ball and Neal [5] proved (under some extra technical conditions,
in particular the existence of a third moment E D3 < co) that the vari-
ance satisfies Var|Ci|/n — o2, with o2 given by (3.15) below. Moreover,
Barbour and Réllin [8] proved (under the same techical conditions) that for
the random multigraph G*(n,d,,), the size |C1| is asymptotically normal.
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We reprove this here with our methods (removing some unnecessary condi-
tions); moreover, we show that the result holds for the simple random graph
G(n,dy) too. (Similar results for G(n,p) and G(n,m) have been known for
a long time, see e.g. [37], [34], [35], [12].)

Remark 3.15. In the weakly supercritical case, where E D,,(D,, — 2) — 0
but E D,,(D,,—2) > n~ /3, Riordan [36] showed asymptotic normality of the
size (and nullity) of the giant component, both for G*(n,d,,) and G(n,d,)
(assuming that the degrees are bounded), using methods different from ours.
Note that in this case, the giant is smaller: E|C;| < n, but Var|Ci| > n.
It does not seem to be possible to prove these results by the method in the
present paper.

Theorem 3.16 (Partly [5] and [8]). (i) Assume (A1)—(A2) and (A5)—(A6).
Then the size |C1| of the giant component in G*(n,dy) has an asymptotically
normal distribution:

ICi| —EICi] a 5
— %5 N(0,0?), (3.14)

where 0% > 0 is given by, with f and ¢ as in (2.12)-(2.13),

- p2¢ 3¢t p¢?
=1 2 PENTI

p=f"¢) (k= f(Q)?
- w_l}w(&f"(@) + (). (3.15)
Furthermore, Var |Cy|/n — o?.

(ii)) Assume (A1)—(A3) and (A5)—(A6). Then the results of (i) hold for
G(n,d,,) too, with the same o?.

—f(¢*) —2 F1(¢?)

2

The formula (3.15) is given (in an equivalent form) by Ball and Neal [5].
They also state that o > 0, but the proof seems omitted; we give a proof
in Section 10 under our (weaker) assumptions.

The proof of Theorem 3.16 is given in Sections 9-11; it is based on the
results above and a truncation argument; as in [5] and [8], we obtain results
for the giant by subtracting all small components, and the main ideas in this
part of the proof are similar. As part of the proof, we show a more general
result in Theorem 3.17; we first introduce more notation.

A graph functional 1) is a real-valued functional ¢ (H) defined for un-
labelled multigraphs H. Let @ be a graph functional, and define for a
multigraph G

q(G)
V(@)=Y (€)= D _ICIw(C) =D [HW(H)Zy(G),  (3.16)
j=1 H

veG

summing over all unlabelled connected H; the middle equality holds because
each component C = H is counted |C| = |H| times in the sum over v.

In the supercritical case, the second sum in (3.16) may be dominated by
the single term coming from the giant component, and it is sometimes more
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interesting to exclude it and consider only small components. We define
a(G)

UHG) =) IC1(Cy). (3.17)

j=2
Recall also the notation ET defined in (2.11).

Theorem 3.17. (i) Assume (A1)—(A2) and (A5). Let ¢ be a graph func-
tional such that

W(H) = O(e(H)™ +1) (3.18)

for some constant m and all connected H. Define Ut by (3.17). Then
E¥(G*(n,dy,)) =nE¢(T) + o(n), (3.19)
Var Uf (G*(n,dy)) = nai + o(n), (3.20)

and

(G (n,d,) —J%W(G*wdn)) LN, (B2

where, summing over unlabelled, unrooted trees 11,75,

ai = Z T3] T2 |9 (Th)Y(T2) oy 1,
11,15

— BN(|ITI(T)?) + Z(Ewemwm))? =3 L (B (TYe(T)))?

>0 Pk

(3.22)

with all sums and expectations absolutely convergent.
(ii) Assume (A1)—(A3) and (A5). Then the results in (i) hold for G(n,d,)

too.

Remark 3.18. If p; = 0 for some k, then 7 cannot contain any vertices
of degree k, so ng(7) = 0. Hence the terms in the last sum in (3.22) with
pr = 0 vanish and are not a problem (recall that we interpret 0/0 as 0); we
could write the sum as a sum over {k : p; > 0}. The same applies to other
sums below with pg in the denominator.

Remark 3.19. We do not assume (A6) in Theorem 3.17, since the results
hold also when (A6) fails (so p1 = 0 by (A5)), but this case is less interesting
since then ai = 0, because |T| = oo a.s. and thus Ef = 0.

Example 3.20. Let ¢)(H) := 1. Then (3.17) yields
q(G)
V@) =) Il =G - |al. (3.23)
j=2

Hence the asymptotic normality of C; in (3.14) is equivalent to the asymp-
totic normality of ¥T(G*(n,d,,)) and ¥T(G(n,d,)), which follows from The-
orem 3.17, with ¢? = Ji. We will show in Lemma 11.1 that this yields

(3.15), and in Lemma 10.5 that 02 > 0, assuming (A5) and (A6).
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Similarly, we may take ¢1(H) := e(H)/|H|, so that (3.17) yields, for
G = G*(n,d,,) or G(n,d,),

@) =Y eC)) = NJ/2 — e(Cy). (3.24)

Theorem 3.17 thus shows asymptotic normality of e(C;); more generally,
taking a linear combinaton ay)(H) + b1 (H) = a + be(H)/|H|, we obtain
joint asymptotic normality of |C1| and e(Cy). (Cf. [36] for the weakly su-
percritical case not studied here.) We conjecture that the limit distribution
has a non-singular covariance matrix; however, we have not verified this; see
Remark 10.6.

Example 3.21. Let ¢)(H) = |H|; then (3.17) yields

q(G)
n NG =) (e, (3.25)
7j=2

which is the modified susceptibility X(G) studied in [22]. It was shown
there that, assuming (A1)-(A3) and (A5)—(A6), x(G(n,d,,)) converges in
probability to Ef |T|. Theorem 3.17 yields convergence of E Y(G(n,d,)) to
the same limit and, moreover, asymptotic normality

n2(3(G(n,d,)) — EX(G(n,d,))) = N (0,0?), (3.26)

for some o2 given by (3.22). This 02 could be evaluated explicitly similarly
to Lemma 11.1, but we have not done so. We show in Example 10.7 that
a2 >0.

Remark 3.22. We assume (A5) (supercriticality) in Theorems 3.16 and
3.17. This is for the truncation argument allowing us to ignore large com-
ponents. (For example Lemma 9.4.)

In the critical case E D(D — 2) = 0, there are typically a few large com-
ponents of order ©(n?/?), see [36, Theorem 1.3], and Theorem 3.16 does not
hold; thus Theorem 3.17 does not hold.

In the subcritical case, Theorem 3.16 is not interesting, but other func-
tionals are, for example the susceptibility in Example 3.21. We conjecture
that Theorem 3.17 holds under suitable conditions, now for W rather than
' (the difference should be negligible), but that stronger conditions than
above (on the degree sequences or on the graph functional, or both) are re-
quired to keep the contribution from large components small. Perhaps (A4)
will do; alternatively, (3.18) may be replaced by a stronger assumption. The
paper is long as it is, and we do not consider this case further.

4. THE CONFIGURATION MODEL

The standard way to constuct a random multigraph G*(n,d,,) is by the
configuration model, which was introduced by Bollobas [11]. (See [9; 38] for
related models and arguments.) As is well-known, we then assign a set of d;
half-edges to each vertex v;; this gives a total of N half-edges, and we choose
a perfect matching of them uniformly at random. This defines G*(n,d,) by
regarding each pair of half-edges in the matching as an edge.
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We will use this standard version in Section 8, but in the main part
of our arguments (Section 7), it will be convenient to use a variation of
this construction that yields the same result in a somewhat more circuitous
way. To see it, we may start with the standard construction above, but also
assume that we label the edges by putting a cuff on each edge, with the cuffs
labelled 1, ..., N/2 (uniformly at random). Furthermore, each cuff i has two
half-edges, labelled 27 — 1 and 2i (randomly), joined to one each of the half-
edges making the edge. (The half-edges are now really quarter-edges, but
we keep the name.)

Our version of the configuration model can now be described as follows.

Let T; = {wi1,...,wiq; } be the set of half-edges assigned to vertex v; in
the standard model above. Let Y := [J, T; be set of all half-edges and
label them (arbitrarily) as aq,...,ay. Take also a second set of half-edges

B1,..., BN representing the half-edges at the cuffs, with (821 and S2; at
cuff j, which we now for emphasis denote x;. Let 7 € G be a uniformly
random permutation, and join each «; to Br;). We denote the result by
@(n, d,). We interpret @(n, d,) as a bipartite graph by merging all half-
edges in T; into the vertex v;, and the half-edges 32,1 and 32; into the cuff
X;; thus the two vertex sets are {v; : i € [n|} and {x; : j € [N/2]}.

Finally, to obtain G*(n,d,), we merge the two edges at each cuff into one,
and forget the cuffs. This yields evidently the same result as the standard
configuration model.

The original vertices will sometimes be called real vertices.

Remark 4.1. The reader may recognize that our construction is just the
standard configuration model construction of a random bipartite graph with
the real vertices on one side and the N/2 cuffs (each of degree 2) on the other
side, followed by contractions eliminating all cuffs.

5. CUMULANTS

Our proofs are based on the method of moments, in the form using cu-
mulants, see e.g. [27, Section 6.1]. We denote the r-th cumulant of a ran-
dom variable X by k,(X), and the mixed cumulant of random variables
X1,..., X, by k(Xy,...,X,). (The variables are assumed to have finite mo-
ments.) We recall the following properties of mixed cumulants, see e.g. [27,
p. 147] or [31].

(k1) kr(X) =k(X,..., X) (r times).

(k2) K(X1,...,X,) is multilinear in Xy,..., X,.

(k3) K(X1,...,X;) = 0if {X1,...,X,} can be partitioned into two non-
empty sets of random variables that are independent of each other.

(kd) K(X1,...,Xy) = Zhw’[q(—l)q’l(q — D=1 ETljes, X, summing
over all partitions of {1,...,r} into non-empty sets {I1,...,1;}, ¢ > 1.

(k5) B(X1-- X)) =32, g [Tp—1 6({Xi 4 € I}), summing as in (k4).

6. THE MAIN LEMMA

In this section we state and prove Lemma 6.1 below, whch is the central
part of the proof of the results in the present paper. Although the lemma is
motivated by its application to the configuration model and random graphs,
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we state it in a self-contained way. The lemma could be derived using the
general theory by [18], and is very similar to [17, Theorem 1.4], but we give
a complete proof, using the following notation.

Suppose that r > 1 and that for each ¢ € [r] we are given ¢; > 1 and
two sequences ;1, ..., € [N] and Bi1,..., B, € [N]. (These are fixed
throughout this section.)

Let m € & be uniformly random and define the random indicator vari-
ables

l;
Y;' = l{ﬂ(aij) = ﬁij,Vj S [6,]} = H l{ﬂ(aij) = ﬁl]} (61)
j=1

Our goal in this section is to estimate the mixed cumulant x(Y7,...,Y;).

Let A; == {ayj : j € [t;]} and B; := {B;; : j € [;]}. Let T' be the graph
with vertex set [r] and an edge ik if A; N A # 0 or B; N By, # (). (In other
words, there is an edge ¢k when Y; and Yj; use a common « or a common
B in the definition (6.1).) The connected components of I" are called blocks.
Let b be the number of blocks, and denote the blocks by I'j,..., I, (in some
order, e.g. lexicographic); thus 1 < b < r and I'y,..., T, form a partition of
[r]. Furthermore, let

€= ’ U A, 8) 5 € 61}, (6.2)

i€(r]
i.e., the number of distinct pairs (v, Bi;)-
Lemma 6.1. With notations as above,
k(Yi,....Y;))| < ON—(=D=e, (6.3)
where C' is a constant that may depend on r and {1, ..., L, but not on N.

Remark 6.2. The estimate !/@(Yl, ce YT))‘ < CN~¢ is straightforward; in
particular, the case b = 1 of (6.3) is easy. If the indicators 1{m(a) = B}
were independent for disjoint pairs («, ), then the variables Y; belonging
to different blocks would be independent, and thus the mixed cumulant
would vanish when b > 2. Of course, in our setting these indicators are not
independent, but they are only weakly dependent and Lemma 6.1 yields a
substitute with an estimate that becomes smaller when the number of blocks
gets larger. We will see later that this is sufficient for our purposes.

Proof of Lemma 6.1. In this proof, C' will denote various constants that may
depend on r and /1, ..., /., but not on N or a;j, 8;;. The same holds for the
implied constants in O(...).

For each set R C [r], let A(R) := ,;cp Ai, B(R) := J;cg Bi, and, gener-
alizing (6.2),

e(R) = ’U{(az‘pﬁz‘j) 1j €[4} (6.4)
1€ER
Thus, e := e([r]). Note that the sets A(I'1),..., A(T;) are disjoint.
The idea of the proof is, hardly surprisingly, that the values 7(«a) for
different « are almost independent, and thus indicators 1{w(a) = S} for
different o are almost independent. However; this is only “almost”, and
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therefore we approximate using truly independent variables, constructed in
a careful way.

We begin by constructing the random permutation 7 in a special way.
Define recursively L), ..., L} and Ly,..., Ly by

k—1
Li=14 ZLJ’ Ly := |A(Ty)| L, 1<k<b. (6.5)
j=1

Assume N > L. (Otherwise (6.3) is trivial if C' is large enough.)

Let 71, ... 7% be independent uniformly random permutations in &y, and
let 7% := #%(1)...#%(L;) be the random string consisting of the first Ly,
values of 7%. We write the elements of 7% as 7%(¢), ¢ € [L;]. Using a
fixed bijection between [Lx] and A(T'y) x [L}], we also regard 7% as an array
(o, £), with a € A(T'y) and £ € [L}].

For k € [b] and a set of indices J C [k — 1], say that an element 7% (a, £) is
bad if it also occurs in 77 for some j € J. (Le., if it equals 77 (o, ¢') for some
(o, 0) € A(Tj) x [L}].) Finally, define 7%(a) for a € A(Ty) as 7%(a, ) for
the smallest ¢ € [L;] such that this element is not bad. Note that we have
defined Lj, in (6.5) so large that there is always at least one good element
for each a. (We will not use 7%(a) for o ¢ A(Tx); we may define these
arbitrarily to make 7r§ a permutation if desired, but we may also just ignore
them.)

By construction, for a given k£ and J, Wﬁ(a) are distinct for a € A(T'),
and these values are distinct from 77(a/) for all j € J, I C [j — 1] and
o € A(FJ)

In particular, consider the case Jp = [k — 1] for all k& € [b]. Then all
Fﬁcil] (a), for k € [b] and a € A(T';), are distinct, and by symmetry, they
equal any sequence of ), |A(I'y)| distinct values in [N] with the same prob-
ability. Hence, they have the same (joint) distribution as the values m(«) for
a € J, A(Tk) = A([r]). (Recall that the sets A(I'1), ..., A(I'y) are disjoint.)
Consequently, we may assume that

() = W@il] (), a€ A(Ty), k € [b)]. (6.6)
For i € [r], let k(i) be the unique index such that i € I'jy). Given
J C [k(i) — 1], define further a modification of ¥; in (6.1) by

&; .
Vg i= [T 1{=5 (05) = B3} (6.7)
j=1

Note that by (6.1) and (6.6),
Y = Yik()-1- (6.8)

Define also a random variable denoted Yj.a ;s by

YVi;AJ = Z(_l)U\I‘YVZ,I (69)
IcJ
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This can be regarded as a kind of inclusion—exclusion, or Mébius inversion,
and (6.9) implies the inverse relation,

Yir =Y Yias, I C[k(i)—1]. (6.10)
JCI
We now conclude from (6.8), (6.10) and the multilinearity of mixed cu-
mulants (k2) that

K1, Ye) = 6(Yima)-1 - Yoo -11)
= > > kMan.-Yeas). (611

NCk()=1]  JClk(r)—1]

The number of terms in this sum is O(1), so it suffices to estimate each term
individually.

Thus, fix a sequence Ji,...,J, with J; C [k(i) — 1]. Let A be the graph
with vertex set [b] and an edge jk (with j < k) if j € U,cp, Ji-

Note first that a variable Y;.a s, by (6.9), (6.7) and the construction of 7%,
depends only on 7%() and 77 for j € J;. Consequently, if A is disconnected,
so we may divide A into two parts A; and A with no edges between them,
then the random variables {Y;.aj, : i € Ay} depend only on 7 for k € Ay,
¢ € {1,2}, and thus these two sets of variables are independent. Hence, (k3)
yields the following.

Claim 1. If A is disconnected, then K/(Yl;Ajl, e ,K;AJT) =0.

Consequently, it suffices to consider the case when A is connected. For a
set R C [r], let

Vi = H Yiad- (6.12)
1€ER
By (k4), the mixed cumulant &(Y1.a,, ..., Yr:Ay,) in (6.11) can be written
as a linear combination of products

q
[[EYE, (6.13)
p=1

where Ry,..., R, is a partition of [r]. The number of terms and their coef-
ficients are O(1), and thus it suffices to estimate each product (6.13).
Define for 1 < j < k < b, ¢ € [L;] and m € [Ly] the indicator

Eikom = 1{77(0) = 7*(m)} (6.14)
and let = := {&xem} be the array of all these indicators. Thus = tells us
exactly which coincidences there are among the values 7%(7). (Recall that
there are no such coincidences with the same k.) This also determines, for
each k and J C [k — 1], the indices of the elements 7%(«,f) that are bad
when constructing 7, and thus exactly which element 7%(a, ¢) that 7%(a)
equals, for each o € A(T'). This implies the following.

Claim 2. For any given sequence of sets I,...,I., = determines exactly
what coincidences, if any, there are among all 71'2(1) a) fori € [r] and a €

A(Ty).
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Furthermore, by symmetry, conditioned on =, any sequence of non-coin-

k(%)(

ciding values my; «) has the same distribution as a sequence drawn without

replacement from [N].

Let R C [r], and consider Z := [[;cp Y. This is, recalling (6.7), a
product of factors of the type l{w’;i(z)(aig) = Bi¢}. There may be some pairs

(e, Bir) that are repeated; we let Z be the product after deleting all factors
such that (ayy, Bi¢) repeats a previous pair. Note that the number of factors
remaining in Z is e(R) by (6.4). Suppose that

FO (i) = 759 (jm) (6.15)

I
for two of the remaining factors 1{7‘(’2(0(&%) = By} and 1{7r];j(j ) (ajm) =
Bjm}. If further k(i) = k(j), then o = am, by our construction of 7T§(i),
and then 83;; # B, since we have eliminated repetitions. On the other hand,
if k(i) # k(j), then i and j belong to different blocks, so by the definition of
blocks B; N Bj = () and thus Sy, # Bpq. Hence, in any case, (6.15) implies

Bi¢e # Bjm, and thus
(" (i) = Bie} - 1, (@jm) = Bim} = 0. (6.16)
This and Claim 2 show that conditioned on Z, either Hz‘e r Yi.1, vanishes
because the product contains conflicting indicators, or else all ﬂ’;i(i) (i)

occurring in the e(R) factors remaining in Z are distinct and obtained by
drawing without replacement from [N]. Hence, in any case,

E(T]Yir |2) <E(Z]3) <
(g > (N)e(r)
This is valid for any I; C [k(i) — 1]. Hence, by the definitions (6.12) and

(6.9)
E(|Yz] | E) ZE(HW;AL ‘5) < ) E(HYi;n

i€R I,CJ;,i€R  i€R

< oN—e), (6.17)

=) <ONTA,

(6.18)

Suppose that j < k, and suppose that 7% and 77 have no common element.
Then, for every J C [k — 1], an element 7%(q, ¢) is bad for J if and only if
it is bad for J U {j}, and thus W?u{j}(a) = *(a) for all @ € A(T); hence
Yi.jugsy = Yi,s for i € T'y. Consequently, (6.9) shows that then YA = 0 for
every J such that j € J. In contrapositive form, this shows the following,

recalling (6.14),

Claim 3. If Yian; #0,1€ 'y and j € J, then 78 and 77 have at least one
common element, i.e., &jpem = 1 for some £ € [L;] and m € [Ly].

If F is a graph with vertex set C [b], say that = covers F' if for every edge
jk € F with j < k, there exist ¢ € [L;] and m € [Ly] such that &ze, = 1.
For a set R C [r], let Ag be the graph with edges

E(Ag) =] U {ik:ien} (6.19)

ke[b] i€ RNT,
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Then, by (6.12) and Claim 3, if Yj; # 0, then = covers Ar. This implies
that we can improve (6.18) to

E(|Y:| | 2) < CN~B1{= covers Ag}. (6.20)

Hence,
]E‘Yjﬂ < CN—ed) P(Z covers Ag). (6.21)
Recall that we have fixed Ji, ..., J;, so Ag is for each R C [r] a fixed non-

random graph on [b]. If F' is any graph on [b], let p(F') be the number of
edges in a spanning forest. (This equals b minus the number of components
of F.) We claim that if F is any graph on [b],

P(Z covers F) < CN—U), (6.22)

To see this, we may replace F' by a spanning forest, so it suffices to show
(6.22) when F is a forest. We do this by induction on p(F'); the base case
p(F) = 0 being trivial. If p(F) > 0, let k be a leaf in F, let k¢ be the edge
incident to k, and let F' := F — k(. Recall that = covers k£ if 7% and 7¢ have
a common element. Thus, conditioning on 77 for all j # k, the probability
that = covers kf is at most LyL,N~' < CN~—!. Hence,

P(Z covers F') < CN ' P(Z covers F'), (6.23)

and (6.22) follows by induction.
Combining (6.21) and (6.22), we find

E|Y;| < ON—eB=elr), (6.24)
Finally, consider as in (6.13) a partition Ry, ..., R, of [r]. Then (6.2) and
(6.4) imply
e=e([r]) <) e(Ry). (6.25)
P

Furthermore, Up AR, = A by (6.19). If we take a spanning subtree KRP -
AR, for each p < ¢, then the union of these subtrees has the same compo-

nents as Up Agr, = A. Hence, if A is connected, Up KRP is connected and
has thus at least b — 1 edges, which implies

> p(AR,) =b-1. (6.26)
P
Consequently, (6.24) implies by (6.25)—(6.26),

q
’HEYﬁp < [IElY:,| < ON~Zee@-Epelm) < oN-e- (-1 (6.27)
p=1 p=1

As said above, the mixed cumulant £(Y1.a7,,...,Yray, ) in (6.11) is by (x4)
and (6.12) a linear combination of such products, and thus (6.27) yields

|K(Yiads- - Yiag,)| < ON—7 07D, (6.28)

We have here assumed that A is connected, but as said in Claim 1, the

cumulant vanishes otherwise, so (6.28) holds in general.
Finally, also as said above, the result (6.3) follows from (6.11) and (6.28).
O
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7. PROOFS OF THEOREMS 3.2, 3.9 AND 3.10

We prove first Theorem 3.2 for G*(n,d,,), and show then how the proof
can be extended to Theorem 3.9 for the simple graph G(n,d,). Theo-
rem 3.10 follows by simple modifications.

As said earlier, we use the method of moments in the form with cumu-
lants; we thus show convergence of all (mixed) cumulants. The proofs will
use Lemma 6.1 to estimate higher cumulants, as detailed below. In addition,
we estimate means and variances (and higher moments for unicyclic com-
ponents) by standard methods; for the sake of focussing the presentation,
we state these results as the following lemmas but postpone their proofs to
Section 8. Recall that Zj; := Zy (G*(n,d,)),

Lemma 7.1. Assume (A1)—(A2). Then, for the random multigraph G*(n,d,):
(i) If H is a tree, then

EZy =n\y + o(n) (7.1)

with Ay given by (3.3).
(ii) If Hi,Hs are trees, then

Cov(?ﬁl,fii) =nopy, H, +o(n), (7.2)

where o, H, 15 given by (3.7).
(iii) If H is a connected unicyclic multigraph, then

EZy — Ai, (7.3)
with A\ as in (3.3). Moreover, for any distinct such multigraphs
Hy,...,Hy, and integers r1,...,r¢ = 0, the mized factorial moments
converge:

k k
—Sux i
ET[Zw)r — [ 25 (7.4)
i=1 i=1

(iv) If H is a connected multigraph with more than one cycle, i.e., e(H) >
v(H), then

EZ; — 0. (7.5)

Lemma 7.2. Assume (A1)—(A2). For every tree H, (3.5) holds, i.e., Ay =
pu/IH|.

Lemma 7.3. Assume (A1)—~(A2) and (A6). If H is a tree with v(H) > 1,
then opg > 0 <= Ag > 0. More generally, if Hy,...,H, are distinct
trees with v(H;) > 1 and Ag, > 0 for each i, then the matriz (aHi,Hj) 18
non-singular.

The next lemma shows that, assuming the second moment condition (A3),
Lemma 7.1(iii) extends to include also the numbers of loops Z¢¥ and pair of
multiple edges Z¢7, cf. Example 3.1. (We have to restrict to simple graphs

H;; if H is not simple, there is obviously a strong dependence between Zi}k
and Z¢7 or Z¢).)
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Lemma 7.4. Assume (A1)—(A3). Let Hy,...,Hy be connected unicyclic

simple graphs. Then, for any integers si,s2,71,...,7% = 0,
k k
E((2),,(28),, I1Zi)n ) = xe, 28, TT VG (7.6)
i=1 i=1
where
ED(D -1 ED(D —1)\2
AsCy 1= (2>, AeCy = <(2)) . (7.7)

As said above, we postpone the proofs of these lemmas to Section 8.

Fix a (multi)graph H. Let h := v(H) > 1, and assume that the vertices
of H are labelled 1,...,h. Our aim is to estimate the cumulants x,(Z};)
for (fixed) » > 1 and corresponding mixed cumulants. In this section, C
denotes constants that may depend on the order r and the fixed (small)
graph H (and corresponding graphs below), but not on n; the same holds
for the implicit constants in O(...).

We use the version of the configuration model described in Section 4. A
copy of H in G*(n,d,) then corresponds to a copy of H in @(n, d,), where
H is obtained from H by subdividing each edge into two, and regarding the
new vertices as cuffs, and where we only count copies of H that map real
vertices to real vertices and cuffs to cuffs. We consider also the identity of
the half-edges used in the construction, and see that an isolated labelled
copy of HinG (n,d,,) is described by the following data:

(¢1) For each vertex i € V(H) = [h]: a real vertex v,; such that d,;) =
dp(i). Furthermore, v(1),...,v(h) are distinct.

(¢2) For each edge ij in H: two half-edges a;; € T,;) and agj € T, (j), and
also a cuff x;; and a labelling of the two half-edges at x;; as 3;; and
Bi;- Furthermore, all these half-edges for ij € E(H) are distinct.

Each such family of data ¢ := (V(z'),aij, a;j,xij,ﬁij,ﬂgj) defines a possible
isolated labelled copy I/—\Id) of H. Thus, if I is the indicator that I;qu exists
in G(n,dy), and ®(H) is the set of all such data ¢, then

Zy=Zp(G*(n,dyp)) = > I, (7.8)
pE®(H)

Furthermore, H, ¢ exists in G*(n, d,,) if and only if the construction of G(n,d,)
yields edges a;;B;; and aj;B;; for each ij € E(H), which is equivalent to
m(auj) = Bi; and ﬂ(a;j) = ng. Consequently, each I, is the product of
2e(H) indicators of the type 1{m(a) = }. Each I, is thus a random vari-
able of the type in (6.1).

Consider now a sequence Hy, ..., H, of multigraphs. By (7.8) and multi-
linearity (x2), the mixed cumulant /ﬁ;(?qu, . ,Z*HT) can be expanded as

K(Zay Zw) = Y, o > k(g0 Ip,),  (T.9)
$1€@(H1)  ¢re@(Hy)
where the mixed cumulants may be estimated by Lemma 6.1.

It remains to estimate the parameters b and e in Lemma 6.1 and the cor-
responding number of terms in (7.9). This is done in the following lemmas,
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using a standard type of argument that is common in applications of the
method of moments in combinatorial problems.

Lemma 7.5. Assume (A1)—(A2). Let Hy,..., H, be a sequence of connected
multigraphs. Then

k(Z3,, . czn )=a(F)+1 (7.10)

where we sum over all unlabelled bipartite multigraphs F that can be written
as a union | J;_, H, where H] = H; and, as above, H; is obtained from H;
by subdividing each edge into two.

We consider only unions (J;_; I?IZ’ respecting the bipartition between real
vertices and cuffs. Note that the set of F in (7.10) is finite and independent
of n.

Proof. For notational simplicity we consider the case of a single multigraph
H. ie, H = = H, = H; the proof for mixed cumulants is the same.

C0n51der one term in the sum in (7 9); it is given by indicators Iy, ..., Iy,
corresponding to r copies Hdm .. H¢ of H. Let F := U =1 H¢ We apply
Lemma 6.1 with Y; := Iy4,. Note that e in (6. 2) equals e(F). If the graph T’
in Section 6 has an edge jk, then H¢k and H¢ have a common half-edge,
and thus a common vertex (real or cuff); hence H¢k and H¢j are subgraphs
of the same component of F. This yields a surjective map from the blocks
of ' to the components of F, and thus the number of blocks b in Lemma 6.1
satisfies b > ¢(F"). Hence, Lemma 6.1 yields

5o (Lo Ti)

Now let us count the number of ¢, ..., ¢, € ®(H) that yield a union F
isomorphic to some given bipartite multigraph F. Each cuff in F and its 2
half-edges may be chosen in O(N) = O(n) ways. Let w be a real vertex in
F, and let m := dr(w) be its degree. Also, let K := max;cpy dp (i) < co. We
consider by definition only copies of H such that each vertex v has degree
equal to the corresponding vertex in H, and thus d@(v) < K. Hence, for
each such choice of v corresponding to w € F, we have at most K™ choices
of the m half-edges incident to it; hence the number of choices of v and its
m half-edges is O(nK™) = O(n).

Consequently, each vertex (real or cuff) in F gives O(n) choices of corre-

< ON'T-aE)=e(F) < opl=a(F)—e(F) (7.11)

sponding vertex and half-edges in F. Hence, the number of F isomorphic to
a given F is O( ”(}—)) Finally, given F', we can choose Hl, . H in O(1)
ways. Hence, the total number of terms in (7.9) correspondmg to a given F
is O(n*¥)), and by (7.11), their total contribution is O (n?)—e(F)=a(F)+1),
This yields (7.10). O

Lemma 7.6. Let F :=J;_, H;, where Hy, ..., H, is a sequence of connected
multigraphs.

(i) Then v(F) < e(F) + a(F).

(ii) If furthermore at least one H; is not a tree, then v(F') < e(F)+q(F)—1.
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Proof. Consider first the case when F' is connected. We may then reorder
H,,..., H, such that each Ule H; is connected; furthermore, we may do
this starting with any of the multigraphs as Hi, and in (ii) we may thus
assume that Hj is not a tree.

Now, choose for each i > 2 a spanning tree Ty, C Hp, and define Fj :=
H, U Uf:z T;, k > 1. Thus each F} is connected.

Let k > 1 and let T}, := T}, N Fj,_1. Since T}, is a subgraph of T}, which is
a tree, we see that T is a forest, and since Fj, = T}, U Fj,_; is connected, T},
is not empty. Hence, v(1}) > e(T})+1. Consequently, since Fy, = T, UFj,_1,

U(Fk) — e(Fk.) = U(kal) + U(Tk) — ’U(TIQ) — (e(kal) + e(Tk) — G(Té))
v(Fp—1) — e(Fr—1) +v(T}) —e(Tk) — 1

= ’U(kal) — €(Fk,1) (712)
when k£ > 1. Hence, by induction v(Fy) — e(Fy) < v(Hi) — e(Hyp). Fur-
thermore, F, is a spanning subgraph of F', and thus v(F,) = v(F) and

e(F,) < e( ). Consequently,
v(F) —e(F) <v(F,) —e(F,) <v(Hp) —e(Hp). (7.13)

Moreover, e(H;) > v(Hp) — 1 since H; is connected, and if H; is not a tree,
then e(Hy) > v(Hp). Consequently, (7.13) yields (i) and (ii) in the case
q(F)=1.

If g(F) > 1, i.e., F' is disconnected, denote the components of F' by F;
i=1,...,q(F). Then, by what just has been shown, v(F;) < e(F;) + 1, and
if some H; C F; is not a tree, then v(F;) < e(F;). Hence, the result fullows
by summing over all components Fj. O

Lemma 7.7. Assume (A1)—(A2). Let Hy,..., H, be a sequence of connected
multigraphs. Then

&(7;{1, e ,7}%) = O(n). (7.14)
Furthermore, if at least one H; is not a tree, then
w(Zy,s-- Zp,) = O(1). (7.15)
Proof. i&n immgdiate consequence of Lemmas 7.5 and 7.6, applying the lat-
ter to Hy, ..., H,. O
Proof of Theorem 3.2. Define
Xy (7;’; —@Zﬁ)/nlﬁ, H is a tree, (7.16)
Xy =2y, H has a cycle.

First, (iii), the case when e(H) > v(H), is easy. By Lemma 7.1(iv) and
Markov’s inequality, P(Xy # 0) < EXg — 0. (Recall that Xp is a non-
negative integer.) In particular, Xz 25 0. Furthermore, (7.15) shows that
every cumulant £, (Xg) = O(1), and thus every moment is bounded by (k5).
This implies uniform integrability of every power, and thus E X}, — 0 for
every r. Convergence (to 0) of joint moments with other Xz follows by the
Cauchy—Schwarz inequality when we have shown convergence of moments
also in (i) and (ii).
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For (i) and (ii), and joint convergence of both, we use the method of
moments, in the cumulant version. Let Xy be random variables defined
for (unlabelled) trees and unicyclic multigraphs H to have the claimed joint
limit distribution:

(i) For trees T', X7 have a joint normal distribution with E X7 = 0 and

Cov (XTl ) XT2) :ng,T2 . . ~
(ii) For unicyclic F';, Xp ~ Po(Ar) with X independent of all other Xp.
We then claim that for any » > 1 and trees or connected unicyclic multi-
graphs Hy,..., H,,
w(Xmy, - Xm) = k(Xgy, ..o, Xa,)- (7.17)
Indeed, this implies by (k5) convergence of all mixed moments. Furthermore,
normal and Poisson distributions have finite moment generating functions,

and thus the joint distribution of any finite number of X is determined by
its mixed moments. Hence, (7.17) implies convergence

Xy X)) 5 (X, Xr,) (7.18)

as claimed in the theorem. Furthermore, all moments converge, as just seen.
Note that the right-hand side in (7.17) vanishes except in the two cases
r > 1 and all H; are the same unicyclic multigraph, or » = 2 and both H;
and Hj are trees. This follows by the independence assumption in (ii) above
together with (x3), and the fact that all mixed cumulants of order r > 3
vanish for joint normal distributions.
In order to show (7.17), we consider three cases.

Case 1: Fvery H; is a tree. Consider three subcases. First, if r = 1, then
#(Xm) =EXpg, =0=r(Xm,). (7.19)
Secondly, if r = 2, then (7.16) and (7.2) yield
&(Xu,, Xi,) = Cov(Xp,, Xm,) = nt Cov(?ﬁl,ig)
= o = 5(Xm, Xm,)- (7.20)
Thirdly, if > 3, then (7.14) in Lemma 7.7 together with (3.1) and (7.16)
yields
(X, Xu,) = Cnf’”/Q/i(Z*Hl, e ,Z}}T) = O(nlfr/Q) — 0. (7.21)
This verifies (7.17) in each of the three subcases.

Case 2: Fvery H; is unicyclic. This case is really nothing new. By Lemma
7.1(iii), we have convergence of all mixed factorial moments to the corre-
sponding moments of X Hyye-- 7)~( H,, which by well-known algebraic identi-
ties is equivalent to convergence of all mixed moments, and thus to conver-
gence of all mixed cumulants. (See [27, Section 6.1] and (k4)—(k5).)

Case 3: At least one H; is a tree and at least one is unicyclic. Suppose that

there are £ > 1 trees (not necessarily distinct) among Hy, ..., H.. Then, by
(7.15) in Lemma 7.7 together with (3.1) and (7.16),

k(X X)) = COn " Pe(Zy,, ... Zy) =0~ ) 0. (7.22)
Hence, (7.17) holds in this case too.
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This completes the verification of (7.17) in all cases; as said above, this
proves (7.18), with convergence of all moments.

Finally, Lemma 7.1 shows (3.3), Lemma 7.2 shows (3.5), Lemma 7.3
shows the first equivalence in (3.4), and the second is obvious from (3.3).
Lemma 7.3 yields also the final claim on non-singularity of the covariance
matrix X = (UHZ.’H].). O

To show Theorem 3.9 for the simple random graph G(n,d, ), we combine
Theorem 3.2 with asymptotics of the counts Z¢} and Z¢] of loops and double
edges. Note that ZE;" counts all occurences of C;, which in general differs

from 75, the number of isolated occurences. The latter is already included
in Theorem 3.2, but ZE;‘ requires an extra argument.

Z¢, and Z¢, can be expressed as sums (7.8) for sets ® of data ¢ as above,
with the difference that in (¢1) above, we omit the condition on the degree
dy(i)-

(V)Ve may just as well consider a somewhat more general situation: we
say that a marked multigraph H = (H, (Lw)weH) is a multigraph H where
each vertex v has a mark ¢, € {bound, free}. We then define Zz(G) as the
number of labelled copies of H in G such that each bound vertex w € H
corresponds to a vertex v in G with the same degree dg(v) = dy(w) (while
there is no restriction for a free vertex). Hence, if all vertices in H are free,
Zgz = Zp, and if all vertices are bound, Zz = Zy. We write, as in the
unmarked case, Z5 := Z5(G(n,d,)) and Z% = Zz5(G*(n,dy)).

Assume that V(H) = [h] for convenience. Then Z7 is given by (7.8) for

a set ®(H) of ¢ defined by (¢1)—(¢2), but with the degree condition in (¢1)
omitted for free vertices. Let cuffs in subdivided multigraphs be bound by
default. Furthermore, define | J; H;, where H; are marked multigraphs, by
taking the union and marking a vertex as bound if it is bound in some ﬁi,
and free otherwise.

We extend Lemma 7.5 as follows.

Lemma 7.8. Assume (A1)~(A2). Let Hy,..., H, be a sequence of connected
marked multigraphs. Then

(25 ... 2 CZn vt T EDEF™  (7.23)

weEF is free

where we sum over all unlabelled bzpartzte multigraphs F that can be written
as a union |J;_, H’ where H’ = H and H 1s obtained from H, by subdividing
each edge into two as above

Proof. We follow the proof of Lemma 7.5. The only difference is when
counting the number of ways we can choose a copy v of a vertex w € F and
its m := dr(w) half-edges. If w is bound, then as in the proof of Lemma 7.5,
dz(v) < K for some K < oo, and then the m half-edges can be chosen in at
most K™ = O(1) ways for each v, giving as before O(n) choices of vertex
and half-edges.

On the other hand, if w is free, then we bound for each real vertex v =
v; € V(G) the number of choices of the m half-edges by da(vi)™ = dj%;
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hence, the total number of choices of v and its half-edges is at most

n
> d" =nED} =nEDF™. (7.24)
=1

This gives an additional factor E D% @) for each free w, and thus (7.23)
instead of (7.10). O

Lemma 7.9. Let F = F' U F" with F' = \J;_, H;, where v > 0 and
Hy,...,H, is a sequence of connected multigraphs, and F" = U;‘le C;, where
t > 1 and each C; is a cycle Cy, £ > 1. Say that a vertex w € V(F")\ V(F")
1s free, and let

S(F) = % S (dp(w) - 2) . (7.25)

w free
Then v(F) + s(F) < e(F) +q(F) — 1.

Proof. Let S(F) := v(F)+s(F)—e(F)—q(F); thus the result is S(F) < —1.

We use induction on ¢t. If ¢ = 1, then each free vertex w has degree
dr(w) = de,(w) = 2, and thus s(F) = 0. Hence, the result follows from
Lemma 7.6(ii) applied to {H;} U{C}.

Now suppose that the results hold for some ¢, and add another cycle C; 1,
of length ¢, say. Denote the old F' by Fi, so F' = F; U Cy41. We consider the
changes in the quantities v(F'),e(F),q(F),s(F),S(F), which we denote by
Awv, Ae, and so on. We treat three cases separately.

(i). If the new cycle Cy41 is disjoint from Fi, then Av = ¢, Ae = ¢, Ag =1
and As = 0; the latter since all new vertices have degree 2 and thus do not
contribute to s. Hence, AS = —1.

(ii). Suppose that Cy41 is edge-disjoint but not vertex-disjoint from Fj.
Then Ae = ¢ and Ag = 0. Each vertex in Cyy; \ Fy contributes 1 to Av and
0 to As, while each vertex in Cpy1 N F} contributes 0 to Av and at most 1
to As, since the new cycle increases the degree by 2. (If the vertex is not
free in F}, the contribution to As is 0.) Hence, each vertex contributes at
most 1 to A(v + s), and thus A(v + s) < £ = Ae. Consequently, AS < 0.

(iii). Suppose that Cyi; is has some edge in common with F;. Then
Aq = 0. The edges in E(Ciy1) \ E(F;) form k > 0 disjoint paths P;.
Suppose that P; contains ¢; > 1 edges. Then P; contributes ¢; to Ae, the
¢; — 1 internal vertices in P; contribute 1 each to Av and the two endpoints
of P; contribute at most 1/2 each to As. There are no other contributions,
and thus A(v +s) < 3, ¢; = Ae and consequently AS < 0.

We have shown that AS < 0 in all cases, which completes the induction.

O

Lemma 7.10. Assume (Al)-(A3). Let Hy,...,H, be trees or connected
unicyclic simple graphs. Then, the joint limits in distribution in Theo-
rem 3.2(1)(ii) hold jointly with

78 L Po(Auc, ), (7.26)
7& L Po(Muc,), (7.27)
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with Aec, and A, given by (7.7), and with the limits in (7.26) and (7.27)
independent of each other and of the limits for 7;}2 in Theorem 3.2(1)(ii).

Proof. We extend the proof of Theorem 3.2, and show that the convergence
(7.17) of joint cumulants holds also if we consider besides the variables X,
also Xc, := Z¢7 and X,c, = Z¢; (possibly repeated several times), and
the corresponding X,c, ~ Po(A.c,) and X,c, ~ Po(A.c,), independent of
each other and all Xz. We regard *C;, j = 1,2, as symbols used only to
denote these variables; they are not any graphs; for convenience we may say
H = %C;, but it should be interpreted in this formal sense.

We have in the proof of Theorem 3.2 proved (7.17) when there is no *C;

among Hi, ..., H,., by considering three different cases separately. We now
consider two further cases.
Case 4: Some H; is a *C;, and some H; is a tree. Let £ > 1 be the number
of H; that are trees. Regard each H; as a marked multigraph f[l-; it H; = %C;
we let every vertex be free, and otherwise we let every vertex be bound. By
(3.1), applied also to ZE;‘,, we find similarly to (7.22)

W(Xy, . Xn,) = Cn—f/%(zlgl,...,z;b), (7.28)

which we estimate by (7.23). If d > 2, then (A3) implies, through (2.6) and
(2.7)

ED! < d4 2ED? = 0(nl472/2), (7.29)

max

Furthermore, if F = UHZ’ is as in Lemma 7.8, then a vertex w € F is free
if and only if it belongs to ﬁ ! only for H; = *C;. In particular, if w € F is
free then dr(w) > 2. Let s(f) be as in (7.25) w1th F = F, F” the union of
H’ for H; = «C; and F” the union of the other H;. Then Lemma 7.8, (7.29),

(7 25) and Lemma 7.9 yleld

W (25, <C Z n' )maF)H+s(F) . (7.30)

Consequently, (7.28) yields
K( Xy, Xm,) =0(n~?) = 0. (7.31)

Hence, (7.17) holds in this case too.

Case 5: Some H; is a *Cj, but no Hj is a tree. This is similar to Case
2. Lemma 7.4 shows convergence of all mixed factorial moments, which is
equivalent to convergence of all mixed moments and of all mixed cumulants.

This shows that (7.17) holds in all cases, which implies joint convergence
in distribution (7.18) as above. O

Proof of Theorem 3.9. Theorem 3.2(iii) (multicyclic H) transfers immedi-
ately by (2.8). Consider thus only trees and unicyclic H.

The joint convergence in distribution in (i) and (ii) for G(n,d,) is an
immediate consequence of Lemma 7.10 and conditioning on Zg7 = Zg7 = 0.
(We keep the normalization by E Z in (3.2).)

Furthermore, with Xz as in (7.16), we have by Theorem 3.2 convergence
of every moment E X7}, and thus E X}; = O(1). Furthermore, (2.8) holds
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(as said in Remark 2.3, and a consequence of (7.26)—(7.27)); hence for every
even integer r,
E X7
E(Xj | Z2¢& = Z& = 0) < I =0(1). 7.32

In other words, the conditioned random variables (X | G*(n,d,) is simple)
have bounded moments of arbitrary order; hence the convergence in distri-
bution of these variables just shown implies that moment convergence holds
also for the conditioned variables, i.e., for G(n,d,,). Convergence of mixed
moments follows by the same argument.
In particular, this shows that for a tree H,
——u ——ux
E(Xy | G*(n,d,) is simple) = EZ%# -0, (7.33)

which shows (3.10), and completes the proof. O

Proof of Theorem 3.10. (i): As the proof of Theorem 3.2 (only Case 1 is
relevant), but using Lemma 7.8 (with all vertices free) instead of Lemma 7.7;
the extra factors in (7.23) are all O(1) by the assumption (A4), so this does
not affect the rest of the proof.

(ii): As the proof of Theorem 3.9, using again Lemma 7.8 and (A4) instead
of Lemma 7.7. (]

Remark 7.11. Theorem 3.10 extends, with the same proof, to marked
trees T' , where as above each vertex is marked as either bound or free. This
includes Theorems 3.2, 3.9 and 3.10, but also mixed cases. More generally,
we may consider marked multigraphs where each vertex w is marked with
a set D, C N of allowed degrees; we count only copies such that each w
corresponds to a vertex v € G with dg(v) € D,. For example, we may
count edges such that one endpoint has prime degree and the other is a leaf.
The proofs above hold for this case too; we say that a vertex w is bound if
D,, is finite, and free otherwise. If some vertex is free we assume (A4) as
in Theorem 3.10; if all vertices are bound, the assumptions (Al)-(A2) or
(A1)-(A3) in Theorems 3.2 and 3.9 are enough.

8. MEANS AND VARIANCES

In this section we prove Lemmas 7.1-7.4 used in the proofs in Section 7.
We will here use the standard version of the configuration model, recalled at
the beginning of Section 4; we thus use the half-edges T = |J; T; = {a;}¥
(see Section 4) and take a random perfect matching of them.

Proof of Lemma 7.1. Let H be a multigraph and let hy := ng(H) be the
number of vertices of degree k in H, k > 0. We argue as in Section 7; we
denote the possible isolated labelled copies of H in G*(n,dy) by {Hy}gca(m),
and obtain in analogy with (7.8)

Zy= > Iy (8.1)
PP (H)

where now I, is the indicator that Hy exists as an isolated subgraph in
G*(n,dy). Hy is specified by:
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(¢'1) For each vertex i € VI(H) = [h]: a vertex v,(; such that d, ;) = dg(i).
Furthermore, v(1),...,v(h) are distinct. (As (¢1).)

(¢'2) For each vertex i € V(H) = [h]: also a bijection between the dp(7)
half-edges at 7 € H and the half-edges T, ;) at v,(;. These bijections
define how the half-edges in Uie[h] T, ;) are paired in Hy.

For each k£ > 0, there are hy vertices i such that dy (i) = k, and we may
choose the corresponding v(i) in (¢'1) in (ng)s, ways; then for each of these
vertices the bijection of half-edges in (¢’2) may be chosen in k! ways. Hence,
the number of Hy is

B(H)| = [ [(na)n 5! (8.2)
k>0
(The product in (8.2) is really finite, since hy # 0 only for finitely many
k.) Each Iy is a product of e(H) indicators of specific pairings of the type
1{ay and ay are paired in G*(n,d,)}. Hence,
1 1

El, = (N—1)(N-3)-(n—2e(H)+1) ((N- e’ (8.3)

Consequently, (8.1), (8.2) and (8.3) yield the exact formula

=% 1 . hy,
]EZH - ((N — 1))e(H) Ig)( k)hkk‘ . (84)

As n — oo, we obtain from (8.4) using (A1) and Ay defined in (3.3),

EZy = N_e(H)(l +O(N™h) H(npk + o(n))h’“k!h’“
k>0
nv(H) N
= @ (H(pkk') k4 0(1))
k=0

= v () =e(H) =) ( T Pas oy (w)! + 0(1))
ueH

= =) qut (H) (A + o(1)). (8.5)

Using (3.1), this proves (7.1), (7.3) and (7.5).
Now consider two connected multigraphs H and H', and let h} := ni(H').
By (8.1),

ZyZy = > > Iyl (8.6)
PEP(H) ¢'€D(H’)

Let ¢ € ®(H) and condition on I, = 1. Then H, is a component of

G*(n,d,), and the rest of the graph, i.e. G*(n,d,) \ Hy, is given by another

instance of the configuration model, with n; replaced by ng — hy and N by

N —2e(H). Consequently, if we first only consider ¢ € ®(H) and ¢’ € ®(H')
such that Hy and Hy are disjoint, then, using (8.4) for G*(n,d,) \ Hy,

E > Lly=>» EI, >  E(y|I;=1)
2

¢.¢':HyNH 5 =0 ¢':HyNH =0
1 /
= EI (nk — hk)h’ k!hk
2 (N = 2¢(H) = 1)) () 11 k

¢ k>0
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1

=EZ; g — hi)p k!
N =26 — gy L~ P
—x —x N -1 e(H' ne — h l
_£7,57, & e H( £~ i, | (8.7)

(N =2e(H) = 1)) ey 70 (1),

If Hy and Hy are not disjoint, then both can occur as components only
if they coincide as unlabelled graphs. Hence, if H # H’, then E(?E?L,) is
given by (8.7), while if H = H’, then there is an additional term aut(H)E Z.
We switch to counting unlabelled copies, using (3.1) as usual, and obtain

(N — (e — ),

EZY EZ4Y, ) 8.8
+ H H ((N - 26( kl:[O nk h’ ( )

Consider first the case when H and H' are unicyclic. If pp > 0 for every
k such that hihj, > 0, then all fractions in (8.8) tend to 1 as n — oo, and
thus (8.8) and (7.3) yield

If pj, = 0 for some k with hyh), > 0, then EZ}; — Ag = 0 by (7.3) and the
definition (3.3) of Ay (or directly by (8.5)), and (8.8) implies that (8.9) still
holds. If H # H’, (8.9) yields (7.4) with k =2 and ry =ry = 1; if H = H’,
(8.9) yields E(Zu;)2 — A%, another instance of (7.4) (k=1 and r; = 2).

This shows (7.4) when the degree >, r; = 2, The general case is proved
in the same way. The factorial moments in (7.4) means that we only count
copies that are distinct, and therefore disjoint, and we may condition on one
indicator I4 as in (8.7) and use induction; this is a standard argument and
we omit the details.

Finally, consider the case of two trees H and H’. Then (8.8) yields

COV(Z;;,Z;;/) = 6H7H’ EZ;:;

(N —

. _— nk — hk h/
EZY EZ“*,( - 1). 8.10
TRAn B2y Qe(H kl:[O (7, (8.10)

If pr, > 0 whenever hihj > 0, then

(N — 1))6(H’) H (e — hk)h;C
(N =2e(H) = 1))eqrry 12 (M)

= (14 2D o) T (1 - 2% 4 o))

ng
k>0
! !/
2e(H)e(H') Z hihj, Fo(n ).

n n
H k>0 Pk

—1+ (8.11)
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Hence, (8.10) and (7.3) then yield

—Ux —uUx* 2 H HI h h/
COV(ZH,ZH/) = 0, H'NAH +n)\H)\H/( e( Le( ) — Z ;kk) + o(n).
k>0
(8.12)

If pp = 0 so np = o(n) for some k with hih) > 0, then (8.4) yields
EZy,EZy = O(ng), and it is easily seen from (8.10) and an expansion as
in (8.11) that Cov(Z?,?EF,) = o(n). Hence, (8.12) holds in this case too.
We have shown (8.12) in general; this is the same as (7.2) with the defi-
nition (3.7), which completes the proof of Lemma 7.1. O

Remark 8.1. We used labelled copies in the proof for convenience and
transferred the results to unlabelled copies by (3.1). Alternatively, and
essentially equivalently, we may define ¢1 = ¢9 if ¢1,¢2 € ®(H) and Hy, =
Hy, as unlabelled graphs, and note that then Iy, = I4,. Hence ®(H) splits
into equivalence classes of aut(H) elements each. Define ®,(H) as a subset
of ®(H) consisting of one element from each equivalence class. Then, cf.

(8.1) and (3.1), |®,(H)| = aut(H)~}|®(H)| and
Zy = Y I, (8.13)
¢y (H)

which can be used instead of (8.1), yielding the same results.

Proof of Lemma 7.4. This is similar to the proof of the special case (7.4) in
Lemma 7.1.

The special case k& = 0 is shown in the proof of (2.8) in [21, Section 7
including Remark 6]. In general, we take copies Hy, of H; fori=1,...,k
and j = 1,...,7;, and condition on I, =1 for all such 7 and j. Then

E((28),,(28),, | To, = Vi d) = AE,XE, (8.14)

by the case k = 0 just discussed applied to G*(n,dy,) \ U, ; Hy, ;, and (7.6)
follows by the argument in (8.7). (It is here convenient to count unlabelled
copies as in Remark 8.1.) O

Proof of Lemma 7.2. Let V be a uniformly random vertex in G*(n,d,).
Then,

P(C(V) = H | G*(n,dy)) = |H|Z} /n, (8.15)

since each component isomorphic to H contains | H| vertices that are possible
choices of V. Hence, using (7.1),

P(C(V) 2 H) = |H|EZy /n — |H[Au. (8.16)

Furthermore, by the coupling of the exploration process and the branching
process T discussed in Section 2.3,

P(C(V)= H) =P(T = H) +o(1) = pi + o(1). (8.17)
By (8.16) and (8.17), |H|\y = pH.- O
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Proof of Lemma 7.3. Suppose that this fails, and that Hy,..., Hy are dis-
tinct trees with v(H;) > 1, Ag, > 0 and ZZ] aiajoy, n, = 0 for some real
numbers a; # 0. Hence, by (3.8),

k k
Var(Z aifﬁk) =n Z aia;jony, q; +o(n) = o(n). (8.18)
i=1

,j=1

Hence, for any tree H, by the Cauchy—Schwarz inequality and (3.8),
il Uk Suxk i Sux 1/2 uxy\ 1/2
Cov (Z a;Zy, ZH) < Var(z aiZHk> Var(Zy)'" =o(n), (8.19)
i=1 i=1
and thus by (3.8) again,

k
ZaiaHi7H =0. (820)
i=1

For two trees T7 and 15, define

26(T1)6(T2) _ nk(Tl)nk(Tg)
u Z Pk

(Tl,T2> = 5 (821)
k>0

so that (3.7) can be written
oIy, = 5T1,T2 >\T1 + >\T1 )\T2 <T1, T2>. (8.22)
Thus, (8.20) yields, for every tree H,

k k
Zai)\HiéHvHi +)\Hzai)\Hl—<HhH> = 0. (8.23)
i=1 i=1
By assumption (A6), there exists an r > 1 such that p, > 0. Given any tree
T with v(T) > 1, we may replace a leaf by a vertex of degree r, joined to
r — 1 new leaves. Denote the result by T(); this is a tree with ng(T™M)) =
ng(T) + (r — 2)0k1 + Ok, and e(T(l)) = e(T) + r — 1. Hence, for any other
tree T”,

_ / _ / !
Oy _ gy 4 2= DT (= 2m(T) (T
2 b1 Pr
Repeat this procedure and obtain a sequence of trees T, j = 0, with
TO) := T (replacing an arbitrary leaf each time). If j is large enough, then
v(TW) > v(H;) for i =1,...,k, and thus TU) # H; and (8.23) yields

(8.24)

k
/\T(j) Zai)\Hi<Hi7T(j)> = 0, j large. (8.25)
=1

If A\p > 0, then also A\py > 0 for every j > 1, and thus (8.25) yields
Zle aidp, (H;, TYW)) = 0 for large j. Furthermore, it follows from (8.24)
that this sum is a linear function of j, and thus it vanishes for all j, i.e.,
k
> aidy (H, TV) =0,  j>0. (8.26)
i=1
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In particular we can take j = 0 in (8.26), and see that Zle ai g, (H;, T) =0
for every tree T' with v(T') > 0 and Ay > 0. Hence, the second term in (8.23)
vanishes for every tree H with v(H) > 1, and thus (8.23) and (8.26) imply

k
Z ai)\Hi(SHyHi =0 (827)

i=1
for every such tree H. However, taking H = Hj, this yields a1 Ay, = 0, a
contradiction. O

9. PROOF OF THEOREM 3.17

We say that a graph functional v has finite support if 1»(H) # 0 for only
finitely many unlabelled H, or equivalently, if there exists K < oo such that

Y(H)=0 ife(H) > K. (9.1)
Lemma 9.1. Assume (A1)—(A2). Let 1) be a graph functional with finite
support and define ¥ by (3.16). Then
E¥(G*(n,dy,)) =nE¢(T) + o(n). (9.2)
Proof. Let V' be a uniformly random vertex in G*(n,d,,), and couple the
exploration process of C(V') with 7 as in Section 2.3. Let K be as in (9.1). If
the first K generations of the two processes are equal, then either C(V) =T
(as unlabelled rooted graphs), or both have at least K edges, and in both
cases ¥(C(V)) = ¥(T). Hence, noting that (9.1) also implies that 1 is
bounded,

E¢(C(V)) =E(T) + o(1). (9.3)

Furthermore, conditioning on G*(n,d,,),
E((C(V) | G (ndn)) = — > w(C(w) = ~W(G"(n,dn)).  (9.4)
i=1
Thus, taking the expectation,
1
E(C(V)) = EIE\IJ(G*(n,dn)). (9.5)

The result (9.2) follows by combining (9.5) with (9.3). O

Lemma 9.2. Assume (A1)—(A2). Let 1) be a graph functional with finite
support, let K be as in (9.1) and let M := supy [ (H)| < co. Then, forn
so large that N > un/2 and N > 4K, with ¢ := 4+ 16/p,

Var (¥ (G*(n,dy))) < eMK*E|p(C(V))]|n. (9.6)

Proof. Let V1 and V5 be independent uniformly random vertices in G*(n, d,,).
Then
1

E@CV)$CVR) |G (ndn) = — > &(C(0n))¥(C(v2))

v1,12€G*(n,dy)
1 N 2
= E\P(G (n,dn)) . (9.7)

We reveal the edges in G*(n,d,,) in a special order. (Cf. the related
argument in [5, Section 4.2].) First, let II; and Il denote independent
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exploration processes of C(V1) and C(V2), starting at Vi and V, as above.
(These may thus conflict. Think of them as exploring different copies of
G*(n,d,).) Let Y1 := ¢(C(V1)) and Y2 := ¥(C(V2)) be given by II; and
II,, respectively, and note that Y7 and Y5 are independent. Next, start from
scratch and reveal first the edges of C(V1) according to the process IIy, but
stop when K edges have been found, or when C(V}) is exhausted (if it has less
than K edges), where again K is as in (9.1); let Cx (V1) denote the explored
part of C(V7). Then reveal edges according to Il (starting from V5) as long
this does not involve any half-edge already paired. When the first conflict
occurs, abandon Il and pair the remaining half-edges uniformly at random
in any order. This yields a copy of G*(n,d,,), and we define X; := ¢(C(Y})),
7 =1,2, for it.

By the construction, and (9.1), X; = Y;. Furthermore, Xy # Y3 only if
a conflict has occurred when revealing one of the first K edges according to
IT. This may happen either because V5 belongs to Cx(V7), or because one
of the half-edges already found during the exploration of the first K edges
of C(V3) is paired by Ily with one of the half-edges in Cx (V7). Condition
on Cx (V7). Since we reveal only at most K edges and thus K + 1 vertices
in Cx (V1), the first possibility has probability < (K + 1)/n, and the second
possibility has probability < 2K /(N — 2K) for each of at most K pairings;
hence, we obtain the union bound, using N — 2K > N/2 > un/4,

K+1 2K? - 2K?
N -2K
The construction shows that X; and X5 have the correct joint distribu-

tion, while Y7 and Y5 have same individual distribution as these, but are
independent of each other. Thus, by (9.7) and (9.4),

E(X1X2) = E(¥(C(V1)$(C(V2)) = n 2 E(¥(G*(n,dn))*), (9.9)
E(ViY2) = (EV1)? = (By(C(1)))* = n 2(E¥(G*(n,dy)))°.  (9.10)
Consequently, recalling X; = Y7,
n~2 Var(¥(G*(n,dy))) = E(X1X2) — E(Y1Y2) = E(X1(X2 — Y2)). (9.11)
Furthermore, by (9.8), since X7 is determined by Cx (V1),
4MK?

P(Xa # Y | Cx (V1)) < (1+4p7Y).  (9.8)

E(| X2 — Ya| | X1) S2MP(X, # Y2 | X1) < (T+4p7).  (9.12)

Hence, (9.11) yields

2
02 Var (¥(G* (n,d,))) < E(1X1[1X2 — Yaf) < 5

ElXi,  (9.13)
which yields (9.6). O

Lemma 9.3. Assume (Al)-(A2). For every € > 0, there exists ¢ > 0
such that if J C [n] is any subset with |J| < ein, then ) ;e ;d; < en. In
particular, every subgraph H of G*(n,d,) with |H| < e1n has e(H) < en
(deterministically).

Proof. We have D,, := dr, where I is a uniformly random index in [n]. The
uniform integrability of D,, (see (A2)) means (see e.g. [19, Theorem 5.4.1])
that there exists 1 such that for any event & with P(€) < e;, we have
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E(Dp; ) < e. Let £ :={I € J}. Then P(£) = |J|/n and Y ,c ; di =

nE(Dy; €). O
We consider now only the supercritical case (A5).

Lemma 9.4. Assume (A1)—(A2) and (A5). Then there exist ¢ > 0, € > 0
and C' < oo such that, for G*(n,d,),

P(e(C(V)) = ¢) < Ce™,
P(IC(V)| = k) < Ce™,

en, (9.14)
en. (9.15)

//\ //\

<
k<
Proof. Consider the exploration process, starting at a random vertex V' and
restarting at a new random vertex when a component is completely explored.

Let @); be the number of unpaired half-edges in the explored part when j

pairings have been made. In particular, Qo = d(V) 4 D,.

By (A5), E D? > 2, and thus there exists K < oo such that

K
K= Zkzpk > 24, (9.16)

Let ¢ = (sx — 2u)/(10K3) > 0. Consider until further notice only n that
are so large that ng/n > pp —e for k=1,..., K, and also N/n < p+ ¢, see
(A1) and (2.5).

Let k£ < K be such that py > 3e. During the first en steps of the explo-
ration process, there is always at least ng —en > (py — 2¢)n unused vertices
of degree k, and thus the probability that the next pairing is with a half-edge
at an unused vertex of degree k is at least, noting that pp < u,

k(ng —en) - k(pr — 2e)n - kE(pr —2¢)(1 —¢/p) - k(pr — 35).

9.17
N (n+e)n I I (6-17)
Let £1,&2,... be independent copies of a random variables & with the
distribution
k(pr — 3 1<k <K,
B(e = k) = | "P* K€)+/M’_ s (9.18)
1—ij1p(§—])» k=0,

and define Sy, := >, (& — 2).

By (9.17), we can couple the exploration process with the variables &;
such that for every j < en, Qjt1 — Q5 = & — Sj+1 —S;, and thus, by
induction, Q; > Sj.

Suppose now that the component C(V') has exactly ¢ edges. Then Q; = 0,
and hence Sy < 0. However, (9.18) implies that

pEE = Zk2 Pr — 3¢)4 Zk:ka K3 >2u (9.19)
k=1

and thus E¢ > 2. Furthermore, ¢ is bounded, and thus h(t) := Ee!é~2) < oo
for every real t. Hence, h'(0) = E({ — 2) > 0, and thus there exist typ < 0
such that h(tp) < 1. Consequently, using a Chernoff bound,

Pe(C(V)) =€) <P(Qr=0) < P(S, <0) <Ee =h(ty),, (<en.
(9.20)
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This proves (9.14), with ¢ := —logh(tp) > 0, when n is large enough. The
result (9.14) extends to all n, since it is trivial for small n if C is large
enough.

We turn to (9.15). Let 1 be as in Lemma 9.3. Then, any component C
with |C] = k < e1n has at most en edges, and at least kK — 1. Consequently,
by (9.14), if k < eyn,

En En
P(lc(V)l=k) < D Ple(C(V) =0 < > Ce<Ce .  (9.21)
l=k—1 (=k—1
Hence (9.15) too holds, if we redefine C' and . O

We have a similar estimate for the supercritical branching process 7.

Lemma 9.5. Assume (A1)-(A2) and (A5). Then, for the branching process
T in Section 2.3,

P(T|=k) <Ce™*,  1<k<oo. (9.22)

Proof. This follows by standard branching process theory.

Alternatively, by the coupling in Section 2.3, or by (9.3) with (7)) :
1{|T| = k}, we have for every fixed k > 1, ]P’(\C( ) =k) = P(|T| = k),
and thus (9.22) follows from (9.15).

O li

Proof of Theorem 38.17. The proofs of the two parts are essentially identical,
and we give the details only for (i).
(i): Write G, := G*(n,d,).
We truncate. Define, for ¢, L > 1,
Ye(H) :=¢(H) - He(H) = £}, (9.23)
VY<r(H) :=(H) - 1{e(H) < L}, (9.24)
and consider the corresponding ¥, and Wy,.
Let € > 0 be a fixed small number, chosen so small that Lemma 9.4 holds,
as well as the following argument.
If UT(G?) # Ween(GE), then either e(C1) < en, and thus |Ci| < en + 1,

or e(Cy) > en and thus |C2| > e1n by Lemma 9.3. If ¢ is small enough,
then both events have probability O(e™") by [13, Theorem 2]. Since (3.18)

implies UT(G%), Ueen(G) = O(n™+1), we thus have
E(UH(GE) = Ueen(GE))? = O(n?"F2e=") = O(e™M). (9.25)

Hence, it suffices to prove the results for ¥<.,(G},).
For every ¢ < en, (3.18) and Lemma 9.4 yield

E [y (C(V))| < CL™P(e(C(V)) = £) < CL™e™, (9.26)
and thus by (9.5) and Lemma 9.2 (Wlth M < Cem)
E[W(Gy)| = nE[¢e(C(V))| < Ce™n, (9.27)

Var Uy(GF) < CUMP R[4y (C(V))|n < CO™ 2= < Cen. (9.28)
Let, for L > 1

X, = n V(UG —EWI(GE)), (9.29)

Xpr =12 (e (G) —ET<r(GL)). (9.30)

3
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Then, assuming n > L/e,

En
Xn = X = X = Xpme + 3, 072 ((G) —EW(Gy)),  (9.31)
{=L+1
and thus, using (9.25), (9.28) and Minkowski’s inequality,

(Var(X, — X)) 2 < (Var(Xo — Xow) /24 3" /2 (Var wy(G2) 2,
{=L+1

En
<Ce™™+ Y Ce<Ce (9.32)
(=L+1
Furthermore, for every fixed L > 1, 1<y, is a functional with finite support,
and (3.16) yields a finite linear combination

Ve (Gy)= Y |HIY(H)ZY. (9.33)
e(H)<L
Terms where H has a cycle have variance O(1), by Theorem 3.2 or directly by

Lemma 7.7. Hence, they can be ignored, and Theorem 3.2 (with Remark 3.5)
yields, by (i) and joint convergence for different trees,

Ver(Gy )ﬁ\IkL(G n) 4 N(0,02), (9.34)

Xn;L =

where
of == > |TTely(T)(Ta)or 1, (9.35)
[T1],|T2|<L

summing over pairs of trees of order less than L.

We will verify belovv that the sums in (3.22) converge absolutely. Thus, as
L — o0, 0% — aw defined in (3.22). The estimate (9.32), which is uniform
in n > L/e, implies

lim limsupE(X, — X,.1.)* = hm lim sup Var(X,, — X,,..) =0. (9.36)

L—oo np—oo L—co p—oo

This together with the limit (9.34) for each fixed L and O‘L — aw imply,

see e.g. [10, Theorem 4.2] or [29, Theorem 4.28], X, 4, N(O, O’i), which is
(3.21).

Furthermore, Theorem 3.2 shows also that Var X,,.;, — 0'% for every fixed
L. Hence, Minkowski’s inequality and (9.32) imply, for every fixed L,

‘(Vau"Xn)l/2 — UL‘ < |(Va]an)1/2 — (Vaan;L)l/z‘ + |(Vaan7L)1/2 — O’L‘
< (Var(X,, — Xn)) % + o(1) < CeF 4 0(1), (9.37)
and thus,
‘(Vaan)l/2 —oy| <| (Var X,,)'/? — or| + o — oyl
< Ce ™ 4 |og — oy| + o(1). (9.38)
Take limsup,,_, . in (9.38) and then let L — oco. This yields
limﬁsup‘(Var X,)V% - op| =0, (9.39)
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and thus Var X,, — O'i which is equivalent to (3.20).
Similarly, if n > L/e, then (9.25) and (9.27) yield
en
EWH(G) — Uer(Gh) SENUH(G]) = Veen(Gr)l + D E|W(G})|
¢=L+1

<Ce™+C Y Ce“n<Cen. (9.40)
(—L+1
Moreover, EV(GY)/n — E¢<r(T) by Lemma 9.1, and E¢<r(T) —
Ef4(T) as L — co by (2.11), noting that Ef [¢)(7T)| < oo by (3.18) and
Lemma 9.5. Hence, for any fixed L, (9.40) implies

|EWH(Gy)/n—EN(T)| <E[UH(G}) /n — Uer(G)/nl
+|EV<L(G})/n —Ever(T)| + |Etber(T) — BN (7))
< Ce L+ o(1) + |Ever(T) — ENy(T)]. (9.41)

Taking lim sup,,_, ., and then letting L — oo yields (3.19), similarly to (9.39).

Finally, to verify absolute convergence of the sums in (3.22), suppose tem-
porarily that ¢(T) > 0, so that we may interchange order in the summations
freely. Then, considering the terms in (3.7) separately and using (3.5) and
(2.11),

> T || To |y (T1)(To) o1, 1, Ay, = Z|T| Y(T)Ar = pr|ThH(T)?
T

11,1

=EN(|T1(T)%), (9.42)
Z T || T |p(T1)p(To) Ay Ay (T (ZPT¢ )
T1,T%
= (B (¢(Te(1))” (9.43)
ST T3l (T2 (To) A, A ZM
T1,To k>0 Pk
=2 (ZW () =3 (B ((Tns(T)) . (9.44)
k>0 k>0 Pk

The expectations in (9.42) and (9.43) are finite by (3.18) and Lemma 9.5,
and so is each expectation in (9.44). If also the sum in (9.44) converges,
then (3.7) and (9.42)—(9.44) show the last equality in (3.22). In particular,
if (9.44) is finite, then (3.22) yields, since o3, > 0,

5 (B TU(T))° < B (TI0T)) + 2 @ TT)). (0.4)

k>0 Pk

For any v > 0, this applies to the truncation 1<y, for any L, since we have
Y<r,(T)nk(T) = 0 for every T when k > L, and thus the sum over k in
(9.44) converges. Hence (9.45) holds for 1<y, and letting L — oo shows
(by monotone convergence) that (9.45) holds for ¢ too. We have already
seen that the right-hand side in (9.45) is finite, and thus the sum on the left
converges, for any ¢ > 0 satisfying (3.18).
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Consequently, all sums in (9.42)—(9.44) converge when 1) > 0. Hence,
applying this to |¢|, we see that for every v satisfying (3.18), all sums in
(9.42)—(9.44) converge absolutely; hence the equalities in (9.42)—(9.44) hold
in general, which verifies (3.22), with absolute convergence everywhere.

(ii): The main difference is that we use Theorem 3.9 instead of Theo-
rem 3.2. Since we now assume (A3), (2.8) holds, and thus all estimates of
means and variances in the proof of (i) hold automatically for G(n,d,,) too

by conditioning. O
Proof of Theorem 3.16. As said in Example 3.20, we apply Theorem 3.17
with ¢ (H) := 1, together with Lemmas 10.5 and 11.1 below. O

10. NON-ZERO VARIANCE?

The asymptotic variance ai in Theorem 3.17 necessarily satifies Ui = 0;
however, ai = 0 is possible. We note first some trivial cases.

Example 10.1. (a) If (A6) does not hold, so (in the supercritical case)
p1 = 0, then ai = 0 for every v, see Remark 3.19.

(b) If ¥(T') = drk,, then 03) = 0. In fact, then ¥(G) = no(G) counts
isolated vertices, and thus ¥T(G(n,d,)) is deterministic.

(c) If 9(T) = 0 for every tree T with pr > 0, then ¢(7) = 0 a.s. and thus
ai = 0. In this case, 1(C;) = 0 for all but a few components C;.

Parts (b) and (c) of Example 10.1 show that the values of ¢(H) for
H = Ky, trees H with py = 0, and non-trees H, do not affect ai.

We conjecture that the trivial cases in Example 10.1 (in combination) is
the only way to get O'i = 0 (in the supercritical case). Formally:

Conjecture 10.2. If (A1)-(A3) and (A5)—(A6) hold, then
O’,i =0 < (T) =0 for every tree T with |T| > 1 and pr > 0. (10.1)

Remark 10.3. As said in Section 3.3, we consider for simplicity only the
supercritical case in Theorem 3.17, although we expect a similar result (for
) also in the subcritical case under suitable conditions. However, note
that then there are two further trivial cases with 03) =0, viz. p(H) =1 and
Y(H) = e(H)/|H| as in Example 3.20 (and linear combinations of them),
since then ¥(G) = |G| and e(G), respectively, which are deterministic for
G(n,dy).

Although we have not been able to verify Conjecture 10.2, we can show
Ui > (0 in many cases.

Lemma 10.4. Assume (A1)—(A2) and (A5)—(A6). Suppose that the graph
functional 1 satisfies (3.18) and that 03} = 0. Then % has the form, for
some real constants ay and every tree T with pr > 0,

¢m=%§%mm (10.2)

where, furthermore, for every k > 0,

m%:wmwwwwﬁﬁwwﬂwﬂ) (10.3)
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N i (T) _ kpr e(T)n;(T)
- B (M )

Note that (10.4) is an eigenvalue equation for the vector (ay)g.

Proof. Let ® be the linear space of all graph functionals satisfying (3.18).
The right-hand side of (3.22) is a quadratic form in ¢ € ®. Denote the
corresponding symmetric bilinear form by (11, 19); thus 03) = (¢, ¢) and

(n,4b2) = EN(|T Wn(T Jo(T)) + - B (e(T)01 (T) BN e(T)wa(T)
-2 E* (ni(T <T>> E (nio(T)2(T)). (10.5)

k>0

Since (3.20) implies 01/) 0, the bilinear form (10.5) is positive semidefi-
nite, and thus the Cauchy—Schwarz inequality holds for it. In particular, if
(1, @ZJ> = O'i = 0, then (1,9 = 0 for every graph functional ¢’ € ®. Hence,
taking ¢/ (H) := 1{H = T} for a tree T,

2 1
0= priTIH(T) + S EN(TU(TNpre(T) = > - BN (ni(T)o(T)prn(T).

(10.6)
Thus, for every tree T" such that pp > 0, using 2e(T) = >, kny(T),

[TI6(T) = 3 - (a7 m)nk(T)—iE*(dﬂwm)e(T)

k>0
—Z(fzﬁﬁ m(T)0(T)) = =B (e(T)o(T) (D), (101
k>0

which yields (10.2)—(10.3); then (10.4) follows by substituting (10.2) in
(10.3). 0

Lemma 10.5. Assume (A1)—(A2) and (A5)—(A6). Let v(H) := 1. Then
o2 > 0.
p

Proof. Suppose that ai = 0; thus (10.2)—(10.4) hold by Lemma 10.4. Fur-
thermore, (10.2) trivially holds with a; = 1, and since the coefficients ay in
(10.2) are uniquely determined for every k with p; > 0, (10.3) yields

k
Pk = prag = Elng(T) — % Efe(T), k> 0. (10.8)
Summing over k yields

1= 3 (B me(7) ~ A B (7)) = B/ [T] — B e(T) = B (7] (7))
k
=E'1 =P(|T] < o0). (10.9)
This is a contradiction. O

Remark 10.6. As said in Example 3.20 (and more generally in Conjec-
ture 10.2), we conjecture that 0121} > 0 also for ¢(H) := e(H)/|H|, and for
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(non-zero) linear combinations of these two graph functionals, but we have
failed to show this in general, and leave this as an open problem.

Frank Ball (personal communication) has noted that in the case of bounded
maximum degree treated in his paper [4] (on epidemics, but with the giant
component as a special case), his formulas [4, (5.25)—(5.27)] express the as-
ymptotic variance as a sum of integrals of squares, making it easy to show
that the asymptotic variance is strictly positive in these cases. It seems
likely that this formula for the asymptotic variance holds more generally
(perhaps by purely algebraic manipulations), which might lead to a general
proof, but we have not checked the details.

Example 10.7. Let ¢)(H) := |H|. (A6) shows both p; > 0 and the existence
of r > 1 with p, > 0. There exist arbitrarily large trees T" with all degrees
in {1,7}, and they have pr > 0. However, (10.2) cannot hold for all such
trees, since the right-hand side is bounded for them by |a1| + |a,|, while
Y(T) = |T| is unbounded. Hence Lemma 10.4 shows that 012/) > 0, as claimed
in Example 3.21.

11. THE VARIANCE OF THE GIANT

Lemma 11.1. If (H) = 1, then the variance oi in (3.22) is given by
(3.15).

Proof. Let T1 be the Galton-Watson tree with offspring distribution Y; :=
D—1, with D given by (2.9). Recall that T has a root with a random number
D of copies of 77 attached to it. The probability generating function of Y;
is given by, using (2.9) and (2.12),

oo
) k
fi(z) =E1 =E.P7! = Zﬂzk_l = f(2). (11.1)
= M
The probability that the supercritical Galton—Watson process 77 is finite
is the unique root ¢ € [0,1) of f1(¢) = ¢, which by (11.1) is equivalent to
(2.13).
Let 72 be T; conditioned on being finite. Then, see e.g. [2, Theorem
1.12.3], T2 is another Galton—Watson process, which is subcritical and has an
offspring distribution Y, with probability generating function, using (11.1),

Y2 f1(¢2) _ f'(¢2)
fg(z) =Ez? = C = MC .

(11.2)

In particular,

Q)
1

EYs = f3(1) =

Since T3 is subcritical, thus f”(¢)/u < 1.
Let n9"*(72) be the number of vertices in 75 with outdegree k. Then, by
a standard calculation for subcritical Galton—Watson trees, summing the

expected number of such vertices in generation j > 0, and using (11.2)—
(11.3) and (2.9),

(11.3)

1

— Py =
1—IEY2C (Y1 =k)

Enp*(T2) = > (EY2)  P(Yo = k) =
7=0
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_ PO =k+1) (k4 ppach!
1-EY, r—f"(¢)
If the root of 7 has degree ¢, then the tree is finite with probability ¢¢, and

conditioned on this event, it has ¢ branches that are copies of 75. Hence,
using (11.4) and (2.13),

(11.4)

E'ng(T) = 3 ¢! (B + LB, (7)) = puc* +Zp<‘f k¢

2 e
e e kpRCE kkakM
="+ f (C)iﬂ — PO = (" + = O (11.5)
Summing over k we find
Et — S Et - M - ﬁ 11.6
u kZO ni(T) = F(Q) + s = FO+ iy (116)
Efe(T) =E'(|T| - 1) = EN|T| = P(|T| < o0) = EN [T] = f(C)
,U2C2
- (11.7)
Hence, (3.22) with ¢ = 1 yields
2 P2 p3¢t . I 2%
=10+ g - e~ ()
(11.8)

which yields (3.15) by expanding the square and summing, using (2.12). O

12. RANDOM DEGREES

One reason for the importance of the model G(n,d,) is that for sev-
eral models of random graphs, if we condition on the degree sequence, then
we obtain a graph of the type G(n,d,), for the observed degree sequence
d,,. This includes the Erdés—Rényi graphs G(n, p) and G(n,m), and several
others, see e.g. [15]. Such random graphs can thus be regarded as G(n,d,,)
based on a random degree sequence d,,. We obtain easily results for such
graphs too, by conditioning on d,. Note that, as pointed out e.g. by Ball
and Neal [5], the randomness in the degree sequence will in general affect
the asymptotic variance. We illustrate this by considering in some detail
the counts of small isolated trees in the basic theorem Theorem 3.9. Simi-
lar versions of e.g. Theorems 3.16 and 3.17 follow similarly; see [5] for the
variance of the size of the giant component in Theorem 3.16.

Theorem 12.1. Let (pi)3° be a probability distribution satisfying (A6). Sup-
pose that dy, is random, and such that, with =", kp,
Nk — PN d
—_ k=0,1,... 12.1
\/ﬁ 5]67 y Ly ) ( )

kny — pn >
W 4, Z k&, (12.2)
k=1



ASYMPTOTIC NORMALITY IN RANDOM GRAPHS 43

Jointly, where & are jointly normal with E&, = 0 and some covariances
Cov (ks §e) = ke with Dy o kl|vke| < 0o, and furthermore that

nt Z k2ny, 2 Zpkkz < 0. (12.3)
k

Then, for any tree H,

ZH\—/HTMH d, (0 )

where Ag is as in (3.3); furthermore, joint convergence holds for several

(12.4)

trees H, with limit N (0, i\]), where the covariance matriz 3 is given by

. — (ni(H1) k ne(Hy) ¢
GHyHy = Oy Hy + A Ay (M - *€(H1)> (M - *B(Hz))w-
2N e om b p

(12.5)

Proof. For convenience, we use the Skorohod coupling theorem [29, Theorem
4.30], and may thus assume that the limits in (12.1)-(12.3) hold a.s. Then
(A1)—(A3) hold a.s., and thus Theorem 3.9 applies, conditioned on the degree
sequence. Hence, conditionally,
Zy —E(Zy |dy) a
\(/ﬁ ) — N(0,0%). (12.6)

Consider a tree H and let hy := ni(H). If Ay > 0, then, a.s., using (8.4)
and remembering that ny and N now are random, together with the a.s.
versions of (12.1) and (12.2),

E(Z:AILdn) _ ;;;tO(( thkk.hk
—e(H) hi
=(1+0(n™) (;\D 1;[ <;fk>
2(573 f: ke + i pkhknfk +o(n1?)
- 1+n—1/22( e(H))& +o(n™¥?)  (12.7)
and thus
E(Z} |j%) —nw o AH;’:;O(Z: _ ze(H))gk, (12.8)

On the other hand, if Ay = 0, then pp = 0 for some k with Ay > 0. Since
pr = 0, (12.1) implies & > 0 a.s., and thus & = 0 a.s., so n; = 0(n1/2) a.s.
Hence, (8.4) implies E(Z;}k | d,) = o(n'/?) as., and thus (12.8) holds in
this case too, with =g = 0.

Since (12.6) holds, with the same limit, conditioned on d,, the limits
(12.6) and (12.8) hold jointly, with independent limits. Hence, we can take
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their sum and obtain (12.4) with 8%{1’1{2 = Ul%h,Hz + Cov(ZEn,,Zm,), ie.,
(12.5). 0

Example 12.2. One case studied also by Ball and Neal [5] is when the
degrees d; are i.i.d. random variables that are copies of a given D, which
we assume satisfies ED? < oco. (We ignore one half-edge if the sum N
otherwise becomes odd.) Then, by the central limit theorem and the law of
large numbers, (12.1)—(12.3) hold with

Ve = OpePk — PrDI- (12.9)

Hence, Theorem 12.1 shows that (12.4) holds. Furthermore, the double sum
in (12.5) is by (12.9)

ipk (M - Ee(Hl)> (M - ze(fb))

— Pk M Pk

_ ipk(”k(Hl) - /]je(Hl)) im(w = ée(Hg)). (12.10)
k=0

Pk =0 De H

By simple algebra, using Y, ny(H) = |H| and >, kny(H) = 2e(H), the
first sum in (12.10) equals
> nk(Hl)nk(Hg) _ 46(H1)6(H2) ED2

Dk 1 + 2 e(Hy)e(Hz) (12.11)

k=0

and the second and third are just
|H;| —e(H;) =1. (12.12)
Hence, (12.5) and (3.7) yield, after some interesting cancellations,

_ ED(D -2
Gy s = Sty oy My + A M ((IuQ)e(Hl)e(Hg) ~1). (1213)

Example 12.3. Consider the Erdés—Rényi graphs G(n,p) and G(n,m),
where we keep the average degree constant by choosing p = u/n and m =
pn/2+o(n/?) for some fixed > 0. The number of isolated trees of a given
size in G(n,m) was studied already by Erdds and Rényi [16], but in the
range of m considered here, their result contains an error as was pointed out
by Barbour [6], who proved asymptotic normality for G(n,p) using Stein’s
method. The result was extended by Barbour, Karonski and Ruciriski [7] to
counts of isolated copied of individual trees, our 7;; the method yields also
joint convergence. (We are not aware of any similar result on asymptotic
normality proved for G(n,m), but such results might be in the literature.)
Although this result thus can be proved directly in a rather simple way, at
least for G(n, p), we find it instructive to see how it follows, for both models,
from the general results in the present paper.

Asymptotic normality of n; was shown for G(n,p) by [7], see also [27,
Example 6.35]. This was extended to G(n,m) in [20, Theorem 4.1], which
implies (as a consequence of [20, (4.2)]) that (12.1)—(12.3) hold for both
G(n,p) and G(n,m) (with p = p/n and m = pn/2+ o(n'/?) as above), with
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pr = pFe " /K, the Poisson Po(u) distribution, and asymptotic covariances

SeD — 1 =), b G(n,p),
ey — { kePk — Dkt W ppe,  G(n,p) (12.14)

Swepi — prpe — S pypy - Gy m),

Comparing with Example 12.2, we see that yi¢ has an additional term, with
different signs in the two cases. To calculate the contribution from that term
to (12.5), we calculate, recalling D ~ Po(u) so E D? = p? + p,

S (D L) = gy = S = (i) = 3 EE=
k=0 k=0 k=0
=2e(H)— plH|—e(H)=—(p—1)|H| - 1. (12.15)

Define x := +1 for G(n,p) and x := —1 for G(n,m). Then, using (12.14) in
(12.5) yields, using (12.13) and (12.15) in the calculations,

a\H1,Hz = 5H1,H2)‘H1

+AH1AH2(“;1e<H1>e<H2> =L (= DR 1) (G = 11|+ D).
(12.16)

Thus, Theorem 12.1 yields asymptotic normality of the counts of isolated
trees, in both G(n,p) and G(n,m), with asymptotic covariances (12.16).

Remark 12.4. The model in Example 12.2 with D ~ Po(u) thus gives a
result with a covariance matrix (12.13) that is half-way between the results
for G(n,p) and G(n,m). As has been remarked before, the same is seen
in the much simpler (but related) case e(G) of the number of edges; ele-
mentary calculations yield Vare(G) = Var(IN/2) ~ un/4 for the model in
Example 12.2, Vare(G) ~ un/2 for G(n,p), and of course Vare(G) = 0 for
G(n,m).
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