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Abstract

We determine when the x-double of a finite-dimensional complex algebra is *-
finite, *-tame and *-wild.

1 Introduction

Let Ag) and A,(f) be free algebras over C with n generators, :vgs), . ..,:vgf), e =1,2 re-
spectively. Denote by o : Ag) — Ag) the unique anti-homomorphism (that is, a map
satisfying o(Aa + pb) = Ao (a) + o (b), o(ab) = o(b)o(a) for all A, u € C, a,b € AY) such
that 0(x§1)) = x§-2) forall j =1,...,n.

Let A be a finite-dimensional algebra, such that A ~ A% /I for some ideal I € AL
Then the set () is an ideal in A? and we can consider the algebra A* = AP Jo(I). Tt
is easy to see that A* does not depend on the presentation of A.

Consider now the quotient algebra A(*) of the free product AL of AL and AP (i.e.,
the free algebra with 2n generators xgl) yens ,xfll), $§2), .. .,xg) ) by the ideal J generated
by I and o(I). The algebra A(*) is identified with the free product of A and A* in a
natural way. The algebra AS’Q) possesses a natural x-structure, defined by (acg-l))* = x§2),
j=1,...,n, and one sees that J is a x-ideal with respect to this structure. Hence A(x)
inherits the x-structure and we call A(x) with this x-structure the x-double of A. The
algebra A(x) together with the natural inclusion algebra morphism i : A — A(x) defined
via i(xgl)) = xgl) is characterized by the following universal property: if B is any x-algebra
and ¢ : A — B is an algebra morphism, then there exists a unique morphism ¢ : A(x) — B
of x-algebras, which makes the following diagram commutative:

A—> (%)
B
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Representations of x-doubles of some particular algebras appeared and were investigated
in [BS, KS2, ST] (see also [OS2] and the references therein). The results obtained showed
that except for a few cases the representations have a very complicated structure (the
corresponding *-algebras are *-wild) indicating that it could be a common feature. The
aim of this note is to give a complete classification for the x-representation type of the
algebras A(x) into *-finite, x-tame and *-wild types, answering a question posed by Yurij
Samoilenko. We show that, as for finite-dimensional non-involutive algebras (see [Dr]),
k-doubles of a finite-dimensional algebras can be subdivided into #-tame (incl. *-finite)
and x-wild x-algebras. Moreover, the subdivision is determined by the dimension of the
original algebra. Using this result we derive some corollaries on representation type of
x-doubles of not necessarily finite-dimensional associative algebra, in particular, we prove
that the x-double of a finite-dimensional Lie algebra (i.e. of the corresponding universal
enveloping algebra) is *-wild.

The paper is organized as follows: in Section 2 we recall basic definitions on *-wild and
x-tame algebras and fix the notation. In Section 3 we formulate our main results, which
are proved in Section 5 after some auxiliary lemmas collected in Section 4.

All algebras in this paper are over C and have a unit. All tensor products are taken
over C.

2 x-Wild and *tame algebras

In this section we list some notation and definitions of *-wild and *-tame algebras following
[KS2]. Within this section we assume the following convention: all x-algebras are unital
with the unit e and representations of *-algebras are unital *-homomorphisms into B(H),
the x-algebra of linear bounded operators on a separable Hilbert space, H. We denote
by Rep (A) the category of all representations of a *-algebra, A. Given a x-algebra, A,
of operators on H, we denote its commutator by A', i.e. A" = {C € B(H) | [C,A] =
0, for each A € A}.

Let A be a x-algebra. We call a pair, (./Zl, o: A — fl), where A is a x-algebra and
@ is a unital x-homomorphism, an enveloping *-algebra of the algebra A if, for any x-
representation m: A — B(H) of A, there exists a unique *-representation 7: A — B(H)
such that the diagram

——A

™

A
B(H)
is commutative, and any operator X : H; — H, which intertwines representations 7 :
A — B(H;) and 7 : A — B(Hs) of A is an intertwining operator for the representations
71 and 79 of the algebra A.

Let M,(A) (= M,(C) ® A) be the matrix algebra over A. If A is a C*-algebra then
M, (A) carries the natural structure of a C*-algebra too. Let 7 : A — B(H) be a repre-
sentation of A. It induces the representation 7, : M,(A) - B(H®...® H) of the algebra
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M, (A). The representation , determines the representation 7, of an enveloping algebra,
(M,(A), ¢), of M,(A) on the same Hilbert space. If 1 is a unital *-homomorphism of a
«-algebra B to the algebra M, (A) then 7, o ¢ defines a representation of B. So we can
define a functor, F,: Rep (A) — Rep (B), in the following natural way:

o Fy(m) =7, 0, for every m € Rep (A),
e Fy(c) =diag(c,...,c) for a morphism, ¢ : m; — 79, of representations 7y, mo of A.

We say that a x-algebra, B, majorizes a *-algebra, A, (B > A) if there exist n € N,
an enveloping algebra, ]\7[”(./4), of the algebra M, (A), and a *-homomorphism, ¢: B —
M,,(A), such that the functor Fy: Rep (A) — Rep (B) is full. Note that the functor F, is
automatically faithful. Clearly, in this case two representations my, mo of A are unitarily
equivalent if and only if the representations Fy(m), Fy(me) of B are unitarily equivalent,
a representation 7 of A is irreducible if and only if the representation Fy, () is irreducible.
Thus the problem of unitary classification of the representations of the x-algebra B contains,
as a subproblem, the problem of unitary classification of the representations of the x-algebra
A. Note that, in order to verify that the functor Fy is full, it is sufficient to show that for
each representation m € Rep A on H and C € B(H) the inclusion C' € Fy(7)(B)" implies
C = diag(c,...,c), where c € m(A)". We also note that the majorization of x-algebras is a
quasiorder relation: if C > B and B > A, then C > A (see [OS2] for details).

It was proved in [KS1, KS2| that Gy = C{a1,as | a1 = a},ay = a}) majorizes any
finitely-generated *-algebra and therefore the C*-algebra C*(F;) of the free group F, with
two generators. Besides, C*(F2) > G, motivating the following definition.

Definition 1. A x-algebra, A, is called x-wild if A > C*(F).

By the arguments given above, a x-algebra, A, is *-wild if and only if A > &,. For
other results and examples on *-wild algebras we refer the reader to [KS2, OS2].

Definition 2. A x-algebra is called *-finite if it has only finitely many irreducible rep-
resentations up to unitary equivalence, and x-tame if it is of type I and not x-finite (see

[D)).

Note that every finitely generated x-algebra whose irreducible representations are finite-
dimensional is of type I ([D]).

3 Main Results

Our main result is the following.
Theorem 1. Let A be a finite-dimensional algebra over C. Then

1. The *-algebra A(x) is x-finite if and only if dim(A) =1 if and only if A~ C.



2. The %-algebra A(x) is x-tame if and only if dim(A) = 2 if and only if A~Ca&C or
A~ C[X]/(X?).

3. The x-algebra A(x) is x-wild if and only if dim(A) > 2.
From Theorem 1 one easily derives the following two corollaries.

Corollary 1. If A is an associative algebra which has a finite-dimensional irreducible
representation of dimension n > 1 or a finite-dimensional indecomposable representation
of dimension n > 2, then A(x) is x-wild.

Corollary 2. The x-double of the universal enveloping algebra of a finite-dimensional Lie
algebra s x-wild.

The proof of all these results will require several auxiliary lemmas, which we collect in
the next section. The results themselves will be proved in Section 5.

4 Auxiliary lemmas

Lemma 1. The x-algebra M, (C)(*) is *-wild for n > 1.

Proof. We consider first the case n = 2 and denote by ey, s,t € {1,2}, the canonical
generators of My(C). We define the x-homomorphism 1), : My(C)(x) — M(S,) by

CHE < (6) —a10—ia2 ) , a(ern) = ( 8 g ) :
Po(ean) = ( @+ —(o1+ o) ) , aexn) = ( 8 a1+ iy ) .

e —aq1 — 109 e

If we have a 2 x 2 self-adjoint operator matrix commuting with 7o (2 (e12)), m2(¥2(€es)),
where m € Rep G,, then it must be block-diagonal, with the same operators on the di-
agonal, say c¢. Commuting it further with m5(t2(e1;)) and the corresponding adjoint we
get c¢(m(ay) £ im(ag)) = (m(ay) £ im(az))ec, and therefore [c,7(a;)] = 0 proving that the
corresponding functor Fy, : Rep &y — Rep My (C)(x) is full and the x-algebra My (C)(x) is
*-wild.

If n > 2 we define ¢, : M, (C)(%) — M,(S,) via

¢2(€t5)®0n72a if t,S € {152};
(Y2(e21) @ 0n—2)E§Z), ift=2,5>2;
Egb)(’l/ig(en) ) On_g), if t > 2, S = 1,
E(n)

ts

wn (ets) =

otherwise,

where E§S" ) = es ® e € M,(C) ® G,. To see that 1, is a x-homomorphism we have to
show that 1y, (ex)¥n(ets) = Outn(ers). This clearly holds if both pairs (k,[) and (t,s)
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differ from (m,1) and (2,m), m < n. The relations which have to be checked are
¢n(em1)¢n(ets) = 61twn(em5)a wn(ets)d]n(eml) = 5sm¢n(et1)a wn(e2m)wn(ets) = mtwn(e%)
and ¥ (e4s)Vn(e2m) = 0s2¥n(esm). We restrict ourselves to verifying the first one leaving
the rest to the reader.

All entries of the matrix v, (e;,1) are zero except for the first two in the n-th row if m # 2
and the first two in the first and the second rows if m = 2. Therefore ), (e,,1)n (€15) might
be non-zero only if t = 1 or ¢t = 2. Clearly, if m, t, s € {1,2}, the relation is satisfied and
hence we can assume that one of the indexes is not equal to 1 or 2. A direct calculation
shows that v, (e11)¥n(e1s) = Yn(ers) for any s > 1. ¥, (e91)n(e1s) = ¥n(ess) holds by
the definition of ¥, (egs) for s > 2. If m > 2 we have that ¥, (em1) = ,(:1)1/}”(611) and
Yn(em)alers) = Epivn(en)yn(er) = Epivn(ers) which is equal to ESVE, = Eql =
Yn(ems) if s > 1 and to ¥y, (em1) if s = 1 by the definition. Thus ¢, (em1)¥Un(€15) = Yn(€ms)-
If s >2and m = 1,2 then ¥ (€m1)tn(€2s) = Un(emi)tnlea) B™ = 0. For m > 2
we have that ¥, (€,1)¥,(e2s) = E,(:l) Yn(e11)Yn(eas) = 0 by the previous relation and the
relation 1, (e11)Yn (€25) = 0 for s = 1, 2. Therefore, 1, (emn1)Yn(e2s) = 0 for every m, s and
Un(em1)Vn(€rs) = 6140n (ems) for each m, t and s.

To see that the functor Fy, is full, consider a representation, 7, of &, on H and a
self-adjoint bounded operator, C' € B(H), which commutes with each m, (¢, (e:)) and
their adjoint. As C commutes with m, (1 (es5)) = T (ES™), t, s > 2, writing C as an n x n
operator matrix, C' = [Cts]gs:p we obtain that ¢;; = 0 if t # s and if one of ¢ and s is greater
than 2, and ¢y = ¢4 for t,s > 2. Since C' commutes with 7, (¢, (es)) for t,s € {1,2},
we get ¢11 = Cag, €12 = 21 = 0 and [c11, ¢;] = 0 so that the matrix C is diagonal. That
C = diag(ci1, - - ., c11) follows from the relation [C, m, (v (e13))] = [C, Wn(Efg))] = 0 giving
us C11 = Cs33. O

Lemma 2. [0S2, Section 3.1.3] The x-algebra Q,, | (), where Q, 1| = Clqr,...,qn | ¢ =
gG,i=1,...,n,¢q; = ¢;q; = 0, for j # 1), is x-wild for n > 2.

Proof. We define the homomorphism 1 : ,, | (*) = M5(S2) as follows:

e e aj+1ay 0 —e —e
Y(@p)=1 0 0 0 , Y(@)= 0 e e , U(g)=0,17>2.
00 0 0 O 0

We leave it to the reader to check that ¢ is a homomorphism and the generated functor
Fy : Rep G2 — Rep 9, | (x) is full. O

Lemma 3. The *-algebra B(x), where B = C[z]/(2* — ae), a € C, is -tame: every its
irreducible representation is either one- or two-dimensional.

Proof. Set a =Re z = (x + 2*)/2 and b = Im x = (z — 2*)/2i. Clearly, a and b are self-
adjoint. Moreover, 2? = ae and (z*)? = @e imply a®? —b*> = (Re a)e and ab+ba = (Im a)e.
By [0S2, Section 1.2.3] or [OS1], every irreducible representation of these relations is either
one- or two-dimensional and therefore the corresponding *-algebra is *-tame. O
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In the lemmas that follow we will need invertability of a; and as and positivity of their
images under each bounded representation in order to be able to prove that the functors
which we define are full. This means that we will not be able to work with the algebra G,
any more, so we shall substitute for it the algebra € (defined below), obtained from &,
by imposing formal conditions of invertability and positivity for a¢; and a,. This algebra
happens to be x-wild, as we will show in the next lemma. Let us consider, for some fixed
0 < m < n, the seminorm ||a|| = ||a||;m, = supm(a) on the x-algebra &y, where the
supremum is taken over all representation 7 of &y such that mI < x(a;) <nl,i=1,2,1
being the identity operator. Denote by

C=Cphp=C"(a1,00:m<a;=a; <n,i=1,2)

the C* algebra which is obtained by the completion of Gs/(a : ||a|| = 0) with respect to
||-||]. Clearly, the elements a; and ay become invertible in € and positive in every bounded
representation. In the lemma that follows we prove that € is actually *-wild.

Lemma 4. The algebra € is x-wild.
Proof. Define the homomorphism v : € — M, (C*(F3)) as follows:

P(a1) = diag(Aie, Ase, Ase, Ase),
where m < \; <n, 1 =1, 2, 3,4, are distinct complex numbers, and

ae u* e e
1 u ae v* e
e v ae e

e e e ae

where u, v are the generators of the C*-algebra C*(F;) and «, 8 € R are chosen so that
mE; < ¥(ay) < nEy, where Ey = diag(e, e, e,e), in My(C*(F,)). That this can always
be done follows by the following arguments. The element 1(as) with « = 0 and 3 = 1 is,
in fact, a self-adjoint element of the C*-algebra My(C*(F,)). It has a norm, say K, and
—Ke < ¢(ay) < Ke in general so adding some aFj, to 1(as) we can get it in a positive
interval and then dividing by some positive constant we get it in the required interval. It
is a routine now to check that the functor Fy is full. O

Lemma 5. The x-algebra Ag, (), where Ar, = C{x | R,(z) = 0) and R, is a complex
polynomial in one variable of degree n, is x-wild if and only if n > 3.

Proof. By Lemma 3, Ag, (%) is *-tame. Clearly, it is enough to show that Ag,(*) is *-wild
(see Lemma 9 below). Assume first that R3 has distinct roots: R3(z) = (x—aq)(x—an)(z—
as), ou, g, az € C, a; # o for i # j. Defining the homomorphism ) : Ag, () — Qo 1 (*)
by setting

Y(r) = aq + gy + azle — q1 — q2),



one easily checks that the corresponding functor Fy : Rep Qs | (¥*) — Rep Ag,(*) is full
and therefore Ag, () majorizes the x-algebra £, | (x). Since majorization is a quasiorder,
we obtain from Lemma 2 that Apg,(x) is *x-wild.

If R3(z) = (v — a1)*(z — ), a1, oz € C, are equal or distinct then the homomorphism
¥ Ag,(x) = M;(C) defined by

generates a full functor, F, : Rep € — Rep Ag, (). In fact, let 7 be a representation of
€. To prove that Fy is full it is enough to show that any operator C' = C* = [c;]},_,
which intertwines the representation w30t of Ag, (%), is diag(c, ¢, ¢), where ¢ intertwines the
representation 7 of €. Taking into account that 7(a;), i = 1,2, are invertible one gets that if
[C,m3(¢p(x))] = 0 then C' = diag(c11, o2, ¢11) and c17(ar) = m(ar)coa, coom(az) = w(azg)esr.
Since c1; and coy are necessarily self-adjoint, we obtain from this that c¢17(a1)? = 7(a1)%cns
and therefore, by the positivity of the operator 7(a1), c117(a1) = m(a1)ci1. Thus we have
m(ay)coy = c117m(ar) = m(aq)ey; and, using that 7(aq) is invertible, it follows that ¢1; = ¢a9,
giving Ag, (%) > €. By Lemma 4, we have that Ag,(x) is *-wild. O

Remark 1. That Apg, (%) is *-wild when R, has three or more distinct roots was proved
in [BS, OS2].

Lemma 6. The *-algebra B(x), where B = Clz,y]/(x?,y?, zy), is *-wild.

Proof. Define the homomorphism 1) : B(x) — Ms(€) in the following way:

va=(75 %) vw=(g %)

Using arguments similar to those used in Lemma 5 one obtains that the corresponding
functor is full and therefore the x-algebra B(x) is *-wild. O

Lemma 7. The x-algebra B(x), where B=C{(f,z | f> = f,xf = (1 — f)z = z), 1s *-wild.
Proof. The homomorphism ¢ : B(x) — My (<), defined by

e a —a10y —a1020
=5 %) wo=( e Taem ),
generates a full functor, F}, : Rep € — Rep B(x). O
Lemma 8. The x-algebra B(x), where B = C @ Clx]/(x?), is *-wild.



Proof. B(x) is generated by the idempotent f = (1,0), the element z and their adjoints,
subject to the relations f2 = f, 2?2 = 0, fr = zf = 0. We define ¢ : B(x) — M,(<€) by
setting

e 0 de a 0 0 0 —Xas
1 0 e 0 pe 000 O
vWO=1090 0 0 Y@ =1900 a
00 0 O 0 0O 0
We leave it to the reader to check that the functor Fy, is full. O

We finish our preparation with the following obvious observation.

Lemma 9. Let A be a finite dimensional algebra and I an ideal in A. If A/I(*) is x-wild,
then A(x) is x-wild as well.

5 Proof of the main results

Let B = A/R, where R = rad(.A) is the radical of A. We first recall the well-know fact that
in A one can always lift idempotents from quotient algebras modulo any ideal contained
in R (see e.g. [DK, Section 3.2]). The algebra B is semi-simple, say

B~ ®;M,,(C).

By Lemma 9, if B(x) is *-wild, so is the *-algebra A(x). If some of n; in the above
decomposition is greater than one then from Lemma 1 and Lemma 9 it follows that B(x) is
s-wild. According to Lemma 2, the algebra B(x) is also *-wild if all n; = 1 and the number
of the components is greater than two. Otherwise, B ~ C or B ~ C® C (the corresponding
x-doubles are tame), and we have to study these cases separately.

Assume first that B ~ C and consider the quotient R/R?. If dim(R/R?) > 1, then R
contains a subspace, say J, such that J D R? and the codimension of J/R? in R/R? is two.
Since the only primitive idempotent of A is the identity, it follows that .J is an ideal of A
and A/J ~ Clz,y|/(z%,y% ry). From Lemma 6 and Lemma 9 we get that A(*) is *-wild
in this case. If dim(R/R?) = 1 then R is generated by one element, say x, as an algebra,
and hence A is a quotient of the polynomial algebra C[z]. Since R is nilpotent, we have
that 2™ = 0 for some n > 1 and thus A ~ Clz]|/(z"). If n = 2, i.e. A is two-dimensional,
then, by Lemma 3, A(x) is *-tame. If n > 2 then, by Lemma 5 and Lemma 9, A(x) is
*-wild. If dim(R/R?) = 0 we have R = 0, A = C and therefore A(x) is *-finite. Note that
this is the only case when A(x) is finite-dimensional.

Finally, assume that B~ C@ C. In this case A has two orthogonal idempotents, say a
and b, a+b=1. If R =0 then A= C® C (A is two-dimensional) and the *-double A(x)
is x-tame by Lemma 3. Assume now that there exists r € R\ R? such that ra = z and
bx =z (or ax = x and zb = ). Let A’ denote the quotient of A by the ideal J, generated
by R?, aRa and bRb. Then we have either (z+J)(a+J) = z+J and (b+J)(z+J) =x+J
or (z+J)(b+J)=xz+J and (a+J)(x+ J) = x+J. Moreover, any subspace of rad(A") is



an ideal of A'. Let V' C rad(.A’) be a subspace of codimension one, which does not contain
z+J. Then A/)V ~ C(f,z | f2= f,zf = (1 — f)z = z). This means that we can use
Lemma 7 and Lemma 9 and conclude that A'(x) and hence A(x) is *-wild.

If the element = with the properties above does not exist, we have that aRb = bRa = 0,
and hence, if R is non-zero, we obtain that either aRa/(aRa)* # 0 or bRb/(bRb)? # 0,
with both aRa and bRb being ideals in A. Without loss of generality we can assume
aRa/(aRa)* # 0. Then we find V' C aRa such that V O (aRa)? and the codimension
of V/(aRa)?* in aRa/(aRa)?® is one. For the ideal J = V + R? + bRb we obtain that
A/J = C[z]/(z%) ® C, whose *-double is *-wild by Lemma 8. This completes the proof of
Theorem 1.

Corollary 1 follows using the following arguments. The only associative algebra of di-
mension one is the field C itself, and for this one all indecomposable representations are
irreducible and have dimension one. Any associative algebra of dimension two is commuta-
tive and thus isomorphic to C[z]/(z? + ax + b) for some a,b € C. If the roots of 2>+ azx +b
are different, the algebra is isomorphic to C& C, which is semi-simple with one-dimensional
simple representations, hence all indecomposable representations are again irreducible and
have dimension one. Finally, if the roots of 22 + az + b coincide, we get an algebra, iso-
morphic to C[z]/(z?), which has only one simple (up to isomorphism) of dimension one
and one indecomposable non-simple representation of dimension two by Jordan Theorem.
Hence, under the assumptions of Corollary 1, we must have dim(A) > 2 and thus A(x) is
*x-wild by Theorem 1.

Corollary 2 is proved as follows. If L is a finite-dimensional Lie algebra then L/rad(L) is
either semi-simple or zero. We have therefore the following two possibilities: (a) L = rad(L)
and L/[L, L] is abelian and non-zero or (b) L has a quotient, which is a non-zero simple
Lie algebra. In the first case the universal enveloping algebra U(L/[L, L]) is a polynomial
ring and hence the x-double of U(L/[L, L]) is *-wild (by, say, Lemma 9 and Lemma 5).
Therefore U(L)(x) is #-wild by Lemma 9. In the second case the algebra U(L) has an
irreducible representation of dimension grater than 1 and, by Corollary 1, U(L)(x) is *-
wild.
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