SPECTRAL PROPERTIES OF RENORMALIZATION FOR
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ABSTRACT. Area-preserving maps have been observed to undergo a universal
period-doubling cascade, analogous to the famous Feigenbaum-Coullet-Tresser
period doubling cascade in one-dimensional dynamics. A renormalization ap-
proach has been used by Eckmann, Koch and Wittwer in a computer-assisted
proof of existence of a conservative renormalization fixed point.

Furthermore, it has been shown by Gaidashev, Johnson and Martens that
infinitely renormalizable maps in a neighborhood of this fixed point admit
invariant Cantor sets with vanishing Lyapunov exponents on which dynamics
for any two maps is smoothly conjugate.

This rigidity is a consequence of an interplay between the decay of geometry
and the convergence rate of renormalization towards the fixed point.

In this paper we prove a result which is crucial for a demonstration of
rigidity: that an upper bound on this convergence rate of renormalizations of
infinitely renormalizable maps is sufficiently small.
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Following the pioneering discovery of the Feigenbaum-Coullet-Tresser period
doubling universality in unimodal maps (Feigenbaum 1978), (Feigenbaum 1979),
(Tresser and Coullet 1978), universality — independence of the quantifiers of the
geometry of orbits and bifurcation cascades in families of maps of the choice of a
particular family — has been demonstrated to be a rather generic phenomenon in

dynamics.

Universality problems are typically approached via renormalization. In a renor-
malization setting one introduces a renormalization operator on a functional space,
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and demonstrates that this operator has a hyperbolic fixed point. This approach has
been very successful in one-dimensional dynamics, and has led to explanation of uni-
versality in unimodal maps (Epstein 1989), (Lyubich 1999), (Martens 1999), critical
circle maps (de Faria 1992, de Faria 1999, Yampolsky 2002, Yampolsky 2003) and
holomorphic maps with a Siegel disk (McMullen 1998, Yampolsky 2007, Gaidashev
and Yampolsky 2007). There is, however, at present no complete understanding of
universality in conservative systems, other than in the case of the universality for
systems “near integrability” (Abad et al 2000, Abad et al 1998, Koch 2002, Koch
2004, Koch 2008, Gaidashev 2005, Kocié¢ 2005, Khanin et al 2007).

Period-doubling renormalization for two-dimensional maps has been extensively
studied in (Collet et al 1980, de Carvalho et al 2005, Lyubich and Martens 2011).
Specifically, the authors of (de Carvalho et al 2005) have considered strongly dissi-
pative Hénon-like maps of the form

(1) F(z,y) = (f(z) — e(z,y),2),

where f(z) is a unimodal map (subject to some regularity conditions), and e is
small. Whenever the one-dimensional map f is renormalizable, one can define a
renormalization of F', following (de Carvalho et al 2005), as

Racrm[F]=H 'oFoF|yoH,

where U is an appropriate neighborhood of the critical value v = (f(0),0), and H is
an explicit non-linear change of coordinates. (de Carvalho et al 2005) demonstrates
that the degenerate map Fi(z,y) = (f«(z),z), where f, is the Feigenbaum-Collet-
Tresser fixed point of one-dimensional renormalization, is a hyperbolic fixed point
of Rgcra- Furthermore, according to (de Carvalho et al 2005), for any infinitely-
renormalizable map of the form (1), there exists a hierarchical family of “pieces”
{B"}, organized by inclusion in a dyadic tree, such that the set

cr =Bz

is an attracting Cantor set on which F' acts as an adding machine. Compared to
the Feigenbaum-Collet-Tresser one-dimensional renormalization, the new striking
feature of the two dimensional renormalization for highly dissipative maps (1),
is that the restriction of the dynamics to this Cantor set is not rigid. Indeed,
if the average Jacobians of F' and G are different, for example, bp < bg, then
the conjugacy Flc, : G|c,, is not smooth, rather it is at best a Holder continuous

function with a definite upper bound on the Holder exponent: o < 2 (1 + izi Z;’) <
1.

The theory has been also generalized to other combinatorial types in (Hazard
2011), and also to three dimensional dissipative Hénon-like maps in (Nam 2011).

Finally, the authors of (de Carvalho et al 2005) show that the geometry of these
Cantor sets is rather particular: the Cantor sets have universal bounded geometry
in “most” places, however there are places in the Cantor set were the geometry is
unbounded. Rigidity and universality as we know from one-dimensional dynamics
has a probabilistic nature for strongly dissipative Hénon like maps. See (Lyubich
and Martens 2011) for a discussion of probabilistic universality and probabilistic
rigidity.

It turns out that the period-doubling renormalization for area-preserving maps
is very different from the dissipative case.
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A universal period-doubling cascade in families of area-preserving maps was
observed by several authors in the early 80’s (Derrida and Pomeau 1980, Helleman
1980, Benettin et al 1980, Bountis 1981, Collet et al 1981, Eckmann et al 1982).
The existence of a hyperbolic fixed point for the period-doubling renormalization
operator

Rexwl|F] = A;l oFoFoAp,

where Ap(z,u) = (Apz, ppu) is an F-dependent linear change of coordinates, has
been proved with computer-assistance in (Eckmann et al 1984).

We have proved in (Gaidashev and Johnson 2009b) that infinitely renormalizable
maps in a neighborhood of the fixed point of (Eckmann et al 1984) admit a “stable”
Cantor set, that is the set on which the Lyapunov exponents are zero. We have
also shown in the same publication that the conjugacy of stable dynamics is at least
bi-Lipschitz on a submanifold of locally infinitely renormalizable maps of a finite
codimension. Furthermore, (Gaidashev et al 2013) improves this conclusion in the
following way.

Rigidity for Area-preserving Maps. The period doubling Cantor sets of area-
preserving maps in the universality class of the Eckmann-Koch- Wittwer renormal-
ization fized point are smoothly conjugate.

A crucial ingredient of the proof in (Gaidashev et al 2013) is a new tight bound
on the spectral radius of the renormalization operator. The goal of the present
paper is to prove this new bound.

We demonstrate that the spectral radius of the action of DRggw, evaluated
at the Eckmann-Koch-Wittwer fixed point Fggw, restricted to the tangent space
Tryew YV of the stable manifold W of the infinitely renormalizable maps, is equal
exactly to the absolute value of the “ horizontal” scaling parameter

pspec (DREKW[FEKW”TFEKWW) = |)\FEKW‘ = 02488 N

Furthermore, we show that the single eigenvalue Ap,,,, in the spectrum of
DRgxw|Frxw] corresponds to an eigenvector, generated by a very specific co-
ordinate change. To eliminate this irrelevant eigenvalue from the renormalization
spectrum, we introduce an F-dependent monlinear coordinate change S into the
period-doubling renormalization scheme

R[F):=Az' oSz o FoFoSroAp,

compute the spectral radius of the restriction of the spectrum of DR.[F*] to its
stable subspace T« W at the fixed point F'* of R, and obtain the following spectral
bound, which is of crucial importance to our proof of rigidity.

Main Theorem.

pspec (DRe[F*]|7,.w) < 0.1258544921875.
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1. RENORMALIZATION FOR AREA-PRESERVING REVERSIBLE TWIST MAPS

An “area-preserving map” will mean an exact symplectic diffeomorphism of a
subset of R? onto its image.
Recall, that an area-preserving map that satisfies the twist condition

Oy (M F(xz,u)) #0

everywhere in its domain of definition can be uniquely specified by a generating
function S:

@ (—Slf(gw,y)> : <5'2(Z,y)>’ % =08

Furthermore, we will assume that F' is reversible, that is
(3) ToFoT=F"" where T(z,u)=(z,—u).
For such maps it follows from (2) that
S1(y, x) = Sa(x,y) = s(=,y),

and

(4) (—sé,x)) - (S(ﬁy))'

It is this “little” s that will be referred to below as “the generating function”.
If the equation —s(y,z) = u has a unique differentiable solution y = y(z,u), then
the derivative of such a map F' is given by the following formula:

T e
(5)  DF(z,u) = a@we) e e
s1(z, (e, u) — sa(e, y(o,u) 2WEsa ;Eyzi’cfus,ﬁ

The period-doubling phenomenon can be illustrated with the area-preserving
Hénon family (cf. (Bountis 1981)) :

Hy(z,u) = (—u+1— az?, z).

Maps H, have a fixed point ((—14+/1 + a)/a, (=14 +/1 + a)/a) which is stable
(elliptic) for —1 < a < 3. When a; = 3 this fixed point becomes hyperbolic: the
eigenvalues of the linearization of the map at the fixed point bifurcate through
—1 and become real. At the same time a stable orbit of period two is “born”
with Hy(z4,2+) = (¢5,24), 2+ = (1 £ va — 3)/a. This orbit, in turn, becomes
hyperbolic at as = 4, giving birth to a period 4 stable orbit. Generally, there exists
a sequence of parameter values ay, at which the orbit of period 2¥~! turns unstable,
while at the same time a stable orbit of period 2* is born. The parameter values
ar, accumulate on some as,. The crucial observation is that the accumulation rate

(6) lim 28Tl g 791
k—oc0 Q41 — Ak

is universal for a large class of families, not necessarily Hénon.
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FIGURE 1. The geometry of the period doubling. py is the further
elliptic point that has bifurcated from the hyperbolic point pj.

Furthermore, the 2* periodic orbits scale asymptotically with two scaling pa-
rameters

(7) A=-0249..., pu=0.061...

To explain how orbits scale with A and p we will follow (Bountis 1981). Consider
an interval (ay,ag4+1) of parameter values in a “typical” family F,. For any value
a € (ak,ary1) the map F, possesses a stable periodic orbit of period 2¥. We
fix some «j within the interval (ag,ar+1) in some consistent way; for instance,
by requiring that DFQQ: at a point in the stable 2*-periodic orbit is conjugate,
via a diffeomorphism Hy, to a rotation with some fixed rotation number r. Let
P}, be some unstable periodic point in the 2k—1_periodic orbit, and let p; be the
further of the two stable 2F-periodic points that bifurcated from pj.- Denote with
di, = |p}, — pk|, the distance between pi and pj. The new elliptic point py is
surrounded by (infinitesimal) invariant ellipses; let ¢; be the distance between py
and p) in t he direction of the minor semi-axis of an invariant ellipse surrounding

Pk, see Figure 1. Then,
1 dp A . Pk 1 i Ck

s A -
N ke des’ g koo prpr] A2

im ,
k—00 Cri1

where py, is the ratio of the smaller and larger eigenvalues of DHy,(py)-
This universality can be explained rigorously if one shows that the renormaliza-
tion operator

(8) REKW[F]:A;ﬂloFoFoAF7

where Ap is some F-dependent coordinate transformation, has a fixed point, and
the derivative of this operator is hyperbolic at this fixed point.

It has been argued in (Collet et al 1981) that Ap is a diagonal linear transforma-
tion. Furthermore, such Ar has been used in (Eckmann et al 1982) and (Eckmann
et al 1984) in a computer assisted proof of existence of a reversible renormalization
fixed point Fgxw and hyperbolicity of the operator Rgxw .

We will now derive an equation for the generating function of the renormalized
map A;l oFoFoAp.

Applying a reversible F' twice we get

(—sé,x')) : (s<x'Z,Z>> B <—s<572>> : <<zyy>>
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According to (Collet et al 1981) Ap can be chosen to be a linear diagonal trans-
formation:

A, u) = (A, ).
We, therefore, set (2/,y') = (A\x, \y), Z(Az, \y) = z(z,y) to obtain:

9 (—hém) ; (—séix)) F3F<s<2yxy>) " (is@yv Ay))’

where z(z,y) solves
(10) s(Az, 2(z,y)) + s(Ay, 2(2,y)) = 0.

If the solution of (10) is unique, then z(z,y) = z(y, z), and it follows from (9)
that the generating function of the renormalized F' is given by

(11) (z,y) = u ' s(2(z,y), \y).

One can fix a set of normalization conditions for § and z which serve to determine
scalings A and p as functions of s. For example, the normalization s(1,0) = 0 is
reproduced for § as long as z(1,0) = z(0,1) = 1. In particular, this implies that

5(Z(A,0),0) =0,
which serves as an equation for A. Furthermore, the condition d;s(1,0) = 1 is
reproduced as long as p = 012(1,0).
We will now summarize the above discussion in the following definition of the

renormalization operator acting on generating functions originally due to the au-

thors of (Eckmann et al 1982) and (Eckmann et al 1984):

Definition 1.1. Define the prerenormalization of s as

(12) PEKW[S] :SOG[S],

where

(13) 0 = sz, Z(z,y)+ sy, Z(z,y)),
(14) Glsl(z,y) = (Z(z,y),y)

The renormalization of s will be defined as

1
(15) REKW[S] = ;'PEKw[S] o )\,
where

Mz,y) = Az, Ay), Perwls]|(A,0)=0 and p=X 01Prrwls](),0).

Definition 1.2. The Banach space of functions s(x,y) = Z;)Z.:O cij(x—PB) (y—pB),
analytic on a bi-disk

Dy(B) ={(z,y) € C*: |z — B < p, |y — Bl < p},
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for which the norm
o0
Isllp =Y leijlp™t
4,j=0

is finite, will be referred to as AP (p).

AB(p) will denote its symmetric subspace {s € AP(p) : s1(x,y) = s1(y,z)}.

We will use the simplified notation A(p) and As(p) for A°(p) and A%(p), respec-
tively.

As we have already mentioned, the following has been proved with the help of a
computer in (Eckmann et ol 1982) and (Eckmann et al 1984):

Theorem 1. There ezist a polynomial s 5 € A% (p) and a ball B,(so.5) C AV (p),
0=06.0x1077, p = 1.6, such that the operator Rexw is well-defined and analytic
on By(s0.5).

Furthermore, its derivative DRErw|B,(s,.5) 5 a compact linear operator, and
has exactly two eigenvalues

61 =8.721..., and

1
(52:7*

of modulus larger than 1, while

spec(DREKwW |B,(s0.5)) \ 101,02} C{z € C: 2| < v},
where
(16) v < 0.85.

Finally, there is an sP5W € B,(so.5) such that

Rexw[sPEW] = sEEW.
The scalings A, and i, corresponding to the fized point sPEW satisfy
(17) Ay € [—0.24887681, —0.24887376],
(18) fis € [0.061107811,0.061112465].

Remark 1.3. The bound (16) is not sharp. In fact, a bound on the largest eigen-
value of DRerw (sEPEW), restricted to the tangent space of the stable manifold, is
expected to be quite smaller.

The size of the neighborhood in .A?(p) where the operator Rgxw is well-defined,
analytic and compact has been improved in (Gaidashev 2010). Here, we will cite a
somewhat different version of the result of (Gaidashev 2010) which suits the present
discussion (in particular, in the Theorem below some parameter, like p in Af (p),
are different from those used in (Gaidashev 2010)). We would like to emphasize
that all parameters and bounds used and reported in the Theorem below, and,
indeed, throughout the paper, are numbers representable on the computer.
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Theorem 2.
There exists a polynomial s° € A(p), p = 1.75, such that the following holds.
i) The operator Rexw is well-defined and analytic in Br(s®) C A(p) with

R = 0.00426483154296875.

ii) For all s € Br(s®) with real Taylor coefficients, the scalings X = A[s] and p = ps]
satisfy

0.0000253506004810333

< 0.121036529541016,
—0.27569580078125 <

[T

A < —0.222587585449219.

i) The operator Rerw is compact in Br(s?) C A(p), with Rexwls] € A(p'),
p' = 1.0699996948242188p.

Definition 1.4. The set of reversible twist maps F of the form (4) with s € B,(5) C
A8 (p) will be referred to as FP(5):

(19)  FPP(3) ={F: (z,—s(y,x)) = (y,s(z,y))| s € B,y(5) C Al(p)}.
We will also use the notation

FL(3) = FOr(3).

e

We will finish our introduction into period-doubling for area-preserving maps
with a summary of properties of the fixed point map. In (Gaidashev and Johnson
2009a) we have described the domain of analyticity of maps in some neighborhood of
the fixed point. Additional properties of the domain are studied in (Johnson 2011).
Before we state the results of (Gaidashev and Johnson 2009a), we will fix a notation
for spaces of functions analytic on a subset of C2.

Definition 1.5. Denote O3(D) the Banach space of maps F : D+ C2, analytic
on an open simply connected set D C C2, continuous on 0D, equipped with a finite
mazx supremum norm || - ||p:

[Fllp = maX{ sup |Fi(z,u)|, sup IFz(w»U)|} :
(z,u)€D (z,u)eD
The Banach space of functions y : A C, analytic on an open simply connected
set A C C2, continuous on OA, equipped with a finite supremum norm || - ||.4 will
be denoted O1(A):

lyllp = sup |y(z,u)l.
(z,u)eD

If D is a bidisk D, C C? for some p, then we use the notation
-1l =1-lp,-

The next Theorem describes the analyticity domains for maps in a neighbor-
hood of the Eckmann-Koch-Wittwer fixed point map, and those for functions in a
neighborhood of the Eckmann-Koch-Wittwer fixed point generating function. The
Theorem has been proved in two different versions: one for the space A%°(1.6)
(the functional space in the original paper (Eckmann et al 1984)), the other for the
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space As(1.75) — the space in which we will obtain a bound on the renormaliza-
tion spectral radius in the stable manifold in this paper. To state the Theorem in
a compact form, we introduce the following notation:

Po.5 = 16, Po = 175,
005 =6.0x1077, 0o = 5.79833984375 x 10*,
while sg5 (as in Theorem 1) and sg will denoted the approximate renormalization
fixed points in spaces A%5(1.6) and A(1.75), respectively.
Theorem 3. There exists a polynomial sg such that the following holds for all
FeFy(sp), =05 or3=0.
i) There exists a simply connected open set D = D(B, 0a, pg) C C? such that the
map F is in Oz(D).
ii) There exist simply connected open sets D = D(B, 0p,pp) C D, such that ﬁ_ﬂ R?
is a non-empty simply connected open set, and such that for every (z,u) € D and
s € By, (sg) C AZ(pg), the equation
(20) 0=u+ s(y,2)
has a unique solution y[s|(z,u) € O1(D). The map
S s yls]

is analytic as a map from B,,(sg) to O1(D).
Furthermore, for every x € m,D, there is a function U € O1(D,,(B)), that
satisfies
ylsl(z, U(z,v)) = v.
The map
Y:y[s|—U
is analytic as a map from O1(D,,(B)) to By, (ss).

Remark 1.6. It is not too hard to see that the subsets .775/;’)’3(55), B8 =0 or0.5,
are analytic Banach submanifolds of the spaces O2(D(B, 08, pg). Indeed, the map
(21) T:sw (y[s],sohls]),

where y[s](x, w) is the solution of the equation (20), and h[s](z,u) = (x,y[s](z,u)),
is analytic as a map from By, (sg) to O2(D(B, 0, ps) according to Theorem 3, and
has an analytic inverse

(22) 7' F 7, Fog[F],
where g[F|(x,y) = (z,U(z,y)), and U is as in Theorem 3.

We are now ready to give a definition of the Eckmann-Koch-Wittwer renormal-
ization operator for maps of the subset of a plane. Notice, that the condition
Prrwls](A,0) = 0 from Definition 1.1 is equivalent to

F(F (X, —s(2(A,0),4))) = (0,0),

or, using the reversibility
A =m, F(F(0,0)).
On the other hand,

—s(z(y(z, u), x),2) = —Pprwl[s](y(z,u), z) = u,
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and
0uPexws](y(z,u),x) = Prrwlsh(y(z,u),r)yz(z,u)
= Perwlsh(y(z,u),z) 7 (F o F)a(z,u) = —1,
then
Prrw(s]1(A,0) mz(F o F)2(0,0) = —1,
and

_ -
"R P00

Definition 1.7. We will refer to the composition F o F' as the prerenormalization
of F', whenever this composition is defined:

Set

Rpxw[F] = A" o Ppgw(F]o A,
where
-
A y =(A ) y A=mP F 0,0 ’ = 3
(@) = (). A= Pesw [FI0.0), = i

whenever these operations are defined. Rgxw [F] will be called the (EKW-)renormalization
of F.

Remark 1.8. Suppose that for some choice of 5, pg and pg, the operator Rprxw
and the map I, described in Remark 1.6, are well-defined on some B,,(sg) C
A (pg). Also, suppose that the inverse of T exists on I(By,(ss)). Then,

Rexkw =ZoRpxw oI !

on .7:@’8,;% (sg).

2. STATEMENT OF MAIN RESULTS

Consider the coordinate transformation

u _ V1+4ty —1
Si(z,u) = <.’£+t$2, 1 +2t1‘> . S 1(1/71]) = <2tyvv\/ 1 +4ty> )

fort € C, |t| < 4/(p + |B|) (recall Definition 1.2).

We will now introduce two renormalization operators, one - on the generating
functions, and one - on the maps, which incorporates the coordinate change S; as
an additional coordinate transformation.

Definition 2.1. Given c € R, set, formally,
Pels)(z,y) = (1 + 2tey)s(G(&. (2,y))), and Rels] = p~ ' Pefs] o A,
with G is as in (14), and

B s _ 1= (5°G)wg
(24) Glo,y) = (@ +ta%y +1y7), tels] = 5 (50G)z)

where X\ and p solve the following equations:
(25) Pels](Als],0) =0, ps] = Als]o1Pe[s](A[s], 0).
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Definition 2.2. Given ¢ € R, set, formally,
(26) PFl=5S;'0oFoFoS;,, R.F|=Az"0oP[F]oAp,
where Sy, is as in (24), Ap(x,u) = (A[Flx, u[Flu), and

Cle- (mu(F 0 F)) 3

—\[F]
te[F]=7 (mu(FoF)) g

72 Pe[F2(0,0)

)‘[F]:WwPC[F](O7O)> M[F]:

We are now ready to state our main theorem. Below, and through the paper,
5(i,j) stands for the (i, j)-th component of a Taylor series expansion of an analytic
function of two variables.

Main Theorem. (Existence and Spectral properties) There exists a polynomial
5o : C? — C, such that

i) The operators Rpxw and Re,, where co = (so 0 G[so]) g 3), are well-defined,
analytic and compact in By, (so) C As(p), with

p=1.75 o= 579833984375 x 10~*.

i1) There exists a function s* € B.(sg) C As(p) with
r=1.1x10"1,
such that
R[] = s™.

i7i) The linear operator DR, [s*] has two eigenvalues outside of the unit circle:
1

8.72021484375 < §; < 8.72216796875, d2 = o

where
—0.248875313689 < A, < —0.248886108398438.
iv) The complement of these two eigenvalues in the spectrum is compactly con-

tained in the unit disk:

spec(DR¢,[s]) \ {01,02} C {z € C: |z] < 0.1258544921875 = v/}.

The Main Theorem implies that there exist codimension 2 local stable manifolds
Wr,, (s%) C As(1.75), such that the contraction rate in Wg, (s*) is bounded from
above by v:

IRe[s] = Re, [8ll, = O(@")
for any two s and $ in Wg_ (s¥).

Definition 2.3.

i) The set of reversible twist maps of the form (4) such that s € Wg,_ (s*) C
A (1.75) will be denoted W, and referred to as infinitely renormalizable maps.

ii) Set, Wy(so) = W N Fy™(s0), where Fy™(sq) is as in Definition 1.4.
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Naturally, these sets are invariant under renormalization if g is sufficiently small.

Notice, that, among other things, this Theorem restates the result about exis-
tence of the Eckmann-Koch-Wittwer fixed point and renormalization hyperbolicity
of Theorem 1 in a setting of a different functional space. We do not prove that the
fixed point s*, after an small adjustment corresponding to the coordinate change
S;, coincides with s®5W from Theorem 1, although the computer bounds on these
two fixed points differ by a tiny amount on any bi-disk contained in the intersection
of their domains.

The fact that the operator R., as in (26) contains an additional coordinate
change does not cause a problem: conceptually, period-doubling renormalization of
a map is its second iterate conjugated by a coordinate change, which does not have
to be necessarily linear.

3. COORDINATE CHANGES AND RENORMALIZATION EIGENVALUES

Let D and D be as in the Theorem 3. Consider the action of the operator
(27) R.JF]=A;'oFoFoA,

*
on Oy(D), where

Ac(z,u) = (Mez, pau),
with A, and p, being the fixed scaling parameters corresponding to the Collet-
Eckmann-Koch as in Theorem 1.

According to Theorem 1 this operator is analytic and compact on the subset
FIo10(s05), 0 = 6.0 x 1077, of Os(D), and has a fixed point Frxw. In this
paper, we will prove the existence of a fixed point s* of the operator Rgxw in a
Banach space different from that in Theorem 1. Therefore, we will state most of
our results concerning the spectra of renormalization operators for general spaces
AZ(p) and sets J—'ﬁfﬂ (s*), under the hypotheses of existence of a fixed point s*,
and analyticity and compactness of the operators in some neighborhood of the
fixed point. Later, a specific choice of parameters 5, p and ¢ will be made, and the
hypotheses - verified.

Let S = id + 0 be a coordinate transformation of the domain D of maps F,
satisfying

DSoF=DS.
In particular, these transformations preserve the subset of area-preserving maps.
Notice, that

(id+ec) P oFo(id+er) = F+e(—ocoF+DF-0)+0(e?)
= F+ehpy+O().

Suppose that the operator R, has a fixed point F'* in some neighborhood B C
O3(D), on which R, is analytic and compact. Consider the action DR, [F|hp, of
the derivative of this operator.

DR,[Flhp, = 0c(A;'o(F +ehy)o(F +ehy)oA,) =0
= 0. (A 'o(id+es) P oFoFo(id+erol)|—o
= Al [~0oFoF+D(FoF)-o|oA,
(28) = A;'hpore o As.
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Specifically, if F' = F'*, one gets
DR.[F*lhp« o =hp+,, T=A ' -00A,,
and clearly, hp- » is an eigenvector, if 7 = ko, of eigenvalue x. In particular,
k=Nul, i>0,j>0
is an eigenvalue of multiplicity (at least) 2 with eigenvectors hp- , generated by

(29) aij(a},u) = ("7 0), afyj(:c,u) = (0,2’ ),
while

k=plA 1,7 >0, and k=Apti>0,
are each eigenvalues of multiplicity (at least) 1, generated by
(30) Jl,l’j(x,u) = (4/,0), and a?,fl(x,u) = (0,2%),

respectively.

Next, suppose S7, S§ = Id, is a transformation of coordinates generated by a
function o as in (29)-(30), associated with an eigenvalue x of DR, [F*]. In addition
to the operator (27), consider

-1
(31) Ro[F| = A" o (87 s) 0 FoFoS7 poA.
where the parameter ¢,[F] is chosen as
1 *
(32) toF] = ——7———[|E(w)(R.[F] = F")]||p,
Kl[hE ol

E(k) being the Riesz spectral projection associated with k:

B(x) = —— /(z — DR.FY)d=
2mi J,
(v - a Jordan contour that enclose only & in the spectrum of DR, [F*]).

We will now compare the spectra of the operators R, and R,. The result below
should be interpreted as follows: if hp+ , is an eigenvector of DR, [F*| generated
by a coordinate change id + €0, and associated with some eigenvalue k, then this
eigenvalue is eliminated from the spectrum of DR, [F*], if its multiplicity is 1.

Lemma 3.1. Suppose, there exists a map F* in some O2(D), and a neighborhood
B(F*) C Oy(D), such that the operators R, and R, are analytic and compact as
maps from B(F*) to O2(D), and R.[F*] = R,[F*| = F*.

Then,

spec(DR.[F*]) = spec(DR[F*]) U {k}.
Moreover, if the multiplicity of k is 1, then
spec(DR.[F*]) \ spec(DR,[F*]) = {k}.

Proof. Since DR,[F*] and DR.[F*] are both compact operators acting on an
infinite-dimensional space, their spectra contain {0}.
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Suppose h is a eigenvector of DR, [F*] corresponding to some eigenvalue 4, then

DR,[F*]h = DR,[F*]h
-1
+ A*1'<DF(ZY[F*]> h)oF*oF*oSZy[F*]oA*
-1
+ A [D ((S;;[F*]) o F*o F) 057
- (DeS7 ) 0 A
-1
= Sh4 AL (DF (57, 1)) h> oA, o F*
(33) + [DF* ATt (DeST ph) | o A
(we have used the fact that F™* satisfies the fixed point equation), where
t[F]=0 and DpS7ph =0, [SE, F*+eh]} = (Dpt,[F*]h) 0.

More specifically,
to[F™ + €h)

—67 [ hp- ol B (k) (R (F* + €h) = F) |[p
—er” hp- oI5 [|E(s) (DRF*IR) [|p + O(e?)
= —ellhr ol 57 8] (E(R)R) [lp + O(e*),

|5 57Ol (E(k) (E(B)R)) llp + O(?),

_€||hF*70'

and

(34)  Drpto[F*|h = 0. [to[F* + €] _y = —[lhr- o[lp" &' 8]| (E(x) (E(5)R)) ||p-
If 6 = k and h = hp+ , then

Dpt,[F*h = —1

(recall, that E(0)? = E(d)) and
~1
A;l . < Sy [F* )oA*oF*+DF*~A*_1-(DFS;;[F*]h)OA*
= AlaoA oF* + DF* - A" - 0oA,]
= [ ocoF*+ DF* 0]
_K/hF*,U?

therefore
DR, [F*lhp+, = 0.

Now, suppose h is an eigenvector of D R,[F™*] corresponding to the eigenvalue § #
K, hence, h # hp« o, then, since E(k)E(0) = 0, so is Dpto[F*]h, and DpSy 5. jh.
It follows from (33) that

DR,[F*lh = 6h.

Vice verse, suppose h is an eigenvector of DR, [F*] corresponding to an eigen-

value § # k, then,

Drto[F*Ih = =57 [hp- oI5 | E(5) DR.F*Ih]|p,
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and by (33) and a similar computation as above, for a € R,
DR,[F*|(h+ ahp+,) = akhp+,+ DR.[F*h
-1
= akhpe o+ 6h - (A*l : (DF (S7)) h> oA, o F
* —1 o
+[DF* ATt (DpSpgh) | 0 AL
= akhp+ o+ 6h + |- ol 5 || E(K) DR F*]h|phpe o.

Let,
_ [E(s)DR.[F*]h|lp
lhpeollp(6 = k)

then h + ahp- , is an eigenvector of DR, [F*] with eigenvalue d.

O

Lemma 3.2. Suppose that there are (3, 0, p, Ms, i« and a function s* € AP(p)
such that the operator Rprxw is analytic and compact as maps from ]-'5"’(5*) to
02(D), and

Rexw([F*] = R.F*] = F~,

where F* is generated by s*.
Then, there exists a neighborhood B(F*) C F2°(s*), in which R, is analytic and
compact, and

spec(DR.[F™]| 1. B(p+)) = spec(DREKW[F*]|TF*I§,,)(S*)) U {1}.
Proof. Let 0§, and o3 o be as in (29), then
SP@u) = (1+z,u) hpgy, =1 F + DF - (m,,0),
S u) = (@14 ), hpg, =7 F +DF-(0,7,).
Now, notice, that the operator Rpxw [F] can be written as

1
90,0

0'1 -1 0'2 -1 0'2
RerwlF] A*lo<st£§W[F]> O<ST2£W[F]) OFOFOST;;;W[F]OStEKW[F]OA*’
where

-1

 mF(F(0,0)) 1, F(F(0,0)) A1+ tprw[F)
tEKW[F] = )\7*_1’ TEKW[F} B M*WE(FOF)Q(O,O)_l N /«L*W:D(FOF)Q(()?O)

9

0_1
Notice, that that t gw [F], 7exw [F], and therefore the transformations StEO}SW[ Fl
(7'2 (71
and ST;%W F) depend only on Pggw|[F]. Therefore, the maps F +— Stgﬁw[ Fl and
90,0
F — STEKW[ Fl

0'1 (7'2
P8, jand F S, there exists a neighborhood B(F*) C fgﬁ;pﬁ (s*),

Kw[F Kw [F]

such that R, is compact in B(F*). In particular, both DR.[F*] and DRgrw[F*]
exist, and are compact linear operators.

are analytic (differentiable). In particular, by the continuity of
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For any F € B(F*) and h € TF*IE[;W*(S*L

DRgxwl|F)h = DR,[F]h

2
90,0

-1 —1
1 0_1Y 0_2, ‘:7_1Y
+ A <DF <St§£w[F] hlolSewir) ©oFoF oS 0 im0 S ey © A

1 -1 2 -1 2 1
90,0 90,0 90,0 90,0
D ((StEKW[F]> ° <STEKW[F1) oFoF OSTEme) ' <DFStEKw[F1h)

-1 -1
o 01‘ 021 027 O'l,
+ AL ‘D(Stﬁﬁwm NDPF A Srpwtr | P oFoF oS im0 S grewir © s

o1 -1 o2 -1 o2 o1
p((stiin) o (sEaim) oror)- (rsiieyme) o st

+ A oAy

+ Al

*

0'2 -1 0'2 (71
= DR,[FIh— (Drtpxw[FIh) AT o odgo <ST;£W[F]> oFoFo80 o800 oA,
D Fiact | ((ste Y o (s ) oporoste Lol oA
+ (DrtexwlFlh) AL teewlFl ) O\ Frerwip) | CFOFOS Cim | ©%00] O A

1
90,0 (] OA*

tEKW tEkw

1 -1 2 -1 1
90,0 90,0 2 90,0
D (StEKw[F]> o (SrEKw[F]) oFo F) o 00’01 o StEKW[F] oA,.

O'l -1 0'2
— (DFTEKw[F]h)A*lD(S 00 [F]) OUS,OOFOFOSr;}iW[F]OS
+ (Dprerw[Flh) A (

Specifically, if ' = F*, then (cf. (28))

DRegw[F*lh = DR,[F*|h+ (Dptpxw[F*|h) B o,
(35) + (Dprexw[F*h) hpe o2 -
Next,
0'1
DFStJ;J}SW[F]h = (DrtprwlF|hms,0),
02
DFSrg}iw[F]h = (0, Dprexwl|F)hmy),
T, DP F]h(0,0
Dptpgxw|Flh = EKVAV[ J(0,0)

)\*DFtEKw[F]h _ )\*ﬂ'w (DPEKW[F]h>2 (0, 0)

Dprpxw(Flh = p72 (F o F)2(0,0) s (7'1'QC(FOF)Q(O,O))2
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If h = hp. 51, then

DPEKW[F]h(QJ,’u,) = (_WxPEKW[F](x,U)+7TwPEkw[F]1(.r,u).r,
TuPexw[Fli(z,u)z)
7. DPprw[F]h(0,0) = —m.Prrwl[F](0,0) = -\,
Dptpgw[Flh = -1,
s

DFTEKw[F]h =

a7z (F o F)3(0,0)
_ )\* <_7TIPEKW[F]2(0, O) + WzPEKW[F]1,2(O7 0)0)
s (o (F 0 F)(0,0))

207

1
DpSy i)

h = (—mg,0),

1
90,0

-1
De (8300m) 1 = (0

Similarly, if h = hp« o2 , then

DPrrgw([Fh(z,u) = (m:Prrw|[F)2(x,u)u,
—mu Perw [F](x,u) + m, Ppw [Fl2(z, u)u) ,
72 DPerw|FIR(0,0) = 0,
Dptgxw|Flh = 0,
Dprggwl[Flh = -1,
DFS:EﬁW[F]h = (0, —m),

) -1
Dp <S:;ﬁW[F]> h = (0,7,).

Therefore, if h = h‘F*,oé . we get

DRpgw|F*lh = A;'DPgrw[F*lho A, + A7 1, F o FoA,
+A;Y[D(FoF) (—m,,0)]0A,
+(DprexwlEF*1h) hp- g2 .
= A [DPpxw [F*|h + 7 Pexw [F¥]
— (mePerw [Fl17e, 7 PExw [F172)] 0 Ay
+0
=0.
If h= hF*ﬂ?),o’ then
DRpgw[F*lh = A;'DPggw[F*lho Ay + A m,FoFoA,
+ A [D(FoF)-(0,—m,)] oA,
+ (Drtprw[F*h) hp- o3
= AN [DPegw[F*h + mu Percw [F7)
— (mx PExw [Flomu, Ty PExw [Flamy)] © A
+0
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If h is an eigenvector of DR, [F*] associated with a non-zero eigenvalue x, h #
hp« o1, and h # hp. 52 , then for any constant a and b
DREKw[F*](h + ahF*’Gé,O + bhF*’JS,o) =
= DR,[F*|h+ahpe oy | +bhpe o3, +
+ (DFtEKW[F*] (h +ahpe o1+ bhF*,ag’0)> hpe o1,
+ (Derekw ") (h+ ahpe gy +Vhpe oz )) i oz,
= Hh —+ (Z]/LF*’O.(I] o =+ bhF*,O'gO —+
+ (DFtEKW[F*] (]’L —+ bhF*#TS,O)) hF*’O-(l),() - a/hF*7a.éY0

+ (DrrexwlF] (h+ahpe o)) e oz, = Bl

= Iih —|— Iﬂ}th*7a.é o + K/QhF*,USO,

2
90,0

where
K1 [h] = DFtEKw[F*]h, /ig[h] = DFT‘EKw[F*}h,
and we see, that if a[h] = k1/k and blh] = kao/k, then

h + ahF*’a.éyo + bhF*7a.g’0

is an eigenvector for DRpxw [F™*] with the eigenvalues &.
On the other hand, if h is en eigenvector of DRgrw[F*] associated with the
eigenvalue k # 1, then
h —ahp« 51— bhp.

is an eigenvector of DR, [F*] associated with &.

2
90,0

4. STRONG CONTRACTION ON THE STABLE MANIFOLD

Lemma 4.1. Suppose that 3, o and p are such that the operator

1
Ri[s] = —Perwls] o A

*

has a fized point s* € B, C AB(p), and R. is analytic and compact as a map from
B, to A(p).

Then, the number \. is an eigenvalue of DR.[s*], and the eigenspace of A
contains the eigenvector

(36) Ve (,y) = s7(x,y)a® + s5(x,y)y” + 25" (2, y)y.
Proof. Consider the coordinate transformation 24),
u
Se y = 27
(x,u) (m—i—ex 1—|—2ex>

(37) = (z,u)+ eaio(m, u) — 260’%’0(.%', u) + 0(62)7

V14+4dey —1
(38) Se_l(yvv) = (4_26€yvv\/1+46y> )

for real €, |e| < 4/(p+ |B]) (recall Definition 1.2).
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Let s € A%(p) be the generating function for some F, then the following demon-
strates that S=1 o F o S, is reversible, area-preserving and generated by

$(z,y) = s(z+ex® y + ey®) (1 + 2ey) :

z Se T+ ex
(—8(y+€y2,a:+€x2)(1+26x)) - (—8(y+ey2,x+ex2)>
x’ F v
N <—S(y’vx’>> B (S(x’7y’>>
2

y+ey Sct y
A\ sz + e,y + ey?) sz +ex?y+ ey?)(1 + 2¢ey) )
Next,
S(@,y) = s(x,y) + esi(@,y)a” + esa(@,y)y® + 2s(z,y)y + O(¢*).
We will demonstrate that
Ve (@,y) = 57 (2,y)2" + s5(2,y)y” + 25" (2, y)y.
is an eigenvector of DR, [s*] of the eigenvalue .. Notice, that
81’(/}5 :al'(/)sOIa I(l‘,y):(y,l‘>,
and therefore, the function s + e, € A2 (p).
Consider the midpoint equation
0=0(¢*) + sz, Z(z,y) +eDZ[s]s(w,y)) + s(y, Z(x,y) + eDZ[s]ts(x,y))
+ eu(x, Z(x,y)) + sy, Z(z,y))

for the generating function s + eys. We get that

Us(@, Z(2,y)) + s (y, Z(,y))
52(1'7 Z(x,y)) + 32(y7 Z(x,y)) ’

Z[SWs(l‘a y) =
and

DPEKWz/)s(xvy) = sl(Z(x,y),y)DZ[s]z/)S(x,y)+1/)S(Z(x,y),y)
— 9s (Z(x s(x, Z(x,y))Z + s(y, Z(2,y))Z
- B 2w y) + saly. Z(wy)
SQ(xa Z(I'7y))Z(SU,y)2 + SQ(ya Z(x,y))Z(:ay)z
52($,Z($,y))—‘rSg(y,Z(.’E,y))

751(Z($, y)7y)

—|—51(Z(JZ, y)7 y)Z('Ta y)2
Sl(yv (

)y?

Y) 2
_Sl(Z(xay)7y) SQ(JI,Z({L' y)) + 82(y7 ( )) + SQ(Z(mvy)vy)y
(T si(x, Z(x,y))z?
@) 9) G T 0) + (. 2 w)

+2s(Z(2,y),y)y

The terms on line 2 add up to zero (the numerator is equal to zero because of
the midpoint equation), and so do those on lines 3 and 4. We can also use the
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equalities

sa(w, Z(x,y)) + s2(y, Z(x,y)) = _W

02 Pexw(s|(z,y) = s20Z(x,y),y) +s1(Z(x,y),y) Za2(, y)

(the first one being the midpoint equation differentiated with respect to y) to reduce
the 5-th line to

O Prrw!s](x,y)y*.
The 6-th line reduces to

M Perw|s)(z,y)z?
after we use the midpoint equation differentiated with respect to x:

51(177 Z(‘Tﬂ y))
so(z, Z(z,y) + s2(y, Z(x,y) = ey

To summarize,

DPerwis(z,y) = Perwlsl(z,y)a® + 0Perwlsl(z.y)y* + 2Perw|s(z, )y
= YPosw(s)(T:Y)-
Finally, we use the fact that
MO Prrw [s](Asx, Asy) = 0; (P[s] (A, Asy))
to get
DR, [s"thss = A\ithgr.
(Il

The Lemma below, whose elementary proof we will omit, shows that A, is also
in the spectrum of DR, [F*]:

Lemma 4.2. Suppose that 3, 0 and p are such that s* € A2 (p) is a fived point of
R., and the operator R. is analytic and compact as a map from B,(s*) to AZ(p).
Also, suppose that the map I, described in Remark 1.6, is well-defined and analytic
on B,(s*), and that it has an analytic inverse T=' on I(B,(s*)). Then,

spec ((DR* [F™]) |TF*}.§,,J(S*)) = spec (DR [s]).

in particular,
A« € spec (DR.[F™]).

At the same time, it is straightforward to see that the spectra of DRy xw [Frxw]

and DR prw [sEPEW] are identical.

Trprw

Lemma 4.3. Suppose that 3, 0 and p are such that s* € A%(p), and the operator
Rerw is analytic and compact as a map from B,(s*) to A2(p). Also, suppose that
the map I, described in Remark 1.6, is well-defined and analytic on B,(s*), and
that it has an analytic inverse T=1 on I(B,(s*)). Then,

spec ((DREKW[F*]) |TF*J-'§”’(5*)> = spec (DRgxwls*]),

in particular,
A € spec (DRerw(s™]).

For(s*)
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The convergence rate in the stable manifold of the renormalization operator
plays a crucial role in demonstrating rigidity. It turns out that the eigenvalue A,
is the largest eigenvalues in the stable subspace of DRpxw[F*], or equivalently
DREexw(s*]. However, it’s value |\ = 0.2488 is not small enough to ensure
rigidity. At the same time, the eigenspace of the eigenvalue \, is, in the terminology
of the renormalization theory, irrelevant to dynamics (the associated eigenvector is
generated by a coordinate transformation). We, therefore, would like to eliminate
this eigenvalue via an appropriate coordinate change, as described above.

However, first we would like to identify the eigenvector corresponding to the
eigenvalue A, for the operator Rpxw. This vector turns out to be different from

'(/)s*-

Lemma 4.4. Suppose that 5, o and p are such that the operator Rpxw has a fixed
point s* € A%(p), and Rexw is analytic and compact as a map from B,(s*) to
AB(p). Also, suppose that the map T, described in Remark 1.6, is well-defined and
analytic on B,(s*), and that it has an analytic inverse T=1 on I(B,(s*)).

Then, the number A\, is an eigenvalue of DRgrw[s*], and the eigenspace of .
contains the eigenvector

where

Proof. Notice, that 1 is of the form

1/}(.%, y) = wu - 'l/}ra
where
Yo (z,y) = s7(2,y)x + s5(2, y)y

is the eigenvector of DR, [s*] corresponding to the rescaling of the variables x and
y, while

wu(xa y) = 5*(15’?-/)

is the eigenvector corresponding to the rescaling of s. ¥, (z,y) and v, (z,y) corre-
spond to the eigenvectors hp. ;1 and hp. 52 , respectively, of DRo[F™].
Recall, that hp. ;1 ~and h F*;ag , are eigenvectors of DRo[F*], with eigenvalue

1, and eigenvectors of DRgxw [F*] with eigenvalue 0.
By Lemma 4.1 9+ is an eigenvector of DR, the corresponding eigenvector of
DR, is hF*J% o202 - Thus, s« + 9 corresponds to the vector

EKW | __
(40) hA* = hF*)o.l _9g2  — hF*’Ul + hF*,¢72 .
1,074%1,0 0,0 0,0

To finish the proof, it suffices to prove that

DRegwhi W = \.hJEW.
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By (35)

DREKW[F*]hiKW = DREKw[F*]hF*
= DR.[F*hpe 1

1 2
101,0—207 o

o1, 0*2‘71 0
(DFtEKW[ Nhpe ot g—202 O) hp- o1

*
<DF7”EKW [F™]h ,0}70—2050) hp« o2,

Al o1

‘700

+ o+

‘71 0*201 0
+ (DFtEKW[ Nhpe ot g 202 0) hps oy
+ (DFTEKW[F Jhpe o1 20 0) hpe 42
The result follows if
Drtprw [F | hp o1 —052 ) = =X
and
DF""EKW[F*]hF*,UiO—QUf,O = A
Indeed, as in the proof of Lemma 3.2. If h = hp. ol o then

DPrxw[F*h(z,u) = ( (1o Perw [F*](z,u))? + 7. Perw [F*]1 (z, u)x?,
muPexw [F* (2, u)z?)
T DPprw [F*1h(0,0) = —(mPerw[F*](0,0))? = —AZ,
Drtegw([F'lh = -\,
A2

D Flh =
FrExw|[F] T (F* 0 F*)2(0,0)

+ A (=271 Pexw[F*](0,0)m; Pexw [F*]2(0,0)
o Perw[F*]1,2(0,0)0?)
11 (72 (F* 0 F*)5(0,0))?

If h=hp« 52 , then
DPrxw[F*lh(z,u) = (mPerw[F*]2(z,u)zu,

_7T:1;PEKW [F*](l‘7 U)WUPExw[F*](LL', u)
+ru Perw [F™]2(z, u)zu),

o DPrrw [F*1h(0,0) = 0
Drtprw[F*lh = 0

Ao (70 Prgcw [F*12.2(0,0)0 + 702 Prscw [F*]2(0, 0)0

DFTEKW[F*]h = 0+ (7T EKW[ ]272( ) + EKW[ ]2( ) )

i (T (F* 0 F*)5(0,0))°
O

Definition 4.5. Suppose s* is a fixed point of the operator R. (or, equivalently,
Rexw ). Set, formally,

Plsl(z,y) = (1 +2ty)s(G(&(x,y))), and R[s] = p~'Pls] oA,

=0.



SPECTRAL PROPERTIES OF RENORMALIZATION FOR AREA-PRESERVING MAPS 23

where
0 = s 2(xy)+ sy, Z(z,y)),
1
t = —————||E(\)(R — s,
>\*||¢5*lelp” (A)(Rexwl(s] — 87|
(41) 0 = PIs(A,0),
(42) po = A0iPls|(A,0),
(43) &(zyy) = (z+ta’,y+ty?),
YEEW s as in (39), G as in (14), and E is the Riesz projection for the operator

DREKV[/[S*].

We will quote a version of a lemma from (Gaidashev 2010) which we will require
to demonstrate analyticity and compactness of the operator R. The proof of the
Lemma is computer-assisted. Notice, the parameters that enter the Lemma are
different from those used in (Gaidashev 2010). As before, the reported numbers
are representable on a computer.

Lemma 4.6. For all s € Br(s®), where
R = 5.47321968732772541 x 1073,

and s° is as in Theorem 2, the prerenormalization Prrw|s] is well-defined and
analytic function on the set

D, =D, (0) = {(z,y) € C*: |z| <, |y| <r}, r=0.51853174082497335,

with
12|, < 1.63160151494042404.

We will now demonstrate analyticity and compactness of the modified renor-
malization operator in a functional space, different from that used in (Eckmann
et al 1984), specifically, in the space A;(1.75). It is in this space that we will
eventually compute a bound on the spectral radius of the action of the modified
renormalization operator on infinitely renormalizable maps.

Proposition 4.7. There exists a polynomial sy C Bgr(s®) C As(1.75), where R
and s° are as in Lemma 4.6, such that the operator R is well-defined, analytic
and compact as a map from B,y (s0), 0o = 5.79833984375 x 1074, to A4(1.75), if
By, (s0) C Br(s%) contains the fived point s*.

Proof. The polynomial sg has been computed as a high order numerical approxi-
mation of a fixed point s* of R.
First, we get a bound on ¢ for all s € B;(so):

1
it = sErw IEQAD)(Rexwl(s] — s
Al [ E57 g

1 *
< WHREKW[S]*S [lo-

We estimate the right hand side rigorously on the computer and obtain

(44) |t| < 2.1095979213715 x 107°.

The condition of the hypothesis that s* € Bs(sg) is specifically required to be able
to compute this estimate.
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Notice that according to Definition 4.5 and Theorem 2, the maps s — ¢ and,
hence, s — & are analytic on a larger neighborhood Bg(s®) of analyticity of Rgxw .
According to Theorem 2 and Lemma 4.6, the prerenormalization Prxw is also
analytic as a map from Br(s) to As(r), r = 0.516235055482147608. We verify
that for all s € Bs(so) and ¢ as in (44) the following holds:

(45) {&(2,y): (v,y) €D} €Dy, 7' =|A|p,
where A\_ = —0.27569580078125 is the lower bound from Theorem 2. Furthermore,
1> 2)tlp

with ¢ as in (44). Therefore, the map s — P[s] is analytic on Bs(so).

Since the inclusion of sets (45) is compact, R[s] has an analytic extension to
a neighborhood of Di .75, R[s] € As(p'), p > 1.75. Compactness of the map
s+ R]s] now follows from the fact that the inclusions of spaces As(p’) C As(p) is
compact. O

Recall, that according to Lemma 4.2, )\, is an eigenvalue of DR, [F*] of multi-
plicity at least 1. According to Lemma 3.2, A, is in the spectrum of DRgxw [F*],
and according to Lemma 4.3, A, € DRgrw|[s*].

Proposition 4.8. Suppose that 3, p, o and the neighborhood B,(s*) < A(p)
satisfy the hypothesis of Lemma 4.2. Furthermore, suppose that the operator R is
analytic and compact in By(s*).

Then

spec(DRgxcw[s]) \ {A.} C spec(DRs"]),

and YEEW s an eigenvector of DR[s*] associated with the eigenvalue 0.

In addition,

spec(DR[s*]) C spec(DRerwls"]),

and if Ay ¢ spec(DR][s*]), then A has multiplicity 1 in spec(DRgrw[s*]).

Proof. First, notice the difference between the definition of A in (1.1)
s(G(A\,0))=0
and in Definition (4.5)
s(GA+1tX2,0)) =0
(we will use the notation Agxw below to emphasize the difference). This implies
that if D;Agprw[s]t is an action of the derivative of Agxw [s] on a vector ¢, then

D A[s*]tp = DsApkw[s*]t — NI Dst[s*|¢
is that of the derivative of A[s].

Similarly,
Doprewls o = [01(5" 0 G)(A,0) + A07(5" 0 G) (A, 0)] DoAprcw[s']0
+ MDD Prrw[s v ><A*,o>
Dou[s T = [01(s" 0 G) (A, 0) + \3(5" 0 G)(As, 0)] D
+ MO0 (DsPerwl[s™ | )(/\*’0)

+ X02(s" 0 G)(\. 0) Dytls” 1)
Dspprwls' T — 01 Perwl[s*] (A, 0)AZDst[s™]¢
= DSNEKW[S*]¢ - )\*M*Dsf[S*W
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Therefore,

RSN = DRegwl[s 10 + 2\, (Dat[s*0) sy + Mi (DPprwls*] - (D)) o

2

AZ .
- Dst[S*]¢;DPEKW[S Jo X+ (7, my)

+ A Dst[s™]Ys
= DRexwl[s*|v — X (Dst[s*|¢)) Ds™ - (mg, my) + A (Dst[s™]0) s*
T A (Dst[s™]9) s
(46) = DRexw(s ] + A (Dstls*]0) v

where

D;st[s™]¢ A RS IZHEO) (DRexw[s™19) [,
Ds&i[s™N(z,y) = (D ty) (2%, y°)
1W}EKWH,;IIIE( ) (DRexw [s°19) Ilp (22, y%).

Similarly to Lemma (3.1), we get that if ¢ is an eigenvector of DRprw[s*]
associated with the eigenvalue § # A, then ¢ # »EEW and
E) (DRerw(s]Y) = 0E(A)Y =0,
so is Dgt[s*]9), and
R[S*M} = DREKw[S*]l// = 51/)
If § = A\, and ¢ = »EEW  then
DSt[s*]/w = _17 Dsgt[‘g*]w(‘r?y) = _(332>y2)7

and therefore,
and PEEW is an eigenvector of DR[s*] associated with the eigenvalue 0.

Vice verse, by (46), if ¢ is an eigenvector of DR [s*] associated with the eigenvalue
0 # A\, then

DRexwls* (¥ + apZXW) = DR[s*J¢) — Au(Dst[s*](¥ + arp 25V ) EXW
= 0 — M\ (Dst[s*]tp — a)pEEW

Hence, ¢ + 22 t[s ]wz/)EKW is an eigenvector of DR pxw [s*] with the eigenvalue
d.

Finally, assume that A, ¢ spec(DR][s*]), but that there exists an eigenvector
© # YEEW of DR piw|[s*] with eigenvalue .. Then

* ol
Datls"le = g mrwy
and, by (46),
* el :
DRIs*] (w BRI ) = DRI

||SD||p ) EKW
A+ A (— o
KW,

H‘PHp EKW)
= A <g0 .
[WEE|,
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This contradiction finishes the proof. O

So far we were not able to make any claims about the multiplicity of the eigen-
value A, in the spectrum of DR gxw[s*]. However, we will demonstrate in Section
5 that it is indeed equal to 1.

Definition 4.9. Set, formally,

(47) R[F] = Ap'oP[F]oAp,
P[F] = SJ;]oFoFoSt[F],
where Sypy is as in (37), Ap(x,u) = (A\[Flz, p[Flu),
1 *
tF] = IE\) (Rexw [F] = F7)lp,

“Mlhpe oo
where
o= U%,o - 20%0 - Ué,o + ‘7(2),07

and, furthermore,

B —\[F]
W= L (0.0)

The above is a formal definition. As usual, one would have to verify the properties
of being well-defined, analytic and compact, in a setting of a specific functional
space.

5. SPECTRAL PROPERTIES OF R. PROOF OF MAIN THEOREM

We will now describe our computer-assisted proof of Main Theorem.

To implement the operator DR[s*] on the computer, we would have to implement
the Riesz projection as well. Unfortunately, this is not easy, therefore, we do it only
approximately, using the operator R. introduced in the Definition 2.1. Specifically,
the component (0, 3) of the composition so G will be consistently normalized to be

co = (so© G[SO])(O,s) )

where sg is our polynomial approximation for the fixed point.

The operator R, differs from R (cf.4.5) only in the “amount” by which the
eigendirection Y EZXW is “eliminated”. In particular, as the next proposition demon-
strates, R, is still analytic and compact in the same neighborhood of sq.

Proposition 5.1. There exists a polynomial sy C Br(s?) C As(1.75), where R
and s° are as in Theorem 2, such that the operators R., ¢ € [co — J,¢co + 0],

co = (s00G[s0]) g3 and ¢ =1.068115234375 x 1074,

are well-defined and analytic as maps from By, (s0), 0o = 5.79833984375 x 1074, to
A (1.75).

Furthermore, the operators R. are compact in Br(s®) C A(p), with R.[s] €
Alp'), p' = 1.0699996948242188p.

Proof. The proof is almost identical to that of Proposition 4.7, with a different (but
still sufficiently small) bound on |t.[s]]. O
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The following Lemma shows that the spectra of the operators R and R. are
close to each other.

Lemma 5.2. Suppose that the neighborhood By, (so), with oo as in Propositions
4.7 and 5.1, contains a fixed point s* of R, and of Rex for

¢ =(s"0G[s™]) (03 -

Set

0 = 0.00124359130859375,

then

spec (DR[s*])\{z € C: |z| <} Cspec(DRe+[s*])\{z € C:|z] <5}

Proof. According to Propositions 4.7 and 5.1, under the hypothesis of the Lemma,
R and R~ are analytic and compact as operators from Bs(sg) to As(1.75).
Recall, that 9 EEW is an eigenvector of DR g [s*] corresponding to the eigen-
value A,.
We consider the action of DR.~[s*] on a vector . Similarly to (46),

DR [s*lv = DRerwl[s*|Y + A (Dste[s*]Y) ¥s« + A (Dste[s*|)) i
DRIs™J + A ((Datels™] = Dytls]) 1) 6257

Now, let 1 be an eigenvector of DR[s*] of eigenvalue x # 0 (that is, ¢ # pZEW).
Consider the action of DR [s*] on ¢ + aypEEW.

DR [s"](¥ + av Z8) = st + A (Dstels™] = Dit[s*]) (¢ + app 25 )y ™.

s* s*
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Notice,
Dstc[s*]ngW = Dstc[S*]('(/)s* + wu - %)
_1 (DPerw[s](Vs + by — ¥2))o 3
4 Prrw(s*]o,2
1 (DPerw[s™]|(¥s + tu — ¥2))go (¢ — PEKW[$"]0,3)
4 (PEKW[S*]0,2)2
1 (VPurwis] + Pexwls*] — DPgkwls*] - (ﬂ_zvﬂ-y))o’?)
o 4 Perw(s*]o,2
1 (Vppwws) + Pexwls*] — DPgxw|s*] - (Wmﬂy))o,z (c—Perw(s*]0,3)
4 (PEKW[S*]O,Q)Q
— _} (8279EKW[5*])0,1 +2 (PEKW[S*])OQ
B 4 Prrxw(s*]o,2
1 Perwls))os = (02Perw(s o,
4 Pexw(s*]o,2
1 ((527’EKW[3*])0,0 +2(Pexw [8*])0,1) (¢ = Perwls*o,3)
4 (Pexw [8*]0,2)2
1 ((PEKW[S*])0,2 - (82PEKW[5*])0,1) (¢ — Perwl[s*]o,3)
4 (77E11<W[8*]0,2)2
S S S (37’EKW[S*}071 - 1) c¢
2Pexwls*loe 4\ Perxwls*]oz Pexw(s*]o,2
- 140
Dl ERW = 1
Denote dy = Dstc[s*]1) and dy = Dst[s*]1), then
DR [s*)(¢ + a ™) = &+ Ai(di — d2 + a(=1+ C) + a)p 25

K <1/) + %(d1 —ds + aC) ﬁKW) :
and we see that the equation
a= %(dl —dy +aC)
has a unique solution a if
(48) K # M\C.

For such k, the vector
Ae(dy — da
b+ ( ) EKW
K—AC
is an eigenvector of DR+ [s*] associated with the eigenvalue &.
The eigenvalues & as in (48) satisfy

K| > 0.00124359130859375
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We will now describe a rigorous computer upper bound on the spectrum of the
operator DR.[s*].

Proof of part ii) of Main Theorem.

Step 1). Recall the Definition 1.2 of the Banach subspace A4(p) of A(p). We will
now choose a new bases {¢; ;} in A (p). Given s € As(p) we write its Taylor
expansion in the form
s(x,y) = Z 5i7j¢i7j(x7y)a
(3,5)€l
where 9; ; € As(p):

bijley) = oy, i=-1, j>0,
_ a1
Gigley) = T e el 2
Vi j W)”H, i>—1, j>max{0,i},
.Jllp

and the index set I of these basis vectors is defined as
I={(i,j)ez?: i>-1, j>max{0,i}}.
Denote Aq(p) the set of all sequences

s = Sij 1 Siy € (C7 Z |Sz"j| < o0
(i,5)€l
Equipped with the /;-norm
(49) shi="" lsijl,
(i,5)€l

Aq(p) is a Banach space, which is isomorphic to As(p). Clearly, the isomorphism
J : Ag(p) — As(p) is an isometry:

- llp=1-1r-

We divide the set I in three disjoint parts:

I = {(i,j)el:i+j<N}
I, = {(i,j)el:N<i+j<M},
I3 = {(,j)el:i+j=>M},

with
N =22 M =60.
We will denote the cardinality of the first set as D(N), the cardinality of I; U I as
D(M).
We assign a single index to vectors v; ;, (4,7) € I U I, as follows:

E(-1,0)=1, k(-1,1)=2, ..., k(-1,M)=M+1, k(0,0)=M+2,
E(0,1)=M+3, ..., k({M;l},M—p[Mrz_lsz(M).

This correspondence (i, j) — k is one-to-one, we will, therefore, also use the notation

(i(k), j (k).
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For any s € A4(p), we define the following projections on the subspaces of the

linear subspace Ep(y) spanned by {wk}sz(Jl\/)'

Mis = iy jo¥h: Ueppys = Y, s
m<D(N)
Fix

co = (80 © G[s0])o,3,
where sg is some good numerical approximation of the fixed point. Denote for
brevity £ = DR.[s]. We can now write a matrix representation of the finite-
dimensional linear operator

HED(N)EigHED(N)
as

Dn,m = Hm‘czgwn

Step 2). We compute the unit eigenvectors ey of the matrix D numerically, and
form a D(N) x D(N) matrix A whose columns are the approximate eigenvectors
ex. We would now like to find a rigorous bound B on the inverse B of A.

Let By be an approximate inverse of A. Consider the operator C in the Banach
space of all D(N) x D(N) matrices (isomorphic to RD(N)z) equipped with the
l1-norm, given by

CBl=(A+01)B -1

Notice, that if B is a fixed point of C' then AB = 1. Consider a “Newton map” for
C:

N[z] = z+ C[By — Byz| — By + Byz.
If z is a fixed point of N, then By — Byz is a fixed point of C. Furthermore,

DN[z]=1- ABy

is constant. We therefore, estimate o, matrix norms

IN[O][y <=€ [I— ABo|y <=D,
and obtain via the Contraction Mapping Principle, that the inverse of A is contained
in the l; d-neighborhood of By, with
€

0 =B
1Bolli——

Step 3). Define the linear operator
A= Allgp @ (I HED(N)) )

and its inverse
B = Bllg,, @ (]I - HED(N)) :

Consider the action of the operator L7 in the new basis
€k

l1Exll,”

er = 1<k<D(N), ex=tp k>DN),

where

(50) [617623"'76D(N)] = [w1a¢27"'awD(N)]Av
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in A,(p). To be specific, we consider a new Banach space A4(p): the space of all

functions
S = Z Cr€L,
k
analytic on a bi-disk D,, for which the norm

Islls = lel
k

is finite.
For any s € /ls(p)7 we define the following projections on the basis vectors.

k
Pis =cie;, Psps= (H — Z Pi> s.
i=1

Clearly, the Banach spaces A;(p) and Aj(p) are isomorphic, while the norms |-,

and | - ||1 are equivalent. We can use (50) to compute the equivalence constant o
in
all o=+l =1-h
(recall, norms || - ||, and | - |1, defined in (49) are equal). Notice, that
Ce Yeas ¥ oo X oaw)s ¥ oan
k 1<k<D(N) 1<i<D(N) k>D(N)

— Z Z CkAZ P + Z cii,

1<i<D(N) \1<k<D(N) i>D(N)

therefore, if A? is the i-th row of the matrix A, then

sh = > S adil+ D> el

1<i<D(N) |1<k<D(N) i>D(N)
< Y (Ml X el + Xl
1<i<D(N) 1<k<D(N) i>D(N)
= |2 e X el D el
1<i<D(N) 1<k<D(N) i>D(N)
< maxy 3 At p sl

1<i<D(N)
and
a=maxq Y A1
1<i<D(N)

The constant has been rigorously evaluated on the computer:

(51) o < 49.435546875.
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The operator £ is “almost” diagonal in this new basis for all s € B,(so) C

AS(P),
0=6.0x10"12

We proceed to quantify this claim.

[PoLserlli < 5.19007444381714 x 1074 | || PLLS eolli < 1.76560133695602 x 104,
| Paals er|li < 3.5819411277771 x 1073, ||PsoL? o] < 1.49521231651306 x 1073,
|PLLS, Psolly < 1.22539699077606 x 1074, |[PoLS, Psaol|1 < 8.23289155960083105,

for all h € B,(so) C As(p).

Step 4). We will now demonstrate existence of a fixed point s}, in B, € A,(p), of
the operator R.,, where

Co — (80 o G[80]>073.
We will use the Contraction Mapping Principle in the following form. Define the
following linear operator on Ag(p)
M=[-K",
where
Kh=61Ph+ 6Psh,
and 0; and &, are defined via
P1£i861 = 3161, PQL“ZE@Q = 8262.
Consider the operator

Nh] = h+ Reylso + Mh] — (so + Mh)

on A,(p) and for all .
The operator A is analytic and compact on B‘IM”;la_lg(O), where c is the norm
1

e ,1} 1.
1—0611 [1—1469
Notice, that if A* is a fixed point of N, then s + Mh* is a fixed point of R.,.
The derivative norm of the operator N is “small”, indeed,
DNTh) = 1+ DRgy[so+ Mh]-M — M

= [M™'+ DR [so+ Mh] 1] - M

= [—-K+DRlso+Mh|—-1]-M

= [DRe,[s0 + Mh] — K] - M.

equivalence constant (51), and

)

1M1 = max{‘

We have evaluated the operator norm of this derivative for all h € B,-1,(0):
DN [R]|l1 = D < 0.1258544921875
At the same time
N0l = Re[S0] — S0ll1 = € < 4.9560546875 x 1071,

We can now see that the hypothesis of the Contraction Mapping Principle is
indeed verified:

€ < 4.9560546875 x 1071 < 1.058349609375 x 10713 < (1 — D)a" !y,
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and therefore, the neighborhood B,/1_p)(0) C By s54-1,(0) contains a fixed point
h* of N, i.e. the neighborhood B,/s(s0) C By(s0) C As(p) contains a fixed point
=59+ Mh* of Re,.

We quote here for reference purposes the bounds on the values of the scalings

*
SC()

Alse] and p[sg]:
(52) Alsi] = [—0.248875288734817765, —0.248875288702286711],
(53) ulsy] = ]0.0611101382055370338,0.0611101382190655586].

Step 5). Notice, that in general,
(Szo °© G[Szo])O,B 7& &

therefore
teolsc,] 7 0-
However, t.,[s} ] is a small number which we have estimated to be
(54) lteo [s5,]] < 7.89560771750566329 x 10~ 2.

Consider the map F}; generated by s; . Recall that by Theorem 3, there exists
a simply connected open set D such that F; € Oz(D). The fixed point equation
for the map F( is as follows:

Ayl oSt
Fz © Pt

* * ok
5% °© FCO °© FCO °© Stco [s%,] ° AF:U - FCO'
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