THE VOLUME OF A BALL IN R"

SVANTE JANSON

ABSTRACT. This note gives a simple proof of the standard formula for
the volume of the unit ball in ]1§”. We use a modification of the standard
argument that integrates e™ 121" over R and then uses polar coordinates.

Recall that the Gamma function is defined by

I(s) = /0 T ylevay 1)

for s > —1, and that T'(s + 1) = sI'(s), s > —1. (This is easily shown by
integration by parts.) In particular, when s is a positive integer, induction
yields I'(s) = (s — 1)!. We may thus extend the factorial function by the
definition z! = T'(x + 1).

Theorem. Let n > 1. A ball with radius v in R™ has volume v,r"™, where

7.‘.11/2 7.‘.n/2

(n/2)! ~ T(n/2+1)

Proof. 1t is clear by homogeneity that a ball B(zg,r) of radius r has volume
v, where v,, is the volume of the unit ball.

Write the points in R*™! as (x,y) with € R” and y € R, and let D be
the subset of R"*! given by D = {(z,) : |z|*> < y}. Integrate e™¥ over D,
and use Fubini’s theorem. Integrating first over x € R™ yields, using (1),

/ / e Ydxdy = / vpy™?e Y dy = vaI'(n/2 + 1), (3)
y=0 J]a?|<y 0

(2)

Unp =

since the inner integral is over the ball B(0, yl/z) of volume v, y™/2.
On the other hand, integrating first over y yields

00 9 n 00 9
/ / e Vdydr = / e dr =] / e idy, =1" (4)
z€R" Jy=|z|? zER™ i—1 Y~

where we define -
I = / e~ di.
—00

Consequently, Fubini’s theorem shows that the values in (3) and (4) are
equal, i.e.
v '(n/24+1) =1". (5)
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In the special case n = 2, we have v = w. Hence (5) with n = 2 yields
7= 1% and I = 7'/2. Consequently, (2) follows by using (5) again. O

Remark. We have also given a proof of the standard formula
/ e do = /2 (6)

again, our argument is a modification of the standard one.

Corollary. The surface area w, of the unit ball is
27rn/2

Wp = NV, = W’ (7)

Proof. Polar coordinates yields

1
_ w
Up = war" L dr = =2,
0 n

Equivalently, computing the area of a sphere with radius r,
_ d _
wr™ = E(Unr") = nu,r" L 0
Example 1. In the case n = 1, the unit ball B(0,1) is the interval (—1,1)
of length 2; thus v; = 2. This is by (2) equivalent to I'(3) = «'/2/2, or,
equivalently, to the well-known formula I'() = 71/2.

Example 2. For n = 3 we have, see Example 1, F(%) = %F(%) = %771/2,

and thus the theorem yields vs = 47 /3. For n = 4 we have vy = 72/2.

n|l| 2|3 4 5 6
wp | 2| 2 | 47 | 272 % 3

TABLE 1. Some numerical values
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