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Abstract. Lorenz maps are maps of the unit interval with one critical point of order p > 1,
and a discontinuity at that point. They appear as return maps of sections of the geometric
Lorenz flow.

We construct real a priori bounds for renormalizable Lorenz maps with long monotone
combinatorics, and use these bounds to show existence of periodic points of renormalization,
as well as existence of Cantor attractors for dynamics of infinitely renormalizable Lorenz maps.

1. Introduction

E. N. Lorenz in [8] demonstrated numerically the existence of certain three-dimensional flows
that have a complicated behaviour. The Lorenz flow has a saddle fixed point with a one-
dimensional unstable manifold and an infinite set of periodic orbits whose closure constitutes
a global attractor of the flow.

As it is often done in dynamics, one can attempt to understand the behaviour of a three-
dimensional flow by looking at the first return map to an appropriately chosen two-dimensional
section. In the case of the Lorenz flow, it is convenient to chose the section as a plane
transversal to the local stable manifold, and ,therefore, intersecting it along a curve . The
first return map is discontinuous at ~.

The geometric Lorenz flow has been introduced in [9]: a Lorenz flow with an extra condition
that the return map preserves a one-dimensional foliation in the section, and contracts
distances between points in the leafs of this foliation at a geometric rate. Since the return
maps is contracting in the leafs, its dynamics is asymptotically one-dimensional, and can be
understood in terms of a map acting on the space of leafs (an interval). This interval map
has a discontinuity at the point of the interval corresponding to v, and is commonly called
the Lorenz map.

We will start by defining what is known as the standard Lorenz family. Our work is a
continuation of the study started in [11], and we will, therefore, make a conscientious effort
to use the notation of [11] so that it would be easier for the reader to compare the approach
of this paper with that of [11].
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DEFINITION 1. Let u € [0,1], v € [0,1], ¢ € (0,1) and p > 0. The standard Lorenz family
(u,v,¢) = Q(x) is the family of maps @Q : [0,1] \ {c} — [0, 1] with a single critical point at
which the map is discontinuous:

u(l— (=2)7), ve0,e),

[

Q) = { 1+o(-1+ (%)p), x € (¢, 1],
REMARK 2. In the definition above, u is the length of Q([0,c¢)), v is that of Q((c, 1]), while u

and 1 —v are the critical values. To emphasise that a critical point ¢ corresponds to a map f,
we will use the notation c(f). The difference 1 — c will be denoted as ju:

u=1-—c
More generally,
DEFINITION 3. A C*-Lorenz map f:[0,1]\ {c} — [0, 1] is defined as

_ fO(x) = ¢(Q(I)); YIS [O>C)7
flz) = { £i(2) = 6(Q(x), x€ (1],

where ¢ and 1 are C* orientation preserving diffeomorphisms of [0,1] (this space will be
denoted by D*).

We will refer to the diffeomorphisms ¢ and psi as coefficients of the Lorenz map.

The set of C*-Lorenz maps will be denoted £*. Since a Lorenz map (3) can be identified
with a quintuple (u,v, ¢, ¢, 1), the space £* is isomorphic to [0, 1]2x (0,1) x D¥ x D*. L5 C L3
will denote the subset of maps with the negative Schwarzian derivative Sy,

"(x) 3 (SN L
:];%(x))‘i(?'((z))) = Nyle) = 3Ny -y

We will denote the C*-norm by | - [z. The subsets of D? of diffeomorphisms with a negative
Schwarzian will be denoted D,

Guckenheimer and Williams have proved in [4] that there is an open set of three-dimensional
vector fields, that generate a geometric Lorenz flow with a smooth Lorenz map of p < 1.
However, one can use the arguments of [4] to construct open sets of vector fields with Lorenz
maps of p > 1. Similarly to the unimodal family, Lorenz maps with p > 1 have a richer
dynamics that combines contraction with expansion.

For any z € [0, 1]\ {c} such that f"(z) # c for all n € N, define the itinerary w(z) € {0, 1}
of x as the sequence {w°(z),w!(x),...}, such that

T __ 07 fl(x> <g,
. {1, fi(x) > c. (12)

If one imposes the usual order 0 < 1, then for any two w and @ in {0, 1}, we say that w < @
iff there exists > 0 such that w’ = &* for all i < r and W" < @".
The limits

Si(x)

w@*) Zlmu(y), w(@) = lm ()
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FIGURE 1. a) A Lorenz map f of renormalization type (01,1000) with the critical exponent p = 2; b) R[f]

exists for all z € [0,1].

The kneading invariant K(f) of f is the pair (K~ (f), K*(f)) = (w(¢™),w(c")). Hubbard
and Sparrow have found in [5] a condition on the kneading invariant of topologically expansive
Lorenz maps. Kneading invariants for a general Lorenz map, not necessarily expansive, satisfy
the following condition:

Ky =0, Kf=1 oK")<o"(K*)<o(K™), necN,

here ¢ is the shift in {0, 1}. Conversely, any sequence as above is a kneading sequence for
some Lorenz map.
A Lorenz map has two critical values
¢ =lim f(z), of =lim f(z).

We will use the notation ¢(f) whenever we want to emphasise that that critical value

corresponds to a function f.
A Lorenz map f with ¢ < ¢ < ¢] is called nontrivial, otherwise f has a globally attracting
fixed point. In general, cf will denote points in the orbit of the critical values:

¢ =fNe), i1

DEFINITION 4. A Lorenz map f is called renormalizable if there exist p and q, 0 < p < ¢ <
q < 1, such that the first return map (f", f™), n > 1,m > 1, of C = [p, q] is affinely conjugate
to a nontrivial Lorenz map. Choose C' such that it is mazximal. The rescaled first return map
of such C'\ {c} is called the renormalization of f and denoted R[f].

We will denote
L=1pc), R=/(cq,
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while the first return map will be denoted P[f] and referred to as the prerenormalization. If
f is renormalizable, then there exist minimal positive integers n and m such that

Pl ={ Lo T

R[f] = A~ o P[f] 0 A, (1.3)

where A is the affine orientation preserving rescaling of [0, 1] onto C. We will also use the
notation f for the renormalization of f.

The intervals f/(L), 1 < ¢ < n, are pairwise disjoint, and disjoint from C. So are the
intervals, f(R), 1 <1i < m. Since these intervals do not contain ¢, we can associate a finite
sequence of 0 and 1 to each of these two sequences of intervals:

w={Ky,...,K;}, oT={KJ,... K}, w=(w,w") €{0,1}"" x {0,1}""

Then, explicitly,

which will be called the type of renormalization. The subset of maps (3) which are
renormalizable of type (w™,w™) is referred to as the domain of renormalization D, (cf. [7]).

Let
o= (wo,wr,...) € [J&) ({0, 13"+ x {0, 1}m™+) . (1.4)
ieN
If R[f] is ws-renormalizable for all i € N, then f is called infinitely renormalizable of
combinatorial type w. The set of w-renormalizable maps will be denoted L, the set of maps
f such that R'[f] is w;-renormalizable will be called L, & = (wq,wr, ..., w, ), with n finite or
infinite. If @ is such that |w¥| < B, i = 0,1,..., for some 0 < B < oo, we say that @ is of
bounded type.
We would like to draw the attention of the reader to position of the indices in our notation:
w; € {0,131 x {0, 1} is a pair of two words, while w is an integer 0 or 1 in a single word (cf.
(1.2)).

The combinatorics
n m

~ =~
w=(0T...1,10...0) (1.5)

will be called monotone. The set of all monotone combinatorial types will be denoted M,
while £, will denote all Lorenz maps which are w-renormalizable with w € M.

Given an integer N > 1, the subset of M of all w’s such that the length of words in w
satisfies N < |w™| and N < |w*]|, will be denoted M y.

Given a subset A C M, L will denote all Lorenz maps which are w-renormalizable with
w € A. We will also use the notation £5 = £5N L4.

The main results of our paper are the following proposition and theorems.

MAIN PROPOSITION 1. (A priori bounds). For every p > 2 there exist an integer N > 1, and
a relatively compact subset K of L0 such that R[LF,, NK] C K.
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FIGURE 2. Monotone combinatorics (01, 1000) for a map with the critical exponent p = 2. The two halves of the central interval
are given in red and blue, their images under the map in semi-transparent red and blue.

At this point we were able to prove a priori bounds only for p > 2. The somewhat technical
reasons for that will become clear in the proof of the invariance of bounds on the critical
point in Proposition 20. Proposition 1 is used to obtain the existence of the periodic points
of renormalization:

MAIN THEOREM 1. (Renormalization periodic points). For every p > 2 and every & =
(wo - - -y wr—1) € M~ where N is as in in the Main Proposition 1, the renormalization
operator (1.3) has a periodic point in E%N N K of type @.

The proof of the next Main Theorem 2 will not be given here since it practically identical to
the proof of a similar result in [11], after on establishes a priori bounds. We, however, chose
to state this as separate main result since the existence of a Cantor attractor for the dynamics
merits a special emphasis.

MAIN THEOREM 2. (Cantor attractors). Let p > 2, and suppose that o = (wg, ... ,wWg_1...) €
MY, where N is as in in the Main Proportion 1, is of bounded type.

Consider f € L3 NK, and let A be the closure of the orbits of the critical values.

Then,

1) A is a Cantor set of a Hausdorff dimension strictly inside (0,1);
2) A is uniquely ergodic;

3) the complement of the basin of attraction of A in [0, 1] has zero Lebesgue measure.
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The study of renormalizable Lorenz maps was initiated by Tresser et al. (see e.g. [1]).
A more recent work of Martens and de Melo [7] produced a series of important results,
specifically about the domains of renormalization and the structure of the parameter plane
for two-dimensional Lorenz families.

The work [10] presented a computer assisted proof of existence of a renormalization fixed
point for the renormalization operator of type ({0, 1},{1,0,0}). The renormalization operator
of this particular type has been later shown to have a fixed point in the class of maps analytic
on a neighbourhood of the unit interval using only complex analytic techniques in [3].

In a more general setting, issues of existence of renormalization periodic points and
hyperbolicity have been addressed in [11], where it is proved that the limit set of
renormalization, restricted to monotone combinatorics with the return time of one branch
being large and much larger than the return time for the other branch, is a Cantor set, and
that each point in the limit set has a two-dimensional unstable manifold. Specifically, [11]
proves equivalents of our Main Proposition 1 and Main Theorem 1 for monotone combinatorial
types with the following return times:

Pl <o -1<2p—1), n_<|w|—1<ny, (1.6)

where n_ is sufficiently large, and n, depends on the choice of n_.

In comparison, our approach allows us to prove the a priori bounds for a different class of
combinatorial types. We are able to avoid the disparity of return times evident in (1.6), as
well as boundedness of return times from above. Nevertheless, we could not avoid a condition
of largeness of return times. We would like to emphasise, however, that the lower bounds
on the return times for which our results are valid can be expressed in terms of explicit but
very cumbersome functions of p. A careful computation of these bounds will result in definite
(and, likely, not too large) values of N. However, we have not performed these estimates in
the present paper.

2. Preliminaries

2.1. The Koebe Principle We will start by quoting the Koebe Principle which is of a
fundamental importance in real dynamics (see, ex. [6]). We will say that an interval V
is a 7-scaled neighbourhood of U C V/, if both components of V'\ U have length at least 7-U.

THEOREM (KOEBE PRINICIPLE) 1. Let J C T be intervals, and f : T — f(T) be a C3-
diffeomorphism with Sy < 0. If f(T) contains a T-scaled neighbourhood of f(J), then

 \? Df(x) 1+7\2
() <2< () v

2.2.  Distortion and nonlinearity Let C*(A; B) be the set of k-continuously differentiable maps
from A to B. We denote D¥(A; B) C C¥(A;B) the subset of orientation preserving
homeomorphisms whose inverse lie in C*(A4; B). We will use the notation D* and C* whenever
A=DB=10,1].
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DEFINITION 5. The nonlinearity operator N : D*(A; B) — CY(A;R) is defined as

Ny = Dlog D¢,

while ()
T

Ny(z) = o00)

1s the nonlinearity of ¢ at point x.

DEFINITION 6. Given ¢ € DY(A; B), the quantity

dist[¢] = max In <

z,y€A

ch(y))
D¢(x)

15 called the distortion of ¢.

Notice, that
Y D
/ Ny(t)dt = In ng

The following Lemma results from a straightforward computation.

LEMMA 7. The nonlinearity operator N : D*(A; B) — C°(A;R) is a bijection. In the case
A = B =10,1], the inverse is defined as

Jy exp { [, o(t)dt} dr.
fol exp {for gb(t)dt} dr

One can turn D?(A; B) into a Banach space using the nonlinearity operator. Specifically,
for ¢, 1 in D?*(A; B) and a,b € R, the linear structure and the norm are defined via

abp+ b = N,
¢l = sup|Ny(z)|.
€A

(2.7)

Ny (x) =

Finally, we give a list of useful bounds on derivatives and distortion in D?(A; B) in terms
on the nonlinearity (see [11] or [6] for the proofs).

LEMMA 8. If ¢, € D*(A; B) then, for all z,y € A,

o~lo—alloll < 528 < clvsliol (2.10)
%e—wn < D) < %ellaﬁll’ (2.11)
ool < D) ol (2.12)

S

U(x

~—
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Notice, that the set of uniformly bounded homeomorphisms in D? is relatively compact.
Indeed, consider U = {¢ € D?: ||¢|| < K}. Because of (2.11) such maps have a uniformly
bounded derivative, and therefore are equicontinous. By Arzela-Ascoli theorem, U is relatively
compact in C°.

We will introduce two subsets of Lorenz maps, defined via conditions on their distortion
and critical points.

DEFINITION 9. Given a real constants m > 0, we set
Km={feL":dist[y)] < dist[¢g] <7} . (2.13)
Given real constants m > 0, € > 0, set
KIi={feK cL:c(f)€le,1—¢]}. (2.14)

The reason for the introduction of these sets is the following compactness result.

COROLLARY 10. Let 7 > 0 and € > 0. Then the set KT is relatively compact in L°.

Proof. Recall that £2 is isomorphic to [0, 1]? X (0,1) x D? x D?. Since ¢ is bounded away from
0 and 1 by a constant, it is, therefore, contained in a compact subset of (0,1). Consider the
set

B ={(¢,¢) € D*> x D* : dist[¢] < , dist[)] < 7} .

Any sequence from B is equicontinous since |¢(y) — ¢(x)| < €|y —z|, and clearly, uniformly
bounded, therefore it has a convergent subsequence by the Arzela-Ascoli theorem. O

2.3.  Monotone combinatorics We will quote a lemma from [11] (Lemma 2.1.11) which gives the
formulae for the factors of a renormalization of a Lorenz map in L. Let I be an interval
and gy be an orientation preserving diffeomorphism. We denote the affine transformation that
takes [0, 1] onto I as &. Define the zoom operator:

Z(g;1) =&, 090&r (2.15)
LEMMA 11. If f = (u,v,c, ¢,v) is renormalizable of monotone combinatorics, then
R[f] = (2,7, 6,7)
15 given by . . .
a:%, @:%, 5:%, (2.16)
0=2(¢:U0), d=2Z(V), ¢=flos, v=fiov, (2.17)

where U = ¢~ o f1™(C), V=9~ o f7™(C).
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3.  Estimates for Lorenz maps with monotone combinatorics
In this Section we will obtain bounds on the critical points, critical values and lengths
of the central subintervals L and R for Lorens maps with monotone combinatorics whose
diffeomorphic coefficients have bounded distortion.
Suppose that f € £3 is w-renormalizable, where
w= 0w w. . W 1o 2. ™).

Given, [ > k, denote

‘;[];klmwl = fwl ©...0 fwkv \I]wk...wl = fw_kl ©...0 f;llv
and
wk)=w'. . WF wh(k) =0k

(note different notations here and in (1.4) and (1.2)), then the prerenormalization can be
written as

P[f] = (‘;[];}(n) © an \I];i(m) o fl)

Furthermore, we denote

\If;}(n) ofo(L) = I=]p, C;Jrl), W on (1) = I,
\Ilu:i(m) ofilR) = J= (C;;—I—lvq]v Wk ym () = Jp.

Notice, that I} = fo(L) and J, = fi(R).
We will mention the following simple lemma (cf. [11] for a proof).

LEMMA 12. W,y and Wy extend to neighbourhoods of (¢f,1) and (0, ¢y ), respectively,
as analytic maps.

We will continue with a sequence of lemmas which will prepare us for a construction of a
priori bounds — construction of a relatively compact set invariant under renormalization.

First of all, we will need simple bounds on the difference of fy and f; at two points of the
domain.

LEMMA 13. Suppose that dist[¢p] < 7, dist[¢)] < 7, then

T () <h - hw < Pe-n (S0 e

C C C

for any x >y in [0, c), and

T o) () < - < LDy () wa0)

I I

for any x >y in (c,1].
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Proof. Notice, that the average derivative of ¢ on (0,u) is ¢] /u, therefore, the derivative ¢'(x)
at any point in (0, u) is bounded as

—e "< ¢(x) < =€, (3.20)
Similarly, for z € (1 — v, 1).

1—cf 1—cf
Uem < f/(a) < ——Lem, (3.21)

v v
Therefore, we get for z > y in [0, ¢)

— p—1 T o — p—1
.U c—y e pc c—y
o) = o) < Lot —y) (1) = Ty (1)
The lower bound is obtained as follows:

) 1ol 2 Ferptia ) (51 = Ty ()

c c

Bounds on the difference of f; can be obtained in a similar way. O

Let us introduce the following notation for the sake of brevity:
-7 - 2T
e e e "c e ] c
a="—, p=—"t_ x="" =" v=—F . =_"_ (322
p (L—=c)p cp p (1—¢f) (c7)?
Since R C f™*Y(R), we have that f;'(c) € f™(R), and for monotone combinatorics
fot(c) > ¢f. Similarly, f;'(c) < ¢;. The next lemma uses this fact, and provides a lower
bound on the length of the intervals [f; '(c),p] and [g, f; *(c)], which is also a lower bound on

the length of the intervals [c¢], p] and [q, c; ].

—Tr

LEMMA 14. Let f € K™ N L, for some m > 0 and w = (w_,w;) € M with |w_| = n + 1,

lwy| =m+1. Then
p—1 05711
) e
K Ve
c—cf

m

o= 1) = (n(cl_“_ ) (&—ﬂep—”l))w

Proof. We will first demonstrate that
(@) > ctvriert (x—cf)’%" (3.25)

for all z > ¢. To prove (3.25) we use the following expressions for the inverse branches of a

Lorenz map: )
<%) . (%_(x)) " (3.26)
[

p = f5 ()]

v

A, (3.23)

o. (3.24)

fol(z) =

e = () e () e
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and start with

1 1
C P_ e_ﬂ- P _ +%
R

—1 —Wz_f_
fri(@) zetple™y -

for x > ¢f, and use induction on this inequality to obtain

1 1+___p7(n71)
- o 1 —x 1
@) > e+ | p ¢ z— D)7 >t uitient (¢ —ch)om .
1 1 1

1—cf
According to Lemma 13:
c— -1 c p—1
|folp) —¢| < Kx7Yp — fi(c)] (+U) '

On the other hand, fy(p) = f; "(p), and according to (3.25),

- Bl
fi™(p) >c+ yrTerT (p — cf) . (3.28)
Therefore,
P =T 1
folp) —c= fi"(p) —cZveTerT|p —cf |77,
and
C — 0_1(0) -1 P - 1 P —7 1
= 5 (D) 2 vt - et 2 e - AP, (629)
c
which results in the required bound (3.23).
The bound on |qg — f; *(c)| is obtained in a similar way. O

Lower bounds on the differences [p — f;*(c)| and |f;*(c) — ¢| can be used to bound ¢, and
1 — ¢f from below.

LEMMA 15. Let f € K™ N L, for some m > 0 and w = (w_,w;) € M with |w_| = n+ 1,
lwy| =m+1. Then,

mA "0
i , 1—c 2 7 .
1—rm 1—nn

Proof. To get the lower bound on ¢ we notice that the derivatives of the inverse branches

of Q(z) (formulae (3.26) and (3.27) with ¢ = 1) = id) are increasing functions, while the
derivatives of ¢ and 1 are bounded as in 3.20 and (3.21). This can be used to get a
straightforward bound

> (3.30)

Dfyt(z) > —

for all 0 < = < ¢j. Therefore,

f7™p) = (DfH0) " p = &M,
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SO
P> +A> P+ A = p> e
and
cf > lm_mﬁm‘
The lower bound on 1 — ¢; is obtained in a similar way. a

We will now turn our attention to the bounds on L and R.

LEMMA 16. Let f € K™N L, where 0 < 21 <Inp and w = (w_,wy) € M with |w_| =n+1,
lwi| =m + 1. Then there exist a constant K, such that

0 T ﬁ —1_1 ﬁ
izl < (<c;—c>cf) (” ) | (331)

q v =1
1
P Pr—n=T
Ll < e
(1—=ci)e

—T P ﬁ n n —27 p—1\ k-1
L] > (e - n”) exp (K "6 (6 (©+ 18D ) ) (3.33)
1

p—1

(3.32)

¢ p(l—=n") =\ 1 pet
and
= (- o) (L) een
N S
= ( =l _WL))m 339
R > (ffﬁ;ﬂn)pllexp <K(1“_7%m (K@”L‘))k) (3:30

Proof. 1) Upper bounds. Denote p; = f'(p) and ¢; = f*(q) (notice, p,y1 = p and g1 = q),
and, as before, cj-t = fi=Y(cF). Suppose, point z; is in the interval I;, and denote points in
the orbit of 2, as zj: 2, = fF'(21). Then, according to (3.25),

— 1
Pr = fl_(n_k)(xn> Z ¢+ Vp_ﬁleﬁ (xn - Cil—) = Dk,
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and one gets foralln+1>k >0

1

™ + ™
_ He 2T —C L ne P R 1—p
Dfl 1(xk+1) < < +)) (6 Lk +1 ) < p( + (1 _Cf) i (6 (Ik-i-l _C)) ?

p(1—cf 1—¢ 1—cf)
_p_ 1;0
ILL67T +\—2 — M o s n 1
< —(1—01) e ™ _ epfl(xn_cl)pnfkfl
P (L—c)r
€ 1-p 1-p
< T (o ) = (e
p
and 1
— -1 _ ot
Dfi(xr) = (Dfy 1(5Ek+1)) >~ (2 — )P F .
We can now see that
-1 +\ EE
Dfi(xy) =~ (po— )7
for all x;, € I;.. Therefore,
k—1 p;l
o — ol > |p1—c;\H:;nei}_1Df1 >\p1_cl|H7 = )

> |p—aly' " (o — )7 ey

Notice, that for monotone combinatorics all images f*(L), 1 < k < n, are contained in the
interval (c,c; ), while the images f*(R), 1 < k < m, are all contained in (c], c). Therefore,

- 1 cr (1L <=~ 1 p . L
& _C>Z|Ck —pi| > |P1—01|ZV pn—cf)m T > 6—1ﬂ (%) Zvl ML R (3.37)

k=1

We can now use the fact that v~ = p/e®™ > 1 for all 7 as in the hypothesis of the Lemma,
to simplify the above expression.

_ n—1
- ¢ (|L] 1- }: 17 -7
_ > (= n T p+ )
@ =¢ e”(c) | |k07 6”CP| | I—7

and the upper bound (3.31) from the claim follows. The bound (3.34) on R is obtained in a
similar way.

To derive the upper bound (3.32), we return to (3.37), and notice that for monotone
combinatorics all images f*(L), 1 < k < n — 1, are contained in the interval (f;*(c),c;),
while the images f*(R), 1 <k < m — 1, are all contained in (¢, f; '(c)). Therefore,

L & (LN S= ik e _ O ot
I o I S S S CE

C
k=0
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while on the other hand, according to Lemma 13,

_ _ e p(l—¢cf), - ._ i e) —c
=l = Iler) = 2 SLE= D oy 19
e p(l—c), _ N O+ |R||”"
> S ol | 22
LD g [
> ———"lc, — c)||——
o=z 1 e — fi (0] [
1 2 I . e’
= f <
|Cl .fl (C)| > p @+|R| p(l_cig_)a

which together with (3.38) results in

T > Cl_ ‘L"H—p"%l
p(l—cf) ~ emcr ’

©

plt e
o

and the second upper bound (3.32) follows. The bound (3.35) is obtained in a similar way.

2) Lower bounds. We will use the fact that L C f"*!(L), or
L] < [fi'(p1) = [T ()]

Then, according to the previous Lemma,

_ e™(1—cf)p e =t
|L| < ‘fl(pn) - fl(cn>| < Tl ‘pn - Cn‘
— p—1 — p—1
_ _ ¢, —¢ Ch1—C
S n 2 ‘pn—l - Cn—l‘ !
I 1
n — p—1 p n — p—1
c. — ¢ L c. —¢
< n"p1—cy b <n"e"c] |— k (3.39)
[P — 3 }kl:[l ; = L[l M

We will now obtain an estimate on (¢, — ¢)/u. To that end, first notice, that

D fi(z) >

eqa—qm(w—?”‘>fﬂl—qm<@+m0“1
I 1 - I I ’
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for all z > f; !(c), therefore,
g —¢ < 1— min {Dfi(z)} (1 —¢y)
)

B fofl(c

—T(1 _ .+ p—1\ k-1
1_0_(6 (1—c)p <@—|—|R|) ) (1—c)
1 1
k-1
e (@—I— |R|)p_1 n"e
- =
n % L—nn

k-1
o —c L e 2 (@—I—|R|)p_1 n"e .
I 7 I p(1—nm)
( k

IA

IA
=
|

IA

n

[1

k=1

— p—1 n
Ck

A
—

—cC
i

< o (atp- 0 0SS

where K is some immaterial constant of order 1. Finally, (3.39) becomes

L "0 (e (@R
cr eXp( Kl Du(l—n”)Z( Ui ) )

nom—
L<nT"ec |— =
k=1

which results in the required lower bound for L.
The lower bound for R is obtained in a similar way:. O

4. A priori bounds
Recall that by Lemma 11, the diffeomorphic coefficients of the renormalized map are

O=Ec" 0 fl 000y, V=60 fi o0&,

The next Proposition establishes the conditions for the invariance of the distortion of the
coefficients under renormalization.

PROPOSITION 17. (Invariance of distortion). For every p > 1 and every 0 < m < 1/2Inp,
there exist N = N(p,m) > 1, such that if f € KINL, where w = (w™,w™) with |w™| > N and
lwt| > N, then

dist[¢] < 7, and dist[¢)] < 7.
Proof. We consider the exponential of the distortion of ¢ on [0,1]. For any z,y € [0, 1],
Do(x) B D(ffo¢)(f¢flof;”(0)(95)))
Doly) D(.flnOgb)(éﬂ(ﬁ*loff"(C)(y))).

(4.40)
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Recall, that C = [p, ¢], and that, by Lemma 12, f; " and f;™ are defined at least on (c;, 1)
and (0, ¢7 ), respectively. By Koebe Principle 1

D(ffo¢)(z) _ <1+7)2

D(ffog)(w) =\ 7 /)~
where z,w € ¢~(f;7"(C)), and

1 —cf
T =max{n, o}, T = —q, Ty = "
q—p q—p

Similarly, for z,w € ¥~ 1(fy™(C)),

D(f§ o) (2) _ <1+<)2
D(fgro)(w) =\ ¢ )~
where -
(=max{G, G}, G = %> G =2 — a.
q—7p q—7p
Therefore,

max{dist[d], dist[J]} < max { (1 +) ’ (1 EC)}

S (= RGN

Below we will demonstrate that (4.41) is less than e™ for sufficiently large n and m.

Recall, that A from Lemma 14 serves as a lower bound on p — f; '(c), while © is a lower
bound on ¢ — f;*(c). Then, using that p — f;'(c) < p — ¢, together with the upper bounds
on L and R from Lemma 16, we get

+
q—c q—p C] L]+ |R
< 1+ <l4+—-—<14+—
p—c¢ T~ p—c¢ T AT A
1 1
_ Cpeﬂ' r}/_l —1 p+1 lupeﬂ' 7_1 —1 p+1
< 14 ¢, —c +((c—¢cf X
- <(1 )G'V”—l) <( D=1
( C+)p 1 pnil
_ &
& c
% 1P .
C fole p—1

7_1 . ﬁ 7_1 . # C_p (1 B %>P—1 o1
< 1+ <Mcp_1€ﬂ_7) + <C,Up_1€7r ) et :
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Notice, that the function (1 — x)z”~! assumes its maximum at x = (p — 1)/p, therefore,

o o p—1 -1
,LLCp_1 S 1-— p ! P L S c )
P P p—1

and similarly for cu?~!. Now, let s = min{n, m}, then

+ 1 -1 T <1—£)p_1 o
G- _ 1+2<e“_ 7_—1)p+1 cip c

p—ci p—1y—1 O

1
=1 -1 _ FEs) P -1
< 1+2<6 i l)p . :
p—1y—*—1 (1—¢g)erTe "o

where we have also used that the minimum if cu# 1 for ¢ € [e,1 —¢], is (1 — &)er 1.
One can now see that if s sufficiently large, then the small factor 1/(7~° — 1) dominates
other terms, and for every 7 as in the hypothesis, there exists a sufficiently large s, such that

(q—ci)/(p—c) is smaller than e™/? whenever the distortion of the coefficients of f is smaller
than .
In a similar way (¢; — p)/(cf — q) is less than e™/? for sufficiently large n and m. O

Recall the definition of the subset My from the Introduction: this is the subset of M
(monotone types) of all w’s such that the length of words in w satisfies |w™| > N and |w™| > N.
Also, recall that according to Lemma 11, the critical point of a renormalized Lorenz map is
given by
L]
|C]
PROPOSITION 18. (Invariance of the bounds on the critical point). Let m satisfy 0 < m <
1/2Inp, and let p > 2. Then there exist ¢ > 0 such that if f € KT N L then the critical point
¢ of the renormalization satisfies

(4.42)

c =

¢ele,1—¢l
Proof. Our immediate goal is to show, that for f as in the hypothesis of the Proposition, there
exists a positive €, such that ¢ lies in [¢,1 — ¢] whenever ¢ does. We will start with the lower
bound on ¢.
According to (4.42), for ¢ to be larger or equal to some € > 0 it is sufficient that

1
7R>6©1>6<1—|—max@) (4.43)
1 + max |‘L“ L]
The maximum of the ratio of the lengths of R and L can be estimated using bounds from
Lemma 16:
+_pPe” s yt-1 o
R ((C - Cl) —C+ > ( —m _ )
17 a=e) e . (4.44)

‘L‘ o e~ T %1 ne e—2m @ R k-1
( pn>p epr?WLZkl(nﬂpi‘))
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We will identify the behaviour of the right hand side of the above inequality as y — 0
@ < A Nﬁ
|L| 1 (=) (n—1)
Iup = exp B77 m 1[u—1 (p—1)(n—1) <D77pm,1 + P,uP+1>

< Aufil_# exp (—Kup&iﬁl_%("_l)> ,

where A, B, D, P and K are some bounds that depend on n, m, p and 7, but do not depend
on u. Therefore, for (4.43) to hold whenever p is small, its is sufficient that

€+ Ae,u#_/_il exp ( K,up’”*l 1 (n= 1)) <1.
For sufficiently large n and m, the above inequality is of the form
e+ Aep " exp (—Tu_b") <1,

where a, b, A and T are some constants.
Since p strictly less than 1, for sufficiently large n the small exponential dominates the

large factor in front of it, and there exists € > 0 and a natural number N > 1, such that the

inequality holds for 4 < e and all n,m > N.
We now turn to the case ¢ — 0. Here we will use the upper bound (3.35) on |R|

1
p—1 p e —
|R| (Cﬂi‘ (1—%)@)’) "
L] < L N (4.45)
e el - 77”@ —27 (©+|R)|)
( 77) exp(K Zkl(niupl
and we isolate all powers of ¢ and ¢ :
1 1
1 2 c r P on—1
2 (Pl P \rtmen - o
B <C (&) waa) <
Ty = 1 — 1
|L| e "ch n p—1 ﬁ p—1
a =
1 11
2 " o \PTH\ ot
CT Cl pn,l(cl—)pn,l pr—1
€1
< A 1
(2)"
2%
p”71 p—1 p”71 P P (p=1)
< Ac2m_ﬁm_ﬁ(cl—)< Pt —1 1)p"+1+
(p=2)p*" +p" (1—p?)+p 1 (p=1)p" +p2" (p2 —2p+2)—p
< Ac  @*-1)(%-p) (¢ (P2 =1)(p%—p)

for all p > 1 the power of ¢; is positive, and we can bound it from above by 1, then the

condition
e—l—emax{|R|} <1
| L]
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is implied by
(9*2)92"+p"(1fp2)+p_1
€+ Aec  »?"-1(p%-p) <1,

and it is sufficient for all ¢ < e that

(p=2)p?™ +p" (1—p?)+p

e+ Ae  WTUGP0 <1, (4.46)

For all p > 2 and sufficiently large n the power of € in the second term is positive, and we get
that the invariance condition is satisfied by a sufficiently small e.

To summarise, denote the maximum of the upper bounds (4.44) and (4.45) by M(c) (we
suppress the dependence of M on p, 7, cf, n and m in our notation), then we have shown
that there exists € > 0 such that .

15 M(z) = ©

for all z < e, and that
1

15 M(z) = ©
for all x > 1 —e. Since 1/(1 4+ M(z)) is clearly a continuous function of x, it achieves a
minimum €; on any interval [e,1 — €]. We can now choose €; = min{e;, €} to be the lower
bound on c.
Existence of €5 > 0 such that ¢ < 1 — ¢y is proved in a similar way by considering the
maximum of the ratio of the lengths of L and R. Finally, take ¢ = min{ey, e2}. O

REMARK 19. One can now see that the reason for a somewhat restrictive condition p > 2 is
the positivity of the exponent in (4.46). One might hope that with more work, for example, a
better upper bound on ¢i , which would add to smallness in (4.46), one can relax this constraint.

The following results is an immediate corollary of Propositions 17 and 20.

PROPOSITION 20. (A priori bounds). Let w satisfy 0 < m < 1/2lnp. Then, for every p > 2
there ezists a natural N > 1 and € > 0, such that RIKT N L] C KT

5.  Periodic points of renormalization
We consider a restriction R, of the renormalization operator to some

n m

~ =~
w=(0T1...1,10...00e M, n>N, m>N,

where NN is as in Propositions 17 and 20.

In this Section we will demonstrate that R, has a fixed point. We will generally follow
the approach of Section 3.3 from [11] (and we will make a conscientious attempt to keep the
notation in line with that work). One important difference with the case considered in [11],
however, is that we are looking at a different class of return times. This will introduce some
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extra difficulties, especially evident in the proof of Lemma (26), somewhat more involved than
its analogue from [11].
We will start by quoting several previously established results.

DEFINITION 21. A branch I of f™ is full if f™ maps I onto the domain of f. I is trivial if
f™ fizes both endpoints of 1.

We will now quote several facts about Lorenz maps, established in [7].
DEFINITION 22. A slice in the parameter plane is any set of the form
S = 0,12 x {c} x {6} x {},
where ¢, ¢ and ¥ are fired. We will use the simplified notation (u,v) € S.
A slice S induces a family of Lorenz maps
S 3 (u,v) = (u,v,c,¢,v) C L°.

any family induced by a slice is full, that is it contains maps of all possible combinatorics.
Specifically (see [7] for details),

PROPOSITION 23. (Theorem A from [7]). Let (u,v) — (u,v,c,¢,) be a family induced by a
slice. Then this family intersects L2 for every @ (finite or infinite) such that L2 # (.

LEMMA 24. (Lemma 4.1 from [7]). Assume that f is renormalizable. Let (I,c¢) D L be the
branch of f*™' and (c,r) D R be that of f™**. Then

<t i) =
Let m, € and KT be as in the previous Section. Consider the set
Y=°LINKT. (5.47)

PROPOSITION 25. The boundary of Y consists of three parts: f € 0Y iff at least one of the
following holds:

C1. the left and the right branches of R[f] are full or trivial;
C2. dist[¢] = 7 or dist[¢)] = 7;
C3. c(f)=c¢,orc(f)=1—c¢.

Proof. Consider the boundary of £2. If either branch of R,[f] is full or trivial, then there
exists an perturbation of f, however small, such that f is no longer renormalizable. Hence
C1 holds on 9L°. If f € L£° does not satisfy C1 then, according to Lemma 24, all small
perturbations of it will be still renormalizable.

Conditions C2 and C3 are part of the boundary of K7. By Proposition 23 these boundaries
intersect Ef, and hence C2 and C3 are also the boundary conditions for ). O
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Fix ¢y € (g,1—¢), and let S = [0, 1)*> x {cp} x {id} x {id}. Recall, that the linear structure
on the space D? is defined via the nonlinearity operator:

ag+ 5P =N

aN¢+ﬁNd,) )

Introduce the deformation retract onto S as

Wt(UaU>C>¢>¢) = (U,U,C—l—t(CO—C),QSt,’l?Dt)

= (u,v,c+t(co—c), (1 —=t)p+tid, (1 —t) +tid). (5.48)
Let
Ri=moR.
We will strengthen the conditions on the set Y and consider a smaller set
Vs =Y 0{feL: c(R[f]) > 6} (5.49)

The boundary of Vs is given by conditions C'1-C3 together with
Ca. {f €V :c(R[f]) =0}

LEMMA 26. The ezists a choice of ¢ in (5.48) and 6 € (1 — g,¢), such that R has a fized
point in 0Ys iff Ry has a fized point in 0Ys for some t € [0, 1].

Proof. The direct statement is obvious since R = R,.
Assume that f € )5 with the coefficients (¢, 1) is such that R,f = f for some t € (0, 1],
and assume that R has no fixed point on d)s. We will demonstrate that this is impossible.
Choose ¢ close to 1 —e: ¢y = 1—e—v for some small v. By Proposition 20, ¢(R[f]) € [e, 1—¢]
whenever ¢(f) is. Together with the condition ¢(R[f]) > 0 this implies that

e(RIf)) € [6,1 — <]

Since t > 0, by formula (5.48) ¢(R¢[f]) is strictly in the interior of [§, 1 —¢] for all £ € (0, 1].
Therefore, neither C3 nor C4 can hold for f = R;[f] for ¢t € (0, 1].

The distortion of the coefficients of R[f] is not greater than 7 by Proposition 17. For
t € (0, 1] distortion of the diffeomorphic parts (s, 1) of R:[f] is strictly smaller than that of
(¢, ) (diffeomorphic coefficients for R[f]). This can be seen from the following computation:

FiN(@dsldr _ eXp [Jy (1 = t)N;(s)ds] B Dé(y) o <em
+tNiq(s)ds] exp [fox(l — t)Nq;(S)dS] DQE(ZL’) .

Similarly for 1. Therefore, we have that C2 does not hold for f = R,[f] for ¢ € (0, 1].

The only possibility is that, if f = R;[f] € 0Ys then it belongs to the part of the boundary
described by C1.

Suppose that either branch of R|[f] is full; for definitiveness, suppose ¢ (R[f]) = 1. Since
¢ fixes both end points of the unit interval, this implies that u(R[f]) = 1, and since the
deformation retract does not change the value of u, u(R¢[f]) = 1. Since ¢, fixes 1 as well, we
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get that ¢ (R¢[f]) = 1, and therefore, the corresponding branch of R,[f] is full as well. This
shows that f can not be fixed by R; since a renormalizable map can not have a full branch.
Therefore, one of the branches of R[f] must be trivial.

Before we proceed with the last case of trivial branches, we will derive an upper bound on
¢1(u) and a lower bound on (1 — v). Recall, that ¢, = (1 — t)¢ + t id where the linear
structure is given by (2.8). Then, on one hand,

Jy (Do) dr [ (Do) dr 1<D<z><r>>1—t dr

M e T (Dot (Ji Doryar)
- 1_/%1 (ng(r))l_tdr:/ox (ng(r))l_tdrg/ox(56“)1_tdr< (Cgeﬂ)l_ta;,
and

or(u) < (cl_)l_tute”(l_t). (5.50)
On the other hand,

o) < [ (Do) ar < [ Do) sup (Do) < ole) ( ! )

re(0,x)
and
¢i(u) < (cp) ute™. (5.51)
We can now take a linear combination of (5.50) and (5.51) as an upper bound on ¢;(u). A
particularly convenient choice is

¢e(u) < (cp) 't (te”(l_t) + (1 —1t)e™), (5.52)

which insures that ¢g(u) < ¢; and ¢(u) < w. Notice, that the maximum of the function
(te™= + (1 — t)e™) is achieved at t = 1/2.
In a similar way,

Y1 —v) > ()1 =) (e (1 —t)e ™). (5.53)

Suppose, the left branch is trivial: ¢(R[f]) > ¢ (R[f]). Recall, that for a map
renormalizable with monotone combinatorics w ¢; > f;*(c), and according to Lemmas 16
and 14 the differences ¢; —¢ > |R|+© > K and ¢ — ¢ > |L| + A > J, where K and J
depend on p, m, €, n and m, but do not depend on the particular form of the map. Suppose
v is small: ¥ << K. Then, on one hand,

cr (Ralf]) = e(Ra[f]) < (er)! "’ (te™79 + (1= 1)e™) — e(Rf]) — t(co — c(RIf]))

Recall, that by Proposition 17, m can be chosen small if one considers large n and m. Since
¢ (RIf]) — c(R[f]) < 0, the expression (c;)'~tu! (te™ =D + (1 — t)e™) — ¢(R[f]) < K — v if
7 is small. Then since ¢y — ¢(R[f]) is larger than —v, we have that

()Ml (te™ 70 + (1= 1)e™) — e(RIf]) — t(co — e(R[f])) < K,
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and hence f = R;[f] is not renormalizable with the monotone combinatorics w.
Now, suppose that the right branch is trivial. Then

(Rl f]) = f (Rlf]) < e(RIf]) + tleo — e(RIf])) = () 711 = 0) (b ™70 + (1 = t)e™™)..
Since c¢(R[f]) — ¢ (R[f]) < 0, we have that for a sufficiently small 7,

e(RIF)) — () (1 =)' (8700 4 (1= 1)) <

)

D[ &

while
c(RIf]) = (D) —0)" (ke + (1= t)e™™) +t(co — c(R[f])) < % t(l—c—v—20)

Therefore, the map R;[f] is not renormalizable with the monotone combinatorics w for
t € [0, 1], if we chose 4 so that
l—e—v—-456<J)/2. (5.54)

We now notice, that according to Lemmas 16 and 14

n

J=0 <(5(1 - 5)7%)#) 40 (5751(1 - 5)#) exp (o ((1 - 5)%—"!—2—11@—”)) . (5.55)

If ¢ is small, then the above expression demonstrates that J = O (5 ﬁ), and the inequality

(5.54) is not satisfied. On the other hand, if ¢ is close to 1 — & — v, then the exponential in
(5.55) becomes large and dominates others terms, and (5.54) is easily satisfied. Therefore,
there exists 0 € (0,1 —e — v), not necessarily very close to 1 — e — v, such that (5.54) holds
for all ¢ > 4.
We conclude that f = R:[f] ¢ 0Ys which is a contradiction with the assumption in the
beginning of the proof.
O

According to the Theorem B in [7] the intersection of S contains a connected component [
of the interior, called a full island, such that the family I 5 (u,v) — f is full.

LEMMA 27. Any extension of Ri|ay, to Vs has a fized point.

Proof. Assume that R, has no fixed point in 0Ys (otherwise the theorem is trivial).

Let S = [0,1]2 x {co} x {id} x {id}, where ¢ is as in the previous Lemma. This set contains
a full island I with 91 C 9Ys.

Pick any R : I — & such that R|s; = Ri|s;. Define the displacement map d : 9I — T! by

r — R(x)
d(I) = )
|z — R(x)|
which is well-defined since R does not have fixed points on dI C 3)s. The degree of d is

non-zero since [ is full. Therefore, R has a fixed point in I (otherwise d would extend to all
of I, and would have a degree zero). O
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To finish the proof of the existence of the fixed points we will require the following theorem
from [2]:

THEOREM 5.1. Let X C Y where X is closed and Y is a normal topological space. If
f X = Y is homotopic to a map g : X — Y with the property that every extension of
glox to X has a fized point in X, and if the homotopy hy has no fized point on 0X for every
t €10,1], then f has a fized point in X .

PROPOSITION 28. R, has a fixed point.

Proof. Ry either has a fixed point in 0Ys, or otherwise by Lemma 27 any of extensions of
Riloy, to Vs has a fixed point. In the second case we can apply Theorem 5.1 to immediately
obtain the required result. O

Now we can finish the proof of the Main Theorem 1.

Proof of the Main Theorem 1. Suppose that N is as in Propositions 17 and 20. Pick a sequence

0= (W, w1, ..., wk—1), wj € My. OnecanuseR,, ,o...0R,, in place of R, in the previous
Proposition to demonstrate that R, ,o...0R,, has a fixed point, which, hence, is a periodic
point of R of combinatorial type @. O

The Main Theorem 2, now, is a direct consequence of the fact that the set KT is
renormalization invariant, in particular, that the family {cRF[f]} is relatively compact for
all f € £5NKT. Tts proof follows word by word that in [11], and will not be included here.

6. Acknowledgements
I would like to extend my gratitude to the families of Hernan Franco and Mariana Amadei,
and Pedro Beltran and Mariana Franco, for their hospitality during the preparation of this

paper.

REFERENCES

[1] P. Collet, P. Coullet and C. Tresser, Scenarios under constraint, J. Physique Lett. 46(4) (1985), 143-147.

[2] A. Granas and J. Dugundji, Fized point theory, Springer Monographs in Mathematics (2003), Springer-Verlag, New-York.

[3] D. Gaidashev and B. Winckler, Ezistence of a Lorenz renormalization fixed point of an arbitrary critical order, preprint.

(4] J. Guckenheimer and R. F. Williams, Structural stability of the Lorenz attractors, Publ. Math. IHES 50 (1979), 59-72.

[5] J. H. Hubbard, C. T. Sparrow, The classification of topologically expansive Lorenz maps, Comm. Pure Appl. Math. XLIIT
(1990), 431-443.

[6] W. de Melo and S. van Strien, One-dimensional dynamics, 25 Ergbnisse der Matehematikund ihrer Grenzgebiete (3)
Ergod. Theor. and Dyn. Sys. 21(3) (1993), Springer-Verlag, Berlin.

[7] M. Martens and W. de Melo, Universal models for Lorenz maps, Ergod. Theor. and Dyn. Sys. 21(3) (2001), 883-860.

(8] E. N. Lorenz, Deterministic non-periodic flow, J. Atmos. Sci 20 (1963), 130-141.

[9] R. F. Williams, The structure of the Lorenz attractors, Publ. Math. IHES 50 (1979), 73-79.

[10] B. Winckler, A renormalization fized point for Lorenz map, Nonlinearity 23(6) (2010), 1291-1303.

[11] B. Winckler, Renormalization of Lorenz Maps, Ph.D. Thesis, Institutionen fér Matematik, KTH, Stockholm, Sweden,
(2011).



