ON THE PROBABILITY THAT A BINOMIAL VARIABLE IS AT
MOST ITS EXPECTATION

SVANTE JANSON

ABSTRACT. Consider the probability that a binomial random variable Bi(n, m/n)
with integer expectation m is at most its expectation. Chvétal conjectured that
for any given n, this probability is smallest when m is the integer closest to 2n/3.
We show that this holds when n is large.

1. INTRODUCTION

Consider the probability P(Bi(n, p) < np) that a binomial random variable Bi(n, p)
is less than or equal to its mean. (We slighly abuse notation, and let Bi(n, p) denote
both the binomial distribution and a binomial random variable.) By the central
limit theorem, unless n or p(1 — p) is small, this probability is close to %; in fact,
the Berry—Esseen theorem [2] and [5] (see also e.g. [8, Theorem 7.6.1]) shows that
P(Bi(n,p) < np) = 3 + O((np(1 — p))~/2). (See also the explicit bounds in [4], [7],
[14], [16], [17].)

In the case when np = m is an integer, Neumann [12] showed that the mean np is
also a (strong) median, i.e.,

P(Bi(n,p) < np) < % < P(Bi(n,p) < np), np=m € {0,...,n}. (1.1)

(See [9], [10], and [11, Exercise MPR-24] for other proofs.) It follows that for any
fixed n > 1, the probability P(Bi(n,p) < np) regarded as a function of p € [0,1],
oscillates around %, with upward jumps at each m/n and monotone decrease between
the jumps. See Figure 1 for an example.

Consider again the case when np = m is an integer, illustrated by the local maxima
in Figure 1. Vasek Chvatal (personal communication) made the following conjecture,
based on numerical experiments.

Conjecture 1.1 (Chvatal). For any fized n > 2, as m ranges over {0,...,n}, the
probability ¢m = P(Bi(n,m/n) < m) is smallest when m is the integer closest to
2n/3.

The purpose of the present paper is to show that this conjecture holds for large n.
Moreover, at least for large n, the probabilities ¢,, are inverse unimodal, i.e., have no
other local minimum. (The latter property was partly proved by Rigollet and Tong
[16, (29)], who proved, for any n, that g,, decreases for m < n/2. We conjecture that
also the inverse unimodality holds for all n.)

Theorem 1.2. There exists ng such that Conjecture 1.1 is true for every n = ng.
Moreover, still for n > ng, the difference gm+1 — gm 1 negative when m + % < 2n/3
and positive when m + 3 > 2n/3.
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F1Gure 1. P(Bi(n,p) < np) for n = 30. For integer values of m = np,
the minimum of P(Bi(n,p) < np) (at m = 20) and the maximum of
P(Bi(n,p) < np) (at m = 10) are marked with dots.

Remark 1.3. By symmetry, i.e., considering n — Bi(n, m/n), it follows that for large
n at least, the probability P(Bi(n,m/n) < m) is largest for the integer m closest to

n/3. O
Remark 1.4. For general p, the value of IP’(Bi(n, p) < np) is asymptotically given
by
. 1 4—2p—6{np} < 1 )
P(Bi(n,p) < np) = - + + 0 , 1.2
(Bi(n, ) 2 2 6+/2mnp(1 —p) np(l —p) (12)

at least provided np(1 — p) > log? n; this is a consequence of Theorem 3.2 and (5.1)
(with & = 1). Cf. Figure 1. See also the explicit related bound by Doerr [4, Lemma
8]. O

Remark 1.5. In principle, it should be possible to calculate all constants in our proof
explicitly, and thus find an explicit value for ng; the conjecture then could be verified
completely (assuming that it holds) by checking all smaller n numerically. However,
we do not believe that this is practical. Presumably, other methods, completely
different from ours, are needed to show Chvétal’s conjecture in general. (We have
verified the conjecture numerically for n < 1000.) O

Our proof of Theorem 1.2 is based on the version for integer-valued random vari-
ables found by Esseen [6] of the asymptotic Edgeworth expansion for probabilities in
the central limit theorem. This is usually stated for a single probability distribution,
but we need to check that the estimates hold uniformly for Bi(n,p) with p in some
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range; hence we discuss this expansion in some detail in Section 3. In particular, we
state in Theorem 3.2 the result that we need in a general form, and prove it in Sec-
tion 4. We return to the binomial probabilities in Section 5, and prove Theorem 1.2
in Section 6.

Remark 1.6. See Brown, Cai and DasGupta [3] for another aspect, with statistical
implications, of the oscillations of binomial probabilities; they too use Edgeworth
expansions with more than one term. ]

2. PRELIMINARIES

2.1. General notation. We let {z} := x — || denote the fractional part of a real
number z; thus {z} € [0, 1).

(™) denotes the mth derivative of a function f, with f(© := f.

A random variable X has span d if it is concentrated on a set xy + dZ for some
real zg, and d is maximal with this property.

C' and c denote unimportant constants, in general different at different occurrences.
The “constants” may depend on some given parameters, given by the context; we
sometimes write e.g. C} to emphasize that C depends on a parameter k, but this is
omitted when not necessary.

2.2. Special notation. We introduce here the notation needed for the expansions
in the following sections. See further Esseen [6, Chapters III-IV] and Petrov [15,
§VL1].

Let X be a random variable. (X will be regarded as given. Most quantities defined
below depend on the distribution of X, although we for simplicity do not show this
in the notation.) Denote its mean by u := E X, its central absolute moments by
B; :=E|X — u}’, and its cumulants by v, (when they exist, i.e., when E|X|? < c0).
Also, let 02 = 83 = vo = Var X be the variance of X, and define the scale-invariant

B
i
Aji= prd (2.2)
Each cumulant v;, j > 2, can be expressed as a polynomial in central moments of
orders 2,...,7, and it follows, using also Holder’s inequality, that
151 < C;B; (2.3)
and thus
[Ajl < CjA;. (2.4)
Furthermore, Holder’s inequality also easily yields, for 2 < j < k,
1= Ay <AV <)/ 02, (2.5)
Define polynomials Pj(u), j > 1, by expanding the formal power series

z+2 i i G j
exp (Z it ut2z ) =1+ ]Z:;Pj(u)zj (2.6)

Note that Pj(u) is a polynomial of degree 3j; moreover,

37
Z wiru’, (2.7)

r=j+2
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where each coefficient w;, is a polynomial in Ag, k = 3,...,j+2. In particular, Pj(u)
is well-defined provided E | X |?T? < co. Furthermore, w;, = 0 unless 7 — j is even.
Let ®(x) be the distribution function of the standard normal distribution, so that

d 1 2
_ L —z</2
—dxfb(x) = ¢(x) := me .

Define Q;(x) as the function obtained from P;(u) by replacing each power u” by

(2.8)

(1)@ (z) = (-1)" L ®(x), ie.,
33 3j
Qj(x):= Y (~1)wp®(@) = > (=)@ V() (2.9)
r=7+42 r=7+2
37
=—¢(x) Y wjpH,1(z), (2.10)
r=j+2

where H,.(x) are the Hermite polynomials (in the normalization natural in probability
theory, i.e., orthogonal w.r.t. the standard normal distruibution); see e.g. [13, (18.5.9)]
(there denoted He,(x)) or [15, p. 127].

Define also periodic functions ., r > 1, by their Fourier series

o0 627rkzi
Yp(2) = k_z PIenT (2.11)
B0

Note that for r > 2, the series (2.11) converges absolutely and defines a continuous
periodic function with period 1. However, for » = 1, the series is only conditionally
convergent; in fact it is the Fourier series of 3 — {z}. (It follows from standard
results that the series converges for every z, but we do not really need this.) Hence,
¥1(x) has a jump 1 at every integer. For later convenience, we redefine ¢; to be
right-continuous; thus we define

o (2) ;Z%—{x}:%—xﬂmj, rER, (2.12)

noting that for r = 1, (2.11) holds only for non-integer x. Note also that, for any
r>1and z € R,

Un(e) =~ B () (213)

where B,(z) denotes the Bernoulli polynomials, see e.g. [13, (24.8.3)]. In particular,
13, (24.2.4)],

1 1
4r(0) = =1 B.(0) = 1 B, (2.14)
where B, denotes the Bernoulli numbers. Recall that B; = —%, By = % and By =

0 for j > 1.

Remark 2.1. Note that ¥,.(z) = (=1)""'h,Q,(z) (where h, = £1) in the notation
of [6, p. 60—61]. We prefer the choice of signs in our definition, but this is only a
matter of taste. g

3. THE BASIC EXPANSION THEOREM

Esseen [6, Theorem IV.4] proved the following. More precisely, Esseen’s result is
(3.4); the version (3.5) follows immediately by applying (3.4) with k+ 1 instead of .
(We prefer this, weaker, version for our generalization in Theorem 3.2.)
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Theorem 3.1 (Esseen [6]). Let X, X, Xs,... be i.i.d. integer valued random vari-
ables with span 1 and let S, := ;" | X;. Let k > 1 be an integer and suppose that
E|X|¥+2 < oo. With notations as above, define

k
Uy i(z) = 0(x) + > n7/2Q;(x) (3.1)
j=1
and
i l
5 e(@) = (@) + D ()20 g (np + 2o /) B (). (3.2)
=1
Then
P(S, < np+xov/n) = W (x) + Ry p(), (3.3)
where, as n — 00,
sup |Ry, ()| = o(n*k/z). (3.4)
If further E|X|*+3 < oo, then
sup | Ry (x)] = O(n~ "), (3.5)

Theorem 3.1 is stated for a single distribution. We want to apply it to X ~ Be(p),
but then need some uniform estimates for all p, or at least for a large range. It
is no surprise that the proof of Theorem 3.1 yields such uniformity under suitable
conditions, including some uniform moment estimates. For Be(p), the case p € [p1, p2]
for a compact interval [p1,p2] C (0,1) does not cause any difficulties, but we can go
beyond that. We will show the following extension of Theorem 3.1 in Section 4.

Theorem 3.2. Let k > 1. For every ¢ > 0, there ezists a constant C' (depending on
k and ¢ only) such that if X is an integer-valued random variable with E | X |*+3 < oo
and

min{P(X =0),P(X =1)} > co?, (3.6)
and n > 2 is an integer with
ov/n = logn, (3.7)
then (3.3) holds with
k1 E |‘X'|k+3 kt1

sup [ Ry k(z)| < CAgyzn™ 2
x

N

R nooz . (3.8)

Remark 3.3. We defined 11 (z) to be right-continuous so that ¥} ; (v) and Ry, k()
are right-continuous, which enables (3.4), (3.5) and (3.8) to hold for all z, including
integers. (All functions in (3.1)—(3.2) except ¢, are continuous.) O

Remark 3.4. Asremarked by Esseen [6, p. 61], (3.2) contains redundant terms. The
form (3.2) is sometimes convenient (for example in the proof), but it is often more
convenient to modify (3.2) by dropping the redundant terms; we thus define also

k

Uh (@) = Uop(@) + 3 (1) 2o~y (np + 2ov/n) U, (@) (3.9)
/=1

and define a modified remainder term Enk(x) by

P(S, < np+ zoy/n) = Ul (2) + Ry (). (3.10)
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It follows from (3.1) that in Theorem 3.1, this changes V7 ; () and thus R, x(z) by
some terms which are O(n~"/2) for some m > k + 1 so (3.4) and (3.5) still hold
for ]smk(x) With only a little more effort, it can be verified that the same holds
for Theorem 3.2; it follows from Lemma 4.1 below that the removed terms are all
dominated by Ak+3n7%, so (3.8) still holds. (This uses also that oy/n is bounded
below by the assumptions, and the fact that 3; < C;;3; when 2 <7 < j and X is
integer valued.) O

Remark 3.5. Note that Theorem 1.2 is only for random variables with span 1,
and that a uniform version for a family of random variables therefore requires some
uniform condition preventing the variables from being too close to variables with
larger span. We use condition (3.6) which is convenient and turns out to be sufficient;
it can obviously be replaced by more general conditions. (Il

Remark 3.6. The assumption (3.7) in Theorem 3.2 is annoying but not a very serious
restriction. Note that the right-hand side of (3.8) is, since X is integer-valued, at
least C(o/n)~*~1. Hence, if (3.7) is violated, (3.8) would, even if true, only give
a weak bound. We do not know whether (3.7) really is needed. It is possible that
Theorem 3.2 could be proved without this assumption, using the alternative method
of proof in [6, Section IV.4], but we have not pursued this. O

4. PROOF OF THEOREM 3.2

Lemma 4.1. Suppose that £ > 1 and E|X|*? < co. Then, for every m > 0,
|| < Coleya, (4

|Po(u)] < Celpra(lul 2 + [u]*), (4.

Q¢ @) < ComAess, (4

[0 ()] < Cpm (1 + Agran™/?). (4

Proof. Tt follows from (2.6) that wy, is a linear combination of products [, i, +2
with ), (ix+2) =rand ), iy, = £. By (2.4) and (2.5), each such product is bounded
by

Cy H Aik+2 <Oy H AZ_/QE = CyAyyo, (4.5)

k=1 k=1

which yields (4.1). This implies (4.2) and (4.3) by (2.7) and (2.9), noting that ®(x)
and all its derivatives are bounded on R. Finally, (3.1) and (4.3) together with (2.5)
yield

14 L
|\Ij7(:? (x)| < Cm + CE,m Z n_j/QAj-i-Q < Cé,m Z n_j/2Az_/|_Zg
j=1 j=0

< Crm(1+172A010). (4.6)
([l

Lemma 4.2. If X is a random variable with P(X =0) > a and P(X = 1) > a for
some a = 0, then

. a —
‘EeltX} <1-— L2 L e om 2¢2

= L, < (4.7)
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Proof. The assumption implies that Ee*X — a — ae' is the Fourier transform of a

positive measure with mass 1 — 2a. Hence, if |t| <7
|EeitX’ < ’a+ aeit‘ + ‘Eeitx —a— aeit‘ < a‘l + eit‘ +1—2a

_ 1 90=1-2a(1—cos L) =1 — dasin? L
—2a}0082‘+1 2a =1—2a(1 cos2)—1 4a sin 7 (4.8)

and (4.7) follows. O

Proof of Theorem 3.2. We follow the proofs of Theorems 3 and 4 in Esseen [6] (with
d = 1 and thus tp = 27) and mention only the main differences. Note that [6]
considers centred variables, so X; there is our X; — . Let

f(t) :=EetX—1), (4.9)
Fult) o= ESs=m VD) — 01/ /), (4.10)
go(t) :== e 12 4 Z n_j/2Pj(it)e_t2/2. (4.11)
Also, let T := n'"% and replace T3, in [6] by
Ty = /A G, (4.12)

The second inequality in (3.8) is trivial, by the definition (2.1). We may also assume
that Ak+3n_% < 1, and thus 77 > 1, since otherwise it follows from Lemma 4.1

and (2.5) that each term in (3.2) is bounded by CAk+3n7%, and thus (3.8) holds
trivially.
In the range |t| < 77, we have

1

() = go(t)] < CApslt] e/ Bn= 55 (4.13)

by [15, Lemma VI.4] with s = k+3 and m = 0 (which essentially is [6, Lemma III.2a]
with T3, improved to our 7 /4, which can be proved in the same way). Hence, for
the “main term” in the estimate

T () — go(t

/ 1Fn®) = 900N gy  cpy gn= "5 (4.14)
-7 t]

Furthermore, if |t| < mo\/n, then the assumption (3.6) and Lemma 4.2 yield

)] = |F(t/(oy/m)[* < e oo U/oVm? = g=et?, (4.15)

Hence,

wo\/n no\/n
/ |th(|t)| dt < / [Fu(®)]dt < CeF < Ty ™ = Chpagn ™7 (4.16)
Ty T

The integral fTU‘F lgo(t)|/]t| dt has the same estimate. Consequently, by (4.14) and
(4.16),

mo/n _
/ Hn®) =900l 4y o gn"5. (4.17)
—mo\/n ’t’

The same arguments yield also

TV k1
[ 150 - o0l d < a5 (1.18)

—mo\/n
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Using the estimates (4.17) and (4.18), the rest of the proof is essentially the same as
n [6]. One of the terms, generalizing I;, on [6, p. 58-59)], is

TV £ () — golt C
—roym |t +2mjoy/n ljlov/n

where we use (4.18). This term exists for all integers j # 0 with (2[j| — 1)moy/n <

T=n's , and thus the sum of them is bounded by

C k41 logn _k+1
2 Z WAk+3n 2 K CO_ Ak-+3n 2 (420)

this is the reason for our assumption logn < o+/n, which leads to an estimate
k
CA]H_gTL_# for (4.19) too. The remaining terms give no problems. (|

5. EXPANSIONS FOR THE BINOMIAL PROBABILITIES

Taking z = 0 in (3.9)—(3.10), we obtain

k
P(Sn < npr) = Ui (0) + Y (=10~ 20 4y () 0, _,(0) + Ry(0).  (5.1)

If furthermore nu is an integer, this yields, using (2.14) and By := 1, and for conve-
nience defining Qo(z) := ®(z),

Kk
P(Sn < np) = )+ (-1 P, 0) ) 4(0) + R 1(0)
/=1
k k=t
_ B =

Zzn J+Z)/2 f(é)'ngz)(O) + Rn,k(o)

=0 j=0 ’

15 ¢ =

S+ n Za EUB00 0) 4 Ru(0). (5.2)
m=1 =

Since ¢(x) is an even function, all its odd derivatives vanish at 0, and since w;, = 0
unless j = r (mod 2), it follows from (2.9) that Qy) (0) = 0 when j = ¢ (mod 2)
(except when j = ¢ = 0). Hence, all terms in (5.2) with m even vanish.

Remark 5.1. For P(S,, < nu), we have the same formulas with 1 (x) replaced by
its left-continuous version ;(z—). (All other appearing functions are continuous.)
In (5.2), this means that the sign is changed for the terms with ¢ = 1; all other terms
remain the same. U

We specialize to X ~ Be(p), with 0 < p < 1, so S, ~ Bi(n,p). All moments exist,
and we have 02 := p(1—p). Furthermore, 3; := E |X —p|/ < B2 = 0?; hence, recalling
(2.1) and (2.4),

’/\j‘ < CjAj < CjO’Qij. (53)
The condition (3.6) holds with ¢ = 1 for all p. Hence Theorem 3.2 applies provided
np(l —p) > logn, (5.4)
and then yields, together with Remark 3.4 and using (5.3),
~ _kt1 C C
| Rk (2)], [ Ry (2)| < CpApyan™ 2 < . = i (5.5)

(no2)*k+1/2 " (pp(1 — p))k+1)/2
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We use (5.2) with k& = 4 and obtain, when np is an integer,

P(S,, < np) = % + ha(p)n Y2 4+ hy(p)n 3% + O((np(1 — p))~*/?), (5.6)

where, after some calculations using (2.10) and (2.6) after finding the cumulants
V35 V4,755
1 3 1 2-p
h = 0 _{_7 ! 0 - + - )
1(p) = @10) 20@0( ) 6v2mo3  2v2mo  3v/2m/p(1 —p)
(2—p)(p* +23p — 23)

hofp) = Qu(0) + 5 Q4O) + 1y QH(0) = ST TER S (ss)

Recall that there is no ha(p) or ha(p); the corresponding terms vanish as said above.

(5.7)

6. PROOF OF THEOREM 1.2
We now prove our main result.

Proof of Theorem 1.2. The main idea of the proof is to estimate ¢+1 — ¢m using
the estimates above, in particular (5.6), but the details will differ for different ranges
of m. We write p,,, := m/n. We sometimes tacitly assume that n is large enough.
C4, Cy, Cg will denote some large constants.

Recall hy(p) and h3(p) given in (5.7)—(5.8). A simple differentiation yields

/ _ 3p—2
M) = 6v2m(p(1 — p))3/2

Note that h)(p) = 0 for p = 2/3, with h/(p) < 0 for 0 < p < 2/3 and h/(p) > 0 for
2/3 < p < 1; this is the fundamental reason for the behaviour shown in Theorem 1.2,
although we also have to treat error terms.

There is no need to calculate hf(p) exactly; it suffices to note from (5.8) that

ny(p) = O((p(1 —p))~*?). (6.2)

We treat several cases separately.

(6.1)

Case 1: 2log’n < m < n — 2log?n.  Both p,, and p,,,1 satisfy (5.4); hence
Theorem 3.2 applies and yields (5.6) for both. By subtraction and the mean value
theorem, we obtain, for some pl,,, !, € [Pm,Pm+1], recalling that pyi1 — pp = n 1
and using (6.1)—(6.2),

1 — Gm = By (D)0~ + Wy (0 )n ™2 4+ O ((npm (1 = pm)) %) (6.3)
3pm —2+0(1/n), ’\\—3/2 —5/2
6/on (70 (1 = 1)) ((npm (1 = pm)) 7). (6.4)
Case 1a: 2log?n < m < n/2. In this subcase, (6.4) yields
Gm+1 — Gm < —C(npm)_3/2 + O((npm)_5/2) <0, (6.5)

provided n and thus np,, = m is large enough.
Case 1b: n/2 < m < 2n/3 — C;. In this subcase, (6.4) similarly yields

3C
Gm+1 — Qm < _6\/21—77_07175/2 + O(Tl75/2) < 0, (66)

provided C1 is chosen large enough.

Case 1c: 2n/3 + Cy < m < n —2log?n. Similar arguments as in the two preceding
subcases yield ¢pn4+1 — ¢m > 0.
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Case 1d: 2n/3 — C; < m < 2n/3 4+ Cp.  This is the most delicate case, since
Pm — 2/3 = O(1/n) and the three terms in (6.3) all are of the same order. We thus
expand one step further and use Theorem 3.2 with k = 6; this yields, again using
(5.2),
1
Gm =5 + hi(prm)n 2 + ha(pm)n ™% + hs(pm)n ™2 + O (n~7/?), (6.7)
where we note that hs(p) is a differentiable function of p. (It can easily be calculated,

but we do not need this.) Taylor expansions yield, recalling h‘ll(%) =0,

o= 3+ 1@+ L) o~ P 4 G
2 (o — 202 4 B ()02 4 O (nT/2)
=G(n)+ H(m - 27”L/3)n_5/2 + O(n_7/2), (6.8)
where we define
G(n) := % + hl(%)n_l/z + hg(%)n_?’/2 + h5(%)n_5/2, (6.9)
H(z) := %h’{(%)xz + 5 (3)z. (6.10)

The formula (6.8) holds for m + 1 too, and thus
Gm+1 — Gm = (H(m+1—2n/3) — H(m — 2n/3))n""* + O(n""/?)

2 1
= (W3 (m=F +3) +H(3))n 20T (G11)
A calculation yields
y 27
= — 1
MC/) = 5 (612)
/ o 9 o i "
hs(2/3) = TN 15h1(2/3). (6.13)

Since the ratio 1/15 < 1/6, it follows from (6.11) that if m < (2n — 2)/3, then
Gm+1 — gm < 0, and if m > (2n — 1)/3, then ¢n4+1 — ¢m > 0, for large n.

Case 2: m < 2log?n. As said in the introduction, Rigollet and Tong [16, (29)]
showed that (for every n) gm—1 = ¢m, and their proof actually gives g,—1 > ¢, for
m < n/2. Alternatively (for large n), we can argue using Poisson approximation as
in the next case; we omit the details.

Case 3: m > n—2log®n. Define ¢/, := P(Bi(n,m/n) < m). By symmetry, 1 — gy, =
q,_n; hence the claim ¢, < ¢m11 is equivalent to ¢/, < ¢/, for m < 2log?n.

We use Poisson approximation of the binomial distribution. It is well-known, see
e.g. [1, Theorem 2.M] that the total variation distance between Bi(n,p) and Po(np)
is less than p, and thus, in particular,

|}, — P(Po(m) < m)| < drv(Bi(n, pm), Po(npm)) < pm. (6.14)
We estimate P(Po(m) < m) by Theorem 3.2 (or Theorem 3.1) applied to X ~ Po(1).
This yields, using (5.2) and Remark 5.1,
1 1 23
P(Po(m) <m) = = — ——m Y2 - 2 __
( (m) ) 2 3V2m 27021
Combining (6.14) and (6.15) we find, for m > 2,

m=3% 4 0(m=?). (6.15)

m™3? 4 O(m_5/2) + O(m/n). (6.16)

/ / _
dm Am—1 6\/%
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This shows that ¢}, > ¢/,_; for C3 < m < 2log?n and n large. (In fact, for Cy <
m < cn?/%))

In the remaining subcase m < Cs, ¢,_; < ¢, follows from (6.14) and Lemma 6.1
below.

These cases cover all m, which completes the proof of Theorem 1.2. O

The proof used the following lemma, of independent interest. It gives two Poisson
versions of the inequality mentioned above for the binomial distribution shown by
Rigollet and Tong [16]. We use their method of proof.

Lemma 6.1. For every integer m = 0,

1
P(Po(m) <m) <P(Po(m+1) <m+1) < 3 (6.17)
P(Po(m) < m) >P(Po(m+1) <m+1) > 3 (6.18)
Proof. We may assume m > 1. Consider a Poisson process with intensity 1 on (0, co0)
and denote its points by 71 < T5 < .... The number of points in [0,m] is Po(m),
and thus Po(m) < m <= T,, > m. The distribution of T}, is I'(m), and thus
00 tmfl
P(Po(m) < m) = B(Ty, > m) = /m e (6.19)

Hence,

P(Po(m) < m) —P(Po(m +1) < m+ 1)

o tm 1 oo tm
/ e tdt — / —etdt
m m+1 T
00 tm— 1 tm m—+1 tm
/ 7€_t — 76_15 dt + / 76_15 dt
m \(m—1)! m! m m'

m m+1 tm m+1 the—t _ gyme—m
[m,e—troJr/ 'e_tdt:/ € TTME dt<o0, (6.20)

since t™e~t is decreasing for ¢ > m. Similarly,

P(Po(m) < m) —P(Po(m +1) < m+1)

= / e tdt — / et dt
m m' m+1 (m + 1)'

oo /ym gl m+1 g+l
= / e ——— B [ +/ — e tdt
m o \m! (m+1)! m (m+1)!

m—+1 tm+1 —t _ m+1_—m
_ € "M °  gt>o, (6.21)
m (m+1)!
since t"™*t1e~ is increasing for t < m + 1. O
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