THE DISTANCE PROFILE OF ROOTED AND UNROOTED
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ABSTRACT. It is well-known that the height profile of a critical con-
ditioned Galton—Watson tree with finite offspring variance converges,
after a suitable normalization, to the local time of a standard Brownian
excursion. In this work, we study the distance profile, defined as the
profile of all distances between pairs of vertices. We show that after
a proper rescaling the distance profile converges to a continuous ran-
dom function that can be described as the density of distances between
random points in the Brownian continuum random tree.

We show that this limiting function a.s. is Holder continuous of any
order o < 1, and that it is a.e. differentiable. We note that it cannot be
differentiable at 0, but leave as open questions whether it is Lipschitz,
and whether it is continuously differentiable on the half-line (0, c0).

The distance profile is naturally defined also for unrooted trees con-
trary to the height profile that is designed for rooted trees. This is used
in our proof, and we prove the corresponding convergence result for the
distance profile of random unrooted simply generated trees. As a minor
purpose of the present work, we also formalize the notion of unrooted
simply generated trees and include some simple results relating them to
rooted simply generated trees, which might be of independent interest.

1. INTRODUCTION

Consider a random simply generated tree. (For definitions of this and
other concepts in the introduction, see Sections 2-3.) Under some technical
conditions, amounting to the tree being equivalent to a critical conditioned
Galton—Watson tree with finite offspring variance, the (height) profile of the
tree converges in distribution, as a random function in C[0,00). Moreover,
the limiting random function can be identified with the local time of a stan-
dard Brownian excursion; this was conjectured by Aldous [3] and proved
by Drmota and Gittenberger [18] (under a stronger assumption), see also
Drmota [17, Section 4.2], and in general by Kersting [34] in a paper that un-
fortunately remains unpublished. See further Pitman [47] for related results
and a proof in a special case. See also Kersting [34] for extensions when the
offspring variance is infinite, a case not considered in the present paper.

Remark 1.1. To be precise, [18] and [17] assume that the offspring dis-
tribution for the conditioned Galton—Watson tree has a finite exponential
moment. As said in [17, footnote on page 127], the analysis can be ex-
tended, but it seems that the proof of tightness in [17], which is based on

Date: 31 August, 2020; revised 18 June, 2021.

2010 Mathematics Subject Classification. 60C05; 05C05; 60J65.

Key words and phrases. Random trees; Brownian excursion; local time; profiles; Holder
continuity.



2 GABRIEL BERZUNZA OJEDA AND SVANTE JANSON

estimating fourth moments, requires a finite fourth moment of the offspring
distribution.

Note also that Drmota [17, “a shortcut” pp. 123-125] besides the proof
from [18] also gives an alternative proof that combines tightness (taken from
the first proof) and the convergence of the contour process to a Brownian
excursion shown by Aldous [4], and thus avoids some intricate calculations
in the first proof. We will use this method of proof below. O

Using notation introduced below, the result can be stated as follows.

Theorem 1.2 (Drmota and Gittenberger [18], Kersting [34]). Let L,, be
the (height) profile of a conditioned Galton—Watson tree of order m, with

an offspring distribution that has mean 1 and finite variance o. Then, as
n — oo,
n~ 2L, (zn'/?) 4, %Le (%x), (1.1)

in the space C[0,00], where Le is a random function that can be identified
with the local time of a standard Brownian excursion e; this means that for
every bounded measurable f : [0,00) — R,

e 1
/ f(x)Le(x)dx:/ f(e(t)) dt. (1.2)
0 0

Remark 1.3. This result is often stated with convergence (1.1) in the space
C[0,00); the version stated here with C|0,00] is somewhat stronger but
follows easily. (Note that the maximum is a continuous functional on C0, co]
but not on C|[0,0).) See further Section 2.4. O

The profile discussed above is the profile of the distances from the vertices
to the root. Consider now instead the distance profile, defined as the profile
of all distances between pairs of points. (Again, see Section 2 for details.)
One of our main results is the following analogue of Theorem 1.2.

Theorem 1.4. Let A, be the distance profile of a conditioned Galton—
Watson tree of order n, with an offspring distribution that has mean 1 and
finite variance 0® > 0. Then, as n — 00,

—3/2 1/2y d 9 a
n An(azn )—> 2Ae(2x>, (1.3)

in the space C[0,00], where Ae(x) is a continuous random function that can
be described as the density of distances between random points in the Brow-
nian continuum random tree [2; 3; 4]; equivalently, for a standard Brownian
excursion e, we have for every bounded measurable f : [0,00) — R,

/0 f(z)Ae(x)dx = 2//0<S<t<1 f(e(s) +e(t) —2 min e(u))dsdt. (1.4)

w€E[s,t]

The random distance profile A,, was earlier studied in [16], where the
estimate (14.5) below was shown.

Remark 1.5. It is easy to see that the random function Ae really is random
and not deterministic, e.g. as a consequence of Theorem 13.1. However, we
do not know its distribution, although the expectation E Ag(z) is given in
Lemma 15.11. In particular, the following problem is open. (See [17, Section
4.2.1] for such results, in several different forms, for Le.) U
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Problem 1.6. Find a description of the (one-dimensional) distribution of
Ae(x) for fixed x > 0.

We have so far discussed rooted trees. However, the distance profile is
defined also for unrooted trees, and we will find it convenient to use unrooted
trees in parts of the proof. This leads us to consider random unrooted simply
generated trees.

Simply generated families of rooted trees were introduced by Meir and
Moon [42], leading to the notion of simply generated random rooted trees,
see e.g. Drmota [17]. This class of random rooted trees is one of the most
popular classes of random trees, and these trees have been frequently stud-
ied in many different contexts by many authors. Simply generated random
unrooted trees have been much less studied, but they have occured e.g. in
a work on non-crossing trees by Kortchemski and Marzouk [38] (see also
Marckert and Panholzer [41]). Nevertheless, we have not found a general
treatment of them, so a minor purpose of the present paper is to do this
in some detail, both for use in the paper and for future reference. We thus
include (Sections 5-8) a general discussion of random unrooted simply gener-
ated trees, with some simple results relating them to rooted simply generated
trees, allowing the transfer of many results for rooted simply generated trees
to the unrooted case. Moreover, as part of the proof of Theorem 1.4, we
prove the corresponding result (Theorem 11.2) for random unrooted simply
generated trees.

As a preparation for the unrooted case, we also give (Section 4) some
results (partly from Kortchemski and Marzouk [38]) on modified rooted
simply generated trees (Galton—Watson trees), where the root has different
weights (offspring distribution) than all other vertices.

The central parts of the proof of Theorem 1.4 are given in Sections 1012,
where we use both rooted and unrooted trees. As a preparation, in Section
9, we extend Theorem 1.2 to conditioned modified Galton—Watson trees.
We later also extend Theorem 1.4 to conditioned modified Galton—Watson
trees (Theorem 12.1).

We end the paper with some comments and further results related to our
main results. In Section 13, we discuss a simple application to the Wiener in-
dex of unrooted simply generated trees. Section 14 contains some important
moment estimations of the distance profile for conditioned Galton—Watson
trees as well as for its continuous counterpart Ae. In Section 15, we estab-
lish Holder continuity properties of the continuous random function L and
Ae. Tt is known that Le is a.s. Holder continuous of order « (abbreviated to
Hélder(«)) for a < %, but not for o > 3. We show that Ae is smoother; it
is a.s. Holder(«) for o < 1, and it is a.e. differentiable (Theorem 15.5). We
do not know whether it is Lipschitz, or even continuously differentiable on
[0,00), but we show that it is does not a.s. have a two-sided derivative at 0
(Theorem 15.10), and we state some open problems.

Finally, some further remarks are given in Section 16.

2. SOME NOTATION

Trees are finite except when explicitly said to be infinite. Trees may be
rooted or unrooted; in a rooted tree, the root is denoted o. The rooted trees
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may be ordered or not. The unrooted trees will always be labelled; we do
not consider unrooted unlabelled trees in the present paper.

If T is a tree, then its number of vertices is denoted by |T'|; this is called
the order or the size of T. (Unlike some authors, we do not distinguish
between order and size.) The notation v € T means that v is a vertex in 7.

The degree of a vertex v € T is denoted d(v). In a rooted tree, we also
define the outdegree d*(v) as the number of children of v; thus

it (v) = {ZEZ; -b Z i Z (2.1)

A leaf in an unrooted tree is a vertex v with d(v) = 1. In a rooted tree, we
instead require d*(v) = 0; this may make a difference only for the root.

A fringe subtree in a rooted tree is a subtree consisting of some vertex
v and all its descendants. We regard v as the root of the fringe tree. The
branches of a rooted tree are the fringe trees rooted at the children of the
root. The number of branches thus equals the degree d(o) of the root.

Let ¥, be the set of all ordered rooted trees of order n, and let ¥ :=
U %,. Note that ¥, is a finite set; we may identify the vertices of an
ordered rooted tree by finite strings of positive integers, such that the root
is the empty string and the children of v are vi, i = 1,...,d(v). (Thus,
an ordered rooted tree is regarded as a subtree of the infinite Ulam—Harris
tree.) In fact, it is well-known that |T,| = %(277__12), the Catalan number
Cn-1.

Let £, be the set of all unrooted trees of order n, with the labels 1,..., n;
thus £, is the set of all trees on [n] := {1,...,n}. £, is evidently finite and
by Cayley’s formula |£,| = n"~2. Let £ := [J{° £,

A probability sequence is the same as a probability distribution on Ny :=
{0,1,2,...}, ie., a sequence p = (p)§° with py > 0 and >"7 pr = 1. The
mean p(p) and variance o?(p) of a probability sequence are defined to be
the mean and variance of a random variable with distribution p, i.e.,

w(p) ==Y kpi, o(p) ==Y _k’pr — u(p)*. (2.2)
k=0 k=0

d P . . . . . .
We use — and — for convergence in distribution and in probability,
respectively, for a sequence of random variables in some metric space; see

e.g. [11]. Also, 4 means convergence in distribution.
The total variation distance between two random variables X and Y in a
metric space (or rather between their distributions) is defined by

dry(X,Y) :=sup|P(X € A) —P(Y € A)|, (2.3)
A
taking the supremum over all measurable subsets A. It is well-known that

in a complete separable metric space, there exists a coupling of X and Y
(i.e., a joint distribution with the given marginal distributions) such that

P(X #Y) = d1v(X,Y), (2.4)

and this is best possible.
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Op(1) denotes a sequence of real-valued random variables (Xj), that
is stochastically bounded, i.e., for every £ > 0, there exists C' such that
P(|X,| > C) < e. This is equivalent to (X,,), being tight. For tightness in
more general metric spaces, see e.g. [11].

Let f be a real-valued function defined on an interval I C R. The modulus
of continuity of f is the function [0, 00) — [0, oo] defined by, for 6 > 0,

w(d; f) =w(d; f;1) := sup(\f(s) —f@®)|:s,tel,|s—t < 5). (2.5)

If x and y are real numbers, z Ay := min{z, y} and =z V y := max{z, y}.

C denotes unspecified constants that may vary from one occurrence to the
next. They may depend on parameters such as weight sequences or offspring
distributions, but they never depend on the size of the trees. Sometimes we

write e.g. (). to emphasize that the constant depends on the parameter r.
Unspecified limits are as n — oo.

2.1. Profiles. For two vertices v and w in a tree T, let d(z,y) = dr(z,y)
denote the distance between v and w, i.e., the number of edges in the unique
path joining v and w. In particular, in a rooted tree, d(v, o) is the distance
to the root, often called the depth (or sometimes height) of v.!

For a rooted tree T', the height of T is H(T') := max,cr d(v,0), i.e., the
maximum depth. The diameter of a tree T, rooted or not, is diam(T") :=
maxy, et d(v, w).

The profile of a rooted tree is the function L = Ly : R — [0, 00) defined
by

L(i) := |{v €T :d(v,0) =1i}|, (2.6)

for integers i, extended by linear interpolation to all real z. (We are mainly
interested in x > 0, and trivially L(x) = 0 for x < —1, but it will be
convenient to allow negative x.) The linear interpolation can be written

L(x) ==Y L(i)r(z — i), (2.7)
=0

where 7 is the triangular function 7(x) := (1 — |z|) V 0.
Note that L(0) = 1, and that L is a continuous function with compact
support [—1, H(T) + 1]. Furthermore, since [ 7(z)dz =1,

/OOL(:L') do =Y L(i) =T, (2.8)
=0

-1

where we integrate from —1 because of the linear interpolation; we have

JoS L(z)da = 3372 L(i) — 5 = |T] — 3.
The width of T is defined as

W(T) = Eré%%cL(i) = $Ea§<L(:E). (2.9)

Similarly, in any tree T', rooted or unrooted, we define the distance profile
as the function A = Ap : [0,00) — [0, 00) defined by

AG) == [{(v,w) € T : d(v,w) = i}| (2.10)

IWe use different fonts to distinguish the distance d from the degree d; note also that
the distance has two arguments and the degree only one.
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for integers ¢, again extended by linear interpolaton to all real = > 0.
For definiteness, we count ordered pairs in (2.10), and we include the case
v = w, so A(0) = |T|. A is a continuous function on [0,00) with support
[— 1,d1am(T) 1]. We have, similarly to (2.8),

/oo A(t)dt =Y A(i) = [T (2.11)
-1 i=0

If T is an unrooted tree, let T'(v) denote the rooted tree obtained by
declaring v as the root, for v € T. Then, as a consequence of (2.6) and

(2.10),
z) = Lyw)(x). (2.12)

veT

Hence, the distance profile can be regarded as the sum (or, after normalisa-
tion, average) of the profiles for all possible choices of a root.

Remark 2.1. Alternatively, one might extend L to a step function by
L(z) := L(|z]), and similarly for A. The asymptotic results are the same
(and equivalent by simple arguments), with L and A elements of D[0, o]
instead of C[0, co] and limit theorems taking place in that space. This has
some advantages, but for technical reasons (e.g. simpler tightness criteria),
we prefer to work in the space C[0, o] of continuous functions. O

Remark 2.2. Another version of A would count unordered pairs of distinct
vertices. The two versions are obviously equivalent and our results hold for
the alternative version too, mutatis mutandis. O

2.2. Brownian excursion and its local time. The standard Brownian
excursion e is a random continuous function [0, 1] — [0, c0) such that e(0) =
e(l) = 0 and e(t) > 0 for t € (0,1). Informally, e can be regarded as a
Brownian motion conditioned on these properties; this can be formalized
as an appropriate limit [23]. There are several other, quite different but
equivalent, definitions, see e.g. [49, XII.(2.13)], [13, Example II.1d)], and
[17, Section 4.1.3].

The local time Le of e is a continuous random function that is defined
(almost surely) as a functional of e satisfying

/ f(@)Le(z) dx = /Olf(e(t))dt, (2.13)

for every bounded (or non-negative) measurable function f : [0,00) — R.
In particular, (2.13) yields, for any x > 0 and ¢ > 0,

T+e 1
/ Le(y)dy = /0 1{e(t) € [x,z+¢)}dt (2.14)

and thus

1

Le(x):g%é e e ezt (2.15)

Hence, Le(x) can be regarded as the occupation density of e at the value z.
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Note that the existence (almost surely) of a function Le(x) satisfying
(2.13)—(2.15) is far from obvious; this is part of the general theory of lo-
cal times for semimartingales, see e.g. [49, Chapter VI]. The existence also
follows from (some of) the proofs of Theorem 1.2.

2.3. Brownian continuum random tree. Given a continuous function

g:10,1] — [0, 00) with g(0) = g(1) = 0, one can define a pseudometric d on
[ 1] by
d(s,t) =d(s,t;9) :=g(s) + g(t) — 2 m{in}g(u), 0<s<t<1. (2.16)
ue|(s,t

By identifying points with distance 0, we obtain a metric space Ty, which
is a compact real tree, see e.g. Le Gall [39, Theorem 2.2]. We denote the
natural quotient map [0,1] — T, by pg, and let T, be rooted at pg4(0).
The Brownian continuum random tree defined by Aldous [2, 3, 4] can be
defined as the random real tree Te constructed in this way from the random
Brownian excursion e, see [39, Section 2.3]. (Aldous [2, 3, 4] used another
definition, and another scaling corresponding to Te.) Note that using (2.16),
(1.4) can be written

/00 f(x)Ae(z)da = //ste[o ; (s,t;e)) dsdt, (2.17)

for any bounded (or non-negative) measurable function f. This means that
Ae is the density of the distance in T between two random points, chosen
independently with the probability measure on Te induced by the uniform
measure on [0,1]. This justifies the equivalence of the two definitions of
Ae stated in Theorem 1.4. As for the local time Le, the existence (almost
surely) of a continuous function Ae satisfying (2.17) is far from trivial; this
will be a consequence of our proof.

An important feature of the Brownian continuum random tree is its re-
rooting invariance property. More precisely, fix s € [0, 1] and set

e[s](t)_{d(s,s—i—t;e), 0<t<l—s

2.18
d(s,s+t—1;e), 1—-s<t<1. (2.18)

Note that el*! is a random continuous function [0,1] — [0,00) such that
ell(0) = ell(1) = 0 and as. ell(t) > 0 for t € (0,1); clearly, el = e.
By Duquesne and Le Gall [21, Lemma 2.2], the compact real tree T is
then canonically identified with the T, tree re-rooted at the vertex pe(s).
Marckert and Mokkadem [40, Proposition 4.9] (see also Duquesne and Le
Gall [22, Theorem 2.2]) have shown that for every fixed s € [0, 1],

el Le and T =Te, (2.19)

in distribution. Thus the re-rooted tree T is a version of the Brownian
continuum random tree.

Remark 2.3. Indeed, Aldous [3, (20)] already observed that the Brownian
continuum random tree is invariant under uniform re-rooting and that this
property corresponds to the invariance of the law of the Brownian excursion
under the path transformation (2.18) if s = U is uniformly random on [0, 1]
and independent of e. O
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As a consequence of the previous re-rooting invariance property, we de-
duce the following explicit expression for the continuous function Ae. For
every fixed s € [0,1], let L, denote the local time of elsl, which is perfectly
defined thanks to (2.19). It follows from (2.16), (2.17) and (2.18) that

/Ooof(x d:p—// (ell(t)) dsdt = // F(@) Ly (@) dz ds,

for any bounded (or non-negative) measurable function f, or equivalently,

1
Ae(z) = /0 Lya(z)ds, x>0. (2.20)

In accordance with the discrete analogue of Ae in (2.12), the identity (2.20)
shows that Ae can be regarded as the average of the profiles for all possible
choices of a root in Tg.

2.4. The function spaces C|[0,00) and C|[0,00]. Recall that C]0,00) is
the space of continuous functions on [0, c0), and that convergence in C0, co)
means uniform convergence on each compact interval [0,b]. As said in Re-
mark 1.3, we prefer to state our results in the space C[0, o] of functions that
are continuous on the extended half-line [0, co]. These are the functions f in
(0, 00) such that the limit f(oco) := lim,_o f(x) exists; in our case, this is
a triviality since all random functions on both sides of (1.1) and (1.3), and
in similar later statements, have compact support, and thus trivially extend
continuously to [0,00] with f(co) = 0. The important difference between
C'0,00) and C10, o] is instead the topology: convergence in C'[0, co] means
uniform convergence on [0, co] (or, equivalently, on [0, 00)).

In particular, the supremum is a continuous functional on C10, o], but
not on C[0,00) (where it also may be infinite). Thus, convergence of the
width (after rescaling), follows immediately from Theorem 1.2 (see also the
proof of Theorem 9.2); if this was stated with convergence in C|0,0), a
small extra argument would be needed (more or less equivalent to showing
convergence in C|0, c0]).

In the random setting, the difference between the two topologies can be
expressed as in the following lemma. See also [27, Proposition 2.4], for the
similar case of the spaces D[0, co] and D[0, c0).

Lemma 2.4. Let X,,(t) and X(t) be random functions in C[0,00|. Then
Xn(t) N X(t) in C[0,00] if and only if

(i) Xn(t) -5 X(t) in C[0,00), and

(il) X, (t) LN X (00), as t — oo, uniformly in n; i.e., for every e > 0,

supP( sup |X,(t) — X, (00)| > ) =0, as u — 00. (2.21)

n=1 u<t<oo

Proof. A straightforward exercise. O

In our cases, such as (1.1) and (1.3), the condition (2.21) is easily verified
from convergence (or just tightness) of the normalized height H,,/\/n, which
can be used to bound the support of the left-hand sides. Hence, convergence
in C[0,00) and C[0, co] are essentially equivalent.
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Note that C[0, o] is a separable Banach space, and that it is isomorphic
to C[0,1] by a change of variable; thus general results for C0,1] may be
transferred. Note also that all functions that we are interested in lie in the
(Banach) subspace Cp[0,00) := {f € C[0,00] : f(c0) = 0}. Hence, the
results may just as well be stated as convergence in distribution in Cy[0, 00).

3. ROOTED SIMPLY GENERATED TREES

As a background, we recall first the definition of random rooted simply
generated trees and the almost equivalent conditioned Galton—Watson trees,
see e.g. [17] or [30] for further details, and [6] for more on Galton—Watson
processes.

3.1. Simply generated trees. Let ¢ = (¢1)5° be a given sequence of non-
negative weights, with ¢ > 0 and ¢ > 0 for at least one k& > 2. (The latter

conditions exclude only trivial cases when the random tree 7,2 defined below
either does not exist or is a deterministic path.)
For any rooted ordered tree T' € ¥, define the weight of 1" as

AT) = [ da+)- (3.1)

veT

For a given n, we define the random rooted simply generated tree T2 of
order n as a random tree in ¥, with probability proportional to its weight;
ie.,

___ @

Sores, O(T')
We consider only n such that at least one tree T with ¢(7") > 0 exists.

A weight sequence ¢’ = (¢},)5° with

¢ = abior, k=0, (3.3)

P(T,?=T): TEZ,. (3.2)

for some a,b > 0 is said to be equivalent to (¢x)5°. It is easily seen that

equivalent weight sequences define the same random tree 7;14’, ie., ’7;?/ 4 77{1).

3.2. Galton—Watson trees. Given a probability sequence p = (pi)§°, the
Galton—Watson tree TP is the family tree of a Galton—Watson process with
offspring distribution p. This means that 7P is a random ordered rooted
tree, which is constructed as follows: Start with a root and give it a random
number of children with the distribution p. Give each new vertex a random
number of children with the same distribution and independent of previous
choices, and continue as long as there are new vertices. In general, 7P
may be an infinite tree. We will mainly consider the critical case when the
expectation u(p) = 1, and then it is well-known that 7P is finite a.s. (We
exclude the trivial case when p; = 1.)

The size |TP| of a Galton-Watson tree is random. Given n > 1, the
conditioned Galton—Watson tree T,¥ is defined as TP conditioned on |TP| =
n. (We consider only n such that this happens with positive probability.)
Consequently, 7,¥ is a random ordered rooted tree of size n. It is easily
seen that a conditioned Galton-Watson tree 7,} equals (in distribution) the
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simply generated tree with the weight sequence p, and thus we use the same
notation T,P for both.

A (conditioned) Galton-Watson tree is critical if its offspring distribu-
tion p has mean pu(p) = 1. We will in the present paper mainly consider
conditioned Galton—Watson trees that are critical and have a finite variance
o%(p); this condition is rather mild, as is seen in the following subsection.

3.3. Equivalence. A random simply generated tree 7% with a weight se-
quence (¢)g° that is a probability sequence equals, as just said, the condi-
tioned Galton—Watson tree 7;{25. Much more generally, any weight sequence
¢ such that its generating function

O(2) =) opz" (3.4)
k=0

has positive radius of convergence is equivalent to some probability weight
sequence; hence, T.? can be regarded as a conditioned Galton—-Watson tree
in this case too. Moreover, in many cases we can choose an equivalent
probability weight sequence that has mean 1 and finite variance; see e.g.
[30, §4].

We will use this to switch between simply generated trees and conditioned
Galton—Watson trees without comment in the sequel; we will use the name
that seems best and most natural in different contexts.

3.4. Simply generated forests. The Galton—Watson process above starts
with one individual. More generally, we may start with m individuals, which
we may assume are numbered 1,...,m; this yields a Galton—Watson forest
consisting of m independent copies of 7P. Conditioning on the total size be-
ing n > m, we obtain a conditioned Galton—Watson forest 7;l’?m, which thus

consists of m random trees T, 1, - - ., Taomsm With [T2 [+ -+ | Tmm| =
n. Conditioned on the sizes [T, 1], -, | Timml, the trees are independent

conditioned Galton—Watson trees with the given sizes.

More generally, given any weight sequence ¢, a random simply generated
forest 7;L¢m is a random forest with m rooted trees and total size n, cho-
sen with probability proportional to its weight, defined as in (3.1). Again,
conditioned on their sizes, the trees are independent simply generated trees.

Thus, the distribution of the sizes of the trees in the forest is of major

importance. Consider the Galton—Watson case, and let ’7;pm,(1), ces ,7;meA (m)
denote the trees arranged in decreasing order: \7;37”;(1)| > > |7;fm;(m)\.

(Ties are resolved randomly, say; this applies tacitly to all similar situations.)
We have the following general result, which was proved by Kortchemski and
Marzouk [38, Lemma 5.7(iii)] under an additional regularity hypothesis.

Lemma 3.1. Let m > 1 be fized, and consider the conditioned Galton—
Watson forest 7;{’m as n — o0o. Then

P _ n—0p(1), i=1
|7 s )] {op(1), i=2,...,m.

Proof. Suppose first that p(p) = 1. Suppose also, for simplicity, that p,, >
0. Consider the conditioned Galton—Watson tree ’7;5;1, and condition on

(3.5)
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the event &, that the root degree is m. Conditioned on &,,, there are m
branches, which form a conditioned Galton—Watson forest T, y,.
As n — oo, the random tree 7;1111 converges in distribution to an infinite

random tree 7 (the size-biased Galton-Watson tree defined by Kesten [35]),
see [30, Theorem 7.1]. Moreover, P(&,,) — mpy, > 0 by [30, Theorem 7.10].
Hence, 7;[;1 conditioned on &,, converges in distribution to T conditioned on
Em. In other words, the forest 7;{’,” converges in distribution to the branches
of T conditioned on having exactly m branches; denote this random limit
by (T1,...,Tm). By the Skorohod coupling theorem [32, Theorem 4.30], we
may (for simplicity) assume that this convergence is a.s. The convergence
here is in the local topology used in [30], which means [30, Lemma 6.2] that
for any fixed ¢ > 1, if T denotes the tree T truncated at height ¢, then
a.s., for sufficiently large n, TPl 7;[51.

n,m;i
The infinite tree 7 has exactly one infinite branch; thus there exists a
(random) j < m such that 7; is infinite but 7; is finite for ¢ # j. Truncating
the trees at an ¢ chosen larger than the heights H(7;) for all i # j, we see

that for large n, 7;L1:”m;i = T;. Thus, |7;me1] = O(1) for i # j, and necessarily
the remaining branch 7:{’% ; has size n — O(1). Hence, for large enough n,
P _ 7P
Ty = Timsje
Consequently, 7;L’?m;(2), e ,7;fm;(m) converge a.s., and thus in distribu-

tion, to the m — 1 finite branches of 7\“, arranged in decreasing order and
conditioned on &,,. In particular, their sizes converge in distribution, and
are thus Op(1).

We assumed for simplicity p,, > 0. In general, we may select a rooted
tree T" with > m leaves, such that pg+ () > 0 for every v € T'. Fix m leaves

v1,...,Um in T, and consider the conditioned Galton—Watson tree Eim_m
conditioned on the event &r that it consists of T' with subtrees added at
V1,...,Um. Then these subtrees form a conditioned Galton—Watson forest

TPm, and we can argue as above, conditioning 7 on Er.

This completes the proof when p(p) = 1. If u(p) > 1, there always exists
an equivalent probability weight p with u(p) = 1, and the result follows.
If u(p) < 1, the same may hold, and if it does not hold, then there is a
similar infinite limit tree 7 [30, Theorem 7.1]; in this case, T has one vertex
of infinite degree, but the proof above holds with minor modifications. [

Remark 3.2. The proof shows that in the case p(p) = 1, the small trees
’7;fm;(2), . ,7;fm;(m) in the forest converge in distribution to m — 1 inde-
pendent copies of the unconditioned Galton—Watson tree TP, arranged in
decreasing order. More generally, the small trees converge in distribution to
independent Galton—Watson trees for a probability distribution equivalent
to p. (This too was shown in [38, Lemma 5.7(iii)] under stronger assump-

tions.) O

Remark 3.3. In the standard case u(p) = 1, 0%(p) < oo, it is also easy to
show Lemma 3.1 using the fact P(|TP| = n) ~ cn~%/2, for some ¢ > 0, which
is a well-known consequence of the local limit theorem, cf. (4.6)—(4.7). O
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Problem 3.4. A simply generated forest ’ﬁfbm is covered by Lemma 3.1
when the generating function (3.4) has positive radius of convergence, since
then it is equivalent to a conditioned Galton—Watson forest. We conjecture
that Lemma 3.1 holds for simply generated forests also in the case when
the generating function has radius of convergence 0, but we leave this as an
open problem.

4. MODIFIED SIMPLY GENERATED TREES

One frequently meets random trees where the root has a special distribu-
tion, see for example [41; 38]. Thus, let ¢ and ¢" be two weight sequences,
where ¢ is as above, and ¢° = (¢9)3° satisfies ¢} > 0, with strict inequality
for at least one k. We modify (3.1) and now define the weight of a tree
Te%as

(1) = ¢2+(0) H ¢d+(v)- (4.1)
v#o

The random modified simply generated tree ’77?"{’0 is defined as in (3.2), using
the modified weight (4.1).

We say that a pair (¢, ¢”) is equivalent to (¢, ¢°) if (3.3) holds and
similarly

oY = agb® e,  k>0. (4.2)

It is important that the same b is used in (3.3) and (4.2), while a and ag
may be different. It is easy to see that equivalent pairs of weight sequences
define the same modified simply generated tree.

Similarly, given two probability sequences p = (px)5° and p° = (p?)
we define the modified Galton—Watson tree TPP" and conditioned modified

Galton—Watson tree ﬁlp’po as in Section 3.2, but now giving children to the
root with distribution p°, and to everyone else with distribution p.
Again, as indicated by our notation, we have an equality: the conditioned

[oe)
0>

modified Galton—Watson tree ’ﬁlp’po equals the modified simply generated
tree with weight sequences p and p°. Conversely, if two weight sequences
¢ and ¢° both have positive radius of convergence, then it is possible (by
taking b small enough) to find equivalent weight sequences ¢’ and oY that

0 /407
are probability sequences, and thus 7,29 = 7,9°%" can be interpreted as a
conditioned modified Galton—Watson tree.

Lemma 4.1. Consider a modified simply generated tree ’7}?"’50 and denote
its branches by 11, ..., Ty)-
(i) Conditioned on the root degree d(o0), the branches form a simply gen-
erated forest 7;?_1@(0).
(ii) Conditioned on the root degree d(o) and the sizes |T;| of the branches,
the branches are independent simply generated trees 7“%

Proof. Exercise. O

Note that Lemma 4.1 applies also to the simply generated tree 7,8 (by
taking ¢” = ¢). Thus, conditioned on the root degree the branches have
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the same distribution for ’77? and ’7??’4’0. Hence, the distribution of the root
degree is of central importance. The following lemma is partly shown by
Kortchemski and Marzouk [38, Proposition 5.6] in greater generality (the
stable case), although we add the estimate (4.5).

Lemma 4.2 (mainly Kortchemski and Marzouk [38]). Suppose that p is

a probability sequence with mean p(p) = 1 and variance o*(p) € (0,00)

and that p° is a probability sequence with finite mean u(p®). Then the root
0

degree d(o) in the conditioned modified Galton—Watson tree TP converges

in distribution to a random variable D with distribution

~ kpg kpg
PD=k)= ="+ = . 4.3
( ) >o2idny  u(PY) (43)
In other words, for every fized k > 0,

P(d(o) =k) - P(D=k),  asn— . (4.4)

Moreover, if n is large enough, we have uniformly
P(d(o) = k) <2P(D =k), k>1. (4.5)
As a consequence, ED < oo if and only if 02(p°) < co.

Proof. This uses well-known standard arguments, but we give a full proof
for completeness; see also [38]. Let D be the root degree in the modified
Galton-Watson tree TPP’. If D = k, then the rest of the tree consists of k£
independent copies of TP. Thus, the conditional probability IP’(]Tp’p0| =n|
D = k:) equals the probability that a Galton—Watson process started with
k individuals has in total n — 1 individuals; hence, by a formula by Dwass
[24], see e.g. [30, §15] and the further references there,

P(|TPP’| =n| D =k) :Llp(sn_lzn—k—l), (4.6)
where S,,_1 denotes the sum of n — 1 independent random variables with
distribution p.

Suppose for simplicity that the distribution p is aperiodic, i.e., not sup-
ported on any subgroup dN. (The general case follows similarly using stan-
dard modifications.) It then follows by the local limit theorem, see e.g. [36,
Theorem 1.4.2] or [46, Theorem VIIL.1], that, as n — oo,

P(Sp1=n—k—1) = (e7F*/n7%) 4 o(1)), (4.7)

1
V2ro?n
uniformly in k. Consequently, combining (4.6) and (4.7) with P(D = k) =

0
pk}?

k:pg

P(|7P®’| =n and D = k) = L P(Spa=n—k—1)
k;pg —k2/(2no?)
= CW(G +0(1)), (4.8)

uniformly in k, where ¢ := (2m02)~1/2,
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Summing over k£ we find as n — oo, using kag < oo and monotone
convergence,

P(|Tp,po’ —n) = #(Z kpge_kz/(anr?) + 0(1)) ~ # ka%. (4.9)
k=1 k=1

Thus, combining (4.8) and (4.9), for any fixed k£ > 1, as n — oo,

|TPP’| =n and D = k)
ED

Ik

Z?L jp?’

The limits on the right-hand side sum to 1, and thus the result (4.3) follows.
Moreover, (4.8) and (4.9) also yield

0 P
P(D=k||TPP|=n) = (

(4.10)

P(!Tp’po| =nand D =k)

P(D=k||TP?|=n) =

P(’Tp7p°] = n)
k:pg
<= (1+0(1)), 4.11
s (1 0(0) (4.11)

uniformly in k. In particular, (4.5) holds for all & if n is large enough.
Finally, by (4.3), ED = Y kP(D = k) < oo if and only if Y, k*p) <
0. (]

It follows from Lemma 4.2 that the tree is overwhelmingly dominated by
one branch. (Again, this was shown by Kortchemski and Marzouk [38] in
greater generality.)

Lemma 4.3 (essentially Kortchemski and Marzouk [38, Proposition 5.6]).
Suppose that p is a probability sequence with mean p(p) = 1 and variance
o2(p) € (0,00) and that p® is a probability sequence with finite mean pu(p°).
0
Let T (1ys - -+ Ta(d(o)) be the branches of TP arranged in decreasing order.
Then
[ Tn, (1) = 1 — Op(1). (4.12)

Proof. Let D,, = d(o) and condition on D,, = m, for a fixed m. Then, by
Lemmas 4.1(i) and 3.1, (4.12) holds. In other words, for every € > 0, there
exists Ci, - such that

P(n —|To)| > Cine | Dp=m) <e. (4.13)

By Lemma 4.2, D, - D, and thus (Dy), is tight, i.e., Op(1), so there
exists M such that P(D,, > M) < ¢ for all n. Consequently, if C. :=
maXm<mr Cm,z—:a
P(n —|To,m| > Cc) =EP(n — [T,y > Cc | Dn) <e+P(Dy, > M)
< 2, (4.14)

which completes the proof. O
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Lemmas 4.1-4.3 make it possible to transfer many results that are known
for simply generated trees (conditioned Galton—Watson trees) to the modi-
fied version. See Section 9 for a few examples.

Problem 4.4. Does Lemma 4.2 (and thus Lemma 4.3) hold without assum-
ing finite variance o2(p) < oo. i.e., assuming only u(p) = 1 and pu(p?) < 0o?
As said above, (4.3) was shown also when the variance is infinite by Ko-
rtchemski and Marzouk [38], but they then assume that p is in the domain
of attraction of a stable distribution. What happens without this regularity
assumption?

Remark 4.5. We assume in Lemma 4.2 that u(p®) < co. We claim that
if 1(p®) = oo, then d(0) - oco; in other words, P(d(o) = k) — 0 for every
fixed k, which can be seen as the natural interpretation of (4.3)—(4.4) in this
case.

We sketch a proof. First, from (4.8) and Fatou’s lemma (for sums),

. . 3/2 ’pO o > . . 3/2 7pO - .
hmloréfn P(|TPP"| = n) Zghnrr_l)géfn P(|7PP | =n and D = k)

n—

= chpg = 00. (4.15)
k=0
In other words, n3/2P(]Tp’po| =n) — oo. Then, (4.8) and (4.15) yield, for
any fixed k > 0,

|TPP"| =n and D = k)
P(|7PP°| =n)

This proves our claim. O

P(D=k||TP?|=n) = il — 0. (4.16)

5. UNROOTED SIMPLY GENERATED TREES

We make definitions corresponding to Section 3 for unrooted trees. In
this case, we consider labelled trees, so that we can distinguish the vertices.
(This is not needed for ordered trees, since their vertices can be labelled
canonically as described in Section 2.) Of course, we may then ignore the
labelling when we want.

Let (wg)§° be a given sequence of non-negative weights, with w; > 0 and
wy > 0 for some k > 3. (The weight wy is needed only for the trivial case
n = 1, and might be ignored. We may take wy = 0 without essential loss of
generality.)

For any labelled tree T' € £,,, now define the weight of T" as

w(T) = [] waw)- (5.1)

veT

Given n > 1, we define the random wunrooted simply generated tree T, =
T as a labelled tree in £,,, chosen randomly with probability proportional
to the weight (5.1). (We consider only n such that at least one tree of positive
weight exists.)
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Remark 5.1. Just as in the rooted case, replacing the weight sequence by
an equivalent one (still defined as in (3.3)) gives the same random tree 7,7.
O

In the following sections we give three (related but different) relations
with the more well-known rooted simply generated trees.

6. MARK A VERTEX

Let 7,"° be a random unrooted simply generated tree as in Section 5,
and mark one of its n vertices, chosen uniformly at random. Regard the
marked vertex as a root, and denote the resulting rooted tree by 7, °.

Thus, 7, '® is a random unordered rooted tree, where an unordered rooted
tree T' has probability proportional to its weight given by (5.1).

We make 7,"* ordered by ordering the children of each vertex uniformly
at random; denote the resulting random labelled ordered rooted tree by
T . Since each vertex v has d*(v)! possible orders, the probability that

Ta " equals a given ordered tree T' is proportional to the weight

ooy W) Wdo) 77 Wdw) _ Wd(o) TT Wt (w)+1
D) = ) d(o) 7£[Od+(v)! = o)t L) (6.1)

The tree 7,""" is constructed as a labelled tree, but each ordered rooted tree
T € T, has the same number n! of labellings, and they have the same weight
(6.1) and thus appear with the same probability. Hence, we may forget the
labelling, and regard 7,""* as a random ordered tree in T,,, with probabilities
proportional to the weight (6.1). This is the same as the weight (4.1) with

dp = “’]’;“, k>0, (6.2)
¢) = % k> 0. (6.3)

Thus, 7, = 7ZL¢’¢O, the modified simply generated tree defined in Section 4.

We recover T,,"°° from T, = 7?L¢’¢0 by ignoring the root (and adding a
uniformly random labelling). This yields thus a method to construct 7, *°.

Example 6.1. Marckert and Panholzer [41] studied uniformly random non-
crossing trees of a given size n, and found that if they are regarded as
ordered rooted trees, then they have the same distribution as the conditioned

modified Galton—Watson tree %p’po, where
pe=4k+1)37*2 k>0, (6.4)
P=2-3Fk>1. (6.5)

These weights are equivalent to ¢ = k 4+ 1 and qﬁg = 1, which are given by
(6.2)-(6.3) with wy = k!. We may thus reformulate the result by Marckert
and Panholzer [41] as: A uniformly random non-crossing tree is the same
as a random unrooted simply generated tree with weights wy = k!.

More generally, Kortchemski and Marzouk [38] studied simply generated
non-crossing trees, which are random non-crossing trees with probability
proportional to the weight (5.1) for some weight sequence w = (wy)x, and
showed that they (under a condition) are equivalent to conditioned modified
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Galton—Watson trees. In fact, for any weight sequence w, the proofs in [41,
in particular Lemma 2] and [38, in particular Proposition 2.1] show that the
simply generated non-crossing tree, regarded as an ordered rooted tree, is

the same as ’7}4”4’0 with
o = (k+ Vw1, k=0, (6.6)
= wg, k>0. (6.7)

Thus, comparing with (6.2)—(6.3), it follows that the simply generated non-
crossing tree is an unordered simply generated tree, with weight sequence
Wy = wik!.

Note that non-crossing trees are naturally defined as unrooted trees. A
root is introduced in [41; 38] for the analysis, which as said above makes
the trees conditioned modified Galton—-Watson trees (or, more generally,
modified simply generated trees). This is precisely the marking of an urooted
simply generated tree discussed in the present section. (]

Remark 6.2. The constructions in this and the next section lead to simple
relations of generating functions (not used here); see [10, Appendix B]. O

7. MARK AN EDGE

In the random unrooted tree 7, *°, mark a (uniformly) random edge, and
give it a direction; i.e, mark two adjacent vertices, say oy and o_. Since
each tree 7,"° has the same number n — 1 of edges, the resulting marked
tree T '*® is distributed over all labelled trees on [n] with a marked and
directed edge with probabilities proportional to the weight (5.1).

Now ignore the marked edge, and regard the tree 7,"** as two rooted
trees 7,1 and 7,2 with roots o4 and o_, respectively. Furthermore, order
randomly the children of each vertex in each of these rooted trees; this makes
Tn,1 and Tpo a pair of ordered trees, and each pair (T'y,7-) of labelled
ordered rooted trees with |7 | + |T-| = n and the labels 1,...,n appears
with probability proportional to

DTy, T-) = (T} )B(T-) (7.1)
where, for a rooted tree T,

W+ (v)+1

w(T) = —_— 2
a(r) = ] " (7.2
veT
Using again the definition (6.2), we have by (3.1),
o(T) = [[ darw) = (1) (7.3)
veT

Moreover, since we now have ordered rooted trees, the vertices are distin-
guishable, and each pair (T',7-) of ordered trees with [T} | + |T-| = n
has the same number n! of labellings. Hence, we may ignore the labelling,
and regard the marked tree 7, '*® as a pair of ordered trees (Tns Tn2) with
|Tn1] 4 |Tn2] = n and probabilities proportional to the weight given by (7.1)
and (7.3). This means that 7, ; and 7,2, conditioned on their sizes, are
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two independent random rooted simply generated trees, with the weight se-
quence ¢ given by (6.2); in other words, (7,1, 7Tn,2) is a simply generated
forest 7;:{’2

Consequently, we can construct the random unrooted simply generated
tree T, ° by taking two random rooted simply generated trees Ty, 1 and Ty, 2
constructed in this way, with the right distribution of their sizes, and joining
their roots.

Note that |7,,1| = n — |7y 2| is random, with a distribution given by the
construction above. More precisely, if a,, is the total weight (7.3) summed
over all ordered trees of order n, then

Ay A
(7T, _Omlnom 4
(ITnal =m) = ST aran s (7.4)

Remark 7.1. If ¢o > 0, we can alternatively describe the result as follows:
Use the weight sequence (¢r)5° given by (6.2) and take a random rooted

simply generated tree Te 1 of order n + 1, conditioned on the root degree
= 2; remove the root and join its two nelghbours to each other (this is the
marked edge).

If ¢ = 0, we can instead take any k > 2 with ¢, > 0, and take a random
rooted simply generated tree T¢ _, of order n + k — 1, conditioned on the
event that the root degree is k: and the k£ — 2 last children of the root are
leaves; we remove the root and these children, and join the first two children.
O

Remark 7.2. Suppose that the weight sequence (¢;)§° given by (6.2) satis-
fies 72, #; = 1, s0 (¢;)§° is a probability distribution. (Note that a large
class of examples can be expressed with such weights, see Remark 5.1.) Then
the construction above can be stated as follows:

Consider a Galton—Watson process with offspring distribution (¢r)3°,
starting with two individuals, and conditioned on the total progeny being n.
This creates a forest with two trees; join their roots to obtain Tn' °.

Note that it follows from from the arguments above that 1f we mark
the edge joining the two roots, then the marked edge will be distributed
uniformly over all edges in the tree 7, °. O

In the construction above, 7,1 and 7,2 have the same distribution by
symmetry. Now define 7, ; as the largest and 7, _ as the smallest of 7, 1
and 7, 2. The next lemma shows that (at least under a weak condition),
Tn.— is stochastically bounded, so 7,"° is dominated by the subtree Ty, +

Lemma 7.3. Suppose that the generating function ®(z) in (3.4) has a posi-

tive radius of convergence. Then, asn — 0o, T, — 4, TP, an unconditioned
Galton—-Watson tree with offspring distribution p equivalent to (¢r)5°. In
particular, [T, —| = Op(1), and thus |Tp+| =n — Op(1).

Proof. This is a special case of Lemma 3.1, see also Remark 3.2. O

As remarked in Problem 3.4, we conjecture that |7, —| = Op(1) also when
the generating function has radius of convergence 0, but we leave this as an
open problem.
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8. MARK A LEAF

This differs from the preceding two sections in that we do not recover the
distribution of 7,"*° exactly, but only asymptotically.

Let No(T') be the number of leaves in an unrooted tree T". Let 77° be a
random unrooted labelled tree with probability proportional to No(T")w(T);
in other words, we bias the distribution of 7, "° by the factor No(T).

Let 7,%* be the random rooted tree obtained by marking a uniformly
random leaf in ﬁw’o, regarding the marked leaf as the root. Then, any pair
(T,0) with T € £, and o0 € T with d(0) = 1 will be chosen as 7,""* and
its root with probability proportional to the weight (5.1). We order the
children of each vertex at random as in Sections 6 and 7, and obtain an
ordered rooted tree 7,"*. Then each tree with root degree 1 appears with
probability proportional to (6.1).

Consequently, if we ignore the labelling, T = ’771¢’¢0, where ¢ is given
by (6.2), and ¢? := &1 (with a Kronecker delta). Equivalently, T* has a

root of degree 1, and its single branch is a ’7;?_1

Conversely, we may obtain T from 7;?71 by adding a new root under
the old one and then adding a random labelling.

Remark 8.1. The construction above can also be regarded as a variant of
the one in Section 7, where we mark an edge such that one endpoint is a
leaf. Then, in the notation there, |7, | =1 and 7, 4+ = 7;?_1 O

As said above, 7,V° does not have the distribution of 7,%"°, but it is not
far from it.

Lemma 8.2. Let w be any weight sequence. As n — oo, the total variation
distance drv(Tn °, Tn ") — 0. In other words, there exists a coupling such
that P(T3"° # T %) — 0.

Proof. We may construct 7, '° as in Section 7 from two random ordered
trees T, + and T, —, where |7, | = Op(1). Conditioned on |7, _| = ¢, for

any fixed ¢, we have T, 4 7;4’_@ where ¢ is given by (6.2). Thus, by [30,
Theorem 7.11] (see comments there for earlier references to special cases,

and to further results), as n — oo, conditioned on |7, _| = ¢ for any fixed ¢,
N, N(T?
0(Tat) g NoTazd) o, (1)
n n

for some constant my > 0. (If ¢ is a probability sequence, then my = ¢y.)
Furthermore, No(7n"°) = No(Tn+) + No(Tn—) = No(Tn+) + O(1), since
No(Tn,—) < |Tn,—| = £. Consequently, still conditioned on |7, —| = ¢ for any
fixed /,
NO( nW,O)
n
Since |T,,—| = Op(1), it follows that (8.2) holds also unconditionally.
Since No(7n"°)/n < 1, dominated convergence yields
E N, nw,o N, nw,o
oTn ") _ g No(Tu ™) — . (8.3)

n n

L5 > 0. (8.2)
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By (8.2) and (8.3),

No(T2"°) b
= — 1 8.4
ENO(,];LW,O) ? ( )

and thus, by dominated convergence again,

E‘i —1‘ 0. 8.5

The definition of 7,7""° by biasing means that for any bounded (or non-
negative) function f: £, — R,

E[f(Ta"")No(Ta"")]

E f(T,V°) = . 8.6
FT) = g s (36)
and thus, for any indicator function f,
2~ No(Tn"°)
[£1) - BT = [E[#7) (g ey ~ )]
NO 7;ZW O)
<u| M | 7
ENo(T2) 87
Hence, taking the supremum over all f =14,
TW,0 )
d ) ‘7 — 1], 8.8
(T, T30) < Bl s (53)
and the result follows by (8.5). O

Lemma 8.2 implies that any result on convergence in probability or dis-
tribution for one of 7,,""° and 7,""° also hold for the other.

9. PROFILE OF CONDITIONED MODIFIED GALTON—WATSON TREES

We will use the following extension of Theorem 1.2 to conditioned modi-
fied Galton—Watson trees.

Theorem 9.1. Let L, be the profile of a conditioned modified Galton—

Watson tree ﬁp’po of order n, and assume that p(p) = 1, o%(p) < oo
and p(p®) < oco. Then, as n — oo,

nfl/an(a:nl/Q) 4, %Le (%x), (9.1)

in the space C|0,00|, where Le is, as in Theorem 1.2, the local time of a
standard Brownian excursion e.

Proof. Denote the branches of TP’ by Ti,...,Tae) and let To be a single
root. Then, regarding the branches as rooted trees, which means that their
vertices have their depths shifted by 1 from the original tree,

d(o)

Ln(2) =Y L7,(x — 1) + Ly (). (9.2)
=1
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Let 7(1), - - -, T(d(0)) be the branches arranged in decreasing order. Lemma 4.3
shows that |7(1)| = n — Op(1). Hence, (9.2) and the trivial estimate 0 <
Ly(x) <|T| for any T and z yield
d(o)
La(@) = Ly (@ = 1) < S [Tl +1=n— [Ty = 01).  (9.3)
i=2
Furthermore, conditioned on |7;)| = n—/, for any fixed ¢, 7;) has the same
distribution as 7;Lp_ ¢» and thus Theorem 1.2 shows that,

(n— 0" V2Ly, (x(n - 0)"?) % %L(%x) in C[0,00],  (9.4)
and it follows easily that, still conditioned,
Tfl/QLT(l)(a:nl/2 -1) N %Le (%x), in C[0, o0]. (9.5)
Together with (9.3), this shows that for every fixed ¢,
(Lu(@) | [Ty =n—0) -5 gL(%x> in C[0,00. (9.6
It follows that (9.6) holds also if we condition on n — |7y < K, for any
fixed K, and then (9.1) follows easily from n — [71)| = Op(1). O

Recall that for conditioned Galton-Watson trees 7, with u(p) = 1 and
o2(p) < oo, the width divided by v/n converges in distribution: we have

n 2w (TPY -4 oW, (9.7)

for some random variable W (not depending on p). In fact, as noted by
Drmota and Gittenberger [18], this is an immediate consequence of (2.9)
and (1.1), with
— 1
W =3 max Le(x). (9.8)

It is also known that all moments converge, see [19] (assuming an exponential
moment) and [1] (in general).

The next theorem records that (9.7) extends to conditioned modified
Galton—Watson trees, together with two partial results on moments.

Theorem 9.2. Consider a conditioned modified Galton—Watson tree ﬁp’po
where p(p) = 1, o2(p) < oo and a%(p°) < co. Then, as n — oo,

Ol 1 L BN 174 (9.9)
nT RPEW(TPP’) 5 o EW = ov/7/2, (9.10)
E[W(TPP")?] = O(n). (9.11)

Proof. First, (9.9) follows as in [18]: f — sup f is a continuous functional
on C[0, 0], and thus (9.9) follows from (9.1), (2.9) and (9.8).

We next prove (9.11). Denote the branches of TP’ by Ti,- -5 Tago)-
Assume n > 1; then the width is attained above the root, and we have, for
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every i < d(o),

d(o)
W(T) < W(TPP') <> W(T). (9.12)
i=1
Condition on d(o) and |T1],...,|T4e)| as in Lemma 4.1(ii). For a random
variable X, denote its conditioned L? norm by
1/2
1X1l5 == (B[X? | (o). ITil..... [ Tal]) ™ (9.13)
By (9.12) and Minkowski’s inequality, we have
d(o)
W (TPP) 5 < ZHW ). (9.14)

Furthermore, by Lemma 4.1(ii) and [1, Corollary 1.3], if |7;| = n,,
E(W(T:)? | d(0), Tl .., | Taw)|) = E[W(TP)?] < Cni, (9.15)

and thus |[W(T;)|, < Cni/* = C|T;|/2. Hence, by (9.14),

W (TP < ZCIT\1/2 (9.16)

and thus, by the Cauchy—Schwarz inequality,
0 0 2
E[W(TPP)? [ d(0),[Tils- - [Taw)l] = (IW(TPP)|l5)

d(o) 9 d(o)
< C(Z |7;\1/2) < Cd(0) " |Til < Cd(o)n. (9.17)
=1 i=1

Taking the expectation yields
E[W(T,PP")?] < CnE[d(0)]. (9.18)

Furthermore, (4.5) implies that for large n, E[d(0)] < 2E D, where ED < oo
by Lemma 4.2. Thus E[d(0)] < C, and (9.18) yields

E[W (TPP")?] < Cn, (9.19)

showing (9.11).
Finally, (9.11) implies that the variables on the left-hand side of (9.9) are
uniformly integrable [26, Theorem 5.4.2], and thus (9.10) follows from (9.9).
= \/m is well-known, see e.g. [12]. O

Problem 9.3. We conjecture that under the assumptions of Theorem 9.2,
E[W(%p’po)’”] = O(nT/ 2) for any r > 0, which implies convergence of all
moments in (9.9), as shown for the case p’ = p in [1]. The proof above is
easily generalized if E Dr/? = O(1), which is equivalent to ) Kitr/ ng < 00,
but we leave the general case as an open problem.

Problem 9.4. Is 0%(p°) < oo really needed in Theorem 9.2?
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10. DISTANCE PROFILE, FIRST STEP

We now turn to distance profiles. We begin with a weak version of The-
orem 1.4; recall the pseudometric d defined in (2.16), and (2.17).

Lemma 10.1. Consider a conditioned Galton—Watson tree T,Y where u(p) =
1 and 0 = 0?(p) < co. Then, as n — 00, for any continuous function with
compact support f :[0,00) — R,

/ n—3/2ATnp (:Unl/2 r)dz —>/ / s t;e )dsdt. (10.1)
0

Proof. The function f is bounded, and also unlformly continuous, i.e., its
modulus of continuity w(d; f), defined in (2.5), satisfies w(d; f) — 0as § — 0.
Thus, for any rooted tree T' € ¥, noting that Ar(z) < n on [—1,0] and
using the analogue of (2.7) for A,

/OO n=32Ap (:Enl/z)f(x) dz =n"2 /OO AT(x)f(n_l/Qa:) dz
0 0
= [ ) A () e+ O ()

22/ n~V22) Ap(i)r(x — i) da + O(n~ 1)

22f T2 Ar(i) + O(wln ™2 f) + O (n7Y)

n=? _Z F(n~Y2d(v, w)) + o(1), (10.2)

v,weT

where (as throughout the proof) o(1) tends to 0 as n — oo, uniformly in
T € %,,. Recall that the contour process Cp(z) of T is a continuous function
Cr :[0,2n — 2] — [0,00) that describes the distance from the root to a
particle that travels with speed 1 on the “outside” of the tree. (Equivalently,
it performs a depth first walk at integer times 0,1,...,2n — 2.) For each
vertex v # o, the particle travels through the edge leading from v towards
the root during two time intervals of unit length (once in each direction).
Thus, as is well-known,

/%_Qf( 1200 (m)) de =23 f(n"Y2d(v, 0)) + O(nw(n =/ f)).
0 v#o
(10.3)

We will use a bivariate version of this. It is also well-known that if v(7) is the
vertex visited by the particle at time 7, then, for any integers ¢, j € [0,2n—2],

d(v(i),v(4)) = d(i, §; Cr), (10.4)
where the first d is the graph distance in 7', and the second is the pseudomet-

ric defined by (2.16) (now on the interval [0,2n — 2]). Hence, the argument
yielding (10.3) also yields

2n—2 2n—2
/ / f(n2d(2,y; Cr)) de dy
0 0



24 GABRIEL BERZUNZA OJEDA AND SVANTE JANSON

=4 Z f(n ~124(v ,w)) +O(n2w(n*1/2;f)). (10.5)

V,WH0

We use the standard rescaling of the contour process

Cr(t) :==n"Y2Cr((2n - 2)t),  te0,1], (10.6)
and note that for any ¢ : [0,1] — [0, 00) with g(0) = ¢(1) =0 and ¢ > 0,
d(s,t;cg) = cd(s, t;9), s,t €10,1]. (10.7)

Thus, by (10.5) and a change of variables,

/ / (s,t; CT )ds dt
2n—2 2n—2 1/9
= %_22/ / f(n~ Pd(a, y; Cr)) dz dy

G Z F(n7Y2d(v,w)) + O (w(n=2; f)).

v,w#o

= % Z f(n_1/2d(v,w)) +o(1). (10.8)

V,WF0

Combining (10.2) and (10.8), we find
/ n_3/2AT($n1/2 x)dx —/ / (s,t;Cr) )) dsdt +o(1). (10.9)
0

We apply this to T'= 7,7, and use the result by Aldous [3, 4],
~ P
Cre(t) -4 “e(t),  mCo,1] (10.10)

The functional g — [ f(d(s,t;g))dsdt is continuous on C[0,1], and the
result (10.1) follows from (10.9) and (10.10) by the continuous mapping
theorem, using also (10.7). O

11. DISTANCE PROFILE OF UNROOTED TREES

We continue with the distance profile, now turning to unrooted simply
generated trees for a while. Throughout this section we assume that w is
a weight sequence and that ¢ and ¢° are the weight sequences given by
(6.2) and (6.3). We assume that the exponential generating function of w
has positive radius of convergence; this means that the generating function
®(2) in (3.4) has positive radius of convergence, which in turn implies that
there exists a probability weight sequence p equivalent to ¢. We assume
furthermore that it is possible to choose p such that p(p) = 1; p will denote
this choice. (For algebraic conditions on ® for such a p to exist, see e.g.
30].)

We note that by (6.2)—(6.3), qbg < ¢p_1, k > 1. Hence, if p;, = ab® ¢y, then
Dk bkqﬁg < o0, and it is possible to find ag > 0 such that p? := ¢” given

0
by (4.2) also is a probability sequence; hence ’7;L¢’¢ = %p’po is a modified
Galton—Watson tree. Furthermore, pg < (aop/a)pk, and thus if o?(p) < oo,
then o2(p®) < oo.
We begin with an unrooted version of Lemma 10.1.
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Lemma 11.1. Let w, ¢ and p be as above, and assume o2 := o%(p) < <.
Let A, be the distance profile of the unrooted simply generated tree Tn'°
Then, as n — oo, for any continuous function with compact support f :
[0,00) = R,

/ n73/2An($n1/2 z)dx —)/ / s t;e )dsdt. (11.1)
0

Proof. Consider the leaf-biased random tree 7}:"’0 defined in Section 8. By
Lemma 8.2, we may assume IP’(’TWO # Tn°) — 0 and thus it suffices to
show (11.1) with Azw. instead of A,. If 7'7 denotes the unique branch of

% then, trivially,
0 < Agwo(x) — A7, (x) <2n—1, x>0, (11.2)

and thus we may further reduce and replace A, in (11.1) by Ay, . As
shown in Section 8, 7T, + 4 7;?_1 = TP

n—1, and the result now follows from

Lemma 10.1, replacing n there by n—1 and z by z = (n/(n—1))"/2z, noting
that sup, | f(z) — f((n/(n — 1))1/21‘)\ — 0 asn — 0. O
Theorem 11.2. Let w, ¢ and p be as above, and assume o2 := az(p) < 0.

,0

Let A, be the distance profile of the unrooted simply generated tree
Then, as n — 00,

—3/2 12y d, T, (O
n=? Ay (an )—>2Ae(2$>, (11.3)

in the space C[0, 00|, where Ae(x) is as in Theorem 1.4.
Proof. Let
Yo(z) i= n =32, (ant/?) = n_?’/QA%w,o (zn'/?). (11.4)

Regard Y,, as a random element of C[0,00]. Define also the mapping ) :
C10, 0o] — M([0, 00)), the space of all locally finite Borel measures on [0, 00),
defined by ¢(h) := h(x)dx; ie., for h € C[0,00] and f € C0,00) with

compact support,
/ f(@) du(h / fa (11.5)

In other word, ¥ (h) has density h.

We give M([0,00)) the vague topology, i.e., v, — v in M([0,00)) if
[ fdv, — [ fdv for every f € C[0,00) with compact support, and note
that M([0,00)) is a Polish space, see e.g. [32, Theorem A2.3]. Clearly, the
separable Banach space C]0, oo is also a Polish space. (Recall that a Polish
space has a topology that can be defined by a complete separable metric.) It
follows from the definition (11.5) that 1) is continuous C'[0, oo] — M([0, 0)).
Furthermore, 1 is injective, since the density of a measure is a.e. uniquely
determined.

We will use the alternative method of proof in [17, p. 123-125], and show
the following two properties:

Claim 1. The sequence Y,, is tight in C[0,c0].
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Claim 2. The sequence of random measures ¥(Yy) converges in distribution
in M([0,00)) to some random measure (.

It then follows from [14, Lemma 7.1] (see also [17, Theorem 4.17]) that

Y, %2, inCo, o0 (11.6)
for some random Z € C]0, oo] such that
d

w2 L (11.7)

It will then be easy to complete the proof.

Proof of Claim 1: For i = 1,...,n, let T(i) be T *° rooted at i. By
symmetry, all 7 (i) have the same distribution; moreover, they equal in
distribution 7,7""* defined in Section 6 (which has a random root). Hence, if
we order each 7T (i) randomly, we have by Section 6

(i) d T — 7;¢,¢° _ 7;lp,p°. (11.8)
By (2.12),

Yo(z) = n %2 Ao (an!/?) = j{:nfi/?r (zn'/?). (11.9)

Since the sequence n=1/2L PP (:rnl/Q) converges in C[0, oo] by Theorem 9.1,

it is tight in C[0, co]. Furthermore
sup|n 2L, o (en'/?)| = n 2w (TP, (11.10)
x n

which are uniformly integrable by (9.11) in Theorem 9.2. Hence, by Lemma A.2
(which we state and prove in Appendix A) and Remark A.3, (11.9) and (11.8)
imply that the sequence Y, is tight in C[0, o], proving Claim 1.

Proof of Claim 2: Let f € C[0, 00) have compact support. Then, Lemma 11.1
shows that

/f ) d(y, /f dx—>// ste)dsdt
/f ) d¢(z (11.11)

where ( is the (random) probability measure on [0, c0) defined as the push-
forward of Lebesgue measure on [0, 1]x[0, 1] by the map (s,t) — (2/0)d(s, t;e);
in other words, ¢ is the conditional distribution, given e, of (2/0)d(Uy, Us; e)
where Uy and Uj are independent uniform U[0, 1] random variables. This
convergence in distribution for each f with compact support is equivalent
to convergence in M([0,00)), see [32, Theorem 16.16]. Thus, 1(Y},) N ¢
in M([0,0)), proving Claim 2.

As said above, the claims imply (11.6)—(11.7). Thus by the definition of
¢ above, see (11. 11) for any bounded measurable f : [0,00) — R,

/ fa dm—/ f(x) dw(Z / f(2)dc(e
// )dsdt (11.12)
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Define
2 /2
Ao(z) := ;Z(;x). (11.13)

Then, (11.6) is the same as (11.3). Furthermore, replacing f(z) by f(ox/2)
in (11.12) yields after a simple change of variables (2.17) and thus (1.4). (In
particular, Ao does not depend on the weight sequence w.) O

12. DISTANCE PROFILE OF ROOTED TREES

Finally, we can prove Theorem 1.4 as a simple consequence of the corre-
sponding result Theorem 11.2 for unrooted trees.

Proof of Theorem 1.4. Let ¢ = p, and use (6.2) to define the weight se-
quence w. Then, Theorem 11.2 applies to 7, *°. Consider, as in the proof
of Lemma 11.1, the leaf-biased unrooted random tree 7,7"*°. By Lemma 8.2,
Theorem 11.2 holds also for ﬁw’o.

Let again T, 4+ 4 7#71 = T? | denote the unique branch of e, By
(11.2), Theorem 11.2 holds also for 7, 4+ and thus for 7. ;. Replace n by
n+ 1; then a change of variables shows that Theorem 11.2 holds for 7,¥ too,
which is Theorem 1.4. O

As part of the proof, we have shown the corresponding result Theo-
rem 11.2 for unrooted trees. The result also extends easily to conditioned
modified Galton—Watson trees, using the method by Marckert and Panholzer
[41] and Kortchemski and Marzouk [38].

Theorem 12.1. Let A, be the distance profile of a conditioned modified

Galton—Watson tree ﬁp’po of order n, and assume that u(p) = 1, o%(p) < oo
and pu(p®) < oo. Then, (1.3) holds as n — oo.

Proof. This is a simple consequence of Theorem 1.4 and Lemma 4.3. It
follows from (4.12) that

Sgp‘ATnP,pO (1’) - ATn’(l)(l')‘ < 2”(” - ‘7;1,(1)’) = Op(n)a (121)

and thus (1.3) for TPP" follows from the same result for Tn,(1), Which follows
from (4.12) and Theorem 1.4 by conditioning on |7, (1)|. We omit the details.

O

13. WIENER INDEX

Recall that the Wiener index of a tree T is defined as
1
Wie(T) := 3 Z d(v,w). (13.1)
v,weT
where d is the graph distance in T'. Thus

1 — 1 [
ie(T) = = iAr (i) = = A . 13.2
Wiet?) = 5 3 ida () 5| ahr@)ds (13.2)

Since the integrand z in (13.2) is unbounded, convergence of the Wiener
index does not follow immediately from convergence of the profile, but only
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a simple extra truncation argument is needed. For a conditioned Galton—
Watson tree 7,¥, with p(p) = 1 and 02(p) < 0o, convergence is more easily
proved directly from Aldous’s result (10.10) [3; 4], see [28], but as an appli-
cation of the results above, we show the corresponding result for unrooted
trees.

Theorem 13.1. Let w and p be as in Theorem 11.2. Then

1
n=°/? Wie(7,"°) <4, / xAe( / / s,t;e)dsdt. (13.3)
g Jo
Proof. Let T € T,,, and define a modified version by
1 oo
Wie/(T) := B / zAr(z)dz = Wie(T) + O(n), (13.4)
0

using (13.2) and noting that Ap(z) < n for z € [—1,0]. It suffices to prove
(13.3) for Wie/(7,°). By (13.4),

n—5/2 oo 1 [
n~°2 Wie'(T) = / zAr(z)de = 2/ an" 32 Ap(n'?x) da.
0 0
(13.5)
Define a truncated version by, for m > 0,
. o nd/2 [ -3/2 1/2
Wie,,(T) := 5 (x Am)n""*Ap(n*/“z)dx. (13.6)
0

Then, since the support of Ap is [—1,diam(7T) + 1],
P(Wie' (T,7°) # Wiey, (T2°)) < P(diam(7,°) > nt/?m —1).  (13.7)

Since diam(7,""°) = Op(n'/?), as an easy consequence of any of the con-
structions in Sections 6-8 and known results on the height of rooted Galton—
Watson trees, see e.g. [36], [3] or [1, Theorem 1.2], it follows that

sup P(Wie' (T,V°) # Wien (T)V°)) — 0, as m — 0o. (13.8)
Furthermore, for each fixed m, (13.6) and Theorem 11.2 imply, as n — oo,

5/2\7\7lem —> / ;U/\m <2m)dm

am

_/ (z /\—)A (z)dz. (13.9)
0 2

ag

The convergence in (13.3) follows by (13.8) and (13.9), see [11, Theorem
4.2]. The equality in (13.3) holds by (2.17). O

Of course, the limit in (13.3) agrees with the limit in [28] for the rooted
case.

14. MOMENTS OF THE DISTANCE PROFILE

In this section we prove the following estimates on moments of the dis-
tance profile for a conditioned Galton—Watson tree; we use again the simpli-
fied notation L,, and A,, for the profile and distance profile as in Theorems 1.2
and 1.4. Throughout the section, C and ¢ denote some positive constants
that may depend on the offspring distribution p only; C, denotes constants
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depending on p and the parameter r only. (As always, these may change
from one occurrence to the next.)

Theorem 14.1. Let A, be the distance profile of a conditioned Galton—
Watson tree of order n, with an offspring distribution p such that u(p) =1
and o*(p) < 0o.

(i) Let r > 1 be a real number. Then, for all i,n > 1,

E[A, ()] < Cnr/2e=/m. (14.1)
(ii) Let r > 1 be an integer, and suppose that p has a finite (r + 1)th
moment:
> ETp < o0, (14.2)
k
Then, for all i,n > 1,
E[A,(1)"] < Cri"n'. (14.3)

Furthermore, we may in this case combine (14.1) and (14.3) to
E[An(i)] < Cpi’nle= /", (14.4)
for alli,n > 1.

The proof is given later. Note that (14.4) trivially implies (14.3) and
(changing C, and c¢) (14.1); conversely (14.1) and (14.3) imply (14.4) by
considering i < n'/? and i > n'/? separately.

The special case 7 = 1 of (14.3), i.e.,

E A, (i) < Cin, (14.5)

was proved in [16, Theorem 1.3]; note that when r = 1, (14.2) holds auto-
matically by our assumption o2(p) < oo.

Remark 14.2. The estimates above are natural analogues of estimates for
the profile L,,. First, as proved in [1, Theorem 1.6], under the conditions in
Theorem 14.1(i),

E[Ln(i)"] < Con/2e=/m, (14.6)

for all 4,n > 1. Secondly, as proved in [29, Theorem 1.13], under the condi-
tions in Theorem 14.1(ii),

E[L,(i)"] < Cyi", (14.7)
for all i,m > 1. The estimates (14.6)—(14.7) are used in our proof of Theo-
rem 14.1. U

Remark 14.3. We do not know whether the moment assumption (14.2)
really is necessary for the result. This assumption is necessary for the cor-
responding estimate (14.7) for the profile L, (i), as noted in [1], but the
argument there does not apply to the distance profile. We state this as an
open problem. O

Problem 14.4. Does (14.3) hold without the assumption (14.2)?
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Remark 14.5. We also do not know whether the assumption that r is an
integer is necessary in Theorem 14.1(i); we conjecture that it is not. (This
assumption is used in the proof of (14.7) in [29].) O

As an immediate consequence of Theorems 1.4 and 14.1, we obtain the
corresponding results for the asymptotic profile Ae.

Theorem 14.6. For anyr > 1 and all x > 0,
E[Ae(z)"] < Cp min(a”, e*ch). (14.8)

Proof. Fix an offspring distribution p with u(p) = 1 and all moments fi-
nite. (For example, we may choose a well-known example such as Po(1) or
Bi(2, 3).) Let x € (0,00). Define iy, := [20~'an!/?]. Then i, /n'/? — 22/
as n — oo, and (1.3) implies
n =32, (i) — %Ae(x). (14.9)
Hence, Fatou’s lemma and (14.1) yield, for any r > 1,
E[Ae(2)"] < (2/0) liminf E[n =372\, (i,)"] < Cre™". (14.10)
n—oo

Similarly, Fatou’s lemma and (14.3) yield
E[Ae(2)"] < Cra” (14.11)

for integer > 1; equivalently, the L" norm is estimated by ||Ae(2)||» < Crx.

This estimate extends to all real » > 1 by Lyapounov’s inequality. Hence,

(14.10) and (14.11) both hold for all » > 1, which yields (14.8) for = > 0.
Finally, the result (14.8) is trivial for z = 0, since Ae¢(0) = 0 a.s. O

Remark 14.7. The same argument shows that Theorem 1.2 and (14.6)—
(14.7) imply

E[Lo(2)"] < Cpmin(a”,e=), (14.12)
for any r > 1 and all z > 0. O

The proof of Theorem 14.1 relies on an invariance property of the law
of Galton—Watson trees under random re-rooting proved by Bertoin and
Miermont [9, Proposition 2]. A pointed tree is a pair (7, v), where T is an
ordered rooted tree (also called planar rooted tree) and v is a vertex of 7.
We endow the space of pointed trees with the o-finite measure P* defined
by

P*((T,v)) = P(TP = T), (14.13)

where TP is a Galton—Watson tree with offspring distribution p such that
w(p) = 1. We let E® denote the expectation under this “law”. In particular,
the conditional law P*(- | || = n) on the space of pointed trees with n
vertices is well defined, and equals the distribution of (7,7, v) where given
the conditioned Galton-Watson tree 7,¥ of order n, v is a uniform random
vertex of T,P.

Let us now describe the transformation of pointed trees of Bertoin and
Miermont [9, Section 4]. They work with planted planar trees; the base
in the planted tree is useful since it implicitly specifies the ordering of the
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transformed tree. However, we ignore this detail and formulate their trans-
formation for rooted trees; our formulation is easily seen to be equivalent to
theirs. For any rooted planar tree T and vertex v of T', let T, be the fringe
subtree of T rooted at v, and let T be the subtree of T obtained by deleting
all the strict descendants of v in 7. We define a new pointed tree (T, 0) in
the following way. If v is the root, we do nothing, and let (T,@) = (T,v).
Otherwise, first remove the edge e(v) between v and its parent pr(v) in T
and instead connect v to the root of T. We then re-root the resulting tree
at pr( ) and obtain the new rooted tree T, which we point at © = v. Note
that T; = T, and that 77\ {6} equals 7%\ {v} = T\ T, rerooted at pr(v).
Bertoin and Miermont [9, Proposition 2 and its proof] establish that this
transformation preserves the measure P®; this includes the following.

Proposition 14.8 (Bertoin and Miermont [9]). Under P*, (T°,T,) and
(TV,T,) have the same “law”. Furthermore, the trees T' and T, are in-

dependent, with T,, being a Galton—Watson tree with offspring distribution
p- O

Proof of Theorem 14.1. For a rooted plane tree T" and ¢ > 0 an integer, it
will be convenient to write Z;(T) := Lp(i) for the number of vertices at
distance 4 from the root of T'. For a vertex v in 7', note that the number of
vertices at distance ¢ > 1 from v is less than or equal to Z;_(T?) + Z; (Ty)-

(Strict inequality may occur because of the extra vertex v added in 1°. )
From (2.12), we thus obtain that if A7 is the distance profile of T' defined
n (2.10), then

Ar(i) Y (Zia(TY) + Z(Ty)), =1 (14.14)
veT
If r > 1 and |T| = n, then (14.14) and Jensen’s inequality yield
1 .
-1 A\ T ] B ) r
(n7"Ar ()" < = (Zia(T7) + Zi(T))" (14.15)
veT
Consequently, using (14.13),
E[A, ()] < n"E*[(Zi—1(T?) + Zi(T2))" | 1T] = n]
<20 E*[Z; 1 (T°) + Zy(T,)" | |T| = n]. (14.16)
By Proposition 14.8, we have on the one hand that
E*® [Zi_l(Tﬁ)r ‘ ‘T’ = n] =E* [Zi_l(Tv)r } |T‘ = TL]
<E*[Zi(T)" ||T| = n]
— E[Zi_1(TPY'). (14.17)
On the other hand, since |T| = |T"| + |T,| — 1, we see from Proposition 14.8
that

E*[Zi(T,)" | |IT| =n] = > E*[Zi(T,)" | |To| = m,|T"| = n —m+1]
m=1

x P*[|T,| = m||T| = n]
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= Y E[Z(TR)| P*[ITo| = m||T| = n]
m=1
< sup E[Z;(TR)]. (14.18)

1<m<n

Combining (14.16), (14.17) and (14.18), we have that
E[An (1)) < 20" (E[Zi-1(T,P)"] + sup E[Zi(T)"])

1<m<n
=2"n" (E[Ln(i —1)"] + sup E[L,(i)"]). (14.19)
1<m<n
Therefore, (14.1) and (14.3) follow from (14.6) and (14.7), proved in [1,

Theorem 1.6] and [29, Theorem 1.13], respectively.
Finally (14.4) follows from (14.1) and (14.3) as noted above. O

15. HOLDER CONTINUITY

We now discuss Holder continuity properties of the continuous random
functions Le and Ae. We begin with L, the local time of e. The results are
to a large extent known, although we do not know any reference to the form
of them stated here; nevertheless we treat also Le in detail, as a background
to and preparation for the discussion of Ae below.

It is well-known that the local time of Brownian motion at some fixed
time a.s. is Holder continuous of order « for any o < 1/2, see [49, VI.(1.8)].
It is also known that this Holder continuity extends by standard arguments
to the local times of Brownian bridge and Brownian excursion, and thus (see
Theorem 1.2) to Le. We need a quantitative version of this.

For o > 0 and an interval I C R, let the Holder space Ho = Ho(I) be
the space of functions f : I — R such that

|f(z) = f(y)]
|z —yl|*

This is a semi-norm. We may regard H, as a space of functions modulo
constants, and then ||-||3, is a norm and #H, a Banach space.

£l = Sup{ :x,yel,x#y} < o0 (15.1)

Theorem 15.1. Let 0 < o < % and let A < co. Then
E|[Lell3,[0,4] < 00 (15.2)
In particular, Le € Ha[0,00) a.s.

Proof. We let o and A be fixed. Constants C' below may depend on « and
A.

Recall that Le(xz) = LT, where LY is the local time of a (standard) Brow-
nian excursion e. The proof will actually show the result for L} for any fixed
t e [0,1].

We first note that if 8 is a 3-dimensional Bessel process started from 0
(see e.g. [49, Section VI.3]), then a standard Brownian excursion e is given
by e(1) = 0 and

e(t) = (1 — t)ﬁ(%), 0<t<1; (15.3)
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see [13, I1.(1.5)]. One then can deduce from [49, VI.(3.3)] and an application
of the Ito integration by parts formula that e satisfies

Lol e(s)
£) = (—— )d B(t), 0<t<1, 15.4
) = [ (g5~ T8) s+ BO) (15.4)
where B is a standard Brownian motion. In particular, e is a continuous
semi-martingale.

We now follow the proof of [49, VI.(1.7), see also VI.(1.32)], but avoid
localizing at the cost of further calculations. Let

v(t) i= e(lt) - f(_t)t, 0<t <1, (15.5)
so (15.4) can be written
e(t) = B(t) +/0 v(s)ds. (15.6)

Then, by Tanaka’s formula [49, VI.(1.2)], writing 2+ := 2 Vv 0,
¢
LY =2(e(t) — x)+ — 2(—x)+ — 2/ 1{e(s) > z} dB(s)
0

—2/0 He(t) > z}v(s)ds.  (15.7)

Fix t € [0,1] and denote the four random functions of x on the right-hand
side of (15.7) by Fi(z),...,Fs(z). Trivially, the first two are in H; (=
Lipschitz), with norm at most 2. Hence,

11 120 0,4] + 1F2l122.00,4) < C. (15.8)

For each z, F3(x) is a continuous martingale in ¢. Thus, if 0 <z <y < A,
the Burkholder-Davis-Gundy inequality [49, IV.(4.1)] and the occupation
times formula [49, VI.(1.9)] yield, for any p > 2,

E|F3(z) — F3(y)|P < CPEK/; 1{zx <e(s) <y} ds)p/Q]

:CPEK/Z/Lfdz)p/Q}

T

= Cply — x)p/QE[( ! /: L: dz)p/Q}

Yy—x
1 )
_\p/2 z\P/2
< Cply — ) E[y_x/x (£5)"* az).
Y
:Cp(y—l’)p/gyiw/ E(Lf)p/zdz. (15.9)

We have L7 < L = Leo(z), and thus (14.12) implies E(L)P/2 < C,, for all z;
hence (15.9) yields

E|Fy(x) - F(y)P < Cyly — )P/, (15.10)

Consequently, Fj satisfies the Kolmogorov continuity criterion, and the ver-
sion of it stated in [49, I.(2.1)] shows that if p is chosen so large that
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(p/2 —1)/p > «, then (15.10) implies

E |32, 0.4) < (B Fll5, 0.0) " < o0 (15.11)

o[0,4]

Similarly, using the extension of the occupation times formula in [49,
VL.(1.15)], if again 0 < z < y < A,

Fy(y) — Fy(x) = 2/ 1{z < e(s) <y}v(s)ds

0

_ /tl{x<e( ) < y}(@— f(_s)s)ds

=2 d - — dLZ 15.12
/ Z/ 1—s (15.12)

We now simplify and assume 0 < f. Then (15.12) 1mplies
Y1
| Faly) — Fa(x)] gz/ ( +2:)L C’/ “12d

Let p’' :=1/a and let p := (1 — a)~! > 1 be the conjugate exponent. Then,
by (15.13) and Holder’s inequality,

15 13)

Fily) - )] < -7 ( [ 4l ae) (15.14)
Consequently, ’
[ Fall3a[0,00) < C(/Ooo Lez(;:)l’ dz>1/p. (15.15)
Thus, using again (14.12),
ElF1E, 0.0 < CE/O ELB) 4. ¢ oo (15.16)
and thus
E[Fallaa0,4) < E[[Falla,[0,00) < 00 (15.17)
Consequently, (15.7), (15.8), (15.11) and (15.17) yield
E (| L¥{2,00,4) < 00 (15.18)

f0r0<t<%.

We have for simplicity assumed t < To complete the proof, we note

1
§.
that e is invariant under reflection: e(1 — t) 4 e(t) (as processes), and thus

LY — LY 12 = L1 /2 (as processes in z). Consequently,
El[Lell340,4) = E|LT[l21000,4] < 2E LT 5|3, 10,4) < 00, (15.19)

showing (15.2). (The case 3 <t < 1 follows similarly.)
Finally, (15.2) shows that a.s., Le € H[0, A] for every A > 0. Moreover,
Le has finite support [0,sup e], and thus Le € H [0, 00). O

We have for simplicity considered a finite interval [0, A] in Theorem 15.1,
but the result can easily be extended to Ha[0, c0).
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Theorem 15.2. Let 0 < o < % Then
E || Le|l#.[0,00) < 0 (15.20)

Proof. Note that the proof of Theorem 15.1 actually shows E || Lelf}, 0,4] <
oo for some p > 1, see (15.11) and (15.16). Moreover, the same proof apphed
to the interval [m, m + 1] shows that for any m > 1,

E||Zell5, sy < CP, (15.21)

with C' independent of m, where the factor m? comes from (15.13). Fur-
thermore, Le = 0 on [m, m + 1] unless supe > m. The explicit formula for
the distribution function of sup e, see e.g. [15], [33] or [17, p. 114], yields the
well-known subgaussian decay

P(supe > z) < e x> 1. (15.22)

(See also [1] for the corresponding result for heights of conditioned Galton—
Watson trees.) Combining (15.21) and (15.22) with Holder’s inequality, we
obtain, with 1/¢g =1 —1/p,

1/p 1
E | Zollptafmmst) < (ENLelpmmeny)  PULellptammn #0)"*

2

< CmP(supe > m) 1 < Cme™ ™, (15.23)
Finally, it is easy to see that

o0
IZellraoo0) < D N Zellata pmmr1) (15.24)
m=0

and thus, by (15.2) and (15.23),

(0.0] oo
2
E||Lell#a0,00) < Y EllLellptafmmrr < C+ Y Cme ™™ < oo. (15.25)

m=0 m=1

0

Remark 15.3. The proofs above apply also to the local time of the Brown-
ian bridge. The main differences are that we consider functions on (—oo, 00)
and that the term 1/e(t) in (15.5) disappears. This shows that, writing
Ly (z) for the local time of the Brownian bridge at time t = 1,

E || Lb 1444 (~00,00) < 00- (15.26)

By Vervaat [51], the Brownian excursion can be constructed from a Brownian
bridge by shifts in both time and space, and thus Le is a (random) shift of
Ly,. Consequently, with this coupling,

| Lell#a10,00) = 1 L0130 (= 00,00) (15.27)

and thus (15.20) and (15.26) are equivalent. This yields an alternative proof
of Theorem 15.2. O

We have so far considered o < 1/2. For o > 1/2, it is well-known that
Brownian motion is a.s. not locally Holder(«); see e.g. [49, 1.(2.7)] or [43,
Section 1.2] for even more precise results. Moreover, the same holds for
the local time L¥ of Brownian motion, regarded as a function of the space
variable z (for any fixed ¢ > 0); we do not know an explicit reference but this
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follows easily, for example, from the first Ray—Knight theorem [49, XI.(2.2)],
which says that if we stop at 71, the hitting time of 1, then the process
(L), 0 < o < 1, is a 2-dimensional squared Bessel process, which (at
least away from 0) has the same smoothness as a Brownian motion (since it
can be written as the sum of squares of two independent Brownian motions);
we omit the details.

Similarly, Le = L{, which is the local time of a standard Brownian excur-
sion is a.s. not Holder(3). One way to see this is that if we stop a Brownian
motion when its local time at 0 reaches 1, i.e., at 7 := inf{t : LY = 1}, then
the part of the Brownian motion before time 7 and above any fixed § > 0
is a.s. included in a finite number of excursions, and these are independent,
conditioned on the number of them and their lengths. Hence, if the local
time of a Brownian excursion were Hélder(%) with positive probability, then
so would LZ, restricted to z > 6, be, and then L¥, 2 > §, would be Hélder(%)
with positive probability for some rational ¢, and thus for all ¢ > 0 by scaling,
which contradicts the argument above.

15.1. Distance profile. We next consider the asymptotic distance profile
Ae. We first note that the nice re-rooting invariance property of the standard
Brownian excursion e presented in Section 2.3 yields the following corollary
of Theorem 15.2.

Corollary 15.4. Let 0 < a < % Then
E [[Aell#,[0,00) < 00 (15.28)
In particular, the random function Ae € Ho[0,00) a.s.

Proof. It follows from the identity (2.20) that

1
IAelln ey < /0 | Lot 34, 0,00y 5, (15.29)

where for every s € [0,1], Ly denotes the local time of the process els!
defined in (2.18), which is distributed as a standard Brownian excursion
(2.19). Hence, Theorem 15.2 yields

1
E [ Aclna(0.00) < /0 E | ot . 0.00) 45 = E [ Zollpiafooe) < 00 (15.30)
O

However, it turns out that the averaging in (2.20) actually makes Ae
smoother than Le; we have the following stronger result, which improves
Corollary 15.4.

Theorem 15.5. The asymptotic distance profile Ae € H, for every a < 1,
a.s. Furthermore, Ao is a.s. absolutely continuous and with a derivative AL
(defined a.e.) that belongs to LP(R) for every p < oco.

In order to prove Theorem 15.5, we first prove an estimate of the Fourier
transform of Ae. We choose to define Fourier transforms as, for f € LY(R),

f(g) = /00 f(z)e*® da, —00 < € < 00. (15.31)
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Note that by (2.17), the Fourier transform Ag can be written as

//\\e(f) ;:/ eigmAe(x) dz = // eiéd(stie) g qt. (15.32)
0 s5,t€[0,1]
Lemma 15.6. There exists a constant C' such that
E AP <C(E*A1), —co<E<x. (15.33)

Proof. Note first that the profile Ae is a (random) non-negative function
with integral 1, e.g. by (1.4). Hence, for every &,

1Ae(6)] < /OOO\Ae(x)y dz = 1. (15.34)

Thus, (15.33) is trivial for [¢] < 1. Assume in the remainder of the proof
€] > 1.

By (15.32),
E‘]\;( E/ / t17t27 ) d(t37t41 ))d dt4
t1,...t4€[0, 1]
o Eelf( (U1,Uz2;e)—d(Us,Usse ))’ (1535)
where Uy, ..., Uy are i.i.d. uniform U(0, 1) random variables, independent of
e.

Recall from Section 2.3 that the Brownian excursion e defines the contin-
uum random tree Te, with a quotient map pe : [0,1] — Te. Let U; := pe(Us),
i =1,...,4, be the points in T, corresponding to U;; these are i.i.d. uni-
formly random points in Te, and d(U;, Uj; e) equals the distance d(U;, U,)
between U; and U; in the real tree Te. Then (15.35) becomes

E |Ae(€)|? = B €@T102)-dWUs U0)), (15.36)

Furthermore, we can simplify the calculations by rerooting T, at Uy; this
preserves the distribution, see (2.19), and Uy, ...,Us are still independent
uniformly random points in the tree; hence, we also have, with o = pe(0)
the root of Tg.

E |Ae(€)]? = B E@T102)=dTs0)), (15.37)

To calculate (15.37), it suffices to consider the (real) subtree of Te spanned
by the root o and Uy,...,Us. Aldous [4, Corollary 22] showed that the
distribution of the random real tree Ty spanned in this way by £ > 1 i.i.d.
uniform random points Uy, ..., U}, € T, can be described as follows. Let the
shape T of 7~}€ be the tree regarded as a combinatorial tree, i.e., ignoring the
edge lengths. Then 7 is a.s. a rooted binary tree with k leaves, labelled by
1,...,k (corresponding to U1, ...,Uy). Let T* be the set of possible shapes,
i.e., the set of binary trees with k labelled leaves. Then |T¥| = (2k — 3)!l.
Each shape 7 has k—1 internal vertices, and thus 2k vertices and 2k—1 edges.
For each shape 7, label the edges 1,...,2k — 1 in some order, and for each
tree 7~7c with shape 7, let £1,...,09._1 be the corresponding edge lengths.
Then 7y, is described by (7,¢1,...,%), and the distribution of (7, ¢y, ..., )
is given by the density, for 7 € T¢ and ¢; > 0,

2% 5e72° A0y -+ dlop_y,  with s =01 + -+ Lop_y. (15.38)
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Recall that our normalization differs from [4], where The is used instead of
Te, and thus all edges are twice as long; hence (15.38) is obtained from [4,
(33)] by a trivial change of variables.

For k = 3 we have |T3| = 3!! = 3 different shapes. It is easy to verify that
in each of them, we may label the five edges such that d(Uy,Us)—d(Us,0) =
01 +0y—03—1{4. Consequently, (15.37) and (15.38) yield, with s as in (15.38),

£ 1/\:(5)}2 = 3/R5 l(ltla—ts—La) 96525 qp, .. qy.

= 192/ (s)se 2 ds, (15.39)
0
where, with ¥5(s) := {(¢1,...,05) : £; >0 and {; + --- + {5 = s},
Y(s) == / eflhitta=ba=ta) qp, ... 4y, (15.40)
Z5(s)
We can easily find the Laplace transform of 9(s): for A\ > 0,

/oo e Y (s)ds = / e~ MOt Hls) i (it ba—ls=La) qp, ... s
0 R%

1
T OO0+
A partial fraction expansion of (15.41) yields,

J T I I B
0

(15.41)

P ST W T S ST DAL S WRTI P,
(15.42)

for some coefficients a(§), b+ (), cx(€). It is easy to calculate these, but it
suffices to note that (15.41) is homogeneous of degree —5 in (A, &), and thus
a(§) = a4, ba(€) = be&* and ¢y (€) = c+&73 for some complex a, b, cy.
By inverting the Laplace transform (15.42), we find
U(s) = al ™+ b 2 4 b 7T o 673560 e 3507108,
(15.43)

Finally, we substitute (15.43) in (15.39). We define
hn(s) := s™e 2 1{s > 0}, (15.44)
and obtain, recalling (15.31),

E [Ae(s))* = 19267 (ahy (0) + by ha (€) + b_ha (=€) + e Eha(€) + c_Eha(—€)
(15.45)

)-

We have h;(€) = O(1) since hy is integrable, and and £hy(€) = 1h’ L&) =0(1)
since hg is differentiable with integrable derivative. Consequently, the result
(15.33) follows. O

Remark 15.7. It is casy to see that in the proof above, a = 1 and h;(0) =
I se=2" ds = 1/4; moreover, hy(¢) = O(¢72) and hy(€) = O(€73). Hence,
the proof yields

E|Ro(€)|? = 48674 + 0(£79). (15.46)



DISTANCE PROFILE OF SIMPLY GENERATED TREES 39

Thus, the estimate in Lemma 15.6 is sharp. U

Remark 15.8. The result (15.33) (or (15.46)) can also be obtained in the
same way from (15.35). However, for k = 4 we have |T%| = 5!! = 15 different
shapes that we have to consider, and they yield several different terms in
(15.39). The leading term in the partial fraction expansion (15.42) will now
be a&=*/\3. O

Proof of Theorem 15.5. Let 0 < o < 3/2. Then, by Lemma 15.6,
00 o 9 0o N _ 9
B[ iR as=2 [l B IR de

1 [e'e)
< c/ 2o de + c/ 2970 de < o0, (15.47)
0 1

Hence, a.s., the function Ao belongs to the (generalized) Sobolev space £2
(also called potential space; many different notations exist), which is defined
as the space of all functions f € L?(R) such that

1 = 171+ [ llelRat)f de < o (15.48)

see e.g. [50, Chapter V] or [8, Chapter 6]. Furthermore, this Sobolev space
equals the Besov space BS?, see again [50, Chapter V (there denoted AZ?)]
or [8, Chapter 6]. B%? is an L? version of Ha, and for 0 < a < 1, B2? may
be defined as the set of functions in L? such that

o0 . — £( My 2
e = 113+ [ Oﬂ+” “”L®>du<w (15.49)

u® U

the equivalence (within constant factors) of (15.49) with (15.48) follows
easily from the Plancherel formula. (For a much more general result, see [8,
Theorem 6.2.5] or [50, (V.60)].) For 1 < a < 2, (15.49) fails, but B>* =
{fel?:f' e BZ’El , which again equals £2.

If 1 < o < 3/2, it follows that the derivative (in distribution sense)
AL € £2_|. By the Sobolev (or Besov) embedding theorem [8, Theorem
6.5.1], see also [50, Theorem V.2] and, for a simplified version, [14, Lemma
6.2], this implies A, € LP(R) with 1/p = 1/2—(a—1). Since a may be chosen
arbitrarily close to 3/2, it follows that AL € L? for every p < co. (Recall
that Ae, and thus AL, has compact support, so small p is not a problem.)
The continuous function Ae thus has a distributional derivative A that is
integrable, which implies that Ae is the integral of this derivative, so A¢ is
absolutely continuous, with a derivative in the usual sense a.e., which equals
the distributional derivative AL.

Finally, Ae € Hq for @ <1 by AL € LP (with p = 1/(1 — «)) and Holder’s

inequality, or directly by Ae € Ei +1j2 = Bi’il /2 and the Besov embedding
theorem [8, Theorem 6.5.1], [50, V.6.7], noting H, = Ba ™. O

Remark 15.9. For the Fourier transform Le, we have instead of (15.33)
and (15.46) the analogous estimate

ELo(6)? <C(E2A1),  —00<E&< o0, (15.50)
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and, more precisely,
E|Lo(¢)]> =472+ 0(¢71). (15.51)

These are proved by the same argument as above, now with (d(Ul,o) —
d(Us,0)) in the exponent in (15.36) and using (15.38) with k = 2; we omit
the details.

Note that the exponent of £ is —2 in (15.51), but —4 in (15.46). Hence,
1/\;(5) decays faster than LAe(g) (at least in an average sense), which intu-
itively means that Ae is smoother than Le, as seen in the results above.

Note also that the result of Vervaat [51] mentioned in Remark 15.3 implies
that ]l/l;(f)| = |Z;,(§)] The expectation E \I//;(f)|2 can easily be calculated
and estimated directly, since b is a Gaussian process, which leads to another

proof of (15.50) and (15.51); we leave the details to the reader. O
The proof above shows that
Ao € B2, a < 3/2, (15.52)
and thus
AL e B>, a<1)2 (15.53)
More precisely, it follows from the proof that
E[Aelfez, < CE[Aelz2 <00 fora<3/2, (15.54)

but not for any o > 3/2.
For comparison, (15.51) implies that

E | Le|322 <00 fora<1/2, (15.55)

but not for o > 1. In this case, the range of « in (15.55) is thus the same as
the range of Holder continuity, note that since H, = Ba ™ for a € (0,1),
this range equals the set of o € (0,1) such that Lo € Ba~™. Another,
similar, example is the Brownian bridge b; a simple calculation shows that
E ||b\|1292,2 < oo for a < %, but not for larger a.

This suggests (but does not prove) that Ae is even smoother than shown
by Theorem 15.5. However, the derivative AL is not Holder continuous on
(=00, 00), as might be guessed from the analogy between (15.54) and (15.55).
In fact, the (two-sided) derivative A, does not exist at 0, and thus A is not
even continuous, at least not at 0.

Theorem 15.10. A does not a.s. have a (two-sided) derivative at 0.
To see this, we note first the following.
Lemma 15.11. For every x > 0,
EAe(z) = E Le() = dze 2. (15.56)

Proof. The result for Le is well-known; it was shown by Chung [15, (6.2)],
and it is equivalent to the case k = 1 of (15.38).
The result for Ae follows by (2.20) and (2.19). O
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Proof of Theorem 15.10. Suppose that Ae is differentiable at 0. Since Ae(z) =
0 for < 0, the derivative has to be 0, and thus Ae(x)/z — 0 as x N\, 0.

Furthermore, Theorem 14.6 shows that E(Ae(a:)/x)2 < C, and thus Ae(z)/x
is uniformly integrable for x > 0. Consequently, if A were a.s. differentiable
at 0, then E(Ae(z)/z) — 0 as z \, 0, which contradicts Lemma 15.11. O

Nevertheless, it is quite possible that Ae is continuously differentiable on
[0,00), with a one-sided derivative at 0. We end with some open problems
suggested by the results above.

Problem 15.12.

i) Is Ae a.s. Lipschitz, i.e., is the derivative A/, a.s. bounded?
p e
(ii) Does AL(0) exist a.s. as a right derivative?
iii) Is the derivative AL a.s. continuous on [0, 00)?
e
(iv) Is the derivative A a.s. in [0, 00) for some a > 07 For every a < 37

15.2. Finite n. We have in this section so far considered only the asymp-
totic profiles Le and Ae. Consider now the profile L, and distance profile A,
of a conditioned Galton—Watson tree 7,7, for a given offspring distribution p.
We assume throut the setion that ;(p) = 1 and that 0 < 0(p) < oo; we will
often add the condition that p has a finite fourth moment 4 (p) := >, k?px.
It was shown by Drmota and Gittenberger [18], see also [17, Theorem
4.24], that if the offspring distribution has an exponential moment, then

E‘n‘l/QLn(:ml/Q) — n_l/QLn(ynl/z)}4 < Clz —y)?, (15.57)
which by the standard argument in (15.10)—(15.11) yields
E |02 Ln(n'/?)|3,00,4) < 00 (15.58)

for @« < 1/4. This and Theorem 1.2 then yield (15.2) for a < 1/4. We
conjecture that (15.57) can be extended to higher moments, yielding (15.58)
and thus another proof of (15.1) for all & < 3, but this seems to require
some non-trivial work.

Moreover, as said in [17, footnote on page 127], the proof of (15.57) does
not really require an exponential moment, but it seems to require at least
a fourth moment for the offspring distribution. We do not know whether
such a moment condition really is necessary for (15.57), and we state the
following problem.

Problem 15.13. Let p > 2. Is it true for any offspring distribution p with
p(p) =1 and 0?(p) < oo then

B |n 2L (en!/?) — n V2L (g )P < Colo — P27 (15.59)

Is this true assuming a pth moment for p? Assuming an exponential mo-
ment?

Remark 15.14. A rerooting argument as in the proof of Theorem 14.1
shows that (15.59) would imply

E [n A, (en'/?) — n 320, (' ?)|) < Cplz —yP2. (15.60)

Again we can ask under which conditions this holds. U
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We can also use generating functions and singularity analysis to estimate
the Fourier transform of L, and A,. Recall that we in Section 2.1 have
defined L, and A, as functions on R, using linear interpolation. We first
consider their restrictions to the integers, and the corresponding Fourier
transforms, for —oco < € < o0,

LE(€) =Y La(k)e  and  AZ(€) = An(k)e®™. (15.61)
k=0 k=0

Note that these are periodic functions with period 2w, and that, as a conse-
quence of (2.8) and (2.11),

ILZ(©)| < LE(0) =n and  |AZ(€)| < AZ(0) = n®. (15.62)

Lemma 15.15. Let p be an offspring distribution with p(p) = 1.
(i) If p has a finite second moment, then

E |LZ(en )P < (€2 A1), €] < /2. (15.63)
(ii) If p has a finite fourth moment, then
E [Af(gn AP <ont(et A1), Jel <!l (15.64)

The proofs of (15.63) and (15.64) are based on lengthy calculations of
some generating functions; we omit these and refer to the preprint version
of the present paper [10, Appendix C].

We return tg\the interpolated profiles L,, and A,, and their Fourier trans-
forms L, and A, defined by (15.31). It follows from (2.7) that

~ sin?(€/2)

Lo(6) = LE(©)7(E) = LA%@W (15.65)

and similarly

—~ - —~ _sin®
(€)= NE(E)7(E) = A%(f)@i/f’. (15.66)

In particular, |L, (€)] < |LZ(€)] and [A, ()] < |AZ(€)]; hence the estimates
in Lemma 15.15 holds also for Z/L; and //X;

We have stated Theorems 1.2 and 1.4 with convergence (in distribution)
in C[0, c0]; however, it is obvious that then the same statement holds with
convergence in C[—o00, c0]. Note that both sides of (1.1) and (1.3) are non-
negative functions on (—o0o0,00) with integral 1. It is easily seen that in
the set of such functions, convergence a.e. (and a fortiori convergence in
C[—00,q], i.e., uniform convergence) implies convergence in L'(R), and
thus (uniform) convergence of the Fourier transforms. Furthermore, the
Fourier transforms of the left-hand sides of (1.1) and (1.3) are n_lfn(ﬁn_lﬁ)
and n_21/\;(£n_1/ 2), respectively. Hence, Theorems 1.2 and 1.4 imply that
for any fixed &

n ' L(en?) <5 Lo(29), (15.67)
n 2h, (En %) <L Ao (2¢). (15.68)
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Consequently, by Fatou’s lemma, the estimates (15.63) and (15.64) in Lemma
15.15 yield another proof of the estimates (15.50) and (15.33) above.

Moreover, we can argue similarly to the proof of Theorem 15.5 and obtain
a corresponding result on the smoothness of A,. Of course, this profile is by
construction Lipschitz, but what is relevant is a smoothness estimate that
is uniform in n.

Theorem 15.16. If the offspring distribution p has a finite fourth moment,
then

E [n=*/28n (2n'2) [,

uniformly in n, for every fized o < 1.

N

C (15.69)

For the proof, we need a discrete version of (a simple case of) the Sobolev
embedding theorem. We do not know an explicit reference, so for complete-
ness, we state this and give a proof.

Lemma 15.17. Let f : R — R be a function initially defined on Z and
extended by linear interpolation to R. Suppose that > |f(k)| < oo, and

define, as in (15.61), fZ(¢) =, f(k)el*. Let 0 < o < 1. Then

" — /
191, < Ca[ It PR ag) (15.70)
Proof. Let j,k € Z. Then, by Fourier inversion,
£G) = 10 = | [ (7 = ) P g
:i/(U—kMAUﬁ@OMM- (15.71)
0

Hence, using the Cauchy—Schwarz inequality,

. o 90— T = 2.2
1) = F0P < [ (=12 Ane e [P Penr ae. 15m)
Writing M := foﬂ‘ﬁ(ﬁ)‘%za“ d¢, and changing variables to ¢ := |j — k[¢ in
the first integral (assuming j # k), we obtain
£G) = 07 < i =k [ (8 A1) a0 = € — ke
0
(15.73)
for some C' < 0o (depending on «/). Hence,
f(x) = F)| < CM' Pl —y|* (15.74)

whenever x and y are integers. Since f is linear between integers, it follows
that (15.74) holds for all z,y € R (with another C), i.e., | f|lx., < CMY2,
as claimed in (15.70). O

Proof of Theorem 15.16. Lemma 15.17 and a change of variables together
with (15.64) yield

g N - 9
E Al < CE [ e+t R (o) de
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nl/2

—cnet [T Pt Bl et ag

< Cn?)—a/ (‘5‘204—3 A ’5‘204-5—1) df — C’n?’_a, (15_75)

since the final integral converges for 0 < o« < 1. A change of variables yields
(15.69). O

We end this subsection with a couple of open problems suggested by
Theorem 15.16.

The fourth moment condition in Theorem 15.16 is used in our proof (see
[10]) of (15.64), but it seems likely that it can be weakened. Hence, we ask
the following.

Problem 15.18. Does (15.69) hold assuming only a finite second moment
for p?

Just as for the limit Ae, we do not know whether (15.69) holds for oo = 1.
Since Holder(1) equals Lipschitz, and A,, is defined by linear interpolation,
it is easy to see that

Hn_?’/QAn (:cnl/Q) =n! m}?X |An(k+1) — An(K)|. (15.76)

I,
Consequently, the question whether (15.69) holds for a = 1 is equivalent to
the following. (Cf. (14.5).)

Problem 15.19. Assume that p(p) = 1 and that p has a finite second
moment (or fourth moment, or an exponential moment). Is then

E max [A, (k + 1) - A (k)? < Cn?? (15.77)

A slightly weaker version is: is

Emax [An(k +1) = An (k)] < Cn ? (15.78)

16. FURTHER REMARKS

Remark 16.1. In analogy with Sections 3 and 5, we might, as a third
alternative, also define random wunlabelled simply generated trees by using
the weights (5.1) on the set &L, of all unlabelled unrooted trees of order
n. (These are defined as equivalence classes of labelled trees in £, under
isomorphisms.) It is usually more challenging to consider unlabelled trees;
we conjecture that results similar to those above hold for unlabelled simply
generated trees too, but we leave this as an open problem.

There is some existing work [52; 48] on yet another related model for ran-
dom trees: simply generated unrooted plane trees (i.e., unlabelled unrooted
trees where each vertex is endowed with a cyclic ordering of its neighbour-
hood). In particular, the results in [48, Sections 2 and 3] seem to be remi-
niscent of some of our results in Sections 3-5. Informally, through a series
of approximations (using rooted/labelled /differently weighted versions) one
ends up comparing those tree models to a pair of Galton—Watson trees (with
the roots joined by an edge), conditioned on the sum of vertices. One of the
two trees being typically macroscopic while the other is microscopic. U
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Remark 16.2. Another class of “simply generated” trees is simply gener-
ated increasing trees, see [7] and [17, Section 1.3.3]. These random trees
are quite different: They have (under weak conditions) logarithmic height;
moreover, both the profile and distance profile are degenerate, in the sense
that the distribution of depths or distances divided by logn converges to
a point mass at some positive constant. With a more refined scaling, the
profile and distance profile are both Gaussian, see Panholzer and Prodinger
[45]. O

Remark 16.3. The degenerate behaviour seen in Remark 16.2, with almost
all distances close to clogn for some constant ¢ > 0, seems to be typical for
many classes of random trees with logarithmic height; see [31]. O

Problem 16.4. We have in this paper assumed that the offspring distri-
bution is critical and has finite variance. It would be interesting to extend
the results to the case of infinite variance, with the offspring distribution in
the domain of attraction of a stable variable. In this case the tree converges
in a suitable sense to a random stable tree [20; 37]; moreover, there is a
corresponding limit result for the profile [34; 5]. However, there seems to be
several technical challenges to adapt the arguments above to this case, and
we leave it as an open problem.

APPENDIX A. TIGHTNESS

We show here a general technical result used in the proof of Theorem 11.2,
and thus of our main theorem.

We recall the standard criterion for tightness in C10, 1] in e.g. Billingsley
[11, Theorem 8.2], which we formulate as follows, using the modulus of
continuity defined in (2.5). (The equivalence of our formulation and the one
in [11] is a simple exercise.)

Lemma A.1. A sequence of random functions (X, (t))3° in C|0,1] is tight
if and only if the following two conditions hold:

(i) The sequence X,,(0) of random variables is tight.

(i) w(d; Xn) == 0 as & — 0, uniformly in n.

The uniform convergence in probability in (ii) means that for every e, >
0, there exists § > 0 such that

supP(w(8; Xpn) =€) <. (A.1)
n
Equivalently, for every sequence 6, — 0 and every sequence (ng)7°,
W(Ok; Xn,) =+ 0 as k — oo. (A.2)
We use this to prove the following general lemma on tightness of averages.

Lemma A.2. Suppose that (X,,(t))3° is a sequence of random functions in
C10,1], that (Ny,)° is an arbitrary sequence of positive integers, and that for
each n, (Xm(t))f\inl is a, possibly dependent, family of identically distributed
random functions with X,; 4 X,,. Assume that

(i) The sequence (Xy,) is tight in C[0,1].
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(ii) The sequence of random variables
[ Xnll := sup [Xn(t)] (A.3)
t€[0,1]
is uniformly integrable.
Then the sequence of averages

Yalt) i= 5 3 Xt (A4)

is tight in C0, 1].

Remark A.3. We state Lemma A.2 for C|0,1]; it transfers immediately
to e.g. C[0,00]. It follows also that the lemma holds for C|0, c0), with (ii)
replaced by the assumption that supy ;) | Xy | over any finite interval [0, 8] is
uniformly integrable. O

Proof. Let 0, — 0 and let nj be arbitrary positive integers. Then (A.2)
holds by assumption (i) and Lemma A.1.

Furthermore, for any 6 > 0, we obviously have, by (2.5), w(d;X,) <
2| X, || In particular, w(dg; Xn, ) < 2[|Xn, ||, and it follows from (ii) that the
sequence w(dg; Xn, ), k = 1, is uniformly integrable. Hence, (A.2) implies

Ew(dx; Xn,) — 0, as k — oo. (A.5)
Next, it follows from the definitions (A.4) and (2.5) that, for any § > 0,
Nn
w(8;Yy) ( me) < Zw(é; Xni) (A.6)
Nu i=1
and hence,
1
Y,) < EZEw(&Xm-) =Ew(d; Xy). (A7)

Consequently, by (A.5) and (A.7),
Ew(dx; Yn,) < Ew(dg; Xy, ) — 0, as k — oo. (A.8)

Since the sequences (Jx)r and (ng), are arbitrary, this shows that the se-
quence (Y;,), satisfies (A.2) and thus condition Lemma A.1(ii).

Furthermore, condition Lemma A.1(i) holds too, because by (A.4), (A.3)
and assumption (ii),

E Y (0 ZEIXm ) =E|X,(0)] SE[Xn]| =0(),  (A.9)

which implies that the sequence Y;,(0) is tight. Hence, the conclusion follows
by Lemma A.1. O

Remark A.4. The assumption on uniform integrability in Lemma A.2(ii)
cannot be weakened to E || X,,|| = O(1). For an example, let

Xn(t) :=&n(1 Ant), t>0, (A.10)
where &, ~ Be(1/n), ie., P(§ = 1) = 1/n and otherwise &, = 0. Then
E||X,|| = 1. On the other hand, take N, := n and let X,; 4 X, be
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independent, 1 < i < N,,. Then, for every n, with probability e=! + o(1)
exactly one X,,; is not identically 0, and in this case Y;, = (1 Ant) and thus
w(1/n;Y,) = 1. Hence, P(w(1/n;Y,) =1) > e ! +0(1) and thus (A.2) and
Lemma A.1(ii) do not hold for (Y,); thus the sequence Y, is not tight. [
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