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Abstract

We study three related topics in representation theory of classical Lie superalgebras. The
first one is classification of primitive ideals, i.e. annihilator ideals of simple modules, and
inclusions between them. The second topic concerns Arkhipov’s twisting functors on the
BGG category O. The third topic addresses deformed orbits of the Weyl group. These take
over the role of the usual Weyl group orbits for Lie algebras, in the study of primitive ideals
and twisting functors for Lie superalgebras.
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1 Introduction

The problem of classification of all modules over a semisimple finite dimensional Lie algebras is
very well-known to be wild in general. Even the problem of classification of all simple modules
seems to be for the moment out of reach apart from the smallest Lie algebra s[(2). This motivates
the study of general rough invariants of simple modules. One of the most natural such invariants
is the annihilator of a module, which is a primitive ideal of the universal enveloping algebra. By
now the structure of the primitive spectrum of the universal enveloping algebra of a semisimple
finite dimensional Lie algebra is well-understood. In [Du2] Duflo proved that every primitive
ideal is the annihilator ideal of a simple highest weight module. Later on Borho, Dixmier,
Jantzen and Joseph completed the classification by describing the sets of highest weights for
which these annihilator ideals coincide, see e.g. Chapter 5 in [Ja]. Also all inclusions between
primitive ideals have been classified, see e.g. [Vo] or Sections 14.15 and 16.4 in [Jal.

For finite dimensional Lie superalgebras the situation is much less understood, despite the
fact that several of the above results are generalised to some important cases. For classical Lie
superalgebras (see [Ka, Mu4]), an analog of Duflo’s result was proved by Musson in [Mul]. For
classical Lie superalgebras of type I the classification of primitive ideals was then completed by
Letzter in [Le] who showed that there is a natural bijection between the primitive ideals of a Lie
superalgebra and those of its underlying Lie algebra. With inclusions between primitive ideals
the situation is even more unclear, so far it has only been studied for the special cases s[(2|1)
and osp(1|2n) in [Mu2, Mu3].
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For semisimple Lie algebras, the action of the centre of the universal enveloping algebra
separates between simple highest weight modules in different orbits of the Weyl group. Therefore
classical results on primitive ideals are usually formulated in terms of combinatorics of the Weyl
group orbits. For Lie superalgebras, only typical orbits are similarly separated from each other
and from other (atypical) orbits. Atypical central characters correspond, in turn, to an infinite
number of different Weyl group orbits. It is therefore not a priori clear whether the orbits of
the Weyl group are the correct structures to e.g. describe inclusions between primitive ideals.
In [GG], Gorelik and Grantcharov use what they call a star action to deform orbits of the Weyl
group for the Lie superalgebra q(n) in order to classify bounded highest weight modules (the
latter problem is closely connected to classification of a certain class of “large” primitive ideals).

In the present paper we introduce analogous star actions for basic classical Lie superalgebras
using different ideas than the ones used in [GG] for q(n), namely, based on Serganova’s notion
of odd reflections and the naturally defined reflection for an even simple root. We show that the
star actions for basic classical Lie superalgebras and for q(n) are naturally related to twisting
functors and inclusions between annihilator ideals of simple highest weight modules. All those
star actions lead in general not to an action of the Weyl group, but to an action of an infinite
Coxeter group which projects onto the Weyl group.

This concept of our star actions for basic classical Lie superalgebras leads to several non-
equivalent star actions for one superalgebra. This indicates that there will exist more inclusions
between primitive ideals for Lie superalgebras than for Lie algebras. An important difference
between basic classical Lie superalgebras of type I and type II is that for those of type I the
usual Weyl group action is a particular choice of the star action, whereas for type II the latter
only holds for typical weights. For both types we prove that, for weights sufficiently far away
from the walls of the Weyl chamber which we call (weakly) generic, all star actions coincide
and lead to an action of the Weyl group. We similarly prove that in the generic region the star
action for q(n) leads to an action of the Weyl group.

We obtain a full classification of primitive ideals and their inclusions in the generic region
based on the star action. For basic classical Lie superalgebras of type II, this implies that
the description of these inclusions is not given by the usual undeformed Weyl group action.
For classical Lie superalgebras of type I, our methods lead to more conclusive results and we
rederive Letzter’s bijection, with the addition that all inclusions between primitive ideals for
the Lie algebras are preserved under this bijection. As noted before, different choices of star
actions provide a mean to obtain additional inclusions, which we demonstrate explicitly for
singly atypical characters, confer [VdJ, VHKT]. Therefore star actions are important, on the
one hand, to describe the well-behaved structure in the generic region for type Il and, one the
other hand, to explore the more complicated behaviour close to the walls of the Weyl chambers
for both types.

A usual way to study inclusions between annihilator ideals for simple highest weight modules
over Lie algebras is to use Joseph’s completion functors and Arkhipov’s twisting functors, see
[AS, KM, MS2] for more details on various versions of these functors. For example, the results
of [AS] directly connect the study of annihilator ideals with Kazhdan-Lusztig combinatorics.
This will be made explicit in the proof of Proposition 9.5. Twisting functors have already been
introduced in [CMW] for gl(m|n) and the special case of simple even roots, in order to obtain
equivalences of non-integral blocks for category . In the present paper we study twisting
functors for classical Lie superalgebras in full generality. In particular, we extend the result in
[CMW] on the equivalence of categories between different non-integral blocks. This is closely
related to the star action mentioned above, as it turns out that in the context of such equivalences



the role of the usual Weyl group is taken over by the new star action. We generalize to the Lie
superalgebra context most of the classical results on twisting functors, including their action
on simple highest weight modules, Verma modules and projective modules; description of the
derived functor and cohomology functors; and applications to the study of the cohomology of
simple highest weight modules.

The paper is organised as follows. In Section 2 we review necessary notions for classical Lie
superalgebras which are relevant to the rest of the paper. In Section 3 we extract some results
of [Mal, Mu2, Mu3] which provide a full classification for the inclusions between primitive ideals
for the small rank Lie superalgebras osp(1|2), q(2) and s[(2]1). These serve as useful illustrations
but also as part of the derivation of the results for the other Lie superalgebras in further chapters.
In Section 4 we state some general technical facts about annihilator ideals, which are well-known
for Lie algebras and which extend naturally to Lie superalgebras. In Section 5 we define twisting
functors on category O and study their properties. A useful fundamental property, which will
imply that many classical results carry over, is that they intertwine the restriction and induction
functors which act between category O for the Lie superalgebra and for its underlying Lie algebra.
We study the action of twisting functors on simple and Verma modules, prove that the derived
functor leads to an auto-equivalence of the bounded derived category D°(O) and establish their
relation with annihilator ideals. In Section 6 we use the equivalences of categories for (strongly)
typical blocks, proved by Gorelik in [Go3] for basic classical Lie superalgebras, by Serganova
in [Sel] for p(n) and by Frisk and the second author in [FM] for g(n), to classify inclusions
between primitive ideals for typical blocks. In Section 7 we introduce the notion of generic
modules similar to [Pe, PS] and obtain some preliminary results for such modules. Section 8 is
devoted to the star actions. In Subsection 8.1 we give the definition of a star action for basic
classical Lie superalgebras and illustrate their connection with twisting functors and primitive
ideals. Then we prove that all star actions become identical and regular in the generic region. In
Subsection 8.2 we focus on a central example of a star action for osp(m|2n). In Subsection 8.3
we prove that we can extend our results on star actions of basic classical Lie superalgebras to the
one for q(n) as defined in [GGJ. In Sections 9 and 10 we study primitive ideals of respectively
q(n) and osp(m|2n). The main result is a full classification of primitive ideals, and all inclusions
between them, in the generic region. In Section 11 we focus on primitive ideals of classical
Lie superalgebras of type 1. We reobtain Letzter’s bijection and describe inclusions between
primitive ideals. Finally, we make some remarks on the annihilator ideals of Verma modules
in Section 12. The main conclusion is that inclusions between such annihilators are naturally
described in terms of the usual Weyl group orbits, not by the star action.

2 Preliminaries

We work over C and set N = {1,2,3,...} and Z; = {0,1,2,3...}. For a Lie (super)algebra
a, we denote by U(a) the corresponding universal enveloping (super)algebra and by Z(a) the
centre of U(a). Let g = g5+ g7 be a Lie superalgebra. From now on we assume that g is classical
in the sense that gj is a finite dimensional reductive Lie algebra and g7 is a semi-simple finite
dimensional gzg-module. We do not require g to be simple. The concrete list of classical Lie
superalgebras we consider is given by the following:

gl(m|n), sl(m|n), psl(n|n), osp(m|2n), D(2,1;a), G(3), F(4), (2.1)
p(n), p(n), a(n), sa(n), pa(n) and psq(n).



For the definition of these algebras except the last four, see [Mu4]. The definition of the last
four Lie superalgebras (called superalgebras of queer or Q-type) can be found in Section 3.2 of
[Go4]. When the statements or proofs for the algebras of Q-type differ from the other cases we
will write them only explicitly for q(n). However, they also hold for the other three, where it
should be taken into account that the notion of strong typicality for sq(n) and psq(n) differs
from that for q(n).

The classical Lie superalgebras of type I are the ones that possess a Z-gradation of the form

0=0-1Dgo D with g5 = go and g7 = g1 D g1.

This restricts to gl(m|n), sl(m|n), psl(n|n), osp(2]2n), p(n) and p(n). The others are called
the classical Lie superalgebras of type II. Classical Lie superalgebras are called basic if they have
an even invariant form, see e.g. [Ka, Mu4], these are the ones on the first line of the list (2.1).
We fix a Cartan subalgebra h and Borel subalgebra b, see Chapter 3 in [Mu4]|. Note that
all algebras we consider, except those of Q-type, have a purely even Cartan subalgebra b = bg.
The set of roots corresponding to b is denoted by A, so g = b+ > ca da- The set of positive
(negative) roots corresponding to b is denoted by AT (A7), the subset of simple positive roots
by II. The sets of even and odd roots are denoted respectively by A and Ag with similar
notation for positive and negative roots. We have the corresponding triangular decomposition

g=n ®hont

with n™ = ®pca+8a, N = Dpea-0a and b=hdnt.

The Weyl group W acting on h% is the Weyl group W (gg : bg) of the underlying Lie algebra.
This group is generated by the simple reflections s, for « simple in Ag . The basis of simple
roots in Ag is denoted by IIj. This basis is not to be confused with the the subset of simple
roots in A1 which are even, since, in general, I # IINAg. The longest element of W is denoted
by wyg.

We define

1 1
106:§ZO‘7 Pr=5 e and p=py— p1.
e ac(ain-a))

We follow the convention of e.g. [Mu3, Mu4] to denote the p-shifted action of the Weyl
group by w - A = w(A + p) — p and the py-shifted action by wo A = w(A + py) — py. Note that
in the specific case g = q(n) this implies that w - A = wA, which leads to a different notational
convention from e.g. [FM, GG].

The Verma module with highest weight A € b% is denoted by

M®(X) = U(g) @) Lo(N),

with Ly()\) a b-module which is a simple h-module with trivial nT-action and on which b5 acts
through the weight A\. This module Ly(A) is uniquely defined up to parity change and is one
dimensional if g is not of Q-type. Only for algebras of Q-type and only for certain choices of
A the module Ly(A) is invariant (up to isomorphism) under the parity change (see e.g. [Go4]
for details). Except for some algebras of Q-type it is possible to distinguish between a Verma
module and its parity changed by their super-character. Since it is not relevant for the purposes
of this paper, we will not make any explicit distinction between the two Verma modules with



the same highest weight. The unique simple quotient of a Verma module is the simple module
with highest weight A. It is denoted by L(b)()\), which is subject to the same parity change
issues as the corresponding Verma module. In most cases we will leave out the explicit reference
to the Borel subalgebra and denote the Verma module and its simple quotient by M(\) and
L(\), respectively. We denote by Mg(A) and Lg(\), respectively, the Verma module with highest
weight A and the corresponding simple highest weight quotient for the Lie algebra gg.

For any « € A%r we define o = 2a/(a, ). A weight A € bZ is called integral if there is a
finite dimensional g-module for which the corresponding weight space is nonzero. The subset of
integral dominant weights is defined as

Pt ={xeb’|dimL(\) < oo}

Note that for an integral weight A, the condition (\,a") € Z for a € Ag is always satisfied.
For non-integral weights A we define the subsystem of roots (known as the integral root
system)
AN ={aeAl(N\aY)eZ},

with corresponding integral Weyl group W) C W generated by s, for a € A()A). This integral
Weyl group can equivalently be defined as

Wy ={weW|wl)—X\eP}, (2.2)
see Section 3.4 in [Hu]. The basis of simple roots in A(A\) N A™ is denoted by ITx. Then the set
W = {we W|w(l) c AT} (2.3)

is a set of left coset representatives for Wy in W, see e.g. Lemma 15.3.6 in [Mu4].

For each classical Lie superalgebra there is a distinguished Borel subalgebra (distinguished
system of positive roots) as defined by Kac in [Ka]. In the distinguished system of positive roots
for Lie superalgebras of type I, each simple root in A%r is also simple in A™.

For « a root simple in A%r we say that a module M is a-free (respectively a-finite) if for a
non-zero Y € (gg)—a the action of Y is injective (respectively locally finite) on M. Note that
for all algebras in the list (2.1) we have dim(gy)—o = 1. A simple module is either a-finite or
a-free. The following property then follows immediately from reduction to sl(2).

Lemma 2.1. Consider \ € f)% and « a simple root in Ag. For all classical Lie superalgebras g
we have that
Lg(A) is a-free = L(\) is a-free.

This is equivalent to
L(\) is a-finite = Lg(N) is a-finite.

If a or /2 is also simple in At and (97), = 0, the implications can be reversed. In particular,
this is always the case if g is of type I with distinguished system of positive roots.

As in [Mal, Mul, Mu2, Mu3], for any A € b5 we use the notation

I(A\) = Anng () Lg(A) and  J(A) = Anng g L(A)



for primitive ideals of the underlying Lie algebra and the Lie superalgebra, respectively. Note
that the annihilator ideal of a g-module is the same as the annihilator ideal of the parity re-
versed module. The possible ambiguity in the definition of L(\) is therefore not reflected in the
definition of J(A).

We mention the following result on primitive ideals for gg, which can be obtained immediately
from Corollary 2.13 in [BJ] or Lemmata 5.4 and 5.6 in [Ja].

Lemma 2.2. Consider two gg-dominant weights Ay, Ao with Ay — Ay € P and u,w € W. Then
we have

IfuoAy) CI(wolAy) < I(uolg) CI(woAs).

We briefly review the notion of (strong) typicality for basic classical Lie superalgebras and
for q(n). Since we do not need the explicit definitions for atypical roots for Lie superalgebras of
strange type, we just refer to [PS, Sel].

Let g be basic classical. Typical weights A € h* are weights which satisfy (A + p,v) # 0 for
any isotropic root vy € A% . Strongly typical weights are those which satisfy (A4 p,~y) # 0 for any
odd root v € A%’ , see [Go3]. This implies that for all basic classical Lie superalgebras, except
0sp(2d + 1|2n) and G(3), strongly typical and typical are the same concept. An isotropic root
~ for which (A 4 p,v) # 0 is called an atypical root for . It follows from the Harish-Chandra
isomorphism for basic classical Lie superalgebras (see e.g. Section 13.1 in [Mu4]) that the only
weights p € h* for which L(p) admits the same central character as L(\) for A typical are in the
p-shifted Weyl group orbit of A. Therefore the notion of a (strongly) typical central character
arises. In [Go3| Gorelik proved that strongly typical blocks in the category of g-modules are
equivalent to blocks of the category of gg-modules. For a strongly typical central character
X : Z(g) — C there exists a perfect mate, which is a central character X : Z(gg) — C such that
the functors

(Indga—)x and (Resga—)% (2.4)

are the functors inducing this equivalence of categories.

Now we consider g = q(n), then Ag = A% ={e — ¢l <i<j<n} sop=0. A weight
A € b is atypical with respect to o € A}r if (\,@) =0, with ¢, —¢; = ¢ + ¢;. The weight A
is typical if it has no atypical roots. For the explicit definition of strongly typical weights see
e.g. [FM]. In that paper the result from [Go3] on equivalences of categories for strongly typical
blocks of basic classical Lie superalgebras was extended to strongly typical regular blocks of
q(n).

An important role will be played by odd reflections, see e.g. Section 3 in [Se2] or Section 3.5
in [Mu4]. Therefore we briefly review the concept underneath, we restrict to basic classical Lie
superalgebras here. Two systems of positive roots (of which we denote one by A1) which have
the same even positive roots (A%r ) are called adjacent if there is an isotropic root 7 simple in

AT such that the other system of positive roots is equal to (AT\y) U {—~}. Then we also say
that the second system of positive roots is obtained from A™ by application of the odd reflection
corresponding to .

Now consider two arbitrary systems of positive roots A" and A+, such that A%r = Ag .

Correspondingly we have two Borel subalgebras b and b, with by = 66' Theorem 3.1.3 in [Mu4]
then states that there exists an ordered set of odd isotropic roots {'y(l), e ,’y(p)} such that
the corresponding sequence of odd reflections is well defined and, starting from AT, eventually
yields A*. In particular, the root ’y(l) is positive simple in AT, the root 7(2) is positive simple



in the second system of positive roots defined as (A+\7(1)) U{—+M} and so on. The procedure
is repeated until the odd reflection with respect to v) yields AT,
How highest weights of the same highest weight module in different systems of positive roots

(with the same A%r ) are related is summarised in the following lemma, confer Lemma 0.3 in
[PS].

Lemma 2.3. Let g be a basic classical Lie superalgebra with two Borel subalgebras b and 6, such
that by = by, which are related by the ordered set of odd isotropic roots {’y(l), e ,'y(p)} as above.
The highest weight modules of a simple module in the different systems of positive roots,

LO) = 1O,

satisfies
R q P q
A=A+ vitp—p=r= A+
i=1 j=1 i=1

where the ordered subset {y1,-- , 7} C {yWM,--- 7P} is given by the following recursive algo-
rithm. The root v1 is equal to ¥ for i1 the smallest i1 such that (AN p, ’y(i)> = 0. The root vs
is equal to vs) for iy the smallest i > is_1 such that (\+~1 + - +vs—1 + p,7D) = 0.

Proof. Consider the Verma module M (®) (M\). The dimension of the weight space of weight A—~(1)
is one, since v(!) is simple in A*. We denote a non-zero vector is this weight space by z. This
x is a highest weight vector if and only (\,7™M) = (A 4 p,7M) = 0.

Now we consider M (®)(\) in the system of positive roots given by (AT\ryM)U —+1), In this
system, the weight of x is the highest weight of M(®)()).

If z is not a highest weight vector (with respect to b), it generates M (")()), showing that
M®()) is still a Verma module with respect to the new Borel subalgebra, but now with highest
weight A — (). Since the simple module is isomorphic to the quotient of this Verma module
with respect to its maximal submodule, the new highest weight is A — v(!). If z is a highest
weight vector (with respect to b), it is factored out in L(®)()), so L(®)()\) is a quotient of the
module N := M®) ()\)/(U(g)z). The highest weight of N is still X in the new system of positive
roots.

From these considerations one obtains that the highest weight of the module L(®) (\) in the
second system of positive roots is as follows:

o A—yWif (A4 p,m1) #0,
o \if (A +p,71) = 0;

which corresponds to the proposed expression if p = 1. Then we proceed by induction. We
assume the formula is valid for the system of roots obtained by applying the odd reflections
corresponding to {y),---  v®} with 1 < ¢ < p, which we denote by A*. If L®)(\) = LO)(X)
with A = )\—l—zglzl ~; + p— p, then the highest weight in the new system of positive roots depends
on

q/
G0y = X 5,7y = A+ 3 + p,70FD),
=1

from which the claim follows. O



Corollary 2.4. Let g be a basic classical Lie superalgebra with two Borel subalgebras b and
b such that by = bg. If A € b* is typical, then we have the following isomorphism of Verma
modules for the different Borel subalgebras

M®(X) = U(g) @u(e) Cr = U(g) @) Coarpp = MO A+ p = p)
and the corresponding isomorphism of simple modules
LOM) = LON+p - p).

We will use the BGG category O for Lie superalgebras, see e.g. [Ma2, Mu4]|. One of the
equivalent ways of defining this category is as the subcategory in g-smod consisting of all objects
which are mapped to Oy under Resgﬁ, with Of being the corresponding BGG category for gg,
see [BGG, Hu]. The bounded derived category of O is denoted by D°(0). The indecomposable
projective cover of L(\) in O is denoted by P(\).

In the following paragraphs we study decompositions of O into blocks related to central
characters, we leave out the strangle algebras p(n) and p(n). The block of O corresponding to
a central character x : Z(g) — C is denoted by O,. As for Lie algebras, the block O,, is not
indecomposable if A is not integral. We introduce

b5 dom = 1A € b5 | A is maximal with respect to the p-shifted action of Wy}.

The category O, is then defined as the Serre subcategory of O generated by L(u) € O, with
w € XA+ P. According to the description of the integral Weyl group in equation (2.2) and the
condition on two weights to have the same central character, which can be found in Section 13.1
in [Mu4] for basic classical Lie superalgebras and in [Sv] for the algebras of Q-type, we have

Lp) €Oy & p=w-(A=>_kj;) forsomew € W, and a maximal
set {7;} of mutually orthogonal atypical roots of .

This shows that our definition of Oy coincides with the particular case of gl(m|n) in [CMW].
From the definition and the property ZA C P it is also clear that there are no extensions
between modules in strictly different categories Oy and O):.

For atypical weights there will be several weights p in A + P that are W) = W),-dominant
and that satisfy x) = x,. Therefore we define an equivalence relation as follows:

for A, € b5 4o Weset A~ pif A—peP and x\ = xu-

In other words A ~ p iff O,, = Oy. This yields the decomposition O = Ach:  m O, where
0,dom

an arbitrary representative in f)a dom 18 chosen for each element of the quotient b%’ dom / ~. In
particular, we also have
Oy, = B Oua (2.5)
weWw
If g is a reductive Lie algebra, the equivalence relation ~ becomes trivial and the usual decom-
position into indecomposable blocks is obtained.

For the superalgebras p(n) and p(n), the corresponding universal enveloping algebra does
not have a relevant centre Z(g). Whenever O, is used we silently assume that it is just given
by O for those algebras. The subcategory O, is thus the Serre subcategory generated by the
simple modules {L(p) | € X+ P}.



3 Primitive ideals for osp(1]2), q(2) and s[(2|1)

In this section we review the classification of primitive ideals and inclusions between them for
0sp(1]2), q(2) and sl(2]1), as can be found in [Mal, Mu2, Mu3]. The underlying Lie algebras for
these Lie superalgebras are s[(2) or gl(2), so the Weyl groups are all isomorphic to Zs.

3.1 Primitive ideals for osp(1]2)

The Cartan subalgebra of 0sp(1]|2) is one-dimensional. There is one even positive root o and
one odd positive root /2. All weights of 0sp(1]2) are typical, so all inclusions between primitive
ideals can be obtained from the results in the subsequent Section 6. These inclusions also follow
from the results of Musson in Theorem B and Theorem 1.4 in [Mu3].

Proposition 3.1. Consider g = 0sp(1|2) and s the only non-trivial element of the Weyl group.
The only inclusions between primitive ideals are given by

o Anng ) L(p) = Anngg) L(N) for A not integral and jp = s - A,

o Anng ) L(p) C Anngg)L(A) for A integral dominant and = s - \.

3.2 Primitive ideals for q(2)

The Cartan subalgebra § of q(2) has super dimension 2|2. There is one even positive root €; — €2
which is also an odd root. A weight A € b5 is integral if (A, e1 — €2) € Z, it is dominant if
<)\,€1 —€2> eNorif A=0.

Proposition 8 in [Mal] classifies primitive ideals for q(2). Even though it is not stated
explicitly in the proposition, also inclusions between primitive ideals can be derived from the
proof. This can be summarised as follows in terms of the star action defined as follows:

sk A=sAif (\,e1 +e) #0 and sxA=s\—e +eif (\e; +€) =0,
see Section 8.3 for more details on this star action.

Proposition 3.2. Consider g = q(2) and s the only non-trivial element of the Weyl group. The
only inclusions between primitive ideals are given by

o Anng ) L(p) = Anngg) L(A) for A not integral and jn = s * A,

o Anngg)L(p) C Anngg) L(A) for A integral dominant and = s * \.

Simple modules over pq(2), sq(2) and psq(2) are discussed in Subsections 3.10, 3.11 and 3.12
of [Mal].

3.3 Primitive ideals for s((2[1)

The Cartan subalgebra of s[(2|1) is 2-dimensional. The distinguished system of positive roots
has simple roots €; — €2 and €2 — §. Weights are given by kie; + koeo + 16 with k1 + ko + 1 = 0.
Inclusions between primitive ideals for s[(2|1) were classified by Musson in Theorem 3.1 in [Mu2].

Proposition 3.3. Consider g = sl(2|1) and s the only non-trivial element of the Weyl group.
The only inclusions between primitive ideals are given by



o Anng ) L(p) = Anngg) L(A) for (A, e1 —€2) €Z and p =5+ A,
o Anngg)L(p) C Anngg)L(A) for (A +p,e1 —e2) €N and p=s- X\ and
o Anng ) L(ez — ) C Anng(g) L(0).

4 Technical tools for primitive ideals
For a central character x : Z(g) — C and a module M € O we define
M, ={ve M|(z—x(2))fv =0 for all z € Z(g) for some k depending on z}.

Any module in O decomposes into such modules corresponding to different central characters.
The following result is an immediate generalisation of the ideas in Section 2.7 in [BJ] or Section
5.3 in [Ja].

Lemma 4.1. Consider a g-module M € O and a central character x : Z(g) — C, with the
corresponding maximal ideal my = ker x € SpecZ(g) and the two-sided ideal I,, = U(g)m, in
U(g). If the submodule M, admits the central character x, i.e. m\M, = 0, then we have the
equality

Anng ) My = I, + Anng ) M.

If the condition m, M, = 0 is dropped, we have the more general equality

\/AnnU(g)Mx = \/IX —+ AIHIU(E)]\I7

where v X stands for the intersection of all prime ideals containing X .

Proof. The module M decomposes as M = M, EszlMXi for k other central characters *. If
my M, = 0, then I, C Anny ) M,. Therefore

IX 4 AIlIlU(g)M = IX + (ﬂleAnnU(g)MXi N AHHU(Q)MX)
= (IX + ﬂ;?:lAnnU(g)Mxi) N AnnU(g)MX‘

The ideal I, + ﬂleAnnU(g)MXi contains the entire centre Z(g) since m, is a maximal ideal.
Since 1 € Z(g), we have (I, + ﬁleAnnU(g)MXi) = U(g) and the first statement follows.

Now we consider the general case and we set X := x. Let @ be a prime ideal which contains
I, + Anng M. Since AnnggM C Q, there is an 0 < ¢ < k for which Annyg)M,: C Q.
Furthermore, there is an [ € N such that I)l(i C M,:, thus I, C Q follows. Since I,0o C Q and
IXO + IXi = U(g) if ¢ # 0, we obtain AnnU(g)MX C Q.

If @ is a prime ideal which contains Anng g My, then similarly I, C @ and naturally
Anng )M C Anny )My, C Q, so Q contains Iy + Anng )M, which completes the proof. O

This leads immediately to the following conclusion.

Corollary 4.2. Assume that for two g-modules we have Anng gy M C Anng()N. If for a central
character x : Z(g) — C we have M, =0, then Ny, =0 follows.

Proof. Lemma 4.1 implies that U(g) C /Anngg)Ny. Since Anng )Ny # U(g) would imply
that Anng )Ny is contained in a non-trivial maximal ideal, the result N, = 0 follows. O
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As in Lemma 15.3.17 in [Mu4] or in Section 2.4 in [BJ], we have the following result.

Lemma 4.3. For two g-modules M and E with E finite dimensional and simple, the annihilator
ideal of the tensor product M ® E is given by

A_I(AnnU(g)M @U(g)+U(g) ® AnnU(g)E)
where A : U(g) — U(g) @ U(g) is the comultiplication of the Hopf superalgebra U(g).
The following lemma corresponds to Lemma 3.8 in [BJ].

Lemma 4.4. Consider a subalgebra a of g. The annihilator ideal of the g-module IndiM for an
a-module M satisfies

AnnU(g)IndgM = Anng g (U(g)/ (U(g)AnnU(a)M)) )
In particular, for two a-modules My and Ms it follows that
Anng )My € Anng )Mz implies AnnU(g)Indng C AnnU(g)IndgMg.
Proof. We denote the two ideals by
I := Anng)IndM  and Iy := Anng g (U(g)/ (U(g)Anng g M)) .

We have x € I3 if and only if xu € U(g)Anny oM for every u € U(g). Hence I C 1.
Now consider z € I;. Then for any u € U(g) and v € M we have

ru®v=0 in U(g) ®yn) M.

The PBW theorem allows to rewrite zu = ) ; uja; for uj written in terms of representatives of
a basis for g/a and a; € U(a). Then we have

Qju;@ajv=0 1in U(g) @p@ M for every v € M.
This can only be satisfied if ajv = 0 for every j which implies zu € U(g)AnnyqyM,soz € Ir. [0

An immediate consequence for classical Lie superalgebras is that annihilator ideals of simple
finite dimensional modules can never coincide.

Corollary 4.5. If A€ PT and p € bs are such that J(A) = J(p), then A = p.

Proof. The Gelfand-Kirillov dimension immediately implies that L(u) is finite dimensional as
well, so also p is integral dominant and we write Ay = A, Ay = p.
If A1 # Ao, we can assume without loss of generality that Ay £ As. It follows immediately
that (ResgaL(Ag))Xa = 0 while (ResgﬁL(Al))Xg = Ly(A1). Corollary 4.2 applied to the Lie
Aq A
algebra gy therefore yields the inequality J(A1) N U(gy) # J(A2) N U(gg), which concludes the
proof. O

The following results are applications of the ideas for primitive ideals of Lie algebras in
Section 15.3 in [Ja] or Section 15.3.2 in [Mu4]. A parabolic subalgebra p of g, see [Ma2, Mu4],
is a subalgebra that contains the Borel subalgebra b = h @ n™. We have the corresponding
parabolic decomposition

g=u @lou’
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with p = [®u™, where [ is the Levi subalgebra and u™ the radical of p. Define ¢; : U(g) — U([) as
the corresponding partial Harish-Chandra projection with kernel u~U(g) + U(g)u™. The simple
[-module with highest weight X is denoted by Li(A) = L(\)*", with M*" the l-module consisting

of vectors in the g-module M annihilated by all elements of u™, and the corresponding primitive
ideal by I[()\) = AnnU([)L[(x\).

Lemma 4.6. The primitive ideal J(X) for X € bg can be expressed as
JA) ={u € U(g)|¢i(uruuz) € Ii(N\) for all uy,uz € U(g)}.

Proof. Since the augmented ideal U(u™); = u~U(u™) is stable under the adjoint l-action,
LO)*" nu~L(\) = 0 follows. Therefore we have the decomposition of -modules

LA = LY @ u"L(\).

We denote the -invariant projection of L(A) onto L(A)*" 2 Li()), orthogonal to u~L()), by P.
If w € J(\), then, in particular, P(uv) = 0 for every v € L(A\)*". The decomposition above
implies P(uv) = (i(u)v, so (((u) € Ii(A). Since J(A) is an ideal, ujuusg is also in J(A) and we
obtain
J(A) € {u € U(g)|¢(uruug) € I(X) for all uy,us € U(g)}.

Now assume that for an u € U(g) we have that ((ujuug) € I;(\) for all uy,us € U(g) but
u ¢ J(A). Then there are nonzero x,y € L(\) such that y = uz. Since L(\) is a simple g-module,
we can write # = uga’ and y/ = uyy for some up, ug € U(g) and nonzero #’,y' € L(A)*", which
gives y' = ujuuga’. This leads to a contradiction with {((ujuusz) € Ij(A). O

Corollary 4.7. Consider g a classical Lie superalgebra with parabolic subalgebra p = [+u™. If
I(N) € I(p), then J(X) C J(p).

Proof. According to Lemma 4.6, u € J(\) implies that {j(ujuug) € I}(A) for all uy,us € U(g),
so, in particular, {((ujuus) € Ij(p) for all uj,us € U(g). Again by Lemma 4.6, this implies that
ue J(p). O

This implies that Corollary 5.14 in [Ja] on simple reflections for Lie algebras can be gener-
alised to reflections for even simple roots for Lie superalgebras.

Lemma 4.8. If o simple in Ag we have that either o or a/2 is a simple even root in AT and
(95),, = 0, then

* J(Sa ’ )‘) = J()‘) if </\7 a\/> ¢ Z,
o J(sq-A)CJN) if (N aY)EZ and so- XA < .

Proof. Since « (respectively «/2) is simple we can define a parabolic subalgebra b @ g_, (re-
spectively b @ g_,/2 © g—a). The Levi subalgebra is given by s[(2) (respectively osp(1|2)), so
the result follows from the combination of Corollary 4.7 and the result for sl(2) or osp(1]2), see
Proposition 3.1. O

For q(n), the corresponding statement can be written in terms of the star action of Sub-
section 3.2, which has been introduced in [GG| and will be studied further in the subsequent
Subsection 8.3.
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Lemma 4.9. Consider g = q(n). For o a simple root and \ € h% we have the inclusions
o J(saxA)=JN) if \,aV)€Z
o J(sa*xAN) CJN) if (N, oY) €EZ and 5o x X < .

Proof. Similarly to the proof of Lemma 4.8, this can be reduced to the corresponding result for
q(2) in Proposition 3.2. O

Remark 4.10. The same statement holds for pq(n), sq(n) and psq(n) with n > 2, since the
proof can also be reduced to n = 2.

5 Twisting functors on category O

For each simple root « in AT we define an endofunctor T, on @. This extends, similarly as in
[CMW], the concept of the corresponding functors for semisimple Lie algebras, originally defined
by Arkhipov in [Ar] and further investigated in more detail in [AL, AS, KM, MS2].

For a € Iy, fix a nonzero Y € (g5)_,, and let U/, be the (Ore) localization of U(g) with
respect to powers of Y. Then U(g) is a subalgebra of the associative algebra U/, and the
quotient U, := U/, /U(g) has the induced structure of a U(g)-U(g)-bimodule. Let ¢ = ¢, be
an automorphism of g that maps (gi)z to (8i),, (5 for all 8 € I and i € {0,1}, which can
be constructed as in Definition 2.3.4 in [Ar]. Finally, consider the bimodule ¥U,, which is
obtained from U, by twisting the left action of U(g) by ¢. The same construction applied to
the underlying Lie algebra gg leads to the U(gg)-U(gg) bimodule U9,

The functors on g-smod and gz-mod corresponding to tensoring with these bimodules are
denoted by T, = YUy ®p(g) — and T = »UY QU (gg) — The latter is the twisting functor
on category Op from [AL, AS, Ar, KM]. The following lemma proves that T, also defines an
endofunctor of O, which we also call the twisting functor.

Lemma 5.1. The functor T, restricts to an endofunctor of O. The induction and restriction
operators intertwine the twisting functors (up to isomorphism of functors):

Toolndd =nd} oT0  and  Resl oT, = TJoRes].

Proof. The isomorphism of g x gg-modules U, = U(g) QU (gg) Ug implies an isomorphism of
functors as follows:

Ua @u(g) U(9) ®(gy) — = Ua Qu(gy) - = U(9) Qu(gy) Un Qu(gy)

which proves that Taolndg6 = IndgﬁoT ¥ as functors on Og. The proof of the second isomorphism

Resg6 oT, 2 T2o Resga is identical to the one of Lemma 3 in [KM]. The fact that T, takes
elements of O to elements of O then follows from this second property, the definition of O as
the category of g-modules which gets mapped by Resﬁa to O and the fact that the functor Tg“
is an endofunctor of 0. O

An interesting case is when « is a simple root of A%r and a/2 € A% . Then one could also
define a twisting functor by using the localisation of U(g) with respect to a non-zero element in
Z € (g1)—ay2- For the algebras in the list (2.1) this can only occur for osp(m|2n) with m odd
and for G(3). For those cases [Z, Z] gives a non-zero element of (gj)o. The following Lemma
then shows that this approach yields an isomorphic twisting functor.

13



Lemma 5.2. For « simple in A%’ and a/2 € A%‘, the Ore localisation of U(g) with respect
to the powers of a nonzero Y € (gg)—a is isomorphic, as an U(g)-U(g)-bimodule, to the Ore
localisation of U(g) with respect to the powers of a nonzero Z € (g7)—_a/2-

Proof. This follows immediately from the fact that up to a non-zero multipliciative constant we
have the relation Z2 =Y in U(g). O

As in the classical case, twisting functors satisfy braid relations, in particular, we have the
following statement.

Lemma 5.3. Consider w € W with two reduced expressions w = sq, -+ 8q, and w = sg, - - 5g,
then we have
Toy 0Ty 0 0Ty, =Tp 0Tp,0---0Tp,.

Proof. Mutatis mutandis Corollary 11 (including Lemma 13 and Theorem 11) in [KM]. O

Lemma 5.4. The functor T, is right exact. The left derived functor LT, : D*(O) — D*(O)
satisfies LTy, =0 fori > 1.
Furthermore, for M € O we have the properties

ToM =0, if M is a-finite;
LA\T M =0, if M is a-free.

Proof. The right exactness is immediate from construction.
The property £;T0 = 0 for i > 1 is proved in Theorem 2.2 in [AS]. Also the properties on
a-free and a-finite modules for 7Y follow from [AS]. Now we look at the right exact functor

g — 70 g . _
Resg 0o To =T, o Resg_: O = 0.

Since Res% is exact, T, sends projective modules to Resgﬁ—acyclic modules. Conversely, since
projective modules in O are a-free, Resga sends projective modules to T9-acyclic modules (using

the properties of Tg stated earlier). The Grothendieck spectral sequence (see Section 5.8 in
[We]) therefore yields

Resga o LT, = LT o Resg6 (5.1)

for i« € N. All properties in the lemma follow from this observation and the corresponding
properties of T0. O

Denote by Sg (respectively S) the subfunctor of the identity functor on Oy (respectively O)
given by taking the maximal a-finite submodule. These functors also intertwine the functors
Resg. and Indga. From equation (5.1) and Theorem 2(1) in [MS2] we have:

Corollary 5.5. For any M € O we have Res§_ o L1T,(M) = S0 o Resg (M) = Resg_ o S(M).

Remark 5.6. On O, with x a strongly typical central character and for g basic classical, this
can be generalised to £1T, = S, which follows from equation (2.4).

Lemma 5.7. Consider a simple in Ag and X € b%, then chTo M (X) = chM (sq - N).
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Proof. The PBW theorem implies that the gz-module ResgaM (M) has a filtration by Verma
modules for g, where the set of occurring highest weights is given by

A+ BITcAT}

Bel

If g is of @-type, the weights in the set above appear with a certain constant multiplicity,
otherwise exactly once.

Lemma 5.4 for gz and Lemma 5.1 then imply that chT,M () is equal to the sum of the
characters of T acting on the Verma modules in the filtration. Lemma 6.2 in [AL] shows that
chTO Mg(u) = chMg(sq 0 p) for any p € hs- The character of T, M(A) is therefore equal to the
sum of the characters of Verma modules of g5 with highest weights

{sa0 A+ Y A CATY = {sa- A+ BT C ALY,
Bel Bel

which is a standard equality, see e.g. the proof of Lemma 3 in [GS] for the basic classical case.
This proves the lemma. O

Corollary 5.8. Let g be a Lie superalgebra in the set {s[(2),0sp(1]2),q(2)}. Consider X € b,
which is assumed to be strongly typical in case g = q(2), then

ToM(A) = M(sq-A)  if A +p,a”) €Zy or (N +p,aY) & 7.

Proof. In all of these cases the module M (s, - \) is simple, see [Mal] for the case g = q(2). Since
the simple modules are determined (up to possible disregarded parity) by their character, the
property follows from Lemma 5.7. O

Lemma 5.9. Consider o simple in Ag and A € bg. Assume that either
o acll or a/2 €11 with (g7), =0 or
o )\ is typical.

Then TuM(X) = M(sq - A) if (A +p,aY) € Zy or A+ p,aY) € Z.

Before proving this lemma we note that in the remaining case, namely (A + p, @) € —N, the
module T, M ()\) corresponds to a twisted (or shuffled) Verma module, see [AL]. In this paper
we do not study such modules.

Proof. First we assume that g is not of Q-type.

If & or /2 is a simple root, then Verma modules can be defined through a two-step parabolic
induction, as in the equation underneath. If « is simple, the parabolic subalgebra is p,, := b+g_,,
if a/2 is simple, then p, := b+ g_,/2 + g—a. The Verma module is then given by

M®(X\) 2 U(g) ®p(p.) UPa) @) Lo (V).

The structure of the module T, M () then follows from the corresponding properties for s((2)
or 0sp(1|2) (the Levi algebra of the two types of parabolic subalgebras) in Corollary 5.8 as in
Section 6.6 in [ALJ.
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The situation where « is simple in A%r but not in AT excludes g to be in the family of
strange algebras p(n), so we are left with basic classical Lie superalgebras. Therefore we choose
a Borel subalgebra b of g containing by in which « or /2 is a simple root. Since A is typical,
Corollary 2.4 implies that M®)(\) = M®) (X + p — ). Using the previous result then yields
Ty, M® (X)) = M®) (s4(\+ p) — p), from which the claim follows.

Now let g be of Q-type. Since Ag = A% , the condition (g7)a = 0 is never satisfied. The
statement regarding strongly typical highest weights follows from Lemma 5.1 and the fact that
the equivalence of categories in [FM] maps Verma modules to Verma modules if A is regular.

The general case follows from reducing to Corollary 5.8 for ¢(2), through parabolic induction as
for s((2) and osp(1/2). O

Lemma 5.10. Consider A € b with (\,a) ¢ Z. Then T,L()) is simple and T2L(N\) = L(\).

Proof. Theorem 2.1 in [CMW] implies TOL5(v) = Lg(sa o v) if (v,a") € Z. Every simple gg-
module in the Jordan-Hélder decomposition of ReSgGL()\) is of the form Lg(v) with (v,a") ¢ Z
and therefore a-free. The left cohomology functors of T therefore annihilate any modules
composed with these modules Lg(v), according to Lemma 5.4 applied to gz. Lemma 5.1 then
implies that Res ToL(A) has a filtration with subquotients {Lg(sq o v)}, if Resg L()) has a
filtration with subquotients {Ly(v)}.

Now assume that the module T, L()) has a Jordan-Hélder decomposition with subquotients
{L(\)|i = 1,--- ,k}, where k > 0 and (\;,a") &€ Z because of the previous paragraph. Then
each T, L(\;) has a Jordan-Hélder decomposition with subquotients {L(Aij)|7 = 1,--- , k;}, with
k; > 0. The previous considerations imply

ki
chL(A) => Y chL();j)

i=1 j=1
and therefore k = 1 with T,,L(\) = L(A1) and ToL(A1) = L(). O
We have the following generalisation of Corollary 4.2 in [AS] and Theorem 2.1 in [CMW].

Proposition 5.11. For any central character x : Z(g) — C, the left derived functor LT, is an
auto-equivalence of the bounded derived category Db(OX).

Proof. To prove that T,, preserves every block O,, it suffices to prove that the action induced
on the Grothendieck group K (O) preserves the blocks K(O,). Since the Verma modules in O,
induce a basis of the Grothendieck group K (O, ), the property follows from Lemma 5.7. The
left derived functor LT, therefore defines an endofunctor of D°(0,,).

Decomposition (2.5) implies a decomposition of categories O, = O%i' ® OF 01 where the
simple modules L(u) in (9;‘1' satisfy (u,a") € Z and the simple modules L(u) in O% i satisfy
(, V) & Z. .

Lemma 5.10 implies that T;, yields a bijection of the simple modules in OF ™", while Corol-
lary 5.5 implies that T, is exact. Similarly to the proof of Theorem 2.1 of [CMW] one then
shows that T, induces an self-equivalence of O)"(‘n'i'.

Now we prove that LT, is an auto-equivalence of Db(Oféi'), where O;‘i‘ decomposes into
blocks Oy with (A, V) € Z. We denote by G, the (right) adjoint functor to T, on O, which
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by definition is left-exact. Similarly, denote by Gg the (right) adjoint functor to Tg on Oj.
Applying the adjunction automorphism to Lemma 5.1 we get that

G o Indg = Indg_ o Gg and Resg 0 Go = Gg o Resg. (5.2)

For a projective module P € O, consider the adjunction morphism P — G, 0T, P. Applying
Resg6 and using Lemma 5.1, isomorphisms (5.2), the fact that ResgﬁP is projective in O and
Corollary 4.2 in [AS], we get that ReSgGP — ResﬁaGa 0T, P =GY%oTY ResgﬁP is an isomorphism
and thus we also get that P — G, o T, P is an isomorphism. Similarly one shows that for any
injective module I € O the adjunction morphism T, o GoI — [ is an isomorphism.

Similarly to Theorem 5.9 in [MS1] it follows that RGy o LT, is isomorphic to the identity
functor on D‘(O;“') and that LT, o RG,, is isomorphic to the identity functor on D+(Ofgi').
Since D’(O¢") is the intersection of D~ (0¢") and DT (OF"), the claim follows. O

As a consequence of Proposition 5.11, we can generalise the equivalence of categories in
Proposition 3.9 of [CMW]. Since we can describe this result more precisely using the star
action, we postpone this statement to the subsequent Proposition 8.6.

Lemma 5.12. For V a simple finite dimensional g-module, the endofunctors of O given by
Too(—®@V) and (—® V) oT, are isomorphic.

Proof. Consider an arbitrary M € O. Since the Ore localisation of the beginning of this section
only concerns even elements, the proof of this fact can be completed by considerations for Lie
algebras made in [AS], therefore we only sketch it. The comultiplication of the Hopf superalgebra
U(g) can be extended to U), by the exact same formula as in Lemma 3.1 in [AS]. As in the
beginning of the proof of Theorem 3.2 in [AS], this comultiplication yields an U(g)-isomorphism

U;, Quigy (M@ V)= (U, @y M) @ V.
By factoring out the submodule
Ulg) ®u@ Mo V)=2MeV = (U(g) @ug M)V
on both sides and twisting the action of g by ¢, one obtains
Vo @u(e) (M@ V) = (PUa Gy M) @ V.

Since twisting the action of gg by (the restriction of) ¢ on a simple finite dimensional gz-module
yields an isomorphimic module (which follows from the central character), we have that ch¥V =
chV. Since V was assumed to be simple, we have ¥V =V s0 T,(M®V) = T,M ®V. Naturality
of the construction then yields an isomorphism between T, 0 (— ® V) and (— ® V) o T,. O

Now we prove how the twisting functor and its left cohomology functors behave with respect
to arbitrary simple modules in O.

Theorem 5.13. Consider )\ € b% and o simple in A%r.
(i) If L(X) is a-finite, then

ToL(A) =0 and LT L(\) = L(A).

(ii) If L(X\) is a-free with (\,a") € Z, then
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o LiT,L(N\) =0,

e ToL(X\) has simple head isomorphic to L(\),

o ToL(A) is an indecomposable extension of L(\) by an a-finite module,

e dim Homp (L(p), ToL(N)) = dim Ext (L(11), L(X)) for all L(p) which are a-finite.
(iii) If (N, ) € Z, then L1To, L(\) =0 and T, L(\) is a simple module.

Proof. First consider L()\) to be a-finite. The first property is a part of Lemma 5.4. The second
property follows from Corollary 5.5 by a character argument.

Now consider L(A) to be a-free with (A, ") € Z. First we study chT,L(\). For this we can
restrict to the reductive Lie algebra a = by @ (g5)a @ (g5)—a, which is isomorphic to the direct
sum of its centre with s[(2). The combination of Lemma 3 in [KM] and Lemma 5.1 implies
ResiT,L()\) = T Res§L(N), with T2 the twisting functor for s[(2). Since L(\) is a simple (and
therefore self-dual in O) a-free module, it follows that Res§L()) is a tilting module for sl(2).
Lemma 4 in [KM] therefore yields chT, L(\) = chL(A) @ chN with N an a-free module. This
implies that the only a-free simple subquotient of T,,L(\) is L(\) (occurring with multiplicity
one). The remainder of the proof is identical to the proof of Theorem 6.3 in [AS], by using
Proposition 5.11.

Finally, consider (\,a") & Z, then £1T,L(\) = 0 follows from Lemma 5.4 and T, L(\) is
simple by Lemma 5.10. O

Remark 5.14. The highest weight of the simple module T,L(\) if (A\,a") ¢ Z is given by
the star action of s, on A, as will be developed in Section 8. If a or a/2 is simple in AT and
(97)a = 0, then TR L(A) = L(sq - A).

Corollary 5.15. For A € bz with N\, V) € Z and L(\) a-free we have the following isomor-
phisms:
SocToL(A) = SocRadT,L(\) = TopRadT,L(\).

Proof. The first isomorphism is trivial. Theorem 5.13(ii) implies there is a short exact sequence
RadT, L(A) < ToL(A) — L(\). For an arbitrary L(u), which is a-finite, we apply the left exact
contravariant functor Homep(—, L(x)) to this exact sequence, yielding a long exact sequence.
The results of Theorem 5.13(ii) imply that this exact sequence reduces to

0 — Homp (RadT,L(\), L(1)) — Exty (LX), L(k)) — Exty (TaL(N\), L)) — - -

By Theorem 5.13(ii) we have dim Ext,(L()\), L(1)) = dim Home (L(p), T L(\)), so it suffices
to prove Exty(ToL(N), L(p)) = 0. According to Proposition 5.11, Theorem 5.13(i) and using a
reasoning as in the proof of Theorem 5.13, it follows that this first extension is isomorphic to
Homp(L(A), L(p)) = 0. O

Now we study how twisting functors are related to annihilator ideals.

Lemma 5.16. If L(A) is a-free, we have Anng T L(\) = Anng g L(N). If L(A) is a-finite,
AnnU(g)TaL(/\) = U(g)
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Proof. When L(\) is a-finite, the result follows from Theorem 5.13(i). Thus from now on we
assume that L(\) is a-free.

The set Y of powers of Y € g_, used for the Ore localisation then satisfies Y N J(\) = 0.
Therefore J(A) Ul = U, J(X) is a proper ideal in U/. This yields

T(NUq ®u(g) L) = U, ®u(g) J(AL(A) =0,
so J(A) € Anny (o) Uy, ®p(g) L(A). Since Uy ®@p(q) L(A) is a quotient of U, ®@(q) L(A), we have
Ay TaL(N) 2 @(J (V). (5.3

Since ¥ L(\) is simple, the main theorem in [Mul] implies that ¢(J(\)) = J(u) for some p €
h*. Then we define x := x» = x, and m, = ker x. The spaces J(\) and J(u) are g-submodules
of U(g)/(U(g)m,) for the adjoint action. With respect to this action, U(g)/(U(g)m,) has a
Jordan-Hoélder decomposition series in terms of finite dimensional simple modules. As in the
proof of Lemma 5.12 we have that ¥V = V for any simple finite dimensional g-module V.
This implies that the Jordan-Hélder decomposition series of J(A) and J(u) have the exact same
multiplicities.

Now if (\,a") € Z, Theorem 5.13(ii) implies that [T, L(\) : L(A)] = 1, so Annyg)TaL(X) C
J(A). Equation (5.3) thus implies J () C J(A) and together with the conclusion on the multi-
plicities of the Jordan-Holder decomposition, this yields the result.

Now if (A, ") & Z, Theorem 5.13(iii) implies that T, L()) is simple. First we consider the
case (g7)a = 0. Consider a Borel subalgebra b for which a is simple and write L(®)()) 2 L(\).
By consideration of the highest weight it then follows that

ToL®(R) = LO(s0 (A + p) — p) = TuL(N).
Comparison with Lemma 4.8 then yields
J(A) = Anng ) LO(A) = Anng ) L (sa (A + p) — p) = Anng g TaL(N).

Finally, let g be of @Q-type. The property then follows from the combination of Lemma 4.9,
Remark 4.10 and the subsequent Corollary 8.15. O

Lemma 5.17. If L(\) is a-free with (\,a) € Z, then T, P(\) = P()\).

Proof. First we prove the result for gg. For the particular case of regular integral weights, this
was already proved in Proposition 5.3 in [AS]. Let u € h% be a W-maximal weight satisfying
Sq - ft = p, then Mg(pn) = Py(p) is projective in Oy. Lemma 5.9 then implies T, Py(p) = Py(1).
This result generalises to arbitrary indecomposable projective with a-free top by tensoring with
finite dimensional modules and using Lemma 5.12.

It is checked by a standard argument that Resﬁap()\) decomposes into projective modules
in Oy with a-free top. From this, the result above and Lemma 5.1 it follows that T, P(\) and
P()) have the same characters.

Now we determine the top of the module T,P(\). We denote by G, the right adjoint
functor to T,,. Underneath we will twice use that Theorem 4.1 in [AS] and Lemma 5.1 imply
that chG,V = chT,V for V a simple module in O. Consider a simple a-free module L(u),
Theorem 5.13(ii) implies that the only simple a-finite subquotient of G L(u) is L(), appearing
with multiplicity one. So we have

Homo (ToP(X), L(p)) = Homo (P(X), GoL(p)) = [GaL(t) : L(X)] = xp-
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Now consider L(v) to be a-finite. Theorem 5.13(i) then implies G, L(r) = 0, so
Homp (1o P(M), L(v)) = Homp(P(X), Go L(v)) = 0.

It follows that T, P(A) has simple top L(\) and hence T, P()) is a quotient of P(\). Since
the characters of T, P(\) and P()) coincide, we get T, P(\) = P(A). O

An important tool to establish equalities between primitive ideals is provided in the following
lemma.

Lemma 5.18. If weights A\, u € bg and a root o (simple in Ag} satisfy the following properties:
o (\,av)eZ and (u,a") € Z,
o L(\) is a-finite and L(p) is a-free and,

o Exth(LO\), L()) # 0;
then we have the relation Anng gy L(p) € Anngg) L(A).

Proof. Theorem 5.13 implies that Homp(L(A), 7o L(p)) # 0. The result then follows from
Lemma 5.16. O

6 Primitive ideals for typical blocks

In this section we study inclusions between primitive ideals corresponding to typical highest
weights for classical Lie superalgebras of type I and basic classical Lie superalgebras of type 11,
in the list (2.1). The corresponding statements for Lie superalgebras of queer type are slightly
less general and are presented in Section 9.

Theorem 6.1. Let g be a classical Lie superalgebra of type I with distinguished system of positive
roots. Consider X,y € b* with \ or u typical, then

JA) S J(w) & I(A) S I(p).

Proof. 1f g is basic classical, the result follows immediately from the subsequent Theorem 6.2,
since the notion of strongly typical coincides with typical for g of type I and the fact that a
perfect mate of x, is given by X3, see [Go3]. Therefore we only need to consider the strange Lie
superalgebras.

If g is of the strange type p(n) or p(n), then U(g) either has no centre or a centre that acts
by the same central character on each simple representation. After factoring out the Jacobson
radical, the concept of typical central characters does arise. The central characters separate in
particular between typical highest weights in different orbits and separate typical from atypical
highest weights, see Lemma 5.1 in [Sel]. We denote the Jacobson radical by J and the quotient
map by ¢ : U(g) = U(g)/J. If J(A) C J(u), then clearly q(J(N)) C q(J(p)). The typicality of
one of the two weights therefore forces the other one the be in the same orbit of the Weyl group.

For typical weights simple modules are induced, namely, L(\) = U(g) ®u(gy+g:) Lo(N), see
Theorem 5.2 and Lemma 5.4 in [Sel]. Lemma 4.4 therefore implies the “if” part. On the other
hand, Lo(\) = (ResgoL()\))Xg , see again Theorem 5.2 in [Sel]. Lemma 4.1 applied to go therefore

implies the “only if” part. O
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Theorem 6.2. Let g be a basic classical Lie superalgebra. Consider a strongly typical central
character x : Z(g) — C with perfect mate X : Z(g5) — C. Denote by X\ the W-mazimal (for
p-shifted action) weight that satisfies xx = x and accordingly by X the W -mazimal (for pg-shifted
action) weight corresponding to X. Then

J(w-N)C J(u) or Jw) < J(w-A)
forweW andv,u € b% if and only if there are wi,wa € W such that p = w1 -\, v = wy- A and
I(woX) CI(wioX) and I(wyoX) CI(wol), respectively.

Consider a (not necessarily strongly) typical (reqular) dominant weight A, then for w,w’ € W
we have
J(w-A) CJ(w -A) e I(woA) CI(woA).

Proof. First we consider A strongly typical. In order to have an inclusion between primitive
ideals they have to admit the same central character. The typicality of one of the highest
weights therefore forces the other one to be typical as well. Moreover, the typicality of A forces
w and v to be in the orbit of A. According to Theorem 1.3.1 in [Go3], the equalities

(IndgaLﬁ(w o X)) = L(w-)) and (ResgaL(w o )\)) = Ly(wo N

X X

hold for every w € W. The statements then follow by application of Lemmata 4.1 and 4.4.
Theorem 1.3 and Theorem 1.4 of [Mu3| imply that the posets of primitive ideals of two
regular typical blocks, for which the difference of the dominant weights in the orbits is in P, are
isomorphic. The results for regular strongly typical characters therefore carry over to regular
typical characters. O

Remark 6.3. Theorem 6.2 for regular typical central characters rederives Theorem B in [Mu3]
for osp(1]2n). Theorem 1.4 in [Mu3] describes the poset of primitive ideals corresponding to
a singular typical central character in terms of that of a regular typical central character for
basic classical Lie superalgebras. The combination of Theorem 1.4 in [Mu3] and Theorem 6.2
therefore also yields all inclusions between primitive ideals for singular typical characters for
basic classical Lie superalgebras.

7 Generic weights

As in [Pe, PS], we call weights which are far from the walls of the Weyl chambers generic. How
far weights have to be from the wall for our purposes is determined by the odd roots, therefore
we define the sets
P={) all cAT} and T={> o|lc A} (7.1)
a€el acl
In the following, the notion Weyl chambers refers to the Weyl chambers of the pg-shifted
action.

Definition 7.1. (i) We call a weight \ € bg weakly generic if all weights in the set A + T are
inside the same Weyl chamber.

(ii) We call a weight A € b% generic if each weight in the set A+ T is weakly generic.

(iii) We call a simple highest weight module L(u) generic if all highest weights v of the simple
gg-subquotients of ResgﬁL(u) are weakly generic.
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Since the set I is invariant under the Weyl group (which is a consequence of the fact that
Agy is a finite dimensional gg-module), a weight X is weakly generic if and only if wo A is weakly
generic for an arbitrary w € W. Furthermore, as in the proof of Lemma 3 in [GS] we have the
equality of sets

woAN+T)=w-A+T,

which implies that a weight A is generic if and only if w - A is generic for an arbitrary w € W.

Lemma 7.2. If )\ € h% is weakly generic, then ResgaL()\) is completely reducible and

ReSgOL @ (A +7))
yel

for some k € N.

Proof. 1If g is of type I, this follows from the morphism Ag_; ® Lo(\) — ResgaL(/\). If g is basic
classical of type II, this follows easily as in the first part of the proof of Lemma 3.4 in [Mu3].
Thus we are left to consider the algebras of Q-type, the following proof covers all cases however.

We consider the gg-module U(gg)[L(A)]x, where [M]y stands for the space of vectors with
weight A in a weight module M. This gg-submodule of ResgﬁL(/\) has a module in its socle of
the form Lg(w o A) for some w € W. Thus we have Lg(w o A) < Resg_L()).

From the Frobenius reciprocity it then follows that Ind§ Lg(w o A) — L(\) and therefore we
have

Agy ® Lg(w o A) — Resg L(A).

The weights of the highest weight vectors appearing in the left hand side have to be in the
set woA+I = wo (A + f) By assumption, all these weights are in the same chamber, so
Agy ® Lg(w o ) is completely reducible, which implies that ResgaL()\) is completely reducible
and w = 1.

By the standard filtration of ResgaM (M) and the fact that all appearing weights are in the
same chamber, for some k € N we have

Resg, M () = €D (Mg(A +7)**

vyel
Since this projects onto the completely reducible module ResgﬁL()\), the result follows. O

Corollary 7.3. If X\ € h% is generic, then L(\) is a generic module. For any generic simple
module M in O, the module ResgaM 1s completely reducible.

Lemma 7.4. Consider two weakly generic dominant weights Ay, Ao and wy,ws € W. Then the
inclusion J(wy - A1) C J(wa - Ag) implies Ay — Ao € P and I(wy o A1) C I(wg 0 Ay).

Proof. The property U(gg) N J (w1 - A1) € U(gg) N J(wa - Ag) is equivalent to
AnnU(ga)ResgaL(wl -Aqp) C AnnU(%)ResgaL(wg - Ag).
Lemma 7.2 and Lemma 4.1 applied to gz imply that
° wgwflo(wl -A1) € wy - Ay + T with

° I(u)1 . Al) - [(w2w1_1 o) (w1 . Al))
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The first property can be rewritten as Ay — Ay € wy ! (pp) — wi ' (pg) + wy '(T) which, in
particular, implies Ay — Ay € P.

The second property can be rewritten as I(wy o A) C I(wz o A) with A = Ay +w;*(p7) — pr-
Here A is a dominant weight in A; + P, so Lemma 2.2 implies that I(w; o A) C I(wg o A) is
equivalent to I(wy o A1) C I(wg 0 Aq). O

Lemma 7.5. Consider two weakly generic weights A, i in the same chamber. The equality
J(N) = J(n) implies A = p.

Proof. Mutatis mutandis Corollary 4.5. O

Lemma 7.6. If L(\) is a generic module, then all subquotients in the Jordan-Hélder series of
T, L()\) are generic.

Proof. If Li(p) is a subquotient in the Jordan-Holder series of the gg-module
Res§ T, L(A) = TyRes§_L(}),

the fact that Tg preserves blocks of O implies that u is weakly generic. O

By definition, subtracting or adding distinct odd roots to weakly generic weights yields
regular weights. Interesting properties of generic weights therefore stem from the following
observations, which will be applied in later sections.

Lemma 7.7. Consider g in the list (2.1) excluding p(n) and p(n). If a weight p € b 1s regular,
then it is not atypical with respect to both of two roots v, which satisfy (v,~') # 0.

Proof. First consider g to be basic classical, then ~y,~’ are isotropic. For such isotropic roots
either v + 7' or v — 4/ is an element of Ay (this follows immediately from the structure of the
roots, see Chapter 2 in [Mu4] for gl(m|n) and osp(m|2n) and Section 1.4 for D(2,1;«), F(4)
and G(3)). The equalities (11 + p,v) = 0 = (uu+ p,7') would therefore imply that (u+ p,a) =0
for an oo € Ay which contradicts the regularity of s.

Now consider g of Q-type (so p = 0). The claim amounts to proving that for a regular weight
it is not possible to have both (A, €; + ¢;) and (X, ¢ + ¢) equal to zero if j # [. This follows
immediately since otherwise we would have (X, e; — ¢) = 0. O

Lemma 7.8. Consider g in the list (2.1) excluding p(n) and p(n) and a regular weight \ € bg
which is atypical with respect to a root . If N+~ (respectively X\ —y) is also regular, then A+~
(respectively X — ) has exactly the same atypical roots as .

Proof. First consider g to be basic classical and X\ + 7 regular. Assume there is an isotopic root
7' such that (A\+~4p,~') = 0 with (A+p,~’) # 0. This immediately implies (y,~’) # 0. Lemma
7.7 therefore implies that (A +~ + p,v’) # 0 since A + v is regular and (A + v+ p,v) = 0. That
the combination (A +~ + p,7') # 0 with (A + p,+’) = 0 is impossible follows similarly. The case
A — v follows from the first case by substituting A - A+ vy and A — v — A.

The proof for Q-type is similar. O
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8 Star actions and deformed Weyl group orbits

In [GG], Gorelik and Grantcharov introduced a deformation of the usual action of the Weyl
group for q(n) called the star action. As is already clear from Proposition 3.2 and Lemma 4.9,
this star action is closely related to inclusions between primitive ideals. We will prove that this
action is also naturally linked to the twisting functors. First we introduce an analog of this
star action for basic classical Lie superalgebras. Even though the definition is entirely different,
these star action are also closely related to primitive ideals and twisting functors.

In Subsection 8.1 we define star actions for basic classical Lie superalgebras and derive
important properties. In Subsection 8.3 we show that the corresponding properties also hold for
the star action of q(n). The easiest example of a star action for osp(m|2n) is given in Subsection
8.2, the easiest example for gl(m|n) corresponds to the usual p-shifted action of the Weyl group.

8.1 Basic classical Lie superalgebras, the general case

For a Borel subalgebra by of gz we define B(by) as the set of Borel subalgebras for which the
underlying Borel subalgebra of gj is equal to by. Throughout this entire section we assume by
as fixed. Corresponding to bz we have the basis Il of simple roots in Ag .

A star action map is an arbitrary mapping

B: 1 — B(by), o— B(a),

with the condition that a or a/2 is simple in the system of positive roots corresponding to the
Borel subalgebra B(«). For each star action map, we will define a star action, similar to the one
for q(n) in [GG]. As in [GG], those star actions do not lead to an action of the Weyl group, but
to an action of an infinite Coxeter group, which we denote by W. This group is freely generated
by {sqa} for all @ simple in Ag subject to the relation s2 = 1. Contrary to the Coxeter group for
the star action in [GG], we cannot impose the relation s,s3 = sgsq if (o, 8) = 0. An example
of this follows immediately from the star action defined in the beginning of Section 10.

Definition 8.1. Let g be a basic classical Lie superalgebra with a Borel subalgebra b. For each
star action map B we define the star action xz : W x h* — bh*. For a simple in A%’ and A € h*
we denote b = B(a) and define X by the relation L®(X) = L) (X). The weight sq g A is then
defined by the relation -

L® (54553 X) 2 LO) (s (X +p) — p).

If we want to specify the reference Borel subalgebra, the star map is denoted by *%

Remark 8.2. Both from construction and from the combination of Lemma 2.3 with the de-
scription of central characters through the Harish-Chandra isomorphism, it follows that we have

XA = Xsa*\-

The highest weights with respect to different systems of positive roots can be calculated
through the technique of odd reflections, see Lemma 2.3. The property sq *5 so ¥ A = A follows
easily for any A\ € h*, so the star action is well defined as an action of W. We will use the short
notation sq, -+ Sa, Sy ¥ A for sq, %+ x84, | *8q, *A. In case A is typical, Corollary 2.4 implies
that this definition yields

Sa ¥*BA = Sq A= Sa(A+p) —p.

So, in particular, the action on typical weights does not depend on the choice of B.
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A trivial example of *p is given by choosing g to be a basic classical Lie superalgebra of
type I, b the distinguished Borel subalgebra and B(«) := b, for every even simple root «. This
leads to the usual p-shifted action.

The connection of such star actions with primitive ideals and twisting functors follows from
the following observations.

Lemma 8.3. For an a-free L(u) and for any star action mapping B, we have the relation
[ToL(p) : L(sq *B 1)] # 0.

Proof. We denote b = B(a). If L®) () = L(E)(ﬁ) is a-free, then again a parabolic reduction to
s[(2) or osp(1|2) shows that the highest weight (in the relevant system of positive roots) in the

module T,,L® (1) is s4 (i + p) — p. This means that

[ToL(p) : L(sa *B p)] = [TaL(b) (1) : L(b)(soz(/7 +p) = p) #0,
which proves the lemma. ]

Thanks to the star action we can now give a complete analog of Corollary 5.14 in [Ja] for
basic classical Lie superalgebras.

Corollary 8.4. Consider A € b* and an arbitrary star action xg. We have
o if (aV,\) €7, then J(sq g \) = J(N);
o if (aV,\) € Z with L()\) a-finite, then J(sq *g A) C J(A).

Proof. We use the notation of Definition 8.1. We have

~

TN = Anng L® () and (s %5 A) = Anng g L® (sa (A + p) — p).
The result then follows from Lemma 4.8. O

Lemma 8.3 also provides an elegant proof of the fact that the star action %z of s, on a
weight A\ which is a-non integral does not depend on the star action map B, which could also
be calculated directly.

Corollary 8.5. If (aV,\) € Z, then s, *5 \ does not depend on the choice of star action map
B, moreover L(sg* \) = T, L(\).

Proof. This is an immediate consequence of Lemmata 8.3 and 5.10. O

This corollary now allows to describe the generalisation of Proposition 3.9 in [CMW] explic-
itly. We write s, * p for sq *g p if (i, V) € Z since there is no dependence on the star action
map B.

Proposition 8.6. Consider g a basic classical Lie superalgebra, A € b* and a positive root
o simple in Ag such that (\,a") & Z. Then the functor T, : Oy — Os en = Os, .\ s an
equivalence of categories sending L(p) to L(sq * p) for each L(u) € Oy.

If a (or a/2) is simple in AT as well, then T, also maps M (1) to M(sq * 1) = M (sq - ).
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Proof. The property Os_ .y = Os,.» follows from Remark 8.2 and the fact that by definition of
the star action sq * A — 54 - A € ZA7 C P.

The first result follows from Corollary 8.5 and the proof of Proposition 5.11.

If a is simple in A", we can choose a star action map B for which B(a) = «, then by
definition s, *g it = Sq - . By Corollary 8.5 this equation holds for any star action map if
(u,a) & Z. The result then follows from Lemma 5.9. O

Now we prove that Corllary 8.5 can be extended from a reflection with respect to a non-
integral simple root of A to the entire left coset of representatives for Wy in W, denoted by W
and given in equation (2.3), as long as only reduced expression are employed.

Proposition 8.7. Consider A € h*, w € W and two reduced expressions Sy " Sy, and
sg, -+ - 8p, for w. Then we have o, -+ Sq, ¥ X = S, - -+ 8, *5 A\. Furthermore, sq, - Sq, *B A
does not depend on B.

Proof. The proof of Theorem 15.3.7 in [Mu4] states that (o), sa,,, - Sa,A) € Zforany 1 <i <k
where the same is true for {g;}. Iteratively applying Corollary 8.5 then yields

o L(sq, -+ Sa, *BA) =Tq, -+ To, L(X) and
© L(sp, ---sp, %8 A) =Tp, - Tp,L(A).
The claim then follows from the fact that T, --- T, = T, --- T, , see Lemma 5.3. ]

In general s, x5 A actually depends on the choice of B. We give an easy example.

Example 8.8. Consider g = gl(2|1). We choose the distinguished system of positive roots, with
simple roots €; — e and €3 — . The Weyl group contains only one nontrivial element s = s, _,.
Star action mappings B are therefore determined by B(e; — €2). Thus there are two choices for
star actions, the usual dot action and =g, with b = B(s) the Borel subalgebra corresponding
to simple positive roots § — €; and €; — e2. We consider the atypical regular, but not (weakly)
generic weight A = key + kea — kd with k € Z. The usual dot action yields

s-A=(k—1)e; + (k+ 1)ex — k0.

Applying the odd reflections yields A = A, thus s(A+p) —p = (k—1)eg + (k+1)ea —kd = 5 \.
Applying the odd reflections again then yields

S*BA:kel—l—(k}—i—l)eg—(lﬁ—i—l)(g.

Since one Lie superalgebra can have more than one star action, Corollary 8.4 implies that
more inclusions between primitive ideals can be expected compared to the classical case. Based
on the result of Letzter in Theorem 3.7 of [Le] for type I Lie superalgebras, these extra inclusions
should correspond to inclusions between primitive ideals for highest weights not in the same
(usual p-shifted) orbit of the Weyl group. In particular, Example 8.8 yields such an extra
inclusion for s((2]1).

Remark 8.9. For g = sl(2|1), Example 8.8 and Corollary 8.4 imply the inclusion
J(ea —0) C J(0).

As can be seen from the result of Musson in [Mu2], repeated in Proposition 3.3, this inclusion
is the only inclusion between primitive ideals for highest weights in different (usual p-shifed)
orbits for the case sl(2]|1). This example immediately illustrates the usefulness of the different
star actions in the study of primitive ideals.
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The following theorem shows that such examples can only appear close to the walls of the
Weyl chambers since the star actions become identical and regular in the generic region (see
Definition 7.1).

Theorem 8.10. Consider g equal to gl(m|n) or osp(m|2n) and X € h* a weakly generic weight.
We take an arbitrary Borel subalgebra b and a star action map B : Il — B(bg). Consider
w € W with two expressions sq, -+ Sq, and sg, ---sg, for w. Then we have

Say t*tSay ¥BA = 58, 58, ¥B .

The xz-orbit of \ is reqular in the sense that it intersects each Weyl chamber exactly once.
Moreover, w xg A does not depend on the choice of B.

Proof. First we prove this for g = gl(m|n). Consider the case where b is the distinguished Borel
subalgebra, thus corresponding to the simple roots

€1 — €2, 76m—1_6m76m_51751_627"' 75m—1_5m7

and B is an arbitrary star action map. We prove that for a € IIj and a weakly generic A € h*,
we have the equality

Sa ¥BA = 8a - A = 5a(A+p) — p = 5a(A+ po) — po.

Without loss of generality we may assume o = €; — €;41. Now b = B(«) is an arbitrary Borel
subalgebra for which «/ is a simple root. We have the corresponding ordered set of odd reflections
{7, ... ()} linking b to b. The combination of Lemma 2.3 and Lemma 7.8 implies that

Sa* A= saAtptmt- ) === P (8.1)
with
e {71, -+ ,7p} the set of all roots in {fy(l), e ,’y(k)} which satisfy (A + p,’y(i)> =0,
e {71, ,7,} the set of all roots in {4, ... 4"} which satisfy (X + p, so(7?)) = 0.

This implies that, if (a, ’y(i)> = 0, regardless of A-atypicality with respect to it, this root drops
out of equation (8.1). This means that only isotropic roots of the form +(e; —d;) or £(€ej41 — ;)
for some [ can be relevant. Since €; — ¢;11 is simple in 6, an odd reflection with respect to ¢; — d;
occurs if and only if one with respect to €11 — d; occurs. Since €41 — & = 8¢;—¢;,, (65 — 67), it
follows that every atypical root in equation (8.1) is cancelled out. Thus we have sy *g A = 84, A
which implies that all star actions are equivalent, that they are regular and lead to an action of
the Weyl group.

Now we consider an arbitrary reference Borel subalgebra b of gl(m|n). We take an arbitrary
« simple in A%r , star action map B with B(a) = b and weakly generic weight A. Definition of
the star action implies A

L® (0 4% 3) = LO(sa(A+ ) — ).

On the other hand, the result for ‘ghe distinguished Borel subalgebra (which we denote by b?
now) with L® () = LOD(A?) = LO(}), implies

L(bd)(sa()\d + p?) — p?) = L(bd)(sa *E’; x A7) = L(f’)(sa(j\ +p) —p)).
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So, in particular, we obtain L(%)(s, *& \) = LD (s4(A 4 p?) — p?) which implies that % is
independent of B and leads to an action of the Weyl group.

Now we prove the theorem for g = osp(m|2n). The role of the usual dot action for gl(m|n)
will now be played by the example *' in the subsequent Subsection 8.2. We start by assuming
that b is the distinguished Borel subalgebra, with corresponding system of positive roots as
described in the beginning of Subsection 8.2. We only need to prove that for A generic we have
Sa *B A = So ¥’ A. The other statements then follow, as for gl(m|n), from the subsequent Lemma
8.13.

We use the notation for the roots of Subsection 8.2. If « is of the form €; —¢€;_1 or 6; — 41,
the proof is identical to that of gl(m|n). Now consider aw = 24,,. As for gl(m|n) it follows that
for generic weights only odd reflections with respect to isotropic roots v that satisfy (v, a) # 0
can be relevant, the other ones get cancelled out in expressions as in equation (8.1). Any choice
of Borel subalgebra for which 26, or d,, depending on m = 2d or m = 2d + 1, is simple is
obtained from b in Subsection 8.2 by odd reflections of the form d; — €; with ¢ < n. This implies
that the corresponding star action sq, * will lead to the same result as the star action sgs, %’
in Subsection 8.2. Consider o = ¢4 for m = 2d + 1. Since « can never be simple in a system
of roots for which an odd reflection with respect to J; — €4 needs to be used (starting from the
distinguished one), the star action of s, on generic weights becomes the usual p-shifted action
of a. Finally, let o = ¢4_1 + €4 for m = 2d. The result then follows as before since in any system
of positive roots in which €4_1 + €4 is simple, €4_1 — €4 is also simple. ]

8.2 An important example

In this section we consider g = osp(m|2n). We work with the standard choice of positive roots,
which leads to simple positive roots

51_527"' 7571—1_6717571_61761_627"' y€d—1 — €d, €d form:2d+1,

01 — 02, ,0p—1 — Op, Op — €1,€1 — €2, ,€q—1 — €4, €4—1 + € for m = 2d.

The only simple root of Ag which is not simple in this choice is 24,,. For this root we will

use the Borel subalgebra b corresponding to simple positive roots

01 — 02, ,0p—2 — Op—1,0n—1 — €1,€1 — €2, ,€4—1 — €4, €q — Op, Op, for m =2d + 1,

01— 02, ,0p—2 — 01,01 — €1,€1 — €2, ,€4g—1 — €4, €4 — Opn, 20, for m = 2d.

The odd reflections that lead b to b are {6n —€1,0p — €2, -+, 0, — €4}
We can then define a star action map B for which B(a) = b if o # 26, and B(25,) = b.
From now on we shorten the notation of the corresponding star action % for osp(m|2n) to *'.
First we prove that, as for q(n) in Statement 4.1.4 in [GG], this star action for osp(m|2n)
can be used as a criterion for a-finiteness.

Lemma 8.11. Consider g = osp(m|2n) with standard Borel subalgebra and o simple in A%r.
The module L()\) is a-finite if and only if (\,a") € Z and sq ¥ X < \.

Proof. By Lemma 2.1, only the case where (\,aV) € Z and « = 24,, is nontrivial. Since §,, or
20y, is simple in the system of positive roots for b, Lemma 2.1 implies that L(E)()\) = LEE’)(;\) is
a-finite if and only if so(A + p) < A+ p in AT. Therefore we show that so (X + p) < A+ p is
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equivalent to s, ¥’ A < A (in the relevant systems of positive roots). We write out explicitly

n d n d n d
/A\:Zkidi“‘zljfja )\:Zaidi—l—ijej and s, *//\chidi“‘zdjﬁja
=1 7j=1 =1 J=1 =1 7j=1

with k&, € Z, since by assumption (X, «¥) € Z. The condition sq(A+p) < A+ is then equivalent
to kn > 1—kyif m =2d+1and k, > 2 -k, if m = 2d. It is clear that k; = a; = ¢; for
i < n. First we prove that if s4(\ 4+ p) < A+ p, then a,, > ¢,. If we would have a,, < ¢,
then, after applying one of the odd reflections, say d,, — €5, the coefficients by §,, for the weights
coming from A and s (X + p) — p should coincide. Since the coeffiients by {e,--- ,es_1} have
not yet been affected, the remaining isotropic roots will be atypical for both weights at the
same, which implies a,, = ¢,,. Furthermore, this procedure shows that if a,, = ¢,, the coefficients
by {01, ,0n,€1, - ,€s—1} of X and s, #' A will coincide and that the coefficient by €; will be
one higher for A\ than for s, ¥’ A, so A > s, *’ X follows. If a,, > ¢,, then A > s, *' X follows
immediately. The “only” if part follows similarly. O

For weakly generic weights this star action takes a very simple expression, as is shown in the
following lemma.

Lemma 8.12. For \ € b* a weakly generic weight for g = osp(m|2n) with d = |m/2] we have
S5, * A, if (N +p,0n 2€)#0 foralll <i<d;

$25, ¥ AN =14 895. - A — 0 — €, if (\+p, 00 —€) =0 for some 1 <i < d;
S95, A —O0p + €, if (A+p,0n +€) =0 for some 1l <i<d.

Proof. Lemma 7.7 implies that for a regular weight only one root in the set {0, £¢;li = 1,...,d}
can be atypical. The case where none of the roots are atypical is trivial.

We consider the case where there is an ¢ for which (A + p, d,, — €;) = 0, the other situation
being similar. Lemma 2.3 and the fact that A + 6, — ¢; has the same atypicalities as A, see
Lemma 7.8, then imply that A=A+6,—€e+ p— p, SO

525, (A +p) — p =525, A — O —€i+p—p.
The value of
(525, * A= On — €+ p,0n — €5) = —(A+ 0n — € + p, 00 + €5)

can never be zero by Lemma 7.7, since A + J,, — ¢; is regular and é,, — ¢;-atypical. Lemma 2.3
therefore implies

L(h)(SQ(Sn A —0, — Ei) = L(E)(Sg(sn A= —€+p— ﬁ),
which proves the lemma. O

Now we prove that this star action leads to an action of the Weyl group, which is required
for the proof of Theorem 8.10 for the general case.

Lemma 8.13. Consider g = osp(m|2n) and w € W with two expressions Sq, -+ Sq, and
sg, -85, for w. Then sq, ---Sa, ¥ X = sg, ---55, %' X for X a weakly generic weight. Fur-
thermore, the star orbit of X\ is a set of reqular weights which intersects each Weyl chamber
exactly once.
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Proof. First, we focus on the Weyl group W (sp(2n)) of sp(2n). For i = 1,--- ,n we define the
weight () as

o 0if (A\+p,0ite€j)#0foralll<j<d,
e 0; — e if N+p,0; —¢) =0,
e 0;+¢ if N+ p,0;+¢)=0.
We then claim
Sap " Sou, */)\:Sal"‘sak'()\+’Y(il)+""y(i"))

where v(%3) appears if and only if w = 54, -~ 84, € W (sp(2n)) flips the sign of the coefficient
which originally was in i;-th position. This statement can be proved by induction using Lemma
8.12, similarly to the proof of Proposition 8.17.

All these weights are weakly generic. It follows from Lemma 8.12 that for weakly generic
weights, the star action %’ of the Weyl group of sp(2n) commutes with that of so(m). This
concludes the proof. O

8.3 The case q(n)

We recall the notation ¢; —€; = ¢; +¢; for 1 < i < j < n. The star action for q(n) as defined
in Section 4 in [GG] is a mixture of the regular Weyl group action and the pg-shifted action for
gl(n), depending on the atypicality of the weight. More precisely, for a simple root o we set

| sarA=s8aA if (\,@) #0,
SO‘*)\_{ S0 0A =8, A—a if (\,a) =0,

where sq 0\ 1= s4(A —|—p5) — pg- In particular, we have s, * s, * A = X and s *sgx A = 5% 5, % A
if (o, B) = 0. As for basic classical Lie superalgebras we will write zy * A\ for z %y x \.

The simple q(n)-module L(\) is a-finite if and only if (o, \) € Z and so*A < A, see Statement
4.1.4 in [GG].

Lemma 8.14. For p € h%, we have [T, L(p) : L(sq * )] # 0 if L(p) is a-free.

Proof. We prove that the highest weight of T, L(u) is sq * p. By using parabolic induction
this becomes a ¢(2)-property. The result then follows immediately from the structure of simple
q(2)-highest weight modules, see e.g. [Mal]. O

Corollary 8.15. If (\,a") € Z, we have L(sq * \) = Ty, L(N).
Proof. This follows from the combination of Lemma 8.14 and Lemma 5.10. 0

For W* the left coset of representatives of Wy the star action is well behaved, as follows
from the following lemma.

Lemma 8.16. Consider A € b%, w € W and two reduced expressions sq, - - “Sq, and sg, -+ - Sg
for w. Then we have Sq, -+ - Say, * X = 8g, - 55, * \.

k

Proof. Mutatis mutandis Proposition 8.7. O

In the following lemma we prove that this action leads to regular orbits for weakly generic
weights. Close to the walls orbits of the star action can take exotic forms containing more than
one weight which is maximal with respect to the star action, see Example 4.2 (3) in [GG].
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Proposition 8.17. Consider w € W with two expressions sq, -+ Sq, and sg, ---sg,. Then we

»
have sq, -+ 54, * X = sg, ---5g, * XA for A a weakly generic weight. The star orbit of a weakly

generic weight is reqular in the sense that it intersects each Weyl chamber exactly once.

Proof. Iteratively using Lemma 7.8 implies that for p distinct {y1,---7,} C A% with (A\,7%;) =0
and for \ weakly generic, A 4+ 1 + --- 4+ 7, has exactly the same atypicalities as A.

We will prove, by induction on the length k, the following statement: for k not necessarily
distinct simple elements {a1, -, ax} in A%r we have

Say "t Sar KA = Sap Sag (At )

where 71, -+, 7, are elements of A% for which (73, A) = 0 and which appear in the right-hand
side (with multiplicity one) if and only if for v; = €;, — €;, the element s4, - Sq, € W = 5,
moves the i1-th coefficient in a position behind the position where the io-th coefficient arrives.
For k = 1 this is exactly the definition of the star action on any A. We assume it holds for k£ and
prove it is true for k£ + 1 with agy1 = € — €;41. As argued in the first paragraph of this proof,
Sag = Say (A + 71+ - -+ +7p) has exactly the same atypicalities as sq,, - - - 5q; (A). The definition
of the star action then implies the statement immediately if (A, sq; - - - Sa, (@11)) # 0. If, on
the other hand, (A, sq, - - - Sa, (@k+1)) = 0, then

Sagr1Sag " Say * A= Sapt1Sar " Sa ()‘+71 + "'+7p) — Qg1
frnd Sak+13ak ...Sal ()\_i_ryl +...+fyp+sa1 Sak(ak+1))

Now Sa, - Say (Qkt1) = €q — € for certain a and b. This implies that the a-th coefficient is
moved to position ¢ and the b-th coefficient to position i + 1 by sq, - - Sq,. If @ < b, this implies
that

® Sa, - Sa(Qt1) € A% and

® Say - Sa(kt1) & {71, -, 7} by the induction step.
If, on the other hand, a > b, then

® So, - Say(Qkt1) € AT and

® —5q, - Say(apt1) € {71, , Y} by the induction step.

In both cases the claim follows for k + 1. .

The obtained expression clearly agrees with W — W. Moreover, since A + y1 + -+ + 7, is
in the same Weyl chamber as A, w % X is in the same Weyl chamber as wA, which implies the
remainder of the lemma. O

We repeat Penkov’s result of [Pe] on the structure of modules with integral weakly generic
highest weight.

Lemma 8.18. Consider g = q(n) and a weakly generic integral weight \ € b%. Define the subset
of roots Sy = {B € A? | (B,\) # 0}. For some k € N, we have

Resd L(\) = @ Lo(A = >_ B)*".

ICS)y pel
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Proof. This is a translation of the result in Theorem 2.2 in [Pe]. O

Using this result we can determine the Jordan-Holder decomposition series of T, L(\) entirely
for A generic and integral.

Proposition 8.19. For g = q(n) and an integral dominant generic weight A € b5 we have
[ToL(wxA): L(w' % A)] = [TOL g(woA): L(w' o A)],
for arbitrary w,w’ € W.
Proof. We define the set of (gg-integral dominant) weights C as
Resd L(A) = @B Lg(u)®*
neCp

with k£ from Lemma 8.18. Then for every w € W we prove the claim

Resng*A @L (wo p)®
neCH

We prove this for w = s, the full result then follows from iteratively using the same procedure.
If A is a-atypical, then s, * A = s, o A and by Lemma 7.8 we have S;_.p = Ss, a. Therefore

Ss&*A = SsaA = {ﬁ € A%r | <5a(/8)7)‘> 7é 0} = Sa(SA)v

since for 3 € A%‘ different from «, we have s, (53) € A% . The claim then follows immediately
from Lemma 8.18. Now assume that A is a-typical. Then we have s, * A = s, A and similarly
as above

Ssoxh ZZSQ(SA)\{—wl} LJ{a}.

Applying Lemma 8.18 then also yields the claim.
One consequence of this claim is that all the modules L(w % A) are generic. The proposition
then follows from Lemmata 7.6 and 5.1. ]

9 Primitive ideals for q(n)

For typical weights of q(n), the star action equals the usual unshifted action (since p = 0). In
the following lemma we derive all inclusions of primitive ideals corresponding to regular strongly
typical central characters.

Lemma 9.1. Consider g = q(n) and a strongly typical reqular dominant weight A, then we have
J(wA) C J(w'A) for w,w’ € W if and only if I(wo A) C I(w' o A).

Proof. Proposition 2 in [FM] states that for k = 2L("=1/2] we have

(IndgaLﬁ(w o K)) =k L(wA) and (ResgaL(wA)) _=kLgwo A).

X X

The statements then follow from Lemma 4.1 applied to gz and Lemma 4.4. ]
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According to Proposition 8.17, we can unambiguously define w x A for w € W and a weakly
generic weight A. The main result in this section is the full classification of primitive ideals in
the generic domain, which is given in the following theorem.

Theorem 9.2. Consider a weakly generic dominant weight A € b% with wg * A generic and an
arbitrary p € bs. We have

Jwi*xA)=J(p) < FwreW with p=wexA and I(w; o A) = I(wz 0 A).

Furthermore, if for x1,x2 € W and ui,uy € Wy there are vi,ve € Wy such that vy is in the
same left cell as uy and vy is in the same left cell as us and vo <, vy in the left Bruhat order
then we have J(xiuy * A) C J(xqug * A).

Remark 9.3. The condition on vi,v9 € Wy in the theorem above implies that that vy < v
in left Kazhdan-Lusztig order, which is equivalent to the condition I(vy o A) C I(vg 0 A) (see
Subsections 14.15 and 16.4 in [Ja] and also [Vo]). For n < 5, these two conditions are equivalent,
see [Tal. According to Lemma 7.4 and Lemma 2.2, we have therefore classified all inclusions
between generic primitive ideals for q(n) for n < 5. In the subsequent Proposition 9.5 we classify
all inclusions between integral generic weights for q(n) for arbitrary n.

We need the following lemma on the left coset representatives W of the integral Weyl group
Wy CcW.

Lemma 9.4. For an arbitrary weight A € h% and w € W with a reduced expression sq, - - - 5q,
we have J(A) = J(Say -+ Say, * ).

k

Proof. This is a consequence of Lemma 4.9 as in the proof of Proposition 8.7. O

Proof of Theorem 9.2. First, we focus on proving
J(wr xA) = J(we x A) & I(wy o) =I(wy 0 A).

The “if” part follows from Lemma 7.4 and Lemma 2.2, so we prove the “only if” part. First
we note that all the modules L(w % A) are generic. This follows from the fact that L(wp * A) is
generic (see Corollary 7.3) and the combination of Lemma 8.14 and Lemma 7.6.

All equalities I(w; o A) = I(wg o A) can be derived from those of the form

o I(wwoA)=1I(woA) forweW and w' € W¥A;

o I(sgsqw o A) = I(sqw o A) for w € W, o, simple in Ag(wA) with (o, 8Y) = —1,
wl(a) € Ag and w™(B) € A%r;
see Sections 5.25 and 5.26 in [Ja]. Lemma 9.4 implies that for the first type of classical equalities
we have J(w'w x A) = J(w * A). So we focus on the second type of equality.

First we assume that a and § are actually simple in Ag D Ag (wA). Theorem 6.3 in [AS]
(or Theorem 5.13(ii) in the current paper applied to gl(n)) then implies that

[T Lg(spsawo A) : L(sqwo A)] # 0 and  [T9Lg(sqw o A) : L(sgsaw o A)] # 0.

Lemma 7.6 implies that there are weights k1, - ,k; (with j > 1) inside the chamber of
sqwA such that the generic modules {L(k;),7 = 1,---,j} are the ones corresponding to that
Weyl chamber appearing in the Jordan-Holder decomposition of TgL(sgsqw * A). Lemma 8.14
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states that we can choose k1 = so * A. For each of these weights x;, there are similarly weights
Kils " Kij; (with j; > 1) inside the Weyl chamber of sgsqwA, such that the generic modules
{L(kq),l =1,---,7;} are the ones corresponding to that Weyl chamber appearing in the Jordan-
Hélder decomposition of T, L(k;). Lemma 5.1 implies that

i Ji
chL(sgsqw * A) = @ @ chL (ki)
i=1 1=1
which shows that j = 1, j; = 1. We conclude that [T, L(sqw * A) : L(sgsqw * A)] # 0 and
[TsL(sgsqwxA) : L(sqwxA)] # 0, so Lemma 5.16 implies the equality J(sgsqw*A) = J(sqw*A).
Now we consider the second type of equality with general o, 3 simple in Ag (wA). According
to Lemma 5.17(b) in [Ja] or Lemma 15.3.24(b) in [Mu4], there exist a u € W*" for which
o’ = u(a) and B’ = u(B) are simple in A%r . This also implies s, = u " 'syu and sg = u " 'sgu.
Lemma 9.4 implies

J(sgsqw * A) = J(sgrsqruw x A) and  J(sqw *x A) = J(spuw * A).

Since (uw) (/) = w (o) € Ag (and likewise for 3), the equality J(sgsqw * A) = J(sqw * A)
follows from the previous case.

Since we already established the equalities between weights in the same star orbit, Lemma
7.5 implies that there can be no equalities of the form J(w x A) = J(u) for u weakly generic
but not in the star orbit of A. If there would be an equality J(w % A) = J(u) for a non-weakly
generic weight p, then no module corresponding to x2 can appear in the module ResgaL(w * A\)
since L(w * A) is generic. Corollary 4.2 for gy then implies this equality can not appear.

The property on the inclusions follows from Lemmata 4.9 and 9.4. O

Now we show that for integral generic modules the inclusions can be classified by using the
consequences of Penkov’s result on the structure of generic modules.

Proposition 9.5. Consider g = q(n), a generic integral dominant A € b* and wi,wy € W.
Then we have

Jwr xA) C J(wexA) & I(wypoA) C J(wyoA).

Proof. According to Subsections 14.15 and 16.4 in [Ja], (w1 o A) C J(wq o A) if and only if wy
is less than or equal to wo with respect to the left Kazhdan-Lusztig order. We claim that the

latter condition is equivalent to existence of a sequence {aj,--- , ap} of simple roots in A%r and
Weyl group elements {w(®,w®, ... wP} with w® = w; and w® = wy such that
[TgiLﬁ(wi,l oA): Ly(wioA)]#0 for i=1,---,p. (9.1)

Indeed, by e.g. Appendix in [MO], the combinatorics of the action of twisting functors (for gg)
is left-right dual to the combinatorics of the action of the usual projective functors. Hence the
above statement is equivalent to a similar statement for projective functors in which the left
Kazhdan-Lusztig order is changed to the right Kazhdan-Lusztig order. In the latter situation
the statement is standard, see for example Lemma 13 in [MM].

Proposition 8.19 states that (9.1) is equivalent to the property

[To, L(wi—1 * A) : L(w; *x A)] #0 for i=1,---,p.

The result therefore follows from Lemma 5.16. O
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10 Primitive ideals for osp(m|2n)

In this section we apply the ideas of the previous sections to study the primitive ideals of
g = osp(m|2n). Primitive ideals for osp(m|2n) have not been studied previously, except for the
special cases 0sp(1[2n) in [Mu3], 0sp(2|2n) in [Le| and a study of analogs of the Joseph ideal in
[CSS].

We obtain a classification of primitive ideals and their inclusions in the generic region. This
result states that these inclusions are in correspondence with the ones for the underlying Lie
algebra where the action of the Weyl group is given through the star action. As proved in
Theorem 8.10, it is not important which star action is chosen in this generic region. However,
contrary to basic classical Lie superalgebras of type I, the star action in the generic region is not
identical to the usual p-shifted action of the Weyl group, see Lemma 8.13. The newly introduced
notion of the star action is therefore, as for q(n), an essential concept for this study of primitive
ideals in the generic region.

Although all star actions become equivalent in the generic region, it will be more transparent
to explicitly introduce a star action that is different from the one from Subsection 8.2 for our
purposes. The reference Borel subalgebra remains the standard Borel subalgebra b with system
of positive roots as in the beginning of Subsection 8.2. The second Borel subalgebra we will use
is E, with simple positive roots given by

€1 — €2, aed—l_edyed_alaél_(SQ,"' 75n71_6n76n form:2d—|—1,
€1 — €2, ,€4_1 — €4,€1 — 0101 — 02, ,0p—1 — On, 20, for m = 2d.

Then we define a star action map B by

Bla) {b if v is a simple root of so(m)

b if a is a simple root of sp(2n).

The corresponding star action xp clearly has the property that it leads to an action of
W (so(m)) and W (sp(2n)). Because of this interesting property we refer to ;3 as the star action
for osp(m|2n) and thus denote it by *. The reason why it does not correspond to an action of
the full Weyl group is that in general wyws * u # wowy * pu for wy € W(so(m)), we € W(sp(2n))
and u € h*. As proved in Theorem 8.10, in the generic region the star action * becomes equal
to ' from Subsection 8.2 and furthermore wyws * u = wowy * u for p weakly generic.

Theorem 10.1. Consider g = osp(m|2n) and a dominant weakly generic A € h* with wy * A
generic. If we have the equality J(w x A) = J(u) for some p € h%, then p s in the star orbit of
A. Furthermore, we have the equivalence

J(wl*A)QJ(wg*A) = I(wloA)gl(wQOA)

Remark 10.2. If only the second property is needed, a sufficient condition is that every weight
in the star orbit of A is weakly generic, which is satisfied if an arbitrary element in the orbit of
A is generic.

Before proving this, we make a useful remark concerning the primitive ideals for gz. For
g = osp(m|2n) we have gz = so(m) @ sp(2n). Thus we can naturally decompose weights ;1 € h*
as p = pu' + p” with ' a weights for so(m) and p” a weight for sp(2n). We also denote the
corresponding primitive ideals for so(m) and sp(2n) by I'(¢') and I”(i”), respectively.
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Lemma 10.3. With notation as above and u,v € h*, we have
I CI) & I'(W)CIW) and I'(W") € I'(0),
Proof. As U(gg) = U(so(m)) ®@ U(sp(2n)), it follows easily that
I(p) =I'(1") @ U(sp(2n)) + U(so(m)) @ I"(1")
and
() = 1) 0 Uso(m) @ 1), I"(1") = 1) 1 (1@ U(sp(2n))).
The claims then follow immediately from these equalities. O
Proof of Theorem 10.1. First we prove the second statement. The “if” part follows from Lemma
7.4 and Lemma 2.2. For the “only if” part we decompose the elements of the Weyl group as
wy = wijw] and wy = whwy with w),w) € sp(2n) and w!, wy € so(m). According to Lemma
10.3, the inclusions of primitive ideals can then be refined to
I(wy o A) C I(wjwh o) C I(wgoA).

Therefore it suffices to consider cases where wow; Lis either in the Weyl group of so(m) or
sp(2n). The first case follows immediately from Corollary 4.7 since by definition w* = wo = w-

for w € W(so(m)). For the second case we denote w” := w{ = wf. According to Lemma 2.2,

-1

we can replace A by (w”)™" ow” o A in the inclusions of annihilator ideals of gg to get

I(w) 0w o A) C I(whow" o A).
Corollary 4.7 then yields

AnnU(g)L(g) (w] o M) C AnnU(g)L@ (wh o M),
which is equivalent to
J(wiw” x A) = J(w] *w” o A) C J(wh *xw” o A) = J(whw" * A).

The first statement follows from the second and Lemma 7.5 as in the proof of Theorem 9.2. [

11 Primitive ideals for classical Lie superalgebras of type I

We formulate the results in this section in terms of the distinguished system of positive roots,
i.e. the reference Borel subalgebra satisfies b C gg ® g1.
11.1 General statements

Theorem 11.1. Consider g a classical Lie superalgebra of type I with distinguished system of
positive roots. For A\, u € b, we have

T =IO e () =I0). (11.1)
Furthermore, we have
I(p) C I(N) = J(u) € J(N) (11.2)
and
Jw' N CJw-A) = Iw- -NCI(w-)\) (11.3)

for w,w' € W.
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The first part, which determines the fibres of the surjective mapping of annihilator ideals of
simple highest weight modules onto the set of primitive ideals as introduced by Musson in [Mul],
recovers the main result of [Le| obtained by Letzter. The remainder of this subsection is mainly
devoted to proving Theorem 11.1. The following lemma implies that equalities of primitive
ideals can only occur between modules with highest weights in the same orbit. Contrary to the
classical case, this does not follow from the concept of central characters.

Lemma 11.2. If for A\, u € b* we have J(u) = J(N), then u=w - X for some w € W.

Proof. Assume that p and A belong to different orbits. Denote by f and A the W-maximal
elements in their orbits. Without loss of generality we take A\ £ fi. There is always an integral
dominant weight v such that A = X + v is typical. This follows from the property

TNA+PH)#0,

with T" C h* the open subset of typical weights and A+ Pt a dense set in the Zariski topology.
Based on the standard filtration of the tensor product of a Verma module with a finite
dimensional module, one obtains that

(M(w- ) ® L)), =0
for any w € W and thus (L(u) ® L(v)),, = 0. On the other hand, based on the property of
highest weights it follows that (L(;\) ® L(V)) # 0. Lemma 8.3 (for the special case of the
XA

distinguished system of positive roots and B trivial), and Lemma 5.12 imply

(L(w ) ® L(V)) is a subquotient of T, (L(saw A ® L(V)) it sqw > w.

XA XA

The leads to the fact that <L(w A ® L(V)) # 0 for any w € W. Thus, in particular, we
XA

obtain that (L(\) ® L(v)),, # 0. Corollary 4.2 therefore implies that i = A. O
Lemma 11.3. We have J(w' - ) C J(w-A) = I(w'-X) C I(w-\).

Proof. Since it is a statement concerning orbits of the Weyl group, we can assume that A is
W-maximal without loss of generality. As in the proof of Lemma 11.2 we take a v € PT such
that A = A + v is typical.

If X is regular (and therefore A as well), then (M (w - A) ® L(v))y, = M(w - A), with the
analogous property also holding for the dual Verma module. This immediately implies that
(L(w-X) ® L(v))y, is either L(w - A) or trivial. As in the proof of Lemma 11.2, it is not trivial.
Lemmata 4.3 and 4.1 therefore imply J(w'-\) C J(w-\) = J(w'-A) C J(w - A). The result
then follows from Theorem 6.1.

In general A\ can be singular and A might have less singularities than A. Therefore the
modules (L(w - A\) ® L(v))y, might be non simple. They are still non-zero by the proof of
Lemma 11.2 and we denote N(w) := (L(w - A\) ® L(v))y, for any w € W. Then by the same
reason as above we have

J(w'-X) € J(w- A) = Anny ) N(w') € Anngg) N (w).
Lemma 4.1 applied to gg then implies

Jw' N CJ(w- ) = AnnU(go)(ResgaN(w')) o C Anngy(g,) (Resg N (w)) 0.

X
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As already noted in the proofs of Theorems 6.1 and 6.2, we have (ResgaL(w-A))X([)\ = Lo(w-A)

for any w € W. This implies that, applying the translation functor from (Oﬁ>x9\ to (Oﬁ)x&) , see

chapter 7 in [Hu], takes Res§ N (w) to L(w - \)®* for some k € N. According to Lemma 5.4 in
[Ja], these translation functors induce morphisms of the posets of annihilator ideals of modules
belonging to the respective blocks, which also follows from Lemmata 4.3 and 4.1. This concludes
the proof. O

Remark 11.4. The proof above for singular weights can be simplified if g is sl(m|n) with m # n
or 0sp(2|2n). Then v can be chosen as a multiple of p; which preserves singularities.

Proof of Theorem 11.1. The “if” part of equation (11.1) is given in Lemma 11.2. The “only
if” part follows from Lemma 4.7 for [ = go. Equation (11.2) is exactly Lemma 4.7 for [ = go.
Equation (11.3) is Lemma 11.3. O

For the remainder of this section we consider g = sl(m|n) with m # n or g = 0sp(2|2n). The
even subalgebras of sl(m|n) and osp(2|2n) (respectively C@sl(m)®sl(n) and CHsp(2n)) have a
one dimensional centre. We choose the element H € 3(gg) C b of this centre which is normalised
by the relation a(H) = 1 for all @ € A]. This implies, in particular, that [H,Y] = —Y for
Y eg_.

Definition 11.5. For any weight A € b* we define dy € Z4 (with 0 < dy < dimg;) as
d) = max{k € Z such that there are oy, -+, € Af for which Yy, - - Yoék,vj\r # 0},
where v;\" denotes a highest weight vector of L(\).
Lemma 11.6. For A, pu € b3, the inclusion J(N) C J(n) implies existence of p € Z4 such that
o 1(H) = NH) ~ p
o d, <dy—p.
Proof. The condition S(H) N Anng g L(\) € S(H) N Anngy ) L(p) implies that the polynomial
(H—-XH))(H—-XNH)+1)---(H—XH)+dy)
must be divisible by
(H — p(H))(H — p(H) +1) - (H = p(H) + dp,).-

Thus we have A(H) > p(H) and A(H) — dy < p(H) — d,,. O

11.2 Singly atypical characters for sl(m|n) and osp(2|2n)

Singly atypical weights A have one atypical root ~, (A + p,y) = 0, such that all other atypical
roots 7' satisfy (v,7’) # 0. Lemma 7.7 implies that regular singly atypical weights therefore have
exactly one atypical root. In this subsection we derive results on inclusions between primitive
ideals for singular atypical characters for sl(m|n) with m # n and o0sp(2|2n), based on the
treatment of these characters by Van der Jeugt et al in [VdJ, VHKT].
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Theorem 11.7. For integral dominant singly atypical weights A1, As € PT and elements of the
Weyl group wi,ws € W, the inclusion

ADDU(Q)L(wl . Al) Q AHHU(Q)L(’U)Q . AQ)
mmplies A1 = As.

Proof. According to the Harish-Chandra isomorphism, see Section 13.1 in [Mu4], the condition
XA; = XA, implies that A; must be inside the p-shifted Weyl group orbit of Ay + k7, for v the
atypical root of Ao, .

Equation (11.2) in Theorem 11.1 implies J(wz - A2) C J(Ag2), so it suffices to prove the
statement for we = 1. Now we can make use of the procedure in [VdJ, VHKT] used to obtain
the character formulae for singly atypical modules. We write d := dimg_;.

Theorem 4.3 in [VHKT] implies that for every singly atypical integral dominant weight A,
there is one singly atypical integral dominant weight A’ such that we have the short exact
sequence

L(A) = K(A) - L(A),

with K(A) = Indj |, Lo(A) being the Kac module. Since L(A’) contains Alg_1 Lo(A), we get
the equality
AH) —d=N(H) - dy, (11.4)

for d, as in Definition 11.5.

The procedure in Section 6 of [VHKT] then reveals that starting from A’ with atypical root
~, the weight A is given as the dominant weight in the orbit of A’ + kv, for k € N the smallest
k such that A’ + kv is regular. Equation (11.4) implies this minimal % is equal to d — dp/.

Now we make the identification Ay = A’. Lemma 11.6 and the property xa, = xa, imply
that A; is in the orbit of As + py for 0 < p < dp, — dp,. On the other hand, the procedure
above implies p > d — dp,. This is only possible if dy, = d, but that would imply that A; is
typical. O

The next lemma proves that there are extra inclusions between regular and singular singly
atypical highest weights.

Lemma 11.8. Consider a reqular singly atypical weight X, with atypical root v such that we
have (A + p,a¥) € N for a a simple root. If (\+~+ p,a) = 0, then J(A+v) C J(\). If
A=7v+p,a) =0, then J(A—~) C J(N).

Proof. We set v = €; — 6;. We choose the case o = €;_1 — ¢j and (A + v+ p,a) = 0, the other
cases being similar. We consider a Borel subalgebra b with simple roots given by

€1— €2, ,€j_3—€j_2,6_2—01,01 —€_1,6j_1—€j, "+ ,Em—1—€m, € —02,02—03, -+ ,0p_1—0p.

By carrying out the odd reflections, we obtain s, *; A = A+ as in Example 8.8. The conclusion
then follows from Corollary 8.4. O
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12 Annihilator ideals of Verma modules

The result of Duflo in [Dul] states that

AnnU(ga)Mﬁ(w . )\) = U(ga)m%,

where Xg : Z(gg) — C is the corresponding central character and m% € SpecZ(gy) is defined

as ker Xg- This result was extended to strongly typical central characters for basic classical Lie
superalgebras by Gorelik in [Go2]. Underneath we prove a weaker statement for q(n).

Proposition 12.1. Consider g = q(n) and \ a strongly typical weight. Then the annihilator
ideal of all Verma modules in Oy, are identical,

Anng gy M (A) = Anngg) M (w - \)
for any w € W with w- A = wA.

Proof. First we prove the claim for A € bg dominant. One way to prove this is by making use
of Proposition 2 in [FM], which implies that

Anng ) M (wA) = Anng g (IndgaMﬁ(w o A))XA
The claim then follows from Lemmata 4.1 and 4.4 together with Duflo’s result.

Now we consider a singular strongly typical character. Assume that the singular weight A is
W-maximal in its orbit. As in the proof of Lemma 11.2 we can take v integral dominant such
that A = A + v is strongly typical and dominant. The set of Verma modules {M (wA) |w € W}
is then equal to {(M(wA) ® L(v)*)y, |w € W}. The result therefore follows from the regular
case and Lemmata 4.1 and 4.3. O

Theorem 12.2. Let g be a classical Lie superalgebra in the list (2.1). The equality
Anng )M (p) = Anng gy M (A)

implies there is w € W such that i = w - A. Furthermore if g is equal to sl(m|n) with m # n or
0sp(2|2n), the inclusion
Anng )M (p) € Anng ) M(N)

implies there is a w € W such that p = w - .

Proof. 1f g is equal to sl(m|n) with m # n or 0sp(2|2n) it follows immediately from the structure
of the odd roots that (Res§ M(u))y, = Mo(p). Similarly if A and p are in different orbits we
have either (Resg-M(11))y, = 0 or (Resg-M()))y, = 0. The second claim then follows from
Lemma 4.1.

We write the remainder of this proof using central characters, which therefore does not
include g equal to p(n) or p(n). However, as proven in Theorem 3.4 or Theorem 3.6 in [Sel], the
Jacobson radical J of U(g) is included in the annihilator ideal of every Verma module. Thus an
inclusion between annihilator ideals of Verma modules in U(g) or in U := U(g)/J is equivalent.
The remainder of the proof can therefore be applied to those Lie superalgebras by replacing
U(g) by U.
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Assume Anng gy M (p) = Anng(g) M ()). Denote by fi and A the W-maximal elements in the

orbits (of the p-shifted action) of p and A respectively. If A = [1, without loss of generality we
assume that g 2 A. Then there is an integral dominant weight v such that A = A is strongly
typical, see the proof of Lemma 11.2. Since (M ()) ® L(v)), , has a non-zero filtration by Verma
modules while (M (p) ® L(v)), , is trivial, the combination of Lemma 4.1 and Lemma 4.3 leads

to a contradiction. This implies that i = A, s0 p and A must be inside the same orbit. O

Remark 12.3. It is a remarkable feature that connections between primitive ideals for classical
Lie superalgebras follow the structure of the deformed star orbit, while connections between
annihilator ideals of Verma modules follow the structure of the usual p-shifted Weyl group
orbit.

Theorem 12.4. Let g be a classical Lie superalgebra of type I. Consider X € h* and the distin-
guished system of positive roots. We have the equality

AnnggyM(w - A) = Anng(g) M (M)
for allw e W.

Proof. Lemma 4.4 and M (u) = Indgggzﬂl)Mg(u) imply that

Anngyq)M(w - X) = Anngg) (U(0)/(U(0)ml Ulg1)) ) |

where we used Duflo’s result, which proves the theorem. ]
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