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1 Introduction

Schubert filtration and Demazure character formula form a classical part in the theory of
finite-dimensional representations of complex semi-simple finite-dimensional Lie algebras
(and, more generally, simple algebraic groups, see [A, J]). Originally, this formula appears
in [De| as an improvement of the Weyl character formula describing the character of a
simple finite-dimensional module. Schubert filtration arises in a canonical way together
with the Demazure formula.

Recently, an analogue of the Weyl character formula for the character of a simple
quotient of the so-called a-stratified generalized Verma module (GVM) over a simply-laced
Lie algebra was obtained ([FM1]). The obtained formula differs from the Weyl formula
by the factor corresponding to a subalgebra of U(91_) acting torsion-free on the simple
module. This result stimulated an investigation to find an analogue for the Demazure
formula and to construct the corresponding filtration of the simple module.

In the present paper we present an analogue of the Demazure formula and the corre-
sponding filtration (Schubert filtration) for a simple quotient of an a-stratified GVM over
a simple simply-laced finite-dimensional complex Lie algebra. The proof of the formula
is relatively easy and based on the classical Demazure formula and the character formula
obtained in [FM1]. However, our construction of the corresponding filtration is not triv-
ial and crucially uses Mathieu’s localization of U(®) ([Ma]), which allows us to reduce
our problem (in part) to classical Verma modules. Unlike the classical case, a simple -
stratified module does not contain clear analogues of the canonical generators of Demazure
modules ([J]), at least, they can not be viewed as (semi)-primitive generators of the simple
modules with respect to another choice of the basis in the root system of our algebra.

We have to note that the notion of the Schubert filtration is used differently in the
literature (see e.g. [P]). In this paper we will use the terminology from [Z].
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Let us briefly describe the structure of the paper. In Section 2 we collect all necessary
preliminaries. In Section 3 we obtain an analogue for the Demazure formula. In Section 4
we define the Mathieu’s localization and describe its basic properties. Finally, in Section 5
we construct an analogue of the Schubert filtration.

2 Notations and preliminary results

Let C denote the complex field; Z the set of integers; N the set of positive integers and Z
the set of non-negative integers. All the notation that will be used without preliminary
definition can be found in [D, Z]. For a Lie algebra 2 by U(2() we will denote the universal
enveloping algebra of 2.

Consider a simple simply-laced complex finite-dimensional Lie algebra &. Let §) be a
Cartan subalgebra of & and A be the corresponding root system. Fix a basis, 7, in A and
an element, o € w. This lead to the decomposition A = A, UA . We will denote by
p the half-sum of all positive roots. Let W denote the Weyl group of A (acting in £*),
generated by the reflections sz, # € A. Fix a Weyl-Chevalley basis in & consisting of the
elements X.3, 8 € Ay and Hg, § € m. By 94 we will denote the standard components
of the triangular decomposition of & with respect to the basis 7. Let &(«) be the Lie
subalgebra of & generated by X1, and D be the subalgebra generated by &(«), $ and
M,. Let ¢ = (Hy + 1)2 + 4X_, X, be a Casimir operator of U(&(c)). Let A* be the
root subsystem of A generated by 7 \ {a}. Set K = A, \ A® Let W denote the Weyl
group of A® and p* denote the half-sum of all positive roots in A®. Denote by &“ the
Lie subalgebra of & corresponding to A® and set NG = N, N B*. We also denote by K
the unital subalgebra of U(®) generated by all Xz, 5 € —K. Recall that the Chavalley
involution gives rise to a duality (exact contravariant fanctor), %, on the category of weight
®-modules with finite-dimensional weight spaces. This duality preserves the character of
a module. Recall ([FM2]) that a weight &-module is called a-stratified if both X, act
injectively on it.

Consider the vector space Q = H* @ C. With each (), p) € Q there is a canonical way
to associate a so-called generalized Verma module (GVM) as it was done, for example,
in [FM2]. Indeed, consider a unique indecomposable &(«)-module N (A, p) defined by the
following conditions:

A(H,) — 1 is an eigenvalue of H, on N(A,p);

p? is the eigenvalue of ¢ on N (), p);

all weight subspaces of N (), p) are one-dimensional;

e X , acts bijectivly on N(\, p).

Clearly, N(\,p) can be considered as a D-module by making use of A — p. The induced
module

M(\,p) =U(®) Q) N(\.p)

U(D)



is the GVM associated with &, §), 7, o, A and p. Clearly, M (A, p) has a unique simple
quotient which will be denoted by L(\,p). There is an action of W on Q defined as
follows ([FM2]): Consider a partition of 7: 7 = m; Uy where m = {y € m|a+ v € A},
mo={y€m|a+y¢gA}. For (\,p) € Q and # € m; denote

nE (A, p) = %(A(Ha +2H,) + p)

and define (Mg, pg) € 2, where \g = A —ng (A, p)B, ps = n;()\,p).
For each 3 € 7 set

()" _p)a ﬂ =«
sg(A,p) =4 (ssAp), Bem\{a}
(A[;,p[;), ﬂ € .

Let » € C. Consider an affine space, B, = Z CB + ra, which can be viewed as a
pem\{a}
linear space with zero (fixed point) r«, and let 2, = B, x C. There exists a root system,
Aq, in €., with respect to which W is the Weyl group (with the action defined above).
Let (-,-), denote the corresponding non-degenerated form on €2, and ( = (4, : A = Ay,
be a natural bijection.

Let (A, p), (i, q) € , and B € A,,. We will write ()\,p)g(u, q) if (p,q) = sg(A,p) and
(B, (A\,p))r € Nfor B # ((a). Then (p,q) < (A, p) will describe the fact that there exists a

sequence 31, fa,..., Bk in Ay, such that (u, q)ﬁ# s, (1, q)ﬂ# cer 8By - Sp, (s q)@)()\,p).
Denote by P™* the set of all (A, p) € Q such that w(\,p) < (A, p) for all w € W.

For a weight -module V' by ch V' we will denote its (formal) character, see [D, Sec-
tion 7.5]. The main result of [FM1] is the following:

Theorem 1. Suppose that (\,p) € P™t. Then there exists an element a(\,p) € H* such
that

ch(L(\,p)) = (Z eio‘> H (1—eP)71| x

i=—00 pe—K\{a}

-1
X ( > (_1)l(w>ew(Apa(A,p)+pa>+a(A,p)) ( 3 (_1)l<w>ew(pa>> :

weWwe weWe

3 Demazure formula for a-stratified modules

In this section we obtain an analogue for the Demazure character formula in the case of
simple modules without highest weights. Suppose that (A, p) € P™*. For a positive § € A*
set

dg = (1 —¢€°) (1 — €Psp).
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Let

T = (Z em> H (1 —e_ﬂ)_1

i=—00 pe—K\{a}

We recall that there is the standard length function on W (resp. W) with respect to
7 (resp. 7\ {a}), see [H].

Theorem 2. There exists an element a(A, p) € H* such that for any reduced decomposition
Wo = Sp,58, - - - 3, Of the longest element wy € W the following equality holds:

ch L(\, p) = Te®P) (ds,dg, - - ‘dﬁke)\—p—a()\,p)) .

Proof. By virtue of Theorem 1, there exists a(\, p) € $* such that ch L(\, p) = Te**P)Q,
where

-1

Q= Z (—1)Hw) gwA=p=a(ip)+pa) Z (—1)Hw)gwlra)

weEW (a) weEW (a)

On the other hand, by the Weyl formula ([D, Theorem 7.5.9]) @ can be considered as the
character of a simple finite-dimensional modules over &*. From the Demazure character
formula, [De, Théoréme 2| (or [Z, Theorem 2.5.3]), we obtain that

Q = dﬁ1 dﬁz .. .dﬁke/\—p—a()\,p)
for any reduced decomposition wy = sg, 53, - .. 5s,. This completes the proof. O

To construct an analogue of the Schubert filtration associated with the formula obtained
in Theorem 2 we need some auxiliary notation and definitions.

4 Mathieu’s localization of U(®)

In this section we define a localization of U(®) ([Ma]). It allows us to reduce our problem of
construction of the Schubert filtration to the problem of construction of a special filtration
in certain quotient of a Verma module with integral dominant highest weight. We have to
note that originally the localization of U(®) in [Ma] is defined in a very general situation.
Since we need it only for our case of modules induced from sl(2), we will define it only in
this restricted case.

Consider a multiplicative subset, {X" , |n € N}, in U(®). Let U(a) denote the local-
ization of U(®) with respect to this set, which is well-defined by [Ma, Lemma 4.2]. Let
V be a weight &-module such that X_, acts bijectivly on V' (we will call such module
normal). Then the U(a)-module V(o) = U(a) ®p(e) V can be naturally identified with V.



For any = € Z the map 0, : v — X® uX_7 is an automorphism of U(a). By [Ma,
Lemma 4.3] this can be extended to a one-parameter family, {6, | x € C}, of automorphisms
of U(«), which satisfies the following condition: the map x — 6,(u) is polynomial in z for
any u € U(a). For a U(a)-module W and z € C we will denote by 6, (W) the shift of W
by 6, i.e. a U(a)-module which is equal to W as a vector space and u - w = 0(u)w for all
u € U(a) and w € W. Clearly, one can consider any U(«)-module as a U(®)-module by
restriction.

We emphasize that, directly from the definition of 6, it follows that 6,(c) = ¢ and for

any weight vector v of weight A, 0,(v) is a weight vector of weight A\ + za.

5 Schubert filtration for a-stratified modules

The aim of this section is to prove the following theorem, which presents a natural gener-
alization of the Schubert filtration of a simple finite-dimensional module.

Theorem 3. Let (A, p) be an element in PT1. There is an element a(\,p) € $H* such that
for any reduced decomposition Wy = Sg, g, - .. Sg, there exists a (canonical) filtration

L()\,p)=L1 DLy D "'DLkDLk_H:O
of L(\,p) (viewed as a D-module) by D-modules L;, j =1,2,...,k, such that
ch L; = Te™) (dg, - - .dﬁke)‘_”_“(’\’p)) i

Proof. To simplify our notation we set L = L(\, p).

Step 1. First we reduce our problem to highest weight modules. According to [Ma,
Proposition 5.7], there exists 2 € C such that the element X, has a non-trivial kernel on
6. (L). In our case this can also be shown by direct computation with s/(2). Indeed, consider
the generating &(a)-submodule 1 ® N(\,p) of L. From the weight space decomposition
it is clear that this submodule is a & («)-direct summand of L. From the definitions of 6,
and N (), p) one has that, as a &(a)-module, 0,(N(\,p)) ~ N(N,p), where \(H,) + 2z =
X (H,). Now we can choose x such that () (H,)+1)?> = p? which guarantees the existence of
a non-trivial element, annihilated by X,. Hence, the module L' = 6,(L) is not a-stratified.
As 1 ® N(A,p) generates L, its twist generates L'. Denote by L(1) the submodule of
L' consisting of all locally X,-finite elements. Then L(2) = L'/L(1) is a highest weight
module with respect to the base s,(7m). Now both L(1) and L(2) are generated by their
intersections with N (X', p), in particular, the highest weight of L(1) and the s, (7)-highest
weight of L(2) are one-dimensional.

Denote by u the highest weight of L(1). From the arguments above (or directly from
the properties of Mathieu’s localization) we have that u = A— p+ya« for some y € C. Recall

that (A, p) € P™*. For any simple root § # « from (A, p) 2, sg(A,p) by direct calculation

we have sg(p + p) < p+ p (with respect to the standard partial order on $*). If o+ (3 is
a root we also have s,5354(A, p) < (A, p) from which one derives p € Z. Since L(1) is the



maximal B-submodule of L' on which X, acts locally nilpotent, we have s,(pu+p) < p+p
and p(H,) = |p| — 1. Altogether, we get that yu is in fact integral dominant and a unique
simple quotient of L(1) is finite-dimensional.

Step 2. Consider a &*-module M = U(&*)L(1),. This is a highest weight &*-module.
The support of any non-trivial &*-submodule of M does not intersects the highest weight
of M and thus this submodule generates in L(1) a non-trivial &-submodule, whose support
does not intersect the intersection of L(1) with N()X,p). Inducing to U(«), this gives a
non-trivial &-submodule in L' on which X_, acts bijectively. And after the return twist
with 6_, we get that L is not simple, which contradicts our assumptions. Hence, M does
not contain any non-trivial &*-submodule, therefore M is a simple &*-module. As p is
integral doiminant we also get that M is finite-dimensional.

Consider a reduced decomposition wy = 3,53, - .. Sg,. According to the classical De-
magzure character formula and the classical Schubert filtration one can consider a Schubert
filtration

MZMlDMzD"'DMkDMk_H:O

of M by 91%-module, corresponding to the above decomposition of g, with ch M; given by
the Demazure formula. Let v; denote a (canonical) generator of M, for j € {1,2,...,k}.

Step 3. By [FM1, Theorem 4|, the maximal submodule of M (), p) is generated by
the images of all M (sg(A,p)) in M (A, p), where [ runs through the set of all simple roots
different form «. Lifting this to L(1) we get that L(1) is the quotient of the Verma module
M (1 + p) over the submodule generated by the images of all M (sg(u+ p)) in M (1 + p),
where [ # « is simple.

By PBW Theorem, U(M_) is free over K with the basis U(9®). We can identify each
Verma module with U(91_) as an 9_-module. We have that M (u+ p) is free over K with
the basis U(M*)M (1 + p),. Denote by M the submodule of U(%)M (i + p), generated
by the intersection of U(M*)M (1 + p),, with all images of M (sg(p+p)) in M (p+ p), where
B # a is simple. We have L(1) ~ M(u + p)/U(&)M and U(&)M = UM )M = KM.
Since M is a subset of U(M®*)M (i + p), and the last one is a K-free basis of M (u + p),
we get that L(1) is K-free with a basis U(M*)M (1 + p),/M ~ M (here we mean that any
C-basis of U(M*)M (i + p),,, resp. L(1) is a K-free basis).

Step 4. Let N be arbitrary 91®-submodule of M. Then KN is a D*-module (here and
on * is with respect to the Chevalley involution), moreover ch KN =chK xchN. Indeed,
the character formula follows from the free action of K. Clearly, KN is a K-module and
an $-module. As [1%, K] C K, KN is a M-module. So, it is enough to show that KN is
closed under the action of X,. This now follows from the fact that [X,, K] C U(9_ & §)
and X,N = X, M =0.

Step 5. For each 1 < 7 < k there exists a 9Q*-submodule, N;, of M such that
ch M/N; = ch M;. Moreover, we can choose N; such that N; C N;y;. Indeed, as M; is
a NY-submodule of M ~ M*, we can apply * and obtain a NM* = (N$)*-submodule of
M ~ M*, whose quotient is isomorphic to M;". As % preserves the character this is exactly



N; we need. The statment about inclusions for N;’s follows from the opposite inclusions of
M;’s and contravariantness of *.

Step 6. Set I; = KN;. By Steps 4 and 5 we have ch[; = ch K x (ch M — ch M;).
Clearly, X , acts injectively on I;. Inducing I; up to U(«) and shifting by 6, we obtain a
filtration, Ei, of L by D*-modules. Moreover, as X_, acts injectively on K , ch K changes
to T" during the induction process, therefore we obtain that ch Li=Tx (ch M — ch M;).
Note that N (A, p)* ~ N(A,p) as N(\, p) is a-stratified and hence L* ~ L since * preserves
the character of the module and L is completely determined by (A, p). Applying the duality
one more time we get that there exists a filtration of L ~ L* by U(D)-modules L; such
that ch L; = ch L — ch L;. Now the desired result for this filtration L; follows from the fact
that ch L =T x ch M (Theorem 2). O

We remark that, with the same arguments, the statements of Theorem 2 and Theorem 3
are true for L(wowp(A, p)), where (A, p) € P™T and wy is the longest element of W.
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