CONDITIONED GALTON-WATSON TREES:
THE SHAPE FUNCTIONAL, AND MORE ON THE SUM OF
POWERS OF SUBTREE SIZES AND ITS MEAN
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ABSTRACT. For a complex number «, we consider the sum of the ath powers
of subtree sizes in Galton—Watson trees conditioned to be of size n. Limiting
distributions of this functional X, (o) have been determined for Re  # 0, revealing
a transition between a complex normal limiting distribution for Rea < 0 and a
non-normal limiting distribution for Rea > 0. In this paper, we complete the
picture by proving a normal limiting distribution, along with moment convergence,
in the missing case Rea = 0. The same results are also established in the case
of the so-called shape functional X, (0), which is the sum of the logarithms of all
subtree sizes; these results were obtained earlier in special cases. Additionally,
we prove convergence of all moments in the case Rea < 0, where this result was
previously missing, and establish new results about the asymptotic mean for real
a<1/2.

A novel feature for Rea = 0 is that we find joint convergence for several a to
independent limits, in contrast to the cases Re a # 0, where the limit is known to
be a continuous function of a. Another difference from the case Rea # 0 is that
there is a logarithmic factor in the asymptotic variance when Re a = 0; this holds
also for the shape functional.

The proofs are largely based on singularity analysis of generating functions.

1. INTRODUCTION AND MAIN RESULTS

This paper is a sequel to [5]. As there, we consider a conditioned Galton—Watson
tree 7, of size n, and the random variables

Xn(a) := Fa(Tn) == Y [Tonl® (1.1)

vE€ETn

where 7, is the fringe subtree of 7, rooted at a vertex v € 7Ty, i.e., the subtree
consisting of v and all its descendants. This is a special case of what is known as
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an additive functional: a functional associated with a rooted tree 1" that can be
expressed in the form

F(T) = £(T) (1.2)
veT
for a certain toll function f. Thus, F, is the additive functional on rooted trees
defined by the toll function fo(T") := |T'|*. As in [5], we allow the parameter « to
be any complex number; this is advantageous, even for the study of real «, since it
allows us to use powerful results from the theory of analytic functions in the proofs,
and it also yields new phenomena for non-real «, for example Theorem 1.4 below for
purely imaginary «. (See further Section 2 for the notation used here and below.)
In [5], it is assumed that the conditioned Galton-Watson tree 7, is defined by
some offspring distribution ¢ with E€ = 1 and 0 < 02 := Varé < oo. The main
results are limit theorems showing that then the random variables X,,(a) converge in
distribution after suitable normalization. The results differ for the two cases Rea < 0
and Rea > 0: Typical results are the following (here somewhat simplified), where

Xo(a) := Xp(a) — E X, (a). (1.3)
For further related results, and references to previous work, see [5].

Theorem 1.1 ([5, Theorem 1.1]). If Rea < 0, then
n 12X, (a) -5 X(a), (1.4)

where )?(a) s a centered complex normal random variable with distribution depend-
ing on the offspring distribution &.

Theorem 1.2 ([5, Theorem 1.2]). If Rea > 0, then
n 2 X, () -5 0V (), (1.5)

where Y () is a centered random variable with a (non-normal) distribution that
depends on a but does not depend on the offspring distribution &.

Note the three differences between the two cases:

(i) the normalization is by different powers of n, with the power constant for
Rea < 0 but not for Rea > 0;

(ii) the limit is normal for Re o < 0 but not for Re v > 0;

(iii) the limit distribution is universal for Rea > 0 in the sense that it depends
on ¢ only by the scale factor 0—!, but for Rea < 0, the distribution seems to
depend on the offspring distribution £ in a more complicated way. (In the latter
case, the distribution is complex normal, so it is determined by the covariance
matrix of (Re X(a),Im X (a)); a complicated formula for covariances is given in
[5, Remark 5.1], but we do not know how to evaluate it for concrete examples,
not even when a < 0 is real and thus X (a) is a real random variable.)

The results above leave a gap: the case Rea = 0, and the main purpose of the
present paper is to fill this gap, and to compare the results with the cases above. The
case a = 0 is trivial, since X,,(ar) = n is non-random. (If & = 0, then each vertex v
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of the tree contributes |7, ,|* =1 to (1.1).) However, in this case we instead study
the derivative

=Y log|Tuul =log [ 1700l (1.6)

vETn vETn

which is known as the shape functional. This functional was introduced by Fill [3] in
the (different) context of binary search trees under the random permutation model,
for which he argued that the functional serves as a crude measure of the “shape” of
a random tree, and then studied in some special cases of simply generated trees in
e.g. [16; 19; 7; 4; 1], see Section 3.

Another gap in [5] is that moment convergence was proved for Rea > 0 (Theo-
rem 1.2) but not for Rea < 0 (Theorem 1.1). We fill that gap too.

For technical convenience, we assume throughout the paper the weak extra mo-
ment condition

E &2+ < oo, (1.7)

for some § > 0; we also continue to assume E£ = 1. We let 7 be an unconditioned
Galton—Watson tree with offspring distribution &, and define, for complex a with
Rea < 1

29

p(er) :==E[T]* Zn P(|T| = n), (1.8)
i =4/ (0) = Elog |T| = Zp(m = n)logn. (1.9)
n=1

(The sum (1.8) converges for Rea < 3, since P(|T| =n) = O(n~3/2); see (2.25).)

Our main results are the following. Note that X/ (0) is a real random variable,
while X, (it) and X,,(«) for o ¢ R are non-real except in trivial cases. As said above,
special cases of Theorem 1.3 have been proved by Pittel [19], Fill and Kapur [7], and
Caracciolo, Erba, and Sportiello [1].

Theorem 1.3. Assume (1.7) with § > 0. Then,
X40) ' 4,
vnlogn

together with convergence of all moments.

N(0,4(1 —log2)o~?) (1.10)

Theorem 1.4. Assume (1.7) with § > 0. Then, for any real t # 0,
Xp(it) — pu(it)n 4

— 1.11

noan Git (1.11)

together with convergence of all moments, where (i is a symmetric complex normal
variable with variance

12 1 F(lt — %) —2
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Theorem 1.5. Assume (1.7) with § > 0. Then, for any complex o with Rea < 0,

X"(a)\/_ﬁ”(a)” 4 X() (1.13)

together with convergence of all moments, where )/(\'(a) s a centered complex normal
random variable with positive variance and distribution depending on the offspring
distribution &. Hence, (1.4) holds with convergence of all moments.

Remark 1.6. By “convergence of all moments”, we mean in the case of complex
variables, Z,, say, convergence of all mixed moments of Z,, and Z,,, which is equivalent
to convergence of all mixed moments of Re Z,, and Im Z,,. Since we have conver-
gence in distribution, this is by a standard argument using uniform integrability also
equivalent to convergence of all absolute moments.

Note that, conversely, by the method of moments applied to (Re Z,,,Im Z,,), this
implies convergence in distribution of Z,,, provided, as is the case here, the limit
distribution is determined by its moments. Thus, our proof of moment convergence
provides a new proof of Theorem 1.1, very different from the proof in [5]. ([l

Remark 1.7. Since the statements include convergence of the first moments (to
0), we may in Theorems 1.3—-1.5 replace u'n, pu(it)n, and p(a)n by the expectations
E X/ (0), E X, (it), and E X, (), respectively; in particular, this gives the last sen-
tence in Theorem 1.5. More precise estimates of the expectations are given in (3.11),
(3.20), (4.14), and (5.10). O

Theorems 1.3 and 1.4 combine some of the features found for Rea < 0 and
Rea > 01in (i)-(iii) above. First, the variances in Theorems 1.3 and 1.4 are of order
nlogn. This might be a surprise since it is not what a naive extrapolation from
either Reaw < 0 in Theorem 1.1 or Rea > 0 in Theorem 1.2 would yield, where
the variances are of order n (Rea < 0) and n!*2Re® (Rea > 0); however, it is not
surprising that a logarithmic factor appears when the two different expressions meet.
(Compare for instance the result on the mean of X, («) in [5, Theorem 1.7], or the
discussion of the binary search tree recurrence in [9, Example VI.15, p. 428-429],
where the emergence of similar logarithmic factors is observed.) Secondly, the limits
are normal, as heuristically would be expected by “continuity” from the left, see
(ii). Thirdly, the limits are universal and depend only on o as a scale factor, as
heuristically would be expected by “continuity” from the right, see (iii).

The proofs in [5] use two different methods, which are combined to yield the full
results: (1) methods using complex analysis and the fact that X,,(«) is an analytic
function of «, and (2) analysis of moments for a fixed « using singularity analysis of
generating functions based on results of Fill, Flajolet, and Kapur [4], also presented
in [9, Section VI.10]. In the present paper, we will use only the second method.
We follow the proofs in [5] with some variations (see also [6] and [7]). However,
some new leading terms will appear in the singular expansions of the generating
functions, which will dominate the terms that are leading in [5]; this explains both
the logarithmic factors in the variance (and in higher moments) in Theorems 1.3 and
1.4, and the fact that these theorems yield normal limits while Theorem 1.2 does
not.
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After some preliminaries in Section 2, we first study the shape functional and
prove Theorem 1.3 in Section 3; we then study the case of imaginary exponents
and prove Theorem 1.4 in Section 4; after that, we consider the case Rea < 0 and
prove Theorem 1.5 in Section 5. These three sections use the same method (from
[7] and [5]), and are thus quite similar, but some details differ. The differences arise
partly because X/ (0) is real, while X,,(it) and (in general) X, («) are not; we will
also see that the logarithmic factors in the first two cases appear in the moments in
somewhat different ways, and that there is a cancellation of some leading terms in
our induction for the first and third case, but not for X, (it). For this reason, we
give complete arguments for all three cases, and we encourage the reader to compare
them and see both similarities and differences.

In Section 6 we show how the centering functions (1.8) and (1.9) can be compared
across variation in the offspring distribution when (real) « satisfies o < %

Remark 1.8. The results in [5] show also joint convergence for different o in The-
orems 1.1 and 1.2, with limits X (a) and Y () that are analytic, and in particular
continuous, random functions of the parameter « in the half-planes Rea < 0 and
Rea > 0, respectively. This does not extend to the imaginary axis Rea = 0; we
will see in Theorem 4.2 that X,,(«) for different imaginary « are asymptotically in-
dependent (for Im e > 0), and thus it is not possible to have joint convergence to a
continuous random function. O

Remark 1.9. Let o = s+it, where ¢ is real and fixed, and let s \ 0. (Thus s > 0 is
real.) It is shown in [5, Appendix D] that if ¢ # 0, then the limit Y (s + it) diverges
(in probability, say) as s \, 0, and that s/ 2}7(8 + it) 4, ¢, where ( is a symmetric
complex normal variable with

1 I(it — 3

Re ( - 2)

2\ /7 ['(it)
(However, unfortunately there is a typographical error in [5, (D.2)], see the cor-
rigendum to [5] for a correction.) Similarly, it is shown in [5, Appendix C] that
s™12Y (s) N N(0,2(1 —log?2)) as s \, 0; in particular s~V (s) diverges.

These results may be compared to Theorems 1.3-1.4; note that the limits are

the same, except that the variances in both cases differ by a factor 1/2 (which of
course depends on the chosen normalizations). Both sets of results can be regarded
as iterated limits of X,,(s + it), taking n — oo and s \, 0 in different orders. The
divergence of Y (s + it) as s \, 0 (for fixed ¢ # 0) thus seems to be related to the
fact that the asymptotic variance in Theorem 1.3 is of greater order than n, and
similarly the divergence as s \, 0 of s~1Y (s) (which loosely might be regarded as an

E[¢] =

> 0. (1.14)

approximation of n~1/2X/ (0)) seems related to Theorem 1.4. However, we do not
see why the factors 52 in these limits should correspond to the factor (logn)'/? in
Theorems 1.3 and 1.4 [or more precisely to the factor (2logn)/?, to get exactly the

same limit distributions]. O

We end with some problems suggested by the results and comments above.



6 JAMES ALLEN FILL, SVANTE JANSON, AND STEPHAN WAGNER

Problem 1.10. Is there a simple explanation of the equality discussed in Remark 1.9
of iterated limits in different orders, but with different normalizations? Is this an
instance of some general phenomenon? What happens if s N\, 0 and n — oo simul-
taneously, i.e., for X, (s, + it) where s, \, 0 at some appropriate rate?

The asymptotic independence of X (it) for ¢ > 0 mentioned in Remark 1.8 suggests

informally that the stochastic process (X, (it) : ¢t > 0) asymptotically looks something
like white noise. This might be investigated further, for example as follows.

Problem 1.11. Consider the integrated process fg )an(lu) du. What is the order of
its variance? Does this process after normalization converge to a process with paths
that are continuous in t7

The moment assumption (1.7) is used repeatedly to control error terms, but it
seems convenient rather than necessary.

Problem 1.12. We conjecture that Theorems 1.3-1.5 hold also without the assump-
tion (1.7). Prove (or disprove) this!

2. NOTATION AND PRELIMINARIES

2.1. General notation. As said above, T is a Galton—Watson tree defined by an
offspring distribution ¢ with mean E ¢ = 1 and finite non-zero variance o := Var ¢ <
o0, and we assume E&219 < oo for some 6 > 0. Furthermore, the conditioned
Galton-Watson tree 7, is defined as 7 conditioned on |7| = n. We assume for
simplicity that  has span 1; the general case follows by standard (and minor) mod-
ifications. (Recall that the span of an integer-valued random variable &, denoted
span(&), is the largest integer h such that £ € a+hZ a.s. for some a € Z; we consider
only £ with P(§ = 0) > 0 and then the span is the largest integer h such that £/h € Z
a.s., i.e., the greatest common divisor of {n : P(( =n) > 0}.)

In the sequel, I'(z) denotes the Gamma function, ¥(z) := I''(z)/T'(2) is its loga-
rithmic derivative, and v = —(1) is Euler’s constant.

A random variable ¢ has a complex normal distribution if it takes values in C and
(Re(,Im() is a 2-dimensional normal distribution (with arbitrary covariance ma-
trix). In particular, ¢ is symmetric complex normal if further E ¢ = 0 and (Re ¢, Im ()
2/2
CO/ §2O/2
equivalently, E¢ = 0, E¢? =0, and E|¢|? = ¢2. (See e.g. [11, Proposition 1.31].) A
symmetric complex normal distribution with variance ¢? is determined by the mixed
moments of ¢ and ¢, which are given by (see [11, p. 14])

o5y 2o, =,
E[((] = {0’ (ot (2.1)

has covariance matrix ( ) for some ¢% = E |¢|?, which is called the variance;

Unspecified limits are as n — oco. We let —95 denote convergence in distribution.
For real = and y, we denote min(z,y) by z A y.
The semifactorial !! is defined for odd integers ¢ (the only case that we use) by

Mi=1x3x - x =220 (L4 1)/ /m. (2.2)
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Note that (—1)!! =1l = 1.

Throughout, ¢ denotes an arbitrarily small fixed number with ¢ > 0. (We will
tacitly assume that ¢ is sufficiently small when necessary.)

We let C' and ¢ denote unimportant positive constants, possibly different each
time; these may depend on the parameter o (or aq, s below). We sometimes use ¢
with subscripts; these keep the same value within the same section.

2.2. A-domains and singularity analysis. A A-domain is a complex domain of
the type

{z:|z| <R, z#1, |arg(z — 1)| > 6} (2.3)

where R > 1 and 0 < 6 < 7/2, see [9, Section VL.3]. A function is A-analytic if it is
analytic in some A-domain (or can be analytically continued to such a domain).

Our proofs are based on singularity analysis of various generating functions (see
[9, Chapter VI]), using estimates as z — 1 in a suitable A-domain; the domain may
be different each time. In particular, we use repeatedly [9, Theorem VI.3, p. 390] to
estimate error terms when we identify coefficients. All estimates below of analytic
functions tacitly are valid in some A-domains (possibly different ones for different
functions), even when that is not said explicitly.

2.3. Polylogarithms. Li,(z) and Li,,(2) denote polylogarithms and generalized
polylogarithms, respectively; they are defined for « € C and » = 0,1,... by the
power series

Lig(2) = n~ 2", (2.4)
n=1

Ligr(2) := ) _(log n)T%Z (2.5)
n=1

for |z| < 1, and then extended analytically to C \ [0,00) (in particular they are A-

analytic); see e.g. [9, Section VL8]. Note that Liyo(z) = Lis(z). We will also use
the notation

(2) = —log(l — 2) = 3 2 = Lia(2 (26)

L(z):=—1log(l—2) = — = Lij(2). 2.6

We will use singular expansions of polylogarithms and generalized polylogarithms
into powers of 1 — z, possibly including powers of L(z). Infinite singular expansions
of polylogarithms and generalized polylogarithms are given by Flajolet [8, Theorem
1] (also [9, Theorem VI.7]); we will mainly use only the following simple versions
keeping only the main terms.

For any real a, let P, be the set of all polynomials in z of degree < a. In particular,
if a < 0, then P, = {0}. If 0 < a < 1, then every polynomial in P, is constant.
These simple cases are the ones of most interest to us.

We then have, for each a ¢ {1,2,...},

Lio(2) =T(1 — a)(1 — 2)* 1 + P(z) + O(|]1 — 2|R*9), (2.7)
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for some P(z) € Prea-

Moreover, in our proofs we will often go back and forth between expansions in
powers of 1 — z (including powers of L(z)) and expansions in (generalized) poly-
logarithms, using the following simple consequence of the singular expansions of
generalized polylogarithms, proved in [7]. (Here slightly simplified.)

Lemma 2.1 ([7, Lemmas 2.5-2.6]). Suppose that Rea < 1. Then, for each r > 0,
in any fixed A-domain and for any € > 0,

Lias(2) = Y prj(a)(1 = 2)*'L(z) +er(@) + O(I1 = 2[%79),  (2.8)
5=0

for some coefficients p, j(a) and c,(a), with leading coefficient
pror(a@) =T(1 —a). (2.9)
Conversely,
(1= 2 L) = 3 prg(@) Liag(2) + n(a) + 011 — 2[fe0=) (2.10)
§=0
for some coefficients pyj(a) and é (o), with
Prr(cr) = PT,T(O‘)_l =T(1-a)". (2.11)

Remark 2.2. The lemmas in [7] are stated for real «, but the proofs hold also
for complex a. Moreover, the results extend to a with Rea > 1, assuming « ¢
{1,2,...}, provided the error terms O (|1 — z[®¢*~¢) are replaced by O(|1 — z|) when
Rea > 1. g

2.4. Hadamard products. Recall that the Hadamard product A(z) ® B(z) of two
power series A(z) =Y 7 ja,2z" and B(z) =Y 2 byz" is defined by

A(z) ©® B(z) == Z anbnz". (2.12)
n=0
(See e.g. [4] or [9].) As a simple example, for any complex o and S,
Lin(z) ® Lig(z) = Lia48(2), (2.13)
and, more generally, by (2.5),
Liaﬂ"(z) © Liﬁ,s(z) = Lioﬁ-ﬁ,r-ﬁ-s(z)- (2.14)

We note also, for any constant ¢ and power series A(z) = > 7 anz", the trivial
result

c® A(z) = cap. (2.15)

For our error terms, we will use the following lemma; it is part of [5, Lemma
12.2] and taken from [4, Propositions 9 and 10(i)] and [9, Theorem VI.11, p. 423].
(Further related results are given in [4], [9, Section VI.10.2], and [5].)
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Lemma 2.3 ([4;9]). If g(z) and h(z) are A-analytic, then g(z)@h(z) is A-analytic.
Moreover, suppose that g(z) = O(|1 — 2|%) and h(z) = O(|1 — 2|*), where a and b are
real with a +b+ 1 ¢ {0,1,2,...}; then, as z — 1 in a suitable A-domain,

9(z) ©® h(z) = P(2) + O(|]1 — z|****1), (2.16)
for some P(z) € Paypt1-

2.5. Generating functions for Galton—Watson trees. Let p; := P( = k) de-
note the values of the probability mass function for the offspring distribution &, and
let ® be its probability generating function:

d(z) =Ez* = io:pkzk. (2.17)

Similarly, let ¢, := P(|7| = n), and let y denote the corresponding probability
generating function:

y(2) =BT =Y "P(IT| =n)2" = gn2". (2.18)
n=1

n=1

As is well known, then

y(=) = 20 (y(2). (2.19)

Under our assumptions E{ =1 and 0 < Var{ < oo, the generating function y(z)
extends analytically to a A-domain and is thus A-analytic; see [12, Lemma A.2] and
[5, §12.1] (and under stronger assumptions [9, Theorem VI.6, p. 404]). Furthermore,
see again [12, Lemma A.2], there exists a A-domain where |y(z)| < 1, and thus
®(y(z)) is A-analytic, as well as &™) (y(2)) for every m > 1.

We note some useful consequence of our extra moment assumption (1.7); we may
without loss of generality assume § < 1. (Compare [5, (12.5), (12.30), and (12.31)]
without the assumption (1.7) but with weaker error terms, and [9, Theorem VI.6]
with stronger results under stronger assumptions.)

Lemma 2.4. If (1.7) holds with 0 < § < 1, then, for z in some A-domain,

y(z) = 1= V207 (1 - )2+ O(|1 - 2|743), (2.20)
Y (2) = 2*1/20*1(1 — ) V24 0(]1 - 2 2te). (2.21)
2(2) _ o1y o7 (1= 2) V2 4 O(|1 — 2[7573), (2.22)

y(2)
In particular, all three functions are A-analytic.

Proof. That y(z) is A-analytic was noted above, and the estimate (2.20) was shown
in [5, Lemma 12.15]. A differentiation then yields (2.21) in a smaller A-domain, using
Cauchy’s estimates for a disc with radius ¢|1 — z| centered at z (see [9, Theorem VI.8,
p. 419]).

Note that zy'(z)/y(z) is analytic in any domain where y is defined and analytic
with |y(z)| < 1, since then (2.19) holds in the domain and implies that y(z) # 0
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for z # 0, and also that z/y(z) is analytic at 2z = 0. Hence, also 2y/(2)/y(z) is

A-analytic. Finally, (2.22) follows from (2.20) and (2.21). O
By (2.7), and using I'(—1/2) = —2y/7, we can rewrite (2.20) as
V2 18
y(z) = — Lig/o(2) +c+ O(]1 — 2|22
D(-3)o ( )
1
- ﬁLig,/Q(z)Jchro(u—zﬁ%), (2.23)

where (although we do not need it) ¢ = 1 — ((3/2)/Vv2702. Furthermore, by (2.4)
and singularity analysis [9, Theorem V1.3, p. 390], (2.23) implies

1 s 140"
—P(|T|=n)= — n324+0(Mm2"2)=_"_"" ;=32 2.24
i =BT =)= ——— (i) = (224)
Remark 2.5. It is well known that the asymptotic formula
1 1
g =P(|T|=n) = 2toll) of )n_3/2 as n — 0o (2.25)

2ro

holds with a weaker error bound than (2.24), assuming only Var { < oo (and E€ = 1);
see e.g. [18] (assuming an exponential moment), [15, Lemma 2.1.4] or [13, Theorem

18.11] (with 7 = ®(7) = 1) and the further references given there. d

Lemma 2.6. Assume (1.7) with 0 < 6 < 1. Then, for z in some A-domain,
o(y(z)) =1+ 0(|1 - 2|2), (2.26)
¥ (y(2)) =1+ 0(|1 - 2]2), (2.27)
' (y(z)) = 0>+ O(|1 — 2|2), (2.28)

and, for each fited m > 3,

™) (y(2)) = O(|1 — 2|2717%). (2.29)

Proof. The assumption (1.7) implies the estimate, see e.g. [5, Lemma 12.14],
D(z) =2+ 20?1 — 22+ O(J1 — 2[*T°),  |2| <L (2.30)

By differentiation of (2.30), for the remainder term using Cauchy’s estimates for a
disc with radius (1 — |z|)/2 centered at z, we obtain for all z with |z| < 1, and each
fixed m > 3,

P(2)=1—-0*(1—2)+O(|]1 — 2> /(1 - |2])), (2.31)
" (2) 202+O(\1—z\2+5/(1— ]z])2), (2.32)
™ (2) = O(|1 — 2" /(1 — [2])™). (2.33)

For z in a suitable A-domain we have (2.20), and as a consequence, if |1 — z| is
small enough,

el — 22 <1—y(2)| < [1—y(2)| < C|1 — 2|2, (2.34)
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The result follows by (2.30)—(2.34). O

Remark 2.7. In fact, (2.27) holds without the extra assumption (1.7), assuming
only E £? < 0o, because then & is twice continuously differentiable in the closed unit
disc with ®'(1) = 1, and y(2) = 1 — V20 (1 — 2)/2 + o(|]1 — 2|'/?) as is shown in
[12, Lemma A.2], see also [5, (12.5)]. O

3. THE SHAPE FUNCTIONAL

We consider here the shape functional X, (0). Asymptotics for the mean and vari-
ance of this functional were found by Fill [3] in the case of binary search trees under
the random permutation model; these are not simply generated trees. Asymptotics
for the mean and variance were found by Meir and Moon [16] for simply generated
trees under a condition equivalent to our conditioned Galton—Watson trees with &£
having a finite exponential moment Ee’¢ < oo for some r > 0. Pittel [19] showed
asymptotic normality in the case of uniform labelled trees [the case £ ~ Po(1)] by es-
timating cumulants. Fill and Kapur [7] considered uniform binary trees [¢ ~ Bi(2, 3)]
and showed asymptotic normality by estimating moments by singularity analysis, see
also Fill, Flajolet, and Kapur [4]. Asymptotic normality has recently been shown,
by similar methods, also for uniformly random ordered trees [the case & ~ Ge(3)]
by Caracciolo, Erba, and Sportiello [1], who further [personal communication] have
extended the results to arbitrary offspring distributions £ (with E{ = 1 as here), at
least provided that ¢ has a finite exponential moment Ee™ < oo for some 7 > 0.

We will here extend these results to any offspring distribution £ satisfying the
standard condition E£ = 1 and the weak moment condition (1.7) for some § > 0.
We assume without loss of generality that 0 < § < 1. We will use singularity analysis
to estimate moments, in the same way as [7; 4; 1].

In this section, we define (corresponding to [5, (12.46)])

by, :=logn — 1/, n=>=1, (3.1)

where p/ = Elog|T| = > .02 gnlogn as in (1.9), and we let F be the additive
functional defined by the toll function f(7') := bjp. Thus, by (1.6),

F(T) = X,,(0) — t'n. (3.2)
The generating function of by, is, by (2.4)—(2.5) and noting Lip(z) = z/(1 — 2),
B(z) =Y (logn — p/)z" = Lig1(2) — ' Lig(2). (3.3)
n=1

Hence, by Lemma 2.1 (or [9, Figure VI.11, p. 410] with more terms),
B(z)=(1—-2)""L(z) —c(1 —2) "+ O(]1 — 2| 79) (3.4)
=0(]1 - z|71*5).
We define the generating functions, for ¢ > 1,

My(z) :=E[F(T)2T] =Y g E[F(Tn)]2". (3.6)
n=1
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These generating functions can be calculated recursively by the following formula
(valid for any sequence b,,) from [5], where A(2)®¢ denotes the ¢** Hadamard power
of a power series A(z).

Lemma 3.1 ([5, Lemma 12.4]). For every ¢ > 1,

)4
zy'(2) I ™ 4 ol (m)
M _ - B 0 M, oM [6))
g(z) y(z) n;) m Z o, b (z) © [z 4y (Z) L (Z) (y(z))]a
(3.7)
where Z** is the sum over all (m + 1)-tuples (Co, ..., ln) of non-negative integers

summing to £ such that 1 < l1,... Ly < L.

Note that B(2) is A-analytic by (3.3); furthermore, zy/(2)/y(z) and ™ (y(z))
are also A-analytic, see Section 2.5. Hence, (3.7) and induction using Lemma 2.3
show that every My(z) is A-analytic.

It will be convenient to denote the sum in (3.7) by Ry(z). Thus,

Mi(z) = j(()) Re(2). (3.8)

3.1. The mean. We begin with the mean E X7 (0) and the corresponding generating
function M;j(z). The following result includes earlier results for special cases in
[3; 16; 19; 7; 4; 1], but our error term is weaker [since we have the weaker moment
assumption (1.7)]. Recall that ¢(z) := I"(2)/I'(z), and note that

¥(=3) =¥(3) +2=—7 - 2log2+2, (3.9)
see [17, 5.5.2 and 5.4.13].

Lemma 3.2. Assume (1.7) with 0 < 6 < 1. Then, for any € > 0,

' (1
M(2) = —02L(2) + %2(2) +O0(|1 - z\g_a) (3.10)
g
and
V2
EX/,(0) = p'n — “nt/? 4 O(n2=27%9). (3.11)
g

Proof. For ¢ =1, the sums in (3.7) reduce to a single term with m = 0 and ¢y = 1,
and thus, as in [5, (12.29)], using (2.19),

Mi(z) = ngg) - (B(2) @ 2®(y(2))) = zggj;,(zj) - (B(z) ©@y(2)). (3.12)

By (2.14), (2.15), (3.3) and (2.23) we obtain, using Lemma 2.3 and (3.5) for the
error term,

/
Lig/o1(2) — —o— Ligja(2) + c1 + O(|1 — 2[2%279). (3.13)

B(z) 0 y(z) = N

1
\V2mo
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Further, by our choice (1.9) of i/,
(BOY(1) =) bugn =Y gullogn—p')=p' — ' =0. (3.14)
n=1 n=1

By (2.7), we have
Lig/p(2) = D(—=3)(1 = )2 + 2 + O(]1 - 2|). (3.15)

Moreover, by [9, Theorem VL7, p. 408] (or [8, Theorem 1)),
Ligjp1(2) = D(=3)(1 = 2)2L(z) + (-1 (1 = )2 + 3+ O(|11 — 2]).  (3.16)

Hence, (3.13) and (3.15)—(3.16) yield, using (3.14) to see that the constant terms
cancel,

B(z) ©y(2) = P(Q_ﬁ%‘) (1—2)"°L(z) + F/(_"l’)\/%f(_%) (1—2)2 4 0|1 — 2[2+57%)

V2

=~ 2)V2L(2) + V2~ (=)

a

(1—2)"2+0(|1 — 2[2+579).
(3.17)
Finally, (3.12), (2.22), and (3.17) yield (3.10).

Since L(z) = Y7, 2"/n, (3.10) yields by standard singularity analysis, recalling
the definition (3.6),

W EF(Tp) = -0 2n '+ 0(n~175%). (3.18)
Hence, using also (2.24),
V2
EF(Ty) = —~"n/? 4 O(n2757) (3.19)
o
and (3.11) follows by (3.2). O

Remark 3.3. Under stronger moment conditions on the offspring distribution &, we
may in the same way obtain an expansion of the mean E X (0) with further terms.
For example, if E&319 < oo, then the same argument yields

V2 E — 1) -2
E X/ (0)=pu'n— Uﬂnl/Q + €8 30)4(£ ) logn + O(1). (3.20)
In the special case of binary trees, this was given in [7, (4.2)]. Note that the coefficient

of logn in (3.20) vanishes for binary trees, but not in general. O
3.2. The second moment.

Lemma 3.4. Assume (1.7) with 0 < 6 < 1. Then, for any e > 0,

My(z) = 282(1 —log 2)o (1 — 2) " V2L(2) + ca(1 — 2) /2 + o1 - Z|—§+g_s).
(3:21)
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Proof. We use Lemma 3.1 with the notation Ry(z) as in (3.8). For ¢ = 2, Lemma 3.1
shows, using (2.19), that

Ry(2) = B(2)* @ y(2) + 2B(2) © [eM1(2)®'(y(2))] + M1 (2)*®" (y(2)). (3.22)

We consider the three terms separately.
First, by (3.5), (2.20) and Lemma 2.3 (twice), we have

B(2)?0y(z) =B(=)0 (y(z) = 1) =5 + O(|1 — z]%*%). (3.23)

For the remaining two terms, we have to be more careful, since it will turn out
that their main terms cancel.

For the second term, we note first that (3.10) implies M;(z) = O(|1 — 2|7°), and
thus (2.27) yields

ZMy(2)® (y(2)) = Mi(2) + O(J1 = 2]279). (3.24)
Hence, (3.5) and Lemma 2.3 yield
B(z)® [le(z)q)'(y(z))] = B(z) © Mi(z) + c6 + O(\l — z\%_%). (3.25)

This implies, using (3.5), (3.10), and Lemma 2.3 again, followed by (3.3), and recall-
ing LiO,l @L(z) = Lio’l ® Lilyo(z) = Lil’l(z),

B(2) © [zMi1(2) (y())] = 0 2B(2) © L(2) + 7 + O(|1 — 2|2 7)
— —02(Lig1(2) ® L(2) — W' L(2)) + c1 + O(|1 — 2|27%)

=—0?Li11(2) + o 2/ L(z) + 7 + O(|1 — z]%*k).
(3.26)

We use the singular expansion of Lij 1(z):
Liyi(2) = §L%(2) = 7L(2) + es + O(|1 = 2|'79), (3.27)

which follows from [8, p. 380] and is given in [7, p. 96], except that the error term
there should be O(|(1 — 2)L(z)]|), not O(|1 — z|). Consequently, (3.26) yields

B(2) © [:Mi(2)®'(y(2))] = 40 2L (2) + 0 2(v + 1) L(2) + o + O(|1 — 2[27%).
(3.28)
For the third term in (3.22), we have by (2.28) and (3.10), again using M;(z) =
O(|1 - Z|78)7
My (220" (y(2)) = 0*Mi(2)* + O(|1 = 2[37%)
W= ¥(=3)
2
Finally, (3.22) yields, by summing (3.23), (3.28) (twice) and (3.29), recalling (3.9),

1 )
Ro(z) = 2WL(Z) +ein +O(|]1 - 2[27%)

= o 2[%(2) - 2 L(2) + c10 + O(|1 — 2|27%).  (3.29)

= 4(1 —log2)o2L(2) + e11 + O(|1 — 2|27 %). (3.30)
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The result (3.21) now follows by (3.30), (3.8), and (2.22), and replacing € by ¢/2 (as
we may because ¢ is arbitrary). O

This gives the asymptotics for the second moment of the shape functional. Again,
the result includes earlier results for special cases in [3; 16; 19; 7; 1]. Recall from
(3.2) that F(7,) = X, (0) — p/n.

Lemma 3.5. Assume (1.7) with § > 0. Then
E[(X4(0) — 5'n)?] = E[F(T5)?] = 4(1 — log2)o2nlogn + O(n), (3.31)
and thus
Var X,,(0) = Var F(7,,) = 4(1 — log2)o*nlogn + O(n). (3.32)

Proof. We may assume ¢ < 1. The definition (3.6) and the singular expansion (3.21)
yield by standard singularity analysis (using (2.10)—(2.11) or [9, Figure VL5, p. 388])

~ 23/2(1 —log 2)
=
Hence, (3.31) follows by (2.24). Finally, (3.32) follows by (3.31) and (3.19). O

an E[F(T3)?] o3 2 logn + O(n*%). (3.33)

3.3. Higher moments. We extend the results above to higher moments, using the
method used earlier for special cases in [7; 1]; see also [19] for a different method (in
another special case).

We prove the following analogue of [5, Lemma 12.8]. Note that (3.34) is not true
for £ = 1, since the leading power of L(z) in that case is L(z)! by (3.10). (Also (3.35)
fails for £ =1 in general.)

Lemma 3.6. Assume (1.7) with 0 < 6 < 1. Then, for every £ > 2, My(z) is
A-analytic, and, for any e > 0,

1¢/2]
My(2) = 0711 = 2) 37972 37 kg L(2)Y + O(J1 — 2| 2ttatse) (3.34)
j=0

1£/2]
~ . _lp, 1,06
=0~V Ry Liggoga,(2) + O(|1 — 2| 7347 3%379), (3.35)
=0

for some coefficients k¢ ; and K ;. The leading coefficients k%, := Koy in the case
that ¢ = 2k is even are given by the recursion

Ky =2%2(1 — log2), (3.36)
= 2k

H;k = 273/2 Z <21/>"£§’L"£;(k—z)7 k 2 2. (337)
=1

Furthermore,

Rk =Dk — 1) haps = T(k = 3) ki (3.38)
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Proof. Note first that (3.34) and (3.35) are equivalent by Lemma 2.1, and that (3.38)
follows using (2.11).

We use induction on ¢. The base case ¢ = 2 (including (3.36)) is Lemma 3.4, so
we assume ¢ > 3. We follow the proof of [5, Lemma 12.8], mutatis mutandis.

We first note that L(z) = O(]1 — 2z|7¢). Hence, for every ¢ < ¢, the induction
hypothesis and (for the case ¢/ = 1) Lemma 3.2 show that

Mp(z) = O(|1 — 2|20 +279). (3.39)

(Here and in the sequel we replace without further comment, as we may, ce by e,
for any constant ¢ possibly depending on ¢.) Hence, using Lemma 2.6, for a typical
term in (3.7) (with m > 0),

2My, (2) - My, (2)0) (y(2)) = O(|1 — 2|73 Xl amegm) (4 (y(2)))

B O(|1 | ;E Zo)-l— m— 5) m 2’
o1 — 22 E) oy > 3,

N

(3.40)

Since ¢ — {y > m, the exponent here is < 0. Hence, (3.5) and Lemma 2.3 applied ¢
times yield

B(2)?% © [2My, (2) -+ - My, (2)2"™ (y(2))]
_ {O(|1 — z|7%”%£°+%m75), m

2
’ 3.41
O<|1 _ Z|féé+%éo+1+g75) m > 3. ( )

VoA

If m =0, then {5 = ¢ > 3, and if m = 1, then ¢; < £ and thus £y = ¢—/¢; > 1. Hence,
except in the two cases (1) m =1 and o =1 and (2) m = 2 and ¢y = 0, we have
m + £y > 3, and then the exponent in (3.41) is > —%K +1+ g — e. Consequently, by

(3.7)-(3.8),

1 /—1
Ri(z) ={B(z) ® [zM;_1(2)®’ + ( ) 2)My—;(2)®" (y(2))
+O(,1 — o 2l HE ), (3.42)

y (2.27), (3.39), (3.5) and Lemma 2.3, we have, similarly to (3.25),

B(2) © [2Mp—1(2)®'(y(2))] = B(2) © My_y(2) + O(]1 — 2| 3757%). (3.43)
Hence, using also (2.28) and (again) (3.39), we can simplify (3.42) to

Ri(2) = (B(2) ® My_1 () + % > <j> M;(2)My_j(2) + O(]1 — 2| 20+1452),

(3.44)

In the remaining estimates we have to be more careful, in particular since there
will be important cancellations. (This is as in the case ¢ = 2 treated earlier, but
somewhat different.)

Consider first the Hadamard product in (3.44) (the case m = 1 and ¢y = 1 above).
We now use the induction hypothesis in the form (3.35) and obtain by (2.14) and
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(3.3), using again (3.5) and Lemma 2.3 for the error term, and finally rewriting by
2.8)

B(z) © My1(2)

L(e-1)/2]
=07 D Rery(li-g/2501(2) = ' Ui 4(2)) + O(11 =217 BeHi+g—e)
Jj=0
L(e+1)/2] "
=0~ Z Cok Li(4—£)/2,k(2) —|—O(| — 2|~ lovi4+8- )
k=0
L [(¢+1)/2]
=01 —2) 2! Z C%L(z)k LO(1— 2 Ly 9, .
k=0

where the leading coefficient in the sum is, using (2.9) and (2.11),
(2) _ (1) _ = _
Cole+1)/2) = I'(¢/2 - )Ce L(e+1)/2) = D(€/2 = Vg1, (e-1)/2) = Fe—1,[(e-1)/2)-
(3.46)
The leading term in (3.45) is thus
_ _1
o g, (e—1)2) (1 — 2) 72 L(2) WD) (3.47)

Consider now the terms with j = 1 and j = ¢ — 1 in the sum in (3.44). By
Lemma 3.2 and the induction hypothesis, we have

[(£—1)/2]
O'2M1(Z)Mg_1(z) = 0‘_6(1 — Z)_%“_l Z Re—1,5 [—L(Z)j+1 + CL(Z)j]
=0

+O(J1 — 2|2l (3.48)
Note that the leading term in (3.48) cancels (3.47). Consequently, (3.45)—(3.48) yield

2 4

(B(2) ® My_y(2) + % 2. ( 1) My (2)Mo_1(2)
X [(¢-1)/2]
= (1-2)7 30 S LE)P o1 - 23R, (3.49)
k=0

The remaining terms in (3.44) yield immediately, by the induction hypothesis,

— 1£/2]
o _1 s _
22( ) Mg j( ) —Z) S0+1 Z CgllzL(z)k + (| Z| 2Z—I—H— s)
k=0

(3.50)
Finally, (3.44) and (3.49)—(3.50) yield

1£/2]
R(z) = (1-2)7 240" P L(2)) + O(|1 — 2| 73+1+379), (3.51)
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and (3.34) follows by (3.8) and (2.22), which completes the induction step.
It remains only to show the recursion (3.37) for the leading coefficients. If ¢ = 2k

is even, with ¢ > 4, then (3.49) does not contribute to cé‘?k nor thus to kg, and
neither do the terms in (3.50) with j odd. Hence, the argument above yields

Czk k= %Z <2k>0 K2i,i K2k —2i k—i (3.52)
i=1
and thus, recalling again (2.22),
Ko = 27/ Z ( >f€2m/€2k 2i,k—i> (3.53)
which is (3.37). O

The recursion (3.37) is the same as [5, (C.35)], and thus has the same solution [5,
(C.40)], i.e

o _o32(2R) 2k —2)!
W= 2P T ke (3.54)
with, see [5, (C.36)] and (3.36),
di :=2732k3/2 = L(1 — log2). (3.55)

This is what we need to complete the proof of the asymptotic normality of F(T,).

Proof of Theorem 1.3. If £ > 2, then (3.6), the expansion (3.35), (2.5), and standard
singularity analysis yield

0 E[F(To)"] = 07 Ry 1jan' ™2 (log n) /2 + O (n*=3/2(log n) /21 71) . (3.56)
Hence, using (2.24),
E[F(T,)] = 0 V27Rg 120"/ * (log n) /% + O (n'/? (log n) /21 71). (3.57)
Consequently,

E[F(T»)"] LU (=2k+1>3,
(nlogn)t/? o 22 Rok g, £=2k =2

Furthermore, (3.58) holds also for ¢ = 1 (with limit 0) by (3.19).
For even ¢ = 2k, the limit in (3.58) is by (3.38), (3.54), and (3.55), cf. [5, (C.41)],

o2k V2771 Kt = o2 4ﬁ1 (2k)! (2k — 2)! db = g2ko2k (zk)!dif
T(k— 1) T(k—1) (k= 1)kl K

2
— (8d1o~2)"- (2k — 1)1 = (4(1 —log2)0 )" - (2k — 1)1. (3.59)

(3.58)

Consequently, the limits appearing in (3.58) are the moments of a normal distribution
N(0,4(1 —log2)o~?), and thus (1.10) follows by the method of moments. (Recall
that F(7,) = X/(0) — u'n by (3.2).) O
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4. IMAGINARY POWERS

In this section, we consider X, (a) in (1.1) when the exponent « is purely imag-
inary, i.e., Reaw = 0. We exclude the trivial case @« = 0, when X, (o) = n is
non-random. We assume throughout the section that 0 < ¢ < 1 and that (1.7)
holds. As above, ¢ is an arbitrarily small positive number, and we replace ce by ¢
without comment.

We follow rather closely the argument for the case 0 < Rea < 1/2 in [5, §12.4-6],
but we will see new terms appearing that will lead to the dominating terms with
logarithmic factors for the moments; this is very similar to the argument in Section 3,
but we will see some differences. (Notably, there are no cancellations of leading terms
like those in Section 3.)

As in [5, §12.4], we define

by == n" — p(a), (4.1)
with the following generating function (cf. [5, (12.44)] and (2.7), and note Lip(z) =
2(1—2)71):

B(z) = Zb 2" = Li_(z) — p(a) Lig(z) (4.2)
=T+ a)(l —2) 7 —u(a)1—2) "+ 0(1) (4.3)
=0(|1—2™). (4.4)

Let now F(T') = F,(T) denote the additive functional defined by the toll function
fa(T) = b\T| Thus,

Fo(Tn) = Xn(a) — np(a). (4.5)

4.1. The mean. For the mean, we define the generating function

My(2) := E[Fo(T)2"1] Zq E[F, (4.6)
We then have, as in (3.12) and [5, (12.29)],
Malz) = L (B() 0 y(2). (47)

y(2)

Thus M,(z) is A-analytic. Further, we have by (2.13), (4.2), and (2.23), using (4.4)
and Lemma 2.3 for the error term in (2.23), and then using for the second line (2.7)

and ['(—1) = —2/7,

Ba(2) ©y(z) = \/21;0 Lig/a—a(2) — 5;%)0 Liz/a(2) + c1 + O(|1 — 2[3%3)

1 1
= 222 4 2%  p(a) (1 — 2) Y2 4 e+ O(|1 — 2|272). (4.8)
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Further, similarly to (3.14),

(Ba O] y Z ann = Z Qn =K |T| ( ) = 0. (49)

Thus, letting z — 1 in (4.8) shows that 2= (By,®y)(1) =0.
Finally, (4.7), (2.22), and (4.8) yield, using (2.7) again,

My(z) = ———22(1 = 2)™® 4 o 2p(a) + O(|1 — 2|2) (4.10)

Dla—1) .
= 3ymoT(a)

Singularity analysis now yields, from (4.6) and (4.11),

(2) + e+ O(|1 — 2|2). (4.11)

W EIF(T)] = 5 \}02;()) a1 1 O(n-14) (4.12)
and thus, by (2.24),
a—1 1 s
ElFa(Tn)] = I}UF(Q))WM +0(n272) (4.13)
Hence, recalling (4.5),
a—1 5
E Xn(a) = p(a)n + 1}0 o ; n2te 4 O(n23). (4.14)

This agrees with [5, Theorem 1.7(ii)] (proved without (1.7), and by different meth-
ods), except that the error estimate here is smaller.

4.2. Higher moments. For higher moments, we need mixed moments for « and
a = —a. Thus, somewhat more generally, fix a; and as with Rea; = Reas = 0 but
a1 # 0 # ag. We define, for integers £1, £ > 0, the generating function

M[l,gz(z) = ]E[Fal(’]')@lF @2 \T\ an F,, Z1Fa2(7') ]Zn. (4‘15)
Thus M1 = My, and My = M,, are given by (4.7). The functions M, can then

be found by the following recursion, given in [5, (12.75)], for every £,r > 0 with
f4+r>1:

, €+r
T
My, (z) = B, ot
l, Zmlz <£07...7 )(TO,---,Tm) 1<2)

© Bay(2)7° © [2Mey 1y (2) - My, (2)2™ (9(2))], (4.16)

where Z** is the sum over all pairs of (m+ 1)-tuples (Yo, ..., ¥¢y) and (rg, ..., 7y) of
non-negative integers that sum to £ and r, respectively, such that 1 < 4, +7; < £+
for every ¢ > 1. (Note that there are two typographical errors in [5]: the lower
summation limit should be m = 0, and the final qualification “¢ > 1” is missing
there.) It follows by induction that every M, , is A-analytic.
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We define for convenience Ry, (z) as the sum in (4.16); thus

Mgy (z) = Zség) Ry (2). (4.17)

Let us first consider second moments. Taking ¢ = r =1 in (4.16) yields, recalling
(2.19),

Ry1(2) = Bay (2) © Bay (2) ©y(2) + Bay (2) © [2Mo,1(2)2'(y(2))]
+ Bay(2) © [2M1,0(2) 2 (y(2))] + 2M1,0(2) Mo (2)®" (y(2)).  (4.18)
The first term is, by (4.4) and (4.8) (where c2 = 0 by (4.9)) together with Lemma 2.3,
O(1 -2 @O(]1 — 2[*?) = cs + O (|1 — 2|M/?). (4.19)
For the other terms in (4.18), we first note from (4.10) that M; o(2) = My, (2) = O(1)
and Mo 1(z) = Ma,(2) = O(1). Thus, using also (2.27)-(2.28), (4.4) and Lemma 2.3,
we may simplify to
Ri1(2) = ¢5 4 Ba,(2) © Mo1(2) + Bay(2) © Myo(2) + My o(2) Mo (2)0”

+O(|1 - 2°72). (4.20)

Furthermore, (4.10) yields

Mio(2)Mo1(2) =ce(l —2) " +cr(1 —2) %2 4+ cg(l —2) 792 49+ O(|1 — z|%)
(4.21)

We compute the Hadamard products in (4.20) by (2.13), (4.2) and (4.11), using
again (4.4) and Lemma 2.3 for the error term. Together with (4.21), this yields from
(4.20) a result that we write, using (2.7), as

D(ap — 2 Moy — %
) = (2\/(%;%(3)2) i w(%;r(i)l)) Li-a1-az(2)

ool —2) " +en(l—2)7" + (1 —2)"""" + e

+O(|1 - 2272, (4.22)

If a1 + ag # 0, we use (2.7) also on the first term and obtain
Rii(2) =c13(1 = 2)7 7 el —2) " +en(l —2)" " +cuy

On the other hand, if a; + ay = 0, we recall that Lij(z) = L(z), and thus (4.22)
yields

1 F(Ozl — %) —ay —as
R171(Z) = ﬁUQ Re F(al) . L(Z) + 010(1 — Z) + 011(1 — Z) + c15
+O(|1 - 2|°?). (4.24)

We can now obtain M; 1(z) from (4.23)-(4.24) by (4.17) and (2.22). We do not
state the result separately, but proceed immediately to a general formula.
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Lemma 4.1. Let o # 0 with Rea = 0, and take an = o and as = @ = —a. Then,
for each pair of integers £, > 0 with £ +1r > 2, My, (z) is A-analytic and we have,
for some coefficients s ,.; 1 and 3,5, and every e > 0,

Mop(2) =Y stp0(1 = 2)0-PHOL(F L O(J1 - 2|25 =e)  (4.25)
g,k
~ . 1q_p_ s _
=Y Bk Lig_rr) jarjan(z) + O(|1 — 2207702 7e), (4.26)
7,k
where the sums are over integers j and k with —¢ < j <r and 0 < k< LAT.

Furthermore, if £ +r = 1, then (4.25) holds (but not (4.26)).
If £ =r, then the only non-zero coefficients with k =€ =1 are

20—1 %

00 =0 Ty, (4.27)
R L g2
%K,Z;O,Z = F(g — 5) %E,Z;O,Z = ﬁxg, (428)
T2
where »; is given by the recursion
1 T(a—3)
] = Re , 4.29
1 /7271_ F(Oé) ( )
/-1 / 2
i =22y <Z> N ) (4.30)
i=1

Proof. Note first that for £ + r = 1, (4.25) follows from (4.10). (We see also from
(4.11) that (4.26) would hold if we add a constant term; the problem is that Lij(z)
is L(z) and not a constant.)

Assume in the rest of the proof that £ +r > 2. Then the expansions (4.25) and
(4.26) are equivalent by Lemma 2.1; furthermore, for the leading terms, (4.27) and
(4.28) are equivalent by (2.11).

Consider next the case { +r = 2. If (¢,7) = (2,0) or (0,2), we can obtain the
functions Mso(2) and My 2(z) as special cases of Mj 1(z) where oy = g = o and
thus use (4.23) with ay = ap = +a and obtain (4.25) by (4.17) and (2.22). (Now
only terms with & = 0 appear.)

If ¢ = r =1, we similarly use (4.24), (4.17) and (2.22) and obtain (4.25) including
a single term with k = 1, viz. »1.01L(2)(1 — 2)~"/? with 5¢ 101 given by (4.27) and
(4.29).

For ¢ +r > 3, we use induction on ¢ + r. By the induction hypothesis (4.25)
(including the case £ +r = 1 just proved by (4.10)), we have for every (¢,r) with
1<l +r <+,

My o(2) = O(|1 — 2|72+ +3¢), (4.31)
Consequently, for a typical term in (4.16), as in (3.40) and using again Lemma 2.6,

eMy, gy (2) -+ My, o (2)B (y(2)) = O(|1 — Z|—% S (Eitri)+ g m—e g (m) (y(2)))
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_ Jo(j - afatttrtomrotame) - n <, 4.3
(’1 2| %Z+T750*T0)+1+g*5)’ m > 3. (4.32)
Again the exponent here is < 0, and it follows by (4.4) and Lemma 2.3 that
Boq(z)@eo ® Bay (2)°70 © [ZMh,m( ) Moy, (z)q)(m) (y(z))]
Of(l1 = 21— 3 Z—i—r‘) l(éo-i—ro)—ﬁ—lm—a <2
_Jo(1—z" " 7) s (4.33)
O(‘l ‘ +r)+ (€0+ro)+1+2 5) m > 3.

As in the proof of Lemma 3.6, except in the two cases (1) m =1 and ¢y + 19 = 1
and (2) m = 2 and ¢y = r9 = 0 we have m + ¢y + r9 > 3, and then the exponent in
(4.33)is > —5(0+r)+ 1+ % — e. Consequently, by (4.16)—(4.17),

Ry, (2) = EBal( ) © [2Mi—1,(2)® (y(2))] + rBay(2) © [2Mg,—1(2)®' (y(2))]
+ - zM; ;(2)M, —i,r—j(z)q)// (2)
3 (o) ()t 6
+O0(|1 - 2|72 f+r>+1+gfs)' s

As in (3.42)-(3.44) and (4.18)-(4.20), this can be simplified, using (2.27)-(2.28),
(4.31), (4.4) and Lemma 2.3, and we obtain

Ry (2) = {Bq, (2 )QME 1,r(2) +17Bay(2) © Myp—1(2)

+* > <>< ) Mg j(2) + O(|1 — 2|35 =),

0<i+j<l+r
(4.35)

By the induction hypothesis in the form (4.26) and (4.2), using as always Lemma 2.3
for the error term, we have

Bay (2) © My_1,0(2) = 5210k Liga—e—r) 24 ja (%) © (Lica(2) — p(e) Lip(2))
7.k
+O(|1 — 2| 25 <) (4.36)
summing over —(/ — 1) < j < rand 0 < k < ({ —1) Ar. By (2.14), this can be

rearranged as

Zcmk (i) p2jage(2) + O(|1 — 2| 72BN 152 (4.37)

now summing over —¢ < j < rand 0 < k < ({—1) Ar. By Lemma 2.1, this can also
be written

3P (1= ) BN L )k L O (|1 — |73 ), (4.38)
j7k
still summing over /< j<rand 0< k< ({—1)Ar
By symmetry, Bq,(2) ©® My,—1(z) can also be written as (4.38) (with different

coefficients cfg_j &), now summing over —¢ < j <7rand 0 <k <A (r—1).
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Finally, the double sum in (4.35) can by the induction hypothesis (4.25) also be
written as (4.38), summing over —¢ < j <rand 0 < k <A
Consequently, (4.35) yields

RET 20232]k 1— (2 —{— r)/2+]o<L( ) +O(| Z| 5 €+7’)+1+*—€) (4‘39)

summing over —¢ < j < rand 0 < kK < /A r. By (4.17) and (2.22), this implies
(4.25), which completes the induction proof of (4.25)—(4.26).

Now consider the case £ = r > 2. We see that then the only terms above with
k = ¢ = r come from the double sum in (4.35); moreover, they appear only for terms
there with ¢ = j, and we obtain by induction that the only non-zero coefficient in
(4.39) with k = ¢ is, using (4.27),

9 £—1 2 -1 2

D00 = T3 (4) sasoirioioei = 2o =S () s, @a0)

0,0;0,0 9 i 1,4;0,8 220—1,6—1;0,0—1 9 i i l—i :
=1 i

Hence, when deriving (4.25) from (4.39) by (4.17) and (2.22), we also find that the
only non-zero coefficient with & = ¢ is

/-1 2
— - —_ — E * k
0 =220 ége)oz =272 Z <Z> 2 Ay (4.41)

"y

This proves (4.27) and (4.30). O

The recursion (4.30) is the same as [5, (D.6)], and thus has the same solution [5,
(D.10)]

= 2%/ 26((6%_1))%, (4.42)

with, by [5, (D.9)] and (4.29),

1 I'(a—1)
dy ] e Re o)

Proof of Theorem 1.4. We have a = it. If £ +r > 2, then (4.15), (4.26), (2.5), and
singularity analysis yield

I EB[Fo(T) FulTn)' | = an B[Fu(T) Fa(To)'] = O3/ 2(logn)7).  (4.44)

When ¢ = r, we find more precisely

(4.43)

n E[Fa(’ﬁl)e Fa(’ﬁl)ﬁ] = 52.0.0,m P2 (logn)’ + O(n(%*g)/Q(log n)éil). (4.45)
Hence, using (2.24) and (4.28),

{O(n(8+r)/2(log n)é/\r)7 Y 75 r,

o2 F@)%jne(log n)t + O (n*(logn)*~1), (=

E[Fu(To) Fu(To)'] = (4.46)
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Consequently,
{—=—F—~T
E{Fo(Tn) Fol(Tn 0, t#m,
[ 1( : (z+§~)/2) ] { —2%_Vam sy f - (4.47)
(nlogn) o R, t=r2l
Furthermore, (4.47) holds also for £+ r =1 by (4.13).
For ¢ = r, the limit in (4.47) is by (4.42) and (4.43), cf. [5, (D.11)],
g2 V2T = o Aym  £(20 - 2)!% 292
re-1) re—3) (-1
1 I'(a—L1)\¢
= (4dyo2) 0 = 22) .. 4.4
(4d1o2)" -1 <ﬁ02Re B ) -t (4.48)

Consequently, by (2.1), the limits in (4.47) are the moments of a symmetric complex
normal distribution with variance (1.12), and thus (1.11) follows by the method of
moments. (Recall that F,(7,) = X,(a) — p(a)n by (4.5).)

Finally, the claim in (1.12) that the variance is nonzero follows from the same
claim in (1.14) (where the variance is the same up to a factor 02/2), which is shown
in [5, Theorem D.1, as corrected in the corrigendum]. O

4.3. Joint distributions. We can extend the arguments above to joint distributions
of several X, (a) with different imaginary «.. Since we have X, (@) = X,,(«), it suffices
to consider the case Ima > 0. In this case, different X, () are asymptotically
independent, as is stated more precisely in the following theorem.

Theorem 4.2. For any finite set t1,...,t,. of distinct positive numbers, the com-
plex random variables (Xp(ity) — p(ite)n)/v/nlogn converge, as n — oo, jointly in
distribution to independent symmetric complex normal variables Cy, with variances
given by (1.12).

This can be interpreted as joint convergence (in the product topology) of the
entire family {X,(it) : ¢ > 0} of random variables, after normalization, to an (un-
countable) family of independent symmetric complex normal variables (. As said
in Remark 1.8, this behaviour is strikingly different from the cases Rea < 0 and
Rea > 0, where we have joint convergence to analytic random functions of «.

Proof. We argue as above, using the method of moments and singularity analysis
of generating functions, with mainly notational differences. We give only a sketch,
leaving further details to the reader.

For a sequence of arbitrary non-zero imaginary numbers a1, ..., oy (allowing rep-
etitions), define the generating function

May....a(2) = E[Fay(T) - Fay (T)2T1] = " u B[ Fay (Tn) - -+ Fay (T) ] 2" (4.49)
n=1

When ¢ = 1 and 2, these are the same as My, (z) or Mj 1(z) in the notation used
above. The recursion (4.16) extends as follows. We write again

2y'(2)

Moq,n-,az (Z) = y(z)

Ral,...,ag (Z) (450)
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Then, by a straightforward extension of the proof of [5, Lemma 12.4], cf. (4.16),

¢
Ray,...a (2:) = Z % Z Bail (Z) OO BOéiq (Z) © [ZMAI (Z) - Ma,, (Z)CI)(m) (y(z))]
m=0 :
(4.51)

where we sum over all partitions of [¢] := {1,...,¢} into an ordered sequence of
m+1 sets Iy, ..., L, with I, ..., I, neither empty nor equal to the full set [¢] (while
Iy may be empty or equal to [{]), and i; are defined by Iy = {i1,...,i,} and, for
1 < j<m, Aj is the sequence (o : i € I).

As in Lemma 4.1, it follows by induction that for any sequence A = (aq, ..., ap)
of length |A| =¢ > 2,

Ma(2) = seapp(l— 2)OZHL)F £ O(|1 - 2|30-0+2—2) (4.52)
B,k
~ . 1 S _
=Y ZaprLig_gpesn(z) + O(I1 — 22079F279), (4.53)
B,k

where we sum over 0 < k < ¢/2 and all 8 such that —f equals the sum of some
subsequence of A. (The two expansions are equivalent by Lemma 2.1.) The base
case £ = 2 follows from (4.23)—(4.24) by (4.17) and (2.22); note also that (4.52)
(but not (4.53)) holds for ¢ = 1 by (4.10). The induction then proceeds for ¢ > 3
as in the proof of Lemma 4.1; note that the notation has changed slightly: ¢ here
corresponds to £+ r there (so r should now be ignored), and ¢ = ¢y. With these and
other notational changes, (4.31)—(4.33) still hold, and as there the only significant
contributions in (4.51) come from the cases (1) m =1 and ¢ = 1 and (2) m = 2 and
q = 0; it follows as in (4.36)—(4.39) that (4.52) and (4.53) hold for all ¢. Moreover,
we see from (4.36) that for the terms with m =1 and ¢ = 1, and thus |A;| = ¢ — 1,
the index (exponent) k is not increased, and thus by induction these terms only
contribute to k < (¢ —1)/2 < ¢/2. Hence, terms with k¥ = £/2 come only from
the case m = 2 and ¢ = 0 in (4.51), when the sequence A (regarded as a multiset)
is partitioned into two nonempty parts A; and As; each such partition yields the
contribution Mg, (2)Ma,(z) + lower order terms to (4.51). Furthermore, it follows
that contributions to s4.5 with k = £/2 come only from 2A;.8, .k (With j = 1,2)
where k; = |A;|/2. This is obviously possible only when both ¢; := |A;| are even,
and an induction shows, again using (4.23)—(4.24) for the base case ¢ = 2, that the
contribution is non-zero only if A is balanced in the sense that it can be partitioned
into £/2 pairs {a;, —a;}; moreover, we must have 5 = 0. We now write »% 1= s4,01
if A is balanced with |A| = 2k. (We let »c% := 0 if A is not balanced.) For |A| > 4,
we thus obtain the recurrence, from the case m = 2 and ¢ = 0 in (4.51), and recalling
(4.50) and (2.22),

o = 27320 Z i, Hnys (4.54)

summing over all partitions of A into two nonempty sets A; and A, that both are
balanced.
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It follows by induction from (4.54) that if |A| = 2k > 2, then s can be written
as a sum

k
wy = (2_3/20) kot Z H I (4.55)
j=1

where we sum over full binary trees with k leaves, where each leaf is labelled by a
pair [; of indices such that Iy,...,I; form a partition of [2k], and furthermore the
corresponding sets A; are balanced, i.e., a; + ay = 0 if I; = {7,7'}.

Let A = (ou,..., ;) consist of the numbers it; and —it; repeated k; times
each, for j = 1,...,r, where t1,...,t, are distinct and positive; thus |A| = 2k with
k =3, kj. Then there are []; k;! ways to partition A into balanced pairs, and for
each binary tree with k leaves, these pairs can be assigned to the k leaves in k! ways.
Each tree and each assignment of balanced pairs A; gives the same contribution to
the sum (4.55), and we obtain, since there are Cy_1 = (2k — 2)!/(k!(k — 1)!) full
binary trees with k leaves,

_ k-1 (2k — 2)! + L
iy = (27°%0) = IT [(%j{kiitj}) Tkl (4.56)
st

Let o2 be the variance of (i in (1.12). For the case A = {it, —it}, Lemma 4.1
applies and we have by (4.27) and (4.29), in the present notation,

My = 271257152, (4.57)
Hence, (4.56) yields

* _ o—2k+3 _1(2k = 2)! . 2kj ;.
oy =2 20 = ]1;[1 (aitjj kﬂ) . (4.58)

Since 224,01 = I'(k — %)*1%2, we finally obtain from (4.53), using (2.24), that

n_kE[Fm (7;1) o 'Fagk (7;1)} - 2_2k+2\/EF(k(_2k1)_<:)i 1)' H (Ui&fj kj!)
2 T =1

- H (oft’jf'k;j!) : (4.59)
j=1

which equals the corresponding mixed moment E((q, -+ Cayy) = [;E ]Citj|2kﬂ', see
(2.1). Similarly, all mixed moments with unbalanced indices converge after normal-
ization to 0. Hence, the result follows by the method of moments. ([

Note that the combinatorial argument in the final part of the proof (restricted
to the case r = 1) yields an alternative proof that the recursion (4.41) is solved by
(4.42)—(4.43). Conversely, the argument above without detailed counting of possi-
bilities shows that the left-hand side of (4.59) converges to ¢ times the right-hand
side, for some combinatorial constant ¢, not depending on ki, ...k,. Since (4.47)
shows that the formula is correct for » = 1, we must have ¢, = 1, and thus (4.59)
holds.
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5. NEGATIVE REAL PART

In this section, we consider the case that « in (1.1) has negative real part. Applying
the same approach as in previous sections, we prove convergence of all moments for
the normalized random variable. As before, we assume throughout the section that
(1.7) holds with 0 < § < 1. Again, we set

by == n" — p(a), (5.1)

with the generating function
B(z) = Zb 2" = Li_o(2) — p(a) Lig(2). (5.2)

In contrast to Section 4, the term u(a) Lig(2) = p(a)z(1 — 2)~! now dominates. For
later convenience, we let 7 := min(— Re, §/2), and note that 0 <7 < 3 (assuming
again d < 1 as we may). Then (2.7) implies

B(z) = —p(a)(1—z)"' + O(|1 — 2|7117). (5.3)

This is even true for o € {—1, —2,...}, where logarithmic terms occur in the asymp-
totic expansion of Li_,, due to the aforementioned fact that n < %

Once again, we let F(T) = F,(T) denote the additive functional defined by the
toll function fo(7T') := bjp|, so that

Fu(To) = Xu(a) - npa(a). (5.4)

5.1. The mean. We use the same notation for the generating function of the mean
as in Section 4, i.e.,

My (2) := E[F,(T)271] Zq E[F, : (5.5)
and note that (4.7) still holds:

Malz) = 22 (B() 0 y(2). (5.6)

Thus M,(z) is still A-analytic. In analogy with (4.8), we now have

Ba(2) ©y(2) = \/2170 Lig/z—a(z) - 5%1413/2(@ Fer+ 0|1 —2[23)

— 21267 () (1 — 2) 2 4 e + O(|1 — 2[2+7). (5.7)
Moreover, (4.9) still holds, so ¢z = 0. Combining this with (2.22) now yields
My(z) = o 2p(a) + O(|1 — 2|"). (5.8)
Applying singularity analysis and (2.24), we find that
E[Fa(T,)] = O(n27") (5.9)

or equivalently

E X, (a) = pla)n+O(n271). (5.10)
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5.2. Higher moments. As in Section 4.2, we consider the mixed moments of
F,,(Tn) and F,,(7,) for two complex numbers a; and g that are now both as-
sumed to have negative real part. In particular, this includes the special case that
ag = a@y. We are thus interested in the generating function

My, 4,(2) :== E[F,, (T)ZlFaz(T)@z'Tl] (5.11)

for integers £1, 42 > 0, cf. (4.15). In particular, we have My o = My, and My = Ma,.
Set  := min(— Re a1, — Reas, §/2) (again noting that n < 3). Then by (5.8) we
have

Mio(2) =0 ?p(an) + O(|1 — 2[7) and Mo 1(z) = o pu(as) + O(]1 — 2|"). (5.12)

In order to deal with higher moments, we make use of the recursion (4.16). Let us
start with second-order moments: here, we obtain

Mia(e) = 2B [0, (2)© Bus(2) © 9(6) + B (2) © (:Moa (92 (0())

+Ba, (2) © (zM10(2)®'(y(2))) + 2M10(2) Mo (2)®" (y(2))] . (5.13)

In view of (5.8), (2.20), (2.27), and (2.28), the functions y(z), 2My1(2)®’ (y(2)),
2Mi0(2)® (y(2)), and zM; o(2) Mo (2)®" (y(2)) are all of the form ¢+ O(|1 — z|"),
and taking the Hadamard product with By, (2) or Ba,(z) does not change this prop-
erty. Combining this with (2.22) we conclude that there is a constant s ; such
that

My1(2) = 27267 e 1 (1= 2) Y2 4 O (|1 — 2|7 217), (5.14)
which implies by virtue of singularity analysis and (2.24) that
E[Fw, (Tn)Fa, (Th)] = 510+ O(n'™"). (5.15)

We can obtain the functions My o(z) and My 2(2) as special cases of M (%) where
a1 = az. Hence there are also constants sz ¢ and s 2 such that

Myo(z) = 2726 gy 0(1 — 2) V2 4 O (|1 — 2|7 217) (5.16)
and
Moo(z) = 27207 g 0(1 — 2) 712 + o1 - z|_%+"), (5.17)
and thus
E[Fu, (Tn)?] = »20mn + O(nl_”) and E[F,,(T,)?] = s02n + O(nl_”). (5.18)
We will use these as the base case of an inductive proof of the following lemma.
Lemma 5.1. Suppose that Rea; < 0 and Reas < 0, and let
17 = min(— Reay, — Reag, §/2) (5.19)

be as above. Then, for all non-negative integers £ and r with s = £ +1r > 1, the
function My, (z) is A-analytic and we have

My, (2) = 52, (1 — 2)179)/2 L O(|1 — |(1=9)/24n) (5.20)
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where 310 = o 2pu(a), 301 = o 2u(a2), and, for s > 2,

~ (=3 & [0\ /(r | RS g =0)/2(r=i)/2

%e,rzm Z j jJ-(e—]—1)--(7"—]—1)-'%{71%2,0 0,2
jz@j;(c))d2

(5.21)

if s is even, and >y, = 0 otherwise.

Proof. We prove the statement by induction on s = £+ r. Note that (5.12) as well
as (5.14), (5.16), and (5.17) are precisely the cases s = 1 and s = 2, respectively.

For the induction step, we take s > 3 and use recursion (4.16). It follows immedi-
ately from this recursion that all My, are A-analytic, so we focus on the asymptotic
behavior at 1. Let us first consider the product

ZMpy i (2) - Ma,, 1, (2)20) (y(2)), (5.22)

where all ¢; and r; are non-negative integers, 1 < ¢; +r; < s for every i > 1,
bo+b1+---+4y, =L and ro+1r1 + -+ 1, = r. By the induction hypothesis,
My, . (z) =O(]1 - z\(l_gi_”)ﬂ) for all ¢ > 1, which can be improved to My, ,,(z) =
O(|1 — 2|(=4=r)/24m) if ¢; + r; is odd and greater than 1. Combining with (2.29),
we obtain

)
My, oy (2) -+ My, ., (2)@(m) (y(2)) = O(|]1 — z,(mfél7---f€mfnf---frm)/2+§+1*m/2)
= O(’l — z|(50+7"0—€—T)/2+1+77) (5.23)
for m > 3. By (5.3) and repeated use of Lemma 2.3, this estimate continues to hold

after taking the Hadamard product with By, (2)©% ® B,,(2)®"™, and the factor ZSES)

in (4.16) contributes —3 to the exponent by (2.22). Since £y and r( are non-negative,

it follows that the total contribution of all terms with m > 3 is O(|]1 — z\(l_s)/2+’7)
and thus negligible. We can therefore focus on the cases m =0, m =1, and m = 2.
Here, ®(™) (y(z)) is O(1) in all cases by (2.26)—(2.28), and we obtain

z]\4€1m1 (Z) . Mﬁm,rm (Z)q)(m) (y(z)) _ O(|1 _ z‘(m—fl—..._Zm—rl—.-._rm)/Q)
— O(‘l - Z‘(m+€o+rof£fr)/2)' (524)

Terms with m + ¢y + rg > 3 are negligible for the same reason as before. Likewise,
terms with m + £g+ rg = 2 are negligible if at least one of the sums £; +r; with 7 > 1
is odd and greater than 1, as we can then improve the bound on My, ,,(z). Let us
determine all remaining possibilities:

e m =0 implies m+ ¢y +19 =€+ 7 =5 > 3, so we have already accounted for
this negligible case.

em=1¢givesus {g+¥¢ 1 =Ffandrg+7r =r with 1 < 1 +r; <+ r, thus
60 + 70 > 1. So we have (Eo,ﬁl,ro,rl) == (1,5 - 1,0,7‘) and (fo,fl,’ro,rl) =
(0,¢,1,7 — 1) as the only two relevant possibilities in this case.

e Finally, if m = 2, we must have {g =rg =0and /1 + o = and | +ro = 7.
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Now we divide the argument into two subcases, according as s = £ + r is even or
odd.

Odds>3. If m=2,0y=r9g=0, and ¢, + ¥+ 11 +719 =L+ 1 =5, then either
{1 + rq or fo + 19 is odd. Thus the corresponding term is asymptotically negligible
unless /1 + 71 = 1 or £ + 19 = 1. So in this case, there are only four terms that
might be asymptotically relevant:

(01,02,71,m2) € {(1,£—1,0,7),(¢{ —1,1,7,0),(0,¢,1,7 — 1), (£,0,7 —1,1)}. (5.25)
In addition, m = 1 contributes with two terms as mentioned above. Thus we obtain

My, (z) = zj(,(;) [6Ba, (2) © (2My-1,(2)® (4(2))) + rBay(2) © (2Mpy_1(2)®' (y(2)))

+02My0(2)My—1,(2)®" (y(2)) + r2Mo1 (2)Myyr—1(2)®" (y(2))]
+O(|1 — 2|(1=9)/2Hm), (5.26)

By the induction hypothesis, My_1 ,(z) = 3¢p—1,(1 — z)lfg + O(\l — z|17%+’7). Con-
sequently, using (5.8), (2.27), and (2.28), we get

ZME—I,T(Z)(I)/(:U( ) = Qf—l,r(l - 2)1_% + O(|1 - Z|1_%+n)’ (5‘27)
2Myo(2)Mi—1,(2)®" (y(2)) = p(ar)Fz—1,(1 — 2)' 72 + O(|1 — 2|'~2™7). (5.28)

Recall from (5.2) that By, (2) = Li_q,(2) — p(a1) Lig(2). Applying the Hadamard
product gives us, using (2.7), (2.13), and Lemma 2.3,

Bay(2) © (zMpo1,1 ()% (4(2))) = —pen)Z-1,(1 — 2)' 75 + O(J1 — 2! ~5+),
(5.29)

2)
2)

so the first and third terms in (5.26) effectively cancel, and the same argument applies
to the second and fourth terms. Hence we have proven the desired statement in the
case that s is odd.

FEven s > 4. In this case, we can neglect the terms with m = 1 and ¢1 +r; =
{4+r—1=s—1,since s — 1 is odd and greater than 1. Thus only terms with m = 2
and £y = 7o = 0 matter. For the same reason, we can ignore all terms where ¢1 + 71
and o + 7o are odd: at least one of them has to be greater then 1, making all such
terms asymptotically negligible. Hence we obtain

M) =20 (()(]) M )M (19 (02)

y(2) r

01 ,02,m1,m2
l1+Lbo=L, 1 +ro="
Li+r; even and >0

+O(|1 — 2|(=9)/24m), (5.30)

Let us write Y ° for the sum in (5.30). Plugging in (2.22), (2.28), and the induction
hypothesis, we obtain

. o lN\[(T\~ - s s
MZ’T(Z) =2 3/202 <€1> (7"1) %Ehrﬂfﬂg,rg(l - Z)(1 )/2 + O(|1 — Z|(1 )/2+77)_
(5.31)
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Thus we have completed the induction for (5.20) with

~ _ ofl\N[{T\~ ~
0 =2 3/202 (€1> <Tl>%g”1%g27r2. (5.32)

In order to verify the formula (5.21) for 3¢, given in the statement of the lemma,
in light of (5.14), (5.16), and (5.17) we need only show that 3¢, as defined in
(5.21) satisfies the recursion (5.32). This is easy to achieve by means of generating
functions, as follows. Set

Z Z “gl 74

§22 (+r=s
s even
IAr / r
= > Z )= =D (r—j— 1)
S X () ()re--me-
§22 f+4r= 502( 7=0 J J
s even j={mod 2
2 ety
%J (0])/ %82 7/ g] r' (533)

Setting ¢ — j = 2a and r — j = 2b, this can be rewritten as

j a b i+2a,,7+2b
se] 175 0740 900 TPy

- (s —=3)N 1,1%%2,0%%,
K@y =Y, Sop 2 jlalbl 20+t

§22 a,b,j>0:
s even a+b+j=s/2
/2
(8—3)” <%20 02Y >S
= Z ’ + 11 7Y +
—-1)/2 |
= o2(s=1)/ (s/2)! 2 2
S even
(2t — t
72 t‘22t %20.7} —1—2%11xy+%02y)
t>1
V2 o1
= ;\/2 — (32,0 2% + 23011 xY + 3902 Y?). (5.34)

The recursion (5.32) now follows by comparing coefficients of zfy" in the identity

9.0 72 +2%11$y+%ozy
23/2 5

This completes the proof of the lemma. U

K(z,y) =273 0K (z,y)* +

(5.35)

So the functions My, (z) are amenable to singularity analysis, and we obtain the
following theorem as an immediate application.

Theorem 5.2. Suppose that Rea; < 0 and Reas < 0. Then there exist constants
90, »1,1, and g2 such that, for all non-negative integers ¢ and r,

E[Fo, (Tn) Foy (Tn)']
n+r)/2
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INAr
-y (f) <;)jv (=G — DN (r—j— D)sd g D257 (5.36)
=0

7J=¢ mod 2

. . E[Fa, (Tn) Fay (To)" .
asn — oo if £ +r is even, and [ 1(212#)/5 T 0 otherwise.

Proof. In view of Lemma 5.1, singularity analysis gives us

(2" My, (2) = r((j—&;)/z)"(sm +O(nts=3/27m) (5.37)

for s =4+ r > 2, so, using (2.24),
"My, (2) V2ro3 _

EIF EF ) [Z ] Lr _ T s/2 0O s/2—n ) 5.38
Since I'((s—1)/2) = 21=(/2) /x(s—3)!! for even s (recall (2.2)), the statement follows
immediately from the formula for >z, in Lemma 5.1 for all s > 2 and from (5.9) for
s=1. U

The following lemma will be used in the proof of Theorem 1.5 to establish that
the limiting variance is positive. Recall the notation (1.1) and g = P(|T| = k).

Lemma 5.3. Consider any complex o with Rea # 0. Then there exists k such that
qr > 0 and Fy(Ty) is not deterministic.

Proof. We know that pg > 0 and that p; > 0 for some j > 2. Fix such a value j. Let
k=37+12>7. Consider two realizations of the random tree 7, each of which has
positive probability. Tree 1 has j children of the root, and precisely two of those j
children have j children each; the other j — 2 have no children. Tree 2 also has j
children of the root; precisely one of those j children (call it child 1) has j children,
while the other j — 1 have no children; precisely one of the children of child 1 has j
children, while the others have no children.
Then the values of F, for Tree 1 and Tree 2 are, respectively,

3j—242(j+1)*+ (35 + 1) (5.39)

and
3 =24+ (G+1)*+ (25 +1)*+ (35 + 1) (5.40)
These values can’t be equal, because otherwise we would have (j + 1)* = (25 + 1)%;
but the two numbers here have unequal absolute values. ([l

Proof of Theorem 1.5. The limit in (5.36) equals the mixed moment E[{f{g], where
(1 and (5 have a joint complex normal distribution and EC% = 00, EC1C2 = 211,
and E (2 = 54 2; this follows by Wick’s theorem [11, Theorem 1.28 or Theorem 1.36]
by noting that the factor (f) (;)j' (l—7—DN(r—j—1)in (5.36) is the number of
perfect matchings of ¢ (labelled) copies of ¢; and r copies of (2 such that there are

J pairs (C1,C2)-
Hence, Theorem 1.5, except for the assertion of positive variance addressed next,
follows by the method of moments, taking a1 := « and a9 := @, cf. Remark 1.6.
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We already know from Theorem 5.2 that Var F,(7,,) = 72 n+o(n) for some v > 0;
we need only show that v > 0. Fix k£ as in Lemma 5.3. Write vy > 0 for the variance
of Fo(T). Let N, 1 denote the number of fringe subtrees of size k in 7,,. It follows
from [14, Theorem 1.5(i)] that

E Ny ~ qen (5.41)

as n — oo. If for 7, we condition on N, ; = m and all of 7, except for fringe
subtrees of size k, then the conditional variance of F,(7,) is the variance of the sum
of m independent copies of F,(7y), namely, muvy. Thus

Var Fo(Tn) 2 v E Ny i = (14 o(1))vpgrn, (5.42)

so the constant 2 mentioned at the start of this paragraph satisfies v2 > vpqp >
0. O

Remark 5.4. The same idea used at the end of the proof of Theorem 1.5 can be
used to give an answer to a question raised in [14, Remark 1.7], in the special case
that the toll function f depends only on tree size. Indeed, the same proof shows that
(with no other conditions on f) if F' is not deterministic for all fixed tree sizes—more
precisely, if ¢ > 0 and vi, := Var F(T;) > 0 for some k, then

Vari;(Tn) € [vkqr, 0] C (0, 00]. (5.43)

O

lim inf

Remark 5.5. (a) It is by no means immediately clear that the constant s ; appear-
ing in (5.14)—(5.15) agrees with the value produced in [5, Remark 5.1]. Appendix D
provides a reconciliation.

(b) Using the results of Appendix D, in Appendix E we discuss for real o < 0
calculation of the variance in Theorem 1.5. O

Remark 5.6. We recall that asymptotic normality of X, («), or equivalently of
Fo(Tn), is already proven in [5, Theorem 1.1]. Furthermore, [5, Section 5] shows joint
asymptotic normality for several o with Re o < 0, which for the case of two values a;
and as is consistent with (5.36) (by the argument in the proof of Theorem 1.5 above).
It would certainly be possible to generalize the moment convergence results in this
section to convergence of mixed moments for combinations of several «;, similarly to
Section 4.3, including also the possibility Re a; > 0 for some values of . However,
this would require a lengthy case distinction (depending on the signs of the values
Re @), so we did not perform these calculations explicitly. Instead we just note that
if we consider only the case Re a; < 0, then convergence of all mixed moments follows
from the joint convergence in (1.4) for several «; shown in [5, Section 5] together
with the uniform integrability of |n~'/2[X,(a) — u(a)n]|” for arbitrary r > 0 that
follows from Theorem 1.5 (see Remark 1.6). 0
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6. FRACTIONAL MOMENTS (MAINLY OF NEGATIVE ORDER) OF TREE-SIZE:
COMPARISONS ACROSS OFFSPRING DISTRIBUTIONS

Recall from [5, Theorem 1.7] that the ath moment u(a) = E|T|* of tree size
defined at (1.8) is the slope in the lead-order linear approximation u(a)n of E X, («)
whenever Re a < %; and from Theorem 1.5 that this linear approximation suffices as a
centering for X, («) in order to obtain a normal limit distribution when Re(a) < 0.
(See also Remark 1.7.) It is therefore of interest to compute p(a) and, similarly,
the constant y/ = Elog|T| defined at (1.9), which serves as the centering slope in
Theorem 1.3.

In [5, Appendix A] it is noted that although p(«) can be evaluated numerically, no
exact values for important examples of Galton—Watson trees are known in any simple
form except in the case that « is a negative integer. This section is motivated by our
having noticed that for all such values (for small k) reported for four examples in that
appendix, u(—k) is smallest for binary trees [5, Example A.3], second smallest for
labelled trees [5, Example A.1], second largest for full binary trees [5, Example A.4],
and largest for ordered trees [5, Example A.2]. We wanted to understand why this
ordering occurs and whether any such ordering could be predicted for the values
defined at (1.9).

In Section 6.1 we give a sufficient condition ((6.25) in Theorem 6.8) for such
(strict) orderings that is fairly easy to check. In Section 6.2 we give a class of
examples extending the four in [5, Appendix A] where this condition is met. In
Section 6.3 we discuss numerical computation of y/, which we carry out for the four
examples in [5, Appendix A] and some additional examples.

The results of this Section 6 do not require (1.7).

6.1. Comparison theory. The main results of this section are in Theorem 6.8.
Working toward those results, we begin by recalling from [5, (A.6)] (where y is
called “g” and (1.7) is not required) that for Rea < § we have

o) = ey [ o b/ @) (6.)

11—«

To utilize (6.1) directly, even merely to obtain inequalities across models for real «,
one needs to compute the derivative of the tree-size probability generating function
y, or at least to compare the functions g’ for the compared models. This is nontrivial,
since explicit computation of 3’ (or y) is difficult or even infeasible in examples such
as m-ary trees and full m-ary trees when m > 2. Fortunately, according to (6.3) (and
similarly (6.4) in regard to p') to follow, one need only treat the simpler offspring
probability generating function(s) ®.

Before proceeding to our main results, we present a simple lemma, a recasting
of (6.1), and a definition.

Lemma 6.1. The function t — t/®(t) is the inverse function of y : [0,1] — [0, 1],
and it increases strictly from 0 to 1 for t € [0, 1].
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Proof. Tt is obvious from (2.18) that y(z) is continuous and strictly increasing for
z € [0,1] with y(0) = 0 and y(1) = 1. Hence its inverse is also strictly increasing
from 0 to 1 on [0, 1]. Finally, (2.19) shows that the inverse is ¢ — t/®(t). O

We will henceforth write
1 )
_ L () [
y=m)  n
this strictly decreasing function R will appear on several occasions in the sequel,
especially in Appendix A.2.

It follows from (6.1), Lemma 6.1, a change of variables from ¢ to n = y(t),
and (2.19) that

1,00), n€(0,1]; (6.2)

1 1
= 1 ~%dn. .
(o) = e [, Boe RO (63)
Further, differentiation with respect to a at a = 0 gives
1
y—— /O log log R ()] dn. (6.4)

For the remainder of Section 6 we focus on real o and utilize the following notation.

Definition 6.2. For two real-valued functions ¢g; and go defined on (0,1), write
91 < g2 to mean that g1(t) < go(t) for all ¢ € (0,1); write g1 < g2 to mean that
g1 < g2 but g2 € g1 (equivalently, that g;(¢) < go(t) for all t € (0,1), with strict
inequality for at least one value of t); and write g1 < g2 to mean that g1 (t) < ga(t)
for all t € (0,1).

Consider two Galton-Watson trees, 7™ and 73, with respective offspring dis-
tributions &; and £3. Denote the trees’ respective ®-functions by ®; and ®2, and use
similarly subscripted notation for other functions associated with the trees.

We note in passing that, as a simple consequence of Lemma 6.1 whose proof is
left to the reader,

®; < Py if and only if 1y < yo, (6.5)
and hence also

dy < Py if and only if 1y < yo. (6.6)
The result (6.5) is perhaps of some independent interest but is used in the sequel
mainly in the proof of Theorem 6.5.

Theorem 6.3. Consider two Galton-Watson trees, TV and T®. Suppose

P < By (6.7)
(i) If a <0, then
pr(a) < po(e). (6.8)
(i) If 0 <a <3, then
pier) = pa(a). (6.9)

(iii) The centering constants for the corresponding shape functionals satisfy
ph = . (6.10)
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Proof. This is immediate from (6.3) and (6.4). O

Note that, by considering difference quotients, each of (i) and (ii) in Theorem 6.3
implies (iii) there; one doesn’t need the stronger hypothesis (6.7) for this conclusion.

Remark 6.4. The conclusions in Theorem 6.3 do not always extend from pu(«) to
E X, («) for finite n. A counterexample with n = 3 is provided by taking & ~
2Bi(1, ) (corresponding to uniform full binary trees, with X3(«) concentrated at
2+3%) and & ~ Ge(3) (corresponding to ordered trees, with E X3(ar) = 3+32043%).
As shown in Lemma 6.11, we have ®; < ®9, but Theorem 6.3(i)—(ii) with E X3(«)
in place of of p(«) fails for every value of o, as does (6.10). O

The converse to Theorem 6.3 fails. That is, Theorem 6.3(i)—(ii) do not imply
that (6.7) does, too. A counterexample is provided in Appendix A.2. However, as the
next theorem shows, (6.7) has for o < 0 a stronger consequence than Theorem 6.3(i),
and this stronger consequence yields a converse result:

Theorem 6.5. We have
E(|Ti| — 1+ t)* < E(|T2| — 1 + t)* for all integers o < 0 and all t € (0,00) (6.11)

if and only if (6.7) holds, in which case the inequality in (6.11) also holds for all real
a <0 andallt € (0,00).

Proof. Setting a = —k in (6.3) and summing over positive integers k, for complex z
in the open unit disk let us define the function H as at [5, (A.7)]:

-1 e 1
) = nu(=k) z/ exp [z log R(n)] dn. (6.12)
k=0 0

z

Tl
Changing variables (back) from 1 to t = y~!(n) = 1/R(n), we then find

H(z) = /O A =14 2 /O ey dt, (6.13)

with the last equality, resulting from integration by parts, as noted at [5, (A.9)]; thus

H(z) = E(l

1
E(T] = 2) = = (H(z) = 1) = /0 Ly (t) dt, (6.14)

Since both the first and third expressions in (6.14) are analytic for all z with Re z < 1,
they are equal in this halfplane. Changing variables, we then find, for Rez > —1,
that

o
(7] +2)" = / e~ y(e~") da. (6.15)
0
In particular, if (6.7) holds, then (recalling (6.5))

[e.e]
BT 1467 = [ e (e ) ds
0

< / e ety (e de = E(|T5| —14¢) 71 (6.16)
0

for real ¢ > 0.
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But more is true. Let A(z) := e*[y2(e™*) — y1(e”*)]. Then for ¢ > 0 we have that
oo
h(t) =E(|T2| —1+8)" P —E(|T1| —1+t)"' = / e T A(x) dx (6.17)
0

is the Laplace transform of the bounded continuous function A on (0, c0). It follows
from the Bernstein—-Widder theorem (e.g., [2, Theorem XIII.4.1a]) that h satisfies
the (weak) complete monotonicity inequalities (6.11), i.e.,

(=1)"h")(t) > 0 for all integers r > 0 and all ¢ € (0, c0), (6.18)

if and only if A(z) > 0 for a.e. x > 0, which in turn is true if and only if y; < ya, or
(by (6.5)) equivalently (6.7), holds.
Next, if (6.7) holds, then for real o < 0 and ¢ € (0, 1] we have

E(ITi| —1+8)* =) <‘O‘| +kk B 1) (o — k) (1 —t)*

k=0
<y ("“' T 1) pala — k) (1 — t)F
k=0
=E(|T3| — 1+ )%, (6.19)

where the inequality holds by Theorem 6.3(i).
Finally, if (6.7) holds, then for real « < 0 and ¢ > 1, Theorem B.1 in Appendix B
implies that for j € {1,2} we have

E(!T\—lth)a:(t—l)a/l[l— (1) ] dn (6.20)
’ 0 I'(—a) 7
where ¢; is the incomplete gamma function value
[e.e]
cj(n) = / w™ e dw, (6.21)
(t—1)log R;(n)
and from (6.20) it is evident that E(|71| — 1 +¢)* < E(|T2] — 1 4+ ¢)“. O

Remark 6.6. This remark concerns sufficient conditions for (6.7) (equivalently,

by (6.5), for y1 < y2).
(a) The condition

|TMW| > |T@)| stochastically (6.22)
is stronger than y; < yo and is of course equivalent to the condition that
Eg(|TM]) > Eg(|T®)) (6.23)

for every nonnegative nondecreasing function g defined on the positive integers. In
particular, (6.22) implies the conclusions of Theorem 6.3 and (6.11) in Theorem 6.5.

Note, however, that (6.22) is strictly stronger than y; < y2. While the stronger
condition (6.22) holds for some of the comparisons in Section 6.2 (for example,
binary trees vs. labelled trees, for which there is monotone likelihood ratio (MLR);
and full binary trees vs. ordered trees, for which there is no MLR but still stochastic
ordering), an example satisfying (6.7) (see Lemma 6.11 for a proof) but not (6.22) is
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&1 ~ Po(1) (labelled trees) and & ~ 2 Bi(1, %) (full binary trees), because P(|7W)]| <
2)=et+e2>1=P(|7T¥ <2).
(b) Similarly, the condition

&1 > &9 stochastically (6.24)

is stronger than (6.7); indeed, it’s even stronger than (6.22). But this stochastic or-
dering of offspring distributions can only hold if £&; and & have the same distribution,
because E& = K& = 1. O

Remark 6.7. This remark concerns necessary conditions for (6.7).

(a) If (6.7) holds, then by a Taylor expansion near ¢t = 1 [12, (A.6)] (or, alterna-
tively, recalling (6.5), by y1 < yo and [12, (A.5)]), 0 < o2. (This does not require
the assumption (1.7); when (1.7) holds, we can also use [5, Lemma 12.14] or (2.20).)

(b) More generally, and by similar reasoning, if (6.7) holds and for some integer
r>2wehave E¢] =E& <ooforj=1,...,r—1,then (-1)"E¢& < (—1)"E&; < o0.
See Appendix C for details.

(c) We can also consider a Taylor expansion near ¢ = 0. Thus if (6.7) holds,
then P(&; = 0) < P(§&2 = 0). More generally, if for some integer 7 > 0 we have
P =j) =P =j) for j=0,...,r—1, then P(§; =7r) <P(& =1). O

We next address the question of a stronger condition than (6.7) under which the
inequalities in (6.8)—(6.10) and (6.11) are all strict. Recall the meaning of g1 < go
described in Definition 6.2.

Theorem 6.8. Consider two Galton-Watson trees, T and T2). Suppose

Dy < Bo. (6.25)
(i) If a <0, then
pa (@) < pa(a). (6.26)
(i) If 0 <a< 3, then
im(a) > paa). (6.27)
(iii) We have
iy > i, (6.29)

Proof. If (6.25) holds, then (by continuity of ®; and ®3) strict inequality ®1(t) <
®4(t) holds over some interval of positive length. The inequalities (6.26)—(6.28) are
then immediate from (6.3)—(6.4). O

Theorem 6.9. We have

E(|Ti| —1+t) ™ < E(|T2| — 1 +t)~™ for all integers m > 0 and all ¢t € (0, 00)
(6.29)
if and only if (6.25) holds.

Proof. The forward direction (6.29) = (6.25) follows from Theorem 6.5.
For the opposite direction, use the representation (6.17) and take derivatives with
respect to t. O
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Remark 6.10. For all the comparison examples in Section 6.2 where the condition
(6.25) holds, we in fact have the stronger condition that ®; < ®3. When (6.25)
holds, we can’t have ®; = &5 over a nondegenerate interval because ®3(2) — ®1(2)
is analytic for z in the open unit disk. But it is possible to have ®1(t) = ®5(t) for
some values of t € (0,1). For an example with one such value, namely, ¢t = 1/6, use

the notation of Appendix A.1 and take ®; = ® and &5 = 50. O

6.2. Comparison examples. In this subsection we consider the following impor-
tant examples of critical Galton—Watson trees, and we fix the subscripting notation
in (6.30)—(6.34) for the remainder of Section 6:

m-ary trees: &1, ~ Bi(m, 1) (m > 2); (6.30)
labelled trees: & ~ Po(1); (6.31)
full binary trees: & ~ 2Bi(1, 1); (6.32)
ordered trees: &4 ~ Ge(3); (6.33)
full m-ary trees: &, ~ mBi(1, =) (m > 3). (6.34)
Observe that
O'%m =1— 211 strictly as m 1, (6.35)
that
Ug,m =m — 171 strictly as m 1, (6.36)
and that, for any m > 2, we have
J%’m <oi=032<o0]= 03’3. (6.37)
Further,
E&=5>4=E¢ (6.38)
and
E¢ =13>9=E¢&;. (6.39)

According to Remark 6.7(a)—(b) and (6.35)—(6.39), the only possible ®-orderings in
the order < among the trees listed in (6.30)—(6.34) are

Oy, T strictly as m T, (6.40)
®5.,, T strictly as m T, (6.41)
and, for any m > 2,

D1y < Py < B3 < Py < Py 3. (6.42)

Alternatively, we can note that
P(&1,m =0) = (1— )™ 1 strictly as m 1 (6.43)

(see (6.51) below with ¢t = 0); that
P(&m =0) =1— L 1 strictly as m 1; (6.44)

that, for any m > 2, we have

P(é1n=0)<e ' =P&=0) <P =0)=P(& =0) <P(&3=0); (6.45)
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and, further, that
P <1)=5<i=PE<1) (6.46)
to conclude again, now using Remark 6.7(c), that the only possible ®-orderings in
the order < for (6.30)—(6.34) are (6.40)—(6.42).
Remarkably, all the inequalities in (6.40)—(6.42) are true, and in fact there is strict
inequality at every argument.

Lemma 6.11. For every t € (0,1) we have

P (t) T strictly as m 1, (6.47)
P50, (t) T strictly as m 15 (6.48)

and, for any m > 2,
(I)l,m < Py < (I)g <oy < @573. (6.49)

Proof. The proof is a collection of simple exercises in calculus.
Proof of (6.47). Fix m > 2 and t € (0,1). Observe that
Prm(t) = (B2t + )™ = [1— (1= )™ (6.50)

m m

Thus

log (Pl,m—l—l(t) — log q)l,m(t)

=(m+ 1)log(1 - riz_—i—tl) - mlog(l - %)
1— 2 1— 3

T [(1 —0F 2((m4f)1) * 3Em+t)1)2 +} - [(1 0t 3m

> 0. (6.51)

L) )

Proof of (6.48). Fix m > 3. Consider ¢ € (0, 1] and observe that

P (t) = L (m—1+1¢™) (6.52)
Let f(t) := ®5m+1(t) — P54, (t). We have f(1) =1—1=0 and
fly=tm—tm = l1-t)<0 (6.53)

for t € (0,1). Thus f(¢t) > 0 for ¢t € (0,1).
Proof of @1, < @2 for 2 < m < co. From (6.50) we see that
Py oo (t) 1= lim Dy p(t) = e = @y(2). (6.54)
The result follows.
Proof of ®3 < ®3. Consider t € (0, 1] and let

f@) :=In®3(t) —In®y(t) = In(1 +t*) —In2 — (t - 1). (6.55)
We have f(1) =0 and
fy=201+tH) 't —1=—-1-020+>)"1 <0 (6.56)

for t € (0,1). Thus f(t) > 0 for t € (0,1).
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Proof of ®3 < ®4. Consider t € [0,1] and let
F#) = Ba(t) — Dat) = 11— 271 = L1+ ) = H(1— (1 — 1)L (6.57)
Clearly, f(t) > 0 for t € (0,1).
Proof of ®4 < ®53. Consider ¢t € (0,1) and let
C Bss(t) 45t

£(t) == = . (6.58)
Dyu(t)  2(1-30)!
Then

fAy=1+i1-2t+28 — ") =1+ 11 -t)*(1 +1) > 1, (6.59)
as desired. O

Theorem 6.12. (i) Ifa <0, then
pim (@) T strictly as m 1, (6.60)
ps.m () T strictly as m 1; (6.61)

and, for any m > 2,
pim(a) < po(a) < ps(a) < pa(a) < ps3(). (6.62)
(ii) The orders in (i) are all reversed for 0 < a < § and for /.

Proof. The theorem is immediate from Lemma 6.11 and Theorem 6.8. (I

Remark 6.13. The only two examples among (6.30)—(6.34) for which £ < 2 a.s. are
binary trees with ®;2(¢) = 1(1+¢)? and full binary trees for which ®3(t) = 1(1+¢?).
These are two examples (¢ = % and ¢ = 1, respectively), along with so-called Motzkin
trees (¢ = %), of the most general critical Galton-Watson offspring distribution &)

to satisfy f(c) <2as.,with0O<c<1and

Generalizing ®12 < ®3 from (6.49) in Lemma 6.11, we claim that ® ) is strictly
increasing in the order <. Indeed, for t € (0,1) we have

Do (t) =t + (1 — )%, (6.64)
which is clearly strictly increasing in ¢ € (0, 1]. O

Remark 6.14. Despite a suggestion to the contrary provided by Lemma 6.11 and
Remark 6.13, the partial order < on tree-size probability generating functions is not
a linear order. An example of incomparable ® and ® is provided in Appendix A.1
(taking € € (0, 1] in the notation there). For a simpler counterexample, which shows
that < does not even linearly order cubic probability generating functions, let

D(t) i= P a(t) = 2(1+ 1) (6.65)
correspond to binary trees, as at (6.30); and let

B(t) := (2 —2e) + (3 + 7o)t + (2 — 8e)t? + 3¢ (6.66)
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with 0 < € < 1/32. (For example, the choice £ = 1/32 gives
O(t) = 5+ Bt + 313 (6.67)
Then @ has nonnegative coefficients and
(1) =d'(1) =1, (6.68)
as required, and one can simply note that
B(t) — B(t) = e(—2 + Tt — 8t + 3t%) = 32(t — 2)(1 — 1) (6.69)

is negative for ¢ < 2/3 and positive for ¢ > 2/3. Alternatively, one can apply
Remark 6.7 and note that

PE=0)=1>3-2=P(¢(=0) (6.70)
but
F2=E [é(é— 1)} =21 —82)+6(3e) =L +2>1=02 (6.71)

For another example of incomparable ® and ® with respect to <, consider qua-
ternary trees (m = 4 in (6.30)) and Motzkin trees (¢ = 2/3 in Remark 6.13).
O

6.3. Numerical computation of x'. In this subsection we will compute the con-
stant u’ for several examples of critical Galton—Watson trees. First, to set the stage
for what to expect, we consider in the next remark the possible values of y' as &
ranges over all critical offspring distributions.

Recall (6.4). For the next remark, we find it convenient to break the integral into

two pieces, using the notation ™ := max{x,0} and x~ := max{—=x,0}:
po=—y- / [loglog R(t)] T dt + / [loglog R(t)]~ dt
te(0,1) te(0,1)
= *’}/*J++J7, (672)
say.

Remark 6.15. In this remark we argue that there is no finite upper bound, nor
positive lower bound, on p’ over all Galton—Watson trees.
(a) Referring to Remark 6.13, observe that

Dy (t) ot (6.73)

for each t € (0,1) as ¢ \( 0. By the dominated convergence theorem (DCT), J; \, 0
as ¢ \, 0. By the monotone convergence theorem (MCT), J_ 0o as ¢\, 0. Thus,
as ¢ N\, 0 we have

,ul(c) oo, (6.74)
Indeed, it can be shown that u’(c) = log% +1—7v+4o0(1) asc— 0.
(b) For the offspring distributions &5 ,,, we have as m — oo that

P(&m=0)=1—1 =1, (6.75)
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and thus &5 ., 25 0, which implies convergence of the probability generating func-
tions for every ¢ € (0,1); hence,

B5.00(t) i= lim s p(t) =1, (6.76)

m—o0

which is otherwise obvious by direct calculation (showing also that the limit is an
increasing one). By the MCT applied to J; and the DCT applied to J_, we find

1
1S N =7 — /O (loglog $) dt = 0 (6.77)

as m " 0o. Indeed, it can be shown that ,u’57m ~m~tnm as m — oo.

(¢) We claim that the image of u’ over Galton—Watson tree models is in fact
(0,00). To see this, we first note that u’(c) is continuous in ¢, with //(1) = pf, which
by (a) implies that the image contains [p5, 00). Further, by considering the offspring
probability generating functions

Dy = AP + (1 — N) D3 (6.78)

with A € [0,1], one can show (by consideration of large m) that the image also
contains (0, u5); we omit the details.

(d) Similarly as for (c), for each fixed value of o < 0 the image of u(«) over all
Galton-Watson tree models is (0,1), and for each fixed value of a € (0, 3) the image
is (1, 00). O

Example 6.16. The constant /] 5 is computed to 50 digits in [4, Section 5.2] using
the alternative form

1
po=—y- /0 (loglog 1)y'(t) dt (6.79)

of (6.4), explicit calculation of

o) = 221 _fv L 4T (6.80)

and thence its derivative
Yo(t) = (1—t)" 21+ VI—1)72, (6.81)

and numerical integration. But it is easier to use (6.4) for (high-precision) compu-
tation of 1/, especially for the values y/} ,, and pf ..
As examples, we find, rounded to five digits,

pho=2.0254,  ph=15561,  ph=14414, g = 1.1581. (6.82)
Note that
00 > g > pHy > py > py > 0, (6.83)

as guaranteed by Lemma 6.11 and Theorem 6.8(iii); see also Remark 6.15 concerning
the a priori lack of an upper bound on i} , and a positive lower bound on 1.
As other examples, we find, rounded to five digits,

pho=2.0254,  phg=18224,  pj g = 1.5567; (6.84)
pha=10164,  ph, =080800,  pl o6 =1.5372x 1077 (6.85)
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and, in the notation of Remark 6.13,
fi(10-6) = 14.931, [1(12) = M2 = 2.0254, [1{(1_10-2) = 1.4496; (6.86)
O
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APPENDIX A. COMPARISON COUNTEREXAMPLES

A.1. A framework for comparison counterexamples. In this Appendix A.1 we
establish a framework for various counterexamples involving comparisons of offspring
distributions in Section 6. The idea is to set up two offspring distributions, say §
and 5 , with respective probability generating functions ® and ®, such that, for (real)
t € [0,1), the difference A(t) := ®(t)—D(¢) satisfies A(t) > 0 for most values of ¢, and
A(t) <0 (but not by much) for ¢ very near § (with this value somewhat arbitrarily
chosen).

Let & have the following probability mass function satisfying E& = 1, as required
for a critical offspring distribution:

po:=PE=0)=1+3e7"+5" >0, (A1)

p=PE=1)=3>0, (A.2)

pri=P(E=2) =1 —4e73 4367 >0, (A.3)
k

pr:=P(E=k)= 6_11% > 0 for k > 3. (A.4)

We denote its probability generating function by ®.
Let £ > 0 and for ¢ € [0,1] define

ge(t) == 3 [1 —cos((4m) (3t + 2))] — (1 - t)3. (A.5)
Note that
9:(1) = gL(1) = 0; (A.6)
moreover, for every t € [0, 1] we have
—e<g:(t) <1 (A.7)

(in particular, go(t) > 0), and one can verify for small € > 0 that the set {t € [0,1) :
g:(t) < 0} is an open interval of length O(c'/?) containing i

Because 127/5 < 8, it’s easy to check that there exists ¢; > 0 such that for all
e € [0, 1] the function

O (t) = @(1) + c19:(1) (A.8)

has a power series expansion about the origin with nonnegative coefficients. From
(A.6) it now follows that d, is the probability generating function of a random
variable € with E€ = 1.

As we have now discussed, the difference function A.(t) := ®.(t) — ®(t) is non-
negative when ¢ = 0; and when € > 0 is small, the set

I.:={te0,1): A(t) <0} ={t €]0,1) : g(t) < 0} (A.9)
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is an open interval of length O(e!/?) containing %.

Although not needed anywhere in Section 6 nor in this Appendix A, we note
in passing that both £ and £ have moment generating functions that are finite
everywhere and probability generating functions that are entire; in particular, both
satisfy (1.7).

A.2. The converse to Theorem 6.3 fails. In this subsection we show that (i)
and (ii) of Theorem 6.3 together do not imply (6.7). In fact, not even the strict
inequalities in (i)—(iii) of Theorem 6.8 do.
Example A.1l. In the notation of Appendix A.1, take ®; to be ® and P, to be
the probability generating function ®. of (A.8). We do not have &; < ®,. But
we claim that for all sufficiently small ¢ > 0 (not depending on «, to be clear),
Theorem 6.8(1)—(iii) hold.

To establish the desired inequalities about (), we will utilize (6.3). For this we
apply the mean value theorem to the function z — (logz)™%, z € (1, 00), as follows.
Let 1 <1 < 23 < 00. If @ < —1, then for some point x € [z1, 23] we have

«

(log z2)™* — (log 1)~
= (—a)z Ylogz) " H(ag — z1)
€ [(—a)ay (log 1) Haz — 21), (—a)ay ' (logaz) * (z2 —a1)].  (A.10)
Similarly, if € (—1,0), then
(logw)™* — (log z1)~*
€ [(—a)ay (log o)™ H(wz — 21), (—a)ay ' (logar) * H(zz —a1));  (A11)
and if o > 0, then

(e}

(logz1)™ — (logxa)™

€ Jaxy (log ) ™ (w2 — 21), axyt(logzy) ™ wg — x1)). (A.12)

For t € (0,1)\ I. we have ®.(t) > ®(t) and thus R.(t) > R(t); hence it follows
from (A.10)—(A.12) that

[log R.(t)]® — [log R(t)]~® > |a’}~21(t) [log R(t)]“lclg;(t) ifa < —1; (A.13)
llog R (1)) — [log R(#)] ™ > |al Rl@ fog ()]~ Y. g0 ¢ (1,0,
) (A.14)
1

[log R(t)]™% — [log Re(t)]™® > a—=——|log Re(t)]_o‘_lclg:(t) ifa>0. (A.15)

Re(t)
Denote the interval I. defined at (A.9) by (ac,b.). Consider ¢ € I. for the next
three displays; thus ®(t) > ®.(t) and R(t) > R.(t). If @ < —1 we have, recalling
Lemma 6.1,

[log Re (1))~ — [log R(1)] ™ > —’ale(t)[log R(t)}‘“‘lcl’gi(t)'
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1

= —|o|= log R(t)]"* e t
| ‘cbs(t)[ g R(t)] 1]9:(?)]
1
> —|a|l= [log R(a.)] > Leye, (A.16)
s(as
where we have used (A.7) at the last inequality; similarly, if & € (—1,0) we have
D —« —a 1 5 —a—
[log Re(£)]~* — log R(t)] ™ > —|a| = [log Re(t)] ™" c1[ge(t)]
D (1)
1 .
> —la|= [log R (b.)] " Leye; (A.17)
e\le

and if o > 0 we have

llog R(t)]~ — [log R (£)] ™ > —a 5:@ llog R (£)] =2 Lex e (8)]

—x ! og R —a-le
> &)s(as) [log Re(be)] 1€. (A.18)

We continue by assessing the contribution to the difference sgn(a) - [pu(a) — fie ()]
of integrals from ¢ € I, with asserted inequalities valid for all small ¢ > 0. If o < —1,
the contribution is, using (A.16), bounded below by

1 o
—\04|015W[10g R(a)] ™M (be — ac) = —|a|C1e¥? [log (R(1/6) + Cae'/?)] 77

e\le
> —|a|C1e%?[log R(1/7)] 771, (A.19)
where we have used Lemma 6.1 and where the constants C; and C> do not depend
on «. Similarly, for a € (—1, %) the contribution is bounded below by
—|a|Cs5e3?[log R(1/5)] 7% L. (A.20)

Next we similarly assess the contribution to sgn(«) - [u(a) — fie(a)] from values
t € (0,1)\ L. For all small € > 0, for a < —1 the contribution is, using (A.13), at
least

1/8 1

[ lal=log RO eagele) de > fal ea log R1/S) L (A2)
19 D)

where the constant ¢y does not depend on «. Similarly, for a € (—1,1/2) the

contribution is, using (A.14)-(A.15), at least

/3
lales / llog B ()]~ L dt > |ales [log R(1/4)] L. (A.22)
7/24
Summarizing, for o« < —1 we have, using (A.21) and (A.19),
fie(a) — (@) > laleallog R(1/8)]1 — alC1e2[0g RA/T] 7 (A23)
and for a € (—1, 3) we have, using (A.22) and (A.20),

sgn(a) - [u(a) — fie(@)] = |elesllog R(1/4)] " — |a|C3e**[log R(1/5)] .
(A.24)
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Since by Lemma 6.1
R(1/8) > R(1/7) and R(1/4) < R(1/5), (A.25)
for sufficiently small ¢ < (min{cy/C1, c4/C3})?/? the desired strict inequalities (6.26)

and (6.27) follow. Furthermore, to obtain (6.28), we divide through by || in (A.24)
and let a tend to 0, which yields

p' = fil = 1 (0) = iL(0) = caflog R(1/4)] " — Cse**[log R(1/5)] ', (A.26)
which is (strictly) positive for sufficiently small e < (cq/C3)%/3. O

APPENDIX B. NEGATIVE MOMENTS OF AFFINE FUNCTIONS OF TREE SIZE

The representation (6.3) of p(a) as an integral in terms of the offspring proba-
bility generating function ® and the consequent ordering of p-values exhibited in
Theorem 6.3(i) can be extended to treat means of more general functions of the
Galton—Watson tree-size. We illustrate this with the following theorem, used in the
proof of Theorem 6.5.

Theorem B.1. For real a < 0 and t > 1, we have

ML el —ant)
E(|T|-14+t)*=(t— 1)"/ [1 — ”] dn, (B.1)
0 I'(—a)
where c(n; —a, t) is the incomplete gamma function value
c(n;—a,t) = / v eV du. (B.2)
(t—1)log R(n)

Proof. Let f(s) := (s — 1+ 1t)*. Observe that s — f(s)/s for s > 0 is the Laplace
transform of the (strictly) increasing function g mapping = > 0 to

e |y (=D —a) e
olo)i= (-1 1= EE DB e g0, 1y, (B.3)
where here v(-; —«) is the incomplete gamma function
/ v e du. (B.4)

Therefore

E(T] -1+ 67 =Ef(|T])
=S BT = m)f(n) = S nB(IT] = n) / T eg(a) de
n=1 n=1 0
fe's) 1
= [To@e e dn = [ g=toguy ) du
1
—/0 g(log(R(n))) dn, (B.5)

again changing variables by u = y~1(n) = 1/R(n), and (B.1) follows by (B.3). O
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APPENDIX C. COMPARISONS ALLOWING INFINITE OFFSPRING MOMENTS

Remark 6.7(b) follows quickly from the following theorem concerning Laplace
transforms.

Theorem C.1. Let £ be a (not necessarily integer-valued) nonnegative random vari-
able with Laplace transform f and moments

mj:=E& < oo, j=0,1,2,... (C.1)

(with mgy :=0). For a given positive integer r, suppose that m,_1 < co. Then

—

r—

o(t) == (~1)7t77! f<t>—Z<—1>fmjf! (C2)

j=0
is nonnegative for t > 0 and increases (weakly) to m, < oo ast 0.
We will prove Theorem C.1 using the following calculus lemma.

Lemma C.2. Let r be a fixed positive integer, and define

r—1

h(z):= (12" |e™ =Y (-1/=|, =z>0. (C.3)

il
Then h is (strictly) positive and (strictly) decreasing, with limit 1/r! as x 0.

Proof. The lemma is immediate from the claim that
1 Lol e

We offer two proofs of this claim.

Proof #1 of (C.4). By Taylor’s theorem with remainder in integral form,

—-Tr

h(z) = v I /Ox(as —u)" e du. (C.5)

w11

Now simply change the variable of integration from u to v =1 — 2.

Proof #2 of (C.4). Let B denote Euler’s beta function. Then the right side of (C.4)
equals

ey [t = S Bk
(r—1)! & ko)’ Y U_(r—l)!kzo it
— (15T Y = k@), (€
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Proof of Theorem C.1. For t > 0 we have

r—1 j
g(t) =E [ (=)t [ e — Z(_l)j(tj)
=0 :
[ r—1 .
=E | e =) (-1) (tfl)] ;E>0
=0 -
=E[rlh(t€) €5 &> 0]. (C.7)

By Lemma C.2, the nonnegative random variables r! h(¢£) £"1(£ > 0) increase (weakly)
to £"1(§ > 0) =& as t \( 0. Thus, by the MCT, g(t) /" m, < 0o as t \ 0. O

APPENDIX D. ON THE VARIANCES AND COVARIANCES OF ADDITIVE
FUNCTIONALS IN CONDITIONED GALTON—WATSON TREES

It is by no means immediately clear that the approach in Section 5 of this paper
(the case Rear < 0) yields an asymptotic variance agreeing with that produced in
[5, Remark 5.1], which is simply a specialization of [14, (1.17)]. The notes in this
appendix provide a reconciliation, showing directly that variance formulas given by
the two approaches are equivalent.

Section D.1 deals with variances for general real additive functionals of the sort
discussed in [14], except that we specialize to the case that the toll functional depends
only on tree size. Section D.2 extends Section D.1 to covariances for complex additive
functionals. Finally, Section D.3 provides the desired agreement.

D.1. Variances for real additive functionals. We return to the setting of [14,
Theorem 1.5(ii)] and repeat the assumptions here for convenience. Let T denote the
countable set of all ordered rooted trees, and let ¥, := {T' € T : |T| = n}. Let T,
be a conditioned Galton—Watson tree of order n with offspring distribution &, where
E¢ =1and 0 < 02 := Varé < oo, and let 7 be the corresponding unconditioned
Galton—Watson tree. Suppose that f : T — R is a functional of rooted trees such
that E|f(7)| < oo (which, as noted in [14, Remark 1.6], is implied by either (D.1)
r (D.2) below), and let p:=E f(7). Assume that

E|f(T)> = 0asn— oo (D.1)

and
Zn YWEIf(Th)? < oc. (D.2)

Under these assumptions, [14, Theorem 1.5] asserts in part that the additive func-
tional F' corresponding to toll function f satisfies

EF(T,) = np + o(v/n) (D.3)

and
Var F(T,) = ny? + o(n) (D.4)
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where
v = 2E[f(T)(F(T) = [T|w)] — Var f(T) — o~ *”
=2E[f(T)(F(T) = |TIm] —EfA(T) + (1 — 0 ?)p? (D.5)

is nonnegative and finite. Combining (D.3)—(D.4), note that we also have the con-
clusion

E[F(T,) — np)? = ny? + o(n). (D.6)
We now (crucially) suppose further for the remainder of this subsection that f

depends only on tree size and write f,, := f(7T') for any 7' € ¥,,. Then the assump-
tions (D.1) and (D.2) reduce to

fn—0asn— o0 (D.7)
and
> 7 fal < o0, (D.8)
n=1
respectively; the constant u can be written as
n= Z In fn; (DQ)
n=1
and (D.5) can be written as
y —2Zann Tn) —np]—v+(1—0" Q)Mz (D.10)
with
vi=EfT) =) afr (D.11)
n=1

Example D.1. Consider the toll function f(7) = |T|* with real @ < 0. Then
fn = n® satisfies (D.7)—(D.8) and hence also (D.9)-(D.11). Computation of v?
this case is discussed in Appendix E. [l

Now suppose that in place of a toll sequence (f;,) satisfying (D.7)-(D.8) we use
the toll sequence (b, := f,, — ), with p given by (D.9), and denote the corresponding
additive functional by

Fo(T)=F(T) —np, TEST,. (D.12)

Then, by (D.3) and (D.6),
EF*(Tn) = (f) (D.13)
E F°(Tp)? = ny? + o(n), (D.14)

where from (D.10) we have

V=2 ufoEF(To) —v+ (1 -0 22 (D.15)

n=1
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We next wish to generalize the treatment in Section 5.1 to treat E F°(7,). Let
M(z) := E[F°(T)z1] Zq E[F°(T, (D.16)

Then note that (5.6) generalizes (again, as so many times before in this paper, by
Lemma 3.1 and as in (3.12); note also the sentence preceding Lemma 3.1) to

M) = 28 56y 0 402, (D7)

where -
) :anz":—,uz (1—2)" —i—an . (D.18)
=1

The power series M(z) and B(z) converge in the open umt disc, since (D.13) holds
and b, = O(1) and ¢, = O(n~3/2) by (D.7) and (2.24). Furthermore, these estimates
show also that the power series B(z) ® y(z) converges (absolutely and uniformly) in
the closed unit disc to a continuous function. We have

(Boy)( an =) =Ef(T) = p=0, (D.19)

by the definition of pu.
We assume in the sequel also:

o0
the generating function Z fn2" is A-analytic. (D.20)
n=1
(Recall that this means that the generating function can be analytically continued to
some A-domain, see Section 2.2.) Then (D.18) shows that also B(z) is A-analytic,
and so is M(z) by (D.17) and Lemmas 2.4 and 2.3.

Remark D.2. For convenience, we used here Lemma 2.4 which is stated under the
assumption E £29 < co. Similarly, we use in the proof below (2.20) and (2.22) from
the same lemma. However, the version used below, with corresponding error terms
o(|1 — 2|/2) and o(|1 — 2|7/2), requires only E£? < oo, see [12, Lemma A.2] and
[5, (12.5) and (12.31)]. Hence, this lemma holds assuming only E¢? < oo, and so do
all other results in this and the following subsection. O

Lemma D.3. Assume that the sequence (fy) satisfies the decay conditions (D.7)-
(D.8). Suppose also that (D.20) holds, and that the generating function satisfies

}jﬂlgf (=2 (D.21)
as z — 1. Then, as z — 1 we have
M(z) =0 %+ o(1). (D.22)

Recall our standing convention that estimates such as (D.21) and (D.22) hold as
z — 1 in some suitable A-domain (not necessarily the same each time).
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Proof. From (D.18) and (D.21) we have
B(z) = —u(l =2~ +o(|1 — 2|71, (D.23)

and therefore, using (2.20), together with Lemma 2.3 and the corresponding o-result
in [5, Lemma 12.2(ii)],

B(z) 0y(z) = [-u(1—2) " +o(l — 2| ] 0 [1 = 212671 (1 = 2)"/% + o(|1 — 2|"/?)]
=1 42207 (1 = 2)Y2 4 o(]1 — 2|V/?), (D.24)

for some constant ¢;. Furthermore, letting z * 1 along the real axis, (D.24) and
(D.19) yield

€= ii}q(B ©y)(z) = (BoOy)(1) = 0. (D.25)

Now we use (D.17), (D.24)-(D.25), and (2.22) to conclude
M(z) = [2*1/2071(1 —2)7V2 4 o(]1 — 2\71/2)]
[2Y207 (1 — )12 4 o(|1 — 2|M/?)]
=0 2u+o(1), (D.26)
which is (D.22). O
We denote the limit o2y in (D.22) by M(1).

Remark D.4. We do not know whether the power series M (z) converges absolutely
for z = 1, but it converges at least conditionally. In fact, the limit lim, »; M(z)
exists by (D.22), which means that the sum (D.16) for z = 1 is Abel summable to
M (1); furthermore, the terms g, E[F°(T,)] = o(n™!) by (2.24) and (D.13); hence
Tauber’s theorem [10, Theorem 85] shows that the sum converges and

S GEF(T) = M(1) = 0=, (D.27)
n=1

O

D.2. Covariances for complex additive functionals. The treatment in Appen-
dix D.1 extends routinely (using polarization and decomposition into real and imag-
inary parts) as follows. Let f and g now be complex-valued functions of rooted trees
each satisfying (D.1)—(D.2). Then, extending (D.6) and (D.5), for the corresponding
additive functionals F' and G we have

E[(F(To) — niap)(G(Ta) — i) = c1gn + oln), (D.28)
where pp :=E f(T), pg :=Eg(T), and
¢r.g = Ef(THG(T) = [Tlpg)l + Elg(T)(E(T) = [Tlpy)]
—E[f(Tg(T)] + (L — o ) uspug. (D.29)

The argument in [14, (8.3)] shows that the expectations above are finite.
If we suppose further that f and g depend only on tree size [and write f,, := f(T)
and g, := ¢g(T) for any T' € T,], then the assumptions again reduce to (D.7)—(D.8)
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(for both f and g); furthermore, generalizing (D.10)—(D.11) [see also (D.12)—(D.15)],
we have, with absolutely convergent sums (by (2.24), (D.13), and (D.8)),

¢rg = i BG(T)+ Y angn EF(To) = ppg + (1 — 0 gy (D.30)
n=1 n=1
with
wrg =Ef(T)g(T)] =D anfagn- (D.31)
n=1

Under certain regularity assumptions, we will in the following proposition express
ctg in an alternative form to (D.30). Since we now consider several toll functions,
we modify the notation above and indicate the toll function by a subscript (as we
already have done with (i, f1g, p174); we thus write By(z), By(2), M¢(z), and so on;
for typographical reasons we also write by, (f) := fn, — py and bp(9) = gn — fig-

Proposition D.5. Assume that the sequences (f,) and (g,) both satisfy the decay
conditions (D.7)—(D.8). Suppose also that these sequences have generating functions
that are A-analytic and satisfy, as z — 1,

an ol —z)  and Zgn o|1 — 2. (D.32)

Then the sums
(By ® My)( Zb fa.EG°(T,) and (B, ® My)(1 Zb )an E F°(Ty)
(D.33)

converge, and the constant cs 4 of (D.28) satisfies
crg = (Bf ©My)(1) + (By © My)(1) — (Bf © By ©y)(1) + 0 *pgpg.  (D-34)
Proof. Note first that
(Bf®M Zb QnEGO anQnEG (7;1 /LfZQHEGO(%)a
n=1
(D.35)

where the first sum on the right-hand side converges as noted before (D.30), and the
second by Remark D.4. Hence, the sums in (D.33) converge.
Next, by (D.19),

(By ©y)(1) = (By ©y)(1) = (Byg ©y)(1) = 0. (D.36)

Hence,

0= (Byg ©y)(1)

= Z qn(fngn - /‘fg)

n=1
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= aulbu(f) + 15][bn(9) + 1g) = 111

= (By © Bg©y)(1) + pup(Byg © y)(1) + pg(Br © y)(1) + pprg — pisg
= (Bf © By ©y)(1) + pypg — fifg- (D.37)
It follows from (D.30), (D.33), (D.27), and (D.37) that

¢g = D dnlba(f) + nEGO(T, +ann )+ 1) E F°(Tp)

—pigg+ (=0 ppng
= (By © My)(1) + ppMy(1) + (Bg © My)(1) + g M (1)
—pigg+ (L =0 ppng
= (B © My)(1) + 0 2 puppig + (By © My)(1) + 02 puppg
— (By © By o y)(1) — 0~ pigp, (D.38)
which simplifies to (D.34). O

Remark D.6. Since the sum (Bf® M,)(1) in (D.33) converges, it is Abel summable
by Abel’s theorem [10, §1.4], i.e.,
i (B © M,)(2) = (By © My) (1), (D.39)
z
for real z 1. It follows by Lemma 2.3 that (By ® My)(2) is A-analytic, and we
conjecture that (D.39) holds also for complex z — 1 in a suitable A-domain, but we
have no proof of that. (Lemma 2.3 is not enough here, since the resulting exponent
is an integer (viz., 0), and this case is excepted for (2.16).) O

Remark D.7. If f,, = g, =1, then Bf(2) = By(z) = 0 and the right side of (D.34)
reduces to o~2. Thus (D.34), like the formula in [14, Theorem 1.5], see [14, Remark
1.10], gives the wrong answer in this illegitimate case, but at least this wrong answer
is positive! ([l

D.3. Agreement with Section 5.2. In this final subsection of Appendix D we
reconcile Section 5.2 with this appendix by showing how (5.13) yields for sz of
(5.14)—(5.15) the value provided by (D.34) with f, = n®* and g, = n®? (Wh1ch
satisfy all the conditions leading to Proposition D.5 since Rea; < 0 and Re as < 0).
For the reader’s convenience, we repeat (5.13) here:
2y (2
M13(2) = 2 (B0, () © Baa2) © 9(6) + By () © (=D () ((2)
+Bay(2) © (2M1,0(2)® (y(2))) + 2M1,0(2) Mo (2)®" (y(2))] - (D.40)

First note that the second Hadamard factor in the second term in square brackets
is, using (5.6) and the result of differentiating (2.19),

Mo () (y(=) = 2 [zy’(z)] [Bas(2) ()] - { 0 ]

y(2)
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- [ ] (B, o)
= M()J(Z) — (Ba2 ®© y)(z) (D41)

Thus the second term in square brackets in (D.40) equals

(Bay © Mo,1)(2) = (Bay © Ba, ©)(2)- (D.42)
Similarly, the third term equals

(Bay ® M19)(2) = (Bay ® Bay ©® y)(2). (D.43)

Using (5.8) and (2.28), the fourth term equals (recall here that 7 is defined as n =
min(—Reay, —Reag, §/2))

[1+0(1 = 2])] - [072n(a1) + O(1 = 2[")] - [0 u(az) + O(|1 — 2[")]
0%+ O(1 = %) = 0% u(ar)u(az) + O(|L — 2["). (D.44)

Employing (2.22) for the first of the two factors in (D.40) and assembling the pieces
of our argument, we conclude

Mia(2) = [272671 (1 = 272 4 O(|1 - 2757)
[(Bay © Mo,1)(2) + (Bay © M1,0)(2) = (Bay © Bay @ y)(2)

+0 2 p(on)p(az) + O(|1 — 2|M)] . (D.45)
In particular, using (D.39), at least for real z /1 we have

Mij(z) =27 2071 (1 — 2)71/2
[(Bay © Mo,1)(1) + (Bay, © M10)(1) = (Bay © Ba, ©y)(1)

+o 2 u(an)plaz)] + o(|1 - 2[77), (D.46)

demonstrating that s ; of (5.14)—(5.15) equals

(Bay © Mo1)(1) + (Bay © Mi,0)(1) = (Bay © Bay ©y)(1) + 0 *p(ar)u(az), (D.47)

in agreement with (D.34).

APPENDIX E. VARIANCES FOR SUMS OF NEGATIVE REAL POWERS
OF SUBTREE SIZES

In this appendix we produce rather simple integral expressions for the constants
7?2 = 72(a) of (D.10) for negative-power tolls f,, = n® with a < 0, as in Example D.1.
Note that we have (see (D.6) and (D.28)) 7% = ¢y given by (D.30) and (D.34). For
a = —1, exact values of 72 are obtained for the four important examples in [5,
Appendix A] in Section E.1. Numerical integration can be used to compute 72
for other negative-integer values of « for the same examples; this is discussed in
Section E.2.
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For general a < 0, in (D.10) we have u = pu(«) and v = p(2«). These constants
are discussed in Section 6 (see especially (6.1) and (6.3); for the four examples, see
[5, Appendix A]), so in this appendix we need only focus on the sum

S=S8 Z g E F°(Ty) (E.1)
appearing in (D.10). Thus (D.10) ylelds, recalhng (D.11),
=28 —v+(1—0 )’ (E.2)
E.1. Computation of v?(—1) for general offspring distribution, with exam-
ples. As just said, we need only focus on computation of S. For that, when o = —1
we have, using (D.16)—(D.17),
1 1 y’(t)
S= / M) dE = / [[B(t) @ y(1)) dt. (E.3)
0 o y()
But

—Oon_l 2zt — z) = = — z .
= 3" () Lﬂt y(t)dt —py(z),  (BA4)

s0, using fol y'(t)dt =y(1) —y(0) =1—-0=1, we find

S = /1/ / “Ly(s)dsdt — p. (E.5)

After integration by parts, we find from (E.5) that

1
Sz/kbwwﬁwwﬁ—w (E.6)
0

We could use (E.6) for computation of S and thence v2(—1) for the four examples
of [5, Appendix A], because y is known explicitly for those examples. But to better
prepare for examples such as m-ary trees and full m-ary trees with m > 3, we first
recast (E.6) in terms of the probability generating function @, just as we recast (6.1)
as (6.3) in Section 6. (This recasting also leads to simpler calculations for the four
examples.)

In (E.6), make the change of variables from t to n = y(t). This gives

s+n= [ logmenn [£ 2 ay

B 1 B 1 B @/(n)
—/O(—logn)dn /On( 10g77)q)(77) dn

! '(n)
=11Ama%mﬂmm. (E.7)

We now use integration by parts again:

1 (I)/(,n) B 1
[ ot-oen G an= [ Flogawli-logn - an. (@
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Thus .
5= 1= [ [Flo@(n)i(~Togn) = 1)dy — u(-1). (E9)
We now recall from (6.3) that
1 1
p(-1) = [z ) —togndn =1~ [ [Flog@@lan.  (£10)
Combining (E.9) and (E.10) we find
1
S = /0 (2 +logn)[—log ®(n)] dn. (E.11)
Example E.1. For labelled trees ([5, Example A.1]), we have ®(z) = !, 02 =1,
p=1/2, v=>5/12, and [from (E.11)] S = 1/4. We conclude
y(-1)?=2-1 -2+ (1-1)(3)* =3 =0.08333. (E.12)
U

Example E.2. For ordered trees ([5, Example A.2]), we have <I>( )=1(1-12)71,
02=21=2-2log?2, v=2log?2— 4log2—67r +4,and S = _677 +210g2+10g22
We conclude

y(=1)2 =2 (—%7['2 + 2log 2 + log? 2) — (2 log?2 — 4log2 — %7‘1’2 + 4)
+ (1= 3)(2 —2log2)?
=4log?2 —2 — tn* + 2log® 2 = 0.08856. (E.13)
O

Example E.3. For binary trees ([5, Example A.3]), we have ®(z) = (3 + 32)?,
02=1/2, p=2log2—1,v = %7‘(2 —2log?2—2log2+1, and S = %7’[’2 —2log 2. We
conclude

v(—1)? =2 (3n? — 2log2) — (:7° — 2log?2 — 2log2 + 1) + (1 — 2)(2log 2 — 1)*
= -2+ tr?+2log2 — 2log®2 = 0.07032. (E.14)
0

Example E.4. For full binary trees ([5, Example A.4]), We have ®(z) = (1 + 2%),
ol=1p=1ir 1V—1—7(1—10g2)7r and S = 2G — i, where
(

G = Z

is Catalan’s constant. We conclude
Y=1)2=2(2G — Lx) = [1 = J(1 —log2)x] + (1 — 1) (An —1)?
=4G — (1 +log2)m — 1 = 0.004273. (E.16)
O

= 0.91596559417721901505460351493238411077414937428167

(E.15)
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Examples E.3 and E.4 can be generalized at the expense of rather complicated
expressions.

Example E.5. For m-ary trees, we have ®(z) = (21 4 Lyym 52 = mol ) —
(m — 1)[-mlog =1 — 1],
1 2
m—1 1
1/:,u(—2):2/ {mlog <+n) —logn} dn
0
2
-1
:(m—l)[m—1+<rglog 1+m2—m>logm

—m Lij <—ml_1ﬂ (E.17)

[from (6.3) and with the help of Mathematica], and

S =m(m—1) [— Lis <—m1_1> +log mﬂ; 1} . (E.18)
From (E.2) we conclude
~(=1)2 = m(m — 1) [—1 — Lip <—m1_1> T (m— 1)l — Zbéi} , (E.19)

where we have abbreviated log ™+ as £p,. It is easily checked that (as must be the
case) (E.19) reduces to (E.14) when m = 2 and (E.19) converges to the value 1/12
of (E.12) in Example E.1 as m — oo. O

Example E.6. For full m-ary trees, we have ®(z) = 2= 4+ L;m and 0% = m — 1.
With the help of Mathematica (and rather easily verified by hand) we can compute p
in terms of the hypergeometric function o F7:

p=1- 1 AL L mT 2w (- )7, (E.20)
m

or equivalently in terms of the Lerch transcendent function, usually denoted by ®
(but we use ¥ to avoid notational conflict):

p=9(—m-1)""1,m Y —m+1, (E.21)

where .
(z,7,a) nz: )y (E.22)
Mathematica is unable to compute v = p(—2) when presented with the form (6.3):

1 /! -1 1 2
v=— log | —— + —77 —logn| dn, (E.23)
2 0 m

but when a change of variables from 7 to x = n™ is made, yielding

1 2
/ [log < + 1x> — —log x] = (m=D/m qg, (E.24)
2m m

Mathematica gives a complicated expression; we omit that expression here.
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The expression Mathematica gives for S is not too complicated in terms of the
functions 9 Fy or ¥. We have

S = %\y(_(m —1) 2 m ) — (= (m— 1) 1,m ). (E.25)

Despite the complicated expressions for general m, high-precision numerical results
for any particular value of m are easy to obtain. For example, if m = 3, then 02 = 2,

p=9(-31,73) -2

253
= (0.70493277558252901544207714518773601710489130776015, (E.26)
v = 0.67423685107705512174520220134817841815252800297577, (E.27)
§=3¥(-323) —¥(-315)
= (.21371145926485383336608124534180063460550286916818, (E.28)
7% = 0.00165117649789665303023160997264937410161618428615. (E.29)
]

E.2. Computation of v%(—k) for general offspring distribution, with exam-
ples for k£ = 2. One might hope that > could be computed in closed form for the
four examples in Examples E.1-E.4 (and [5, Appendix A]) for other small positive

integer values of —q, but even for &« = —2 we find it necessary to resort to numerical
integration in three of the four cases.
We begin with a general treatment for @« = —2 and will discuss larger integer

values of —a later in this subsection. The analogue of (E.3) is now

S=> n?quEF°(T,)

1 u
:/ u_l/ t~ 1M (t) dt du
0 0

= /1t_1(— logt) M (t) dt
0

I RN (O
- [coen 8 5o o vl (E30)

using (D.17) at the last equality, and the analogue of (E.4) is

B(z) ©y(2) + py(z Zn 2"

/ /t1 t)dt du

:/ t~1y(t)(log z — log t) dt
0

= (log 2) /Oztly(t)dt— i t~(log t)y(t) dt. (E.31)
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Combining (E.30)— (E 31) we find this analogue of (E.6):

5= / s e | () ds / 5 (log )y(s) ds — (o) ar.

(E.32)
It is once again helpful to change variables and integrate by parts, as we did in
moving from (E.6) to (E.9). The result, with L(n) := log R(n), is

s—- [ L) (L(n) { /n L dé} - { /n e dE}) a

1
—p /0 L(n) dn. (E.33)

We revisit the examples in Examples E.1-E.4, but now for &« = —2. Note that
now p = p(—2) and v = p(—4); several of these values are computed in [5].

Example E.7. For labelled trees ([5, Example A.1]), with the help of Mathematica
we find, using (E.33), that S = 101/432. We have, from [5, Example A.1], u =
u(—2) =5/12 and v = p(—4) = 1631/4320. We conclude

y(=2)? =220 1884 (1 1)(3)% = B9 = 0.090046. (E.34)
O

Example E.8. For ordered trees ([5, Example A.2]), only the first outer integral
on 7 seems to require numerical integration. We find

S =0.234522. (E.35)
We have, from [5, Example A.2],
=2log?2 —4log2 — 67r +4 =0.543383 (E.36)
and
v = —4—107T4 + (—% log? 2 + %logQ — %)71’2 + %10g42
— 2log®2 + 8log?2 — 161log 2 + (4log 2 — 4)¢(3) + 16

= 0.508810. (E.37)
We conclude
v(—2)? =25 — v + u* = 0.107866. (E.38)
[l
Example E.9. For binary trees ([5, Example A.3]), we find
S = 0.205868. (E.39)
We have, using [5, Example A.3],
p=in? —2log?2 — 2log2 + 1 = 0.297734 (E.40)

and
v=1+ 07T + 7%(2log? 2 + 2log 2 + 1) — (4log 2 + 2)¢(3)
— 21og? 2 — $log®2 — 2log? 2 — 2log 2 = 0.259105. (E.41)
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We conclude
(=2)? =28 — v — i = 0.063985. (E.42)

Example E.10. For full binary trees ([5, Example A.4]), we find
S = 0.251039. (E.43)
We have, using [5, Example A 4],
p=1-2%(1—log2)m = 0.517996 (E.44)
and

v=1+ 487r 3(log2 — 1) + %w(log32—3log22+610g2—6) + 57¢(3)

= 0.501666. (E.45)

We conclude
¥(=2)? =28 — v — (1 — 1)p® = 0.000412. (E.46)
O
Remark E.11. The same sort of general development as for o = —2 shows that 2
can be computed using just one- and two-dimensional integration whenever o = —k

with k a positive integer. We know that only one-dimensional integration is needed
for the second and third terms on the right in (D.15), so it suffices to consider the
term S.

For example, when o = —3, the analogue of (E.3) is

S = Zn_?’anFO(T)

/ —1/ —1/ t~ 1M (t) dt du dv

:2/0 t~(—logt)2M(t) dt

1 ’
= ;/O (—logt)? Z(t) A[B(t) ® y(t)] dt, (E.47)

using (D.17) at the last equality, and the analogue of (E.4) is

B(z) © y(2) + pny(z Zn 2"

e ranne

2/75 y()(log ) dt. (E.48)
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Combining (E.47)—(E.48), we find

1 / t 2
S=5(-3)= ‘11/0 (—logt)? v [/0 s 1y(s) <log z> ds — 2,u(—3)y(t)] dt.

For general positive integer k we find

1 /
RN —11)!]2 /0 (~tost) " 25

t k—1
. [ / s~y (s) (log z> ds — (k — 1)!,u(—k)y(t)] dt. (E.50)
0

We can re-express S(—k) in terms of R as follows:

-0 = e 7t [ ] [ {voe e s |1 et acan

B 1
RO [ o o an (E51)
O

Problem E.12. Can ~2 similarly be represented in terms of integrals when a < 0
is not an integer? If not, then one could resort to the following laborious process for
numerical computation of 42. From the function vy, extract coefficients ¢, for n < N,
with N suitably large, in order to compute a suitably large number of coefficients
of the function (By ® y)(z) appearing in (D.17). Similarly approximate the other
factor there, zy/(2)/y(z), by a high-order polynomial, and multiply to do the same
for M. Then a numerical approximation to 2 can be obtained using (D.22):

Y(a)? = 2(Ba © M)(1) — (Bza © y)(1) + 0 2p(a)*. (E.52)

Problem E.13. Is there any sort of theory for comparisons of 72(a) as real a < 0
varies [simultaneously for at least a large class of offspring distributions, in the spirit
of the observation that p(«) is increasing in « for any offspring distribution], or, as in
Section 6, across offspring distributions (simultaneously for all «)? Both prospects
seem to us unlikely.

For varying o, the results of our examples are discouraging: While ~2(—1) >
72(—2) for binary trees and full binary trees, the reverse inequality holds for the other
two examples in [5, Appendix A]. For varying offspring distributions, the examples
provide a scintilla of hope: For both @ = —1 and o = —2, the values of v? increase
from full binary to binary to labelled to ordered; but note that is not the same order
as for p(a) in Section 6.

Even the behavior across offspring distributions of S(—1) given in the simple
expression (E.11) is not evident, because the integrand factor 2+1log 7 is not constant
in sign.
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