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ABSTRACT. We study the number X of vertices that can be reached from the last
added vertex n via a directed path (the descendants) in the standard preferential attach-
ment graph. In this model, vertices are sequentially added, each born with outdegree
m > 2; the endpoint of each outgoing edge is chosen among previously added vertices
with probability proportional to the current degree of the vertex plus some number p.

We show that X(")/n” converges in distribution as n — oo, where v depends on both
m and p, and the limiting distribution is given by a product of a constant factor and
the (1 — v)-th power of a Gamma(m/(m — 1),1) variable. The proof uses a Pdlya urn
representation of preferential attachment graphs, and the arguments of Janson (2024)
where the same problem was studied in uniform attachment graphs. Further results,
including convergence of all moments and analogues for the version with possible self-
loops are provided.

1. INTRODUCTION

Preferential attachment models have emerged as a popular class of random graphs
since it was proposed in [2] as an explanation for the power-law degree sequences observed
in real-world networks. There are several versions of these models, differing in minor
details, see e.g. [11]; we will use the version defined below, which is the sequential model
in [3]. In this version, self-loops are not allowed but multiple edges are possible. The
graph is often treated as undirected, but we regard it as directed, with all edges directed
from the younger vertex (with larger label) to the older vertex (with smaller label).

Definition 1.1 (Preferential attachment graph). Fix an integer m > 2 and a real number
p > —m, and let (Gy,)n>1 be the sequence of random graphs that are generated as follows;
G, has n vertices with labels in [n] := {1,...,n}. The initial graph G consists of a single
vertex (labelled 1) with no edges. Given G,,_1, we construct G,, from G,,_; by adding the
new vertex with label n, and sequentially attaching m edges between vertex n and at most
m vertices in G,,_1 as follows. Let dj(n) be the degree of vertex j in G,. If n > 2, each
outgoing edge of vertex n is attached to vertex j € [n— 1] with probability proportional to
p + the current degree of vertex j. (In particular, if n = 2, we add m edges from vertex 2
to vertex 1.) This means that the first outgoing edge of vertex n is attached to vertex
j € [n — 1] with probability

dj(n—1)+p .
2m(n —2)+ (n—1)p’

(1.1)

noting that S7=1 dy(n — 1) = 2m(n — 2) and d;(n — 1) + p > m + p > 0. Furthermore,
given that the first 1 < k < m — 1 outgoing edges of vertex n have been added to the
graph, the (k + 1)th edge of vertex n is attached to vertex j € [n — 1] with probability

di(n—1)+ 34 1[n £>j] +p
2m(n —2)+k+(n—1)p

, (1.2)
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where n-5 7 is shorthand for the event that the /-th outgoing edge of vertex n is attached
to vertex j. The resulting graph G, is a preferential attachment graph with n vertices
with parameters m and p, and we denote its law by PA(n,m, p).

The formulation of the sequential model in [3] is somewhat different, but is easily seen
to be equivalent. Note also that [3] assume (in our notation) p > 0, but in the formulation
above, only p > —m is needed. The definition above is valid also for m = 1 (in which case
the graph is a tree), but we do not consider this case in the present paper; see Remark
1.5 below for a further discussion.

Since [6] proved that the degree sequence of a certain class of preferential attachment
models indeed has a power-law behaviour, many other properties of the model above and
its variants have been investigated over the last two decades. These results include for
example, vertex degrees, distance and local weak convergences; and we refer to the books
[11, 12] for a comprehensive overview.

In this paper, we study the number of vertices that can be reached from the lastly
added vertex m via a directed path in the preferential attachment graph. We refer to
these vertices (including vertex n) as the descendants of n and their count as X, even
though all of them (apart from vertex n itself) are added to G,, before n. The problem
was first considered in [15, Exercise 7.2.2.3-371 and 372] for a uniform attachment graph,
where each vertex has m > 2 outgoing edges and the endpoints of these edges are cho-
sen uniformly among the existing vertices. ([15] uses drawing without replacement, thus
avoiding multiple edges, but as shown in [13], this makes no difference asymptotically.)
This uniform attachment version is studied in [13], where it is shown that as n — oo, if
v = (m —1)/m, then X /n¥ converges in distribution, and the limiting distribution is
given by a product of a constant factor and the (1 —v)-th power of a Gamma(m/(m—1),1)
variable. The main result of the present paper is that for the preferential attachment graph
defined above, X (™ behaves similarly, but with a different exponent v which furthermore
depends on both m and p.

As in previous works such as [3, 18, 21], the analysis in this work is hinged on a
connection between Pélya urns and the preferential attachment mechanism. We use, in
particular, the Pélya urn representation of [3] that was originally devised to study the
local weak limit of preferential attachment graphs. As we show later, this representation
result enables us to adapt the framework of [13] to study the problem in the preferential
attachment setting.

We state our main results in the next subsection.

1.1. Main results. The parameters m > 2 and p > —m are fixed throughout the paper.
We define

(m —1)(m +p)

V= m(m + p 1) € (0,1). (1.3)

The proofs of the results below are developed in Sections 2-11, and as by-products of the
proofs, we also prove some results on the structure of the subgraph of descendants of n.
In Section 12 we show that the following results hold also for a preferential attachment
model with possible self-loops.

Theorem 1.2. As n — 0o,

((Z(nizle+ﬁ§)) (m(nT:ppH) + 1) <(m +p+1)(m— 1)&)1—”

F(mﬁ-/til) 2m + p

_ d
n’X —

(1.4)

where & € Gamma(m/(m —1),1).
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Theorem 1.3. All moments converge in (1.4). In other words, for any p > 0, as n — oo,

E[X?)/nP” —

m—1)(m+ m —y
F((m(mxp—&-l[))))l—‘(m(m—t;—i-l) + 1) ((m +p+1)(m— 1))1

(mn}r—;il) 2m + p

T(p(1 - )+ 5)
TG)

m—1

(1.5)

Remark 1.4. In the special case p =0, (1.3) and (1.4) simplify to v = (m —1)/(m + 1)
and

m—1

a1 F(m)r(mil)m?—l )2/<m+1>.

oy
T () om !

(1.6)

If we specialize further to the case m = 2 and p = 0, we get v = 1/3, and (1.4) simplifies
further to

_ d F(l)2 2/3 31/6F(l)3 2/3
n 1/3X_>724/331?3r(§) 7 ziwgi e (1.7)

with £ € Gamma(2,1) and

r(3)”

In this case, (1.5) yields, for example,

P(3)"

5T(1)?
24/331/3P(§)F(2 %) = :

1/3
E[X]/n'/3 — = S

= 2.19416. (1.9)

Remark 1.5. Definition 1.1 is valid also for m = 1, and then defines a random tree;
such preferential attachment trees have been studied by many authors. In this case, X (™
equals 1 + the depth of vertex n, and it is known that X ™ grows like log n, in contrast to
the case m > 2 studied in the present paper, where we show that X (%) grows as a power
of n. More precisely, as n — oo,

X™ /logn 25 —F (1.10)

and precise results are known on the exact distribution, Poisson approximation, and a cen-
tral limit theorem, see [8], [20, Theorem 6], and [16, Theorem 3]. (Papers on preferential
attachment trees usually use a slightly different definition, where the attachment proba-
bilities depend on the outdegree rather than the degree as in (1.1); apart from a shift in
the parameter p, this makes a difference only at the root. This minor difference ought not
to affect asymptotic result; for X (™ this follows rigorously by the bijection in [16] which
yields both exact and asymptotic results, and in particular (1.10), by straightforward
calculations for both versions of the definition.)

We mention also an open problem, which we have not studied, where the same meth-
ods might be useful.

Problem 1.6. Study the asymptotic behaviour of max{X "+ . . X®+)} for a fixed
i > 2, in both uniform and preferential attachment graphs. Perhaps also do the same for
i = i(n) growing with n at some rate.
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1.2. Notation. As above, k — i (where 1 < i < k < n and ¢ € [m]) denotes that in G,
the ¢-th outgoing edge of vertex k is attached to vertex ¢. We say that vertex i is a child
of vertex k if there is such an edge.

As usual, empty sums are 0, and empty products are 1.

Convergence in distribution, in probability, and a.s. (almost surely) are denoted by

%, l>, and =25 respectively. Equality in distribution is denoted by g, and w.h.p.
(with high probability) is short for “with probability tending one as n — oo”.

We frequently use two standard probability distributions. The Gamma(a, b) distribu-
tion, with a,b > 0, has density I'(a)~'b~%2% 'e=%/ on (0, 00). The Beta(a, b) distribution,

with a,b > 0, has density Fr(%ﬁg)xafl(l —z)~1 on (0,1).

Most quantities defined below depend on n. We sometimes indicate this by a super-
script (™, but usually we omit this to simplify the notation. We may in proofs sometimes
tacitly assume that n is large enough.

Cla,b], C[0,00) and C(0,00) denote the spaces of continuous functions on the indi-
cated intervals, equipped with the topology of uniform convergence on compact subsets.
These spaces are complete separable metric spaces. Note that a sequence of random func-
tions in C]0, 00) or C(0, 00) converges (a.s., in probability, or in distribution) if and only if
it converges in the same sense in C|a, b] for each compact interval [a, b] in [0, c0) or (0, c0),
respectively. (For C0,00) it is obviously equivalent to consider intervals [0, b] only.) The
case C[0,00) is treated in detail in [22]; the case C(0, c0) is similar.

C' denotes positive constants (not depending on n) that may vary from one occasion to
another. The constants may depend on the parameters m and p; we indicate dependence
on other parameters (if any) by writing e.g. C.

2. POLYA URN REPRESENTATION

We shall use a celebrated result of [3], which states that the dynamics of the pref-
erential attachment graph can be encoded in a collection of classical Pdlya urns; see also
[12, Chapter 5] for more details. In a classical Pélya urn with initially a red balls and b
black balls, a ball is randomly sampled from the urn at each step, and is then returned to
the urn with another ball of the same colour. (The “numbers” of balls are not necessarily
integers; any positive real numbers are allowed.) In the preferential attachment graph, for
each i > 2, the weight of vertex ¢, defined as the degree + p, and the total weight of the
first ¢ — 1 vertices evolve like the numbers of red and black balls in a classical Pélya urn.
The initial numbers of red and black balls are a = m + p and b = (2i — 3)m + (i — 1)p,
which are the weights of vertex ¢ and the first ¢ — 1 vertices before the edges of vertex
i+ 1 are added to the graph. When one of the first ¢ vertices is chosen as a recipient of
a newly added edge, the number of red balls in the urn increases by one if vertex 7 is the
recipient; otherwise we add a new black ball to the urn. It is well-known, for example
as a consequence of exchangeability and de Finetti’s theorem, that the proportion of red
balls a.s. converges to a random number 3 € Beta(a,b), and that conditioned on f, the
indicators that a red ball is chosen at each step are distributed as conditionally indepen-
dent Bernoulli variables with parameter 5. Consequently, by conditioning on suitable beta
variables, the preferential attachment graph can instead be generated using independent
steps.

The model and the theorem below are easy variations of their counterparts in [3,
Section 2.2]. The only difference is that p is allowed to be negative here.
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Definition 2.1 (Pdélya urn representation, [3]). Given the integer m > 2 and the real
number p > —m, let (B;)72; be independent random variables such that By =1 and

Bj € Beta(m + p, (2 — 3)m + (j — 1)p), Jj =2 (2.1)

Given (B;)32,, construct for each n > 1 a (directed) graph G, on n vertices (labelled by
[n]) such that each vertex 2 < k < n has m outgoing edges, and the recipient of each
outgoing edge of k is i € [k — 1] with probability

k—1
B [ (- By, (2:2)
j=it1
with the endpoints of all edges in G}, chosen (conditionally) independently. The law of G,
is denoted by PU(n,m, p), where PU is short for Pélya Urn.

Remark 2.2. The probabilities (2.2) can be interpreted as follows, which will be useful
below: Given (Bj)j?’il, each edge from vertex k tries to land at k—1, k—2, ... successively;
at each vertex j it stops with probability B;, and otherwise it continues to the next vertex.
(All random choices are independent, given (B;)32;.)

Remark 2.3. The construction in [3] is actually formulated in the following somewhat
different way, which obviously is equivalent; we will use this version too below. Define
n—1
Snj= ] @=B) for0<j<n—1. (2.3)
i=j+1
(In particular, S, = 0 and S, ,—1 = 1.) Conditioned on (Bj)?:—%, let (Uke)ply -y De
independent random variables with

U]“g S U[O,Smk_l). (2.4)

For each vertex 2 < k < n, add the m outgoing edges such that
kb = Ukt € [Sn,i—1, Sni), tem],ielk—-1]. (2.5)

Note also that a natural way to achieve (2.4) is to let (ﬁkg)z;;zzl be independent U[0, 1]

variables, independent of (Bi)?:_;, and set

Upt := S 10k (2.6)

Theorem 2.4 ([3], Theorem 2.1). For all integers n > 2, m > 2 and real p > —m,
PA(n,m,p) = PU(n,m,p).

In view of this theorem, it is enough to consider the Pélya urn representation instead
of the preferential attachment graph. We shall do so in the subsequent analysis and always
have G,, € PU(n,m, p).

Remark 2.5. The uniform directed acyclic graph studied in [13], where each new edge
from k is attached uniformly to a vertex in [k — 1], can be seen as the limit as p — oo of
the construction above; it can be constructed by the same procedure, except that we let
Bj :=1/j (deterministically). This may help seeing the similarities and differences in the
arguments below and in [13]. Not surprisingly, formally taking the limit p — oo in (1.4)
yields the main result of [13].

Remark 2.6. Unless we say otherwise, we use the same sequence (B;){2, for every n.
(But see Section 8 for an exception.)
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3. PRELIMINARIES

For convenience, we define the positive constants

0 :=2m + p, (3.1)
m-+p m+p

= = 2

X, 7 (3.2)

noting that if p = 0, then xy = 1/2 for any m.

Recall that if B € Beta(a, b), it follows by evaluating a beta integral that the moments
are given by
I'la+b)'(a+s) I'(a+s)/T(a)
I'(@)l(a+b+s) T(a+b+s)/T(a+b)
Recall also that for any fixed real (or complex) a and b, and z > 0 (with z +a ¢
{0,—-1,-2,...},

EB* = s> 0. (3.3)

I'(z+a)
[(xz+0b)

which follows readily from Stirling’s formula; see also [19, 5.11.13].

=2 (1+0(z7")), (3.4)

Similarly to the definition of Sy, ; in (2.3), we also define
k
oy =[[A+ (m-1)B;), fork=>o0. (3.5)
j=1

We collect here some simple results for these variables that will be used later.

Lemma 3.1. For 2 < i < oo, let B; be as in (2.1); and for 1 < i < oo, let ®; be as in
(3.5). We then have for 2 < i < oo,

m+p X X 1

E(B:) = 0i —2m  i-— 2m/0 T +O(ﬁ)’ (36)
(m+p+1)(m+p) 1

E(B}) = (0i —2m + 1)(0i — 2m) (72) (37)

Furthermore, for 2 < j < k < oo,

b _ D(k+ 1+ [(m—1)(m+ p) — 2m]/0)T(j — 2m/0)
EEO *m =15y = L(k+1—=2m/0)L(j + [(m —1)(m + p) — 2m]/0)
- (5" o) 38)

and

m-T'(2—2m/0)
['(2+ [(m—1)(m+ p) —2m]/6)
Finally, there is a positive constant C' such that, for 2 < j < k < oo,

Oy = Em=UX(1 4+ 0(k™1)). (3.9)

ﬁE(l +(m—1)B;)? < c(j)ﬂm_l)x (3.10)
and, for 2 < k < oo, o
E(®?) < CKXm=UX B0 ) < Ok~ mIX ) B, %) < Ok HmUX (3.11)
Remark 3.2. If m =2 and p =0, then § = 4 and so in (3.9),
m-T'(2—2m/0) _ 2 :i. (3.12)

L2+ [(m—1)(m+p)—2m]/0) T(3/2) /=
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Proof. The equalities in (3.6) and (3.7) follow from (3.3), recalling (3.1)—(3.2). For (3.8),
we use (3.6) to obtain

k k i m —2ml/6

I[E(H(m ]I il 227;/2) /
F(k+1+ —1)(m+p)—2m]/9)r(j—2m/9) (3.13)
T T(k+1-2m/0)(j + [(m — 1)(m + p) — 2m]/6)’ '

and so (3.8) follows from (3.4) and (3.2). The formula (3.9) follows similarly by taking
j =2in (3.13) and using B; = 1.

To prove (3.10), we write for ¢ > 2, using (3.6)—(3.7),
E(1+(m—1)B;)*>=14+2(m —1)EB; + (m — 1)?E B?
=1+2(m— 1)% +0(i7?)

=:14y;.
Taking logarithms,
k k k
log<H 14wy ) Zlog (1+y) < Zyz =2(m — I)XZ (i7'+0@i™?))
i=j i=j i=j
— 2(m — 1)X10g<§> Lo, (3.14)

This implies the inequality in (3.10). The bound on E(®%) in (3.11) follows from the
definition in (3.5) and applying (3.10) with j = 2. The upper bound on E(®;?) in (3.11)
can be proved similarly, where we can use (1 4+ 2)72 < 1 — 2z + 322 for z > 0, and thus

E[(1+ (m—1)B;)?] <1—-2(m—1)EB; 4+ 3(m — 1)*E B}
=1-2(m—1)xi ' +0(37?), (3.15)

together with log(1 — z) < —z. Finally, by the Cauchy—Schwarz inequality and the just
proven E(®; %) < Ck~2m=x,

E(®, ) < \/E(®,.?) < Ck~(m=Vx, (3.16)
which completes the proof of all three inequalities claimed in (3.11). O

3.1. An infinite product.

Lemma 3.3. The infinite product

o= kl;[ B+ (m—1By)  ~LEay (3.17)

erists a.s. and in LP for every p < co. Furthermore, EG =1 and 5 >0 a.s.

We have also, as k — oo,

m-T'(2—2m/0)

—(m—l) a.s, A .
g " b= L'(2+[(m—1)(m+p) —2m]/9)ﬁ' (3-18)
Proof. Define for k > 1
~ D i 1+ (m—1)B;
M= E(®) I I E(1+ (m—1)B;)’ (3:19)
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This is a product of independent random variables with mean 1, and thus a martingale.
For every fixed integer r > 1, we have by the binomial theorem, |Bj| < 1, and (3.6)—(3.7),

r

E(1+ (m—1)By)" =Y _ <;)(m— 1YEB] =1+7(m—1)E By, + O(EB})

j=0
=14+7r(m—1)EBy + O(k™?)
=(1+(m—1EB)" +0(k™?). (3.20)
Hence, for every k > 1,
— & B+ (m-1)B) ¢ _
S 131 EQ+ (m—10B))y 5(1 HOE) <6 %20

and thus the martingale Mk is L"-bounded; consequently it converges in L", and thus in
LP for all real 0 < p < r. Since r is arbitrary, this holds for all p > 0.

In particular, Mk — B in L', which shows that E 3 = limj_,« E]\?k =1.

The event {8 = 0} is independent of any finite number of Bi, B, ..., and is thus a
tail event. The Kolmogorov zero-one law, see e.g. [10, Theorem 1.5.1], thus shows that
P(B=0)=0or 1, but P(5=0)=1is impossible since E 3 = 1. Hence, § > 0 a.s.

Finally, (3.18) follows by (3.17) and (3.9). O

3.2. Estimates for S, ;. Below, let v, be a positive function such that v, <n —1 and
p, — 00 as n — oo (we later choose 1, = n/logn). The next lemma shows that w.h.p.,
for all £ > 1, the random variables S,, ; are close enough to the constants (k/n)X.

Lemma 3.4. Let S, ) be as in (2.3) and v, be as above. Define 6, = ;¢ for some
e € (0,1/2). Then, there is a positive constant C such that

sun- (&)

The proof of Lemma 3.4 is based on a standard martingale argument that is similar
to [17] (see also [3]), but we present it here for completeness. To prepare for the main
proof, we start by estimating E(S,, ).

P { max
[Pn]<k<n

> 25n] <Oy L (3.22)

Lemma 3.5. Let S, be as in (2.3). For every 1 < k <n —1, we have
L(n—(Bm+p)/0) T(k+1-2m/0)

E(S, k) = . 3.23
(Sni) T(n—2m/0) T(k+1-(3m+p)/0) (3.23)
Proof. Recalling that (Bj)?;zl are independent, we obtain from (3.6)
n—1 n—1 . n—1 .
0j —3m—p j—(Bm+p)/b
ES,.= [[ BEQ-B)= J] 212 _ |
Sk H ( ) H 05 —2m , Jj—2m/0
j=k+1 j=k+1 Jj=k+1
_T(n—Bm+p)/0) T(k+1-2m/6) (3.24)
T'(n—2m/0) T(k+1-(3m+p)/6)’ '
as claimed in the lemma. O

Lemma 3.6. Let S, be as in (2.3). Then, there is a positive constant C such that, for
1<k<n—-1,

o C
= opxklexC

(3.25)
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Proof. By (3.23) and (3.4), we have, recalling (3.2),

E(Sn) = n (14 O~ )R+ 0k ) = (2) (14 0(7), (3.26)

which yields (3.25). O

Proof of Lemma 3.4. By Lemma 3.6, for n large enough and any k € [1),,, n],
C c _C
< <

kX
_ | = < - ~ ~ ) .
Hence,
kX
P Snk— (=) | =220 <P S, . —E(S,x)| =6,
[wf@f@ * <n) } [Wﬁ2§<n\ k= E(Sn)] ]

<P Sok/E(S, k) — 1] =8.],  (3.28
[Wﬁg@\ &/ E(Snr) — 1] ] (3.28)

noting that ES,, ;, < 1 for £ > 1. To bound the right-hand side of (3.28), we first observe
that for £ > 0,

n—1
ir 1 - B Sn n—1—k
My, == S — : 2
e= 11 E(1—B;) ESp, 1 (3.29)

j=n—k
is a martingale with respect to the o-algebras generated by (Bj)?;i_k, with IE]\/jk = 1.

Now, by Doob’s inequality for the submartingale (]\//fk —1)2, see e.g. [10, Theorem 10.9.1],

P| max }Snk/IE(Snk) - 1’ > 54 = IP[ max : \]\/Zk -1l =4,

< 0 2Var (M1 _y,1)- (3.30)
Using E ]\/in_l_wﬂ =1 and the independence of the beta variables, we have
n—1
- E[(1 — By)?
Var(Mn_l_Wﬂ) =E (]/\4\3_1_"1#"") —1= H % - ]., (331)
eni1 B~ BiD)

and by (2.1), (3.3), and simplifying, we get

n—1

H 9k—3m—p+1' 0k —2m )_1
0k —3m—p Ok—2m—+1

Var (M\n_l_ [¢n] ) =

k=[tn]+1
n—1 C
< J] a+cr?-1< o (3.32)
k=[tn]+1 "
Applying (3.32) and §,, = ¢, ° to (3.28) and (3.30) yields
hence proving the lemma. g

3.3. Asymptotics of two sums. Fix a sequence \,, — oo (we will later choose \,, = n")
and define, for y > 0 and 0 < k < £ < o0,

L L
HY, o= > [A=B)™ =1+ M\yBi], Il,:== > [1-(1-B)™] (3.33)
i=k+1 i=k+1
and, fory >0 and 0 < s <t < o0,
7y . 1 !
HYy = NHE oy D= N o (3.34)
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Lemma 3.7. Let 0 < s <t < oo. Then, for every y = 0, as n — oo,

gu m+p XY t 1
HY 1+ qu = 1+ ) au (335
St_>/ Gutgyte T u) Y / ((1+y/(9u))m+l’ + > u (3.35)

and

U m+ t
2ot [ geagpe) 0= [ (- ) e 639

Proof. Denote the summand in (3.33) by AH;. Then —1 < AH; < A\,yB;, and thus, using
(3.7), for |sA,] < i < [\t

Var(AH;) <E(AH;)? < C+CNEB?<C,. (3.37)
The summands AH; are independent, and thus (3.33)-(3.34) and (3.37) yield

[tAn]
Var(ﬁé’jt) =\, Z Var(AH;) < Cs A\, = o(1). (3.38)
i=|sAn]+1

Hence, it suffices to show that the expectation E H '+ converges to the limit in (3.35). We
have, applying (3.3) to 1 — B; € Beta(#i — 3m — p,m + p) and using (3.4), uniformly for
SAp < 1 < tAy,

['(0i — 2m)T(0i — 3m — p + \y) 01 m+p
E(1 — B;)Y = - 1
( ) L(0i — 3m — p)T'(0i — 2m + \py) (0i+)\ny> +ol(l)
Oi/ A \mtP
= —— 1). .
(Hi/)\n—i—y) +o(1) (3.39)
Hence, using also (3.6), if i = u\, with u € (s, ],
E[AH;] =E(1 - B)*Y —1+ \yEB;
B Oi/ N, \mtP %
_ (m) L+ =y + o(1). (3.40)

It follows that EH 1 is o(1) plus a Riemann sum of the integral in (3.35).
The proof of (3.36) is similar, where we now replace AH; with
AL =1— (1 - By)™¥ (3.41)

and, for s\, < i < t\y, use the estimates 0 < Al; < 1 and thus, using (3.39),

Var(AIL) < B(AL)?* < 1, (3.42)
0i/\ m+p
J—1_ _ AnY 1 _ n
E[AL] =1—E(1 - B) 1 (Gi/An . y) +o(1) (3.43)
to proceed. Il

4. BASIC ANALYSIS

In this and subsequent sections, we follow the framework (and hence the notation) in
[13]. To concentrate on the important aspects of the proof, we assume that m = 2 and
p = 0; note that then y = % and 8 = 2m = 4. The minor modifications for the general
case are discussed in Section 10.
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4.1. The stochastic recursion. Let D,, be the subgraph in G,,, consisting of vertex n,
all vertices that can be reached from n via a directed path, and all the edges between them.
We think of the vertices and edges in D,, as coloured red. We use the following stochastic
recursion to construct D,,. It is similar to the recursion used in [13], with differences that
stem from the difference of the models.

(1) Sample the beta variables (Bj);-‘:_Ql defined in (2.1).

(2) Declare vertex n to be red and all others black. Initiate the recursion by setting
k:=n.

(3) If vertex k is red, choose the recipients of the two outgoing edges from vertex k
according to the construction given in Definition 2.1. After sampling the recipients,
declare them as red.

If vertex k is black, delete k£ and do nothing else.

(4) If k = 2 then stop; otherwise let k := k — 1 and repeat from (3).

For integers 0 < & < n — 1, let Y; be the number of edges in D,, that start from
{k+1,...,n} and end in {1,...,k}. Define Zj as the number of edges in Y} that end
in k. Note that we have the boundary conditions Y,,_1 =2 and Yy =0; as wellas Z1 =Y
and Zo =0.

For 1 < k < n —1, denote the indicator that at least one edge of Y ends at k as
Jy =1[Z; > 1], (4.1)

which is the same as the indicator that & is red. Thus summing Jj over k € [n — 1] gives
the number X (™ of red vertices. For 2 < k < n — 1, the number of edges that start at k
is 2Jk, and we thus have

Yk_l:Yk—Zk—I—Q-Jk:Yk—Zk—I—Z-l[Zk21]. (4.2)

As in [13], we use a modified version of the procedure above, where we use the
construction in Remark 2.2. In (3) above, we thus do not choose the recipients of the
outgoing edges, we just note that they have endpoints in [k — 1]. We then at the next
vertex toss a coin for each edge with unassigned endpoint to decide whether it ends there
or not. This yields the following equivalent version of the construction.

(1) Sample the beta variables (Bj);-‘;% defined in (2.1).
(2) Declare vertex n to be red and all others black. Initiate the recursion by setting
k:=n.

(3) If vertex k is red, add two outgoing edges from vertex k, with as yet undetermined
endpoints in [k — 1]; mark these edges incomplete.

(4) Let k =k —1.

(5) For each incomplete edge, toss a coin with heads probability By, independently
given By. If the outcome is heads, the edge ends at k and is marked complete;
furthermore, vertex k is coloured red. Otherwise do nothing (so the edge is still
incomplete).

(6) If £ =1 then stop; otherwise repeat from (3).

Let Fj, be the o-field generated by all beta variables (Bj);‘;zl and the coin tosses at
verticesn — 1,...,k+ 1. Then Fi,...,F,_1 forms a decreasing sequence of o-fields, and
Y,—1,...,Y; are measurable with respect to Fi. Moreover, conditioned on Fj, we have

Zy | F, € Bin(Yy, By) for1<k<n-1 (4.3)
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Thus, in view of the recursion (4.2), we have for 2 < k <n—1,
E(Yio1 | Fx) =Y —E(Zi | Fx) +2-P(Zk, = 1| F)
=Yy — By,Yj, +2(1 — (1 — By)"). (4.4)
By Markov’s inequality, we also have for 2 < k < n — 1,
E[Yi_1 | Fi] < Yi —E[Zy | Fi| +2-E[Zy | Fi] = Yi + E[Z) | Fil

=(1+ By)Yx. (4.5)
Define, recalling (3.5),
Wi =&Y, for0<k<n—1, (4.6)
noting that Wy = 2Yy = 0. Using (4.5) and (3.5), we find for 2 < k <n—1,
EWg—1 | Fr) = @p1 E(Yi—1 | Fi) < Ppo1(1 + By)Yy = ©4Y) = Wi (4.7)
and so Wy, ..., W,_1 is a reverse supermartingale. The initial value is
Wpo1=Pp_1Y,—1 = 2P,,_1. (4.8)
By Doob’s decomposition,
Wip=Mp— A, 0<k<n-—1, (4.9)
where
n—1
My, =20, 1+ Y (W1 —E(W,_1 | Fy)) (4.10)
j=k+1
is a reverse martingale and
n—1
A=Y (W —EWj1 | Fy) (4.11)
j=k+1

is positive and reverse increasing. To see these properties of Ay, we note A4,_1 = 0 and
by (4.7),

A1 — A =W, —E(Wj_1 | Fi) 20 for1<k<n-—1 (4.12)
Hence, for 0 < k <n —1, we have 0 < W, < M;,.
From the exact formula (4.4),
E(Wi_1 | Fi) = @41 E(Yi1 | Fi) = @—1(1 — By) Yy + 2851 (1 — (1 — By)™*), (4.13)
and so (4.12) can be written as
Ap—1 — Ay = 2B 0y 1Y}, — 2841 (1 — (1 — By)™*)
=2®;_1((1 — By)™ — 1+ BYy). (4.14)

Following the steps in [13, equation (2.16)] for evaluating Var(Y;_1 | Fx) in the uniform
attachment case, here we have, for 1 <k < n —1,

Var(Yy—1 | Fi)
=Var(Zy —2-1{Z; > 1] | Fx) < 2Var(Zy | Fi) +2Var(2-1[Z; > 1] | F)
< 2BLY; + 8P(Z), > 1| Fi) < 2BpYy 4+ 8E(Zy, | Fi) = 10BLY}. (4.15)
Thus,
Var(Wy_1 | Fi) = @2 Var(Yy_1 | Fr) < 1092, B,Y;. (4.16)

Let B be the o-field generated by the beta variables (Bj)?;él, and let Eg and Varg

denote conditional expectation and variance with respect to B. Note that My, ..., M,
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is a reverse martingale also conditioned on B, since B = F,,_1 C Fj for every k. In
particular,

Eg Wi <Eg My =M, 1 =25, for0<k<n—1. (4.17)

Hence, by applying (4.10), the reverse martingale property, (4.16), (3.5), (4.6), and then
(4.17), for 0 < k< n—1,

n—1
Varg(My) = Eg(My — 28,1)* = > EpVar(W, 1 | F))
j=k+1
n—1
<10 Z ®2_|B;Ep(Y, 1 Eg(W;)
j=k+1 j= k+1
n—1
< 20 Z D 1P, 1 =20 Z o3 ,B; [[ 1+ By). (4.18)
j= k+1 j=k+1 i=j+1

4.2. Some estimates. Below we provide several estimates for Wy, M}, Z;, and Ay that
we need later. The results are analogous to [13, Lemmas 2.1-2.3]. Recall that x = 1/2 for
m =2 and p = 0.

Lemma 4.1. For1 < k< n—1, we have

— n—1
EBW,ngBM,fgmz o B; [] 1+ B)+49} ;. (4.19)
j=k+1 i=j+1
Furthermore,
Ep o pax. 1Wk <Ep Jnax | ME < AEp M§ (4.20)
and there is a positive constant C such that
E max W?<E max M?<Cn. (4.21)
0<k<n—1 0<k<n—1

Proof. The first inequalities in (4.19) and (4.20) follow from 0 < Wy, < Mj. For the second
inequality in (4.19), note that

Ep M} = Varg(Mj) + (Ep M)?, (4.22)
and the inequality follows from this by the inequality (4.18) and the equalities in (4.17).

The second inequality in (4.20) follows from Doob’s inequality. By (4.20), (4.21)
follows from showing EMZ < Cn. For every 0 < k < n — 1, we use (4.18) and the
independence of the beta variables to obtain

n—1 n—1
E (Varg(My)) <20E > @ ,B; [[ 1+ B)

j=k+1 i=j+1
n—1 n—1
=20 Y E®; EB; |[ E(1+By). (4.23)
j=k+1 i=j+1

So applying (3.6), (3.8) and (3.11), we get

(VarB Mk C Z '7 (*)1/2 1/2 Z 1/2 \ Cn. (4.24)
Jj= k+1 j= k+1

Using the equalities in (4.17) and the estimate in (3.11), we also have
E[(Eg My)?] =E(M?_,) =4E(®2_,)<Cn for 0<k<n—1. (4.25)
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Applying (4.24) and (4.25) to (4.22), with k = 0, we thus have
E MG < E[Varg(Mo)] + E[(Eg Mo)*] < Cn, (4.26)
which together with (4.20) implies (4.21). O

Lemma 4.2. There is a positive constant C' such that, for 1 <k <n—1,

nl/2
P(Zr>1) < Cm% (4.27)
P(Z, > 2) < ck%. (4.28)

Proof. We start by proving (4.27). Firstly, it follows from (4.3) and (4.6) that
E(Zk | Fi) = YiBy = @' ByW, (4.29)
which, along with (4.17), imply that

n—1
Eg(Zk) = ®;,' By Ep(Wi) < 20, 'Bi®,_1 = 2B, [[ (1+ By). (4.30)
i=k+1
Using the independence of (By)}Z,, (3.6) and (3.8), we therefore have
n—1
C /n\1/2 nl/?
E(Z)<2E(By) [] EQ+B)< (E) = Cors (4.31)

i=k+1
and (4.27) follows from Markov’s inequality.

The proof for (4.28) is similar, this time we observe that by Markov’s inequality,
Z Y;
P(Z, > 2| Fi) < E<< 2’“) ‘ ]-'k> = < 2’“)3,3 < B}V = Bio*WE. (4.32)
By (4.19) of Lemma 4.1 and (3.5), we have
E (Bi®,*Wi) = E (Bi®,” Ep(W))

n—1 n—1

<20E<B,§cb,;2 > @B [] (1+Bi)> +4E(B}o, %02 )
j=k+1 i=j+1

n—1 n—1

n—1 7j—1
_20E<B,§ oo [ a+B)? [] (1+Bl)> +4E(B§ I1 (1+Bl-)2>
j=k+1  i=k+1 l=j+1 i=k-+1

n—1 n—1 n—1

-1
=20E(B}) > E(B)) h E(1+Bi)” [[ EQ+B)+4EB}) [] E(+ Bi)
j=k—+1 i=k+1 I=j+1 i=k+1
(4.33)

Applying the estimates in (3.7), (3.8) and (3.10) to (4.33), we find

B (n)m Cn Cn (4.34)

i) tE S
Taking the expectation in (4.32) and plugging in (4.34) yields (4.28). O

Lemma 4.3. For1 <k<n-—1,
Ap_1 — A < (Wi By)?®;* (4.35)

and there is a positive constant C such that

(4.36)
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Proof. By (4.14), Taylor’s formula, the increasing property of ®, and (4.6),

Y;
Apr = Ap =201 (1= Bi)™ — 14+ ByYi) < 28k < 2k>B;3

< Y20, 1Bi < Y2®,B} = W2o, ' B, (4.37)
yielding (4.35). To prove (4.36), we note that by a telescoping argument, (4.35) implies
n—1
A< Y (WiB) ;! (4.38)
i=k+1

Furthermore, (4.19) of Lemma 4.1 and (3.5) together yield
]EB(W?B.qul)

< 20B20; 1 Z o2, B; H (1+ By) +4B®; 192,
j=i+1 h=j+1
n—1

n—1 j—1 n—1
=20B}®; > B; [[ 0 +B)* [[ 1+ By +4B/®; [[ (1+By)’
j=i+l  l=it+1 h=j+1 h=i+1

n—1 n—1

n—1 J—
<40B}®; 1 Y B [[ @+B)* J[ A +Bw)+8B}®iy [[ 1+Bu)> (439
j=i+l  l=it1 h=j4+1 h=i+1

Taking expectation and again using the independence of (Bk)z;é, we have

n—1 7j—1 n—1
E(W?B}®; ") <40E(B)E(®;1) Y E(B)) [ EQ+B)* [] EQ+Bx)
j=i+1 l=i+1 h=j+1
n—1
+8E(BY)E(®;i1) [[ EQ+ By (4.40)
h=i+1
Applying (3.6), (3.7), (3.8), (3. 9) and (3 10) to the last display gives
- i (myV2, Cn _ Cn
E(W2B?o;! Z3/2 Z ETer _2 z_ (j) = < = (4.41)
Thus, in view of (4.41) and (4.38), we deduce that for 1 <k <n —1,
n—1
Cn _ Cn
E(Ap) < Y 57 < (4.42)
i=k+1
hence proving (4.36). O

5. THE EARLY PART AND A YULE PROCESS

We continue to study the case m = 2 and p = 0, and recall that then x = 1/2. We
show that the early part of the growth of D,, can be closely coupled to the same time-
changed Yule process as in [13], and use this coupling to study Y; and Wj. We start by
presenting its construction and key features, following the description in [13].

Let YV be a Yule process starting with two particles, and let ); be the number of
(living) particles at time ¢ (thus )y = 2). Note that )} has the same distribution as the
sum of two copies of the standard Yule process, which starts with a single particle. (See

g. [1, Section IIL.5] for definition and some basic properties.) To better compare the
process to D,,, it is convenient too to view the Yule process ) as a tree, where the root
70 := 0 marks the beginning of the process and the vertex 7; marks the time of the i-th
particle split in the process. Note also these split times are a.s. distinct. In this way, each
particle can be represented by an edge from its time of birth to its time of death.
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The time-changed Yule tree j)\ appearing in [13] is obtained by applying the mapping
t — e !, so that the vertices in JAJ have labels e € (0,1]. Hence, the root in )A) has
label 1, and a particle in the original Yule process that is born at time ~; and has lifetime
7 € Exp(1) is now represented by an edge from z = e~ % to e~ (+7) = ze~7 = zU, where
U:=e7 € U(01). In light of this, as well as that e™ =1 and all lifefimes in the
original Yule process are independent and have the Exp(1) distribution, any vertex in y
that is d generations away from the root therefore take labels of the form U, - Ud, where
ﬁl, ce U, € U(0,1) and are independent.

Let D, be the random red graph D,, with label k replaced with (k/n)X, so that the
labels now take values in (0,1]. We regard D,, as rooted at n; thus the root of D,, has
label 1. We shall compare the time-changed Yule tree Y to Dm considering only vertices

with large enough labels. In preparation, let

ny = ngn) = |n/logn|. (5.1)
We will use the construction of G, in (2.3)—(2.6), using the variables S, j, defined there;
in particular, recall that Uy, are independent U(0, 1) random variables.

Lemma 5.1. Let , = logn/n'/3. With probability at least 1—C'logn/n'/3, the following
hold:

(i) For every path in D,, between vertex n (the root) and a vertexr k > ny consisting of

d+ 1> 2 red vertices n = vg > vy > -+ > vg_1 > vq = k such that v; = v;y1 for
0 <1t <d, we have

\(7”0740 Uy gy — (%)X‘ < 3dkn. (5.2)

(ii) For every such path in D, between vertex n and a vertex k < ny, we have

Usosto Ungr ity < (%2) + 3drin. (5.3)

Proof. We may assume that n is large enough such that nl_l < Kp, since the result is
trivial for small n by choosing C large enough.

Firstly it follows from (2.5) and (2.6) that if &k - 4, then

Sni—1 < ﬁk,ésn,kfl < Sn- (5.4)

Secondly, again assuming that n is large, we take ¢ = 1/3 and v, = n; in Lemma 3.4 and

find that there is a positive constant C' such that with probability at least 1 —C'logn/ nl/3,
VX[ < 9 /3 < 13, 7,1/3 <

n{gz]uén‘S g — (L) ‘ <2ny 77 < 3log P n/nt? < Ky, (5.5)

We assume in the rest of the proof that (5.5) holds, and show first that (5.2) follows by
induction on d. Note first that if j > nq, then (5.5) implies

Suger 2 (5% = = (1= = > (1)Y= 1) =m0 > ()= F =,

> (4)" — 26, (5.6)

For the base case d = 1 we have by (5.4), (5.5), (5.6), and recalling S,, ,—1 = 1,
Unito < Snp < (X)X + kin (5.7)
and
Unity = Snjp—1 = (5)X = 2k, (5.8)

which show (5.2) in this case.
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For d > 2, we use induction and find, using the induction hypothesis and (5.4)—(5.6),

Ounto g yay < ((22)* +3(d = 1rn ) Uyt
(S -1 + 260 + (3d — 3)k,) U,
Snva 11Uy 10y + (3d — Dk
< Spk+ (3d—1)ky

< (B)* + 3dk, (5.9)
>

N

d—1:0a—1

N

N
CQ

and similarly, using also Sy, 4, , g1 —15

ﬁvo,fo T fjvd—laed—l ((vdgl )X - 3(d - 1)’{n) ﬁvd—17fd—1

WV

> (Sngy — #on — (3d = 3)kn)Usy 104 4

> Spvgr-1Un, 0 — (3d —2)p

> Spk—1— (3d — 2)ky,

> ()" = 3drn. (5.10)

These inequalities prove (5.2), which completes the proof of (i).

To prove (ii), assume first vg4_1 > n1 > k. Then, using (5.2), the first lines of (5.9)
still hold and yield

Usorto*** Ung_1001 < Snge + (3d — 1)kin. (5.11)

Furthermore, by ny > k and (5.5),
Snge < Sny < ()X + ki, (5.12)
and (5.3) follows by (5.11) and (5.12). Finally, in the remaining case vg—1 < n1, we use
the trivial Uy, o - Uy 100 1 < Uvoto == - Uy 5,0, , and induction on d. O

Recall that a vertex in JA) that is d generations away from the root has label of the
form U, - - - Uy, where U; € U[0,1] and are independent. In view of (5.2), we couple Y and

n by generating them together as follows, where we also construct a mapping W of the
vertices of y to the vertices of D In the construction below, y and D will be ﬁnlte
subsets of the final Yule tree and digraph, and ¥ maps the current Y onto the current D
Recall that Y and D,, determine Y and D,, by (deterministic) relabelling.

(1) Sample the beta variables (B)?;Ql defined in (2.1). This defines also S, ; by (2.3).

(2) Start the construction by lettlng Y and D, just consist of their roots, both labelled
1. Let ¥ map the root of y to the root of D

(3) Let x be the vertex in the constructed part of Y that has the largest label among
all vertices that do not yet have children assigned. Give x children zU, 1 and xU! 2.2

(which are added to the current }), where U, , are independent U0, 1] variables
that are independent of all other variables.

The vertex z is mapped to some vertex U(z) = (k/n)X in D,,, which thus corre-
sponds to vertex k in D,,. There are three cases:

(a) If k > 1 and ¥(x) has not yet got any children, define fjk,g =U! ,fort=1,2.
This defines by (2.5)-(2.6) the edges from k and thus the children of & in
D,,; if these children are k1 and ko, the corresponding children in Dn are
(k1/n)* and (k2/n)X; we add them to D,, and we define U(we) = (ke/n)X,
thus mapping the children of z in Y to the children of U(z) in Dy.
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(b) If ¥ > 1 and ¥(x) already has children (because it equals ¥(y) for some
y > x), then we just extend ¥ by mapping the children of x to the children
of U(z) (in any order).

(¢) If k=1, so z maps to v = (1/n)X (which has no children in the final ﬁn), we
extend ¥ by mapping also the children of x to v.

(4) Repeat from (3) (ad infinitum).

It is easy to see that running this “algorithm” an infinite number of iterations yields
Y and ﬁ With the right distributions, together with a map W of the vertices of Y onto the
vertices of D,, such that every path from the root in D,, is the i image of a path from the
root in y U is obviously not injective since y is an infinite tree. Nevertheless, we show
that restricted to rather large labels, the mapping ¥ is w.h.p. a bijection which perturbs
the vertex labels with small errors.

Theorem 5.2. Let ny := |n/logn]|. We may w.h.p. couple the D, and the time-changed
Yule tree Y, such that considering only vertices with labels in ((n1/n)X, 1] and edges with
the starting points in this set, there is a bijection between these sets of vertices in the two
models which displaces each label by at most 31og? n/n1/3, and a corresponding bijection
between the edges (preserving the incidence relations). In particular, w.h.p.

where 3796 =YV _logz s the number of edges in 5)\ alive at time x.

Proof. The proof is similar to that of [13, Theorem 3.1], but with several technical com-
plications. We use the coupling constructed before the theorem. Let d, := 3log®n/ nl/3 =
(logn)ky, with K, as in Lemma 5.1.

Step 1. We first note that if some vertex in D,, with label in [(n1/n)X,1] is the image of
two or more vertices in ?, then the corresponding vertex k > ny in D,, can be reached
from n by at least two different paths in D,,, and if we let k be maximal with this property,
then its indegree Z; > 2. Consequently, the probability that this happens is at most, using
(4.28) of Lemma 4.2,

n—1
Z P(Zy < Cn Z k=3 = 0O(n/n?) = O(log? n/n) = o(1). (5.14)
k=n1 k=ny

Hence, w.h.p. the mapping ¥ from Y to D,, is injective at every vertex in Dy, [(n1/n)X, 1].
We may thus in the sequel assume that this injectivity holds. Note that this implies that
in the construction of the mapping ¥ above, we have Uk =U! oy for every k > nq and

vertex z € Y such that U(x) = (k/n)X.

Step 2. As in [13], JA)I =Y _loge for every z € (0, 1], so by standard properties of the Yule
process (see e.g. [13, Section 3])

Ej}x:Eyflogx :2€flogx :2/513 (515)

In JA), there are Y, — 1 vertices with labels in [,1]. Thus, (5.15) implies that w.h.p. there
are less than [logn] such vertices for x = (n1/n)X ~ log™*n. It follows trivially that
w.h.p., in Y the number of generations from the root to any point in [(n1/n)X, 1] is less
than |logn|. Hence, we may assume this property too.

Step 3. The expected number of vertices in Y that are within &, from (n1/n)X is, by
(5.15),

~ ~ 2 2
E — = —
(y(m/n)xfén y(n1/n)><+5n) (n1/n)X — 6, (n1/n)X + 6,
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on
= O(W> = 0(0,log™ n) = o(1). (5.16)

Hence, w.h.p. there are no vertices z in Y with |z — (n1/n)X| < 6,. We may in the sequel
assume this.

Step 4. Consequently, w.h.p. the properties in Steps 1-3 hold, and also the conclusions
(i) and (ii) of Lemma 5.1. We assume this for the rest of the proof.

Suppose that k& > ny is a vertex of D,, and let v = (k/n)X be the corresponding
vertex of D,. By Step 1, v = ¥(z) for a unique vertex z € Y. If z € ((n1/n)X, 1],
then the number of generations from the root to x in Y is at most logn by Step 2. The
number of generations to ¥(z) in D,, is the same, and it follows from (5.2) and the equality
ﬁk,g = UD’M in Step 1 that, denoting the path from n to k as in Lemma 5.1,

‘x - ‘I/(x)‘ = ‘Uvo,fo U

va—1,€d—1

— (5)X] < 3(logn)ry = 3log?n/n'/* =6,.  (5.17)

n

It remains to show only that no vertex x in Y is pushed over the boundary (n;/n)X (in
any direction) by W.

Step 5. Suppose that there exists a vertex z < (ny/n)X in Y such that ¥(z) > (n1/n)X.
Let y > x be the parent of z in Y, so that U(y) > ¥(z). Assume also y > (n1/n)X. By
Step 2, it follows that the number of generations from the root to y is less than |logn],
and thus the number of generations to = is at most |logn]|. Consequently, (5.2) shows,
similarly to (5.17), that

|z — ¥(z)| < 3(logn)k, = oy, (5.18)
and hence
x> ¥(x)—0p = (n1/n)X — 0p. (5.19)

However, we have also z < (n1/n)X, so |z — (n1/n)X| < 0y, and by Step 3, there is no such
vertex z in Y. If y < (n1/n)X, we may instead replace x by y (and repeat this if necessary)
until we encounter a vertex x with parent y such that x < (ni/n)X, ¥(z) > (n1/n)X and
y > (n1/n)X. However, we have shown that such a pair cannot exist.

Step 6. Suppose that there exists a vertex z > (n1/n)X in Y such that ¥(z) < (ny/n)X.
By Step 2, it follows that the number of generations from the root to z is less than logn.
This time (5.3) applies and shows that

< (2)X + 3(logn)ky = (Z)X + 6. (5.20)
However, by Step 3 again, there is no such vertex x in )A/

The various claims proved in the steps above show that with the coupling and mapping
U constructed before the theorem, w.h.p. ¥ yields a bijection with the stated properties. In
particular, w.h.p. Y,,, equals the number of edges in Y that are alive at (n1/n)X, meaning
that they start in J := [(n1/n)X,1] and end outside J. (Note that a.s. J has no point
exactly at (n1/m)X, so it does not matter whether we include that point in J or not.)
Finally, note that for any x € (0,1), the number of edges of Y that are alive at equals
the number of edges in ) that are alive at —logx, which equals the number V_ o5, of

particles at — log x, since each edge represents the lifeline of one particle. O
We define
(n)
z—gm = W (5.21)
nx

This random variable plays the same role as = in [13], but note the different scaling. Recall
also (3 defined in (3.17)-(3.18).
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Lemma 5.3. Asn — oo,
=m 4, 5. ¢, (5.22)
where B is given by (3.18), and £ € Gamma(2,1) is independent of B.

Proof. As in [13, Lemma 3.2], we first generate the Yule process ), and then for each n
separately, we construct D,, by the construction given before Theorem 5.2. This yields
for each n the coupling in Theorem 5.2. In particular, (5.13) holds w.h.p. By standard
properties of the Yule process (see e.g. [1, Section IIL.5 and Problem III.2]),

eV = 2V togs —HE asx — 0, (5.23)

with & € Gamma(2, 1). Therefore, (5.13) and (5.23) together imply that

MAXy(n) _P
( . ) ym 2y e (5.24)
Hence, using also (5.21), (4.6), and (3.18),
—(n _ _ n1\X -
=0 = 0@, Yoy = 1y X0, () Yy 2 B (5.25)

Finally, Yn(? ) is a function of (B;)i>n, and the coin tosses made for k > n; in the

construction. Hence, for any fixed K, Yn(?) is independent of (B;)X, for large enough n.
Consequently, (5.24) implies that ¢ is independent of (B;)X, for every K < oo, and thus
& and f are independent. O

6. THE FLAT MIDDLE PART

Let ny be any sequence of integers satisfying n'/? < ny < ni. We show that similar
to the case of uniform attachment, the variable W}, does not fluctuate much in the range
ny = k > na. Below we give analogues of [13, Lemmas 4.1-4.2 and Theorem 4.3], where
we recall the definitions of Wy, My, Ay and Z in (4.6), (4.9) and (5.21). The results
and proofs are again similar, but with a different scaling.

Lemma 6.1. Asn — oo,
Ay,
nl/2

An
= n1/22 250. (6.1)

max
no<k<n—1

Proof. The first equality in (6.1) follows from the fact that Ay is reverse increasing. By
(4.36) in Lemma 4.3 and the choice of na,

An, n

E < =o(1), (6.2)
1/2 3/2
nt/ n1/2n2/
implying the convergence in probability in (6.1). O
Lemma 6.2. Asn — oo,
M, =(n)| _P
Og}gﬁl o — 0. (6.3)

Proof. Recall that M} is a reverse martingale. Hence we obtain by Doob’s inequality,
(4.10), (4.16), (4.6), (3.5), and (4.17),

ni
E max |My — M, |> <4E[My— M,,|> =4> EVar(W;_1 | F)

0<k<ny —1
1=

ni ni
<40 E(9?,BY;) =40 Y E(®;_1W;Bi(1+ B;) ")
=1 =1
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n

=40 Z E((I)i_lBi(l + Bi)fl EB(WZ))
i=1
n

<80 E(®; 1Bi(1+ B)) '®y 1)
i=1
ni n—1

:80§:E<©i4BiII(1+l%D. (6.4)
=1 j=i+1

Using the independence of (B;)"=}, (3.6), (3.8) and (3.11), it follows from (6.4) that

E( max |Mj— Mm’) =E max [My — My, [* < CZ ( )1/2

0<k<ny 0<k<ny
< C(nn1)Y? = o(n). (6.5)
Thus, by (5.21), (4.9), the triangle inequality, Lemma 6.1, and (6.5),
My _w) My, My, An, b
—s = < - .
Oékaé);l nl/2 h Ogllfz)fll nl/2  pl/2 nl/2 — 0 (6 6)
as required. O
Theorem 6.3. As n — 00,
Wi —m)| »p
pmax |- —E — 0. (6.7)

Proof. The result is a direct consequence of (4.9), the triangle inequality, and Lemmas 6.1
and 6.2. U

7. THE FINAL PART: TIGHTNESS

Most vertices in D,, turn out to have labels of the order n'/3. To study this region in
detail, we extend the processes Wy, My and Ay to real arguments t € [0, — 1] by linear
interpolation. We for convenience extend them further to ¢t € [0,00) by defining them to
be constant on [n — 1, 00).

The aim of this and the next section is to prove convergence of W, 1,3 and Y, 13 as
n — 0o, after suitable rescaling. A key ingredient is the tightness of the random function

A = 1240 t>0. (7.1)

tnl/3?

Recall that C[a,b] is the space of continuous functions on [a, b].

Lemma 7.1. Let 0 < a < b < oo0. Then the stochastic processes ;{%n)’ n =1, are tight in
Cla,b].

The proof of Lemma 7.1 is more complicated than for the corresponding Lemma 5.2
in [13], and we show first two other lemmas. We begin by stating a simple general lemma
on tightness in the space Cla, b]. (See e.g. [4] for a background.)

Lemma 7.2. Let —0o < a < b < 0o. Let (Xp(t))s2, and (Yo ()52, be two sequences
of random continuous functions on [a,b]. Suppose that there exists a sequence (Z,)5, of
random variables such that for every n and s,t € [a,b], we have

[ Xn(t) = Xn(s)] < Za|Yn(t) = Ya(s)|- (7.2)

If the sequences (Xp(a))02, and (Z,)52 are tight, and (Y, (t))o2 is tight in Cla,b], then
the sequence (X,,(t))22 is tight in Cla,b].
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Proof. We may for convenience assume [a, b] = [0, 1]. We define for any function f on [0, 1]
its modulus of continuity

w(/f;6) = sup [f(s) = f@®I, >0 (7.3)

s,t€[0,1]; |s—t|<§
Then [4, Theorem 8.2] says that a sequence (X, (t))>2; in C[0,1] is tight if and only if

(i) the sequence (X, (0)), is tight, and

(ii) for each positive € and 7, there exists § > 0 such that, for every n,

P(w(X,;6) >¢) <n. (7.4)
We have already assumed (i). Moreover, the assumption (7.2) implies

W(Xm 6) < an(Yn; 5) (75)
for every 0. Let €, > 0 be given. Since the sequence (Z,)7; is tight, there exists a

number K > 0 such that P(|Z,| > K) < /2 for every n. Hence, (7.5) implies
P(w(Xy;0) > ¢) <P(|Zn] > K) + P(Kw(Yy;6) > ¢)
<n/24 P(w(Yy;6) 2 e/K). (7.6)
Since (Y, ()2, is tight, conditions (i)—(ii) hold for Y,,(¢); in particular, there exists 6 > 0

such that P(w(Yn;6) > €/K) < n/2 for every n. Then (7.6) shows that (ii) holds.
Consequently, (X,,(t))5, is tight. O

n=1

Recall that Lemma 4.3 shows that
0< Apq — A <WPO'BE < MP®.'B,  1<k<n-—1. (7.7)
We define the simpler

k k
Vi:=» B}, Tp=>» B;, 0<k<n-—1 (7.8)
j=1 =1

we extend also Vi, and T}, by linear interpolation to real arguments, and define

‘Z(n) — /3y ft(n) — 7™ t>0. (7.9)

tnl/3? tnl/3?

The proof of Lemma 7.1 only uses ﬁ(n), but ft(n) is needed later when we prove (1.7).

Lemma 7.3. Let 0 < a < b < co. Then the stochastic processes Vt(") — V™ and ﬁ(n) -
T\CE"), n = 1, are tight in C|a,b).

Proof. We start with 17,5(”) — XA/a(n), n>1 f1<k<l<n—1, then
J4 y4
EV-VilP=E( Y BB} = > E[BBI]. (7.10)
ij=k+1 ij=k+1
If i # j, then B; and B; are independent, and thus, by (3.7), E[BZQBJQ] = E[BZQ] E[B?] =
O(i72j72). On the other hand, if i = j, then, by (3.3), recalling that B; € Beta(2, 4i — 6),
2-3-4-5

4 _ c—4
BB =G nm - sw-pa-n o0 ) (7.11)
Consequently, (7.10) yields
¢
EVi-WP< > Ci?%j?<C—k)1’k ™ (7.12)

i j=k+1
This trivially holds for £ > n — 1 too, since then Vy; = V,,_; by definition. Furthermore,
writing (7.12) as ||Vy — Vi|lz2 < C(£ — k)k~2, it follows by Minkowski’s inequality that we
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can interpolate between integer arguments and conclude that (7.12) holds for all real k
and ¢ with 1 < k < /.

Let s and ¢ be real numbers with 0 < s < ¢. Then (7.9) and (7.12) yield, with
k:= sn!/3 and ¢ := tn'/3,

E|V™ — VP = n2BE|V, - Vi> < On?P10 — kP = Ot — 52572 (7.13)
For the restriction to [a, b] we thus have
B[V - VP < Colt — s>, a<s<t<b, (7.14)
which shows the tightness of ‘A/t(n) S, 7AL by [4, Theorem 12.3].

Tightness of C/A’t(n) — T\én) can be shown by using
‘

E|T, - T = > E(BB;)<C(U-k)?®’k> 1<k<l<n-1, (7.15)
i,j=k+1
instead of (7.12) and proceeding similarly. O

Proof of Lemma 7.1. Note first that (4.36) implies that

Cn

A(n) -2 ="
EAY <n (anl/3)3/2

= Ca™3?, (7.16)

and thus the sequence A\EL") is tight.
Let
Mm,, .= n~ Y2 max M, and \Tln = nl/6p1

k>1 lant/3]"

=

(7.17)

Then Lemma 4.1 shows that E92 < C, and (3.11) yields EW,, = O(1); hence the
sequences (M), and (V)22 are tight.

By (7.7) and (7.8), we have for any integer k with k > an'/3, since ®,, is increasing
by the definition (3.5), using (7.17),

|Ap — Ap_1| < MED (Vi — Viy) < ns):rzi@@l/ﬂ(vk —Vio1)
= M2 W, (Vi — Vie1). (7.18)
Thus, if [an'/3] < k </,
|Ap — Ag| < 05020, (V, — Vi), (7.19)

We can interpolate between integer arguments and conclude that (7.19) holds for all real
k and ¢ with [an'/3] < k < . By (7.1) and (7.9), this shows that if @ < s < t, then

n(t) = ‘Z(n) -
n)ooq are. [

~

The result now follows from Lemmas 7.2 and 7.3, taking X,,(¢) := fﬁn),
‘/}a(n), and Z, := M2V, noting that (Zn)22 is tight since (9,)72, and (

S

8. THE FINAL PART: CONVERGENCE

Recall the definition of the spaces C'(0,00) and C[0, 00) in Section 1.2.

Theorem 8.1. As n — oo we have

Wi d,. 43 1/3 )
nt1/12/3 — 45((t9/2 + %ftS) / _ t3/2) in 0[0’00)7 (81)
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and

Yn1/3 d 1/3 .
Ve S 4((B+ 3682 1) in C(0,00), (8.2)

with B as in (3.18) and & € Gamma(2,1) independent of 3.

Remark 8.2. We believe that (8.2) holds also in C[0, c0), but we see no simple proof so
we leave this as an open problem.

Proof. The proof is similar to that of [13, Theorem 5.3|, but with several technical com-
plications.

Step 1. Convergence in C(0,00) for a subsequence. As in [13], Lemma 7.1 implies that by
considering a subsequence, we may assume that the processes Agn) converge in distribution
in every space Cla, b] with 0 < a < b to some continuous stochastic process A(t) on (0, c0);

in other words, as n — oo,
A™ 5 At) (8.3)

holds in distribution in the space C(0,00). Furthermore, also as in [13], we may by the
Skorohod coupling theorem [14, Theorem 4.30], assume that this convergence holds a.s.; in
other words (as n — oo along the subsequence) a.s. (8.3) holds uniformly on every interval
[a, b]. We use such a coupling until further notice. Note that this means that we consider
all random variables as defined separately for each n (with some unknown coupling); in

particular, this means that we have potentially a different sequence B,L»(n) (i > 1) for each n,
and thus different limits 5™ and (™. (The variables BZ-(n) for a fixed n are independent,
but we do not know how they are coupled for different n.) Hence, we cannot directly use

the a.s. convergence results in Lemma 3.3. Instead we note that (3.18) (which holds for
each n, with the distributions of the variables the same for all n) implies, for any coupling,

sup }k‘_l/2<I>,gn) — 5’(")} 25 0. (8.4)
k>logn

Furthermore, trivially (since the distributions are the same)
A 4, 5 (8.5)

for some random variable B with, by Lemma 3.3, B > 0 a.s.; note also that (8.5) holds
jointly with (5.22), since this is true for the coupling used in the proof of Lemma 5.3,
where B; does not depend on n and thus trivially 3 — 3 holds together with (5.25).

We may select the subsequence above such that (8.3) (in distribution), (8.5) and
(5.22) hold jointly (with some joint distribution of the limits). We may then assume that
(8.3), (8.4), (8.5), (5.22), (6.3), and (6.7) all hold a.s., by redoing the application of the
Skorohod coupling theorem and including all these limits. It then follows from (4.9), (7.1),
(6.3), (8.3), and (5.22) that a.s.

YW, s =M, 1 — A = 200 — A(t) 4 o(1) — B(t) = B¢ — A(t)  (8.6)

uniformly on every compact interval in (0, 00). In other words, (8.6) holds a.s. in C(0, o).
From (8.6) we obtain by (4.6), (8.4), and (8.5), letting k := [tn!/3], a.s.

We Wi~ . nl? - -1
Yipiss) = qT: — kl—/’;(ﬁ< ) +o(1)) ! = 217 (B +0(1)) (5 + 0(1) (8.7)
and thus
Y gy = t72BTIB(), (8.8)

again uniformly on every compact interval in (0, c0), and thus in C(0, c0).
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Step 2. Identifying the limit. Fix 0 < s < t and let k := |sn'/3] and ¢ := [tn'/3]. Tt
follows from (8.3) that A A\;@l/gk — 0 and jg") - 2:?1/36 — 0 a.s. Hence, (7.1) and
(4.14) imply that

R R l

AW A = ST a4 - Aiy) +o(1)

i=k+1
¢
=n"12 " 20, 4[(1-B)Y -1+ YiBi] +o(1). (8.9)
i=k+1
For any B € (0,1), with z := —log(1 — B), and any y > 1,

d d
el _ y — = (pmTy _ ot — oY -
i (1-B)Y —1+yB) i (e 1+y(l—e™) e ™M +1—e

>1—(1+x)e*>0. (8.10)
Hence (1 — B)Y — 1+ yB is an increasing function of y > 1. Let € > 0, and let
yy = max{u 237 B(u) s u € [s,t]} +e. (8.11)

Then (8.8) implies that, for large enough n, Y; < y.n'/3 when k < i < ¢, and hence (8.9)
implies, noting that ®; is increasing in 4,

l

AW A <on 20, ST (1 B — 140ty Bi] 4 o(1). (8.12)
i=k+1

Using the notation (3.33)—(3.34), we thus have by (3.35) and (3.18)

-~

Al Agn) < 271_1/6<I>g1€1§/3L +o(1)

- 2t1/25~/s (W 14 g—;) du + op(1). (8.13)

Similarly, defining
y_ = min{u" V27 B(u) 1 u € [s,1]} — ¢ (8.14)
(adjusted to 0 if (8.14) becomes negative), we obtain a lower bound

-~

t
) _ A < 9,1/273 1 LY
A — A 5 o 5/5 (—(1 ey 7216) du + op(1). (8.15)

We now subdivide [s, ] into a large number N of small subintervals of equal length and
apply (8.13) and (8.15) for each subinterval [s;, t;]. Since u='/23=1B(u) is continuous, we
may choose N such that with probability > 1 — ¢, for each subinterval, the corresponding
values of y;+ and y_ differ by at most 3¢, and also that ¢;/s; < 1 + . We may then, for
each subinterval, replace y; and y_ in (8.13) and (8.15) by u~'/24-'B(u) with a small
error, and by summing over all subintervals it finally follows by letting ¢ — 0 (we omit
the routine details) that

~

t
(n) _ Agn) = 25/ u1/2<(1 + iu_3/2,8_18(u))_2 -1+ %u_3/25_18(u)) du + op(1).
’ (8.16)

Since we also assume (8.3), the left-hand side converges a.s. to A(s) — A(¢), and thus we
have, a.s.,

A(s) — A(t) = 25 /tul/Q(@ + Ly 3237 1Bw)) P o1+ %u‘g/QB_lB(u)) du.  (8.17)
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This holds a.s. simultaneously for every pair of rational s and ¢, and thus by continuity a.s.
for every real s and ¢t with 0 < s < ¢t. Consequently, A(%) is a.s. continuously differentiable
on (0, 00), with

A(t) = —2Bt1/2<(1 + L8257 1B(1) P -1 4 %t*?’/?B*lB(t)). (8.18)

By the definition of B(t) in (8.6), this implies that also B(t) is continuously differentiable
and

B(t) = —A(t) = 2/§t1/2((1 + L8231 B) P — 1 4 %t—3/25—18(t)). (8.19)
We may simplify a little by defining
B(t) := B7'B(t). (8.20)
Then (8.19) becomes
B(t) = 2t1/2((1 +H82B) P — 1+ %t_3/2l§(t)). (8.21)

By definition, A\En) is decreasing on [0,00), and thus (8.3) shows that A(t) is de-
creasing, and thus B(t) is increasing by (8.6). (This also follows from (8.21), since the
right-hand side is positive.) Furthermore, (8.3), (7.1), (4.36), and Fatou’s inequality yield,
for every t > 0,

. (n) . —1/2 Cn . C
< < —— = . .
EA(t) < hnrglcngAt < llnrr_lgoréfn (/332 ~ 2 (8.22)
Hence, by dominated convergence,
Etliglo At) = tgngoE.A(t) =0. (8.23)

Consequently, a.s. A(t) — 0 as t — oo, and thus by (8.20) and (8.6)
B(t) /€, as t — 00. (8.24)

We show in Appendix A below, see in particular (A.14) and (A.16), that the dif-
ferential equation (8.21) has a unique solution satisfying the boundary condition (8.24),
viz.

B(t) =432((1+ 3732 P — 1), t>0. (8.25)

(It can easily be verified by differentiation that this is a solution; Appendix A shows how
the solution may be found, and that it is unique.) Hence, by (8.20),

Bt) = AB(1) = 4B (1+ §e=?) " —1)
— AB((92 + 3e3)P _ pP2), 0.26)

Step 3. Convergence in C[0,00). Note that (8.26) shows that B(¢) extends to a continuous
function on [0, 00) with B(0) = 0; hence it follows from (8.6) that also A(f) extends to a
continuous function on [0,00) with A(0) = B¢. Using A(()n) = Mén) - Wo(n) < Mén), and
the assumed a.s. versions of (6.3) and (5.22), we have that, a.s.,

lim sup n_l/zAén) < lim sup n_l/zM(gn) = 3¢ = A(0). (8.27)

n—oo n—oo

)

By the reverse increasing property of Al , we also have, for every ¢ > 0,

liminf n~"/2A(" > liminf =24 = A(). (8.28)
Sending ¢ N\, 0 and thus A(t) * A(0) then yields
liminf n~/2A{" > A(0). (8.29)

n—o0
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It follows that, ;{(()n) — A(0) a.s., and thus (8.3) holds a.s. for every fixed ¢ > 0. Since

~

Agn) and A(t) are decreasing in ¢, and \A(t) is continuous, this implies that (8.3) holds a.s.
uniformly for every interval [0, b] with 0 < b < co. It then follows that also (8.6) holds a.s.
uniformly on every compact interval in [0, 00); in other words, (8.6) holds a.s. in C]0, c0),
with B(t) as in (8.26).

Step 4. Conclusion. We have so far considered a subsequence, and a special coupling, and
have then shown (8.6) in C0,00) and (8.8) in C(0,c0), which by (8.26) yields (8.1) and
(8.2). Since (8.1) and (8.2) use convergence in distribution, they hold in general along
the subsequence, also without the special coupling used in the proof. Moreover, the limits
in (8.1) and (8.2) do not depend on the subsequence, and the proof shows that every
subsequence has a subsequence such that the limits in distribution (8.1) and (8.2) hold.
As is well known, this implies that the full sequences converge in distribution, see e.g. [10,
Section 5.7]). O
Remark 8.3. The argument above using possibly different BZ-(n) is rather technical. A
more elegant, and perhaps more intuitive version, of the argument would be to assume
that B; is the same for all n, and then condition on (B;)2, before applying the Skorohod
coupling theorem. However, while intuitively clear, this seems technically more difficult
to justify, and it seems to require that we prove that earlier convergence results hold also
conditioned on (B;)2,, a.s. We therefore prefer the somewhat clumsy argument above.

9. THE NUMBER OF DESCENDANTS

Let X = X be the number of red vertices in the preferential attachment graph.
Vertex n is red by definition, and Jy = 1[Z; > 1] is the indicator that takes value 1 if
vertex k is red for k < n; thus

n—1
X=1+) Ji (9.1)
k=1

noting that Jy is Fi_j-measurable. We now set out to prove (1.7) (a special case of
Theorem 1.2 with m = 2 and p = 0), which we for convenience restate below as a separate
theorem.

Theorem 9.1. As n — oo,

XM gy I(3)

—4/3q—-1/32\3) +2/3

e — 2 3 F(%)é , (9.2)

where £ € Gamma(2,1).

Remark 9.2. Unlike in (8.1), 3 does not appear in the distributional limit of X (™ /n!/3,
This is because (3 in (3.17) is essentially determined by By corresponding to the first few
vertices; and in the red subgraph D,,, the number of these vertices is insignificant, since
most vertices have labels of the order n'/3.

As in [13], we use the Doob decomposition

X=14+ Lo+ Py, (9.3)
where for 0 < k<n—1,
n—1
L= Y (Li—E(J|F) (9.4)
i=k+1

is a reverse martingale, and by (4.3),

n—1 n—1

n—1
Po= Y B |F)= Y P(Ziz11F) = (1-0-B)%)  (95)

i=k+1 i=k+1 i=k+1
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is positive and reverse increasing. Furthermore, by Markov’s inequality and (4.3),

By (9.5) and Lemma 4.2, for 1 <k <n—1,

n—1 n—1 C’nl/2 Cn1/2

EP, = Z P(Z;21) < Z i3/2 S L2
i—k+1 i=k+1

Using also the crude bound 0 < J; < 1, we have Py — P, < k. Choosing k = Lnl/?’j and
applying (9.7) thus yield

(9.7)

EPy <EP,us + [n'/?] <Cn'/?, (9.8)

Moreover, it follows from the reverse martingale property of Ly, Var(J; | F;) < E(J; | Fi)
and (9.8) that

n—1 n—1
EL§ =Y E[Var(J; | ;)] < Y EJi =EPy < Cn'/%, (9.9)
=1 =1
This in turn implies that as n — oo,

L
n1?3 250, (9.10)

and thus by (9.3), it is enough to show that as n — oo, n~1/3 Py converges in distribution
to the right-hand side of (9.2). To this end, we extend also Py to real arguments by linear

interpolation and define
P = 13 pt) t>0. (9.11)

tnl/3?

Lemma 9.3. Let 0 < a < b < oco. Then the stochastic processes ﬁt("), n > 1, are tight in
Cla,b].

Proof. The proof is very similar to that of Lemma 7.1. First, by (9.11) and (9.8),
EPM —n BEP™ < BEPM < C, (9.12)

an

and thus the sequence (ﬁén))“ is tight.

n=1

Let 9, and ¥,, be as in (7.17), T}, and f,in) be as in (7.8) and (7.9). From (9.6) and
(4.6), Wi, < M, the increasing property of ®;, and also (7.8), for any integer k > an'/3,

‘Pk — Pk,ﬂ < BkYk = qu),:ka < Bk‘I)L_alnl/SJ I]I€1>af( Mk = nl/?’imnlfln(Tk — kal)- (913)

Extending (9.13) to real arguments and using (9.11), we thus have
1P — PO <, U (T = TM) ifa<s<t (9.14)

The result then follows from Lemmas 7.2 and 7.3, this time taking X, () := ﬁt("), Y, (t) ==
ﬁ(n) — T\CE") and Z,, = S)Jtn\fln; tightness of smn\in follows from that of (9,,)3° and (\f/n)go
O

Proof of Theorem 9.1. In view of Lemma 9.3, by considering a subsequence, we may as-
sume that the processes ﬁt(n) converge in distribution in every space Cla,b] for 0 < a <
b < 00, and thus in C(0,00), to some stochastic process P(t) on (0,00). Again using the
Skorohod coupling theorem, we can assume that all a.s. convergence results in the proof
of Theorem 8.1 hold and also

P Pt (9.15)
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a.s. uniformly on every interval [a, b]. From (8.8),
TY3Y sy = tPBTIB(E) = V2 B(t) (9.16)
a.s. uniformly on each compact interval in (0, c0).

Let s,¢ be real numbers with 0 < s < t, and let k = |sn'/3| and £ = [tn'/3]|. By the
same argument leading to (8.9), now using (9.15) and (9.5), we have

P — P — 173 Z (1—(1-B)") +o(1) (9.17)
i=k+1

Let y+ and y— be as in (8.11) and (8.14). By (3.36) of Lemma 3.7, we can therefore
conclude that

P _ i < / (1 _ W) du + op(1) (9.18)
and
P B 5 / (1- W) du + 0p(1). (9.19)

The sandwich argument in the proof of (8.16), the bounds in (9.18) and (9.19), together
with (8.25), imply that for 0 < s < t < o0,

pn) _ pn) _ ' _ 1 U0
P — P, /(1 (1+u—1/2z§(u)/(4u))2>d + op(1)

t
1
_ / (1 s i§u3/2)2/3> du + op(1). (9.20)
In light of (9.15), we thus have a.s.,
t
1
P(t) —P(s) = / (1 — i 35U3/2)2/3> du. (9.21)
Furthermore,
d B ¥
EPS =—E(Jy | Fr) = (1 — Bg)"™* — 1, (9.22)

where k = [sn'/3]. Thus ’%ﬁs(n)‘ < 1, which in turn implies that
[P — P < s. (9.23)

For t > 1, it follows from the reverse increasing property of Py and (9.7) that

N 1/6
EPt(n) — /3 Ept(;;)/3 =13 p™ Cn

-1/2
Ltn1/3J Ltn1/3J1/2 SOt / (9.24)

Sending s — 0 and t — oo, we deduce from (9.23) and (9.24) that ﬁ(n) (ﬁ(n) ﬁt(n)) 250,
uniformly in n. Comblmng this and (9.21) with a standard argument gives

JAQN / ! )du. (9.25)

(1+ %fu*3/2)2/3

The change of variable x = 3¢u—3/2/4 yields, using Lemma B.1,

/0°° (1 - (1+ ifig,/g)z/:a) du= ;(345)2/3/0 (1 1 +1$)2/3> o dz
)T

:2@)2/352/3 L(=3)T()

3\4 I'(%)

ol 03\[\3
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e L /3, (9.26)
L(3)
The result thus follows from (9.3), (9.10), (9.11), (9.25), and (9.26). O

10. THE GENERAL CASE

Here we consider the general case. The argument is similar to the case where m = 2
and p = 0, so we give only the main changes here.

10.1. The stochastic recursions and new estimates. Define Y}, Ji, Z;, F), as in Sec-
tion 4, but now with the boundary condition Y,,_; = m. We use the stochastic recursions
in Section 4.1 to obtain the subgraph D,,, where we now sample m outgoing edges instead
of two. The recursion in (4.2) now becomes

Yk_l:Yk—Zk—l-m'Jk:Yk—Zk-l-m'l[Zk21], 2<k<n—1. (10.1)
As (4.3) still holds, we have
E(Yk,1 ’ JT"k) =Y, —E(Z ‘ fk) + mIP(Zk 1 ‘ fk)

=Y, — BpYy +m(1 — (1 — By)™*), (10.2)
and, again by Markov’s inequality,
E(Yi—1 | Fx) < Yy — BpY + mBYy = (1 4+ (m — 1)By) Y. (10.3)
Thus, with ®; as in (3.5), we can define
Wi = &Y%, 0<k<n—1. (10.4)
It follows from (10.3) and (10.4) that Wy, ... W,,_1 is a reverse supermartingale with
Who1 =@p1Yn—1 =m®p,_1. (10.5)
We again consider the Doob decomposition Wy = My — Ag, with
n—1
My i=m®p 1+ Y (W1 —E(W,_1| F)), (10.6)
j=k+1
and Ay as in (4.11). Analogous to (4.14) and (4.16),
A1 — Ap = m®@i_1 (1 — By)™* — 1+ ByY},) (10.7)
and
Var(Wy_1 | Fr) < C®2_, BY. (10.8)

Using (10.8) and arguing as in (4.18), we obtain

Varg(M;,) < C Z o B; [[ (1+(m—1)By). (10.9)
j=k+1 i=j+1

By the same proofs as for Lemmas 4.1-4.3, again using (3.6), (3.7), (3.8), (3.9) and
(3.11), we get

E max W?<E max M}?< Cn2m=1x. (10.10)
0<k<n—1 0<k<n—1
Cn(mfl)x Cn2(m71)x
P(Z,>1) < T m Dy’ P(Z, >22) < ZZra(m Dy’ (10.11)
CnQ(mfl)X

Ap_1 — A, < OO, 'WEBE, E A; < (10.12)
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10.2. The branching process. As in Section 5, we can couple the early part of D,, to a
suitable time-changed branching process. Let ) be a branching process that starts with m
particles at time 0, and each particle has an independent Exp(1) lifetime, before splitting
into m new partlcles Let y be the time-changed counterpart of Y, again by the mapping
t — e~t: thus yx = Y_1ogz is the number of particles in y alive at time x. By standard
properties of branching processes (see [13, Section 8] and e.g. [1, Chapter III])

EY; = meMm~ Dt (10.13)

and as t — oo and thus z = e ? — 0,

#"71P, = e DY 25 ¢ € Gamma( m—1). (10.14)

m
m—1’

The statements of Lemma 5.1 and Theorem 5.2 hold with the same n; and x,, but x
is now as in (3.2), and 8, = 3log™ n/n'/3. The analogue of Lemma 5.1 can be proved using
entirely the same argument, but several straightforward modifications are needed to obtain
the analogue of Theorem 5.2. For instance, in Step 1, we use (10.11) and n; = |n/logn|
to show that

> P(Zk > 2) = O(n ' (logn) 2" IX) = o(1). (10.15)

In Step 2, it follows from (10.13) that

EYe =EY 105z = 0<x<1, (10.16)

xm—l’

and so for = (n1/n)X ~ logXn, w.h.p. there are at most log™ ' n generations from the
root 1 to any point in [(n1/n)X,1]. Adjusting the remaining steps accordingly then yield
the desired conclusion.

Redefine

o W

' n(mfl)X )
It follows from (10.17), (4.6). (3.5), (3.18), (5.13), and (10.14), that the statement of
Lemma 5.3 holds, with § as in (3.18), and & € Gamma(m/(m — 1), m — 1), independent
of A.
10.3. The flat middle part. We first note that v defined in (1.3) also satisfies, by (3.2)
and a simple calculation,

[1]

(10.17)

_ (m—-1)x
R (10.18)
and thus
(1-=v)(m—-1)x=r. (10.19)

We now choose n¥ < ny < n; := [n/logn|. Then, as in Section 6, (10.12) and (10.18)
yield

A |
n(m—l)X o

E max =o(1). (10.20)

no<k<n—1

EA,, n(m=1)x L (nY I m=1)x
n(m=Dx = 7 Te(m—T)x (TTQ)

Hence Lemma 6.1 holds, with denominators n(™~DX_ Similarly, the proofs in Section 6,
now using (10.9), (3.8), (3.11), and (10.17), yield the conclusion that as n — oo,

max | —k_ _zm)] 2, g, (10.21)
0<k<n |n(m=—1x ’

max |k _zm| 2, (10.22)
na<k<ng n(mfl)x
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10.4. The final part. Let V}, and T, be asin (7.8). As before, we extend Wy, My, Ag, Vi, Tk
to real arguments by linear interpolation. Now let, for ¢ > 0,

A = gy (m=Dx 4 () (10.23)
PO ey ) (10.24)
T =1, (10.25)

Note that Lemma 7.3 holds in this more general setting (with the exponent 1/3 replaced
by v in the proof). Moreover, fix a > 0 and define also

~

M, :=n~" "X max M, and T, = v Dxg-t
1 lan” |

(10.26)

In view of (10.12), we have, for all real |an”| < k < ¢,
|Ap — Ag| < Cnm=XCI92 @, (V, — V). (10.27)

Since (2 —v)(m—1)x —(m —1)x = v by (10.19), it follows from (10.27) that if a < s < ¢,
then

1A — A0 < om2 T, (V™ — T, (10.28)

s

By (10.23), (10.12), and (10.18), EAM < Cy, which implies that the sequence (ﬁ((ln))"O

n=1
is tight. From (10.10) and (3.11), EOM?2 < C and E¥,, = O(1), implying that (901,)%°,
and (¥,)5, are tight also. Following the proof of Lemma 7.1, with the ingredients
above, we then conclude that the stochastic processes Eﬁ”), n > 1, are tight in C|a, b] for

0<a<b<oo.

Therefore, arguing as in the beginning of the proof of Theorem 8.1, we may assume
(by considering a subsequence and a special coupling) that (8.3) holds a.s. in C(0, o)
together with (8.5), (5.22), (10.21), (10.22), and, instead of (8.4),

k;ﬁgn\k*m—”w,@ Sy QL) (10.29)
Then, analogously to (8.6) and (8.8),
= TOXWL — B(t) i= B — A(t) (10.30)
and, again using (10.19),
Y ) — £ TIXBTIB(L) (10.31)

a.s. uniformly on every compact interval in (0, c0).

Let k := |sn”] and £ := |tn”] for some 0 < s < ¢. Similarly to (8.9), we have by (8.3)
and (10.7)

L
AP — A = MO NT @4 [(1- By)Y — 1+ YiBi] + o(1). (10.32)
i=k+1
Following (8.10)—(8.16) with minor adjustments (in particular, choosing A\, = n" in

Lemma 3.7 and using again (10.19)) leads to, a.s. for every real 0 < s < t,
t
As) — A(t) = mp / u DX ((1 4 10 5 ) =)

— 1+ yu~ (F M=) B—lg(u)) du. (10.33)

Let, for convenience, recalling (10.18),

a=1+(m—-1)x = . (10.34)
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Then, by (10.33), a.s. A(t) is differentiable on (0, 00) and

A(t) = —m5t<m*1>><((1 B 1)) B Xt’aB’lB(t)), (10.35)
and B'(t) = —A'(t) by (10.30). Define again
B(t) = B7'B(t), (10.36)
so that
B'(t) = mt(m=Dx ((1 R <100) B xt_“g(t)). (10.37)

Moreover, EA(t) < Ct® for t > 1, say, by (10.23), (10.12), and Fatou’s lemma, and
dominated convergence further implies that Elim; ,~ A(t) = 0. Hence A(t) — 0 a.s. as
t — 0o, and thus we have we have from (10.30) and (10.36) that

B(t) /¢  ast— . (10.38)

As shown in detail in Appendix A, see (A.14) and (A.16), the unique solution to (10.37)
satisfying (10.38) is given by

B(t) = eta((l + L*g’“gt—a)ﬁw - 1). (10.39)
Hence, by (10.36) and (10.39),
B(t) = BB(t) = 9315“((1 I 1). (10.40)

Now, proceeding as in the remaining steps of the proof of Theorem 8.1 yields the conclusion
that as n — oo,

OO s 05 (14 L) 1) i Clo,c0),  (10.41)
and

—v d mApt1 o —a\ STt :
n Yy — 9t<(1 + DL L) metT — 1) in C(0, 00). (10.42)

10.5. The number of descendants. As in Section 9, let X = X (™ be the number of
red vertices, and define Ly and Py, as in (9.4) and (9.5). Asin (9.7), it follows from (10.11)
that

EP, < C(%)(m_l)x, 1<k<n—1. (10.43)
Furthermore, arguing as in (9.8) with the cutoff n” yields, recalling (10.19),
EP, < Cn. (10.44)
The argument for (9.9) now yields
ELZ < Cn”, (10.45)
which implies that
nVLo =50  asn— oo. (10.46)

As before, we extend Pj to real arguments by linear interpolation, but now let
P =nvpP",  t>0 (10.47)

The same proof as for Lemma 9.3 then shows that for 0 < a < b < 0o, the sequences ﬁt(n),
n > 1 are tight in C[a,b]. Proceeding as in the proof of Theorem 9.1, where we use the
Skorohod coupling theorem again, we get

ﬁén) LN /0 (1 -1+ Hflu*ag(u))_(mﬂ))) du.

oo et
= / (1= (1 + 2 Heu) 50 ) du, (10.48)
0
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By the change of variable v = 9_1(m +p+ 1)Eu"?,
o0
[ (-0 e w8

1 1 \1/a [® __mtp
S (Mg) / (1 —(14v) m+p+1>v_(1+1/0¢) dv. (10.49)
« 0 0
We take a = —1/a and b = (m+p)/(m+ p+1) in Lemma B.1, and note that
1/a=1—v by (10.34), and thus by (1.3),
1
P e ¥ T S L N (S L o Y (10.50)
m+p+1 a m+p+1 m(m+p+1)

Hence, (10.49) and Lemma B.1 yield
o
[ (1= 0+ mpece) 5 a,
0

_ 1 F(—i)F(TrﬂM+1)<m+p+l )1/a

a (k) 0

(10.51)

F(l - é)r(m(m—‘,-p—i-l) + 1) (m +p+ 1 )1/0‘

m+ :
F(m-}—pil) 0

Finally, (9.3), (10.46), (10.47), (10.48), and (10.51) together imply that as n — oo,

a M- é)F(WT‘me +1) <m+p+ 1£>1/a'

vy 4, 10.52
L) 9 e
We here note that, by (10.34) and (1.3),
Lo, m=lmtp) (10.53)
« m(m+p+1)
We write also £ = (m —1)&;, with & € Gamma(m/(m —1),1), and recall that 6 = 2m + p.
Hence, (10.52) can be written as (1.4). O

11. MOMENT CONVERGENCE

In this section, we prove Theorem 1.3 on moment convergence; we use the standard
method of proving uniform moment estimates and thus uniform integrability. This time
we choose to treat general m and p from the beginning.

We consider first the reverse martingale My, recalling that My > Wy > 0. We denote
the maximal function by

M, := max My, (11.1)

n—1>k>0

and define the martingale differences, for n — 1 > k > 1, recalling (10.6), (10.4), (10.1),
and that Y} is Fir-measurable,

AMy = My — My = Wiy — E(Wi_1 | Fi)
=P 1 (Yec1 — E(Yie1 | Fi))

=01 (Zk —E(Zi | Fi)) + m@p_1(J —E(Ji | Fi))- (11.2)
We define also the conditional square function
n—1 1/2
s(M) := (ZE((AM)2 | E)) . (11.3)
i=1

Let for convenience

s :=(m—1)x. (11.4)
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(Thus, in the case m =2, p = 0, we have » = y = %) We use also the standard notation,
for any random variable X,

1
|1, == (NP (11.5)
Note that for any p > 0, (2.1), (3.3), and (3.4) yield, cf. (3.6)—(3.7),
E[B}] < CpkP. (11.6)
Lemma 11.1. For every p > 0,
E[M?] < CynP”. (11.7)

Proof. We assume in the proof for simplicity that p > 2 is an integer; the general case
follows by Lyapunov’s inequality.

We use as in [13] one of Burkholder’s martingale inequalities [7, Theorem 21.1], [10,
Corollary 10.9.1] on the reverse martingale My, — M,,_1 = M} — m®,,_1, which yields

B[M?) < Gy B[®],_] + G B[ (max | My — My1])"]
< CHE[®F ]+ C,E[s(M)?] + C, E[m’?x | AM;[P]

n—1
< CyE[®!_ ] + CE[s(M)"] +Cp S E[[AM,P]. (11.8)
k=1
We estimate the three terms on the right-hand side separately.

First, we have by the independence of B;, (3.20), and (3.6), similarly to (3.10)—(3.11),

k k
Efef] = [[EQ+m-1)B) = TT(1+p0m - D3+ 0(i™?))

i=1

= exp(i (pT% + O(i72)>> = exp(p%logk + O(l))

=1
< CkP”. (11.9)
Next, by (11.2), (10.8), and (10.4),
E[(AM)? | Fi] = Var[Wy_1 | Fi] < COi_ 1 BpYy < CO4_1 ByWy
< C®)_1BpMy < C®y_1 By M.. (11.10)
Note that &3 — ®5_1 = (1 + (m — 1)By, — 1)®4—1 = (m — 1)ByPy_1. Hence, (11.3) and
(11.10) yield

n—1
s(M)? < CZ(cbk — &y 1)M, < C®,,_1 M,. (11.11)

k=1

Holder’s inequality (or Cauchy—Schwarz’s) and (11.9) thus yield
1/2
E[s(M)"] < C, B[ MP*] < C, (B[@]_| EIM?]) < ConP 2 MLIZ2. (1112)

For the final term in (11.8), we use the decomposition of AMj, in (11.2) and treat the
two terms on the last line there separately. We use as in [13, (7.9)] the well-known general
estimate for a binomial random variable ¢ € Bin(N, q):

E|¢ —E¢]P < Cp(Ng)"’? + CpyNq. (11.13)
Conditioned on F, we have Zj € Bin(Yy, Bx) by (4.3), and thus (11.13) yields
E(|Zy —E(Zi | Fi)|" | Fr) < Cp(YeBy)?/? + C, Yy By. (11.14)
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Similarly, since J; = 1[Z) > 1] has a conditional Bernoulli distribution,
E(|Jk —E(Jk | Fe)|” | Fi) < CoE(JJlP | Fi) = CoE(Jk | Fi)
< CoE(Zg | Fi) = CpYyBy. (11.15)
Hence, (11.2), (11.14), and (11.15) yield,
E[|AMg|P | Fi] < Co®_ [E(|Zk — E(Zk | Fi)[” | Fi) +E(| Tk — E(Jx | Fio)|” | Fie)]
< C,®°_ YPPBP? 1 0,80 | Y,B
< G2 WP BP? L ¢ 0P W By
< GO MPP B 4 0,0t ML By (11.16)
Hence, using Holder’s inequality, the independence of ®;_; and By, (11.9), and (11.6),
E[|AMP] < G, E[®2? BY?MP?] 4 C, E[® "} By M,]

1/2 9p—2 1/2

<Gy(B[o}_ BYE[M?]) " + Gy (B[ B E[M2])

< Gk 2P| ML B + Cpk @07 ML

< CpkP P ML D2 + Cpk =071 [ ML . (11.17)

Consequently,

n—1
D E[JAMP] < Cpn || ML/ + CpnP= 07| M. (11.18)
k=1

Finally, (11.8) yields, collecting the estimates (11.9), (11.12), and (11.18),
E[M?] < Cyn? + Cyn? /2| MLJ/2 + Cyn=D%| ML . (11.19)

It follows trivially from the definitions that for every n, M, is deterministically bounded
by some constant (depending on n), and thus | M,||, < co. Let x := || M,|,/n* € (0, c0);
then (11.19) can be written as

2P < Cp + Cpa?/? 4 Cpar. (11.20)

Since p > 1, it follows that « < (), which is the same as (11.7). Alternatively, we can
proceed as in [13] to consider only p = 2/, with j being positive integers. The conclusion
(11.7) then follows from an induction over j, (11.19) and the base case (p = 2) proved in
(10.10). O

We use the decomposition X =1+ Ly + Py in (9.3), and estimate the terms Ly and
Py separately.

Lemma 11.2. For every p > 0,
E[Pé’] < Cpnt”. (11.21)

Proof. We may by Lyapunov’s inequality assume that p > 1 is an integer. By (9.5) and
(4.3),

n—1 n—1
Po= Y E(Ji|F)< Z Y;B; = Z o'W,B; <M, > @B  (11.22)
i=k+1 i=k+1 i=k+1 i=k+1

Hence, by Holder’s and Minkowski’s inequalities,

n—1 n—
”Pka HM ”2p Z (I)z 1B < HM*”2p Z H(I)i_—llBiHQp' (11-23)
i=k+1 i=k+1

2p
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We have (14 2)™ < 1 — px + Cpx? for all x > 0, and thus by (3.6)—(3.7) and (11.4),
generalizing (3.15),
E[(1+ (m—1)B) "] <1-p(m — 1)E[B] + C, E[BY
=1—psi ' +0(?). (11.24)
Hence, by the same argument as for (11.9), for any integers p > 1 and k >

5 k
Pl = HE[(l +(m—1)B;)7?] = H(l B pT% +O(i*2))

=1

— (= 30(% +002))) = exp(-plosk + 0O(1)

=1
< CpkP”, (11.25)

In other words, ||®; (|, < Cpk™*. Furthermore, ||Byll, < Cpk™! by (11.6). Since ®;_4
and B; are independent, it follows that, for ¢ > 2,

||‘I)Zlei‘}p = H‘I’z’_JalHBi”p < Cpi_%_l- (11.26)
We may here replace p by 2p, and it follows from (11.23) and (11.7) that, for k£ > 1,
n—1 n—1
1Pellp < 1Mullzp D |92 Billy, < Cpn* D %7 < k™. (11.27)
i=k+1 i=k+1

Furthermore, as in Section 9, we have Py— P, < k for any k£ > 0, and thus Minkowski’s
inequality and (11.27) yield, choosing k := |n”| and noting that (10.18) and (11.4) imply
»(1—-v)=v,

1Pollp < | Pllp + & < Cpn™ +n” < Cpn”, (11.28)
which completes the proof. O

Lemma 11.3. For every p > 0,
E[|Lo[P] < CynP*/2. (11.29)

Proof. Recall that (Lg)}—; is a reverse martingale. By (9.4), its conditional square function
is given by
n—1 n—1
s(L)? ==Y E[(Ji — E(J; | F)) ZVarJ | Fi] <Y E[J; | Fi] =Py, (11.30)
i=1 i
where the inequality follows because J; has a conditional Bernoulli distribution. Fur-

thermore, again using (9.4), the martingale differences ALy := Ly_1 — Ly are bounded
by

|AL| = |Jk —E(Jy | Fi)| < 1. (11.31)

Hence, Burkholder’s inequality yields, similarly to (11.8), using also Lemma 11.2,
E[L}] < G, E[s(L)"] + C, E[max |ALWP] < GyE[PS] + C, < Cpn™?, (11.32)
which completes the proof. O

Proof of Theorem 1.3. Tt follows from (9.3) and Lemmas 11.2 and 11.3 that, for any p > 0,
E[X?] < Cp+ C,E[LE] + C, E[P}] < Cpnt”. (11.33)

In other words, E[(X (™ /n¥)P] < C, for every p > 0. By a standard argument, see e. g [10,
Theorems 5.4.2 and 5.5.9], this implies uniform integrability of the sequence |X ) /n¥P
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for every p > 0 and thus the convergence in distribution in (1.4) implies convergence of
all moments.

Since & € Gamma(i 1),

m—1"

Lp(1 —v) + 5%)
I'(727) ’

m—1

B[] = (11.34)

and thus the explicit formula (1.5) follows. O

12. THE MODEL WITH SELF-LOOPS

In this section, we consider a variation of the preferential attachment graph in Defi-
nition 1.1, where self-loops are possible. We use the version in [11, Section 8.2] (see also
[5, 6]) and start with a single vertex 1 with m self-loops. For n > 2, each outgoing edge
of vertex n is now attached to a vertex j € [n], again with probability proportional to p
+ the current degree of vertex j, where we define the current degree of vertex n when we
add the (k + 1)th edge from it to be k + 1 + the number of loops attached to n so far.
(We thus count all outgoing edges up to the (k+ 1)th; a loop contributes 2 to the degree.)
Hence, recalling that d;(n) is the degree of vertex j in Gy, when adding vertex n > 2 to
Grn—1, the (k + 1)-th outgoing edge of vertex n attaches to vertex j € [n] with probability

£ .
dj(n—1)+35_ 1[n>5]+p i<
2(n—1)m+2k+14+np J ’ (12 1)
145 1nbgl+p
2(n—1)m~+2k+1+np ’

j =n.

Remark 12.1. The details of the model can be modified without affecting the following
asymptotic result, with only straightforward changes to its proof. For example, we may
again start with m edges between vertices 1 and 2, and thus no loops there, or we may
include all m outgoing edges in the weight of vertex n when we add edges from it. We
leave the details to the reader.

Theorem 12.2. Let X™ be the number of descendants of vertex n in the model above.
Then, the statements of Theorems 1.2 and 1.3 hold.

The proof of Theorem 12.2 is largely similar to those of Theorems 1.2 and 1.3 so we
only sketch the main differences here.

First, let N; be the number of self-loops at vertex . When we add the m edges from
a new vertex i, the weight of vertex 7 and the total weight of the first ¢ — 1 vertices evolve
like a Pélya urn U/ with initially 1 + p red and (2i — 2)m + (¢ — 1)p black balls, where
we add 2 new balls at each draw: 2 red balls when a red ball is drawn, and one ball of
each colour when a black ball is drawn; IN; is the number of times a red ball is drawn.
Note that this urn does not depend on what has happened when the edges from earlier
vertices were added, and in particular not on Ni,...,N;_1. Consequently, the random
numbers (N;)?°, are independent. Furthermore, if we condition on the entire sequence
(N;)$2,, then the non-loop edges are added from each new vertex n > 2 to [n — 1] by the
same random procedure as in Definition 1.1, except that now we add m — N,, new edges
from n, and that the degrees of the vertices include also any existing loops. This means
that after we have added vertex j > 2, the weight of vertex j and the total weight of the
first j — 1 vertices evolve like a standard Pélya urn ¢} with initially m + Nj + p red and
(2 —1)m—N;+(j —1)p black balls, after each draw adding one ball of the same colour as
the drawn ball. As a consequence, the proportion of red balls converges a.s. to a random
number B; with the (conditional) beta distribution

By | (N € Beta(m + Ny +p,(2j — Dm - N+ (G~ L)p),  j>2  (122)
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Moreover, conditioned on (IV;){2,, we can again construct the preferential attachment
graph by the Pdlya urn representation in Definition 2.1-Remark 2.3, using (condition-
ally) independent B; with the distributions (12.2). (As before, we also let By := 1.)
In particular, note that since (IV;):°, are independent, the random variables (B;):2, are
independent. and so are the pairs of random variables (N;, B;), i > 2.

The distribution of each Bj is thus a mixed beta distribution, but we do not need
exact expressions. We will show that all estimates in Section 3 still hold (possibly with
different constants C). Note first that in the urn U] used to determine N;, we make m
draws and thus the number of red balls is at most m + p = O(1); hence the probability of
drawing a red ball is O(1/i) for each draw, and thus

P(N; >0) <EN; =O(1/i). (12.3)
Recall § and x in (3.1) and (3.2). Using 0 < N; < m, (12.2), (12.3), and (3.3), it is easy

to show that
m+p+EN;, x

EBj=—"———=2+0(" 12.4

Z 0i i 7O, (12.4)
om + p+J

EBT \ W < Cri_r7 r 2 2 (125)

j=0

Similarly, we have, by first conditioning on Nj,

E[N;(m+ p+ N; E[N;2m + p —
BNp) = TN Lot N BN _ 52, (12.6)
and the bound
E[N;Bj| = O(i_(’"ﬂ)), for each r > 2. (12.7)

Define ®; and S, ; by (3.5) and (2.3) as before. Then (12.4) and a little calculation
using (3.4) shows that, for 2 < j < k < oo,

k k
B = —Dx yrEQ+(m-1)B)
EE(l +(m—1)B;) = H H m D/

=7 =7

L T(E+1+ (m—1)X)T() £ -
_F(j+(m—1)x)r(k+1)il_£(1+0(l ))

_ (l;:)(ml)x(l n O(j_l)), (12.8)

as in (3.8), and, recalling that B; are independent and taking j=1in (12.8),

k
_ _ (k+1+( E(1+ (m—1)B)
IE:(I)’“_.I—IIE(”(’”_DB”_r(1+(m k:+1 E[l L+ (m—1)x/i

_ QKX (1 O(Y), (129)

where

oo E(1+(m—1)B;)
Hizl 1+(m—1)x/i .

L1+ (m—1)x)’
note that the infinite product in (12.10) converges as a consequence of (12.4).
Using (12.4) and (12.5), the upper bounds (3.10) and (3.11) follow by the same proof

as before. The statements in Lemmas 3.3 and 3.4 hold exactly, except for (3.18), which in
view of (12.9), is now replaced with

Q= (12.10)

3= Qp. (12.11)
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Let Yy, Zy,, Ji, Wi, be as in Section 4. To streamline the arguments, from here onwards
we concentrate on the m = 2, p = 0 case, and leave the general case (with modifications
as in Section 10) to the reader. Once we have sampled the self-loops at every vertex,
the stochastic recursions for obtaining D, are similar to the ones in Section 4.1: we
sample (Bi)?z_ll according to (12.2), and for each red vertex k, we add 2 — Ny outgoing
edges and proceed as before. The boundary conditions are the same, except now we have

Y,_1=2—N,. For 2 <k <n — 1, the recursion takes the form

Yio1 = Ye — Zi + (2 — Ni)Jg, (12.12)
and because 0 < NV < 2, we also have
Yio1 <Y — Zk + 2J;. (12.13)

Let Fj, be the o-algebra generated by (N;)P,, (B;)}—; and the coin tosses at vertices
n—1,...,k+1 in the stochastic recursion. Note that (4.3) holds, and in view of (12.13),
also (4.5)—(4.12) and (4.15)—(4.18) hold, with the number 2 in (4.10) and (4.18) replaced
with 2 — N,,, and with the last equality in (4.17) replaced with <. Instead of (4.14), from
(12.12) we have

Ap 1 — Ay =Wy, —E(Wy_1 | Fi)
=20, 1((1 — Bp)"* — 1+ BLY;,) + & 1 N, E(Jg | Fr). (12.14)

Now, let B be the o-field generated by (Bi)?:}l and (NV;)?"_,. As the upper bounds in Sec-
tion 3 still hold, and (Bi)?;zl are independent, Lemmas 4.1 and 4.2 hold. The probability
that vertex k > 2 is red and has at least one self-loop is

P(Zy 2 1,N, > 1) = E[1{N; > 1}Pp(Z; > 1)]; (12.15)
and so by Markov’s inequality and (4.30),

n—1
P(Z,>1,Np > 1) < QE(NkBk IT a+ B,;)). (12.16)
i=k+1
By the independence of the pairs (B;, V;), (12.6), and (3.8), this yields
n—1 n1/2
P(Zk > 1,Np > 1) <2E(NieBy) [ E(L+B) < O 55 (12.17)
i=k+1

In view of (12.14) and Markov’s inequality, (4.35) in Lemma 4.3 is replaced with

Apo1 — A, < (Wi By)?®, ' + @4 Ny BLYy, = (Wi By,)*®; ' + Ny B W (12.18)
Using (4.17), we have
Eg[N,BiWi] = Ni. By Eg[Wi] < 2NpBy®,_1. (12.19)
Since the pairs (B;, N;) are independent, it follows from (12.19) and (3.5) that
n—1
E[N.ByWy] < 2E[NiBp(1+ By)] [[ E(1+ Bi) < AE[Ni B E®,, 1, (12.20)
i=1
ik

and applying (12.6) and (12.9), we get

n'/? n
k2 S Ck5/2'
With (12.18) and (12.21), we may proceed as in the proof of Lemma 4.3 to show that
(4.36) holds.

E[NeBW;] < C (12.21)

Lemma 5.1 follows from Lemma 3.4. Thus, t/l}e early part of the growth of D,, can be
coupled to the same time-changed Yule process Y with some extra modifications. ReAcall
that WU(z) is the mapping of vertex x in ) to a vertex k in D,, (or vertex (k/n)X in D,,).
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n—1

In Step (1) of the coupling, we sample (NV;)i; and then (B;);" as in (12.4). If ¥ maps
x to some k that has at least one self-loop, we extend ¥ in Section 5 by mapping all
children of = to k (so all other descendants of x are also mapped to k). To prove that
Theorem 5.2 also holds in this case, we need to show that the extended mapping above is
w.h.p. injective at every vertex in D, N[(n1/n)X,1]. By (12.17) and (12.3), the probability
that a vertex in D,, N [(n1/n)X, 1] has at least one self-loop is at most

n—1 C n—1 Cn1/2
PNy > 1)+ > P(Z > LN, > 1) < ~ > = O(log®?n/n) = o(1).
k=nq k=n1

(12.22)

The same argument as in Step 1 in the proof of Theorem 5.2 and (12.22) then give the
desired claim. The remaining steps of the proof can be applied without any changes.

Lemma 6.1, Lemma 6.2 and Theorem 6.3 hold with the same proofs as before, since
we have shown that (4.36) and the various other estimates that we use there still hold.

Let ggn) be as in (7.1). When proving tightness of Eﬁn) in Cla,b] for 0 < a < b < oo,
we have to use (12.18) instead of (4.35). Let Vi, Ty, ‘A/t(n), ft(n), M, and T, be as in
(7.8), (7.9) and (7.17). Using (12.18) we obtain instead of (7.18), using the crude bound
Nk < m,

| A — Ap_1| < MR (Vi — Vier) + mM(Ty, — Thi—1)
< n5/6£m2 U, (Vie = Viee1) + mn?90,(Ty, — Tp—1) (12.23)
and thus, arguing as for (7.20), for real numbers s, ¢ such that a < s < t,

~

A7 = A < BV = V) (T = TL). (12:24)

S

We have already shown in Section 7 that the processes Vt(n) — YA/a(n) and ﬁ(n) -7 én) are tight
in Cla,b] (Lemma 7.3) and that the sequences (9,)>°; and (\/I\ln);f’:l are tight. Hence,
by simple applications of Lemma 7.2, the processes \Tlnf)JT%(IA/t(") — 1765")) and mzmn(ﬁ(") —
ﬁf")), n > 1, are tight in Cla,b]. If (X,,(¢))22; and (Y, (t))52, are any two sequences of
random continuous functions on [a, b] that both are tight in C|a, b], then so is the sequence
(Xn(t)+Yn(1)))5 ;. Hence, the sequence T SDTQ(V(") V(”))—i—mﬂﬁ (T 7™ Tén)), n>1,
is tight in C|a, b]; ﬁnally (12.24) and another application of Lemma 7.2 (now with Z, = 1)
show that A\En), n > 1, are tight in Cfa, ], so Lemma 7.1 still holds.

Some minor adjustments are also required to yield the same result as in Theorem 8.1.
When applying the Skorohod coupling theorem, NZ—("), n > 1, are potentially different for
each n. Let 0 < s < t and define k := [sn'/?] and ¢ := [tn'/3|. By (7.1) and (12.14),

-~

4
AP — A =n7? 37 20 [(1- B)Y — 1+ ViB]
i=k+1

¢
+n 2N B N;E(J; | Fi) +o(1). (12.25)

i=k+1
However, by Markov’s inequality and (12.21),
¢ ¢ ¢
E Y ®NEWJ|F)<E Y &1NBY,<E ) NBW,
i=k+1 i=k+1 i=k+1
¢ 1/2 1/2
n n 1/6
<Y C—3 < C—— < Can /8, (12.26)
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implying that

J4
2N @ NGE(J; | Fy) = 0. (12.27)
i=k+1

The remainder of the proof of Theorem 8.1 is then the same as before.

Proof of Theorem 12.2. With the preparations above, the same argument as in Section 9
yields Theorem 9.1 for this model too; with modifications as in Section 10 we obtain
Theorem 1.2. Similarly, the arguments in Section 11 still hold, and thus Theorem 1.3
holds. g

APPENDIX A. THE DIFFERENTIAL EQUATIONS IN (8.21) AND (10.37)
We rewrite the equation in (10.37) as
F(6) = mta*1<(1 ) I Xfaf(t)). (A.1)
where, as above,
a:=1+(m-1)x. (A.2)

Note that in the special case m =2 and p = 0, we have x =1/2, § =4, and a = 3/2, so
the above yields the differential equation in (8.21). We define

gt) =07 f(t) (A.3)
so that (A.1) simplifies to, recalling x6 = m + p, see (3.2),
g(t) = =S90) + 5 (A + ()" — 1+ (m+ p)g(1)). (A4)
Letting
h(z) = g(e™ ) (A.5)

then yields, using (A.2),
W(x) = —(m+p)(1+ (m — 1)x)h(z) + xm((1 + h(z)) ") — 14 (m + p)h(z))
= xm(1+ h(z))"" ) —ym + (m + p)(x — 1)h()
= xm((1 + h(z))~ ") —1 - h(z)), (A.6)

where the last equality follows from (m+p)(1—x) = xm, see again (3.2). The autonomous
differential equation in (A.6) can be integrated to

1
— dh = [ 1d A7
xm ) (14 h)=(mtp) —1—h / v (A7)

Furthermore, with v := 1+ h,

L 1 / (14 h)mte "
xm ) (14 h)=(m+r) —1—h xm 1—1+hm+p+1

The change of variable v = v™TP*! — 1 then gives

R B ! /1d _ ! logu+C. (A.9)
xm ) vmtetl —1 v_xm(m+p+1) u u_xm(m+p+1) suTt '
Thus, reverting back to the original variable h, (A.7) is equivalent to
1
- log((1+h)™PH —1) =24 C, (A.10)

xm(m+p+1)
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which yields the solution

h(z) = (1+ ce_Xm(mﬂ’H)m) e 1, for some ¢ € R. (A.11)
From (A.3) and (A.5),
() = ot xp (o Tog ). (A.12)
so plugging in (A.11) into (A.12), and using

(m—1)(m+p) xm(m-+p+1)

a=14+4(m-1)xy=1+ = , A.13
( )X m + mtp (A.13)
we get
1
F(t) = 9t“( (1 4 et=o) #aFT — 1). (A.14)
Using L’Hopital’s rule (or a Taylor expansion) and (A.14), we obtain
. Oc . —a 1 4 Oc
= = —_— m+p+1 e
floe) = lim f(t) m+p+1t15?o(1+6t )7 m+pt+1 (A.15)
Hence, the unique solution f to (A.1) with a given f(co) is given by (A.14) with
1
c= %f(oo). (A.16)
APPENDIX B. A BETA INTEGRAL
Recall the standard beta integral [19, 5.12.3]
o ga-l I'(a)l'(b—a)
——dr = ——— B.1
= () (B

when 0 < Ra < Rb. We use the following less well-known extension; it is not new but we
give a proof for completeness.

Lemma B.1. If —1 <Ra <0 and Kb > 0, then

/000 (7(1 —:x)b — l)ma_l da = F(a)llj(((l)))— a). (B.2)

Proof. We consider a more general integral. Assume first $ta > 0 and b > 0, and let
Rc > Ra. Then, by using (B.1) twice,

/“(( 1 1 )xafldx: T(@l(b+c—a) T(a)(c—a)
0

1+az)bte  (1+a)° T+ o) - () . (B.3)

For fixed b and ¢ with 3b, Re > 0, the left-hand side converges for —1 < Ra < Re, and
defines an analytic function of a in this strip. Hence, by analytic continuation, (B.3) holds
throughout this range. Similarly, if ¢ > —1 and b > 0, then the left-hand side of
(B.3) is an analytic function of ¢ in the domain Rc¢ > Ra, and thus (B.3) holds whenever
—1 < Ra < Re and Rb > 0.

For —1 < Ra < 0 we thus may take ¢ = 0 in (B.3) which yields (B.2). (Recall that
1/T(0) =0.) O

Remark B.2. Note that (B.1) and (B.2) give the same formula, but for different ranges of
a. The integrals can be interpreted as the Mellin transforms of (14z)~° and (1+2)7?—1,
respectively, and thus this is an instance of a general phenomenon when considering the
Mellin transforms of a function f(x) and of the difference f(x)— p(z) where, for example,
p(z) is a finite Taylor polynomial at 0, see [9, p. 19].
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