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Abstract

We prove asymptotic normality for the number of fringe subtrees isomorphic to any given tree
in uniformly random trees with given vertex degrees. As applications, we also prove corresponding
results for random labelled trees with given vertex degrees, for random simply generated trees (or
conditioned Galton—-Watson trees), and for additive functionals.

The key tool for our work is an extension to the multivariate setting of a theorem by Gao and
Wormald (2004), which provides a way to show asymptotic normality by analysing the behaviour of
sufficiently high factorial moments.

Key worps AND PHRASES: Additive functionals; conditioned Galton-Watson trees; fringe trees; random
labelled trees; simply generated trees; toll functions.
MSC 2020 Susject CrassiricaTioNs: 60C05; 05C05; 60F05.

1 Introduction and main results

In this paper, we consider fringe trees of three types of random trees. In the main parts of the paper, we
consider random plane trees with given vertex statistics, i.e., a given number of vertices of each degree.
As applications of these results, we also give corresponding results for random labelled trees with given
vertex degrees, and for random simply generated trees (or conditioned Galton—Watson trees). The main
results are laws of large numbers and central limit theorems for the number of fringe trees of a given
type.

Let T be the set of all (finite) plane rooted trees (also called ordered rooted trees); see e.g., [8]. Denote
the size, i.e. the number of vertices, of a tree T by |T|. The (out)degree of a vertex v € T, denoted dr(v), is

its number of children in T; thus leaves have degree 0 and all other vertices have strictly positive degree.
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The degree statistic of a rooted tree T is the sequence ny = (n7(i));>o, Wwhere np(i) :=[{ve T : dp(v) = i}| is

the number of vertices of T with i children. We have

IT| = ZnT(i):lJrZinT(i). (1.1)

i>0 i>0

A sequence n = (n(7));>o is the degree statistic of some tree if and only if } ;,,gn(i) = 1+ ) ;5qin(i). For
such sequences, we let |n| := ) ;.4 n(i) be the size of n, and we write T, for the set of plane rooted trees
with degree statistic n. We let 7, be a uniformly random element of the set T, and we denote this by
T ~ Unif(T,).

For T € T and a vertex v € T, let T, be the subtree of T rooted at v consisting of v and all its

descendants. We call T, a fringe (sub)tree of T. We regard T, as an element of T and let, for T, T’ € T,

Np(T):=lfweT:T,=T')|=) lyz-r, (1.2)

veT

i.e., the number of fringe subtrees of T that are equal (i.e., isomorphic to) to T’. A random fringe subtree
T' of T € T is the random rooted tree obtained by taking the fringe subtree T, at a uniform random
vertex v € T. Thus, the distribution of T is given by

N7:(T)
P Tfr — T,) — ,
( 7]

for T’ eT. (1.3)

We prove an asymptotic result on the distribution of a random fringe subtree in a random rooted
plane tree with a given degree statistic. In order to state the theorem, we need a little more terminology.
(See also Section 1.2 for some notation.) For a degree statistic n, denote by p(n) = (p;(n));>¢ its (empirical)

degree distribution, i.e.,

pi(n):= %, for i >0. (1.4)

In this paper, we assume for convenience the following condition.
Condition 1.1. n, = (n,(i));>0, k > 1, are degree statistics such that as x — co:
(i) Iny| — oo,
(ii) For every i > 0, we have p;(n,) — p;, where p = (p;)i>o is a probability distribution on INy.

Remark 1.2. The condition that p is a probability distribution is no restriction. In fact, the degree

distribution p(n,) has mean

. R PR N
) _ipitn) =) inli) = =T <, (1.5)

i>0 kli>0

and thus the sequence of distributions p(n,) is always tight. Hence, if p;(n,) — p;, for every i > 0, then



P = (pi)i»o is a probability distribution. Note also that (ii) says that p(n,) converges weakly to p, as

K — oo. (As is well known, this is equivalent to convergence in total variation.)

By (1.5) and Fatou’s lemma, if Condition 1.1 holds, then } ;,,ip; < 1. Conversely, it is easily seen
that any such probability distribution p is the limit of p(n,) for some sequence of degree statistics n,.. In
other words, the set of probability distributions p that can appear as limits in Condition 1.1 is precisely
the set of probability distributions p on INy with mean } ;. ip; < 1; we denote this set by P; (INj).

For a probability distribution p = (p;);>0 € P1(INp), let 7, be a Galton-Watson tree with offspring
distribution p, and define Ttp as the distribution of Tp, i.e., (with 00:=1as usual)

rtp(T) = P(T, = T) = ]_[p;”(“ - ]_[ pi"", forTeT, (1.6)
i>0 ieD(T)
where
D(T):={i: np(i)> 0} = {dr(v): v € T}, (1.7)

the set of degrees that appear in T. Note that 71,(T) =0 < p; = 0 for some i € D(T). In particular, if
n, and p are as in Condition 1.1, then 7,(T) = 0 if and only if n,(i) = o(|n,|) for some i € D(T).

We first give a law of large numbers for the number of fringe trees of a given type in a random rooted
plane tree with a given degree statistic. The proofs of this and the following theorems are given in later

sections.

Theorem 1.3. Let n,, k > 1, be some degree statistics that satisfy Condition 1.1, and let T, ~ Unif(T, ). For
every fixed T € T, as k — oo:
E[Np(T,)]

(i) (Annealed version) IP(Y;,fKr =T) ]
K

— 11,(T).

Nt (7,
(ii) (Quenched version) IP(?;S =TTy )= r(7n,)

— 1p(T) in probability.

|
In other words, the random fringe tree converges in distribution as k — oo: (i) says 7;{{ 4, Ty, or equivalently
/L(?}lfkr) — L(7y), and (ii) is the conditional version L'(?;,f}f | 7}1K) LN L(Ty).

Remark 1.4. Similar results are known for several other models of random trees. In particular, a ver-
sion of Theorem 1.3 was proved by Aldous [2] for conditioned Galton—-Watson trees with finite offspring
variance; this was extended to general simply generated trees in [21, Theorem 7.12]. In those cases, the
degree statistic is random, but Condition 1.1 holds in probability, with a non-random limiting probabil-
ity distribution p. We return to simply generated trees in Section 7. Another standard example is family
trees of Crump-Mode-Jagers branching processes (which includes e.g. random recursive trees, binary

search trees and preferential attachment trees); see e.g. [2] and [17, Theorem 5.14].

Theorem 1.3 is thus a law of large numbers for the number of fringe trees of a given type. In this
work, we also study the fluctuations and prove a central limit theorem for this number; we furthermore

show that this holds jointly for different types of fringe trees.



For a probability distribution p = (p;)i>0 € Pi(Ng) and T, T" € T, let

Ip(T, T = (T - 1| - 1) - Y 2rrdd) (18)

i>0 Pi

where we interpret 0/0 := 0, and

VP(T; T):= 7_(p(T) + 1”]p(T, T)(?ZP(T))Z, (1.9)
Vp(T, T") := Np(T)1ep (T) + N (T )10p (T”) + 11 (T, T )1 (T) 105 (T'), T=T. (1.10)

Note that 17,(T,T’) = —co if p; = 0 for some i € D(T) N D(T’). In this case, 7tp(T) = 1,(T’) = 0, and we
interpret co-0:= 0in (1.9)-(1.10); thus (T, T’) is always finite.

Theorem 1.5. Let n,, x > 1, be some degree statistics that satisfy Condition 1.1 and let T, ~ Unif(T,, ). For
afixedm>1,let Ty,..., T, €T be a fixed sequence of rooted plane trees. Then, as k — oo,

ENr(Ty,) = 1p(T)In| + o(In|), (1.11)
Var(Nr,(Zn, ) = ¥p(T;, T;) I + o(Inc]), (1.12)
Cov(Nr,(Tn, ), N1,(Tn,)) = 7p(T;, Tj)Ine| + o(In,c]), (1.13)

for1<i,j <m,and

N (T, ) ~BING (T, )] Nr, (Tn) ~BINg, (T 1) 0 0 (1.14)
rip) :

IERRY]
[ | I |

where the covariance matrix I, := (yp(T;, ]))i’jzl. Furthermore, in (1.14), we can replace E[N1,(7, )] by
|n1<|7-(p(n,<)(Ti)~

If T € T with 7tp(T) > 0and |T| > 1, then yp(T,T) > 0 and thus (1.12) and (1.14) (with m = 1) show that
Nr(7,,) is asymptotically normal, with

NT(TnK)—IE[NT(TnK)]i)N(O,l), o o, (1.15)
Var(Nt(7y,))

The case |T| = 1 is trivial, with Np(7,_) = ,(0) non-random. Ignoring this case, Theorem 1.5 shows
that N7(7, ) is asymptotically normal when 7,(T) > 0. On the other hand, if 7,(T) = 0, then also
Vp(T,T) =0, and the theorems above do not give precise information on the asymptotic distribution of

N7(7,, ). In this case, the following theorems are more precise.

Theorem 1.6. Let T € T be a fixed tree. Then, uniformly for all degree statistics n = (n(i));>o,

EN7(7,) = In|rpm)(T) + O(1), (1.16)
Var N7(7,) = n|ypm)(T, T) + O(1). (1.17)



More generally, if T,T" € T, then
Cov(N1(T), N (Tn)) = Inlypm)(T, T') + O(1). (1.18)
In view of (1.16), we define, for any degree statistic n and tree T € T,

#n(T) = Inlrey(u)(T) = | | ps(m)© —|n|]_[p1 et (1.19)

i>0 i€D(T

This is thus a convenient approximation of [EN7(7,). We define also
(T, T') = (np(T)np(T’))l/qu(T, T), if 77,(T), 70p(T") >0, (1.20)

and extend this by continuity to the case 1, (T)m,(T’) = 0; this yields by (1.8) the general formula

P p

Mol T, ') = (T (TN VAT = 1T = 1) = Y meinp) [ o)™ o

i>0 jeD(T)UD(T")

We interpret again 0 - oo := 0; thus the sum in (1.21) is finite also if p; = 0 for some i € D(T)UD(T’). In

fact, (1.21) is a polynomial in pé/z,p}/z, , and is thus continuous in p as asserted.

Similarly, we define
Vo(T, T') = (rp(T)1p (T')) 2y (T, T'),  if 7p(T), 1,(T') >0, (1.22)

and extend this by continuity, which by (1.9)—(1.10) and (1.20) yields

o(T, T):= 1 +ﬁp(T T), (1.23)
1 ( ’ (T)=ni(T))/2  —~ , ,
7o(T, T'): ]_[ p /2 L Np(T) [ pi T2 Lo (7, T, T=T.  (1.24)
ieD(T ieD(T’)

Note that N7/(T) > 0 implies D(T’) C D(T) and n(i) > ny.(i), for i > 0; thus (1.24) always yields a finite

value (again interpreting 0 - co := 0); again, this is a polynomial in p(l)/z,pi/z, , and thus continuous in

p-
Theorem 1.7. Let n,, x > 1, be some degree statistics that satisfy Condition 1.1 and let T, ~ Unif(T, ).
For fixed m > 1, let Ty,..., T,, € T be a fixed sequence of rooted plane trees such that, as x — oo, pn (T;) :=
In|7tp(n, ) (T;) — oo for each 1 <i < m. Then,

Nr,(Tn,) — E[N7, (T, )] N7, (Zn,) ~ E[N7, (Zn,)] i>N(0/I‘\) as K — oo (1.25)
I i (T2 o ' |

where the covariance matrix f = (7p(T;, ]))ijzl. Furthermore, in (1.25), we can replace E[N1,(7, )] by

pin, (T5).
Moreover, (T, T) > 0, and thus the asymptotic normality (1.15) holds, except in the following three

5



exceptional cases:
(i) [TI=1,
(ii) T isa pathand p; =1,
(iii) T is a star with a root of degree d joined to d leaves, and py = 1.
The exceptional cases (ii) and (iii) are discussed further in Example 5.3.

Remark 1.8. Theorem 1.7 shows that excluding the exceptional cases (i)-(iii), the condition p, (T) — oo,
as k — oo, is sufficient for asymptotic normality of Nr(7, ). This condition is also necessary, since
otherwise (at least for a subsequence) EN7(7, ) = O(1) by (1.16), and since Nr(7, ) is integer-valued, it

is easy to see that then it cannot converge to a non-degenerate normal distribution for any normalization.

Problem 1.9. In Theorem 1.5, suppose that Ty,..., T, are distinct with |T;| > 1 and 1,(T;) > 0 for every
1 <i <m. Theorem 1.5 says that y,(T;, T;) > 0, for every 1 < i <m. Is the covariance matrix [, non-singular?

In the case of critical conditioned Galton—-Watson trees with finite offspring variance, (joint) normal
convergence of the subtree counts in analogy to (1.14) was proved in [22, Corollary 1.8] (together with
convergence of mean and variance). Indeed, [22, Theorem 1.5] proved, more generally, asymptotic nor-
mality of additive functionals that are defined via toll functions (under some conditions); see Section 8

for further discussion on additive functionals.

Remark 1.10. Results on asymptotic normality for fringe tree counts have also been proved earlier for
several other classes of random trees. For example, for binary search trees see [6], [7], [5], [11], [16]; for
random recursive trees see [10], [16]; for increasing trees see [12]; for m-ary search trees and preferential

attachment trees see [18]; for random tries see [23].

Our approach relies on a multivariate version of the Gao-Wormald theorem [13, Theorem 1]; see
Theorem A.1 in Appendix A. The original Gao—Wormald theorem [13] provides a way to show asymp-
totic normality by analysing the behaviour of sufficiently high factorial moments. (Typically, factorial
moments are more convenient than standard moments in combinatorics.) Our multivariate version A.1
extends this by considering joint factorial moments. In our framework, this is very convenient since we
can precisely compute the joint factorial moments of the subtree counts in (1.2) for random trees with
given degree statistics. (Another, closely related, multivariate version of the Gao-Wormald theorem has
independently been shown recently by Hitczenko and Wormald [15]; see further Appendix A.)

The (one dimensional) Gao—-Wormald theorem has been used before by Cai and Devroye [4] to study
large fringe trees in critical conditioned Galton-Watson trees with finite offspring variance. Indeed,
they considered fringe subtree counts of a sequence of trees instead of a fixed tree. In particular, they
showed that asymptotic normality still holds in some regimes, while in others there is a Poisson limit.
In a forthcoming work, we will study the case of not fixed fringe trees in the framework of random trees

with given degrees.



1.1 Organization of the paper

Some standard facts on coding trees by walks are recalled in Section 2; these facts are used in Section 3
to give exact formulas for factorial moments of N1 (7,). These formulas are then used in Sections 4-5 to
prove our main results.

Applications to labelled trees with given vertex degrees, simply generated trees and additive func-
tionals are given in Sections 6-8.

Appendix A contains a general statement and proof of the multivariate version of the Gao-Wormald
theorem that we use in our proof of the main theorems. Appendix B uses that theorem to give a new
simple proof (in two cases) of a known result on asymptotic normality of degree statistics in conditioned
Galton-Watson trees (Theorem 7.6) that we use in the proof in Section 7.

1.2 Some notation

In addition to the notation introduced above, we use the following standard notation.

WeletZ:={...,-1,0,1,...}, N:={1,2,...},INy :={0,1,2,...}. We let 0 denote also vectors and matrices
with all elements 0 (the dimension will be clear from the context). We use standard o and O notation,
for sequences and functions of a real variable. Recall that a, = ©(b,) means a, = O(b,.) and b, = O(a).

For two sequence of positive real numbers (a,),>; and (b,),>1, we write a,, < b, or b, > a, if and
only if a,,/b, — 0 as n — co.

1¢ is the indicator function of an event £, and 6;; := 1;;—j; is Kronecker’s delta.

For x € R and g € Ny, we let (x); == x(x —1)---(x —q + 1) denote the gth falling factorial of x. (Here
(x)o := 1. Note that (x); = 0 whenever x € Ng and x—g+1<0.)

We interpret 0/0 =0 and 0-co = 0.

We use — for convergence in distribution, and P, for convergence in probability, for a sequence of
random variables in some metric space. Also, £(X) denotes the distribution of X, and 4 means equal in
distribution. We write N(0,I') for the multivariate normal distribution with mean vector 0 and covari-
ance matrix I := (yij)l’f’j:l, for m € IN. (This includes the case I' = 0; in this case X ~ N(0,I') means that
X=0€R"a.s.)

Unspecified limits are as k — oo.

2 Trees and walks

For k € IN, we view a sequence x = (x(0),x(1),...,x(k)) € Z**! as a walk with steps (or increments) given
by Ax(i) := x(i) —x(i — 1), for 1 <i < k. Define the set of all (discrete) bridges finishing in position —1 at

time k, as
B := {(x(0), x(1),...., x(k)) € Z¥*" : x(0) = 0, Ax(i) 2 -1, for 1 <i <k, andx(k) = -1} (2.1)

For 1 <i <kand x = (x(0),x(1),...,x(k)) € BX, define w;(x) as the cyclic shift of x by i, that is, the sequence
of length k starting at 0 whose j-th increment is Ax(i + j) with i + j interpreted mod k. For any x € BF,



let 7, be the first time that x hits its overall minimum, i.e., min; ;< x(i). The (discrete form of) Vervaat’s
transformation of x is defined by V(x) = w,_(x); see [28, Exercise 6.1.1] or [30]. This transformation maps

the set of bridges B* to the set of excursions of size k finishing at —1:
EF .= {(w(O),w(l),...,w(k)) e ZM :w(0) = 0, Aw(i) > -1 for 1 <i <k, and w first hits —1 at time k}. (2.2)

Letn = (n(i));>o be a degree statistic with associated degree sequence c(n) = (¢(7));>1, that is, the sequence
obtained by writing n(0) zeros, n(1) ones, and so on. Let ¢ be a uniformly random permutation of
{1,...,|n|}. Define the bridge erl’ c B by letting

j
WP(0):=0 and WP(j):= Z(c(a(i))—l), for 1<j<|nl. (2.3)
i=1

1

Note that WP(|n|) = —1. WP is a discrete random process with exchangeable increments. The set of paths
taken by W is

B, := {(x(O),x(l),...,x(|n|)) e B : {1 <j<|n|: Ax(j) =i—1}| = n(i), for every i > o}. (2.4)
From the excursions in E™, we consider those with fixed number of increments of given size, i.e.,
E,:=E"NB, = {(w(O),w(l),...,w(Inl)) e EM: {1 <j<n|: Aw(j) =i-1}| = n(i), for every i > o}. (2.5)

It is well known that there exists a bijection between [E, and T, (see [28, Lemma 6.3]), and it is also well
known that (see [28, Exercise 6.2.1])

T, = i('“') Lk (2.6)

n - Hﬂizo n(i)!

It should be clear that bridges in B,, are sent to excursions in [E, by the Vervaat transformation. More-
over, for w € [E,, the number of x € B, such that V(x) = w is exactly |n|; see [21, Corollary 15.4] or [28,
Lemma 6.1].

Let u(1) <--- < u(|T|) be the sequence of vertices of T € T in depth-first order (also called pre-order);
thus u(1) is the root of T. Set dr(i) = dr(u(i)), for i = 1,...,|T|, and call (dp(1),...,d7(|T|)) the pre-order
degree sequence of T. For k € IN, it is well-known that a sequence (d(1),...,d(k)) € IN’(; is the pre-order
degree sequence of a tree T € T if and only if

k
d(i)>j, for 1<j<k-1, and Zd(i):k—l; (2.7)
i=1 i=1

-

see [21, Lemma 15.2]. Indeed, T is uniquely determined by its pre-order degree sequence. The depth
first queue process (DFQP, or Lukasiewicz path) Wy = (Wr(i),0 < i <|T|) of a tree T € T, associated to
the depth-first ordering u(1) < --- < u(|T|) of its vertices, is defined by Wr(0) := 0 and Wy (i) := Wr(i -



1)+dr(i)—1, for 1 <i <|T|. Note that AWr(i) = dp(i)—1 > -1 for every 1 <i <|T|, with equality if and
only if u(i) is a leaf of T. In addition, Wr(i) > 0 for every 0 <i <|T|-1, but Wr(|T|) = -1, i.e., Wy e EITI.

The next (well known) proposition summaries some of the previous definitions and remarks.

Proposition 2.1. Let n be a degree statistic and let T, ~ Unif(Ty,). If Wy is the DFQP of T, then P(Wg, =

w) = ITFLnI’ for w € E,,. Moreover, if U is a uniform random variable on {1,...,|nl} independent of Wy, then

(Wr,, U) £ (V(WR), Tyy). 0

Note, in particular, that 7y is uniform on {1,..., |n[} and independent of V(Wp).

3 Moment computations

In this section, we compute the moments of the number of fringe subtrees of a uniformly random tree
7, of T, for a degree statistic n. As a warm-up, we use some of the ideas used in [22] to compute the
first moment.

Recall that T € T is uniquely described by its pre-order degree sequence (dr(1),...,dr(|T])). Then,
for i = 1,...,|T|, the fringe subtree T,;) has pre-order degree sequence (dr(i),...,dr(i + k — 1)), where
1 <k <|T|-i+1 is the unique index such that (dr(i),...,dr(i + k—1)) is a pre-order degree sequence of a
tree, i.e., it satisfies (2.7). Thus, for T, T’ € T, we can write (1.2) as

IT|-IT’|+1

NEAT)= ) gl ()i (T D) =ds (D) (3.1)
i=1

where the sum is interpreted as 0 when |T’| > |T|.

Lemma 3.1. Let n be a degree statistic and let T, ~ Unif(T,). For T € T such that |n| > |T|,

E[N7 (7)) = o [ 10Dy (3.2)

() 2.

Proof. If ny(i) > n(i) for some i > 0, then both sides of (3.2) are 0. Assume therefore that ny(i) < n(i) for
all i > 0. Then, |T| < |7,| = [n|. Let W7, be the DFQP of 7,, and (dz,(1),...,d7 (In|)) its pre-order degree
sequence. Note that dy (i) = AWz (i) + 1, for i = 1,...,|n|. Let (dr(1),...,dr(|T|)) be the pre-order degree
sequence of T. Hence, by (3.1),

In|-|T|+1

j
wf’T(O) =0 and w?’T(j) = Z(y(r) —-1), for 1 <j<|n|, (3.4)



where y(i) =dr(1),...,9(i +|T|-1) = d¢(|T|). In particular, szT(i +j-1)=dr(j)-1,forj=1,...,|T|. We

then consider the set of admissible excursions obtained in this way:
Ajr = {wip s (p(1)..,p(i=1), 9 +[TI),...,p(nl) € Z" M and w] 7 € Ey), (3.5)

i.e.,, A; 7 is the set of excursions in [E;, that code trees in T, with a fringe subtree with pre-order degree
sequence (dr(1),...,dr(|T|)) that is rooted at its i-th vertex in depth-first order. Let i = (7i(i));>( be given
by 7(0) = n(0) — np(0) + 1 and 7i(i) = n(i) — np(i) for i > 1. If we instead of inserting the degree sequence
of T as above, insert only y(i) = 0 (corresponding to a leaf), and then relabel y(j +|T|) as y(j + 1) for
i <j <|n|—|T|, we obtain a bijection between A; r and the excursions in [E; that correspond to a tree

with a leaf as its i-th vertex. Thus, due to the bijection between [E; and Ty, we see that

Inl-T}+1
| A 7| = [T] - 71(0). (3.6)
i=1

By Proposition 2.1 and (3.3)—(3.6), this yields

In|-|T|+1

BNy oS Bl Tl-(0)

Tl [Tl

, (3.7)
i=1

and the result (3.2) follows by (2.6). O

Lemma 3.1 can be generalized to joint factorial moments of the random variables Nr, (7y),..., N, (7,),
for m > 1 and a sequence of distinct rooted plane trees Ty,...,T,, € T. Before that, we need to introduce

some notation. For 1 <i,j <m, let
Tij = N7, (Tj) 1) (3.8)

be the number of proper fringe subtrees of T; that are equal to T;. (Note that many of these terms are 0.

In particular, if we order T,..., T, according to their sizes, the matrix (Tij)?szl is strictly triangular.)
For q1,...,qm € Ny, note that the product (N7,(7y))g, -~ (N1, (Zn))g,,

q =4q1 +---+q,, distinct fringe subtrees of 7,,, where the first q; are copies of T}, the next g, are copies

is the number of sequences of

of T,, and so on. Given such a sequence of fringe subtrees, we say that these fringe subtrees are marked.
Furthermore, for each such sequence of marked fringe subtrees of 7, say that a tree in the sequence is
bound if it is a fringe subtree of another tree in the sequence; otherwise it is free. Note that the free trees
are disjoint. Furthermore, each bound tree in the sequence is a fringe subtree of exactly one free tree.
For a sequence b = (by,...,b,) € Ny, let 5,(7,,) be the number of such sequences of g fringe trees such
that exactly b; of the fringe trees T; are bound, for 1 <i < m. We thus have

E[(N1, (To))g, -+ (N7, (T))g, | = ) EISu(To)]. (3.9)

beINy'
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The sum is really only over b = (by,...,b,,) € IN{’ such that 0 < b; < ¢q; for 1 <i < m, since otherwise
Sp(7,) = 0. This sum can be computed by the following lemma.

Lemma 3.2. Let n be a degree statistic and let T, ~ Unif(T,). For m>1 and qy,...,q,, € N, let Ty,...,T,, € T
be a sequence of distinct rooted plane trees such that In| > Y ", (q;|T;| - q;) + 1. Then

m (a;)y, (Zhey (ak = bi) i)
n] ] k=1 )b
T,)] = | | | | , .

i>0 j=1

for every b = (by,...,b,,) € N{ such that 0 <b; < q;, for 1 <i <m.

Proof. 1f Z] 1(qj=bj)n T]_(i) > n(i) for some i > 0, then both sides of (3.10) are 0. We may thus assume that
Z] 1(gj —bj)n.(i) < n(i) for all i > 0.

First, let us consider the case when all fringe trees are free, that is, the case b = 0 = (0,...,0) € INgq.
Replace each marked fringe subtree in 7, by a single leaf; moreover, mark this leaf and order all marked
leaves into a sequence, corresponding to the order of the fringe subtrees. This yields another tree T,
which we call a reduced tree, with a sequence of g marked leaves. Since 7,, has n(i) vertices of degree i,

for i > 0, and we have replaced g; copies of T; by leaves, the degree statistic fi = (71(i));»o of T is given by

(i) o= "~ L gm0 2l (3.11)

n(0) =Lt qnT(0)+ X5 g5 i=0,

and has size

Al =) i —|n|—Zq,|T|— (3.12)

i>0

There is a one-to-one correspondence between trees in T, with a sequence of marked fringe subtrees as
above, and reduced trees with the degree statistic (3.11) and a sequence of g marked leaves. If we ignore
the marks, the number of possible reduced trees is given by (2.6) with the degree statistic i in (3.11). In
each unmarked reduced tree, the number of ways to choose sequences of marked leaves is (7(0)), +...+,,-
Thus, the number of trees in T,, with marked sequences of free fringe subtrees is the product of these

numbers, i.e.,

(|n[-1)r (Ia]-1)!
= (7A(0))ym o, = : . 3.13
Moot " V50 = [T ()~ LI, 07, ) (313
By dividing with |T,|, which is given by (2.6), and using (3.12), we find
1
E[So(Zn)] = n(i))y ™ g4 (i) 3.14
S0 = (T [ GG (3.14)

i>0

Now consider the general case with a sequence b = (by,...,b,,) telling the number of bound fringe
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subtrees. There are thus gq; — b; free trees of type T;. The number of ways to choose the positions of
4

b

Zle (qx — bk)’cjk possible bound trees of type T;; thus the number of choices of the bound trees is

the bound trees in the sequences of fringe trees is ]_[;.":1 (;7), and for each choice of free trees, there are

(90, (T4 (ak — bk)Tjk)b]-

b:!
j=1 J

(3.15)

The number of trees in T,, with sequences of g; — b; free trees T}, for 1 < j < m, is given by replacing q;
by q; - b; in (3.11)=(3.13). Hence, we obtain (3.10), extending (3.14). O

We record two important special cases of the computation above.
Lemma 3.3. Let n be a degree statistic and let T, ~ Unif(T,).

(i) Forqe N and T € T such that In| > g|T|-q+1,

E[(Nr(T)y) = [ ] 01y (3.16)

(|n|)q|T|—q+1 >0

(ii) For distinct T,T’ € T such that |n| > |T|+|T’| -1,

B[N (T)Np(To)] = Np(T)EINg(Ta)] + Np ATV BN (T)] + o [0y iy e (3:17)

(D71 3,

Proof. (i): This is the case m =1 of (3.9) and (3.10), when we consider only one tree T;. In this case, there
are no bound fringe trees, and thus we only have to consider b = 0 in (3.9). Taking b; =0 (and gq; = g) in
(3.10) yields (3.16).

(ii): This is the case m = 2 and g1 = g, = 1 of (3.9). The possible vectors b = (b, b,) are (1,0), (0,1),
and (0,0), and it is easily verified that taking these three vectors in (3.10), and using (3.16) with g =1 in
two cases, yields the three terms on the right-hand side of (3.17). O]

4 Proof of Theorems 1.3 and 1.6

In this section we prove Theorems 1.3 and 1.6 (in opposite order). In what follows we will frequently

use the following well-known estimate.

Lemma 4.1. If x > 1 is a real number and 0 < k < x/2 is an integer, then

(x)k:xkexp(—w+0(k3 )) (4.1)

2x x?
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Proof. Since In(1—y) = -y + O(y?) for 0 <y < 1/2, the result follows from the identity

k-1
Wk _TT1%-
vy _ll:[ o =P Zln(l——) (4.2)
O]
Proof of Theorem 1.6. Note first the trivial bound
n(i) . .
NT(z‘l) < ~ < ﬂ(l), 1€ D(T), (43)
nr(i)
since the copies of T in 7, are distinct. Furthermore, by (1.6) and (1.4),
Inlrtpn)(T) < Inlp;(n) = n(i), i€ D(T) (4.4)

Hence, (1.16) is trivial if n(i) = O(1) for some i € D(T). In particular, we may in the sequel assume
n(i) > 2nr(i) for every i > 0, and thus |n| > 2|T|. Then, by (3.2) and Lemma 4.1,

ENr () = '™ | ] n(i)"T‘”-exp[%— ) %*O( ) n<1i>2)]

ieD(T)

:Inlnp(n)(T)-exp[—lﬂ('zilﬂ_1)— Z —nT(l)(ZZTE;)_l)+O( Z n(li)z)]’ (4.5)

ieD(T) i€D(T)

which implies (1.16) by (4.4).
Similarly, taking g = 2 in (3.16), and now assuming as we may n(i) > 4ny(i) for every i > 0,

E(Ne(Ta) = 2 [T 002y

(Inl)27-1 eD(T)
2-2IT] i)2nr(i) 2TI-1)2[T|-2) 2n7(i)(2n(i) - 1) 0 1
- zelljl [ 2In| ie;ﬂ 2n(i) ' (z'eDZm ”(i)z)
2|T|-1)(|T| -1 1)(2 1) —1 1
:(Inlrcp(n)(T))z-eXp[( |T| |ri?| |-1) Z n (i)( ,ZiT)(l) )+o( Z n(i)z)]’ (4.6)
ieD(T) i€D(T)
Hence, using also (4.5),
12 2
BN (T); = (ENr (7)) wexp| (T ) 2R w0 ) 2)] (4
n iepr) TV ieD(T) i)

Consequently, using (1.16) and noting that EN7(7,,) = O(n(i)) for i € D(T) by (1.16) and (4.4),
2
Var[Np(7,)] = To))2 + ENr(T,) - (ENp(T,))

13



12 2
~ (EN7(T,)) - (lTllTll)_ )y ”Z((Zl)) + ENp(Ty) +O(1)
i€D(T)
_1)2 2
:(|n|7'(p(n)(T))2_[(|T||Tl)_ y ”Z((ll)) ]+|n|np(n)(T)+O(1), (4.8)
ieD(T)

which yields (1.17) by the definitions (1.9), (1.8) and (1.4).
For the proof of (1.18) we use (3.17). The first two terms are handled by (1.16), and the final term is
treated as in (4.6)—(4.8) with mainly notational differences; we omit the details. O

Proof of Theorem 1.3. By Condition 1.1, we have p;(n,) — p; for every i > 0, and thus 7,y |(T) — 7,(T).
Hence, (i) follows from (1.16).

Moreover, it follows from (1.8)—(1.9) that yp, (T, T) = O(1) (for a fixed T), and thus (1.17) yields
Var N7(7,, ) = O(In,|). Therefore, (ii) follows from (i) and Chebyshev’s inequality. O

5 Proof of Theorems 1.5 and 1.7

We have now all the ingredients to prove Theorems 1.5 and Theorem 1.7. Theorem 1.5 is essentially
a special case Theorem 1.7, combined with the already proved Theorem 1.6. Nevertheless, in order
to focus on the main ideas, we give first a separate proof of Theorem 1.5, and then the rather small

modifications required for the more technical general version in Theorem 1.7.

Proof of Theorem 1.5. First note that Condition 1.1 implies

Tpn)(Ti) = 7p(T;)  and  ypn )(T;, Tj) = pp(T;, Tj),  forl<i,j<m. (5.1)

Hence, (1.11)—(1.13) follow from (1.16)—(1.18) in Theorem 1.6.
We next prove the asymptotic normality result in (1.14). Note first that (1.16) implies that it does
not matter whether we use E[Nr, (7, )] or pin (T;) = In[mtpm, ) (T;) in (1.14).
If 7t,(T;) = 0, for some 1 <i < m, then it follows from (1.9) that y,(T;, T;) = 0, and thus (1.12) yields
Var[Nr,(7, )] = o(|n|); consequently, (1.16) and Chebyshev’s inequality yield, as k — oo,
N1,(7y,) - E[NT,(Ty, )] p

! AL N (5.2)
In|

Hence, convergence of the i-th component in (1.14) is trivial in this case. Furthermore, 71,(T;) = 0 also
p(Tj) = 0. Thus, we

may ignore all i in (1.14) with 7,(T;) = 0 and show (joint) convergence for the remaining ones, because

implies yp(T;, Tj) = 0 for every 1 < j < m by (1.10), noting that if N7,(T}) > 0 then also 7t
then (1.14) in general will follow from [3, Theorem 3.9 in Chapter 1]. Consequently, we henceforth

assume that 71,(T;) > O for all 1 <i < m. Equivalently, p; > 0 for every k € UL, D(T;). We may also
assume that Ty,..., T, are distinct.
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To see the main idea of the proof, consider first the univariate case m = 1. (The impatient reader may
skip this and proceed directly to the general case.) We omit the index 1 and write T instead of T;. In
this case, we can use the Gao-Wormald theorem [13, Theorem 1] and the following estimate. For any
g = O(In|'?), (3.16) and Lemma 4.1 yield, recalling the definitions (1.4), (1.6), (1.8), (1.9), and (1.19)
of pi(n), 70p(T), 1p(T, T), 7p(T, T), and p (T),

2 2
[Tis e (i)?") (a:(TI1-1)) ) Z(qknT(i))

]E[(NT(%K))%] = |I‘1K|q’<(|T|_1) exp 2|n7<| — 2Tl,<(l) +0(1)
o ((aetT= DY - (genr()
= [y | gpi(nx)q“ Wexp TA_ZO'W +o(1)
4 9
:(|n,<|7'cp(nx)(T)) exp(2|n |’7P(nx)(T'T)+0(1))
a (T, T) =15 (T))n,
= pn, (T) eXP((yp( o 2}/311 (7;}))(21()( Jin |q7%+0(1))
T, T)n,|—pn (T
:ptnK(T)q"exp(yp( 2;|n(|T)f o )q,%+o(1)). (5.3)

If yp(T,T) > 0, we may now apply the Gao-Wormald theorem [13, Theorem 1] with p, := p, (T) and
ol = Vp(T,T)ln,| and conclude (1.15), which by (1.12) is equivalent to (1.14) (with m = 1). The case
Vp(T,T) = 0 is trivial, since then (1.12) implies (5.2). Alternatively, for any y,(T, T), we may take the
same i, but 62 := |n| in the case m = 1 of our version Theorem A.1 of the Gao-Wormald theorem.

The general case follows similarly by a multidimensional version of the Gao—Wormald theorem,
which we state and prove as Theorem A.1 in Appendix A, together with the following estimates of
(joint) factorial moments. The main complication in the multivariate case is the possibility that fringe
trees of type T; may contain fringe trees of type Ty for some 1 < j, k < m; we thus use the decomposition
in (3.9) and estimate the terms separately.

Write for convenience p;, = pp (T;) = [n|7tpn,)(T;), for 1 <i < m. Note that our assumption 7,(T;) >
0 and (5.1) imply that (possibly ignoring some small «)

i = O(Iny|), 1<i<m. (5.4)
Furthermore, for every i € U;”Zl D(T;), we have by assumption p; > 0, and thus Condition 1.1 implies
1 (i) = O (). (5.5)
Let g14)---»qmie € INg be such that
qix =O(In %), 1<i<m. (5.6)

Let b = (by,...,b,) € Ny be a fixed sequence. Assume first that g, > b; for 1 < j < m. Then we deduce
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from (3.10) in Lemma 3.2 and Lemma 4.1, using (5.4)—(5.6) and recalling (1.4), (1.6) and (1.19),

. Z/lQ/Kb)”T . O K—b 0 b
IESb(f];IK):nZZOnK() H(% + O L (i — i) Tjic + O(1))

|nK|Zj:1 9jx=b)(IT;1-1) i b]!
2 2
cexp (X7 (g =0T - 1)) _Z(z] 1 (@jx = bj)ng () ro)
2n,| >0 2n,(i)
b
m m m ]
—b;)n q]K 2 ket Ak Tjk + O(‘]jrc +2 ke Tjquk))
— |n |Z] 1 ‘I]K pl nK q]K T
l_l!_[ ] by
(T a5 T1-1)) (T gene ()’
X exp ] - ; 21 (0) +0o(1)
m m m 1/2
"o b, L Qjrc =1 ki Tjk + O(p;)
= [, |2 e bj)]_IT(P(nK)(Tj)qu g ( bl = )
=1 =1 7
(T qT1-1)) (0 ajenz ()
X exp - Z - +0(1)
o] L on(D
m m bj
_ Gjx (q]K Zk 1quT]k/F]7<+O(1))
=[ ¥ | b;!
=1 =l i
YL a(T-1) (T2 gjenn ()] 1 .
X exp 2] —Z 210) +0o(1)]. (5.7)

On the right-hand side, by (5.4)—(5.6), each factor in the second product is O(1), and so is the exponential
factor. Consequently, (5.7) yields

m 9jx

=t =1

b; 2 2
IESb('];K) " (CI'KZ]T:1QkKT'k/V'K)] (ZmzlqK(lTl_l)) (ZTn:lqKnT](l))
| bj! — 'eXp[ Tl L

]+0(1). (5.8)

This is trivially true also if gj, < b; for some 1 < j < m, since then S;(7, ) = 0 and the first term on the
right-hand side of (5.8) then is easily seen to be o(1). Hence, (5.8) holds for every fixed b € NJ’, uniformly
for all (q]K) that satisfy (5.6).

Furthermore, a simple variant of this calculation shows that, for each constant C > 0, uniformly for
allk>1,b=(by,...,b,) e Ny and qi4,...,4mx € Ng such that (5.6) holds,

ESy(7y,) <

b4
Mg (i)= "1 I—["JK(Zk ) exp(O(1))
i, [ @b bl P
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m 0 m C?‘
<C VJ"]:]_[F’ (5.9)
j=1 j=t )

for some constants C; > 0 and C, > 0 (depending on C). Equivalently,

b
IE[S, (7, Ly
[Lq,z]scl —2'. (5.10)
l_[m Y . b]

j=1Hjx j=

By (5.4)—(5.6), the same estimate holds for the first term on the right-hand side of (5.8), and thus it holds
also for the o(1) term there.

Now sum (5.8) over all b = (by,...,b,) € Ni'. The sum of the error terms o(1) is o(1) by dominated
convergence justified by (5.10) and the comments after it. Hence, (3.9) and (5.8) yield, uniformly for all
Q1xs---» qmy Satisfying (5.6), recalling n,.(i) = |n,|p;(n,) for i >0,

m jx -
j= 1:”]1( j=1

E[(N7,(Zn))g,, - (N1, (Tn))g,. ] ﬁexp(qjk Yioy quTjk)
Hijx

2|n7<| zanlpi(nK)

2 2
(T =1) (X5 g, (1)) .
- (1)
[ %

m
k)In,|
=ex E +o0(1), 5.11
P[ ,u]K,ukK —— 9jx9k« ( ) ( )

j k=

where, by a simple calculation recalling (1.19) and (1.8),
(7, k) = 2Tk (0, (Tk) + Mpmo) (Tj T ) (1) Tpm ) (Tk), 1< j k<m. (5.12)

In (5.11), we may replace r,(j, k) by the symmetrization 7,.(j, k) := %(rx(j,k) +1(k,j)). Comparing (5.12)
and (1.9)—(1.10), using (3.8) and treating the cases j = k and j # k separately, we obtain

7e(7, k) = Vpno)(Ti Ti) = 0k Tpm ) (T), 1<jk<m. (5.13)

Define o}, := |n, |'/2 for every 1 < j < m; then (5.11) yields, using (5.13) and (5.1),

9 V(T Ti)0jicOkic = Ojk i
IE[(NT1(7}1))q1K (Nt qu] l—ly exp ]; e Qi +0(1) |, (5.14)

uniformly in all g;,..., g, that satisfy (5.6). We apply Theorem A.1, and note that (5.14) is the condition
(A.2) (with obvious changes of notation); furthermore, by (5.1), our choices p;; = [ni|7pn,)(T;) and
Oir = In,|'/? satisfy (A.1). Hence, Theorem A.1 yields (1.14).

Finally, the last assertion of Theorem 1.5 is proved in Lemma 5.1 below. O
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Lemma 5.1. Suppose that p = (p;)i»0 € P1(INy), and let T € T with |T|> 1. If n,(T) > 0, then y,(T, T) > 0.
Recall that the assumption 7,(T) > 0 is equivalent to p; > 0 for all i € D(T).

Proof. Suppose that 7t,(T) > 0 but (T, T) = 0. By (1.9) and (1.8), this means

p(T,T)

1
S TR ()

+(T]-1)* - Z nT(i)2. (5.15)

T,T)=
pi

1
mp(T) ieD(T)
Furthermore, since (1.14) in Theorem 1.5 applies, for any m > 1 and trees Tj,...,T,, € T, the matrix
(vp(T;, T]));”]:1 is a covariance matrix, and thus positive semidefinite. Hence, the Cauchy-Schwarz in-

equality holds for y,(T;, T;). In particular, for any tree T’ € T,
Yp(T, T') < (T, T) 29, (T, T)) V2 = 0. (5.16)

Fix d €e D(T) with d > 1. Let 1 <k <d and define T, to be the tree that has a root of degree d, the
first k children of the root are copies of T, and the remaining d — k children of the root are leaves. Thus
|Td,k| =1 +k|T| +d—k and

Tle’k(i) = knT(i) +(d - k)l{i:()} + l{i:d}’ 1>0. (5.17)

Moreover, there are exactly k fringe trees in Tj x that are equal to T, so Nr(T;x) = k, while N, (T) = 0.
Hence, (5.16), (1.10), and (5.17) yield

(M Ta)  k
O e (Tp(Tag) ~ gy 0T 1)
k np(i)(knp(i) + (d = k)1jizop + 1ji=q))
= —~1)(k|T|+d —k)-
g+ TI= DT+ =k ieDZm ”
k nr(i)? nr(0) nr(d)
= -1)(k d—k)—k —— —(d-k - . .
o ITI= DT+ d =k ieDZm Pl vty (5.18)

Subtracting k times (5.15) from (5.18) yields

nr(0) ”T(d).

Po Pd

0=d(|T|-1)-(d-k) (5.19)
This has to hold for every k =1,...,d. If d > 2, this is a contradiction, since n7(0) > 0 for every tree T.

It remains only to consider the case when D(T) has no element d with d > 2, i.e., when D(T) C {0, 1}.
In this case, |T| is a path, so np(0) =1, np(1) = |T|-1 and nry(i) = 0 for i > 2. We still have (5.19) with
k =d =1, which gives

np(1) _|T|-1
P1 P1

IT|-1= (5.20)
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Hence, p; = 1. Since } ;5o p; = 1, this implies py = 0, which contradicts 7t,(T) > 0 because n(0) > 0.

These contradictions complete the proof. O]

Proof of Theorem 1.7. The proof is very similar to the proof of Theorem 1.5, and we focus on the differ-
ences. We may again assume that Ty, ..., T,, are distinct, and we define again p;, := pin (T;) = [n|mp(n, ) (T;)
for 1 <i <m. Furthermore, by (1.16), IENT],(%K) = pin (Tj)+O(1) for 1 < j < m, and thus it does not matter
whether we use IENT]_(QLK) Or Hix = pn (Tj) in (1.25).

We now assume that qq,..., 4, € Ny are such that for some fixed constant C > 0,

gix <Cui?,  for 1<i<m. (5.21)

By (4.4), we then have
e o(y]l,/f) =O(n(i)?),  for ieD(T)), (5.22)

and in particular, q;, = O(|nK|1/2). Furthermore, by assumption . — oo, and thus (4.4) yields 7,(i) — oo
for every i € U;-”:l D(T;). Recall also the definition of 7;; in (3.8), for 1 <i,j <m. For 1 < j,k < m, note
that if 7j; > 0, then T; is a fringe subtree of Tj; hence nTj(i) < ng (i) for every i > 0, and thus, by (1.19),

i < Mjic- Hence, by (5.21), if Tj; > 0, then g, = O(yif) = O(yjl-f). Consequently, for every 1 <j <m,

m
D tikdne = O(k;). (5.23)
k=1

We now argue as in the proof of Theorem 1.5. It is easily checked that all calculations in (5.7)—-(5.13)
are valid in the present situation too, using (5.21)—(5.23) instead of (5.4)—(5.6).
We then use (5.13) together with (1.22) and (1.19) and obtain

1/2 — .
) _6jkl/‘n,<(Tj) = Vp(n,{)(Tj’ Tk)(/"jkl’lkx)lﬂ_bjkﬂjw (5.24)

i k)l = Vo) (T Ty (Tj) ptn (Ti)

As ¥ — oo, we have Ypn, (T}, Tx) — Yp(T;, Ty) by Condition 1.1 and the continuity of »,(T;, Tx) in p.

Hence, if we now define o, := ;,111.42, for 1 <j <m,then (5.11) and (5.24) yield

= (Vp(T, Ti)0jic Ok = Ok fjxc)
k=1 Pjx P

m
- 1
E[(N1, (T, (N1, (T, | = | [k exp| 5 Gl +o(D)|,  (5.25)
j=1

/2 . .. .
.~ for 1 < j < m, this is precisely the

uniformly in all qyy,..., g, that satisfy (5.21). Since pj/0j, = ]/l]l-
condition (A.2) in Theorem A.1. Moreover, pj, = O']-ZK and pj, — oo by assumption; thus (A.1) holds too.
Hence, Theorem A.1 applies and yields (1.25).

The final claim follows by Lemma 5.2 below. ]

Lemma 5.2. Suppose that p = (p;)i»o € P1(INg), and let T € T. Then y,(T,T) > 0, except in the three
exceptional cases (i), (ii) and (iii) of Theorem 1.7.
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Proof. If 71,(T) > 0, then the result follows by Lemma 5.1. Thus suppose 7,(T) = 0. Then, by (1.21),

W) ==Y ar@? [ o] (5.26)

ieD(T) j€D(T)

Since 7, (T) = 0, there exists at least one iy € D(T) with p; = 0. Fix one such i5. Then each product in

(5.26) with i # i vanishes because it contains the factor p'.lT(ZO)

io = 0. Hence,

— . nr(j)=0i;
(T, T) = =nr(io)® | | ;™ .
je€D(T)

(5.27)

If nr(ip) 2 2, then (5.27) yields #1,(T,T) = 0, and thus y(T,T) = 1 by (1.23). In the remaining case,
nr(ig) = 1; thus (1.23) and (5.27) yield

Po(T,T) =1+7,(T,T)=1- [ ] PV, (5.28)
j€D(T), iy

Consequently, if 7p(T,T) = 0, then p; =1 for every j € D(T) with j # iy. Obviously, there is at most one
such j, and thus |[D(T)| < 2.

We always have 0 € D(T), and thus either |T| = 1 (case (i)), or D(T) = {0,d} for some d > 1. In the
latter case, we have either iy = 0 or ij = d.

If iy = 0, then, as shown above, n1(0) = 1, so T has only one leaf and thus T is a path. Then D(T) =
{0,1} and we need p; = 1; this is case (ii).

If iy = d, then nyp(d) = 1. Thus, T has only one non-leaf, so T is a star where the root has degree d;

furthermore, py = 1. This is (iii). O]

While the exceptional case (i) in Theorem 1.7 (and Lemma 5.2) is completely trivial, with Nr(7; )
deterministic, the cases (ii) and (iii) are not. We illustrate this with a simple example, which shows that

in some such cases Nr(7, ) is still asymptotically normal, but not in all cases.

Example 5.3. Let T be the tree with |T| = 2; thus T consists of a root and a leaf, and ny(0) = nyp(1) = 1.
Note that T is an example of both exceptional cases (ii) (if p; = 1) and (iii) (if pg = 1).

We consider for simplicity only degree statistics n, such that 7,, has exactly one vertex of degree > 2;
it then follows from (1.1) that this degree equals n,(0), and thus the degree statistic n, has n,(0) > 2,
n(1) > 0, and n,(i) = 6; ,, (o), for i > 2. For such n,, the tree 7,, consists of a vertex, v say, of degree
n,(0), n,(0) paths from v to the leaves, and a path (which might be empty) from the root to v. Let Xy, > 0
be the number of vertices on the path from the root to v (thus Xy = 0 if v is the root), and let X; > 0 be
the number of vertices of degree 1 on the i-th path from v to a leaf. Then,

in = n,(1), (5.29)

)+

!and possible trees 7,, . Vectors (Xi)?féo) €

and there is a bijection between such vectors (Xi)?zéo) € INS"(O
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INS"(O)+1 satisfying (5.29) are called compositions of n,(1) in n,(0) + 1 parts. Hence, the random tree

7, corresponds to a uniformly random composition of 7,(1) in n,(0) + 1 parts. As is well known, see
(25, Example 1.3.3], [19], and e.g. [21, Example 12.2], such a random composition can be obtained by
choosing any p € (0,1) and then letting X; ~ Ge(p) be independent, and condition on the event that (5.29)
holds.

There is one fringe subtree T in each path to a leaf for which X; > 1; thus we obtain, with x, :=

max(x, 0),

i

1,(0) n,.(0)
le>1 ZX—nK ] | X D ey ZX—nK( )] (5.30)

Consider now the case when 7,(0) — oo and n,(1) = 0(n,(0)), as k — co. This implies that Condi-
tion 1.1 holds, with py = 1. By symmetry, IE[XO | Z?i(()o) X; =n,(1) ] =n,(1)/(n,(0)+1) - 0, and thus we
may ignore the term 1x >} in (5.30).

For example, suppose that 1,(1)/4/n,(0) — A € (0,00). It is then easy to see that n,(1) -~ Ny(7, ) R
Po(A?) with a Poisson limit distribution; see [19, Example 5]. Moreover, by the methods in [19], see
also [20, Theorem 2.1], it follows easily that if 1,(0)"/? < n,(1) < n,(0), then Nr(7,,) is asymptoti-
cally normal; the variance is ~ n,(1)?/1,(0). Conversely, it is easy to see that if 1, (1) < n,(0)"/?, then
P(N7(7y,,) = n,(1)) — 1, so the distribution is asymptotically degenerate.

It is interesting to note that if 1,(0)¥4

< 1,(1) < 1,(0), then the asymptotic normality of Nr(7, )
can easily be proved by the Gao—Wormald theorem, similarly to Theorem 1.7, using Lemmas 3.3(i) and
4.1. (With e = |nlpo(ne)p1(ny) and o, = py(n,)|ne|? = ne(1)/|n,|2.) However, we do not see how to
use this method to prove the full range of asymptotic normality in this example.

We have here concentrated on case (iii), i.e., pg = 1. By similar arguments, one can also study the case
1,(1)/n,(0) — oo, when Condition 1.1 holds with p; = 1, and we are in the exceptional case (ii). Again,

normal, Poisson and degenerate limits occur for various ranges; we leave the details to the reader.
Example 5.3 treats only a simple example, and we leave the general case as an open problem.

Problem 5.4. Find criteria for asymptotic normality of Np(7y, ) in the exceptional cases (ii) and (iii) in Theo-

rem 1.7. When is there a Poisson limit? Are there any other possible non-degenerate limit distributions?

6 Application to labelled trees with given vertex degrees

For n € IN, let /2" be the set of unordered rooted trees with 1 vertices labelled by {1,...,n}. (Le., the
labelled rooted trees of size n.) We use the notations above for such trees too, mutatis mutandis. In
particular, for a tree T € T2 and a vertex i € T, dr(i) is the (out)degree of i € T. We define the degree
sequence of T as the sequence dr = (dr (7))} ;.

Let D, := {dy : T € T!2%} be the set of degree sequences of labelled trees of size n; if d € ID,,, we
say that d is a degree sequence of length n. Note that D,, := {d =(d)l, e Ng: Y di =n- 1}. We

further let ID := J,,51 ID,,, the set of all degree sequences. If d is a degree sequence, we write |d| = n if
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d € D,; we then say that n is the length of d. We also define the degree statistic ng = (14(7));>o, where
ngq(i):=|{v€l{l,...,n}:d, = i}]. Note that |nq| = |d|.

For a degree sequence d, let "II“liab be the set of labelled trees T € rll"ﬁé"b that have degree sequence d.
We let 7Iilab be a uniformly random element of "Il"(llab, i.e., a uniformly random labelled tree with degree
sequence d; we denote this by 7:113b ~ Unif("IF}lab).

Although the random trees 7, (for a degree statistics n) and 7:11ab (for a degree sequence d) are differ-
ent types of trees, it is well known that they are closely related and for many purposes equivalent. We

state one version of this as a lemma.

Lemma 6.1. Let d be a degree sequence, let ng be the corresponding degree statistic, and let T, ~ Unif(T,, ).
We may construct leab ~ Unif(rll"éab) as follows: randomly label the vertices of Ty, such that the tree has degree

sequence d, and then ignore the ordering.

Proof. Let leab be the intermediary labelled ordered random tree. The tree 7,,, may be labelled in
exactly [];5on4(i)! ways to have the specified degree sequence d. Since this number is constant (for a
given d), leab is uniformly distributed over all labelled ordered trees with degree sequence d. Similarly,
each labelled unordered tree with degree sequence d = (d;)!_, can be ordered in [];_, d;! ways; again

. . . —lab . L .
this number is constant, and thus the tree obtained from Tg by forgetting the ordering is uniformly
distributed on Tl“(liab. O

For a tree T € T® and a vertex v € T, we define the fringe tree T, as before. We ignore the labels
on T,; thus, T, is regarded as an unordered unlabelled rooted tree. Let T"" be the set of unordered
unlabelled rooted trees. If T € T'2P and T’ € TU", let as before Nr/(T) be the number of fringe trees of T
that are equal (i.e., isomorphic to) T’; this is again given by (1.2).

For a tree T € TU", let Ord(T) be the set of ordered trees T € T that reduce to T if we ignore the
ordering. It follows from the construction in Lemma 6.1 that for any degree sequence d and tree T € T"",

Np(73®) = ) Np(T,) (6.1)
TeOrd(T)

Versions for random labelled trees T‘lf‘b of Theorems 1.3, 1.5, 1.6 and 1.7 now follow as a consequence
of (6.1). We state only the two first of these in detail, and leave the others to the reader. We first need
some notation.

Note that the definitions in Section 1 of 7t,(T), 7p(T, T”), yp(T,T’), 11p(T, T’), and ¥p(T, T’) use only
the degree statistics and not the orderings; these quantities are thus well defined also for unordered
trees T, T’ € T""; moreover, they have the same value as if we give the trees any orderings. Recall also
that 7, is a Galton-Watson tree with offspring distribution p; we let 7' denote this Galton-Watson tree
regarded as an unordered tree in T"". In analogy with (1.6) we define, for T € T"",

g™ (T) := P(Ty™ = T) = | Ord(T)|mp(T). (6.2)
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Furthermore, in analogy with (1.9)—(1.10), for T, T’ € T"",

YeNT, T) :=my™(T) + (T, T)(my™(T))?, (6.3)
Y (T, T') := Ny (T)1ep™(T) + Np(T')y1e5™ (T") + 11 (T, T')12,™(T)72,™(T7), T=T. (6.4)

Theorem 6.2. Let d,, k > 1, be some degree sequences such that the corresponding degree statistics nq_ satisfy
Condition 1.1, and let leab ~ Unif(T(llab). For every fixed T € T"", as x — oo:

E[Nr(73*)]
(i) (Annealed version) H’(T;:b’fr =T)= % — 1ty (T).
K
N (Tlab)
(ii) (Quenched version) IP(Tlab’fr =T |7i%) = i o™ (T) in probability.
d, d, .| P P Y
K

In other words, the random fringe tree converges in distribution as k — oo: (i) says QIilab’fr — T, or equiva-
K

lently ,C(?}ll:b’fr) — L(Ty™), and (ii) is the conditional version [I(?}Ilib’fr | 7:11ab) LN L(Ty™).

Proof. This follows by Theorem 1.3 together with (6.1) since, for any T € T"", using (6.2),

Z 7tp(T) = |0rd(T)l7p(T) = 7(T). (6.5)

TeOrd(T)

Theorem 6.3. Let d,, k > 1, be some degree sequences such that the corresponding degree statistics nq_ satisfy
Condition 1.1, and let 7:11:]’ ~ Unif("ﬂ"éib). For a fixed m>1, let Tq,..., T, € T be a fixed sequence of rooted
unordered unlabelled trees. Then, as k — oo,

ENT,(73°°) = g™ (T;)ld,c| + o(ld.c]), (6.6)
Var N,(73%°) = 7" (Ti, T;)ld | + o(1d ), (6.7)
Cov(Ng,(T3%°), Np,(T4™)) = 7™ (T;, T)ld | + o(ld, ), (6.8)

for1<i,j<m,and

N7, (74*®) - E[N7,(74*™)]  Nr, (73°) - E[Ng, (75°°)]
1 dK 1 dK e, m dK n dK i} N(O,rl;ln), (69)
|dy| |d|

m

where the covariance matrix I’l;m = ()/I‘,m(T' T‘))z’,jzl'

i T Furthermore, in (6.9), we can replace IE[NT,,(le:b)] by
il 1 (Th)-
p(ng, )\ 7!

Proof. This follows by Theorem 1.5 together with (6.1), using (6.5) and the following calculations. First,
for any T € T, by (1.9)=(1.10), (6.2), and the fact that if T,T € T with [T| = [T'| but T = T , then
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N#(T') =0,
Z 7p(T.T) = (”p(T)l{TzT’} +11p(T, T )y (T)?)
TeOrd(T), T €Ord(T) TeOrd(T), T €Ord(T)
= |Ord(T)lrey(T) + |Ord(T)1y(T) 11y (T, T) = yp™(T, T). (6.10)

Secondly, for T, T’ € T"" with T # T, we have, cf. (6.1),

Y Np(M= )  Np(T)=|Ord(T)INpAT), (6.11)

TeOrd(T), T €Ord(T’) TeOrd(T)

and thus, similarly, by (1.10), (6.2) and (6.4),

Yoo w@TT)= ) (Np(T)mp(T) + Np(T ) (T') + 15 (T, Ty (T (T7))
TeOrd(T), T €0rd(T) TeOrd(T),T €0rd(T’)
=T, T)). (6.12)

Problem 6.4. Suppose that T € T"" and p € P1(INg) with |T|> 1 and 7tg™(T) > 0. Is yp"(T,T) > 0?

Note that an affirmative answer to Problem 1.9 would imply a positive answer to this too.

7 Application to simply generated trees

Let T, denote the (finite) subset of all plane rooted trees of size n € IN. Let w = (w;);>0 be a sequence
of non-negative real weights with wy > 0 and w; > 0 for at least one i > 2. For a finite rooted plane tree
T € T, we define the weight of T to be

w(T) = I_[wdT(,,) = ]_[w?T(i). (7.1)

veT i>0

For n € N, let Z,(w) = }_rerr, w(T). If Z,(w) > 0, then we define the random tree 7y, by picking an
element of T, at random with probability proportional to its weight, i.e.,
w(T)

P(Ty,=T)= Z.(w)’ for T eT,,. (7.2)
n

The random tree 7, , is called simply generated tree of size n and weight sequence w; see e.g. [8] and
[21]. If w is a probability distribution (i.e., ) ;5ow; = 1), then 7y, , is a Galton—Watson tree with offspring
distribution w conditioned to have n vertices.

Let Oy (z) =} ;5o w;z' be the generating function of the weight sequence w, and let p,, € [0, 0] be its
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radius of convergence. For 0 <'s < py,, we let

_ 5D, (s) _ Zizoiwisi
Dy(s)  Yisowis

W (s): (7.3)

Furthermore, if @y (py) < 0o, we define also W, (py) by (7.3); if Dy (pw) = oo then we define W, (py) :=
limgy,, Wi (s); the limit exists by [21, Lemma 3.1 (i)]. Let vy, := Wy (py) € [0, 00], and define

if vy, <1,
S Lo Hhw (7.4)
Wol(1) if vy >1.

It follows from [21, Lemma 3.1] that
Ppw >0 &= 1, >0 & 1, > 0. (7.5)

The following result from [21] shows that simply generated trees satisfy Condition 1.1 in probability.

Theorem 7.1 ([21, Theorem 7.1 and Theorem 7.11]). Let w be a sequence of non-negative real weights with
wg > 0 and w; > 0 for at least one i > 2. Define

0; = , 1 > 0. 7.6
W)= g for (7.6)
Then, O(w) = (0;(W));q is a probability distribution with expectation u,, = min(1,v,,) and variance 02 =

Tw W (Tw) € [0, 00]. Moreover, for n € N with Z,(w) > 0, let T, ,, be a simply generated tree of size n and weight
sequence w. Then, the (empirical) degree distribution p(ng, ) of Ty, satisfies, for every i > 0, p;(n, ) LN

0,(w), as n — oo (along integers n such that Z,(w) > 0).

Note that if p,, = 0, then 6y(w) = 1 and 6;(w) = 0 for i > 1; otherwise, 7, > 0 and (7.6) shows that
0;,(w)>0 & w;>0fori>0.

Using Theorem 7.1, we will show that Theorem 1.5 implies the following version for conditioned
Galton—Watson trees. The asymptotic normality (7.9) was proved in case (i) by different methods in [22,
Corollary 1.8]; (ii) and (iii) are new.

Theorem 7.2 (partly [22]). Let w be a sequence of non-negative real weights with wy > 0 and w; > 0 for at
least one i > 2. Moreover, for n € N with Z,(w) > 0, let T, , be a simply generated tree of size n and weight
sequence w. For fixed m>1, let Ty,..., T, € T be a fixed sequence of rooted plane trees. Then, as n — oo (along
integers n such that Z,(w) > 0),

NT1 (Tw,n) - IE[I\]Tl (Tw,n) | nTw,,,] NT,,,(Tw,n) - IE[NT,H (Tw,n) | nTw,”]
\/ﬁ P \/E

d
—d N(O,F@(w)), (77)
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where the covariance matrix Ty is defined by (1.9)—(1.10), and for 1 < j <m,

BNy (T 107, ) = G | [0 (7.8)
iti>0

Furthermore, suppose that the weight sequence w satisfies one of the following conditions:
(i) vw =1 and o2 €(0,00).

(ii) vy > 1, 02 = oo and O(w) belongs to the domain of attraction of a stable law of index a € (1,2].
(The last condition is equivalent to that there exists a slowly varying function L : R, — R, such that
Yk ,i%0;(w) = k*L(k), as k — oo [9, Theorem XVII.5.2].)

(iii) 0< vy <1 and 0;(w)=ci P +0(i"P), as i — oo, with fixed ¢ >0 and > 2.

Then, as n — oo (along integers n such that Z,(w) > 0),

N+ (T, ,)) — nm T Nt (T ) —nm T, =
( T]( W,?l) n G(W)( 1))“.’ Tm( w,n) n G(W)( m)) i)N(O,T@(W)), (7.9)
NG Vn

where the covariance matrix E(W) = (Yow)(T;, T]));“]:1 is given by, for T,T" € T such that T = T’,
YVow)(T, T) = mtgw)(T) = (2|T| -1+ C»_vz) (mow)(T))?, (7.10)
Yow)(T, T') = Np(T)mtg(w)(T) + N (T )mtg) (T') = (|T| +|T'| -1+ 6&2) o) (T) o) (T), (7.11)

with ¢2, = 02 in case (i), and ¢c2, = oo in cases (ii) and (iii).

Remark 7.3. Recall that for any weight sequence w and any constants a,b > 0, the weight sequence
W = (});>o with w; := ab'w; is equivalent to w, i.e., it satisfies that Twn d T, for all n for which either
(and thus both) of the random trees are defined; this is a consequence of (7.2). In the setting of Theorem
7.1, if py > 0, then the weight sequence w is equivalent to the weight sequence 6(w) = (6;(w),i > 0),
which is a probability distribution with mean p,, = min(1, vy ); see further [21, Section 7]. Thus, if py, > 0
we can regard 7, , as a Galton—Watson tree 7g(y), with offspring distribution 6(w) conditioned to have
n vertices. This explains the appearance of 6(w) in Theorem 7.2, and it shows that there is no real loss of
generality to consider (as is often done) only the case 7, = 1 when 6(w) = w. Note that the conditioned

Galton-Watson tree 7qy),, is critical if v, > 1, and subcritical if 0 <y, <1.

We postpone the proof of Theorem 7.2. A central idea is to obtain the unconditional limit (7.9) by
combining the conditional limit (7.7) with a limit result for the conditional expectations in (7.8). For
this, we will use the following theorem on asymptotic normality of the degree statistics, which is proved
in [22] and [31]. To be more precise, case (i) is shown in [22, Example 2.2], while cases (ii) and (iii)
are shown in [31, Theorems 6.2 and 6.7] (although the asymptotic (co)variances are not explicitly given
in [31, Theorem 6.2]). Moreover, the approach used in the present paper allows us to give a different
(and simpler) proof of Theorem 7.6 in cases (i) and (ii), using the multidimensional version of the Gao-

Wormald theorem (Theorem A.1); we give this proof in Appendix B.
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Remark 7.4. In case (i), i.e. 1, > 1 and 02 € (0,00), the univariate version of Theorem 7.6 was first
proved by Kolchin [25, Theorem 2.3.1]; the multivariate result (7.9) was proved in general in [22] as said
above, and earlier under extra moment assumptions on 6(w) by Janson [20] (assuming a third moment),
Minami [26] and Drmota [8, Section 3.2.1] (both assuming an exponential moment), using different

proofs.

Remark 7.5. If v, > 1 and 0 € (0, 00) as in Theorem 7.2(i), then the offspring distribution 0(w) is critical
(i.e., has mean 1) with finite variance. This is the framework assumed in [22], and as said above, in this
case, (7.9) is proved in [22, Corollary 1.8]. Our proof uses Theorem 7.6, which in this case also is a result
from [22]. However, note that our proof is quite different; we use Theorem 7.6 to prove (7.9), while [22]

essentially does the opposite.

Theorem 7.6 ([22] and [31]). Let w and T, ,, be as in Theorem 7.2, and assume that one of the conditions
(i)—(iii) there holds. Then, for any fixed k € Ny, as n — oo (along integers n such that Z,(w) > 0),

ng, (0)—n6g(w)  ng, (k)-nO(w)\ 4

Ry N(0,I¥), 7.12

where the covariance matrix I} := (7*(i'j))i'(,j:0 is given by
V(i) = 0;(w)(1 = 0i(w)) = (i = 1)°6i(w)*/cy, (7.13)
V(i) = =0;(w)0;(w) — (i = 1)(j - 1)0;(W)0;(W)/cg,  i#], (7.14)

where ¢2 is as in Theorem 7.2. (In particular, c2, = co in cases (ii) and (iii); we then interpret the final terms
in (7.13) and (7.14) as 0.)

Proof of Theorem 7.2. For any fixed degree statistic n with P(nz, =n) > 0, (7.2) implies that condition-
ally given nz, =n, 7, , ~ Unif(T,); see e.g., [1, Proposition 8]. By the Skorohod coupling theorem [24,
Theorem 4.30], we can and will assume that the convergence in Theorem 7.1 holds a.s.; in other words,
Condition 1.1 holds a.s. for the degree statistics nz, , with p = 6(w). Moreover, e.g. by resampling 7, ,,
conditioned on nz, , we may assume that also conditioned on the entire sequence of degree statistics
(nz, ), the random trees 7y, ,, n > 1, have the (conditional) distributions Unif("ﬂ“nTw ) ). It follows that
we may apply Theorem 1.5 conditioned on the sequence of degree statistics (nTw’,l);"Zyl; this shows that
(7.7) holds conditioned on (nz, );2;. Then, (7.7) also holds unconditionally by the dominated conver-
gence theorem. Furthermore, (7.8) follows from Lemma 3.1.

In the rest of the proof we assume that either (i), (ii) or (iii) holds, and thus Theorem 7.6 applies.
We fix k so large that k > i for every i € U;ﬂ:l D(T;). (Recall (1.7).) For convenience, we use again the
Skorohod coupling theorem, and may thus assume that the limits p(nz, ) — 6(w) in Theorem 7.1 and
(7.12) in Theorem 7.6 hold almost surely.

Let 1 < j < m. First, suppose that 1g)(T;) > 0, i.e., 0;(w) > 0 for i € D(T}). Then, a.s., by (7.8) and
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Lemma 4.1 and the assumed a.s. convergence in (7.12),

/ ”T]—(i)
E[Np (Ty,) Ing,, ] =n [ | (”T—(Z)) +0(1)

(nz,,, (i) = n6;(w)) + O(1). (7.15)

On the other hand, if 7tg(w)(T;) = 0, then 6;,(w) = 0 for some i’ > 0 such that nT]_(i’) > (. Since we assume
vy > 0, this implies by (7.5) and (7.6) that w; = 0; hence, 7, , a.s. contains no vertex of degree i’, and
thus no fringe subtree T}, so NT]-(Tw,n) = 0. Consequently, (7.15) holds trivially in this case too. Thus
(7.15) holds in both cases.

Since the sum in (7.15) really only contains a finite number of terms, it and (7.12) imply that, as

n — o0, a.s., for some random vector W,

IE[NTL (Tw,n) | nTw,,l] - nn@(w)(TI) IE[NTm (Tw,n) | nTw,n] - nn@(w)(Tm)

NG NG

) S WA~NO, I, (7.16)

where the covariance matrix F’ (7/6 (Tl, T]))l] | is given by, for T, T € T,
Yow)(T: T') = o) (T)mgw)(T”) Z MVW’/)
>0 er(w)ar’(w)
_ ) N2 ny(r)np(r)
= mo(w)(T) o) (T') | HITIT | - 6 + ZOW . (7.17)

To obtain the second equality, we have used (7.13)—(7.14) and (1.1),i.e., |T| =} .sonr(r) = 1+ ) s rur(r),
noting that it suffices to consider the case 7tg(w)(T)mg(w)(T’) > 0, which implies that 6,(w)0,,(w) > 0 when

nr(r)ng(r’) > 0.
Recall that (7.7) holds conditioned on the sequence (nz, );2;. Therefore, the limits (7.7) and (7.16)

hold jointly, with independent limits. It follows that (7.9) holds with Tg(w = Tg(w) + I‘Q(w), and a simple
calculation yields (7.10)—(7.11). O

Theorem 7.2 gives a partial solution to [21, Problem 21.4], but the general case remains open.

Problem 7.7. Does (7.9) in Theorem 7.2 hold for any weight sequence w, with some covariance matrix f@(w) =
(Yow)(Ti, Tj) )Z] ¢ If so, is I‘Q( given by (7.10)=(7.11), for a suitable ¢3,?

The argument used to answer the previous question in the cases (i), (ii) or (iii) (second part of Theo-
rem 7.2) works as soon as one has a general version of Theorem 7.6.

Problem 7.8. Does (7.12) in Theorem 7.6 hold for any weight sequence w?
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This was conjectured in [31] (at least for p,, > 0), but remains open as far as we know. See also
Remark B.1.

8 Application to additive functionals

Let f : T — R be a functional of rooted trees (in this context often called toll function) and for T € T,
consider the functional F (often called an additive functional) that is defined as the sum over all fringe

subtrees

F(T)=F(T,f):= ) f(T,) (8.1)

veT

In particular, by choosing f(T) = 171/ for some T’ € T, we obtain F(T) = N1/(T). Moreover, for any f,

- Z F(T")NpA(T), (8.2)

T’eT

i.e., F(T) can be written as a linear combination of subtree counts N, (T).
For a probability distribution p = (p;)i>o € P1(INg) and a functional f : T — R such that

Zlf(T)th(T) < o0, (8.3)
TeT
we let
Ex, [f(T)]:=Elf(Ty)] = ) f(T)p(T). (8.4)
TeT

We say that the functional f : T — R has finite support if f(T) = 0 only for finitely many trees;
equivalently, there exists a constant K > 0 such that f(T) = 0 unless |T| < K. It then follows from
(8.2) that the additive functionals F associated to f with finite support are exactly the (finite) linear
combinations of subtree counts. Theorem 1.5 implies the following corollary. Note that a functional
f with finite support always satisfies (8.3) for any distribution p € P;(INy); indeed, in this case, the

left-hand side of (8.3) is a sum with finitely many non-zero summands.

Theorem 8.1. Let n,, x > 1, be some degree statistics that satisfy Condition 1.1 and let T, ~ Unif(T, ).
Suppose that f : T — R is a functional of rooted trees with finite support, and let F be the corresponding

additive functional. Then, as kK — oo,

EF(Ty,) = Iny|Eq, [f(T)] +o(Iny]), (8.5)
VarF(%K) = el yp(f) +o(Iny), (8.6)
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where

Yolf) = 2By [f(T)E(T)] = By [f(T)+ (B [F(TIT] - 1)]) - Zz% (Br [f(Tnr()]) 1m0y (87)

i>0
is finite, with 0 < yp(f) < co. Furthermore,

F(Ty,) - E[F(Zy,)] 4

|

N(0,yp(f)), as x — oo. (8.8)

Remark 8.2. We have excluded terms with p; = 0 in the sum in (8.7); these terms make no difference,
p(T) =0, and thus E., [f(T)n7(i)] = 0. Furthermore,

this sum has only finitely many non-zero terms, since we only need to consider i € Jr.¢(r).0 P(T), which

since if p; = 0, then for every T either ny(i) =0 or 7t

is a finite union of finite sets.

Proof. Since f has finite support, there exists a constant K > 0 such that f(T) = 0 unless |T| < K, for
T eT. Let T®) := (T € T : |T| < K}, and note that TX) is a finite set of trees. It follows from (8.1) and
(8.2) that the corresponding additive functional F is given by

Z f(T')N7AT), TEeT; (8.9)

T’eTK)

note that (8.9) has finitely many summands. We label the elements of TX) as Ty,..., T,,, for some m € N,
and apply Theorem 1.5.

Since f has finite support, it satisfies (8.3), and thus E., [f(7)] is defined (and finite). Then, as
K — o0, (8.5) follows from (8.9), (1.11) in Theorem 1.5, and (8.4), which yield

Z f(T)ENT(T,) = Inl X f(T)p(T) + olIn) = Ing| By, [£(T)] + oflne)). (8.10)
TeTK TeTK
Similarly, (8.9) and (1.12)—(1.13) in Theorem 1.5 imply that, as k — oo,

VarF(T, )= ) Z f(T)f(T")Cov(N(Ty, ), Np-(Ty,))

TeT&) T’eTK

= In,| Z Z T (T)yp(T, T + oI, (8.11)

TeT&) T’eTK

where yp (T, T’) is defined in (1.9)—(1.10). In other words, (8.6) holds with

Z Z FDA(T)yp(T, T). (8.12)

TeTK) T’eTK
Moreover, (8.9) and (8.10) imply that
F(T, )-EF(T, )= ) f(T)(Np(Ty)-EN7(T,), (8.13)
TeTK)



which together with (1.14) implies that (8.8) holds with the same y,,(f) given by (8.12).
[t remains to evaluate this y,(f) and show that (8.12) agrees with (8.7). First, (8.4) yields

Z f(T = By [f(T)]. (8.14)

TeTK

Next, observe that (8.4) and (8.9) yield

Y ) FMF(T)NpAT Z f(T X f(T)NpAT)rey(T)

TeT® T’eT(K) T’eTK TeTK
Z f(T T)N7A(T))
T’eTK
= IEnp[f(T)F(T)]- (8.15)

Hence, recalling (8.14), since Np(T) =1 for every tree T,

Y (D (T)Np(T)rey(T) = By [f(TF(T)] - ) f(TPre

T=T’ TeTK)

= By, [f (T)F(T)] - By, [ (T)?] (8.16)

Furthermore, by the definition (1.8) of 7,(T, T’) and (8.4),

) Z SO (T g (T, T )y (T (T')
TeT®) T’eTK
2 ) 2
=| )_ ATl <T>] —Xp—i[ ) f<T>nT<i>np<T>]

TeT(K) i>0 TeTKX)

— (B (AT I-1]) = Y = (B [F(T 7)) 15501 (8.17)

i0 7'
where we recall Remark 8.2. Note also that all sums and expectations in (8.14)—(8.17) are finite, since f
has finite support.

Finally, by combining (8.12) and (1.9)—(1.10), with (8.14), (8.16), and (8.17), we obtain (8.7). We have
already remarked that all terms in (8.7) are finite. O

Note that we have not ruled out the possibility that y,(f) = 0. This may happen in trivial cases;
whether it may happen in non-trivial cases (properly defined) is equivalent to Problem 1.9. We may

restate that problem in a slightly stronger form:
Problem 8.3. Let p € P (INg) be given. For which functionals f with finite support is yp(f) =07

In analogy to [22] (which treats conditioned Galton-Watson trees), we may, more generally, also
study additive functionals where the associated toll function does not necessarily have a finite support.

We use a standard truncation argument. Let f : T — R be an arbitrary toll function. For a constant
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K >0, define the truncation and tail functionals associated to f by letting
FOUT) = f(T)yriey and fYN(T) = £(T) = fNT), TeT. (8.18)

For T € T, we also let FK)(T) := F(T, (X)) and f(K)(T) = P(T,FK)) be the additive functionals associated
to &) and FK), respectively; see (8.1).

Theorem 8.4. Let n,, x > 1, be some degree statistics that satisfy Condition 1.1 and let T, ~ Unif(T, ).
Suppose that f : T — R is a functional of rooted trees such that the following conditions are satisfied:

(i) There exists a real constant 0 <y < oo such that lim yp(f(K)) =Y

K—co
FK)
(i) limg_,climsup, W =0.
Then, for the corresponding additive functional F,
F(7, )-E[F(7,
(Tn,) ~EIF (T, )] —N(0,y), as x— co. (8.19)

|

Proof. Note that (8.8) in Theorem 8.1 applies to each f(X), as k¥ — co. Then, (i), (ii) and [3, Theorem 3.2]
(or [24, Theorem 4.28]) imply that we can let K — oo and conclude (8.19). O

The truncation argument used in the proof of Theorem 8.4 is the same as in [22], where critical
conditioned Galton—-Watson trees with finite offspring variance were studied (under some conditions on
the toll functions). Indeed, the conditions in [22, Theorem 1.5] say roughly that the functional f(T)
is small when |T| is large, and the proof there consists of verifying (under these conditions) results
analogous to (i) and (ii) in Theorem 8.4. Furthermore, in [22, Theorem 1.13], asymptotic normality was
also proved (in the same way) for additive functionals under the assumption that the toll function f(T)
is bounded and local (i.e., only depends on a fixed neighbourhood of the root of T). This was extended
further by Ralaivaosaona et al. [29], who extended the result to “almost local” functionals (but assuming
higher moments of the offspring distribution). For applications of our results above for random trees
with given degree statistics, it would be useful to have some explicit sufficient conditions on f, similar

to the conditions in the references just mentioned for conditioned Galton-Watson trees.

Problem 8.5. Find suitable conditions on the functional f, and perhaps also on the degree statistics n,., such
that (i) and (ii) in Theorem 8.4 are satisfied, and thus (8.19) holds.

Appendix A A multidimensional Gao-Wormald theorem

In this section, we generalize the Gao-Wormald theorem [13, Theorem 1] to the multidimensional set-
ting. Note that a different but closely related multidimensional generalization of the Gao—Wormald
theorem has been shown recently (and independently) by Hitczenko and Wormald [15]; the two multi-

dimensional versions use essentially the same condition on (high) factorial moments, but the conditions
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and the result are stated in different ways. It is not clear exactly how the two versions are related, but it
seems that the version in [15] is more flexible, and gives more precise results in cases when our asymp-
totic covariance matrix I is singular. On the other hand, it seems that our version is easier to apply in the
present paper, and perhaps also in some other applications. (We thank the authors of [15] for interesting
discussions on multidimensional versions of the Gao—Wormald theorem.)

For a sequence of real-valued random variables (Z,,),,>1, and a sequence of real numbers (a,,),>1 such
that a,, > 0, we write Z,, = o,(a,) when Z,/a,, — 0, as n — oo, in probability. For a complex number x we

denote by Re(x) its real part.

Theorem A.1. For m,n € N, let (Xy,,...,X,,,) be vectors of non-negative random variables. Suppose that p;,

and o}, are positive real numbers such that for each 1 <i < m, as n — oo,
3
Oin < pin < 0;,,. (A.1)

LetT := (yi]-);f’j:l be a fixed matrix. Let ¢ > 0 be a constant, and suppose further that, as n — oo, uniformly for

all integer sequences (k;,)iL, with 0 <k;, < cpi,/0iy,

- Tk 1 & ii0in0in — Oiipi
. — in | - 1p¥in¥in yrm, o
IEH(in)km—ll:[Vin exp zl-Zl kol (A2)
- _ =
Then,
X, — X, —
( - mnr--', = ﬂmn)&N(O,l"), as n— oo. (A.3)
Oln Omn

Proof. We follow closely the proof of the one-dimensional version in [13]. In the following, unspecified

limits are as n — oco. Note first that (A.1) implies 0;, — oo and p;,, — co. For 1 <i <m, we let

Cin = @ln(—xi” ) (A.4)
Oin Hin
X.
Qi (k) = Kinke, (A.5)
(Bink
tin = kin%' (A.6)

in

By Lemma 4.1 and (A.1), the assumption (A.2) implies, uniformly for allowed sequences (k;,)",,

m m m

1 Vijo'ingjnkinkjn 1

E| |Q;,(ki,)=exp| = L to(1)|=exp|= Gttt [+ o(1). A7
] in(Kin) P zijZ:i Hintin (1) P ZZ-J-Z:{ Yijtintjn (1) (A.7)

Note that (A.6) implies that 0 < t;,, < ¢, and thus t;,, = O(1). In particular, the expectation in (A.7) is O(1).
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We recall the inequality [13, (2.8)], which says that if a > b > k, then

(a)k a—k\ kln(a/b)
kln(a/b)Sln(@)sklog(b_k)g T=i/b (A.8)

Note that k;,/p;, < c/0j,, = 0, for 1 <i < m. In the sequel, we will consider only # that are large enough
so that o, > 2¢, for every 1 <i < m. Hence, for allowed sequences (k;,)!",, we have k;,/u;, < 1/2. Then,
when X, > p;y,, (A.8) yields 21n Q;,,(k;,,) < 4kj, In(X;,,/pin) < 1nQ;,,(4k;y,). Thus, when X, > pjy,

Qin(kin)2 < Qm(4km) (A9)

Furthermore, if k;, < Xj, < p;,, we trivially have Qj,(k;;,) < 1. Similarly, it is easy to see that if 0 <
Xin < kiy, then [(Xi)k. | < (kin)k,, < (Min)k,, and thus |Q;,(k;,)| < 1 in this case too. (This is trivial if Xj, is
integer-valued.) By combining these observations with (A.9) for the case Xj, > y;,, we see that for any

allowed sequences (k;,)i”,, and any Xj,,
Qin(kin)® < Qin(4kin) +1 = Qin(4kin) + Qin(0). (A.10)
We set ¢’ := ¢/4, and we henceforth consider only sequences (k;,)i”, such that
kin < ' Hin/ Oin. (A.11)

Then (A.2) and, as a consequence, (A.7) hold also with 4k;, or 0 instead of k;,,. Hence, (A.10) implies
that

Efﬁ(L+QmMMV)§C, (A.12)
i=1

for some constant C. (We similarly use C below to denote unknown constants, possibly with different
values on each occasion.)
For 1 <i <m,weset ¢;,, := 2c’/0;,. Then, (A.11) implies k;,,/(p;n/2) < €;,. Note that €;,, <2c’/(2c) = 1/4

and ¢;,, — 0, as n — oo. It is shown in [13] that

min(Qin(kin)f EinQin(kin)ln(Qin(kin))) if Xin 2 Hins
|etinci" - Qin(kin)| < ginQin(kin)l_gi" ln(l/Qm(km)) if ’/lin/2 <Xin < Hins (A-13)
2 kin if  0<Xi, < pin/2.

Note also that it follows from (A.5) that X;,, > u;,, if and only if Q;, > 1. By considering the four cases
Xin < Hin/ 2, Hin/2 < Xin < pin, 1 < Qi < €12 and Q;,, > €712, it follows from (A.14) that

[efinir = Qi (kin)| < 275 + Ceiy + Cejr* Inler, ) + Qinlkin) 1 g, (1,517

—kip, 1/3 1/2 2
<2 +C€in +€in Qin(kin)

< C(27kn 4 CelP) (1 + Qiu(kin)?). (A.14)
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Furthermore, (A.8) shows that if X;,, > p;,, then elinCin = (Xin/in)kin < Qjn(kin). Hence, for any X;,,,
0 <elinbin <14 Qjp(kiy). (A.15)

It follows from (A.14) and (A.15) that

m m

| | tinCi | |
elintin _ an

i=1 i=1

t.C
Z|e’" ”_Qm in |]_[ 1+Q]n ]n

j#i
m m
<C) (e e[ [0+ Qunlkin) (A.16)
i=1 i=1
Now, we further restrict to sequences (k;,,)!”, such that ¢”p;,,/0i, < ki, < ¢’pj,/0;,, where ¢” := ¢’/2. Then

27kin — 0, uniformly for all allowed sequences (kin)iZ,- Thus, (A.16) implies, uniformly,

m m m
]_[etinci" - I_[Q in)| = o( ]_[ (1 + Qinlkin)?)- (A.17)
i=1 i=1 i=1
It then follows from (A.12) and (A.7) that, uniformly for all allowed sequences (k;,)i”;,
m 1 m
IE]_[etinCin :eXP[E Z’)/i]'tint]'n]-l-o(l). (A18)
i=1 i,j=1
We claim that (A.18) implies that
(Crpy-- Cmn) N(0,T), as n— oo. (A.19)
Then, by the definition (A.4), since (;, is tight by (A.19) and o;,,/u;;, — 0,
Xin = MHin _ Hin Oin _
———— = —|exp| —Cin|—1|=Cin+0p(1), (A.20)
Oin Oin Hin

for 1 <i < m. Thus, the result (A.3) follows from (A.19).

The rest of the proof is dedicated to prove the claim in (A.19). The proof is routine, although we do
not know any reference. So, we include the argument for completeness.

Note that (A.18) holds for all t;,, € [¢”, "] such that t;,p;,/0;, is an integer. By assumption, p;,/0;, —
o0, and thus the gaps between the allowed t;, tend to 0 as n — oo; in particular, there exist such t;,
for large enough n. Define Y;, := e%in, for 1 < i < m. It follows easily from (A.18) (or, rather, the one-

dimensional version, which follows as above) that the sequences (Y;,),>; are tight, for 1 <i < m, and thus

. . d
so is the sequence of random vectors (Y1,,,..., Y;uu)n>1- Consider a subsequence such that (Yy,,,...,Y,,,) —

(Yy,...,Y,,), for some random variables Y;,...,Y,,. Set ¢’ := 0.8¢’, say. Fix any real numbers t; € [¢”,c"”],
for 1 <i < m. For sufficiently large n, we may find t;, € [¢”,¢”’] such that t;, — t; and t;,p;,/0;, are

integers, and also t;, € [¢”,1.1c”] and t/] €[0.9¢’,c] such that t], y;,,/0;, and t] p;,,/0;, are integers. Then,
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t/ <1.1t;, <t!,and thus, using (A.18),

lTZ

m m m
t 1'1tin ti,n tl,;l
B[ [vir] =®|] [vo' " <E|] |(vir+vi)|<cC. (A.21)
i=1 i=1 i=1
d
Hence, the sequence []iL, Y, “n is uniformly integrable. Furthermore []iZ; Y, fin Y f (along the
subsequence), and thus it follows from (A.18) that
m m 1 m
IE]_[ = r}l—EEoIE Y, fin — =exp| - Z Vijtitj |- (A.22)
i=1 i=1 ij=1

This holds for any ty,...,t,, € [¢”,c””]. Since the expectation on the left-hand side of (A.22) thus is finite
for these ty,...,t,, it follows that it is finite for all complex ty,...,t,, with real parts in (¢”,¢””), and that
it is a bounded analytic function in this domain. By analytic continuation, we thus have

IEI_[ _exp[ Zyl] ; ]], Re(ty),...,Re(t,,) € (c”,c"”). (A.23)
i=1

Furthermore, by taking t; = 2(C + ¢””) + iu; with real numbers u;, it follows from the boundedness of
(A.23) that the matrix I' := (y;;)" j=1 1s positive semi-definite. Hence the multivariate normal distribution
N(0,T) exists. For 1 <i <m, let ¢; :=In(Y;) € [-00,00), and let (C1,...,C,n) ~ N(0,T). Then, (A.23) can be

written as

m m m
tiCi — i _ té;
IEI 1|e ¢ _IEI 1|YZ. _IEI‘ 1|e G Re(ty),...,Re(t,) € (). (A.24)
1= 1= 1=

Let v be the distribution of (Cy,...,,,); note that this is a probability measure on [—co0,0)™. Also, let v
be the distribution N(0,T). Fix some 7 € (¢”,¢””’), and define the conjugated measures v* and v* on IR by

dv*(x . )_dv**
dv VT T gy

(Xp,ee X)) = €215 x L x, €R (A.25)

Then (A.24) (with Re(t;) = 7 for each 1 <i < m) implies that the finite measures v* and ¥* have the same
Fourier transform; consequently, v* = ¥*. This implies that the measures v and ¥ coincide on R". Since
vV is a probability measure, this shows that v(IR"") = 1, and thus v is concentrated on IR™. In other words,
C; > —ooa.s.,and (Cq,...,Cy) ~ N(O,T).

Consequently, we have shown that

4. ¢

d
(e, ebm)y = (Yoo Youn) — (Y1, V) = (€5,...,e%m),  as n— oo, (A.26)

along every convergent subsequence, and thus for the full sequence. Then, the claim (A.19) follows by

taking logarithms. O]
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Remark A.2. The original theorem by Gao and Wormald [13, Theorem 1] is essentially the case m =1 of
Theorem A.1. (The condition 0}, < y;,, is omitted in [13] by mistake, but it is clearly needed.) However,
there is a technical difference in that they assume (A.2) (for m = 1) only for ¢y pu,/0, <k, < cu,/0,, for
some arbitrary 0 < c; <c, while we assume it for all k, < cp,,/0,,.

In fact, the proof above, with minor modifications, shows that in the multivariate version in Theo-
rem A.1, it suffices to assume (A.2) for k;,, € ¢y pin/0Oin, Cpin/0in] U {0}, i.e., it suffices to assume, for each
i, that either k; = 0 or k; is in a range as in [13]. In other words, it suffices to restrict k;,, as in [13] if we
also assume that (A.2) holds for the vector (X;,);¢j, for every subset | of {1,...,m}.

Appendix B Proof of Theorem 7.6

In this appendix, we give a new, simple, proof of Theorem 7.6 under condition (i) or (ii) there (stated in

Theorem 7.2), by using the multivariate Gao—Wormald theorem in Appendix A.

Proof of Theorem 7.6 assuming (i) or (ii). We consider first a general weight sequence w, assuming only
pw > 0. By Remark 7.3, we may replace w by the probability distribution 6(w). In other words, we may
and will assume that w is a probability distribution on INy; thus 75, ,, is a conditioned Galton-Watson
tree with this offspring distribution.

Let &1,&5,... be a sequence of independent random variables with distribution w, and define the

partial sums

n
Su=) &  m=0, (B.1)
j=1
and
. n
Sni=) (§-1)=5,—-n, n>0. (B.2)
=1

There is a well-known bijection between T,, and the set [E” of excursions of length 1, which combines
the bijections between T, and [E,, mentioned in Section 2 for different n with |n| = n. Let us denote this
bijection by Y. By (2.5), for any tree T € T, the corresponding excursion Y(T) € E" has increments
that are the vertex degrees minus 1, i.e., dp(i)—1, i = 1...,n, in some order. It follows that for the
conditioned Galton-Watson tree 7, ,, the random excursion Y(7y, ,) € E" has a distribution that equals
the distribution of S, := (Sy, ..., S,) conditioned on S, € E". This means that the degree statistic nz,  has
the same distribution as the sequence (|{1 <js<n:é&=if|iix O) conditioned on gn € E". Furthermore,
since the Vervaat transformation (see Section 2) is an n-to-1 map of the set of bridges B" to [E”, which

only permutes the set of increments, we also have the equality in distribution

ng,, =(n7,, ():i20) 2 (((1<j<n:&=i):i>0)|S,cB")
=(1<j<n:&=i):i20)[S,=n-1) (B.3)
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where the final equality follows from (2.1) and (B.2). We use this to compute factorial moments of
ng, (i). Fix k € Ny, and let qoy, ..., gk, be non-negative integers. Then (B.3) shows that ]_[ifzo(nfwm(i))qm
has the same distribution as the number of arrays of distinct indices (jiy : 0 <i <k, 1 < ¢ < g;,) such
that ;=i for all i and ¢, conditioned on S, = n—1. For each choice of indices (ji¢), the probability
that &;, =i for all i and ¢ is ]_[ -0 wq”’ and S, = n—1 if and only if the sum of the remaining n — Xl 09in

variables &; equals n—1— ZZ 01qin- Hence, (B.3) yields the factorial moments

k k P(S, g+ . =n—-1-Yk ig; )
— Qin n=3i—o qin i=0*Yin
113| 0| Nas = (M o | 0| w; P(5. = 1) : (B.4)
i= i=

Note that we may ignore indices i with w; = 0 in (7.12), since then nz, (i) =0 = 6;(w), while (7.13)-
(7.14) yield y*(i,j) = 0 for every 0 < j < k. Hence, in the sequel we assume ¢;, = 0 when w; = 0, which
means that we really consider only 0 < i < k with w; > 0. Also, assume that g;,, < Cy/nforall 0 <i <k
and some fixed constant C > 0. We estimate below (B.4) as n — oo; the estimates will be uniform for all
such (gin)\_y-

Let p;, := nw; and oy, := \/n, for 0 <i <k. Then (B.4) and Lemma 4.1 yield

k _ k-
1 2 IP(SH_):;; ; —”_1_21':0“11‘;1)
| | | | qin _ } . -1/2 i=0 in
IE wn qm Iu exp[ 211(1,_0 qll’l) +O(n )] H)(Sn :1/[—1) . (B.5)

Hence we see that what remains to apply Theorem A.1 is a suitable local limit theorem for the sums

(S;,n > 0). We consider the cases (i) and (ii) separately.

(i): In this case, the distribution w = 6(w) has mean 1 and finite variance 02 > 0. Let h > 1 be the
span of this distribution, i.e., the largest integer such that &; a.s. is a multiple of h. Then Z,(w) > 0 only if
n=1 (mod h), so we consider only such n; moreover, by assumption g;,, > 0 only if w; > 0 and thusi =0

(mod h). Hence, the standard local central limit theorem, see e.g. [27, Theorem 7.1], yields, recalling

Qin = O(\/ﬁ),

k koo vk o
H)(S”—Zf:o‘iin srote ;’iqin) B \/2:(73,11 P _(Zizo lql;(f;to qln) +o(1)], (B.6)
IP(Sn:n—l):Lexp(o(l)). (B.7)
\/27(0‘,%71
Hence, (B.5) yields, recalling (7.13)—(7.14) and our assumption 6(w) =w,
K (Z5odin) + (Zholi - D) /02
e Jom 0. - ﬂyw. ] = roll)
1=0
Gin 1y — OijMin

= HP‘ P|3 Z Vmﬂ]n Ginqjn+0(1) | (B.8)
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Hence, Theorem 7.6 follows by Theorem A.1 (with o;, := v/n) in case (i).

(ii): This is similar. By assumption, there exist sequences of constants a,, > 0 and b,, such that (S, —
b,)/a, converges in distribution to some stable random variable Y of index a € (1,2]. Let again & be the
span of the distribution w, and let gy (x) be the density function of the stable limit Y. Then, a local limit
theorem holds, see e.g. [14, § 50]. Since we assume that the variance of &; is infinite, we have a, > nl/2,

see [9, XVIL.(5.23)], and thus g;,, = 0(a,), and then the local limit theorem yields, simply,

k
h
n)(sn_mm =n-1- ;iqm) = 2 &r(O)explo(1)), (B.9)
h
IP(Sn:n—l):a—gy(O)exp(o(l)), (B.10)

and hence, since gy(0) > 0 (see e.g. [32, Remark 4 after Theorem 2.2.3, pp. 79-80)),

k .
IP(S”_Z?:O 9in =n- 1 N Zl:O lqin)
P(S,=n-1)

-1, (B.11)

as 1 — co. It follows from (B.5) that (B.8) holds in this case too, now with o2 = oo, and the proof in case

(ii) is completed as above by Theorem A.1. O

Remark B.1. We see from the proof above that Theorem 7.6 holds for any weight sequence w such that
the probability distribution 6(w) satisfies a nice local limit theorem for the sums (S,,n > 0). We do not
know whether that holds in full generality, but we note that any extension of the local limit theorems
used above gives a partial answer to Problem 7.8. However, it is conceivable that there are weight

sequences for which such a local limit theorem fails, but nevertheless Theorem 7.6 holds.
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